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STOCHASTIC MODIFIED FLOWS FOR RIEMANNIAN STOCHASTIC
GRADIENT DESCENT

BENJAMIN GESS, SEBASTIAN KASSING, AND NIMIT RANA

ABSTRACT. We give quantitative estimates for the rate of convergence of Riemannian stochastic
gradient descent (RSGD) to Riemannian gradient flow and to a diffusion process, the so-called
Riemannian stochastic modified flow (RSMF). Using tools from stochastic differential geometry
we show that, in the small learning rate regime, RSGD can be approximated by the solution
to the RSMF driven by an infinite-dimensional Wiener process. The RSMF accounts for the
random fluctuations of RSGD and, thereby, increases the order of approximation compared to
the deterministic Riemannian gradient flow. The RSGD is build using the concept of a retraction
map, that is, a cost efficient approximation of the exponential map, and we prove quantitative
bounds for the weak error of the diffusion approximation under assumptions on the retraction
map, the geometry of the manifold, and the random estimators of the gradient.

1. INTRODUCTION

Many optimization problems of the form

(1) Find z* € argmin f(y)
yeM

are posed on non-linear sets M, e.g. M being a subset of a Euclidean space due to non-linear
constraints. For example, principal component analysis (PCA) leads to optimization problems on
the Grassmann manifold or the Stiefel manifold, see Section 6.1. In supervised learning problems
with positive homogeneous activation function, such as ReLU, one can restrict to networks
with normalized weights, leading to optimization on the sphere [SK16, HSK*12, DK22b], see
Section 6.2. Other examples include learning hierarchical representations [CCD17, NK17, WL18],
e.g. in language models, where the optimization is often performed on hyperbolic space, see
Section 6.3, and optimization over a parametrized family of probability measures, e.g. in the
training of generative adversarial networks [GPAM™ 14, SZRM18, SWRH20], see Section 6.4.

In all of these examples, the search space M forms a Riemannian manifold. Therefore, popular
optimization schemes for numerically solving (1), such as stochastic gradient descent (SGD), have
been transferred to the Riemannian setting [Bon13, ZS16, ZRS16].

The analysis of the dynamics of SGD, including its algorithmic, implicit bias, and the empir-
ically observed good generalization properties of artificial neural networks trained by SGD, is
highly involved. Since there exists a large toolbox from optimal control theory and stochastic
analysis for the investigation of continuous time processes that is difficult to apply in discrete
time, one is led to the derivation of continuous time limits of SGD. In this work, we present con-
tinuum limits for Riemannian SGD on manifolds in the small learning rate regime and provide
quantitative estimates on the rate of convergence.
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In [Sha2l, KHMK22| the ODE method for Riemannian SGD is introduced proving that, as
the learning rate tends to zero, the dynamics of SGD can be approximated by the solution to
the Riemannian gradient flow ODE. As the first main result, we give the first quantified bounds
on the weak error of this approximation, see Theorem 1.1.

Note that the deterministic Riemannian gradient flow describes the typical behavior of SGD
in the small learning rate regime without taking into account the randomness of the gradient
estimators. For the second main result, we introduce a class of stochastic differential equations
(SDEs) on M, which we call Riemannian stochastic modified flow (RSMF), that capture both
the mean behavior of the dynamical system as well as its random fluctuations. This carefully
chosen limiting object is proved to capture the dynamics of SGD more precisely, giving a higher
order approximation in the weak sense compared to the limiting ODE. In the Euclidean setting
similar SDEs have been introduced in [LTE17, LTE19] with extensions to the overparametrized,
infinite-particle limit given in [GKK24].

Let us introduce the central objects of the present work. See Appendix A for an overview of the
notation used in this work. Let M be a complete, connected C*°-Riemannian manifold. With an
eye on the applications detailed in Section 6, note that we do not assume M to be compact. Let
(2,G, 1) be a probability space such that L2((Z,9);R) is separable and grad f : M x & — TM
be a function that satisfies for all z € M that Ey[||grad f(x, €)||2] < oo and

Eg[grad f(z,)] = grad f(z),

where || - ||z denotes the norm on 7, M given by the Riemannian metric. E.g., if ¢ is a rotation
invariant probability measure on R¢ with bounded second moment, where d = dim(M), the
choice grad f(x,€) = grad f(z) + ¢ satisfies the conditions above (identifying RY with T, M).
Formally, grad f (+,€) is not required to be a gradient vector field for every & € =Z. We use this
notation to highlight the fact that grad f is a random estimator of grad f.

Let (Q,F,P) be a probability space, (£,)neny be an ii.d. sequence of ¥-distributed random
variables on (2, F,P) and set (Fp)nen, = (0(&1,---,&n))nen,- For n > 0 and x € M we consider
an (Fy,)nen,-adapted, M-valued, process (Zy(z))nen, satisfying Z](z) = z and

(2) Z)(z) = retrZzil(m)(_T/ grad f(ZZ—l(:E)’gn))v for all n € N,

where retr, : T,M — M denotes the Riemannian exponential map exp, : T,M — M at z € M
or a computationally efficient approximation of the exponential map, see Definition 2.1. We call
(Z)(x))nen, the Riemannian SGD scheme or RSGD scheme with learning rate n, started at x.
Note that, since M is (geodesically) complete, exp, is defined on the whole tangent space T, M.
Thus, the expression on the right-hand side of (2) is well-defined.

For small learning rates n > 0 the dynamics of (Z,!(z))nen, can be compared to continuous
time processes using the numerical time-scale t,, = nn. Since, in expectation, SGD performs an
Euler-step for the gradient flow ODE

(3) Z = —grad f(z),

it seems natural to compare the dynamics of RSGD in the small learning rate regime with those
of a solution (z:(x))i>0 of (3) with initial condition zo(x) = z. We quantify the quality of the
approximation in the following theorem.

Theorem 1.1 (See Theorem 3.1). Assume that M has bounded curvature, retr : TM — M is
an appropriate approximation of exp and grad f : M x = — T'M is sufficiently reqular . Then,
for all T > 0 and sufficiently reqular test functions g : M — R there exists a constant C' > 0
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such that for allm >0

sup ~ max |E[g(Z}](x))] — g(zny(2))] < Cn.
zeM n=0,...,|T/n]

In light of Theorem 1.1, we say that the solution to the gradient flow is a weak order 1
approximation of RSGD.

In order to get a continuous-in-time approximation of SGD that is of order O(n?) one has to
introduce a diffusion term that takes into account the random fluctuations of RSGD. We intro-
duce a class of diffusion processes on a different probability space and compare their marginal
distributions to those of RSGD. Let (£, (]:'t)tzo,]} ,IP) be a complete, filtered probability space
with right-continuous filtration (]'N—t)tzo- We consider the solution to the SDE taking values in
M

(1) AX](x) = BY(X](2)) dt + GU(X](z),) 0 AW,
with initial condition X"( ) = x, where (Wy)i>o denotes a cylindrical Wiener process on
L2((Z,9);R) defined on (Q, (F;)i>0, F,P), see Section 4. As coefficients we choose
(5) G(z,€) = G"(z,€) == \/i(grad f(z) — grad f(z, )
and
1
6)  Ble) = (@) 1= —grad £(2) = 50( Ty sy erad 1)+ [ Ve G, 9(d)).

where V denotes the Riemannian connection on M and G =

Riemannian stochastic modified flow (RSMF).

Additionally to the diffusion term (5), we have to introduce two correction terms in (6) in
order to get a weak order 2 approximation of RSGD: a bias correction term that compensates
the second order term in the Euler discretization of the gradient flow and a term that accounts
for using the Stratonovich formulation in (4), which is the more natural choice for defining SDEs
on manifolds.

Let us state an informal version of the second main result of this article.

%G. We call the solution to (4)

Theorem 1.2 (see Theorem 5.1). Assume that M and grad f : M x E = TM are sufficiently
reqular and retr : TM — M is an appropriate approximation of exp. Then, for all T > 0 and
sufficiently regular test functions g : M — R there exists a constant C > 0 such that for all
n>0

E[g(Z" — E[g(X" < Cn?
sup O{n%/m! [9(Z](z))] — E[g(X],(2))]] < Cn7,

where (X,'(x))i>0 denotes the unique solution to (4).

If M is compact then the assumptions on the geometry of M are satisfied. Moreover, if M is the
Euclidean space one can choose retr, (v) = 24 for every 2 € M and v € T, M ~ R? and recover
the results in [LTE19, Theorem 9] and [GKK24, Corollary 14] for the Stratonovich formulation
of the Euclidean stochastic modified flow. However, Theorem 1.2 includes unbounded manifolds
that satisfy uniform boundedness conditions on the geometry, see Definition 4.4. We verify the
assumptions on the geometry of the manifold and define appropriate approximations of the
exponential map for principle component analysis, see Section 6.1, and for weight normalization
in artificial neural networks, see Section 6.2.

