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Abstract

Lagrangian multiform theory is a variational framework for integrable systems. In
this article, we introduce a new formulation which is based on symplectic geometry
and which treats position, momentum and time coordinates of a finite-dimensional
integrable hierarchy on an equal footing. This formulation allows a streamlined
one-step derivation of both the multi-time Euler—Lagrange equations and the clo-
sure relation (encoding integrability). We argue that any Lagrangian one-form for
a finite-dimensional system can be recast in our new framework. This framework
easily extends to non-commuting flows, and we show that the equations character-
ising (infinitesimal) Hamiltonian Lie group actions are variational in character. We
reinterpret these equations as a system of compatible non-autonomous Hamiltonian
equations.

Keywords Integrable hierarchies - Variational principle - Lagrangian multiforms -
Hamiltonian group actions

1 Introduction

The geometry of integrable systems has been dominated by the Hamiltonian formal-
ism, symplectic and Poisson geometry, with the celebrated Liouville-Arnold theorem
as the cornerstone of this edifice. Comparatively very recently, much work has been
devoted to defining and describing integrability within a purely variational framework,
as an effort to restore the natural balance between Hamiltonian and Lagrangian for-
malisms in the realm of integrable systems. Pioneered in [1], Lagrangian multiform
theory offers a variational framework to describe and study (classical) integrability
by harnessing the concept of integrable hierarchies. It applies equally well in discrete
and continuous finite-dimensional (d = 1) integrable systems [2—6], discrete [1, 7-9]
and continuous [10-16] integrable field theories in 1 + 1 dimensions (d = 2), discrete
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[17, 18] and continuous [19, 20] field theories in 2 + 1 dimensions (d = 3) and even
in semi-discrete models [18, 21].

The underlying ideas are the same in all contexts: One considers a differential
(difference) d-form on an N > d space called a multi-time and forms an action by
integrating (summing) this form over an arbitrary d-dimensional submanifold (sub-
lattice) of the multi-time. A generalised variational principle is then applied to derive
the structural equations of the theory: 1) the multi-time Euler-Lagrange equations
obtained by varying over the degrees of freedom for an arbitrary choice of the sub-
manifold (sublattice) and requiring criticality of the action; 2) the closure relation
obtained by varying the underlying submanifold (sublattice) and requiring critical-
ity of the action on-shell (on solutions of the multi-time Euler—Lagrange equations).
Crucially, the closure relation is the variational equivalent [3, 5] of the well-known
Poisson involutivity of Hamiltonians defining Liouville integrability.

In the standard approach to multiform theory described above, dependent and
independent variables are varied separately in steps 1) and 2). In this sense, it is an
unsatisfactory realisation of the original paradigm, which intended to put dependent
and independent variables on an equal footing. In Sect. 2.2 of this article, we introduce
anew framework for Lagrangian one-forms in which dependent and independent vari-
ables are varied simultaneously. This results in a simpler derivation of the variational
equations.

Our new framework is formulated in phase space. This makes it is straightforward
to write down a Lagrangian one-form for any finite-dimensional Liouville integrable
system. Previously, position-space Lagrangian one-forms were constructed by ad hoc
methods, and it was not known whether every integrable system admits a Lagrangian
one-form. We will show in Sect.3 how to write down a position-space Lagrangian
one-form for any Liouville integrable system by applying a generalised Legendre
transform to the phase-space Lagrangian one-form.

Our new framework is rooted in symplectic geometry and as a result is very flexible.
In particular, we show in Sect.4 that abelian multi-time can be replaced by a non-
abelian (connected) Lie group, an idea firstintroduced in [22]. The resulting variational
principle delivers a Hamiltonian action of the Lie group. To our knowledge, this is the
first time that the notion of Hamiltonian group action is derived from a variational
principle. The moment map of this action plays a very natural role in our Lagrangian
one-form. It arises as the on-shell evaluation of a map which is the analogue of the
potential term in a traditional (Newtonian) Lagrangian. To summarise, our main results
are:

1. The equivalent reformulation of the previous two-step variational principle of
Lagrangian multiform theory into a single variational principle applied to an action
for a phase-space Lagrangian one-form,;

2. A systematic method to construct a Lagrangian one-form directly from the Hamil-
tonians and the symplectic form of a Liouville integrable system;

3. A variational formulation of Hamiltonian Lie group actions.

The paper is organised as follows. In Sect. 2, we review the known generalised vari-
ational principle for Lagrangian one-forms in a form suitable for our purposes. This
serves to introduce the objects and notations. Then we introduce our reformulation
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based on a phase-space Lagrangian one-form. In Sect.3, we prove the equivalence
of the two pictures, give a simple illustration with the Toda chain, and discuss the
case where the Lagrangian one-form is linear in the velocities. The latter point is
motivated by the fact that Lagrangian one-forms constructed in [5, 6] for large classes
of integrable models are of this type. In Sect.4, we present a generalisation of the
univariational principle to the case where multi-time R” is replaced by a Lie group.
Applying this to a natural Lagrangian one-form, we establish for the first time that the
equations describing (infinitesimal) Hamiltonian group actions of a (connected) Lie
group on a symplectic manifold are variational: they appear as the Euler—Lagrange
equations of our univariational principle. We also give an interpretation of the equa-
tions as describing a collection of compatible non-autonomous Hamiltonian equations.
Section 5 contains our conclusions and some perspective on future directions.

2 Two variational problems
2.1 Position-space Lagrangian one-forms

The traditional perspective on Lagrangian one-forms is as follows. (We reformulate
the derivation and results in [3], see also [23].) Let g* be m real functions of n real
variables #/. Let I be a curve in R”, written parametrically as s +— t/(s) fors € [0, 1].
We introduce an action

1 dtk
Stg. 1= [ Lilg" q}15-ds. @
0 N

Here ¢} = dq"/dt/. In this equation and throughout the article, repeated indices
are implicitly summed over, unless stated otherwise. We will also always assume that
boundary conditions are chosen so that boundary terms drop out when performing
integration by parts. The integrand L dt* is referred to as a Lagrangian one-form, and
Ly are the Lagrangian coefficients. The action S depends onthe map ¢ : R” — R™ and
the parametrised curve I' C R”. We seek a map ¢ such that for all curves I', S[g, I'] is
critical with respect to variations of both ¢ and I"'. We refer to this requirement as the
bivariational principle (reflecting the fact that it involves two steps). We now derive
the associated variational equations.
First we consider variations g"* +— g* + 3g". The variation of § is

1 oLy Ly dr*
88 = Sqh— + 8¢ — | —ds, 2.2
/()(q 8q+€1,aq§l 2598 (2.2)

in which 5q§L = 38q"/dt/. Suppose that the variation 8g* vanishes along the curve
I'. Then

