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STOCHASTIC MODIFIED FLOWS FOR RIEMANNIAN STOCHASTIC

GRADIENT DESCENT

BENJAMIN GESS, SEBASTIAN KASSING, AND NIMIT RANA

Abstract. We give quantitative estimates for the rate of convergence of Riemannian stochastic

gradient descent (RSGD) to Riemannian gradient flow and to a diffusion process, the so-called

Riemannian stochastic modified flow (RSMF). Using tools from stochastic differential geometry

we show that, in the small learning rate regime, RSGD can be approximated by the solution

to the RSMF driven by an infinite-dimensional Wiener process. The RSMF accounts for the

random fluctuations of RSGD and, thereby, increases the order of approximation compared to

the deterministic Riemannian gradient flow. The RSGD is build using the concept of a retraction

map, that is, a cost efficient approximation of the exponential map, and we prove quantitative

bounds for the weak error of the diffusion approximation under assumptions on the retraction

map, the geometry of the manifold, and the random estimators of the gradient.

1. Introduction

Many optimization problems of the form

Find x∗ ∈ argmin
y∈M

f(y)(1)

are posed on non-linear sets M , e.g. M being a subset of a Euclidean space due to non-linear
constraints. For example, principal component analysis (PCA) leads to optimization problems on
the Grassmann manifold or the Stiefel manifold, see Section 6.1. In supervised learning problems

with positive homogeneous activation function, such as ReLU, one can restrict to networks
with normalized weights, leading to optimization on the sphere [SK16, HSK+12, DK22b], see
Section 6.2. Other examples include learning hierarchical representations [CCD17, NK17, WL18],

e.g. in language models, where the optimization is often performed on hyperbolic space, see
Section 6.3, and optimization over a parametrized family of probability measures, e.g. in the
training of generative adversarial networks [GPAM+14, SZRM18, SWRH20], see Section 6.4.

In all of these examples, the search spaceM forms a Riemannian manifold. Therefore, popular
optimization schemes for numerically solving (1), such as stochastic gradient descent (SGD), have
been transferred to the Riemannian setting [Bon13, ZS16, ZRS16].

The analysis of the dynamics of SGD, including its algorithmic, implicit bias, and the empir-
ically observed good generalization properties of artificial neural networks trained by SGD, is
highly involved. Since there exists a large toolbox from optimal control theory and stochastic
analysis for the investigation of continuous time processes that is difficult to apply in discrete

time, one is led to the derivation of continuous time limits of SGD. In this work, we present con-
tinuum limits for Riemannian SGD on manifolds in the small learning rate regime and provide
quantitative estimates on the rate of convergence.

2020 Mathematics Subject Classification. Primary 62L20; Secondary 58J65, 60J20, 65K05.
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2 STOCHASTIC MODIFIED FLOWS FOR RSGD

In [Sha21, KHMK22] the ODE method for Riemannian SGD is introduced proving that, as
the learning rate tends to zero, the dynamics of SGD can be approximated by the solution to
the Riemannian gradient flow ODE. As the first main result, we give the first quantified bounds

on the weak error of this approximation, see Theorem 1.1.
Note that the deterministic Riemannian gradient flow describes the typical behavior of SGD

in the small learning rate regime without taking into account the randomness of the gradient

estimators. For the second main result, we introduce a class of stochastic differential equations
(SDEs) on M , which we call Riemannian stochastic modified flow (RSMF), that capture both
the mean behavior of the dynamical system as well as its random fluctuations. This carefully

chosen limiting object is proved to capture the dynamics of SGD more precisely, giving a higher
order approximation in the weak sense compared to the limiting ODE. In the Euclidean setting
similar SDEs have been introduced in [LTE17, LTE19] with extensions to the overparametrized,

infinite-particle limit given in [GKK24].
Let us introduce the central objects of the present work. See Appendix A for an overview of the

notation used in this work. Let M be a complete, connected C∞-Riemannian manifold. With an

eye on the applications detailed in Section 6, note that we do not assume M to be compact. Let
(Ξ,G, ϑ) be a probability space such that L2((Ξ, ϑ);R) is separable and grad f̃ : M × Ξ → TM

be a function that satisfies for all x ∈M that Eϑ[‖grad f̃(x, ξ)‖2x] <∞ and

Eϑ[grad f̃(x, ξ)] = grad f(x),

where ‖ · ‖x denotes the norm on TxM given by the Riemannian metric. E.g., if ϑ is a rotation
invariant probability measure on R

d with bounded second moment, where d = dim(M), the

choice grad f̃(x, ξ) = grad f(x) + ξ satisfies the conditions above (identifying R
d with TxM).

Formally, grad f̃(·, ξ) is not required to be a gradient vector field for every ξ ∈ Ξ. We use this

notation to highlight the fact that grad f̃ is a random estimator of grad f .
Let (Ω,F ,P) be a probability space, (ξn)n∈N be an i.i.d. sequence of ϑ-distributed random

variables on (Ω,F ,P) and set (Fn)n∈N0 = (σ(ξ1, . . . , ξn))n∈N0 . For η > 0 and x ∈M we consider

an (Fn)n∈N0-adapted, M -valued, process (Zη
n(x))n∈N0 satisfying Zη

0 (x) = x and

Zη
n(x) = retrZη

n−1(x)
(−η grad f̃(Zη

n−1(x), ξn)), for all n ∈ N,(2)

where retrz : TzM → M denotes the Riemannian exponential map expz : TzM → M at z ∈ M
or a computationally efficient approximation of the exponential map, see Definition 2.1. We call

(Zη
n(x))n∈N0 the Riemannian SGD scheme or RSGD scheme with learning rate η, started at x.

Note that, since M is (geodesically) complete, expz is defined on the whole tangent space TzM .
Thus, the expression on the right-hand side of (2) is well-defined.

For small learning rates η > 0 the dynamics of (Zη
n(x))n∈N0 can be compared to continuous

time processes using the numerical time-scale tn = nη. Since, in expectation, SGD performs an
Euler-step for the gradient flow ODE

żt = −grad f(zt),(3)

it seems natural to compare the dynamics of RSGD in the small learning rate regime with those
of a solution (zt(x))t≥0 of (3) with initial condition z0(x) = x. We quantify the quality of the

approximation in the following theorem.

Theorem 1.1 (See Theorem 3.1). Assume that M has bounded curvature, retr : TM → M is

an appropriate approximation of exp and grad f̃ : M × Ξ → TM is sufficiently regular . Then,

for all T > 0 and sufficiently regular test functions g : M → R there exists a constant C > 0
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such that for all η > 0

sup
x∈M

max
n=0,...,⌊T/η⌋

|E[g(Zη
n(x))] − g(znη(x))| ≤ Cη.

In light of Theorem 1.1, we say that the solution to the gradient flow is a weak order 1
approximation of RSGD.

In order to get a continuous-in-time approximation of SGD that is of order O(η2) one has to
introduce a diffusion term that takes into account the random fluctuations of RSGD. We intro-
duce a class of diffusion processes on a different probability space and compare their marginal

distributions to those of RSGD. Let (Ω̃, (F̃t)t≥0, F̃ , P̃) be a complete, filtered probability space

with right-continuous filtration (F̃t)t≥0. We consider the solution to the SDE taking values in

M

dXη
t (x) = Bη(Xη

t (x)) dt +Gη(Xη
t (x), ·) ◦ dWt(4)

with initial condition Xη
0 (x) = x, where (Wt)t≥0 denotes a cylindrical Wiener process on

L2((Ξ, ϑ);R) defined on (Ω̃, (F̃t)t≥0, F̃ , P̃), see Section 4. As coefficients we choose

G(x, ξ) := Gη(x, ξ) :=
√
η(grad f(x)− grad f̃(x, ξ))(5)

and

B(x) := Bη(x) := −grad f(x)− 1

2
η
(

∇grad f(x)(grad f) +

∫

Ξ
∇Ḡ(x,ξ)Ḡ(·, ξ)ϑ(dξ)

)

,(6)

where ∇ denotes the Riemannian connection on M and Ḡ = 1√
ηG. We call the solution to (4)

Riemannian stochastic modified flow (RSMF).
Additionally to the diffusion term (5), we have to introduce two correction terms in (6) in

order to get a weak order 2 approximation of RSGD: a bias correction term that compensates
the second order term in the Euler discretization of the gradient flow and a term that accounts
for using the Stratonovich formulation in (4), which is the more natural choice for defining SDEs

on manifolds.
Let us state an informal version of the second main result of this article.

Theorem 1.2 (see Theorem 5.1). Assume that M and grad f̃ : M × Ξ → TM are sufficiently

regular and retr : TM → M is an appropriate approximation of exp. Then, for all T > 0 and

sufficiently regular test functions g : M → R there exists a constant C > 0 such that for all

η > 0

sup
x∈M

max
n=0,...,⌊T/η⌋

|E[g(Zη
n(x))] − Ẽ[g(Xη

nη(x))]| ≤ Cη2,

where (Xη
t (x))t≥0 denotes the unique solution to (4).

IfM is compact then the assumptions on the geometry ofM are satisfied. Moreover, ifM is the
Euclidean space one can choose retrx(v) = x+v for every x ∈M and v ∈ TxM ≃ R

d and recover
the results in [LTE19, Theorem 9] and [GKK24, Corollary 14] for the Stratonovich formulation

of the Euclidean stochastic modified flow. However, Theorem 1.2 includes unbounded manifolds
that satisfy uniform boundedness conditions on the geometry, see Definition 4.4. We verify the
assumptions on the geometry of the manifold and define appropriate approximations of the

exponential map for principle component analysis, see Section 6.1, and for weight normalization
in artificial neural networks, see Section 6.2.

The proofs of Theorem 1.1 and Theorem 1.2 proceed by a precise analysis of the (Markov)

semigroups corresponding to the ODE (3) and the SDE (4) and their flow maps (x, t) 7→ zt(x)
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and (x, t) 7→ Xη
t (x). We show regularity results for the flow maps and give quantitative bounds

on their derivatives with respect to the initial condition. These bounds depend on the regularity
of the random vector field grad f̃ as well as on the curvature of M . Compared to the Euclidean

case, the non-explosion of the solution to (4) does not follow from the Lipschitz-continuity of
the coefficients alone. Therefore, on non-compact manifolds one has to be especially careful to
ensure that the solution to (4) does not explode in finite time and that there exists a global flow

map, see e.g. [Elw82, Li94a, Li94b].
Note that our proofs do not use the fact that grad f is a gradient vector field and grad f

can be replaced by any sufficiently regular vector field. In that sense, Theorem 1.1 and The-

orem 1.2 naturally extend to Riemannian stochastic approximation schemes for non-gradient
vector fields, as well as accelerated optimization methods defined on the tangent bundle TM
(see also Theorem 14 and 16 in [LTE19]).