The proofs of Theorem 1.1 and Theorem 1.2 proceed by a precise analysis of the (Markov)
semigroups corresponding to the ODE (3) and the SDE (4) and their flow maps (z,t) — z(z)
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and (z,t) — X;(z). We show regularity results for the flow maps and give quantitative bounds
on their derivatives with respect to the initial condition. These bounds depend on the regularity
of the random vector field grad f as well as on the curvature of M. Compared to the Euclidean
case, the non-explosion of the solution to (4) does not follow from the Lipschitz-continuity of
the coefficients alone. Therefore, on non-compact manifolds one has to be especially careful to
ensure that the solution to (4) does not explode in finite time and that there exists a global flow
map, see e.g. [Elw82, Li94a, Li94b].

Note that our proofs do not use the fact that grad f is a gradient vector field and grad f
can be replaced by any sufficiently regular vector field. In that sense, Theorem 1.1 and The-
orem 1.2 naturally extend to Riemannian stochastic approximation schemes for non-gradient
vector fields, as well as accelerated optimization methods defined on the tangent bundle T'M
(see also Theorem 14 and 16 in [LTE19)]).

The remainder of this article is organized as follows. In Section 1.1, we give an overview of
the existing literature on Riemannian stochastic gradient descent and continuous time approx-
imations for SGD in the Euclidean and Riemannian setting. In Section 2, we define uniform
retraction maps, see Definition 2.1. In Section 3, we prove the first main result, Theorem 1.1,
by analyzing the flow of a vector field as well as the dynamics of RSGD. In Section 4, we in-
troduce SDEs on manifolds driven by a cylindrical Wiener process. We give an existence and
uniqueness result for locally Lipschitz continuous coefficients. Moreover, under additional reg-
ularity assumptions on the manifold we prove the strong completeness of the SDE (4), i.e. the
existence of a global flow map, and give bounds for the derivatives of the corresponding Markov
semigroup. In Section 5, we prove the second main result, Theorem 1.2. Finally, in Section 6
we comment on the geometry in principle component analysis, weight normalization, hyperbolic
space and statistical manifolds and give appropriate retraction maps in the respective optimiza-
tion tasks. See Appendix A for the notation used throughout the article and Appendix B for an
introduction into derivatives of higher order for scalar-valued functions and vector fields.

We refer the reader to [DC92] for a more detailed introduction into the general theory of
Riemannian manifolds, to [Udr94, AMS08, Bou23] for an introduction into optimization on
Riemannian manifolds and to [Elw82, Hsu02, IW89] for an introduction into SDEs on manifolds.

1.1. Overview of the literature. Diffusion approximations of Euclidean SGD in the small
learning rates regime have been introduced by Li, Tai and E in [LTE17] and [LTE19]. Following
these original papers several results were derived for SDE approximations of SGD, e.g. gener-
ator based proofs [FLL18, HLLL19], approximations for SGD without reshuffling [AP22] and
uniform-in-time estimates for strongly convex objective functions [FGLT20, LW22]. Feng et al.
presented a diffusion approximation for SGD performed on the sphere [FLL18]. In [GKK24], a
Euclidean analog of the stochastic modified flow (4) has been proposed in order to approximate
the multi-point motion of SGD. This work also presents an approximation for the dynamics
of SGD in the small learning rate - infinite width scaling regime for overparametrized neural
networks. A diffusion approximation result for SGD with time-dependent learning rate has been
derived in [FDBD21]. In [SHSW23] the concept of second order retractions is used in order
to approximate the Brownian motion on a Riemannian manifold in a cost-efficient way. This
result generalizes the classical Donsker’s theorem in the Riemannian setting, see [Jor75]. For a
discussion on the validity of the diffusion approximation for finite (non-infinitesimal) learning
rate see [LMA21].

The derivation of stochastic continuum limits of SGD has proven instrumental in the analysis
of optimization dynamics in several regards. For example, one of the motivations for the diffusion
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approximation of SGD is to simplify the derivation of optimal hyperparameter schedules, e.g.
for the learning rate [LTE17] or the batch-size [ZLP*22, Per23|, using optimal control theory.
Regarding the asymptotic behavior of SGD, diffusion approximations can be used for finding a
Lyapunov function [GK23, MTB23|, developing dynamical systems arguments [FGJ20], inves-
tigating the critical noise decay rate for the convergence property [DK22a] and analyzing the
implicit bias of SGD [Woj24, LWA21].

Regarding SGD on a Riemannian manifold, the convergence of the objective function f : M —
R and its corresponding Riemannian gradient under the classical Robbins-Monro conditions has
been shown by Bonnabel [Bonl3] using either the exponential map or a retraction map. This
analysis has been refined for Hadamard manifolds [SI23] and Riemannian stochastic approxima-
tion schemes, where the practitioner is only able to simulate a biased estimator of the vector
field [DJM*21]. In [Sha21] and [KHMK22], the ODE method for SGD with decreasing learn-
ing rates is transferred to the Riemannian setting. For SGD with constant learning rate n > 0,
[DJMS21] considered the invariant measure of the Markov-chain (Z,)(x))nen, and its asymptotic
behavior as 7 — 0. Tripuraneni et al. [TFBJ18] introduced a version of the Ruppert-Polyak aver-
aging technique for the Riemannian setting to improve convergence rates for the approximation
of an isolated stable minimum. [CB19, SFF19, HKKM23] considered escaping saddle points for
perturbed gradient descent methods. See also [ZS16, ZRS16] regarding stochastic optimization
results for geodesically convex target functions.

2. UNIFORM RETRACTIONS

In this section, we present the assumptions on the mapping retr : TM — M used in the
definition of the RSGD scheme, see (2). In many applications, the exponential map is difficult
to compute and it is more cost efficient to work with an approximation, a so-called retraction
map. We introduce the required assumptions on the retraction map in the following definition.

Definition 2.1. (i) A C'-map retr : TM — M s called a retraction map if for all x € M
the restriction retr, : T,M — M satisfies retr,(0) = x and Dgretry : To(TpM) ~
T,M — T,M is the identity map. A C*-retraction map is called uniform first order
retraction if there exists a constant C' > 0 such that for allx € M, t >0 and v € T, M
with ||v|| =1 one has

1941 v H%%H <C,

where (7s)s>0 = (retry(sv))s>0-
(ii) A C2-retraction map is called second order retraction if for all z € M and v € T, M one
has

\Y% .
E ’t:O Tt = 07

where (Vs)s>0 = (retry(sv))s>0. Moreover, a C3-second order retraction is called uniform
second order retraction if there exists a constant C > 0 such that for all z € M, t > 0
and v € T, M with ||v]| =1 one has

. V. V2,
el v HE%H \ H@%H <C.
Example 2.2. (i) The exponential map is a uniform second order retraction. In fact, for
allz € M, t > 0 and v € T, M one has ||%| = [v]| and 34 = 0, where (v;);>0 =

(expg (tv))e>0-
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(ii) The stereographic projection is a uniform second order retraction for the unit sphere
S? C R3. For p = (0,0, —1) we define retr, : T,M ~ R? — S? via

x Y —1+%x2+%y2>
1+ 22+ 92 1+ q22+ 12 1+ 122+ 392/

Then, retr,(0,0) = p and
1 0 0
Dy retr, = <0 1 O> .

To show that retr is a uniform second order retraction, by symmetry, it is sufficient to
consider %%, where 7 = retrp(tv) and v = (1,0). We get

@ <8t(t2 —12) 64— 48t2>

a2t T\ @ ap )

so that %]tzof'y = Pp(%]t:yy) = 0. Here, P, denotes the orthogonal projection onto

retr,(x,y) = (

T,M ~RR? x {0}. Moreover, ||, ||%%|| and ||%%H are uniformly bounded.

In general, let M C RY be a smooth submanifold and set

(7) retry(v) = proj(x +v), x€ M,ve T, M,

where proj : RY — M denotes a metric projection, i.e.

(8) proj(z) € argmind(y, z), z <€ RY.
yeM

By [LS21, Theorem 1], there exists an open set U D R¥ containing M such that for every z € U
the minimizer in (8) is unique and proj |7 : U — R is C*°. Moreover, Theorem 4.9 in [AM12]
shows that for every x € M and v € T, M it holds that Dgretr, v = v and %H:O% = 0, where
(7s)s>0 = (retrg(sv))s>0. We apply a cutoff function to the mapping retr defined in (7) in order
to construct a uniform second order retraction for compact submanifolds.