, d ik, .
8¢"(t/(s)) =0 and 0= —8g" = —38q} (t/ (s)). (2.3)
ds ds
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So for each u, the vector with components (Sq,’f is orthogonal to the vector with
components dr¥ /ds. Then (2.2) vanishes for all g* satisfying (2.3) if and only if the
aLk dt

components of % ,l ;5 orthogonal to dt/ /ds are zero, in other words,

aL; di* drl
9g" ds Pugs 24
j

for some p,,. This equation says that, for fixed u, the vector dt* /ds is an eigenvector
of the matrix M, with entries oL/ Bq;‘ . Our variational principle demands that this

is true for all curves ¥ (s), and hence for all vectors dr¥ /ds. So every vector in R” is
an eigenvector of M, with eigenvalue p,,, and this matrix must equal p,, times the
identity. Thus, the bivariational principle requires that

Ly |

# and the trace

for some p,,. The traceless part of (2.5) i 1mposes constraints on g, q;
part then determines p,, as a function of g*, q" i . We note that this equation imposes

constraints on the Lagrangian one-form: there are choices of Lidt* for which it cannot
be solved.

Now we consider more general variations 8g** that are not necessarily 0 along I.
Assuming that the variational Eq. (2.5) is satisfied, (2.2) gives

55 /‘ sk L 0Lk s dtkd /‘ 5 b 8Lkdtk+ dsqh 4
= —das = —_— S
o 07 Hqn %P ) g b % agias TPy
k k
:/ sq" OLgdt” dpu ds:f Sqh Lk _ 9pp des. (2.6)
0 agh ds  ds 0 agh k) ds

This vanishes for all variations §g* and all curves I' if and only if

oL ad
9%k _ 9Pu =0 2.7)
gt otk

Thus, S[gq, I'] is stable to variations of ¢ for all curves I' if and only if Egs. (2.5) and
(2.7) hold. In the literature on Lagrangian multiforms, these equations are known as

multi-time Euler-Lagrange equations and more commonly expressed as

dLy dLy oL ; dLy d dLg
a0l =" ol Taq agr aogl @9
q; qdi q; q qdy

for all k£ # j, in which there is no summation over repeated indices.
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Having discussed variations of g*, we consider variations of the curve I of the
form 1% (s) — t*(s) + 81X (s). The variation of S is

Ly _ dt* dst) VoL dtx  difaL;\ _ .
88 = — 8t — + Lj—— )ds = —— —— L) stlas.
o \ ot/ ds ds o \ 0t/ ds ds oty

(2.9)
This vanishes for all variations 8¢/ and all curves ¢/ (s) if and only if
oL JdL;
R St Y (2.10)
at’ oty

Equation (2.10) is known as the closure relation. Note that in this equation, L depends
on 1/ through ¢*(¢;), since we work with Lagrangian coefficients not depending
explicitly on ¢/ thus,

aLk BLk ,u 0Lk ,
Y = 3gr q; +a Mq,, (2.11)
Equation (2.10) cannot be satisfied for all functions ¢g*; we only demand that it is
satisfied for solutions g* of (2.5), (2.7). In other words, we require that Lidt is
closed “on-shell”.

The closure relation (2.10) implies that the multi-time Euler-Lagrange equations
(2.7) are generated by Poisson commuting Hamiltonians H;. These Hamiltonians are
defined as usual:

H; = puq" — Li. (2.12)

A priori, these Hamiltonians are functions of p,, g** and q;.L , and we may compute
their partial derivatives, treating these variables as independent:

0H;

=gq; , (2.13)
apu !
gt agt’ ’
0H; ;0L
= pud] — —r . (2.15)
E)qj qu

Equations (2.5) and (2.15) imply that the derivative with respect to q is zero, so that
H may be regarded as a function of p, and ¢g*. Equations (2.7) and (2 13) imply that
the variables p,, g"* follow the Hamiltonian flows generated by H;:

agt  90H; 0 JoH;
9 _ 2 Zhu_ M (2.16)
at! opu at! agh
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Moreover, Eq. (2.11) becomes

oLy _

0H, 0H; oLy “
i dqi dp,  dq!

qi; + Pudp;- (2.17)
So the closure relation (2.10) is equivalent under the equations of motion (2.5), (2.7)

to

0Hy 0H; 0H; 0Hy
0=———"—+ —— ={H, Hj}, (2.18)
dg" dpu  9qM dpu

where we introduced the canonical Poisson bracket { , }. Hence, the existence of solu-
tions to the bivariational problem requires that the Hamiltonians H; Poisson commute.

2.2 Phase-space Lagrangian one-forms
In this section, we introduce a different Lagrangian one-form and formulate our uni-
variational principle. We then derive the corresponding univariational Euler-Lagrange
equations. These encompass both the multi-time Euler-Lagrange equations and the
closure relation of the traditional bivariational principle reviewed in the previous sec-
tion. We show that existence of solutions to the univariational equations is equivalent
to Poisson involutivity of the Hamiltonian functions. Finally, we formulate the uni-
variational principle in the setting of symplectic geometry.

Let pq, ql, .., Pm>»q™ be coordinates on a 2m-dimensional manifold M, let

Hi, ... H, be n real functions on M, let r!, ..., " be standard coordinates on R",
and consider the one-form

L = p,dq" — Hidt' (2.19)
on M x R". For any parametrised curve y : [0, 1] - M x R”", we define an action
1
Syl = / y*L. (2.20)
0
More concretely, if we write y (s) = (p.(s), g*(s), 1 (s)), then
1 dat d i
q 1
Syl = — — H; ,qg")— ) ds. 2.21
[v] /O <pu 15 i(Puq )ds> s (2.21)
The action S is stable with respect to variations of y if and only if

y'2dL = 0. (2.22)
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dg* 9 d

Explicitly, with ' = 4 50 4 %P4 50 4 4.0 we obtain
dg*  dt' 9H;
—_— =, (2.23)
ds ds dp,
d dr’ 3H;
Pu &I (2.24)
ds ds ogt
dg"* 3H; dp, dH;
0= 4q” ot | dPu 0Mi (2.25)

ds dg*  ds dp,

Note that if ¢ (s) = sv’ for some vector v’, then the first two equations describe the
Hamiltonian flow for v! H;.

Now let ¥ € M x R" be an n-dimensional hypersurface. We introduce a univari-
ational principle, which demands that every curve y C X is a critical point of S[y].
In other words, every y : [0, 1] — X solves (2.22). The term univariational is chosen
because the principle involves one rather than two steps. To see what the principle
means, we assume that ¥ is the graph of a function R” — M; in other words, ¥
is parametrised as 1’ > (p, ("), g*(t), t'). (We will show later that this is not an
assumption but is a consequence of the univariational principle.) Then ¥ solves the
univariational principle if and only if

8q“ _ 8H,»

= 2.26
at! opu ( )
0 o0H;

Pu _ 970 (2.27)
ar! aght
ogt oH; dp, OH;
_ %9 9t | OPu OMi (2.28)

©Atd gt ) dp,’

We refer to these equations as the univariational equations. They are equiva-
lent to the requirement that (2.23), (2.24), (2.25) hold for all curves s
(pu (' (s), g" (' (5)), ' (5)).