The remainder of this article is organized as follows. In Section 1.1, we give an overview of
the existing literature on Riemannian stochastic gradient descent and continuous time approx-
imations for SGD in the Euclidean and Riemannian setting. In Section 2, we define uniform

retraction maps, see Definition 2.1. In Section 3, we prove the first main result, Theorem 1.1,
by analyzing the flow of a vector field as well as the dynamics of RSGD. In Section 4, we in-
troduce SDEs on manifolds driven by a cylindrical Wiener process. We give an existence and

uniqueness result for locally Lipschitz continuous coefficients. Moreover, under additional reg-
ularity assumptions on the manifold we prove the strong completeness of the SDE (4), i.e. the
existence of a global flow map, and give bounds for the derivatives of the corresponding Markov

semigroup. In Section 5, we prove the second main result, Theorem 1.2. Finally, in Section 6
we comment on the geometry in principle component analysis, weight normalization, hyperbolic
space and statistical manifolds and give appropriate retraction maps in the respective optimiza-
tion tasks. See Appendix A for the notation used throughout the article and Appendix B for an

introduction into derivatives of higher order for scalar-valued functions and vector fields.
We refer the reader to [DC92] for a more detailed introduction into the general theory of

Riemannian manifolds, to [Udr94, AMS08, Bou23] for an introduction into optimization on

Riemannian manifolds and to [Elw82, Hsu02, IW89] for an introduction into SDEs on manifolds.

1.1. Overview of the literature. Diffusion approximations of Euclidean SGD in the small

learning rates regime have been introduced by Li, Tai and E in [LTE17] and [LTE19]. Following
these original papers several results were derived for SDE approximations of SGD, e.g. gener-
ator based proofs [FLL18, HLLL19], approximations for SGD without reshuffling [AP22] and

uniform-in-time estimates for strongly convex objective functions [FGL+20, LW22]. Feng et al.
presented a diffusion approximation for SGD performed on the sphere [FLL18]. In [GKK24], a
Euclidean analog of the stochastic modified flow (4) has been proposed in order to approximate

the multi-point motion of SGD. This work also presents an approximation for the dynamics
of SGD in the small learning rate - infinite width scaling regime for overparametrized neural
networks. A diffusion approximation result for SGD with time-dependent learning rate has been

derived in [FDBD21]. In [SHSW23] the concept of second order retractions is used in order
to approximate the Brownian motion on a Riemannian manifold in a cost-efficient way. This
result generalizes the classical Donsker’s theorem in the Riemannian setting, see [Jør75]. For a

discussion on the validity of the diffusion approximation for finite (non-infinitesimal) learning
rate see [LMA21].

The derivation of stochastic continuum limits of SGD has proven instrumental in the analysis

of optimization dynamics in several regards. For example, one of the motivations for the diffusion
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approximation of SGD is to simplify the derivation of optimal hyperparameter schedules, e.g.
for the learning rate [LTE17] or the batch-size [ZLP+22, Per23], using optimal control theory.
Regarding the asymptotic behavior of SGD, diffusion approximations can be used for finding a

Lyapunov function [GK23, MTB23], developing dynamical systems arguments [FGJ20], inves-
tigating the critical noise decay rate for the convergence property [DK22a] and analyzing the
implicit bias of SGD [Woj24, LWA21].

Regarding SGD on a Riemannian manifold, the convergence of the objective function f :M →
R and its corresponding Riemannian gradient under the classical Robbins-Monro conditions has
been shown by Bonnabel [Bon13] using either the exponential map or a retraction map. This

analysis has been refined for Hadamard manifolds [SI23] and Riemannian stochastic approxima-
tion schemes, where the practitioner is only able to simulate a biased estimator of the vector
field [DJM+21]. In [Sha21] and [KHMK22], the ODE method for SGD with decreasing learn-

ing rates is transferred to the Riemannian setting. For SGD with constant learning rate η > 0,
[DJMS21] considered the invariant measure of the Markov-chain (Zη

n(x))n∈N0 and its asymptotic
behavior as η → 0. Tripuraneni et al. [TFBJ18] introduced a version of the Ruppert-Polyak aver-

aging technique for the Riemannian setting to improve convergence rates for the approximation
of an isolated stable minimum. [CB19, SFF19, HKKM23] considered escaping saddle points for
perturbed gradient descent methods. See also [ZS16, ZRS16] regarding stochastic optimization

results for geodesically convex target functions.

2. Uniform Retractions

In this section, we present the assumptions on the mapping retr : TM → M used in the
definition of the RSGD scheme, see (2). In many applications, the exponential map is difficult
to compute and it is more cost efficient to work with an approximation, a so-called retraction

map. We introduce the required assumptions on the retraction map in the following definition.

Definition 2.1. (i) A C1-map retr : TM → M is called a retraction map if for all x ∈ M

the restriction retrx : TxM → M satisfies retrx(0) = x and D0 retrx : T0(TxM) ≃
TxM → TxM is the identity map. A C2-retraction map is called uniform first order
retraction if there exists a constant C ≥ 0 such that for all x ∈ M , t ≥ 0 and v ∈ TxM

with ‖v‖ = 1 one has

‖γ̇t‖ ∨
∥

∥

∥

∇
dt
γ̇t

∥

∥

∥
≤ C,

where (γs)s≥0 = (retrx(sv))s≥0.

(ii) A C2-retraction map is called second order retraction if for all x ∈M and v ∈ TxM one

has

∇
dt

|t=0 γ̇t = 0,

where (γs)s≥0 = (retrx(sv))s≥0. Moreover, a C3-second order retraction is called uniform

second order retraction if there exists a constant C ≥ 0 such that for all x ∈ M , t ≥ 0
and v ∈ TxM with ‖v‖ = 1 one has

‖γ̇t‖ ∨
∥

∥

∥

∇
dt
γ̇t

∥

∥

∥
∨
∥

∥

∥

∇2

dt2
γ̇t

∥

∥

∥
≤ C.

Example 2.2. (i) The exponential map is a uniform second order retraction. In fact, for
all x ∈ M , t ≥ 0 and v ∈ TxM one has ‖γ̇t‖ = ‖v‖ and ∇

dt γ̇t = 0, where (γt)t≥0 =

(expx(tv))t≥0.
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(ii) The stereographic projection is a uniform second order retraction for the unit sphere
S
2 ⊂ R

3. For p = (0, 0,−1) we define retrp : TpM ≃ R
2 → S

2 via

retrp(x, y) =
( x

1 + 1
4x

2 + 1
4y

2
,

y

1 + 1
4x

2 + 1
4y

2
,
−1 + 1

4x
2 + 1

4y
2

1 + 1
4x

2 + 1
4y

2

)

.

Then, retrp(0, 0) = p and

D0 retrp =

(

1 0 0
0 1 0

)

.

To show that retr is a uniform second order retraction, by symmetry, it is sufficient to

consider ∇
dtγt, where γt = retrp(tv) and v = (1, 0). We get

d2

dt2
γt =

(8t(t2 − 12)

(t2 + 4)3
, 0,

64− 48t2

(t2 + 4)3

)

,

so that ∇
dt |t=0γ̇ = Pp(

d2

dt2 |t=0γ) = 0. Here, Pp denotes the orthogonal projection onto

TpM ≃ R
2 × {0}. Moreover, ‖γ̇t‖, ‖∇

dt γ̇t‖ and ‖∇2

dt2
γ̇t‖ are uniformly bounded.

In general, let M ⊂ R
N be a smooth submanifold and set

retrx(v) = proj(x+ v), x ∈M,v ∈ TxM,(7)

where proj : RN →M denotes a metric projection, i.e.

proj(z) ∈ argmin
y∈M

d(y, z), z ∈ R
N .(8)

By [LS21, Theorem 1], there exists an open set U ⊃ R
N containing M such that for every z ∈ U

the minimizer in (8) is unique and proj |U : U → R
N is C∞. Moreover, Theorem 4.9 in [AM12]

shows that for every x ∈ M and v ∈ TxM it holds that D0 retrx v = v and ∇
dt |t=0γ̇t = 0, where

(γs)s≥0 = (retrx(sv))s≥0. We apply a cutoff function to the mapping retr defined in (7) in order

to construct a uniform second order retraction for compact submanifolds.

Lemma 2.3. Assume that M is compact and let K ⊂ R
N be a compact set such that M ⊂

K ⊂ U , where U is as above. Let c : RN × R
N → R

N be a smooth, bounded function such that

c(x, 0) = 0, Dvc(x, 0) = idRN and D2
vc(x, 0) = 0 for all x ∈ M , x + c(x, v) ∈ K for all x ∈ M

and v ∈ TxM ⊂ R
N , and Dα

v c is bounded on M × R
N for all α = 1, 2, 3. Then the function

retr : TM →M given by

retrx(v) = proj(x+ c(x, v)), x ∈M,v ∈ TxM,

is a uniform second order retraction.

Proof. For all x ∈ M we denote by Px ∈ R
N×N the matrix that corresponds to the orthogonal

projection from R
N onto the tangent space Tproj(x)M of M at proj(x) which is a C∞-smooth

function on U .
For x ∈M and v ∈ TxM with ‖v‖ = 1 let (γt)t≥0 = (proj(x+ c(x, tv))t≥0. Then, for all t ≥ 0

γ̇t = D proj(x+ c(x, tv))Dvc(x, tv)v,

where Dv denotes the Jacobi matrix w.r.t. the second argument in c. Hence, γ̇0 = D proj(x)v.

Moreover,

∇
dt
γ̇t =Pγt

(

(

D2 proj(x+ c(x, tv))
)

(Dvc(x, tv)v,Dvc(x, tv)v)
)

+ Pγt

(

D proj(x+ c(x, tv))D2
vc(x, tv)(v, v)

)

,
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so that ∇
dt γ̇0 = Px((D

2 proj(x))(v, v)). Here we used the fact that for a vector field V along γ one

has ∇
dtV (t) = Pγt(

d
dtV (t)), where Pγt denotes the orthogonal projection onto TγtM ⊂ R

N and,

for all t, V (t) is identified as an element of RN (see e.g. Proposition 5.3.2 in [AMS08]). Thus,

using [AM12, Theorem 4.9], retr is a second order retraction. Lastly, using the boundedness of
DP on K as well as, for α = 1, 2, 3, the boundedness of Dα proj on K and Dα

v c on M ×R
N we

have that ‖γ̇t‖, ‖∇
dt γ̇t‖ and ‖∇2

dt2
γ̇t‖ are uniformly bounded in x ∈ M , t ≥ 0 and v ∈ TxM with

‖v‖ = 1. �

Remark 2.4. One can choose c(x, v) = v for all x ∈ M and v ∈ TxM that satisfy x+ v ∈ K ′,
where K ′ ⊂ R

N is a compact set such that M ⊂ K ′ ⊂ U ′ ⊂ K for an open set U ′. Therefore,
if for ϑ-almost all ξ ∈ Ξ we have x + grad f̃(x, ξ) ∈ K ′ for all x ∈ M , we can without loss of

generality assume that the second order retraction (7) is a uniform second order retraction.