Lemma 2.3. Assume that M is compact and let K C RN be a compact set such that M C
K C U, where U is as above. Let ¢ : RN x RN — RN be a smooth, bounded function such that
c(z,0) = 0, Dyc(z,0) = idgny and D2c(x,0) =0 for allz € M, x + c(x,v) € K for allz € M
and v € T,M C RY, and D% is bounded on M x RN for all « = 1,2,3. Then the function
retr : TM — M given by

retry(v) = proj(x + ¢(z,v)), =€ M,ve T, M,

s a uniform second order retraction.
Proof. For all x € M we denote by P, € RV*N the matrix that corresponds to the orthogonal
projection from RY onto the tangent space T, proj(z)M of M at proj(z) which is a C'°°-smooth
function on U.

For z € M and v € T, M with ||v]| =1 let (7¢)i>0 = (proj(x + c(z, tv))¢>0. Then, for all t > 0

A = Dproj(z + c(z, tv)) Dyc(x, tv)v,

where D, denotes the Jacobi matrix w.r.t. the second argument in c¢. Hence, 49 = D proj(x)v.
Moreover,

\%

E% =P, ((D2 proj(z + c(z, tv))) (Dyc(z, tv)v, Dyc(z, tv)v))

+ P, <D proj(z + c(z, tv))D2c(z, tv) (v, v)) ,
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so that Y40 = Py((D? proj(z))(v,v)). Here we used the fact that for a vector field V along + one
has %V(t) = P%(%V(t)), where P,, denotes the orthogonal projection onto T, M C RY and,
for all ¢, V() is identified as an element of RV (see e.g. Proposition 5.3.2 in [AMS08]). Thus,
using [AM12, Theorem 4.9], retr is a second order retraction. Lastly, using the boundedness of
DP on K as well as, for a = 1,2, 3, the boundedness of D proj on K and D{c on M x RN we
have that [|4], || 34| and H%"}QH are uniformly bounded in z € M, ¢t > 0 and v € T, M with
lv]| = 1. O
Remark 2.4. One can choose ¢(z,v) = v for all z € M and v € T, M that satisfy x +v € K,
where K/ C RY is a compact set such that M ¢ K’ C U’ C K for an open set U’. Therefore,
if for ¥-almost all & € = we have x + grad f(z,€) € K’ for all x € M, we can without loss of
generality assume that the second order retraction (7) is a uniform second order retraction.

3. ORDER 1 APPROXIMATION

In this section, we quantify the weak approximation error for comparing the dynamics of
Riemannian SGD with the solution to the gradient flow ODE

(9) 4(x) = —grad f(z(z))
with initial condition zo(x) = x. Recall that, for + € M, R(z) : (T,M)> — T, M denotes the
curvature of M at x given by

R(z)(u,v)w = (R(U, V)W)(x),
where U, V,W € X*°(M) with U(z) = u, V(z) = v and W(x) = w, see Appendix A. Moreover,

[ R () (u, v)w]]
[R(z)|| = sup o
v,w,u€Ty M Hu” ”U” ”w”

We next state the main result of this section, proving that the ODE (9) is an order 1 approxi-
mation of RSGD if M has bounded curvature and f : M — R is sufficiently regular.

Theorem 3.1. Letretr : TM — M be a uniform first order retraction and grad f : MxZ — TM
be a function that satisfies for all x € M

Eylgrad f(2,€)] = grad f(x)  and SélAI?/)[Eﬁ[ngad Fy, 917 < oo
Y

Assume that grad f € X2(M) and sup,cy [|R(2)|| < oo. Then for all T > 0 and g € CZ(M)
there exists a constant C' > 0 such that for all n > 0
sup  sup  [E[g(Z)](x))] — g(zny(2))| < Cn.
€M n=0,...,|T/n]
For the proof of Theorem 3.1, we first show regularity results for the flow of a vector field, in
Section 3.1, and, afterwards, compare a single iteration step of RSGD with running the ODE
for time 7, in Section 3.2.

3.1. Flow of a vector field. Let V € X}(M) and consider the ODE

(10) 4(x) = V(z(x))

with initial condition zo(z) = x. Then, for every x € M there exists a unique solution (z;(z))ier
of (10) that does not explode in finite time. Moreover the mapping M xR 3 (z,t) — z(z) € M
is C'!, see e.g. [DK00, Theorem B.3]. We give a quantitative bound on the first derivative with

respect to the initial condition. This follows immediately from [DC92, Lemma 3.4] and Gronwall’s
inequality.
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Lemma 3.2. For x € M and v € T, M, (Dyz:(v))i>0 satisfies the differential equation

\%
E(szt(v)) =V, awV-
Moreover, for allt > 0 we have ||Dyz(v)]] < [Jv]| exp(||V(x)||xz(M)t).

Next, we consider quantitative bounds on the second derivative of the flow. For this estimate
we need a bound on the Riemannian curvature.

Lemma 3.3. Assume that V € X2(M) and sup,cy |R(x)|| < oo. Then the mapping (z,t)
2 () is C? and for all T > 0 there exists a constant C' > 0 that only depends on T, ||VH3€§(M) and
supgens ||[R(x)|| such that for all0 <t <T, s >0, x € M and v,w € T, M with ||v|| = ||w| =1
we have

Dy, z4(vs)

50,0 <

where (7s)ser = (exp,(sw))ser and (vs)ser s given by vy = Par
(Par Ly for s <0.

V0.0 Y for s > 0 and vy =

Yis,0 )

Proof. For the statement that (z,t) — z(x) is C? see [DK00, Theorem B.3]. Let x € M, v,w €
T, M with [[v] = ||lw]| = 1, (7s)ser = (exp,(sw))ser and (vs)ser be given by vs = Parw[o,s] v
for s > 0 and vs = (Parﬂ[syo])_lv for s < 0. Then R? > (s,t) — z/(vs) € M is a parametrized
surface and (s,t) — D, z(vs) is a vector field along this surface. Using [DC92, Lemma 4.1] and
Lemma 3.2, we get

%%D,\/S Zt(vs) :% (VD«/SZt(Us)V) + R(Zt(’)/s))(D'\/S Zt(%)a V(Zt(’)/s)))D'\/S Zt(’US)

=V @)V T (VEV)(Ds, 2(%s), Do, 26 (v5))
+ R(Zt(%))(D'yszt(%) V(Zt('VS)))D'yszt(Us),

see also Appendix B. Now, H%D%ZO(US)HQ _ ||d5UsH2 0 and
2_ oV vV
dtHd Drozlve) :2<£D%Zt(’us) dt ds =D, z(vs))

SQHd—D%Zt(Us)

1Vliegcany ([ = Do) + 0+ IRls) 1D, 211?)

<2([[ Dz 4 D)1V lsgny (14 0+ 1) 1D, 212),

where ||R||oo := sup,cys ||R(2)||. Using Lemma 3.2 and Gronwall’s inequality we get

Hd 2§</0tasd8>efota8ds7

where a, = 2V Lx3a) (1+ (1 + [ Rllo) exp(2]V [ x31))- 0

D, z(v)

With Lemma 3.2 and Lemma 3.3 at hand, we analyze the mapping x + g(2:(z)) for a g € C2.

Proposition 3.4. Assume that sup,c,; ||[R(z)| < oo and let g € CZ(M) and V € X2(M). Then
for all T > 0 there exists a constant C > 0 that only depends on Hchg(M), HVng(M) and

sup,ens |R(x)|| such that for all 0 <t <T the function
or: M —>R 5z g(z(r))
satisfies |lpillez(ary < C.
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Proof. For all t € T we clearly have ¢; € C? and H‘Pt”cg < Hchg. For x € M and v € T, M,
(11) (grad i (2),v) = Da@i(v) = (D (2)9)(Dazi(v)) = (grad g(z¢(x)), Doz (v))
so that, using Lemma 3.2, we get
levad u(a)]| < sup llgrad g(z)| sup | Dazll < lglles ar) DUV g3 any)-
zeM zeM

By polarization, it suffices to derive a bound for (Hess ¢ (z)v,v) for all z € M and v € T, M
with ||v|| = 1. Write (7s)ser = (exp,(sv))ser and note that 4, = Par v for all s > 0. Using
[AMSO08, Proposition 5.5.4] and (11), we get

7l0,s]

d? d .
(Hess 1 ()0, ) = 5 |s=o 21(expe (50) = 7-loco0 (grad g(z1(2)), D, 20(54)

\Y% .
= (Vb2 w8rad g, Doze(v)) + (grad g(z¢(2)), = ls=0Dr. 22 (%)),

so that the statement follows from applying Lemma 3.2 and Lemma 3.3. (]

3.2. Proof of Theorem 3.1. Fix T" > 0 and for 0 <t < T let ¢ : M — R be given by ¢(x) =
g(zt(x)). By Proposition 3.4, there exists a constant C' such that supy<;<r Hgotﬂcg <C.
For x € M and n € N we get, using the triangle inequality and the Markov property for

(Z;L] ($))HEN0 )

[Elg(Z3 ()] =g(nn r—\ZE -t (Z2(@) = $n-iyn(2n (21 (@)
(12) <Z|E [Pt (Z8 (@) Fic1] = Ctn—iyn(z(Z] 1 (2)))] |
<3 sup [Blgo- o Z0D)] ~ @i )

i— lyEM

We next derive a uniform bound that holds for each individual summand in the latter sum.
For t > 0 and ¢ € C}(M) we have

p(z(2)) = ¢() —/0 (grad ¢(zs(z)), grad f(zs(x))) ds

= ¢(x) — t(grad p(x), grad f(z / / (grad p(zy(z)), grad f(zy(x))) duds.