The existence of solutions to the variational Egs. (2.26), (2.27), (2.28) implies that
the functions H; Poisson commute. To see this, we substitute (2.26) and (2.27) into
(2.28):

0= —————> = (H;. H}. (2.29)
n

Conversely, if the functions H; Poisson commute, then solutions X to the variational
problem exist, at least locally. We prove this using the Frobenius integrability theorem.
The 2-form d L defines a distribution D C T (M x R"™) suchthat D, = {X € T, (M x
R") : X.dL = 0}. The univariational principle is equivalent to the statement that
¥ is tangent to this distribution. We will show that if H; Poisson commute, then
the distribution is integrable and of rank n. The Frobenius integrability theorem then
ensures existence of solutions X given by integral manifolds of the distribution.
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The distribution is integrable because d L is closed. To see this, let X, Y be two
vector fields that take values in D. This means that X .\dL = Y .dL = 0. Then

[X,Y]dL = Lx(YodL) — Y 5(LxdL) = 0 — Y s(d(X dL) + X ,d*L) = 0.
(2.30)

So [X, Y] takes values in D and the distribution is integrable. To see why the rank of
D is n, consider the one-forms

0
aght

B B oH . ., @ )
6, =— JdL_dpM—Faq—Hdt, ¢ = o —udL =dg" — =di'. 231)

Pu Pu

These forms are linearly independent and generate a Pfaffian system. Any tangent
vector in D is in the kernel of 6,,, ¢** so the associated distribution contains D. On the
other hand,

. OH; 0H, . .
O, A" =dpy Adg" —dH; Adtt + ——Ldi" Adt!
W AP Pu q i + 34" 3p,

1 . .
:dL—E{Hi,Hj}dt’ Adt. (2.32)

Since {H;, H;} = 0, this equation implies that any tangent vector in the kernel of
0,., ¢* belongs to D. So the distribution D is equivalent to the Pfaffian system {6,,, ¢*}.
Therefore, the rank of D is 2m + n — 2m = n. Since the distribution is integrable,
it admits an n-dimensional integrable submanifold X which solves the univariational
problem.

The univariational Egs. (2.26), (2.27), (2.28) were derived under the assumption
that ¥ is the graph of a function R” — M. Now we explain why this is not an
assumption but a consequence of the univariational principle. Any submanifold X
may be described parametrically by a map s* +— (p,.(s"), g*(s'), #/ (s')) whose n x
(2m +n) Jacobian matrix (dp,, /ds/, dg /ds/, t' /ds7) has full rank. If = solves the
univariational principle, then this map satisfies analogues of (2.26), (2.27), (2.28):

gt 9t dH;
T _ 225 (2.33)
as/  9s/ dpy
9 ot 9H;
Pu _ O (2.34)
as/ ast dgh
gt 9H; 9dp, 0H;
_ %9 o + OPu 9Hi (2.35)

ds/ dgr  0s/ E

These conditions imply that the n x n matrix 3¢’ /ds/ is invertible. To see why, sup-
pose to the contrary: then there exists a nonzero vector v/ such that v/ 3¢ /ds/ = 0.
Then Egs. (2.33) and (2.34) imply that v/dp,/ds/ = 0 and v/dq*/ds/ = 0. This
contradicts the assertion that the matrix (3p,/ds/, g /ds/, 3t /ds/) has full rank,
s0 3t /3s/ must be invertible. The inverse function theorem says that, since this matrix
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is invertible, we can find a local inverse ¢’ > s/ (¢') of the function s/ +> ¢ (s/). This
leads to a new parametrisation t' — (p, (s’ (1)), g*(s/ (t)), t'). So ¥ can always be
parametrised as the graph of a function.

The action (2.20) is written in local coordinates, so does not appear to be globally
well-defined on M. We end this section by explaining how to formulate the uni-
variational principle globally on a symplectic manifold (M, w). For this, we need to
choose two m-dimensional Lagrangian submanifolds Ny, Ny C M and two vectors
to, t; € R"™ which will determine boundary conditions. We also choose a reference
curve yp : [0, 1] = M x R” such that y9(0) € Ng x {to} and yo(1) € Ny x {t1}.
Finally, we define

Slyl= / (w —dH; Adi). (2.36)
A

Here A C M x R" is a surface whose boundary consists of four pieces: yy, y, and two
pieces contained in Ng x {fo} and N x {#1}. More precisely, A is the image of a map
8 :[0,1]1x[0, 1T = R" such that §(0, s) = yo(s),8(1,s) = y1(s),8(r, 0) € Ng x {to}
and §(r, 1) € Ny x {t1}. This map § is a homotopy connecting yy to y that is based at
Ny X {ty}.

Now consider a variation of y. This is described by a section V of T (M x R")
defined over A. This must vanish along yp C dA because yy is fixed. Along the pieces
of dA contained in Ny, x {t,}, V must be tangent to N, x {f,} in order to preserve the
boundary conditions of A. Since w — d H; A dr is closed, the variation of S is given
by

8S = / Ly(w—dH; Adt') = / diy (o — dH; Adt') = f w(w—dH; Adth).
A b aA

(2.37)

This reduces the variation to a boundary integral. We claim that the integral over three

of the four boundary components is zero. It is clearly zero on yo because V' vanishes

there. Since w — d H; A dt' vanishes on N, X {t4}, the integral is zero on these two

parts of the boundary. So the variation is given by an integral over the remaining piece
y of the boundary:

1
58S = /]/*VJ(CL) —dH; Adt') = —/ Vay' 2w —dH; Adt')ds. (2.38)
0

The variational equation is therefore
v 2(w — dH; Adth). (2.39)

This agrees with (2.22) in local coordinates where w = dp,, Adg". The univariational
principle then seeks an n-dimensional submanifold ¥ C M x R” such that (2.39) is
satisfied by all curves y : [0, 1] — X.
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3 Proof of equivalence
3.1 Legendre transform

Having presented the two variational problems, we now show that they are equivalent
via a Legendre transform. The idea is of course as old as the Lagrangian/Hamiltonian
formalism itself but we stress that the essential novelty (and complication) here is
that we deal with Lagrangian one-forms, not the usual Lagrangian volume forms. The
strategy of the proof is illustrated in the following diagram:

SLlg, v, A, T

2y

Sly] 3 > Slg, I']

Step (1) consists establishing the equivalence between the position-space action
S[g, '] in (2.1) and an extended action .%[q, v, A, '] introduced in (3.1). In Step
(2), we explain how to get our phase-space action of interest, S[y] in (2.20), from
“Zlq, v, A, T']. Finally, step (3) shows how to obtain S[gq, I'] from the phase-space
action S[y].