3. Order 1 Approximation

In this section, we quantify the weak approximation error for comparing the dynamics of
Riemannian SGD with the solution to the gradient flow ODE

żt(x) = −grad f(zt(x))(9)

with initial condition z0(x) = x. Recall that, for x ∈ M , R(x) : (TxM)3 → TxM denotes the
curvature of M at x given by

R(x)(u, v)w = (R(U, V )W )(x),

where U, V,W ∈ X∞(M) with U(x) = u, V (x) = v and W (x) = w, see Appendix A. Moreover,

‖R(x)‖ = sup
v,w,u∈TxM

‖R(x)(u, v)w‖
‖u‖ ‖v‖ ‖w‖ .

We next state the main result of this section, proving that the ODE (9) is an order 1 approxi-

mation of RSGD if M has bounded curvature and f :M → R is sufficiently regular.

Theorem 3.1. Let retr : TM →M be a uniform first order retraction and grad f̃ :M×Ξ → TM
be a function that satisfies for all x ∈M

Eϑ[grad f̃(x, ξ)] = grad f(x) and sup
y∈M

Eϑ[‖grad f̃(y, ξ)‖2] <∞.

Assume that grad f ∈ X2
b(M) and supx∈M ‖R(x)‖ < ∞. Then for all T ≥ 0 and g ∈ C2

b (M)
there exists a constant C ≥ 0 such that for all η > 0

sup
x∈M

sup
n=0,...,⌊T/η⌋

|E[g(Zη
n(x))] − g(znη(x))| ≤ Cη.

For the proof of Theorem 3.1, we first show regularity results for the flow of a vector field, in
Section 3.1, and, afterwards, compare a single iteration step of RSGD with running the ODE

for time η, in Section 3.2.

3.1. Flow of a vector field. Let V ∈ X1
b(M) and consider the ODE

żt(x) = V (zt(x))(10)

with initial condition z0(x) = x. Then, for every x ∈M there exists a unique solution (zt(x))t∈R
of (10) that does not explode in finite time. Moreover the mapping M ×R ∋ (x, t) 7→ zt(x) ∈M
is C1, see e.g. [DK00, Theorem B.3]. We give a quantitative bound on the first derivative with
respect to the initial condition. This follows immediately from [DC92, Lemma 3.4] and Gronwall’s

inequality.
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Lemma 3.2. For x ∈M and v ∈ TxM , (Dxzt(v))t≥0 satisfies the differential equation

∇
dt
(Dxzt(v)) = ∇Dxzt(v)V.

Moreover, for all t ≥ 0 we have ‖Dxzt(v)‖ ≤ ‖v‖ exp(‖V (x)‖X1
b
(M)t).

Next, we consider quantitative bounds on the second derivative of the flow. For this estimate

we need a bound on the Riemannian curvature.

Lemma 3.3. Assume that V ∈ X2
b(M) and supx∈M ‖R(x)‖ < ∞. Then the mapping (x, t) 7→

zt(x) is C2 and for all T ≥ 0 there exists a constant C ≥ 0 that only depends on T , ‖V ‖X2
b
(M) and

supx∈M ‖R(x)‖ such that for all 0 ≤ t ≤ T , s ≥ 0, x ∈M and v,w ∈ TxM with ‖v‖ = ‖w‖ = 1
we have

∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥
≤ C,

where (γs)s∈R = (expx(sw))s∈R and (vs)s∈R is given by vs = Parγ|[0,s] v for s ≥ 0 and vs =

(Parγ|[s,0])
−1v for s < 0.

Proof. For the statement that (x, t) 7→ zt(x) is C2 see [DK00, Theorem B.3]. Let x ∈M , v,w ∈
TxM with ‖v‖ = ‖w‖ = 1, (γs)s∈R = (expx(sw))s∈R and (vs)s∈R be given by vs = Parγ|[0,s] v

for s ≥ 0 and vs = (Parγ|[s,0])
−1v for s < 0. Then R

2 ∋ (s, t) 7→ zt(γs) ∈ M is a parametrized

surface and (s, t) 7→ Dγszt(vs) is a vector field along this surface. Using [DC92, Lemma 4.1] and
Lemma 3.2, we get

∇
dt

∇
ds
Dγszt(vs) =

∇
ds

(

∇Dγszt(vs)
V
)

+R(zt(γs))(Dγszt(γ̇s), V (zt(γs)))Dγszt(vs)

=∇∇

ds
Dγszt(vs)

V + (∇2V )(Dγszt(γ̇s),Dγszt(vs))

+R(zt(γs))(Dγszt(γ̇s), V (zt(γs)))Dγszt(vs),

see also Appendix B. Now, ‖∇
dsDγsz0(vs)‖2 = ‖∇

dsvs‖2 = 0 and

d

dt

∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥

2
= 2〈 ∇

ds
Dγszt(vs),

∇
dt

∇
ds
Dγszt(vs)〉

≤2
∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥
‖V ‖X2

b
(M)

(
∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥
+ (1 + ‖R‖∞)‖Dγszt‖2

)

≤2
(
∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥

2
+ 1

)

‖V ‖X2
b
(M)

(

1 + (1 + ‖R‖∞) ‖Dγszt‖2
)

,

where ‖R‖∞ := supx∈M ‖R(x)‖. Using Lemma 3.2 and Gronwall’s inequality we get
∥

∥

∥

∇
ds
Dγszt(vs)

∥

∥

∥

2
≤

(

∫ t

0
αs ds

)

e
∫ t

0
αs ds,

where αs = 2‖V ‖X2
b
(M)

(

1 + (1 + ‖R‖∞) exp(2‖V ‖X2
b
(M)t)

)

. �

With Lemma 3.2 and Lemma 3.3 at hand, we analyze the mapping x 7→ g(zt(x)) for a g ∈ C2
b .

Proposition 3.4. Assume that supx∈M ‖R(x)‖ <∞ and let g ∈ C2
b (M) and V ∈ X2

b(M). Then
for all T ≥ 0 there exists a constant C ≥ 0 that only depends on ‖g‖C2

b
(M), ‖V ‖X2

b
(M) and

supx∈M ‖R(x)‖ such that for all 0 ≤ t ≤ T the function

ϕt :M → R ; x 7→ g(zt(x))

satisfies ‖ϕt‖C2
b
(M) ≤ C.
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Proof. For all t ∈ T we clearly have ϕt ∈ C2 and ‖ϕt‖C0
b
≤ ‖g‖C0

b
. For x ∈M and v ∈ TxM ,

〈gradϕt(x), v〉 = Dxϕt(v) = (Dzt(x)g)(Dxzt(v)) = 〈grad g(zt(x)),Dxzt(v)〉(11)

so that, using Lemma 3.2, we get

‖gradϕt(x)‖ ≤ sup
x∈M

‖grad g(x)‖ sup
x∈M

‖Dxzt‖ ≤ ‖g‖C1
b
(M) exp(‖V ‖X1

b
(M)t).

By polarization, it suffices to derive a bound for 〈Hessϕt(x)v, v〉 for all x ∈ M and v ∈ TxM
with ‖v‖ = 1. Write (γs)s∈R = (expx(sv))s∈R and note that γ̇s = Parγ|[0,s] v for all s ≥ 0. Using

[AMS08, Proposition 5.5.4] and (11), we get

〈Hessϕt(x)v, v〉 =
d2

ds2
|s=0 ϕt(expx(sv)) =

d

ds
|s=0 〈grad g(zt(γs)),Dγszt(γ̇s)〉

= 〈∇Dxzt(v)grad g,Dxzt(v)〉 + 〈grad g(zt(x)),
∇
ds

|s=0Dγszt(γ̇s)〉,

so that the statement follows from applying Lemma 3.2 and Lemma 3.3. �

3.2. Proof of Theorem 3.1. Fix T ≥ 0 and for 0 ≤ t ≤ T let ϕt :M → R be given by ϕt(x) =
g(zt(x)). By Proposition 3.4, there exists a constant C such that sup0≤t≤T ‖ϕt‖C2

b
(M) ≤ C.

For x ∈ M and n ∈ N we get, using the triangle inequality and the Markov property for

(Zη
n(x))n∈N0 ,

|E[g(Zη
n(x))]−g(znη(x))| =

∣

∣

∣

n
∑

i=1

E
[

ϕ(n−i)η(Z
η
i (x))− ϕ(n−i)η(zη(Z

η
i−1(x)))

]

∣

∣

∣

≤
n
∑

i=1

∣

∣E
[

E[ϕ(n−i)η(Z
η
i (x))|Fi−1]− ϕ(n−i)η(zη(Z

η
i−1(x)))

]∣

∣

≤
n
∑

i=1

sup
y∈M

∣

∣E[ϕ(n−i)η(Z
η
1 (y))] − ϕ(n−i)η(zη(y))

∣

∣.

(12)

We next derive a uniform bound that holds for each individual summand in the latter sum.
For t ≥ 0 and ϕ ∈ C2

b (M) we have

ϕ(zt(x)) = ϕ(x)−
∫ t

0
〈gradϕ(zs(x)), grad f(zs(x))〉 ds

= ϕ(x)− t〈gradϕ(x), grad f(x)〉 −
∫ t

0

∫ s

0

d

du
〈gradϕ(zu(x)), grad f(zu(x))〉 du ds.

Using the fact that for all u ≥ 0

d

du
〈gradϕ(zu(x)), grad f(zu(x))〉 =− 〈Hessϕ(zu(x)) grad f(zu(x)), grad f(zu(x))〉

− 〈gradϕ(zu(x)),∇grad f(zu(x))grad f〉,

as well as ϕ ∈ C2
b (M) and grad f ∈ X2

b(M), there exists a constant C ≥ 0 that only depends on
‖ϕ‖C2

b
(M) and ‖grad f‖X1

b
(M) such that

sup
x∈M

|ϕ(zt(x))− ϕ(x) + t〈gradϕ(x), grad f(x)〉| ≤ Ct2.(13)
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Next, we turn to the SGD scheme defined in (2). For x ∈ M and ξ ∈ Ξ we let (γt)t∈[0,1] =

(retrx(−ηt grad f̃(x, ξ)))t∈[0,1] and note that

ϕ(γ1) = ϕ(x) +
d

ds
|s=0ϕ(γs) +

∫ t

0

∫ s

0

d2

du2
ϕ(γu) du ds.