Using the fact that for all u > 0

% (grad ¢(zu (7)), grad f(zu(z))) = — (Hess p(zu(2)) grad f(zu(x)), grad f(zu(2)))

- (grad SO(ZU (‘T))v vgrad fzu (m))grad f>7

as well as ¢ € C;? (M) and grad f € %g (M), there exists a constant C' > 0 that only depends on
H(PHcg(M) and ||grad fH%%(M) such that

(13) sup [io(24(2) — () + t(grad (), grad f(2)] < Ct?.
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Next, we turn to the SGD scheme defined in (2). For z € M and § € = we let (v)ej01] =
(retr, (—nt grad f(z, £)))tefo,1) and note that

d t s d2
(p(’Yl) - (P(x) + E’s:O‘P(’Ys) + /0 /0 W(ﬁ(’}’u) duds.

Since retr : TTM — M is a retraction, see Definition 2.1, we get

d _ _

75 =02 (7s) = (grad p(z), Do retra(—n grad f(z,£))) = —n{grad p(z), grad f (=, £)).
For the remainder, we note that for all © > 0

d? . V.

a2 ¥ () = (Hess o(vu)Fu, Ju) + {grad o(a), =)
Using that retr is a uniform first order retraction, there exists a constant C' > 0 such that
IFull < Cnllgrad f(x, )| and ||%%H < On?||grad f(z,€)||? for all w > 0. Thus, there exists a
constant C' > 0 that only depends on ¢ via HcpHcg( ) such that

(14)  sup [E[p(Z{(2))] — @(x) + n{grad o(z), grad f(z))| < 0772<8up E[llgrad f(z, 51)H2])-
zeM xeM

Combining (13) and (14), there exists a constant C' > 0 that only depends on H(pHcg(M),
levad fllx3 ary and sup,cas Eglllgrad £z, €)[] such that

(15) sup [Eolp(Z7(2))] — @2y ()] < Cn.
T
Using that supg<;<r ”‘Pt”cg( m) < 00 and applying (15) to each summand on the right-hand side

of (12), there exists a constant C' > 0 such that for all n € {0,...,[T/n]}
sup [Elg(Z,}(2))] — 9(zu (2))] < nCr” < CTn.
Tre

4. SDESs oN MANIFOLDS DRIVEN BY CYLINDRICAL WIENER PROCESSES

In this section, we give well-posedness and regularity results for stochastic differential equa-
tions (SDEs) on a Riemannian manifold driven by a cylindrical Wiener process. For a more
detailed introduction into stochastic analysis on Riemannian manifolds we refer the reader
to [Elw82, TW89, Hsu02]. Regarding SDEs on Euclidean space driven by a cylindrical Wiener
process we refer the reader to [DPZ14, LR15, Riell].

Let (Z,G,9) be a measure space such that 1 is a finite measure and the space L((Z,9); R) is
separable. We denote by (-, )y, resp. || - ||, the usual inner product, resp. its associated norm,
on the space L2((Z,1); V), where V denotes a finite-dimensional Hilbert space.

Let (W;)¢>0 be a cylindrical Wiener process on L?((Z,9); R) defined on a filtered, complete
probability space (Q, F, (]:})tzo,]f") with right-continuous filtration (]}t)tzo, that is,

(i) for every t > 0, the map W : L*((Z,9);R) — L?((€, P); R) is linear;
(ii) for every h € L?((Z,9);R), (Wi(h))s>0 is an (F;)¢>o-Brownian motion with Var(W;(h)) =
|||t for every t > 0.

For an (F;)¢>o-progressively measurable L?((Z,9); R)-valued process (G(t,-))s>o that almost
surely satisfies G € L2 _([0,00); L?((Z,9); R)) we define

loc
/ t Letowds = [ Y (s) W,
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where Y(s) is given by Y(s)h = (G(s,:),h)y for all h € L*((Z,9);R). For the definition of
the integral with respect to a cylindrical Wiener process see, e.g., [GM10, Section 2.2.4]. It is
known that there exist an orthonormal basis of L?((Z,9);R), (e;)ien, and independent R-valued

(Ft)¢>0-Brownian motions, (Wt(l))t>0, (W(2))t>0, ..., such that

(16) /O t /: G(s,€) W (de, ds) Z / ), e}y AW,

where the integrals on the right-hand side of (16) are classical Ito-integrals with respect to R-
valued Brownian motions and the sum is almost surely finite, see e.g. [DPZ14, Section 4.2.2].
Moreover,

1T (s HHS—ZIT (s)eil* = ZI = lIG(s, )13,

where the left-hand side denotes the Hilbert-Schmidt norm of the operator Y(s) : L2((Z,9);R) —
R.

Next, we introduce the notion of a solution to an SDE on a manifold driven by a cylindrical
Wiener process. This generalizes the approach in [Hsu02] for SDEs on manifolds driven by a
finite-dimensional Brownian motion. We need some additional notation.

Let l~}2(M x =Z; T M) be the space of all functions G : M x = — T'M such that, for all x € M
and £ € E, G(x,&) € T, M and

(17) 1G . )3 = / 1Ga, €) 2 9(de’) < o0

We denote by X9(M) the space of functions G € L%(M x Z;TM) such that for d-a.e. £ € = we
have G(-,£) € X%(M) and for all z € M there exists a neighborhood U C M such that x € U
and

(18) / sup |G, )} () < o

Note that (18) together with the dominated convergence theorem implies that for all g € C*(M)
the mapping z — Gg(x, ) = (G(, ), grad g) € L2((Z,9); R) is continuous w.r.t. the norm || - [[,.
Moreover, we denote by XJ (M) the space of functions G € X°(M) with

. . 112
Gz ar) = sup G ()|l < oo

Similarly, for o € N we denote by X%(M) the space of functions G € X°(M) such that for ¥-a.e.
¢ € 2 we have G(-,&) € X¥(M) and for all 1 < § < o and z € M there exists a neighborhood
U C M such that z € U and

s 197G0.€) 1 0(ds) < o,
yeU
see Definition B.1. Again, the dominated convergence theorem implies that for all 1 < 8 < «,
Vi,...,Vg € X~1(M) and g € C*(M) we have that

z = (VPG(2,))(Vi,...,Vs)g € L*((E,9);R)

is continuous w.r.t. the norm | - [|g. We analogously define the space X{(M) and its respective
norm.
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Let B € X! (M) and G € X2(M) and consider the following formal SDE

(19) 4X,(x) = B(X,(x)) dt + / G(X,(x),€) o W(dt, ds)

with initial condition Xo(x) = x € M. To make sense of this expression we consider the one-
point compactification M = M U {9y} of M and apply test functions. We interpret the second
summand in (19) as the sum of an Ité-integral and a corresponding Stratonovich correction
term.

Definition 4.1. (i) Let (Kp)nen be an increasing sequence of compact subsets of M sat-
isfying M = U, ey Kn- Such a sequence exists since differentiable manifolds are, by
definition, second countable. For a continuous, (.ﬁ)tzo—adapted process (Xi)i>o taking
values in M we define

e:= lim 7, with 7,:=inf{t>0:X,¢ K,},
n— o0
which is an (f})tzo—stoppmg time and independent of the choice for (K )nen. We call e
the explosion time of (X¢)i>0.
(ii) A continuous M-valued, (F;)i>o-adapted process (Xi(x))>o with Xo(z) = & and explo-
sion time e(x) is called solution to the SDE (19) started in = if for all g € C*°(M) one
has almost surely that for all t € [0, e(x))

t 1 t
9(Xi(z)) =g(x) + | Bg(Xs(v))ds + 3 GGg(Xs(x),£)0(dE) ds
[onionaes [ |

v t [ Gotx. (e Wds, ).

We next present an existence and uniqueness statement for the SDE (19). This result can
be obtained as in the proof of Theorem 1.2.9 in [Hsu02], where SDEs on manifolds driven by a
finite dimensional noise were considered. We take special attention to the required smoothness
of the coefficients in (19).