Let us start with the traditional formulation of Sect.2.1. We wish to convert the
position-space action (2.1) into the phase-space action (2.20) using the Legendre
transform. To do so, it is convenient to introduce new variables v;.l , which are not

necessarily equal to the derivatives dg*/dt/, and A,{ o which we will use as Lagrange
multipliers in step (1). We thus consider the following extended action:

! n io(9a" L\ art
y[q,v,k,l"] :/(; Lk[q”“,vj]—i-)nkﬂ s _Uj ﬁds, (31)

where ¢, v, A are functions of ¥ and I" is a path in R” parametrised as t*(s), s € [0, 1].

Step (1): We ask that for all curves I', . is critical with respect to variations
in g, A, I'. Varying )‘iu results in the constraint vﬁ.‘ = dg"/0t/ along the curve I'.
If this holds for all curves T, then v/ = 8¢*/31/ holds on all of R". Substituting
back in . gives S[q, I'] and the rest of the bivariational principle is applied as in
Sect.2.1. Conversely, given the position-space action S[g, I'], it can always be trivially
rewritten as the extended action .#[g, v, A, I'] by treating )\,jc 1 38 Lagrange multipliers.
Therefore, the variational problem for (3.1) is equivalent to that for (2.1).

Step (2): We ask that for all curves I', .7 is critical with respect to variations in
q, v, I'. Similarly to the discussion in Sect. 2.1, considering variations g* — g +§g*
in (3.1), we assume first that §¢* = 0 along the curve I'. The resulting variational
equation is

Aiu = pud] (3.2)
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for some function p,, of t/, similar to (2.5). Next, varying v results in the equation

Ly j
J
The two equations together give
i 0Ly
8 = —. 34
Pudy avl; (34

We assume that this equation can be solved to write v as a function of py and g*.
In general, (3.4) is an overdetermined equation for v, so asking that it can be solved
imposes constraints on the Lagrangian coefficients L. Inserting this solution back
into (3.1) results in

Al A, T /1 agh b 0 dtl i ()
e : ' - o HilPv —ds, 3.
q iﬂ:puaz,v?:v;(pv’qm 0 p“« PYY; Jj Pv,q s
in which

Hj(pv.q") = puvlf (pu,g*) — Lj(@", v} (pa, g")). (3.6)

This is an action of the form (2.20), in which the surface X C M x R”" is written as
the graph of a function (p,, (t/), g*(t/)).

Step (3): Now we consider the reverse process, starting with the phase-space for-
mulation of Sect.2.2 and aiming to recover the traditional formulation. The degrees of
freedom are an n-dimensional hypersurface ¥ C M x R”. We will assume that this is
parametrised as a graph of a function (¢!, ..., ") > (Pu (), g*(t")). No generality
is lost, because (as explained above) any solution of the variational problem can be
parametrised in this way. Then the variational equations take the form (2.26), (2.27),
(2.28).

In classical mechanics, the inverse Legendre transform is performed by solving
g"* = 9H/dp, to obtain p, as a function of ¢" and ¢". These are m equations for m
unknowns, so it is reasonable to expect to find a solution. The analogous Eq. (2.26) is
mn equations, so is overdetermined if regarded as an equation for p,,. To circumvent
this difficulty, we select one particular time direction. Thus, we fix a nonzero vector
a € R" and seek to solve

O H;

i K l
o0'qg =o —, 37
! BpL ( )

in which g = 9g/*/0t". We suppose that & can be chosen so that o’ H; is a convex
function of p,,. Then the equation admits a unique solution p,, = p,(q", q}).

To obtain the Lagrangian coefficients L; (g, q;‘ ), we pull the one-form L back to
R" using the map ¢ > (p,(t), . (t)), 1) and then substitute the solution p, =
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Pu(q”, q}) of (3.7). The pull-back of L is

pugl dt' — Hi(py., q") dt". (3.8)
So we obtain

Li=pu(q”.q))qf — Hi(pu(q®,4%), q"). (3.9)

Thus, by solving one of the univariational equations (namely (3.7)), we have reduced
the phase-space action (2.20) to the traditional action (2.1).

Steps (1), (2), (3) put together give us the desired equivalence. There are two
points to comment upon. First, we have described a Legendre transform that converts
the traditional variational problem (2.1) to the symplectic problem (2.20), and an
inverse transform that goes the other way. We must explain in what sense the “inverse”
transform is the inverse of the Legendre transform. Second, the inverse transform
involves a choice of vector . We must show that this does not play any role in the set
of variational equations or, equivalently, in the solution space.

Since the inverse transform involves a choice of «, there are many position-space
actions associated with a given phase-space action. So it is possible that applying the
Legendre transform followed by the inverse transform to a given position-space action
produces a different (but equivalent) position-space action. Therefore, the inverse
transform is not a left inverse, but it is a right inverse, as we now explain.

Let us start with the phase-space action (2.20) and apply the inverse Legendre
transform followed by the Legendre transform. We aim to show that we end up with
the same action that we started with. Applying the inverse Legendre transform results
in a Lagrangian one-form (3.9), in which p,(g”, q}.’) is obtained by solving (3.7).
To apply the Legendre transform to this, we introduce variables v# and consider the
action (3.1) with

Lk = pu(q”, v vy — He(pulq”, v}, q"). (3.10)

As before, we vary ¢ and v to obtain an equation similar to (3.4):

A= 5l = K 3.11
kpu = Pudi av/; ( )

in which the tilde distinguishes the new variable p, from the function p, (¢", v;). We

solve this to obtain vj.‘ as a function of p, and g*. To explicitly evaluate the right-hand

side, we need to calculate d p,, /0 vj.‘. From Eq. (3.7), we obtain

: O H; . 3°H; 9
dvl' =d— = ol =a —liﬁ
Py dpudps 0v;

i

(3.12)

To solve this, let g*” = /32 H; /d p,,d p,. Assuming that o’ H; is a convex function of
D, we can invert g to obtain g, satisfying g, g = 8,,- Then the equation is solved
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by

py

"
81)].