Since retr : TM →M is a retraction, see Definition 2.1, we get

d

ds
|s=0ϕ(γs) = 〈gradϕ(x),D0 retrx(−η grad f̃(x, ξ))〉 = −η〈gradϕ(x), grad f̃(x, ξ)〉.

For the remainder, we note that for all u ≥ 0

d2

du2
ϕ(γu) = 〈Hessϕ(γu)γ̇u, γ̇u〉+ 〈gradϕ(γu),

∇
du
γ̇u〉.

Using that retr is a uniform first order retraction, there exists a constant C ≥ 0 such that
‖γ̇u‖ ≤ Cη‖grad f̃(x, ξ)‖ and ‖ ∇

du γ̇u‖ ≤ Cη2‖grad f̃(x, ξ)‖2 for all u ≥ 0. Thus, there exists a
constant C ≥ 0 that only depends on ϕ via ‖ϕ‖C2

b
(M) such that

sup
x∈M

|E[ϕ(Zη
1 (x))]− ϕ(x) + η〈gradϕ(x), grad f(x)〉| ≤ Cη2

(

sup
x∈M

E[‖grad f̃(x, ξ1)‖2]
)

.(14)

Combining (13) and (14), there exists a constant C ≥ 0 that only depends on ‖ϕ‖C2
b
(M),

‖grad f‖X1
b
(M) and supx∈M Eϑ[‖grad f̃(x, ξ)‖2] such that

sup
x∈M

|Eϑ[ϕ(Z
η
1 (x))] − ϕ(zη(x))| ≤ Cη2.(15)

Using that sup0≤t≤T ‖ϕt‖C2
b
(M) <∞ and applying (15) to each summand on the right-hand side

of (12), there exists a constant C ≥ 0 such that for all n ∈ {0, . . . , ⌊T/η⌋}
sup
x∈M

|E[g(Zη
n(x))] − g(znη(x))| ≤ nCη2 ≤ CTη.

4. SDEs on Manifolds Driven by Cylindrical Wiener Processes

In this section, we give well-posedness and regularity results for stochastic differential equa-
tions (SDEs) on a Riemannian manifold driven by a cylindrical Wiener process. For a more
detailed introduction into stochastic analysis on Riemannian manifolds we refer the reader

to [Elw82, IW89, Hsu02]. Regarding SDEs on Euclidean space driven by a cylindrical Wiener
process we refer the reader to [DPZ14, LR15, Rie11].

Let (Ξ,G, ϑ) be a measure space such that ϑ is a finite measure and the space L2((Ξ, ϑ);R) is

separable. We denote by 〈·, ·〉ϑ, resp. ‖ · ‖ϑ, the usual inner product, resp. its associated norm,
on the space L2((Ξ, ϑ);V ), where V denotes a finite-dimensional Hilbert space.

Let (Wt)t≥0 be a cylindrical Wiener process on L2((Ξ, ϑ);R) defined on a filtered, complete

probability space (Ω̃, F̃ , (F̃t)t≥0, P̃) with right-continuous filtration (F̃t)t≥0, that is,

(i) for every t ≥ 0, the map Wt : L
2((Ξ, ϑ);R) → L2((Ω̃, P̃);R) is linear;

(ii) for every h ∈ L2((Ξ, ϑ);R), (Wt(h))t≥0 is an (F̃t)t≥0-Brownian motion with Var(Wt(h)) =
‖h‖2ϑt for every t ≥ 0.

For an (F̃t)t≥0-progressively measurable L2((Ξ, ϑ);R)-valued process (G(t, ·))t≥0 that almost
surely satisfies G ∈ L2

loc([0,∞);L2((Ξ, ϑ);R)) we define
∫ t

0

∫

Ξ
G(s, ξ)W (dξ, ds) :=

∫ t

0
Υ(s) dWs,
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where Υ(s) is given by Υ(s)h = 〈G(s, ·), h〉ϑ for all h ∈ L2((Ξ, ϑ);R). For the definition of
the integral with respect to a cylindrical Wiener process see, e.g., [GM10, Section 2.2.4]. It is
known that there exist an orthonormal basis of L2((Ξ, ϑ);R), (ei)i∈N, and independent R-valued

(F̃t)t≥0-Brownian motions, (W
(1)
t )t≥0, (W

(2)
t )t≥0, . . . , such that

∫ t

0

∫

Ξ
G(s, ξ)W (dξ, ds) =

∞
∑

i=1

∫ t

0
〈G(s, ·), ei〉ϑ dW (i)

s ,(16)

where the integrals on the right-hand side of (16) are classical Itô-integrals with respect to R-
valued Brownian motions and the sum is almost surely finite, see e.g. [DPZ14, Section 4.2.2].
Moreover,

‖Υ(s)‖2HS =
∞
∑

i=1

|Υ(s)ei|2 =
∞
∑

i=1

|〈G(s, ·), ei〉ϑ|2 = ‖G(s, ·)‖2ϑ,

where the left-hand side denotes the Hilbert-Schmidt norm of the operator Υ(s) : L2((Ξ, ϑ);R) →
R.

Next, we introduce the notion of a solution to an SDE on a manifold driven by a cylindrical
Wiener process. This generalizes the approach in [Hsu02] for SDEs on manifolds driven by a

finite-dimensional Brownian motion. We need some additional notation.
Let L̃2(M × Ξ;TM) be the space of all functions G :M × Ξ → TM such that, for all x ∈M

and ξ ∈ Ξ, G(x, ξ) ∈ TxM and

‖G(x, ·)‖2ϑ :=

∫

Ξ
‖G(x, ξ′)‖2x ϑ(dξ′) <∞.(17)

We denote by X̃0(M) the space of functions G ∈ L̃2(M × Ξ;TM) such that for ϑ-a.e. ξ ∈ Ξ we
have G(·, ξ) ∈ X0(M) and for all x ∈ M there exists a neighborhood U ⊂ M such that x ∈ U
and

∫

Ξ
sup
y∈U

‖G(y, ξ)‖2y ϑ(dξ) <∞.(18)

Note that (18) together with the dominated convergence theorem implies that for all g ∈ C1(M)
the mapping x 7→ Gg(x, ·) = 〈G(x, ·), grad g〉 ∈ L2((Ξ, ϑ);R) is continuous w.r.t. the norm ‖ · ‖ϑ.
Moreover, we denote by X̃0

b(M) the space of functions G ∈ X̃0(M) with

‖G‖
X̃0
b
(M) := sup

x∈M
‖G(x, ·)‖2ϑ <∞.

Similarly, for α ∈ N we denote by X̃α(M) the space of functions G ∈ X̃0(M) such that for ϑ-a.e.
ξ ∈ Ξ we have G(·, ξ) ∈ Xα(M) and for all 1 ≤ β ≤ α and x ∈ M there exists a neighborhood

U ⊂M such that x ∈ U and
∫

Ξ
sup
y∈U

‖∇βG(y, ξ)‖2 ϑ(dξ) <∞,

see Definition B.1. Again, the dominated convergence theorem implies that for all 1 ≤ β ≤ α,

V1, . . . , Vβ ∈ Xβ−1(M) and g ∈ C1(M) we have that

x 7→ (∇βG(x, ·))(V1, . . . , Vβ)g ∈ L2((Ξ, ϑ);R)

is continuous w.r.t. the norm ‖ · ‖ϑ. We analogously define the space X̃α
b (M) and its respective

norm.
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Let B ∈ X1(M) and G ∈ X̃2(M) and consider the following formal SDE

dXt(x) = B(Xt(x)) dt+

∫

Ξ
G(Xt(x), ξ) ◦W (dξ, ds)(19)

with initial condition X0(x) = x ∈ M . To make sense of this expression we consider the one-

point compactification M̂ =M ∪ {∂M} of M and apply test functions. We interpret the second
summand in (19) as the sum of an Itô-integral and a corresponding Stratonovich correction
term.

Definition 4.1. (i) Let (Kn)n∈N be an increasing sequence of compact subsets of M sat-

isfying M =
⋃

n∈NKn. Such a sequence exists since differentiable manifolds are, by

definition, second countable. For a continuous, (F̃t)t≥0-adapted process (Xt)t≥0 taking

values in M̂ we define

e := lim
n→∞

τn with τn := inf{t ≥ 0 : Xt /∈ Kn},

which is an (F̃t)t≥0-stopping time and independent of the choice for (Kn)n∈N. We call e

the explosion time of (Xt)t≥0.

(ii) A continuous M̂ -valued, (F̃t)t≥0-adapted process (Xt(x))t≥0 with X0(x) = x and explo-

sion time e(x) is called solution to the SDE (19) started in x if for all g ∈ C∞(M) one

has almost surely that for all t ∈ [0, e(x))

g(Xt(x)) =g(x) +

∫ t

0
Bg(Xs(x)) ds +

1

2

∫ t

0

∫

Ξ
GGg(Xs(x), ξ)ϑ(dξ) ds

+

∫ t

0

∫

Ξ
Gg(Xs(x), ξ)W (ds, dξ).

(20)

We next present an existence and uniqueness statement for the SDE (19). This result can

be obtained as in the proof of Theorem 1.2.9 in [Hsu02], where SDEs on manifolds driven by a
finite dimensional noise were considered. We take special attention to the required smoothness
of the coefficients in (19).

Proposition 4.2. Let B ∈ X1(M) and G ∈ X̃2(M). Then for every x ∈ M there exists a

solution (Xt(x))t≥0 to the SDE (19) with initial condition X0(x) = x and explosion time e(x)

that is unique up to its explosion time. Moreover, (Xt(x))t≥0 satisfies (20) for all g ∈ C2(M).

In the second main result, Theorem 5.1, we will work with solutions to SDEs that do not
explode in finite time and under the following assumption on the regularity of the corresponding

Markov semigroup.

Definition 4.3. Let α ∈ {2, 3, . . . }. We say that M has regularity α if for all B ∈ Xα
b (M) and

G ∈ X̃α+1
b (M) we have that

(i) the SDE (19) is complete, i.e. for all x ∈ M we have e(x) = ∞ almost surely, where

e(x) is the explosion time for the SDE (19) started in x, and

(ii) for all g ∈ Cα
b (M) and t ≥ 0 we have that Ψt(x) := Ẽ[g(Xt(x))] ∈ Cα

b (M). Moreover, for

all T ≥ 0 there exists a constant C ≥ 0 that only depends on T , ‖B‖Xα
b
(M), ‖G‖X̃α+1

b
(M)

and ‖g‖Cα
b
(M) such that

sup
t∈[0,T ]

‖Ψt‖Cα
b
(M) ≤ C.