Proposition 4.2. Let B € X'(M) and G € X*(M). Then for every x € M there exists a
solution (X¢(z))t>0 to the SDE (19) with initial condition Xo(x) = x and explosion time e(x)
that is unique up to its explosion time. Moreover, (Xy(z))i>o satisfies (20) for all g € C*(M).

In the second main result, Theorem 5.1, we will work with solutions to SDEs that do not
explode in finite time and under the following assumption on the regularity of the corresponding
Markov semigroup.

Definition 4.3. Let o € {2,3,...}. We say that M has regularity o if for all B € X3 (M) and
G e %I‘j‘H(M) we have that
(i) the SDE (19) is complete, i.e. for all x € M we have e(x) = oo almost surely, where
e(x) is the explosion time for the SDE (19) started in x, and
(ii) for all g € C(M) and t > 0 we have that Wy(z) := E[g(X,(x))] € C(M). Moreover, for
all T'> 0 there exists a constant C > 0 that only depends on T, ||Bl|xo (), \\G\\§€?+1(M)
and ||gllce (ary such that

sup || Wy[lcear) < C.
te[0,T
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Definition 4.3 summarizes the necessary assumptions on the manifold in order to derive the
order 2 approximation result in Theorem 5.1. Verifying the completeness for SDEs on Riemann-
ian manifolds is more involved than simply using the Lipschitz-continuity of the coefficients as
in the Euclidean case. It is known that the existence of a uniform cover [Elw82, Corollary 6.1] or
a weak uniform cover [Li94a, Theorem 2.4] implies completeness of the corresponding SDE. In
the next section, we introduce a large class of manifolds, including all compact manifolds, that
satisfy the assumptions in Definition 4.3.

4.1. Embedding of M with uniform boundedness conditions on the geometry. In this
section, we introduce a class of manifolds that admit an embedding into a Euclidean space with
certain boundedness conditions on the metric projection. This concept allows us to extend vector
fields on M to the ambient space and control the Euclidean derivatives of these extensions. The
definition is inspired by the notion of manifolds of bounded geometry, see [Eld13, Definition 2.1].
Here, we additionally assume the existence of a uniform tubular neighborhood of the normal
bundle.

Let N € Nand :: M — RY be an isometric embedding of M into RY. By [LS21, Theorem 1],
there exists an open set U D R containing ¢(M) such that for every z € U there exists a unique
minimizer
(21) proj(z) := arg mind(z, y)

yeL(M)
that satisfies # — proj(z) € (Tpojz)t(M))* and projly : U — RY is C*°. Clearly, we have
proj(z) = z for all x € (M ). Moreover, for z € U let P, € RV*Y be the matrix that corresponds
to the orthogonal projection from RY onto the tangent space Toroj(w)t(M) of (M) at proj(z).

Definition 4.4. Let o € Ny. We say that a complete and connected C*°-manifold M is a BG(«)-
manifold if there exist N € N, r > 0, an isometric embedding v : M — RN and an open set
U C RY such that z+v € U for allz € «(M) and v € (Tpe(M))* with |v| < r and proj : U — RY
and P : U — RNXN ezist and their derivatives up to order o exist and are uniformly bounded.

In the Euclidean setting, i.e. M = R™ one can set + = id and note that (T(M))*+ = 0.
Therefore, the Euclidean space is a BG(«)-manifold for all & € Ny. Moreover, every compact
C*°-manifold is a BG(«)-manifold for all o € Ny, see e.g. [LS21].

The motivation for introducing BG(a)-manifolds is that we can extend functions on M to
functions defined on the ambient space RY such that uniform boundedness of the Riemannian
derivatives is equivalent to uniform boundedness of the Kuclidean derivatives for the extended
functions. For the definition of the spaces C;'(N) and Xj'(NN) for a manifold N and o € Ny as
well as the respective norms || - [[co(n) and | - [|xo(nv), see Definition B.1.

Lemma 4.5. Let a € Ny and M be a BG(«)-manifold with corresponding embedding v : M —
RN, open set U and constant v > 0. Then

i) there exists a constant Cy > 0 such that for every function g € C*TH(U) one has
b
||9|L(M)||cg+1(b(z\4)) < ClHQHch(U),

(ii) there exists a constant Cy > 0 such that for every g € C;'(1(M)) there exists an extension
g€ CH(U) of g with

19llcewy < Callgllce wany

and
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(ili) there exists a constant Cs > 0 such that for every V € X{(v(M)) there exists an extension
Ve X2(RY) of V with V(x) = 0 for all x € RN with d(x,(M)) > r/2 and
HVHX,?(RN) < Cs||V | xp (u(ar)-
Proof. (i): Denote § = gl,(ps)- Then grad g(z) = P, grad g(x) and, if a > 1, for v € T (M) we
have
Hess g(z)v = Vygrad g = <dt li=o0 Py, grad g(%))
=P, (Hess g(x)v + (DPyv)grad g(az)) .
where 7 : R — (M) is a smooth curve satisfying 79 = x and 4y = v. If a > 2, we get for vector
fields Vi, Vo, V3 € X2(u(M)) that
V3G(Vi, Vo, Va) = Vi((V29) (Va, Va)) = (V29) (Vv Va, Vs) — (V29)(Va, Vg, V)

as well as V1 ((V23)(Va, V3)) = (Vy, (Hess § V), V3) + (V2§)(Va, Vi, V3). Now, for all z € (M)
and v € To(M) we have P, Hess g(z)v = P, Hess g(z)Pyv so that

Vv () (Hess § Vo) = Pp(DPy(Vi()))Hess g(2)Va(z) + PoD’g(2) (Vi (x), Va())
+ PyHess g(2)(D Py (Vi(2)))Va(x) + PrHess g(2) P (DVa(x)(Vi(2)))
+ Py(DPy(Vi (@) (DPy (Va(2)))grad g () + P D*Py(Vi(z), Va())grad g(«)
+ Po(D Py (DVa(2)(Vi(x))))grad g(x) + Pu(DPy(Va(x)))Hess g(z) Vi ().
Using that
(V29)(Vv; Va, V3)(2) = (P, Hess g(x) Po(DVa(z) (Vi (2)))
+ Pyp(D Py (Py(DVa(2)(Vi(2)))))grad g(x), Vs(x))
and DP,v = 0 for all v € (T,.(M))*, we get
V2G(V1,Va, V3)(2) = (Po(DPy(Vi(x)))Hess g(x)Va(z) + P D%g(x) (Vi (2), Va(z))
+ PyHess g(2) (D Py (Vi(2)))Va(2) + Po(D Py (Vi(2)))(D Py (Va(x)))grad g(x)
+ Py D*Py(Vi(), Va(x))grad g(x) + Pp(DPy(Va(x)))Hess g(a) Vi (x), V(x)).

Using sup,e, () Mmaxg=o,....a |DPP,| < oo, we proved (i) for a € {0,1,2}. The proof for higher
derivatives is analogous.

(i) For = € U define () = g(proj(x)). Then § € C*(U) and [3(x) sy = 9@ lpucary-
Ifa>1,wehave forr e Uandi=1,...,N

d . ) .
7. 9(x) = (grad g(proj(z)), D proj(z)es),
where (ej,...,ey) denotes the standard orthonormal basis of RV, If a > 2, note that for all
x € (M) we have grad §(z) = grad g(x) € Tpe(M). Thus, for all i,j=1,...,Nand z € U
d d
Edmig(x) = %j@radﬁ(moj(fﬁ))aDPTOJ($)€i>

d . ) ) . . d .
= (P, grad §(proj(x)), D proj(w)ei) + {arad §(proj(z), - D proj(z)es)
J J

= (Vygrad g, D proj(z)e;) + (grad g(proj(z)), D? proj (x)(ei,€5)),
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where v 1= Dproj(z)e; € Tproj(x)t(M). Using supye,(n) maxs=o,...a | DP proj(z)|| < oo, we
proved (i) for o € {0, 1,2}. The proof for higher derivatives is analogous.

(iii): Let ¢ : [0,00) — [0, 1] be a C*°-cutoff function that satisfies ¢(0) = 1, (y) = 0 for all
y > r2/4 and such that all derivative of 1 at 0 and 72 /4 vanish. For € RY define

f/(@ - {w(‘ proj(z) — x[?)V (proj(z)), ifxecU

0, otherwise.