= alg,,. (3.13)

We now evaluate the right-hand side of (3.11) using (3.10) and (3.13):

. i 0Ly ; dHy\ dap, ; 0 Hj :
5]=—= 8]+ v v 5J+ Vo J )
Pud Bv’/.‘ Pudg Uk 3y avj.‘ Pud Uk 3y @ guv
(3.14)
Taking the trace of this equation and using (3.12) shows that
. 0 Hy,
npy =np, + (v,‘; ~ )akg,w =npy. (3.15)
%

Substituting back into the original equation then shows that v; is given in terms of
I; Mo q”’ by

v _
Uk—

CR
TS (pu,q ) (3.16)

Substituting (3.10), (3.11) and (3.15) into (3.1) gives

1 k
- [ dg" dt

S = " — Hy(pp, q" — v |)|—d

/0 (Puvk k(Pusq )+p”<8t’< vk>) 7o ds

! agh dt*
= pu——r — Hy (P, q") | — ds. 3.17
[) (Pu 57k «(Pu>q )) ds s ( )

We thus recover the original action (2.20) from the Legendre transform.

‘We now turn to the (absence of a) role of the choice of o. As mentioned above, the
solution p,, depends on the choice of o, and we make this explicit by writing p;, =
pu(q’, ql.”, ai). On this solution, (3.7) becomes an identity, and we can differentiate
it with respect to o* to obtain

0 Hj
qp — —— =

i

92H; adp,
— = %
pu apyop, da

(3.18)

The left-hand side is one of the equations of motion so it is zero “on shell”. The right-
hand side can be rewritten using the matrix gtV = ai82H,-/8pH8pv, as in (3.12).
Assuming once again that this is invertible, the equation implies that g([x’ + = 0. Thus,
Py is independent of @ on solutions of the equations of motion. So the solutions of
the equations of motion do not depend on «. This will become clear in the examples
below.
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3.2 Example: the harmonic oscillator

Let us illustrate all of this with a simple example. Consider the two Hamiltonians

1
Hy = 5 [ pupy + 809" (3.19)
Hy = ¢l puq”, (3.20)

inwhich p, v run from1to 2, 3, is the Kronecker delta and elis totally antisymmetric
with 8; = 1. The first is the Hamiltonian of the two-dimensional harmonic oscillator,
and the second is the angular momentum associated with its rotational symmetry. They
generate the flows:

Pul = _5uuqv Pu2 = _Sl‘ipv (3.21)
q{* =5"p, qg =ehq". (3.22)

These are univariational equations for the phase-space action (2.20):

1 agt dr
S = — — H; | —ds. 3.23
/0 (pp. a7 z) ds S ( )

We wish to convert this to an action (2.1) involving only position coordinates and no
momentum coordinates. We do so using the inverse Legendre transform. Let us choose
a nonzero vector («!, @?) € R%. Then equation (3.7) takes the form

algl +aPqy = a'8" p, +a’elq. (3.24)
Assuming that o' # 0 and setting 8 = «?/a!, this is solved by
Pu=80q] + B8 (45 —€pq”) . (3.25)

Note that although p,, depends on 8, it is independent of 8 on solutions of the univari-
ational equations, as explained above. Substituting into (3.23) gives the position-space
Lagrangian one-form

1
Lr=3 [5‘”‘1{1‘11” — B*8u0(qy — ehas) gy — e5q3) — SWq“q”] (3.26)

Ly =68, [q) + By —eha™] a5 —e0q”]. (3.27)

Although this depends on 8 = «? /a!, the solutions of the multi-time Euler—Lagrange
equations are independent of S.
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3.3 Example: periodic toda chain

Consider the two Hamiltonians

1
Hi=)_ Q(Pu)z +exp(g” — g™ (3.28)
i
1 —
Hy=) g(Pu)3 + (P + pu—1) exp(gh — ¢"h). (3.29)
n
These depend on 2m variables g, ..., g™, p1, ..., pm, with indices understood mod-

ulo m. It is straightforward to check that

0H| 0H»
opy gt

0H> 0H,
dap, dgh
(3.30)

= > (p)’[exp(g” — ") —exp(g" ™! — ¢")] =
m

and so the two Hamiltonians Poisson commute. The Hamiltonian H; describes the
Toda lattice and H» represents a conserved quantity. The phase-space action (2.20)

for this system is
. .
agh dt'
S = — — H; | —ds. 3.31
[o(p“aﬂ ’)dss 33D

We wish to convert this to an action (2.1) involving only position coordinates and no
momentum coordinates. We do so using the inverse Legendre transform. Let us choose
a nonzero vector (a!, @?) € R?, and assuming that ! # 0, set 8 = o> /a'. Then Eq.
(3.7) takes the form

a1’ + 845 = pu+ B(pu)* + Bexp(" ™! —g") + pexp(g” — "), (3.32)
This is a set of m quadratic equations for p,,. They are solved by

2q1" 4+ 2B(q4 — exp(g"Th — g") —exp(g" — g*1)

Du = (3.33)
I+ \/1 +4Bq)" + 4% (qy — exp(ghT! — g) —exp(gh — g7 1)
We obtain a Lagrangian multiform by substituting these expressions into:
1
1 2 -1
L= ;MM = 5(Pw? = exp(@”" —¢" ) (3.34)

1 _
La=3 puds = 3 ()’ = (Pu+ pu-vexp(@" —¢"™H  (3.39)
"
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Thus, we have a family of Lagrangian multiforms for this system, parametrised by
B € R together with m sign choices in (3.33). If we choose all plus signs in (3.33) and
set B = 0 the Lagrangian multiform is

1
Li=3 5@ —exp@" —g"™h (3.36)
"
1 — _
Ly=) ai'e) — 3@ - @ +4f Dexpg" —¢"".  (337)
"

This recovers the Lagrangian coefficients presented in [4] from our more general
perspective.

3.4 Linear dependence on velocities

The Legendre transform introduced in Sect.3.1 relates an action for a traditional
Lagrangian multiform to a phase-space action by solving Eq. (3.4) for the velocities
v}l . But if the Lagrangian coefficients L; depend linearly on velocities the right-hand
side of (3.4) is independent of velocity, so this equation cannot be solved. The ques-
tion arises as to whether the equivalence still holds in the case where the Lagrangian
coefficients are linear in velocities. In this section, we address this question.

If a Lagrangian multiform is linear in velocities, then the variational Eq. (2.4)
implies that it takes the form

Li = pu(g"q; — Vi(g") (3.38)

for some functions p, and Vi of ¢”. Then the action (2.1) takes the form § = f y*L,
in which

L = pu(g")dg" — Vi(g")dt* (3.39)

and y is a function of the form s > (g (¢’ (s)), t*(s)). This is similar in form to
the action (2.20), but an important difference is that here p, are functions of the
coordinates ¢", whereas in (2.20), p,, and ¢" are independent coordinates. To directly
compare this with the action (2.20), we consider the 2-form

0
Q =dp, ndg" = %dq” Adg. (3.40)
q
The rank of this 2-form at a point ¢ is the rank of the linear map X = X9, —
X1Q = XH* (0, py — dvpu)dqh. The form  is called non-degenerate if this map has
full rank at every point g.