STOCHASTIC MODIFIED FLOWS FOR RSGD 13

Definition 4.3 summarizes the necessary assumptions on the manifold in order to derive the
order 2 approximation result in Theorem 5.1. Verifying the completeness for SDEs on Riemann-
ian manifolds is more involved than simply using the Lipschitz-continuity of the coefficients as

in the Euclidean case. It is known that the existence of a uniform cover [Elw82, Corollary 6.1] or
a weak uniform cover [Li94a, Theorem 2.4] implies completeness of the corresponding SDE. In
the next section, we introduce a large class of manifolds, including all compact manifolds, that

satisfy the assumptions in Definition 4.3.

4.1. Embedding of M with uniform boundedness conditions on the geometry. In this
section, we introduce a class of manifolds that admit an embedding into a Euclidean space with
certain boundedness conditions on the metric projection. This concept allows us to extend vector

fields on M to the ambient space and control the Euclidean derivatives of these extensions. The
definition is inspired by the notion of manifolds of bounded geometry, see [Eld13, Definition 2.1].
Here, we additionally assume the existence of a uniform tubular neighborhood of the normal

bundle.
Let N ∈ N and ι :M → R

N be an isometric embedding of M into R
N . By [LS21, Theorem 1],

there exists an open set U ⊃ R
N containing ι(M) such that for every x ∈ U there exists a unique

minimizer

proj(x) := argmin
y∈ι(M)

d(x, y)(21)

that satisfies x − proj(x) ∈ (Tproj(x)ι(M))⊥ and proj |U : U → R
N is C∞. Clearly, we have

proj(x) = x for all x ∈ ι(M). Moreover, for x ∈ U let Px ∈ R
N×N be the matrix that corresponds

to the orthogonal projection from R
N onto the tangent space Tproj(x)ι(M) of ι(M) at proj(x).

Definition 4.4. Let α ∈ N0. We say that a complete and connected C∞-manifold M is a BG(α)-
manifold if there exist N ∈ N, r > 0, an isometric embedding ι : M → R

N and an open set

U ⊂ R
N such that x+v ∈ U for all x ∈ ι(M) and v ∈ (Txι(M))⊥ with |v| ≤ r and proj : U → R

N

and P : U → R
N×N exist and their derivatives up to order α exist and are uniformly bounded.

In the Euclidean setting, i.e. M = R
N , one can set ι = id and note that (Txι(M))⊥ = ∅.

Therefore, the Euclidean space is a BG(α)-manifold for all α ∈ N0. Moreover, every compact
C∞-manifold is a BG(α)-manifold for all α ∈ N0, see e.g. [LS21].

The motivation for introducing BG(α)-manifolds is that we can extend functions on M to

functions defined on the ambient space R
N such that uniform boundedness of the Riemannian

derivatives is equivalent to uniform boundedness of the Euclidean derivatives for the extended
functions. For the definition of the spaces Cα

b (N) and Xα
b (N) for a manifold N and α ∈ N0 as

well as the respective norms ‖ · ‖Cα
b
(N) and ‖ · ‖Xα

b
(N), see Definition B.1.

Lemma 4.5. Let α ∈ N0 and M be a BG(α)-manifold with corresponding embedding ι : M →
R
N , open set U and constant r > 0. Then

(i) there exists a constant C1 ≥ 0 such that for every function g ∈ Cα+1
b (U) one has

‖g|ι(M)‖Cα+1
b

(ι(M)) ≤ C1‖g‖Cα+1
b

(U),

(ii) there exists a constant C2 ≥ 0 such that for every g ∈ Cα
b (ι(M)) there exists an extension

ĝ ∈ Cα
b (U) of g with

‖ĝ‖Cα
b
(U) ≤ C2‖g‖Cα

b
(ι(M))

and
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(iii) there exists a constant C3 ≥ 0 such that for every V ∈ Xα
b (ι(M)) there exists an extension

V̂ ∈ Xα
b (R

N ) of V with V̂ (x) = 0 for all x ∈ R
N with d(x, ι(M)) ≥ r/2 and

‖V̂ ‖Xα
b
(RN ) ≤ C3‖V ‖Xα

b
(ι(M)).

Proof. (i): Denote g̃ = g|ι(M). Then grad g̃(x) = Px grad g(x) and, if α ≥ 1, for v ∈ Txι(M) we

have

Hess g̃(x)v = ∇vgrad g̃ = Px

( d

dt
|t=0Pγt grad g(γt)

)

= Px

(

Hess g(x)v + (DPxv)grad g(x)
)

.

where γ : R → ι(M) is a smooth curve satisfying γ0 = x and γ̇0 = v. If α ≥ 2, we get for vector

fields V1, V2, V3 ∈ X2(ι(M)) that

∇3g̃(V1, V2, V3) = V1((∇2g̃)(V2, V3))− (∇2g̃)(∇V1V2, V3)− (∇2g̃)(V2,∇V1 , V3)

as well as V1((∇2g̃)(V2, V3)) = 〈∇V1(Hess g̃ V2), V3〉 + (∇2g̃)(V2,∇V1V3). Now, for all x ∈ ι(M)
and v ∈ Txι(M) we have PxHess g(x)v = PxHess g(x)Pxv so that

∇V1(x)(Hess g̃ V2) = Px(DPx(V1(x)))Hess g(x)V2(x) + PxD
3g(x)(V1(x), V2(x))

+ PxHess g(x)(DPx(V1(x)))V2(x) + PxHess g(x)Px(DV2(x)(V1(x)))

+ Px(DPx(V1(x)))(DPx(V2(x)))grad g(x) + PxD
2Px(V1(x), V2(x))grad g(x)

+ Px(DPx(DV2(x)(V1(x))))grad g(x) + Px(DPx(V2(x)))Hess g(x)V1(x).

Using that

(∇2g̃)(∇V1V2, V3)(x) = 〈PxHess g(x)Px(DV2(x)(V1(x)))

+ Px(DPx(Px(DV2(x)(V1(x)))))grad g(x), V3(x)〉

and DPxv = 0 for all v ∈ (Txι(M))⊥, we get

∇3g̃(V1,V2, V3)(x) = 〈Px(DPx(V1(x)))Hess g(x)V2(x) + PxD
3g(x)(V1(x), V2(x))

+ PxHess g(x)(DPx(V1(x)))V2(x) + Px(DPx(V1(x)))(DPx(V2(x)))grad g(x)

+ PxD
2Px(V1(x), V2(x))grad g(x) + Px(DPx(V2(x)))Hess g(x)V1(x), V3(x)〉.

Using supx∈ι(M)maxβ=0,...,α ‖DβPx‖ < ∞, we proved (i) for α ∈ {0, 1, 2}. The proof for higher
derivatives is analogous.

(ii): For x ∈ U define ĝ(x) := g(proj(x)). Then ĝ ∈ Cα(U) and ‖ĝ(x)‖C0
b
(U) = ‖g(x)‖C0

b
(ι(M)).

If α ≥ 1, we have for x ∈ U and i = 1, . . . , N

d

dxi
ĝ(x) = 〈grad g(proj(x)),D proj(x)ei〉,

where (e1, . . . , eN ) denotes the standard orthonormal basis of RN . If α ≥ 2, note that for all
x ∈ ι(M) we have grad ĝ(x) = grad g(x) ∈ Txι(M). Thus, for all i, j = 1, . . . , N and x ∈ U

d

dxj

d

dxi
ĝ(x) =

d

dxj
〈grad ĝ(proj(x)),D proj(x)ei〉

= 〈Px
d

dxj
grad ĝ(proj(x)),D proj(x)ei〉+ 〈grad ĝ(proj(x)), d

dxj
D proj(x)ei〉

= 〈∇vgrad g,D proj(x)ei〉+ 〈grad g(proj(x)),D2 proj(x)(ei, ej)〉,
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where v := D proj(x)ej ∈ Tproj(x)ι(M). Using supx∈ι(M)maxβ=0,...,α ‖Dβ proj(x)‖ < ∞, we

proved (i) for α ∈ {0, 1, 2}. The proof for higher derivatives is analogous.
(iii): Let ψ : [0,∞) → [0, 1] be a C∞-cutoff function that satisfies ψ(0) = 1, ψ(y) = 0 for all

y ≥ r2/4 and such that all derivative of ψ at 0 and r2/4 vanish. For x ∈ R
N define

V̂ (x) :=

{

ψ(|proj(x)− x|2)V (proj(x)), if x ∈ U

0, otherwise.

Then, V̂ ∈ Xα(U), ‖V̂ (x)‖X0
b
(M) = ‖V (x)‖X0

b
(ι(M)) and V̂ = 0 for all x ∈ R

N with d(x, ι(M)) ≥
r/2. If α = 1, we use v = Pxv for x ∈ ι(M) and v ∈ Txι(M) and get for i = 1, . . . , N and x ∈ U

d

dxi
V̂ (x) =2ψ′(|proj(x)− x|2)(proj(x)− x)†

( d

dxi
proj(x)− ei

)

V (proj(x))

+ ψ(|proj(x)− x|2)
( d

dxi
Px

)

V (proj(x))

+ ψ(|proj(x)− x|2)Px(DV (proj(x)))(D proj(x)ei),

where a† denotes the transpose of a vector a ∈ R
N and (e1, . . . , eN ) denotes the standard

orthonormal basis of RN . Using Px(DV (proj(x)))(D proj(x)ei) = ∇D proj(x)eiV and the bounds
for DPx and D proj(x) we get the statement for α = 1. The proof for higher derivatives is

analogous. �

Using the extensions of the vector fields and the test functions constructed in Lemma 4.5,
the assumptions in Definition 4.3 can be verified for M replaced by R

N . A completeness result

for the SDE (19) on R
N with Lipschitz continuous coefficients can be found in [DPZ14, Theo-

rem 7.5]. Boundedness of the first two derivatives of x 7→ Ẽ[g(Xt(x))] can be found in [DPZ14,

Theorem 9.23] and [DPZ14, Remark 9.4].

Proposition 4.6. Let α ∈ {2, 3, . . . } and M be a BG(α + 1)-manifold. Then M has regularity

α.

5. Order 2 Approximation

In this section, we prove the second main result which quantifies the order of approximation of

RSGD by the solution to the RSMF (4) with coefficients G and B as in (5) and (6), respectively.

Theorem 5.1. Let grad f̃ ∈ X̃5
b(M), retr : TM →M be a uniform second order retraction and

assume that M has regularity 4, see Definition 4.3. Moreover, assume that for all x ∈ M one

has Eϑ[grad f̃(x, ξ)] = grad f(x) and

f := sup
x∈M

∫

Ξ
‖grad f̃(x, ξ)‖3 ϑ(dξ) <∞.(22)

Then, for every g ∈ C4
b (M) and T ≥ 0, there exists a constant C ≥ 0 such that for all η ≥ 0

sup
x∈M

sup
n=0,...,⌊T/η⌋

|E[g(Zη
n(x))] − Ẽ[g(Xη

nη(x))]| ≤ Cη2.