Then, V € X*(U), [[V(@)llxoar) = IV (@)l x9(.(ary) and V = 0 for all z € RN with d(z,¢(M)) >
r/2. If a =1, we use v = Pyov for x € «(M) and v € Tpo(M) and get for i =1,...,N and z € U

d -~ . . d . .
——V (@) =2¢/(| proj(x) — x[*)(proj(w) — 2)' (-— proj() — e;) V' (proj(x))
(| proi(x) — af) (- P, )V (proi(x))
da;,-
+ (| proj(z) — 2*)P:(DV (proj(x))) (D proj(z)e;),
where af denotes the transpose of a vector a € RN and (e1,...,en) denotes the standard

orthonormal basis of RY. Using P,(DV (proj(z)))(D proj(z)e;) = V p proj(z)e; V and the bounds
for DP, and D proj(z) we get the statement for « = 1. The proof for higher derivatives is
analogous. U

Using the extensions of the vector fields and the test functions constructed in Lemma 4.5,
the assumptions in Definition 4.3 can be verified for M replaced by RY. A completeness result
for the SDE (19) on R" with Lipschitz continuous coefficients can be found in [DPZ14, Theo-
rem 7.5]. Boundedness of the first two derivatives of z — E[g(X;(x))] can be found in [DPZ14,
Theorem 9.23] and [DPZ14, Remark 9.4].

Proposition 4.6. Let o € {2,3,...} and M be a BG(« + 1)-manifold. Then M has regularity
a.

5. ORDER 2 APPROXIMATION

In this section, we prove the second main result which quantifies the order of approximation of
RSGD by the solution to the RSMF (4) with coefficients G and B as in (5) and (6), respectively.

Theorem 5.1. Let gradf € .’%g(M), retr : TM — M be a uniform second order retraction and
assume that M has reqularity 4, see Definition 4.3. Moreover, assume that for all x € M one
has Eg[grad f(z,&)] = grad f(z) and

(22) := sup / lerad f(z. &) 9(d€) < oo.
xeM

Then, for every g € le‘(M) and T > 0, there exists a constant C > 0 such that for alln >0

sup  sup  [E[g(Z]}())] — Elg(X7, (2))]] < Cn?.
€M n=0,...,|T/n]

The proof consists in comparing an evolution step of RSGD with the solution of the RSMF
for time 7 on test functions of the form W,, for ¢ > 0, defined in Definition 4.3. First, we show
that the coefficients of the RSMF are sufficiently regular.
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Lemma 5.2. Let T >0, a € N, grad f € X3(M) and B",G" as in (5) and (6). Then, for all
0 <n<T it holds that B" € X3~ "(M) and G" € X3(M) and

sup |[|B" ||3€‘* 1(M)\/ SUP ||G Haea(M
0<n<T

Proof. First, we will show that grad f € Xj'(M). Let ¢ : M — RY be an isometric embedding
and f € X*(RN) be an extension of grad f. Then, for all compact sets K € R and 0 < 8 < «
we have that

/ sup [ D% f(y, &) 9(de) < oo
=yeK

Using the dominated convergence theorem, we get Ey[ f (-,6)] € X*(RY) and, thus, grad f €
X*(M). Moreover, for all x € M and 0 < 8 < a,

(23) [VAgrad f(2)| = [|Eg[VPgrad f(z, €)]||* < || VPgrad f(z,-)|[3

where the right-hand side of (23) is uniformly bounded in z, since grad f € X§(M). Thus,
grad f € X{(M) which immediately implies that Vg,.q ¢y (grad f) € Xj™ Y(M) and G" € Xg(M).

Similarly, we have for an extension Gn e XQ(RN )of G", 0 < B < a—1 and all compact sets
K C RY that

/_ sup [ D (DG, )67(3.)] 9(de) < o0
= ye

Moreover, z Eg[HVB(VGn(Z,g)G"(',5))||] is uniformly bounded over z € M and 0 < n < T for
all 0 < B <a—1,so0that z = Ey[Vn. oG"(-,§)] € X0 H(M). O
We next control the weak error of the diffusion approximation for one evolution step of RSGD.

Lemma 5.3. Let vetr be a uniform second order retraction, grad f € .’%IE(M) and g € CH(M) and
T > 0. Moreover, assume that M has regularity 4 and (22) holds. Then, there exists a constant
C > 0 that only depends on T, ||g||c21(M), |lgrad f||5€5(M and § such that for all0 <n <T

jg]\f/)[‘Eﬁ[g(Z 1 (@) = Elg(X7(2))]] < Cn’.

Proof. Throughout this proof, C' denotes a constant that only dependson T, ||g/| CA(M) |grad f 3¢
b

and f. Note that, using Lemma 5.2, the norms ||B’7||3€§(M) and ||Gn||§€§(M) can be uniformly
bounded over 0 <n < T.

Let € M and 0 <17 < T. First, we consider the solution to the RSMF (4) and briefly write
(Xi)o<t<n := (X} (2))o<t<y- By definition, we have for all 0 <t <7

/Bg ds+f//Gng,£ W (ds, d§)

1 /0 / GCg(X,,€)0(de) ds

Now, for all 0 <t <7 we get by 1td’s isometry that

//Gg X, ) W (ds. d)| /HGg o )2 ds,

(24)

M)
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so that
t
(My)o<i<y = (/ / Gig(X,€) W (ds, d¢))
0 J=

is a martingale and we have INE[MW] = 0. Moreover, for the first term on the right-hand side of
(24) we get, using It6’s formula,

By(X.) =Bo(a) + [ " BBg(X,)du+ /0 [ VGBy X6 W de)

0<t<n

+g /0 /: GGBy(X,, &) 0(dE) du.

Using Fubini’s theorem, we get

B[ [ [ ViGEe(x., ) W du.de) ds]

= ["B[[ [ vacBax,.owidnde)] ds -
We can bound

2[4 [ [ oematc o a] < s miiGaBg 0l < O

for a constant C' > 0. Again, using [t6’s formula

BBg(Xs) =BBg(x) —i—/s BBBg(X,) du + / _\/_GBBg X, &) W (du, df)

/ / GGBBg(X,.€) 0(de) du,

where for all s € [0,7] one has E[fo J= vIGBBg((Xy, &) W (du,d)] =
We bound the contribution of the last term on the right-hand side of (24). An application of
the dominated convergence theorem gives ¢(x f_ GGg(x,&)V(d€) € CE(M). Thus,

o(X.) — o) = /0 Bo(X.)ds + i /0 / Gio(Xs, €)W (ds, d€)

1 t | Goalx. e as

where, for a constant C' > 0, for all 0 < u < 71 one has fE[f(;“L J= Gop(Xs, &) W (ds, dﬁ)] =
Altogether, we can bound the terms of order O(n?) in the equations above and get a constant
C > 0 such that

sup [Blo(X](0))] - 9(o) ~ nBa(a) — 57° (BBala) + [ GGgta.&)0(a0))| < Cot

Recall that, for all z € M and ¢ € E, BBg(z) = ((Hess g(z))B(z), B(z)) + (Vp)B)g and
GGg(z,€) = (Hess g(x)G(z,€),G(x,€)) + (Vé@e G(-,€))g. Hence, using the definition of B in
(6) there exists a constant C' > 0 such that

‘E[Q(Xn)] — g() +n(grad f(z),grad g(z)) — %?72 <<(Hess g(z))grad f(z), grad f(z))

(25) i )
- / (Hess ()G, €), G, £)) 0(de) )| < O
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Next, we turn to the RSGD scheme. For z € M and £ € Z, let (),¢(0,1) = (vetrs(—nt grad f(x, €)))tefo,]
and note that

(1) = 9(2) + Llscogre) + 2L 1 ol >+/1/5/"d—3< ) dbdud
g\v)=g9g\x ds s=09\Vs 2 ds2 s=09\ Vs o Jo Jo dfgg Ve uas.

Since retr : TM — M is a second order retraction, see Definition 2.1, we get %|szog(ys) =
—n(grad g(z), grad f(z,€)) as well as

d? \V4
@\s:og(’ys) = (Vs,grad g,%0) + (grad g(10), E‘S:O;}’s>

= 1*((Hess g(2)) (grad f(z,€)), grad f(z,)).
For the remainder, note that for all ¢ € [0, 1]
& 3 2 (V.. V2,
239000) = V2g(e, Je, ) + 3V g<@w,w> +(grad g(ne), 75390,
where we used that the Riemannian Hessian is symmetric. Since retr is a uniform second order
retraction, there exists a constant C' > 0 that only depends on || QHCE (ary such that |§;g(7g)‘ <

Cn?||grad f(x, €)|®. Taking expectation,

[Eylg( retry(—n grad f(z,€)))] — g(x) + n(grad f(x), grad g(z))
(26) 1

- §U2E0[<(Hess g(x))(grad f(z,£)), grad f(z,€))]| < On’Ey|llgrad f(z,)]%],

for a constant C' > 0, where

Ey[((Hess g(z))grad f(z,£), (grad f(z,€)))] =((Hess g())grad f (), (grad f()))
+ Eg[{(Hess g(2))G(x,€), G (2, 6))].