Suppose that €2 is non-degenerate. Then it is by definition a symplectic form and the
dimension m are even. By the Darboux theorem, we can choose coordinates P, O*
in which Q = Z:’:i 21 dP, A dQ". In these coordinates, the action is precisely in the
form of a phase-space action (2.20).
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This exact situation arose in [5, 6], which produced classes of Lagrangian one-
forms which are linear in the velocities. In all of those cases, the 2-form 2 (3.40) is
non-degenerate since it corresponds to the (pull-back of the) Kostant-Kirillov sym-
plectic form on an appropriate coadjoint orbit. It was shown in [5, 6] how suitably
parametrising the coadjoint orbit yields Darboux canonical coordinates.

The case where 2 is degenerate is more involved. The case of a single time coordi-
nate was discussed in [24], which showed that the variational problem can be reduced
to one for which €2 is non-degenerate. The corresponding analysis of degeneracy in the
present context of multiple time coordinates is much more complicated and beyond
the scope of this article.

4 Phase-space Lagrangian one-forms on a Lie group

In this section, we present a generalisation of the univariational principle, in which
multi-time R” is replaced by a Lie group. This idea was first appeared in [22] with the
view to incorporate superintegrable systems into the theory of Lagrangian multiforms.
Doing so, we establish for the first time that the equations describing (infinitesimal)
Hamiltonian group actions of a (connected) Lie group on a symplectic manifold are
actually variational. They appear as the Euler-Lagrange equations of our univaria-
tional principle applied to a natural generalisation of the Lagrangian one-form (2.19).
We also show that the same results, reexpressed in local group coordinates, can be
interpreted as describing a collection of compatible non-autonomous Hamiltonian
equations. In particular, this accommodates integrable systems with explicitly time-
dependent constants of motion.

4.1 A simple motivating example

To understand and motivate our construction, let us consider the 2D harmonic
oscillator. Here, the symplectic manifold is simply R* with canonical coordinates
(91, g2, p1, p2) and symplectic form w = dp; Adq1 +dp> A dg>. The 2D (isotropic)
harmonic oscillator Hamiltonian is given by

1 .
H = H| + Hy, H/=§(p§+q]2~), ji=1,2.

Consider the following three functions on the phase space

Ji=H\— Hy, Jo=piqg2— p2q1, J3=pip2+qiq. 4.1
The following facts are well-known. The system is integrable since, for instance,
{H, J2} = 0: there are two functionally independent first integrals. It is superintegrable

since, additionally, we also have {H, J1} = Oor {H, J3} = 0. The functions Ji, J, J3
provide a realisation of the su(2) Lie algebra

{Ji, Jj} = 2¢ijx Ji, 4.2)
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which is therefore a symmetry of the 2D harmonic oscillator. Note the relation J 12 +
J}+J3=H%

Using the results of the previous section, we can easily produce a Lagrangian
multiform for the integrable system H, J> say. It suffices to define

L = pudq" — Hdt' — Jrdr*. (4.3)

Then the system of Euler—Lagrange equations is as in (2.26)—(2.27), with ! associated
with H and 2 with J>. The compatibility of the system, encoded in (2.28), holds since
{H, J»} =0.

We would like to go further and produce a Lagrangian multiform and univariational
principle not only for the integrable system H, J», butalso for H fogether with its entire
symmetry algebra Jy, J», J3. Note in particular that, if feasible, this would produce a
Lagrangian multiform for the superintegrable system H, J, J3 say.

The main difficulty to overcome is the non-abelian algebra generated by Ji, J;, J3.
It can no longer be expected that we can consider compatible systems associated
with J; and J, for instance. Similarly, the closure relation, if still valid in some
appropriate form, can no longer be expected to be the variational analogue of the
Poisson involutivity of the functions Ji, J2, J3 since the latter are not in involution.
Instead, it should produce the appropriate relations (4.2).

4.2 A general construction

The basic ideas to produce Lagrangian one-forms for non-commuting conserved quan-
tities were laid out in [22]. Here, we formulate them systematically in the geometric
framework of Sect.2.2. In doing so, we elucidate the underlying geometric feature
that ensures that the closure relation in the non-abelian setting yields the correct equa-
tions: it has to do with the Maurer—Cartan equation for (left) invariant one-forms on
an appropriate Lie group G.

Let M be a 2m-dimensional symplectic manifold and G a connected Lie group of
dimension n with Lie algebra g. We assume for convenience that the symplectic form on
M is exact and that it can be written w = do, witha = p,dqg" in suitable coordinates.
We showed in Sect.2.2 how to proceed if this is not the case. Let H : M — g* be a
smooth map and consider the Lagrangian one-form

L=oa—(H, g 'dyg), (4.4)

where (, ) is the pairing between g* and g. The left-invariant Maurer—Cartan one-form
g~ 'dg can be written as g~ 'dg = E; ® 0! where E; is a basis for g and 6’ the dual
basis of left-invariant one-forms on G.! Thus, we can also write

L = p,dq" — H:6', H; = (H, E)). (4.5)

! These are dual in the sense that 0l (e) € T;G = g* satisfy ' (e), Ej) = 8’]
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For any parametrised curve y : [0, 1] = M x G, we define the associated action as

1
Sly] = /0 V*L. 4.6)

By analogy with Sect.2.2, we introduce a univariational principle, which demands
existence of a submanifold ¥ C M x G such that every curve y C X is a critical
point of S[y] and dim ¥ = dim G.

The Euler-Lagrange equations for S again take the form y’.dL = 0; let us write
these out more explicitly. By direct calculation,

OH ; . OH; . ‘
dL =dp, ndg" — —Ldg" N07 — —Ldp, NOI — H: dO/. 4.7
Pu q g q 3p,L Pu J 4.7

The key point now is that the last term can be evaluated using the Maurer—Cartan
equation

. 1 . .
dot = —503k9’ A 6, (4.8)

in which the structure constants ¢’ i are defined by [E, Ex] = c; «Ei- With Y adp, =
dPM

e,y adgt = — ~ and y' 16" = Y, we obtain
dg"* O0H d oH
y'adl = (2 4 2y i Y ap, + (2e 4 2 yi ) ggn
ds apu ds aght
dq" 9H;  dp, 0H; AN
R N AT 4.9)
ds agt ' ds op.