The proof consists in comparing an evolution step of RSGD with the solution of the RSMF
for time η on test functions of the form Ψt, for t ≥ 0, defined in Definition 4.3. First, we show

that the coefficients of the RSMF are sufficiently regular.
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Lemma 5.2. Let T > 0, α ∈ N, grad f̃ ∈ X̃α
b (M) and Bη, Gη as in (5) and (6). Then, for all

0 ≤ η ≤ T it holds that Bη ∈ Xα−1
b (M) and Gη ∈ X̃α

b (M) and

sup
0≤η≤T

‖Bη‖
Xα−1
b

(M) ∨ sup
0≤η≤T

‖Gη‖
X̃α
b
(M) <∞.

Proof. First, we will show that grad f ∈ Xα
b (M). Let ι : M → R

N be an isometric embedding

and f̂ ∈ X̃α(RN ) be an extension of grad f̃ . Then, for all compact sets K ⊂ R
N and 0 ≤ β ≤ α

we have that
∫

Ξ
sup
y∈K

‖Dβ f̂(y, ξ)‖2 ϑ(dξ) <∞.

Using the dominated convergence theorem, we get Eϑ[f̂(·, ξ)] ∈ Xα(RN ) and, thus, grad f ∈
Xα(M). Moreover, for all x ∈M and 0 ≤ β ≤ α,

‖∇βgrad f(x)‖2 = ‖Eϑ[∇βgrad f̃(x, ξ)]‖2 ≤ ‖∇βgrad f̃(x, ·)‖2ϑ(23)

where the right-hand side of (23) is uniformly bounded in x, since grad f̃ ∈ X̃α
b (M). Thus,

grad f ∈ Xα
b (M) which immediately implies that∇grad f(·)(grad f) ∈ Xα−1

b (M) and Gη ∈ X̃α
b (M).

Similarly, we have for an extension Ĝη ∈ X̃α(RN ) of Gη, 0 ≤ β ≤ α − 1 and all compact sets
K ⊂ R

N that
∫

Ξ
sup
y∈K

‖Dβ(DĜη(y, ξ)Ĝη(y, ξ))‖ϑ(dξ) <∞.

Moreover, z 7→ Eϑ[‖∇β(∇Gη(z,ξ)G
η(·, ξ))‖] is uniformly bounded over z ∈M and 0 ≤ η ≤ T for

all 0 ≤ β ≤ α− 1, so that z 7→ Eϑ[∇Gη(z,ξ)G
η(·, ξ)] ∈ Xα−1

b (M). �

We next control the weak error of the diffusion approximation for one evolution step of RSGD.

Lemma 5.3. Let retr be a uniform second order retraction, grad f̃ ∈ X̃5
b(M) and g ∈ C4

b (M) and
T ≥ 0. Moreover, assume that M has regularity 4 and (22) holds. Then, there exists a constant

C ≥ 0 that only depends on T , ‖g‖C4
b
(M), ‖grad f̃‖X̃5

b
(M) and f such that for all 0 ≤ η ≤ T

sup
x∈M

|Eϑ[g(Z
η
1 (x))]− Ẽ[g(Xη

η (x))]| ≤ Cη3.

Proof. Throughout this proof, C denotes a constant that only depends on T , ‖g‖C4
b
(M), ‖grad f̃‖X̃5

b
(M)

and f. Note that, using Lemma 5.2, the norms ‖Bη‖X4
b
(M) and ‖Gη‖

X̃5
b
(M) can be uniformly

bounded over 0 ≤ η ≤ T .
Let x ∈M and 0 ≤ η ≤ T . First, we consider the solution to the RSMF (4) and briefly write

(Xt)0≤t≤η := (Xη
t (x))0≤t≤η . By definition, we have for all 0 ≤ t ≤ η

g(Xt)− g(x) =

∫ t

0
Bg(Xs) ds +

√
η

∫ t

0

∫

Ξ
Ḡg(Xs, ξ)W (ds, dξ)

+
η

2

∫ t

0

∫

Ξ
ḠḠg(Xs, ξ)ϑ(dξ) ds.

(24)

Now, for all 0 ≤ t ≤ η we get by Itô’s isometry that

[

∫ ·

0

∫

Ξ
Ḡg(Xs, ξ)W (ds, dξ)

]

t
=

∫ t

0
‖Ḡg(Xs, ·)‖2ϑ ds,
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so that

(Mt)0≤t≤η :=
(

∫ t

0

∫

Ξ
Ḡg(Xs, ξ)W (ds, dξ)

)

0≤t≤η

is a martingale and we have Ẽ[Mη ] = 0. Moreover, for the first term on the right-hand side of
(24) we get, using Itô’s formula,

Bg(Xs) =Bg(x) +

∫ s

0
BBg(Xu) du+

∫ s

0

∫

Ξ

√
ηḠBg(Xu, ξ)W (du, dξ)

+
η

2

∫ s

0

∫

Ξ
ḠḠBg(Xu, ξ)ϑ(dξ) du.

Using Fubini’s theorem, we get

Ẽ

[

∫ η

0

∫ s

0

∫

Ξ

√
ηḠBg(Xu, ξ)W (du, dξ) ds

]

=

∫ η

0
Ẽ

[

∫ s

0

∫

Ξ

√
ηḠBg(Xu, ξ)W (du, dξ)

]

ds = 0.

We can bound

Ẽ

[∣

∣

∣

∫ η

0

η

2

∫ s

0

∫

Ξ
ḠḠBg(Xu, ξ)ϑ(dξ) du

∣

∣

∣

]

≤ η3

4
sup
x∈M

Eϑ[|ḠḠBg(x, ξ)|] ≤ Cη3,

for a constant C ≥ 0. Again, using Itô’s formula

BBg(Xs) =BBg(x) +

∫ s

0
BBBg(Xu) du+

∫ s

0

∫

Ξ

√
ηḠBBg(Xu, ξ)W (du, dξ)

+
η

2

∫ s

0

∫

Ξ
ḠḠBBg(Xu, ξ)ϑ(dξ) du,

where for all s ∈ [0, η] one has Ẽ
[∫ s

0

∫

Ξ

√
ηḠBBg((Xu, ξ))W (du, dξ)

]

= 0.
We bound the contribution of the last term on the right-hand side of (24). An application of

the dominated convergence theorem gives ϕ(x) =
∫

Ξ ḠḠg(x, ξ)ϑ(dξ) ∈ C2
b (M). Thus,

ϕ(Xs)− ϕ(x) =

∫ t

0
Bϕ(Xs) ds+

√
η

∫ t

0

∫

Ξ
Ḡϕ(Xs, ξ)W (ds, dξ)

+
η

2

∫ t

0

∫

Ξ
ḠḠϕ(Xs, ξ)ϑ(dξ) ds,

where, for a constant C ≥ 0, for all 0 ≤ u ≤ η one has Ẽ
[∫ u

0

∫

Ξ Ḡϕ(Xs, ξ)W (ds, dξ)
]

= 0.

Altogether, we can bound the terms of order O(η3) in the equations above and get a constant
C ≥ 0 such that

sup
x∈M

∣

∣

∣
Ẽ[g(Xη

η (x))] − g(x)− ηBg(x)− 1

2
η2
(

BBg(x) +

∫

Ξ
ḠḠg(x, ξ)ϑ(dξ)

)∣

∣

∣
≤ Cη3.

Recall that, for all x ∈ M and ξ ∈ Ξ, BBg(x) = 〈(Hess g(x))B(x), B(x)〉 + (∇B(x)B)g and

ḠḠg(x, ξ) = 〈Hess g(x)Ḡ(x, ξ), Ḡ(x, ξ)〉 + (∇Ḡ(x,ξ)Ḡ(·, ξ))g. Hence, using the definition of B in

(6) there exists a constant C ≥ 0 such that
∣

∣

∣
Ẽ[g(Xη)]− g(x) + η〈grad f(x),grad g(x)〉 − 1

2
η2
(

〈(Hess g(x))grad f(x), grad f(x)〉

−
∫

Ξ
〈Hess g(x)Ḡ(x, ξ), Ḡ(x, ξ)〉ϑ(dξ)

)∣

∣

∣
≤ Cη3.

(25)
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Next, we turn to the RSGD scheme. For x ∈M and ξ ∈ Ξ, let (γt)t∈[0,1] = (retrx(−ηt grad f̃(x, ξ)))t∈[0,1]
and note that

g(γ1) = g(x) +
d

ds
|s=0g(γs) +

1

2

d2

ds2
|s=0g(γs) +

∫ 1

0

∫ s

0

∫ u

0

d3

dℓ3
g(γℓ) dℓ du ds.

Since retr : TM → M is a second order retraction, see Definition 2.1, we get d
ds |s=0g(γs) =

−η〈grad g(x), grad f̃(x, ξ)〉 as well as
d2

ds2
|s=0g(γs) = 〈∇γ̇0grad g, γ̇0〉+ 〈grad g(γ0),

∇
ds

|s=0γ̇s〉

= η2〈(Hess g(x))(grad f̃(x, ξ)), grad f̃(x, ξ)〉.
For the remainder, note that for all ℓ ∈ [0, 1]

d3

dℓ3
g(γℓ) = ∇3g(γ̇ℓ, γ̇ℓ, γ̇ℓ) + 3∇2g

(∇
dℓ
γ̇ℓ, γ̇ℓ

)

+ 〈grad g(γℓ),
∇2

dℓ2
γ̇ℓ〉,

where we used that the Riemannian Hessian is symmetric. Since retr is a uniform second order

retraction, there exists a constant C ≥ 0 that only depends on ‖g‖C3
b
(M) such that

∣

∣

d3

dℓ3 g(γℓ)
∣

∣ ≤
Cη3‖grad f̃(x, ξ)‖3. Taking expectation,

∣

∣Eϑ[g( retrx(−η grad f̃(x, ξ)))] − g(x) + η〈grad f(x), grad g(x)〉

− 1

2
η2Eϑ[〈(Hess g(x))(grad f̃(x, ξ)), grad f̃(x, ξ)〉]

∣

∣ ≤ Cη3Eϑ[‖grad f̃(x, ξ)‖3],
(26)

for a constant C ≥ 0, where

Eϑ[〈(Hess g(x))grad f̃(x, ξ), (grad f̃(x, ξ))〉] =〈(Hess g(x))grad f(x), (grad f(x))〉
+ Eϑ[〈(Hess g(x))Ḡ(x, ξ), Ḡ(x, ξ)〉].