Using that Eg[g(retr,(—ngrad f(z,€)))] = E[g(Z](z))] and comparing (26) with (25), we get for
a constant C' > 0 that

sup Elg(Z7 (x))] — E[g(X](2))]] < Cn.

O

Proof of Theorem 5.1. Fix T > 0. By Lemma 5.2, we have B" € X}(M) and G" € X}(M)
uniformly over 0 < n < T'. By Definition 4.3, for all 0 < n < T there exists a unique solution
to the SDE (4) that does not explode in finite time and for all g € Cj} there exists a constant
C > 0 such that for all 0 < ¢t < T and 0 < n < T the function \IJ;] : M — R given by
U{(z) = E[g(X{(x))] satisfies |¥{lc1(rr) < C.

We conceive the probability spaces (€2, F,P) and (Q F, I@’) as the projections of the product
space (2 x Q, F @ F,P x P) so that (Z)(x))nen, and (X](z))¢>0 are independent processes. For
x € M and n € N we get, using the triangle inequality and the tower property of the conditional
expectation,

E[g(Z})(2))] — Elg(X7, ()] = \ZE[ (nmiyn (21 (@) = E[W7, ) (X0(Z] (2 )))}H
<Zsup\E S 20N = B[] ) (X7(2)]].

1 zeM
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Applying Lemma 5.3 to each summand on the right-hand side of the inequality above, there
exists a constant C' > 0 such that for all n € {0,...,[T/n]|}

Elg(Zi(2)] - Elg(X,(2)]| < nCn® < CTw?.

6. EXAMPLES

6.1. Principal component analysis. In principal component analysis (PCA), the aim is to
find the r principal eigenvectors of a matrix A := Ey[2(£)z(£)T], where z : £ — R" is a random
data vector and v’ denotes the transpose of a vector or a matrix v. For this problem, a natural
choice of the search space is the Stiefel manifold St(r,n) [Oja92, MHMO96] or the Grassmann
manifold G (r,n) [HHT07]. The Stiefel manifold St(r, n) given by St(r,n) := {B € R*™*" : BTB =
1,} is a compact, smooth manifold of dimension nr — $r(r+ 1), see [AMS08, Section 3.3.2]. The
Grassmann manifold G(r,n) consisting of all r-dimensional subspaces of R™ is a compact, smooth
manifold of dimension r(n—r), see [AMS08, Section 3.4.4]. By compactness, St(r,n) and G(r,n)
are BG(«)-manifolds for all « € N, see Definition 4.4.
On St(r,n) we can define a loss function

f(B) = —5 (BT AB),

which is minimal if B consists of eigenvectors that correspond to the r largest eigenvalues of
A. We can regard f as a function on the Euclidean space R"*" with gradient Df(B) = —AB.
If St(r,n) is equipped with the Riemannian submanifold metric inherited from R™*" then the
Riemannian gradient of f at B € St(r,n) is given by grad f(B) = Pg(Df(B)), where

1

Pp(Z) = 5Z(BTZ -7'B)+ (1, - BBz

is the orthogonal projection of Z € R™*" onto the tangent space TpSt(r,n) = {A € R™" :
ATB + BTA = 0}, see [EAS99], and 1,, denotes the identity matrix in R™*". By [AMI12,
Proposition 3.4], for all B € St(r,n) and B € R"*" with |B — B|| < 1 the projection (8) exists,
is unique and has the expression

proj(B) = UVT,

Here, for a matrix X € R™ " || X|| denotes the Frobenius norm, given by || X|?> = tr(X7X)
and U € R™™, V € R™" are orthogonal matrices given by the singular value decomposition
B =UXVT, where ¥ € R"*" denotes the diagonal matrix consisting of the singular values of B
in decreasing order. Using Lemma 2.3, we get a uniform second order retraction via retrg(A) =
proj(B + ¢(B,A)), where ¢ : R"*" x R™*" — R™*" is chosen according to Lemma 2.3.

See also [EAS99, LSW19, LFH"20] for different retractions and Riemannian metrics on
St(r,n) as well as an analysis of the geometry of G(r,n). For other common optimization tasks
on matrix manifolds we refer the reader to Section 2 in [AMSO08].

6.2. Normalizing the weights of a neural network. We consider optimizing a neural net-
work with a positive homogeneous activation function. For simplicity, we restrict the section
to neural networks with one-hidden layer although the arguments remain true for deep neural
networks with multiple hidden layers.

Let dy,d; € N and o : R — R be positive homogeneous, i.e. o(Az) = Ao(z) for all z € R and
A > 0. This property is satisfied by e.g. the ReLU activation function or any linear activation. The
networks configuration can be described by the weights W' = (wjlz) j=1,....dri=1,...do € Ré1xdo and
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W2 = (wi,... ,w?ll) € R%, and the biases b' = (b})iz1...a, € R% and b € R. For j = 1,...,d,

: 1_ (1 1 \T B
we write w; = (wj’l, . ’wj,din) . The search space is given by

W= (Who', W2 b?) € R4*dD x RN x RN x R =: Wy, 4,

and for W € Wy, 4, we define " : R% — R via

d1
NV (z) = Z w]2- a(xijl- + bjl) + b2,
j=1
which is the response of the neural network to the input z for the configuration W. Using the
positive homogeneity of o we have
d1 wl bl
() = Y wlwllo (s + o) + 87
= Jwill  flw;ll

so that the optimization can be restricted to the Riemannian manifold
M :={W € Wyyq, : |wjll =1Vj =1,...,d1} = (ST~ x R" x R" x R.

Although M is non-compact, it is clearly a BG(«)-manifold for all & € N. A uniform second
order retraction is given by a componentwise stereographic projection, see Example 2.2, or
componentwise metric projection, see (8). The idea of decoupling the length and the direction
of the weight vectors in neural networks was popularized by Salimans and Kingma with their
weight normalization algorithm [SK16]. The corresponding gradient flow was shown to have a
beneficial implicit bias while being less sensitive to the initialization [PLB20, MR22, CRW23|.

6.3. Hyperbolic space. In recent years, one of the most popular applications of machine
learning methods are natural language processing tasks, e.g. learning hierarchical representations
of words through unsupervised learning. The aim of embedding methods is to position the words
in the ambient space such that the distance reflects their semantic and functional similarity.
The numerical experiments in [CCD17, NK17] suggest that the hyperbolic space H¢ for d € N is
particularly well-suited as an ambient space. As a heuristic argument for the empirical findings
we note that the volume of a ball in the hyperbolic space increases exponentially with respect
its radius. This makes H? a natural choice for embedding tree-like structures [SDSGR18], which
appear naturally e.g. in many real-world information networks [ASM13].

Using the hyperboloid model of the hyperbolic space, there exist simple expressions for the
Riemannian gradient and exponential map defined in the ambient Minkowski space, see [WL18|.
Since H? has constant sectional curvature, the Riemannian curvature tensor is bounded, see e.g.
[DC92, Lemma 3.4]. Thus, Theorem 3.1 can be applied to the hyperbolic space.

The exponential growth of the volume of a ball w.r.t. its radius makes it impossible to find an
isometric embedding with uniform tubular neighborhood in the sense of Definition 4.4. Hence,
in order to apply the second order approximation result, Theorem 5.1, it remains to verify
Definition 4.3 for the hyperbolic space, which is left for future research.

6.4. Statistical manifolds. A key task in generative Al is the inference of a probability dis-
tribution in a parametrized family (v9)gce of probability measures on R%sata that is a good
approximation to a given distribution vgai,. Assuming that vy is absolutely continuous with re-
spect to Vgaia for all @ € O, this can be performed by minimizing the Kullback-Leibler divergence

dv
DKL(VGHVdata) 32/10g< d )dV@.

dVdata
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In the training of generative adversarial networks, the Kullback-Leibler divergence is often ap-
proximated by choosing a set of discriminators D : R%ata — [0, 1] that try to distinguish between
samples from the true data distribution vg, and the distribution vy, see [GPAM™ 14]. This leads
to the objective function

f(0) = mgx/log(D(:p)) vg(dr).

Let © ¢ R% be an open set and assume that, for all # € ©, vy is a probability measure on
Rata with density function pg. Then, the so-called Fisher information metric is given by

d? log(pg(y
go(ei,ej) == _/7dx-(di(- ))pe(y)dy,
1AL j

for 6 € O, where eq,...,e; denotes the standard basis of the tangent space Tp© ~ RZ. If
Fy := (go(ei,€j))i j=1,..d is positive definite for all § € © this defines a Riemannian metric on ©.
One can write the Riemannian gradient of f as grad f(0) = F, ' Df(6), where Df(6) denotes
the Euclidean gradient, i.e. the vector of partial derivatives of f: © — R at 6, see e.g. [AMSO08,
Section 3.6].