This gives the following generalisation of (2.23)-(2.25)

dg* 0H; .
- _ 0y (4.10)
ds Ipu
d 0H; .
Pu_ iy (4.11)
ds aght
dq" 0H; dp, OH; i

ozi_’+ﬂ_’_c§imw. (4.12)

ds dgt ds dpy

By substituting (4.10) and (4.11) into (4.12), we deduce from these Euler—Lagrange
equations that

e A R ) (4.13)

dH; 9H; 9H; 3H;
dpy gt dg* dpy

The univariational principle demands that Eq. (4.10)—(4.13) hold for all curves y in
3. By similar arguments to those presented in Sect. 2.2, this means that (4.13) holds
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for all Y/. Thus,
{Hi. Hj} = c; Hy, 4.14)

where we used the Poisson bracket

oF 0G 0G oF
{F, G} = —— — ———.
opy dgt op, dgt

Equation (4.14) can be used to encode the Poisson brackets of the superintegrable
system of Sect. 4.1 that we presented as motivation for the present general construction.
Indeed, if we choose G = R x SU (2), then (4.14) describes the Poisson brackets of
the conserved quantities H, Jp, J2, J3 for the 2D harmonic oscillator.

Equations (4.14), which follow from the univariational principle, imply that H :
M — g* is amoment map for a Hamiltonian action of G on M. Moment maps arise in
the theory of symplectic quotients, and it is interesting to compare our Lagrangian one-
form with the symplectic quotient construction. Suppose that there is a Hamiltonian
action of G on M with moment map ¢ : M — g*. Now consider the symplectic
manifold 7*G. This can be identified with g* x G in such a way that the tautological
one-form is written (f, g~!dg) for f € g* and g € G. Let

B = pudg" + (f, g 'dg). (4.15)

Then d 8 is a symplectic form on M x T*G. There is a natural action of G on M x T*G
induced by the action on M and the left action on G. The moment map for this action
is

S(pu.q". f.8) =0 (pu.q")+ f. (4.16)

The symplectic quotient is the quotient of ®~1(0) by G. Now, ®~1(0) ¢ M x T*G
is identified with M x G by the natural projection M x T*G — M x G. Under this
identification, the one-form 8 becomes

B = pudq" — (¢, g 'dg). (4.17)

If we identify ¢ with H, this takes the form of the Lagrangian 1-form L on M x G.
Moreover, the surfaces ¥ in the univariational principle are precisely the orbits of
the action of G on ®~!(0). So the theory of symplectic quotients offers a natural
interpretation of the structure of our Lagrangian one-form. However, we stress that
the starting points of the two constructions are different. Following the philosophy
of variational principles, we choose the one-form L and postulate the univariational
principle as the starting point. At that stage, our map H is not yet a moment map
and the group G does not act on M by Hamiltonian action. The application of the
univariational principle then produces “equations of motion” which tell us that there is a
Hamiltonian action of G on M and that H is the associated moment map. In contrast,
the theory of symplectic quotients takes the existence of a Hamiltonian action and
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associated moment map as the starting point. In other words, we have demonstrated that
a Hamiltonian group action on a symplectic manifold derives from our univariational
principle.

4.3 Explicitly time-dependent commuting flows

It is instructive to rewrite the variational Egs. (4.10), (4.11), (4.12) in local coordinates
on G, say % k = 1, ..., n. Each left-invariant one-form can be written in the basis
of coordinate one-form as

67 =06l dc*, (4.18)

where the coefficients 0{ are (smooth) functions of t¥. Note that the matrix of coef-
ficients Hlf is invertible, since this is a change of basis. Details on how to compute
9,5 in terms of the structure constants of the Lie algebra and relative to a choice of

coordinates are given for instance in [25]. With (4.18), we have Y/ = 9,{ %, and
(4.10)—(4.12) read

dg" _ 9H, ;dt*

ds dp, * ds’ (419
% _ _%@g%’( , (4.20)
oz%%+%%_c§iw@g%. (4.21)

It is convenient to multiply the last equation by 9,’;1, to introduce the functions
Ke=Hj6l, k=1,...,n, (4.22)

and to use the following consequence of the Maurer—Cartan equation on the coefficients
0 J
k

aafi — gi’ﬁ = 016l (4.23)
in order to rewrite (4.19)-(4.21) equivalently as
dq” = %ﬂ (4.24)
ds op, ds
k
d;: = —%%, (4.25)
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9K 0K 9Ky 0K aKry 0K dt*
:<_k m _ 0Ky m._( k m)) v (4.26)

dpu dgh  dgt dp, arm  atk )) ds

Summarising, this system of equations arises as the Euler-Lagrange equations of our
Lagrangian one-form which now reads

L = pudg" — K;dt/. (4.27)

' The univariational principle demands that (4.24), (4.25), (4.26) hold for all curves
7/ (s). This leads to the following system of equations for functions pﬂ(rk), q“(rk):

99" _ iz N
97k =6/ (") {H;(pv.q"). 4"}, (4.28)
opu — 0/ (¢ H v 42
81,]( - k(t ){ ](plhq )’ p/,L}v ( . )
o 96! 36!,
0 = 6O {Hi, Hj} — <an" — aﬁ) H', (4.30)

where we have recalled explicitly the coordinate dependence in the first two equations.
The latter equations describe a collection of flows in time directions t¥. Interestingly,
these flows are non-autonomous, because the time variables 7% appear explicitly on the
right-hand side. The third equation is of course equivalent to (4.14) (recalling (4.23))
but is more convenient in this form to check directly the consistency for these flows.
To see this, let f be a function of p,,, ¢* and suppose that pu(‘l,'i), g™ (t!) solve (4.28),
(4.29). Then

3 0 30
T = 5 k{H@ f}+(9k8 +He, f}
aev‘Z m
== J{mZ f]+9k9 {Hu. (Hy, f})

Consistency requires that

99 9 9, (06 39‘? Y
=55 " smaer’ = 5o 5 ) 1]
+0;07 ((Hn. {He., f}} — (He, {Hn, 1)) 4.31)

By the Jacobi identity for the Lie bracket, this is equivalent to (4.30).