Using that Eϑ[g(retrx(−η grad f̃(x, ξ)))] = E[g(Zη
1 (x))] and comparing (26) with (25), we get for

a constant C ≥ 0 that

sup
x∈M

|E[g(Zη
1 (x))]− Ẽ[g(Xη

η (x))]| ≤ Cη3.

�

Proof of Theorem 5.1. Fix T ≥ 0. By Lemma 5.2, we have Bη ∈ X4
b(M) and Gη ∈ X̃5

b(M)
uniformly over 0 ≤ η ≤ T . By Definition 4.3, for all 0 ≤ η ≤ T there exists a unique solution

to the SDE (4) that does not explode in finite time and for all g ∈ C4
b there exists a constant

C ≥ 0 such that for all 0 ≤ t ≤ T and 0 ≤ η ≤ T the function Ψη
t : M → R given by

Ψη
t (x) = Ẽ[g(Xη

t (x))] satisfies ‖Ψη
t ‖C4

b
(M) ≤ C.

We conceive the probability spaces (Ω,F ,P) and (Ω̃, F̃ , P̃) as the projections of the product

space (Ω× Ω̃,F ⊗ F̃ ,P× P̃) so that (Zη
n(x))n∈N0 and (Xη

t (x))t≥0 are independent processes. For
x ∈M and n ∈ N we get, using the triangle inequality and the tower property of the conditional
expectation,

|E[g(Zη
n(x))]− Ẽ[g(Xη

nη(x))]| =
∣

∣

∣

n
∑

i=1

E

[

Ψη
(n−i)η(Z

η
i (x))− Ẽ

[

Ψη
(n−i)η(X

η
η (Z

η
i−1(x)))

]

]∣

∣

∣

≤
n
∑

i=1

sup
z∈M

∣

∣E
[

Ψη
(n−i)η

(Zη
1 (z))]− Ẽ

[

Ψη
(n−i)η

(Xη
η (z))

]
∣

∣.



STOCHASTIC MODIFIED FLOWS FOR RSGD 19

Applying Lemma 5.3 to each summand on the right-hand side of the inequality above, there
exists a constant C ≥ 0 such that for all n ∈ {0, . . . , ⌊T/η⌋}

|E[g(Zη
n(x))]− Ẽ[g(Xη

nη(x))]| ≤ nCη3 ≤ CTη2.

�

6. Examples

6.1. Principal component analysis. In principal component analysis (PCA), the aim is to
find the r principal eigenvectors of a matrix A := Eϑ[z(ξ)z(ξ)

T ], where z : Ξ → R
n is a random

data vector and vT denotes the transpose of a vector or a matrix v. For this problem, a natural
choice of the search space is the Stiefel manifold St(r, n) [Oja92, MHM96] or the Grassmann
manifold G(r, n) [HHT07]. The Stiefel manifold St(r, n) given by St(r, n) := {B ∈ R

n×r : BTB =

1lr} is a compact, smooth manifold of dimension nr− 1
2r(r+1), see [AMS08, Section 3.3.2]. The

Grassmann manifold G(r, n) consisting of all r-dimensional subspaces of Rn is a compact, smooth
manifold of dimension r(n−r), see [AMS08, Section 3.4.4]. By compactness, St(r, n) and G(r, n)
are BG(α)-manifolds for all α ∈ N, see Definition 4.4.

On St(r, n) we can define a loss function

f(B) = −1

2
tr(BTAB),

which is minimal if B consists of eigenvectors that correspond to the r largest eigenvalues of

A. We can regard f as a function on the Euclidean space R
n×r with gradient Df(B) = −AB.

If St(r, n) is equipped with the Riemannian submanifold metric inherited from R
n×r then the

Riemannian gradient of f at B ∈ St(r, n) is given by grad f(B) = PB(Df(B)), where

PB(Z) =
1

2
Z(BTZ − ZTB) + (1ln −BBT )Z

is the orthogonal projection of Z ∈ R
n×r onto the tangent space TBSt(r, n) = {∆ ∈ R

n×r :
∆TB + BT∆ = 0}, see [EAS99], and 1ln denotes the identity matrix in R

n×n. By [AM12,

Proposition 3.4], for all B ∈ St(r, n) and B̄ ∈ R
n×r with ‖B − B̄‖ < 1 the projection (8) exists,

is unique and has the expression

proj(B̄) = UV T .

Here, for a matrix X ∈ R
n×r, ‖X‖ denotes the Frobenius norm, given by ‖X‖2 = tr(XTX)

and U ∈ R
n×n, V ∈ R

r×r are orthogonal matrices given by the singular value decomposition

B = UΣV T , where Σ ∈ R
n×r denotes the diagonal matrix consisting of the singular values of B

in decreasing order. Using Lemma 2.3, we get a uniform second order retraction via retrB(∆) =
proj(B + c(B,∆)), where c : Rn×r × R

n×r → R
n×r is chosen according to Lemma 2.3.

See also [EAS99, LSW19, LFH+20] for different retractions and Riemannian metrics on
St(r, n) as well as an analysis of the geometry of G(r, n). For other common optimization tasks
on matrix manifolds we refer the reader to Section 2 in [AMS08].

6.2. Normalizing the weights of a neural network. We consider optimizing a neural net-

work with a positive homogeneous activation function. For simplicity, we restrict the section
to neural networks with one-hidden layer although the arguments remain true for deep neural
networks with multiple hidden layers.

Let d0, d1 ∈ N and σ : R → R be positive homogeneous, i.e. σ(λx) = λσ(x) for all x ∈ R and
λ ≥ 0. This property is satisfied by e.g. the ReLU activation function or any linear activation. The
networks configuration can be described by the weightsW 1 = (w1

j,i)j=1,...,d1,i=1,...,d0 ∈ R
d1×d0 and
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W 2 = (w2
1 , . . . , w

2
d1
) ∈ R

d1 , and the biases b1 = (b1i )i=1,...,d1 ∈ R
d1 and b2 ∈ R. For j = 1, . . . , d,

we write w1
j = (w1

j,1, . . . , w
1
j,din

)T . The search space is given by

W = (W 1, b1,W 2, b2) ∈ R
d1×d0 × R

d1 × R
d1 × R =: Wd0,d1

and for W ∈ Wd0,d1 we define NW : Rd0 → R via

NW(x) =

d1
∑

j=1

w2
j σ

(

xTw1
j + b1j

)

+ b2,

which is the response of the neural network to the input x for the configuration W. Using the
positive homogeneity of σ we have

NW(x) =

d1
∑

j=1

w2
j‖w1

j‖σ
(

xT
w1
j

‖w1
j ‖

+
b1j

‖w1
j‖

)

+ b2

so that the optimization can be restricted to the Riemannian manifold

M := {W ∈ Wd0,d1 : ‖w1
j ‖ = 1∀j = 1, . . . , d1} ∼= (Sd0−1)d1 × R

d1 × R
d1 × R.

Although M is non-compact, it is clearly a BG(α)-manifold for all α ∈ N. A uniform second

order retraction is given by a componentwise stereographic projection, see Example 2.2, or
componentwise metric projection, see (8). The idea of decoupling the length and the direction
of the weight vectors in neural networks was popularized by Salimans and Kingma with their

weight normalization algorithm [SK16]. The corresponding gradient flow was shown to have a
beneficial implicit bias while being less sensitive to the initialization [PLB20, MR22, CRW23].

6.3. Hyperbolic space. In recent years, one of the most popular applications of machine
learning methods are natural language processing tasks, e.g. learning hierarchical representations
of words through unsupervised learning. The aim of embedding methods is to position the words

in the ambient space such that the distance reflects their semantic and functional similarity.
The numerical experiments in [CCD17, NK17] suggest that the hyperbolic space Hd for d ∈ N is
particularly well-suited as an ambient space. As a heuristic argument for the empirical findings

we note that the volume of a ball in the hyperbolic space increases exponentially with respect
its radius. This makes Hd a natural choice for embedding tree-like structures [SDSGR18], which
appear naturally e.g. in many real-world information networks [ASM13].

Using the hyperboloid model of the hyperbolic space, there exist simple expressions for the
Riemannian gradient and exponential map defined in the ambient Minkowski space, see [WL18].
Since Hd has constant sectional curvature, the Riemannian curvature tensor is bounded, see e.g.
[DC92, Lemma 3.4]. Thus, Theorem 3.1 can be applied to the hyperbolic space.

The exponential growth of the volume of a ball w.r.t. its radius makes it impossible to find an
isometric embedding with uniform tubular neighborhood in the sense of Definition 4.4. Hence,
in order to apply the second order approximation result, Theorem 5.1, it remains to verify

Definition 4.3 for the hyperbolic space, which is left for future research.

6.4. Statistical manifolds. A key task in generative AI is the inference of a probability dis-

tribution in a parametrized family (νθ)θ∈Θ of probability measures on R
ddata that is a good

approximation to a given distribution νdata. Assuming that νθ is absolutely continuous with re-
spect to νdata for all θ ∈ Θ, this can be performed by minimizing the Kullback-Leibler divergence

DKL(νθ||νdata) :=
∫

log
( dνθ
dνdata

)

dνθ.
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In the training of generative adversarial networks, the Kullback-Leibler divergence is often ap-
proximated by choosing a set of discriminators D : Rddata → [0, 1] that try to distinguish between
samples from the true data distribution νdata and the distribution νθ, see [GPAM+14]. This leads

to the objective function

f(θ) := max
D

∫

log(D(x)) νθ(dx).

Let Θ ⊂ R
d be an open set and assume that, for all θ ∈ Θ, νθ is a probability measure on

R
ddata with density function pθ. Then, the so-called Fisher information metric is given by

gθ(ei, ej) := −
∫

d2 log(pθ(y))

dxidxj
pθ(y)dy,

for θ ∈ Θ, where e1, . . . , ed denotes the standard basis of the tangent space TθΘ ≃ R
d. If

Fθ := (gθ(ei, ej))i,j=1,...,d is positive definite for all θ ∈ Θ this defines a Riemannian metric on Θ.

One can write the Riemannian gradient of f as grad f(θ) = F−1
θ Df(θ), where Df(θ) denotes

the Euclidean gradient, i.e. the vector of partial derivatives of f : Θ → R at θ, see e.g. [AMS08,
Section 3.6].