For example, consider the set of univariate normal distributions © = R xR<y 3 0 = (u,0) —
N (i, ). Then, the Fisher information metric is given by the matrix

5 0
(27) F(u,a) = <00 2 > ’

o2
see e.g. [CSS15]. This leads to a Riemannian metric (27) on the upper half plane © with constant
negative curvature equal to —%, see also [CSS15]. Therefore, the geometry of © with Riemannian
metric (27) is similar to the hyperbolic space considered in Section 6.3. In this situation, Theo-
rem 3.1 can be applied, whereas Theorem 5.1 needs verification of Definition 4.3. Regarding the
Fisher information metric and its distance function for multivariate normal distributions and
other families of probability distributions see [PSC20, MMC23].
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APPENDIX A. NOTATION

We let M be a d-dimensional C*°-Riemannian manifold that is connected and complete. We
denote by T, M the tangent space of M at point x € M, by (-,-), the scalar product on T, M
that is given by the Riemannian metric and by || - || the respective norm on T M. If it is clear
from the context we often omit the reference point x in the above notions and briefly write (-, -)
and |||, respectively. Recall that the tangent bundle TM := Uxe y M is a 2d-dimensional C*°-
manifold. For a € Ny := NU{0}, we denote by X (M) the set of C*-vector fields on M, i.e. the set
of C®-functions V : M — TM with V(z) € T,M. For V€ X°(M) and g: M — R € C'(M) we
denote by Vg : M — R the function that is given by Vg(z) = V(z)g for all x € M. For z € M,
a C*-manifold N and a differentiable mapping ¢ : M — N we denote by Dy : Ty M — T,y N
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the differential of ¢ at z, i.e. the linear mapping given by (D,pv)g = v(g o ) for all v € T, M
and g € C'(N). Furthermore, for v € T, M and W € X!'(M) we denote by V,W € T, M the
covariant derivative of W along v that is induced by the Levi-Civita connection. For V € X°(M)
and W € X' (M) we define VyW € X%(M) via VyW (z) = Vy(,)W. Note that, for brevity, we
write Vi ()W instead of Vy ()W (x), whenever the base point is clear from the tangent vector
in the first argument of the Levi-Civita connection.

For 8 € N and a C’-path v : [a,b] — M and t € [a,b] we denote by 4; € T,, M the differential
of v at time ¢, i.e. % = (Dy7.) (4 |s=¢). Moreover, for a € {0, ..., 3} we denote by X%(7) the set
of all C*-vector fields along ~, i.e. C*-mappings V : [a,b] — TM with V; € T,, M for all t € [a, b].
For a € {1,...,8}, let ¥ : X¥(v) — X*71(7) be the Levi-Civita connection on M along v and
Par, : T,, M — T., M be the parallel transport along v. We denote by exp, : T, M — M the
exponential map at x € M.

R denotes the curvature of M, i.e. the (3,1)-tensor field given by

RU, V)W =VyVyW — VyVyW — VW,
for U,V € X (M) and W € X%(M), where [U, V] € X°(M) denotes the Lie bracket given by
U, V]g=UWVg) -V (Ug) forall g C*(M).

APPENDIX B. DERIVATIVES OF HIGHER ORDER

In this section, we introduce the Riemannian gradient and Hessian, as well as derivatives
of higher order for real-valued functions and vector fields on M. For more information on the
Riemannian gradient and Hessian we refer the reader to Chapter 4 in [Leel2] as well as Chapter 3
and Chapter 5 in [AMSO08].

Let g € C%(M) for an a € N. The Riemannian gradient grad g € X~ 1(M) of ¢ is the unique
C* !-vector field on M that satisfies for all z € M and v € T, M that

(grad g(z), v) = vg.
If @« > 2 we define the Riemannian Hessian Hessg(x) : T,M — T,M of g at = as the

linear mapping given by (Hess g(x))(v) = V,grad g for all v € T, M. Using that V is a metric
connection, this defines a symmetric (2,0)-tensor field V2g : X1(M) x X' (M) — C°(M) via
V2g(V,W) := ((Hess g)V, W) = V(Wg) — (Vv W)g.
We have |[Hess g(z)| = ||V2g()||, where the left-hand side denotes the operator norm of the
linear mapping Hess g(z) : T, M — T, M and the right-hand side denotes the operator norm of
the bilinear mapping Vg?(z) : T,M x T,M — R.
This representation allows us to generalize the concept of the Riemannian Hessian to deriva-

tives of higher order. For 3 < n < «, we define an (n, 0)-tensor field V"¢ : (X"~ (M))"* — CO(M)
inductively via

Vig(Vi,..., Vi) =Vi(V"Lg)(Va, ..., V}))
- Z(Vn_lg)(vév B %—17 VV1Vvi7 Vvi—i—lv ) Vn)
i=2

This canonically defines a multilinear mapping V"g(x) : (T,M)" — R via
(vn.g(‘r))(vlv cee 7,Un) = (Vng(vlv SRR Vn))(gj)v

where V1,...,V, € X" 1(M) are vector fields with V;(z) = v; for all 1 < i < n. We denote by
IV™g(x)|| the respective operator norm.



STOCHASTIC MODIFIED FLOWS FOR RSGD 23

If M is an open subset of a Euclidean space R one has Ve E; =0foralli,j=1,...,N
where E;(z) = dixi‘x' Thus, in that case V"¢ is given by D"¢g which denotes the tensor given by
all Euclidean derivatives of g of order n.

Analogously, one can define the derivatives of vector fields V' € X%(M) for a € N. For n < «
we define an (n, 1)-tensor field V*V : (X"~1(M))" — X°(M) inductively via (VIV)(V;) = Vi,V
and

(V"WVY(VL, ..., Vi) =V, (V) (Va, .., V)

- Z(vn—lv)(vz’ (RS ‘/i—ly V\/'1‘/1'7 V;H-lv R Vn)
=2
This induces a multilinear mapping V"V (z) : (T, M)"™ — T, M and we denote by ||V"V (x)]| its
operator norm.

Definition B.1. (i) We denote by C)(M) the set of continuous and bounded functions g :
M — R and associate to g the norm ||g\|cg(M) = sup,ecs l9(z)|. Analogously, for oo € N
we denote by C;'(M) the set of functions g € C*(M) that satisfy

lglleg oy = sup (lg(e)| v lgrad ()] v mas [9"g(@)]) < oo.

(ii) We denote by X)(M) the set of continuous and bounded vector fields V € X°(M) and
associate to V' the norm ”VH%Q(M) = sup,ens |V (2)|. Analogously, for o € N we denote

by X5 (M) the set of vector fields V € X*(M) that satisfy
IVlizg ) += sup (IV (@) V max 9"V (2)]]) < oo

Next, we show how the consecutive differentiation of g w.r.t. multiple vector fields can be
expressed in terms of the multilinear mappings defined above. Let us start with second order
derivatives. Let Vi, Vo € X'(M) and g € C?(M). Then, by definition,

ViVag = V2g(V1,V2) + ((VV2)(Vi), grad g),
where the right-hand side only depends on V2g, grad g, V1, Vo and VVa. Thus, ||V} V3 chg (M) can
be bounded by a constant that only depends Hchg(M), HV1H3€2(M) and ”VQ”%})(M). Analogously,
for V1, V2, V3 € X2(M) and g € C3(M) we get
ViVaVag =V3(Vi, Vo, Va) + V2g(Vv, Vo, Va) + V2g(Va, Vi V3) + Vi(Vi, Va)g
=V2g(V1, V2, V3) + V2g(Vvi Va, V3) + V2g(Va, Vg Va) + Vg (W1, Vi, V3)
+ (Vi Vi, V3, grad g),
where the right-hand side of the equation above can be bounded by a constant that only depends
on [|gllesany> Villzoanys IVallxrary and [[Vsllx2(ap)- Lastly, for Vi, V3, Va, Vy € X3 (M) and g €
CH(M) we get
ViVaVaVig = Vig(Vi, Va, Vs, Vi) + V3g(Vv, Vo, Va, Vi) + V2g(Va, Vi V3, Vi)
+ V3g(Va, Va3, Vs Vi) + ViVa(ViaVa)g + Vi(Vi, Va)Vag — Vi(Vy,, v Va)g
+ViVa(ViaVa)g — Vi(Vis Vi, Vi) g,

where, after a straight-forward computation, the right-hand side of the equation above can be
bounded by a constant that only depends on |lglles(ar), IVillxo(ar): IVallxi(ar)s 1V3llx2(ar) and
V4]l x3(m)- For higher derivatives there exist similar expressions.
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