The non-autonomous Egs. (4.28), (4.29) provide a framewoork that can accommo-
date systems with constants of motion with explicit time-dependence. We illustrate
this with an example. Let M = R? with the canonical form w = dp A dg, and the
Hamiltonian (for some fixed a > 0),

p* | a
Hy = o + el
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Being a one degree of freedom system, it is trivially integrable. With J = ”2—‘1, direct
calculation gives
{Ho, J} = Ho

so that C = J — t Hy is conserved under the flow of Hy:

€ o1+ 25—y —Hy =0 (4.32)
dr ar 0 0=" ’

To cast this in our framework, consider G the Lie group of 2 x 2 upper triangular
matrices with unit determinant. A basis of the Lie algebra is given by

01 1/-10

with [£1, & ] = &1. We parametrise an element g of G using coordinates 1| = 1,70 = 7
as follows:

—t/2 4+,—7/2
g =e™elf = <e . tir/z > _ (4.33)
Thus, we have

gt, ) Mdg(t, 1) =& @dt + (52 —1tE) @dT = £, ®0' + 5 ® 67,

giving in particular the left-invariant one-forms as 0! = dt — tdt, 6> = dr. Let
{u', 12} be the basis in g* dual to {£, &). Using the non-degenerate bilinear form
(§,m) = Tr(§n) on g, we have

1_ (00 2 (—10
=%10) " =\o 1)
With the map H : M — g* written as
_ 1 2
H=Hu' + Hyu?,

the Lagrangian one-form (4.4), equivalently (4.27), reads

L = pdq — (H, g_ldg> = pdq — Hidt — (Hy — tHy)dt
= pdq — K1dt — K»dr. (4.34)
The connection with the above simple physical example is now immediate if we
identify H; = Ho(= K1), H» = J so that (H, — tH) = C(= K3). The system of

(non-autonomous) compatible equations obtained from (4.28)-(4.29) with t; = ¢ and
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1) = T reads
t m’ T m’
dp_2a - Y __p_ 2 (4.33)
at q3 ’ it 2 q3'
We recover by direct calculation that % = 0 and now also that % = —K.Thus, for

this simple example, the solutions ¢ (¢, 7), p(¢, T) can be described by the equations

p*  a
o + p =cie” ", pg=2c2+cit), c1,c2 €R.

4.4 Lagrangian one-form from matrix representations of Lie algebras

We can form a Lagrangian one-form associated with any matrix representation on
V of any finite-dimensional Lie algebra g as follows. Suppose we have a matrix
representation

[M;, Mj] = c¢{;My, M; € End(V) € Mat,,(C), i=1,....n,

and that M is a symplectic manifold with canonical coordinates p,, ¢, u =1, ..., m,

{g". 4"} =0={pu. pv}. {pu.q"}=4,.
The following simple well-known observation

{puAlq”, poBZ 4"} = —pulA, Bliq"
for any matrices A, B allows us to define
H; = —p,(Mp)hq" (4.36)
to obtain the following canonical realisation of the Lie algebra g
{H;, Hj} = c}; Hy.

It remains to set L as in (4.5) to obtain a desired Lagrangian one-form with the desired
properties. Additionally, note that

{P;LAIULQV» Do} = _puAg~

This makes it possible to realise canonically certain Lie algebras of semi-direct groups,
such as the Poincaré group. Its 10-dimensional Lie algebra can be conveniently written
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in terms of the six generators of the Lorentz transformations Log = —L ﬁa,2 o, B =
0, 1, 2, 3 and the four generators of translations P,, u =0, 1, 2, 3:
(Laps Lyel = ngy Lag — Nay Lps + Mg Lpy — Nps Lay » (4.37)
[Lctﬁv PM] = nﬂuPa - naupﬂ s (4.38)
[P;u Pv] :0, (439)

where n = diag(—1, +1, +1, +1). For conciseness, let us restrict our attention to the
Lorentz subalgebra and consider the following 4-dimensional representation Myg for
the Lorentz generators Lyg, with matrix elements

(Mozﬂ)l; = 5,’;77@ - 6,,57]0{11- (4.40)

The realisation (4.36) thus gives the following components of the map H

Hop = —pu(Map)liq” = ppnavg” — panpvg” (4.41)

satisfying
{Hop, Hye} = npy Hag — Nay Hpe + Nag Hpy — 11pz Hay - (4.42)

The Lagrangian one-form corresponding to the (connected component of) the Lorentz
group thus reads

1
L = pudg" — zHa,f,e"‘ﬂ.

From our general results, we know that the solutions of the Euler—Lagrange equations
associated with L must give us a Hamiltonian action of the Lorentz group on M. From
the present setup, we clearly expect this action to be nothing but the usual action of
the (connected component of the) Lorentz group on the (spacetime) coordinates g
and their momenta p,,:

g’ —q" = Al‘iqﬂ, Pyt P/u = AZPw (4.43)

Let us check that (4.28)—(4.29) indeed produce the desired Hamiltonian action. By
design, (4.30) (equivalently (4.14)) is satisfied, see (4.42). Next, recalling that we
chose to parametrise the generators with two indices, (4.28)—(4.29) give the following
system of compatible equations

09" _ jopdHap 5

gi08 = ot 3];; = —(Map)}65 4" (4.44)
Ip dH,

a,a’é - ‘955 aq‘;ﬁ = Pu(Maﬂ)’U*@i‘? : (4.45)

2 1t is more convenient for this example to work with generators Lyg with two indices, modulo the anti-
symmetry relation, rather than with L; as suggested by our general discussion. We will change the notation
accordingly for the matrix representation Mg used for illustration.
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In the representation (4.40), a group element is given by A = e~!""Map Then (4.44)
is equivalent to
d((A"Hlg") =0,

50 ¢” = (A)},q{ for some “initial condition” g§ at 1*¥ = 0. Thus, the solution flow
indeed yields the action (4.43) of the Lorentz group on g*. The reasoning for p, and
(4.45) is similar.

5 Conclusion and outlooks

We introduced an equivalent reformulation of the variational principle at the basis of
Lagrangian multiform theory as a variational framework for integrability. Importantly,
this replaces the previous two-step formulation with a single univariational principle,
with the effect of setting dependent and independent variables on the same footing.
Doing so, we revealed the geometry of Lagrangian one-forms and used it to extend
them beyond integrable hierarchies to the realm of non-abelian Lie groups. As a
consequence, we obtained for the first time the description of Hamiltonian Lie group
action as Euler—Lagrange equations derived from a variational principle.

Our results immediately raise the question of how to reformulate Lagrangian mul-
tiforms for field theories along the same lines as done here for finite-dimensional
systems. Indeed, the structure of our phase-space one-forms is largely motivated by
the Lagrangian one-forms constructed in [5, 6] which are naturally formulated on
coadjoint orbits of certain Lie groups characterised by the so-called classical r-matrix
[26]. It turns out that the class of Lagrangian multiforms for integrable field theories
in 1 + 1 dimensions constructed in [14, 16] possess the same fundamental structure.
Therefore, it seems natural to try to extend the present work to the context of these
field theories.

We also believe that our results bring us one step closer to the path integral quan-
tisation of integrable hierarchies based on Lagrangian multiforms. Beyond the need
to restore the balance between Hamiltonian and Lagrangian formalisms in integrable
systems, this is one of the strongest motivations for Lagrangian multiforms. In the
first work [27] on this topic (see also [28]), the open question of how to formulate
a quantum propagator over paths not only in the degrees of freedom but also in the
multi-time is raised as the fundamental problem to overcome. With our approach,
this can be done in principle, with the same level of “rigour” as the usual Feynman
integrals, using our phase-space Lagrangian one-forms and paths y into M x G in the
path integral “measure”.
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