For example, consider the set of univariate normal distributions Θ = R×R>0 ∋ θ = (µ, σ) 7→
N (µ, σ). Then, the Fisher information metric is given by the matrix

F(µ,σ) =

(

1
σ2 0
0 2

σ2

)

,(27)

see e.g. [CSS15]. This leads to a Riemannian metric (27) on the upper half plane Θ with constant

negative curvature equal to −1
2 , see also [CSS15]. Therefore, the geometry of Θ with Riemannian

metric (27) is similar to the hyperbolic space considered in Section 6.3. In this situation, Theo-
rem 3.1 can be applied, whereas Theorem 5.1 needs verification of Definition 4.3. Regarding the

Fisher information metric and its distance function for multivariate normal distributions and
other families of probability distributions see [PSC20, MMC23].
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Appendix A. Notation

We let M be a d-dimensional C∞-Riemannian manifold that is connected and complete. We
denote by TxM the tangent space of M at point x ∈ M , by 〈·, ·〉x the scalar product on TxM
that is given by the Riemannian metric and by ‖ · ‖x the respective norm on TxM . If it is clear

from the context we often omit the reference point x in the above notions and briefly write 〈·, ·〉
and ‖·‖, respectively. Recall that the tangent bundle TM := ˙⋃

x∈MTxM is a 2d-dimensional C∞-

manifold. For α ∈ N0 := N∪{0}, we denote by Xα(M) the set of Cα-vector fields onM , i.e. the set
of Cα-functions V : M → TM with V (x) ∈ TxM . For V ∈ X0(M) and g : M → R ∈ C1(M) we
denote by V g :M → R the function that is given by V g(x) = V (x)g for all x ∈M . For x ∈M ,

a C∞-manifold N and a differentiable mapping ϕ :M → N we denote by Dxϕ : TxM → Tϕ(x)N
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the differential of ϕ at x, i.e. the linear mapping given by (Dxϕv)g = v(g ◦ ϕ) for all v ∈ TxM
and g ∈ C1(N). Furthermore, for v ∈ TxM and W ∈ X1(M) we denote by ∇vW ∈ TxM the
covariant derivative of W along v that is induced by the Levi-Civita connection. For V ∈ X0(M)

and W ∈ X1(M) we define ∇VW ∈ X0(M) via ∇VW (x) = ∇V (x)W . Note that, for brevity, we
write ∇V (x)W instead of ∇V (x)W (x), whenever the base point is clear from the tangent vector
in the first argument of the Levi-Civita connection.

For β ∈ N and a Cβ-path γ : [a, b] →M and t ∈ [a, b] we denote by γ̇t ∈ TγtM the differential

of γ at time t, i.e. γ̇t = (Dtγ·)( d
ds |s=t). Moreover, for α ∈ {0, . . . , β} we denote by Xα(γ) the set

of all Cα-vector fields along γ, i.e. Cα-mappings V : [a, b] → TM with Vt ∈ TγtM for all t ∈ [a, b].

For α ∈ {1, . . . , β}, let ∇
dt : X

α(γ) → Xα−1(γ) be the Levi-Civita connection on M along γ and
Parγ : TγaM → TγbM be the parallel transport along γ. We denote by expx : TxM → M the
exponential map at x ∈M .

R denotes the curvature of M , i.e. the (3, 1)-tensor field given by

R(U, V )W = ∇U∇VW −∇V ∇UW −∇[U,V ]W,

for U, V ∈ X1(M) and W ∈ X2(M), where [U, V ] ∈ X0(M) denotes the Lie bracket given by

[U, V ]g = U(V g)− V (Ug) for all g ∈ C2(M).

Appendix B. Derivatives of higher order

In this section, we introduce the Riemannian gradient and Hessian, as well as derivatives

of higher order for real-valued functions and vector fields on M . For more information on the
Riemannian gradient and Hessian we refer the reader to Chapter 4 in [Lee12] as well as Chapter 3
and Chapter 5 in [AMS08].

Let g ∈ Cα(M) for an α ∈ N. The Riemannian gradient grad g ∈ Xα−1(M) of g is the unique
Cα−1-vector field on M that satisfies for all x ∈M and v ∈ TxM that

〈grad g(x), v〉 = vg.

If α ≥ 2 we define the Riemannian Hessian Hess g(x) : TxM → TxM of g at x as the
linear mapping given by (Hess g(x))(v) = ∇vgrad g for all v ∈ TxM . Using that ∇ is a metric

connection, this defines a symmetric (2, 0)-tensor field ∇2g : X1(M)× X1(M) → C0(M) via

∇2g(V,W ) := 〈(Hess g)V,W 〉 = V (Wg)− (∇VW )g.

We have ‖Hess g(x)‖ = ‖∇2g(x)‖, where the left-hand side denotes the operator norm of the
linear mapping Hess g(x) : TxM → TxM and the right-hand side denotes the operator norm of

the bilinear mapping ∇g2(x) : TxM × TxM → R.
This representation allows us to generalize the concept of the Riemannian Hessian to deriva-

tives of higher order. For 3 ≤ n ≤ α, we define an (n, 0)-tensor field ∇ng : (Xn−1(M))n → C0(M)

inductively via

∇ng(V1, . . . , Vn) =V1((∇n−1g)(V2, . . . , Vn))

−
n
∑

i=2

(∇n−1g)(V2, . . . , Vi−1,∇V1Vi, Vi+1, . . . , Vn).

This canonically defines a multilinear mapping ∇ng(x) : (TxM)n → R via

(∇ng(x))(v1, . . . , vn) = (∇ng(V1, . . . , Vn))(x),

where V1, . . . , Vn ∈ Xn−1(M) are vector fields with Vi(x) = vi for all 1 ≤ i ≤ n. We denote by

‖∇ng(x)‖ the respective operator norm.
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If M is an open subset of a Euclidean space R
N one has ∇Ei

Ej = 0 for all i, j = 1, . . . , N

where Ei(x) =
d
dxi

|x. Thus, in that case ∇ng is given by Dng which denotes the tensor given by

all Euclidean derivatives of g of order n.
Analogously, one can define the derivatives of vector fields V ∈ Xα(M) for α ∈ N. For n ≤ α

we define an (n, 1)-tensor field ∇nV : (Xn−1(M))n → X0(M) inductively via (∇1V )(V1) = ∇V1V

and

(∇nV )(V1, . . . , Vn) =∇V1((∇n−1V )(V2, . . . , Vn))

−
n
∑

i=2

(∇n−1V )(V2, . . . , Vi−1,∇V1Vi, Vi+1, . . . , Vn).

This induces a multilinear mapping ∇nV (x) : (TxM)n → TxM and we denote by ‖∇nV (x)‖ its
operator norm.

Definition B.1. (i) We denote by C0
b (M) the set of continuous and bounded functions g :

M → R and associate to g the norm ‖g‖C0
b
(M) := supx∈M |g(x)|. Analogously, for α ∈ N

we denote by Cα
b (M) the set of functions g ∈ Cα(M) that satisfy

‖g‖Cα
b
(M) := sup

x∈M

(

|g(x)| ∨ ‖grad g(x)‖ ∨ max
2≤n≤α

‖∇ng(x)‖
)

<∞.

(ii) We denote by X0
b(M) the set of continuous and bounded vector fields V ∈ X0(M) and

associate to V the norm ‖V ‖X0
b
(M) := supx∈M ‖V (x)‖. Analogously, for α ∈ N we denote

by Xα
b (M) the set of vector fields V ∈ Xα(M) that satisfy

‖V ‖Xα
b
(M) := sup

x∈M

(

|V (x)| ∨ max
1≤n≤α

‖∇nV (x)‖
)

<∞.

Next, we show how the consecutive differentiation of g w.r.t. multiple vector fields can be
expressed in terms of the multilinear mappings defined above. Let us start with second order

derivatives. Let V1, V2 ∈ X1(M) and g ∈ C2(M). Then, by definition,

V1V2g = ∇2g(V1, V2) + 〈(∇V2)(V1), grad g〉,
where the right-hand side only depends on ∇2g, grad g, V1, V2 and ∇V2. Thus, ‖V1V2g‖C0

b
(M) can

be bounded by a constant that only depends ‖g‖C2
b
(M), ‖V1‖X0

b
(M) and ‖V2‖X1

b
(M). Analogously,

for V1, V2, V3 ∈ X2(M) and g ∈ C3(M) we get

V1V2V3g =∇3g(V1, V2, V3) +∇2g(∇V1V2, V3) +∇2g(V2,∇V1V3) + V1(∇V2V3)g

=∇3g(V1, V2, V3) +∇2g(∇V1V2, V3) +∇2g(V2,∇V1V3) +∇2g(V1,∇V2V3)

+ 〈∇V1∇V2V3, grad g〉,
where the right-hand side of the equation above can be bounded by a constant that only depends
on ‖g‖C3

b
(M), ‖V1‖X0

b
(M), ‖V2‖X1

b
(M) and ‖V3‖X2

b
(M). Lastly, for V1, V2, V3, V4 ∈ X3(M) and g ∈

C4(M) we get

V1V2V3V4g = ∇4g(V1, V2, V3, V4) +∇3g(∇V1V2, V3, V4) +∇3g(V2,∇V1V3, V4)

+∇3g(V2, V3,∇V1V4) + V1V2(∇V3V4)g + V1(∇V2V3)V4g − V1(∇∇V2
V3V4)g

+ V1V3(∇V2V4)g − V1(∇V3∇V2V4)g,

where, after a straight-forward computation, the right-hand side of the equation above can be

bounded by a constant that only depends on ‖g‖C4
b
(M), ‖V1‖X0

b
(M), ‖V2‖X1

b
(M), ‖V3‖X2

b
(M) and

‖V4‖X3
b
(M). For higher derivatives there exist similar expressions.
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[Udr94] C. Udrişte. Convex functions and optimization methods on Riemannian manifolds, volume 297 of

Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1994.

[WL18] B. Wilson and M. Leimeister. Gradient descent in hyperbolic space. arXiv:1805.08207, 2018.

[Woj24] S. Wojtowytsch. Stochastic Gradient Descent with Noise of Machine Learning Type Part II: Con-

tinuous Time Analysis. J. Nonlinear Sci., 34(1):Paper No. 16, 2024.

[ZLP+22] J. Zhao, A. Lucchi, F. N. Proske, A. Orvieto, and H. Kersting. Batch size selection by stochastic

optimal control. In Has it Trained Yet? NeurIPS 2022 Workshop, 2022.

[ZRS16] H. Zhang, S. J. Reddi, and S. Sra. Riemannian SVRG: Fast stochastic optimization on Riemannian

manifolds. In Advances in Neural Information Processing Systems, volume 29, 2016.

[ZS16] H. Zhang and S. Sra. First-order methods for geodesically convex optimization. In Conference on

Learning Theory, pages 1617–1638. PMLR, 2016.

Benjamin Gess, Institute of Mathematics, TU Berlin, 10623 Berlin, Germany, and Max Planck

Institute for Mathematics in the Sciences, Inselstrasse 22, 04103 Leipzig, Germany

Email address: benjamin.gess@gmail.com

Sebastian Kassing, Faculty of Mathematics, University of Bielefeld, Universitätsstraße 25,
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