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On the geometry of Lagrangian one-forms

Vincent Caudrelier* Derek Harland

School of Mathematics, University of Leeds, Leeds LS2 9JT, United Kingdom

Abstract

Lagrangian multiform theory is a variational framework for integrable systems. In this
article we introduce a new formulation which is based on symplectic geometry and which
treats position, momentum and time coordinates of a finite-dimensional integrable hierarchy
on an equal footing. This formulation allows a streamlined one-step derivation of both the
multi-time Euler-Lagrange equations and the closure relation (encoding integrability). We
argue that any Lagrangian one-form for a finite-dimensional system can be recast in our
new framework. This framework easily extends to non-commuting flows and we show that
the equations characterising (infinitesimal) Hamiltonian Lie group actions are variational
in character. We reinterpret these equations as a system of compatible non autonomous
Hamiltonian equations.
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1 Introduction

The geometry of integrable systems has been dominated by the Hamiltonian formalism, symplec-
tic and Poisson geometry, with the celebrated Liouville-Arnold theorem as the cornerstone of
this edifice. Comparatively very recently, much work has been devoted to defining and describing
integrability within a purely variational framework, as an effort to restore the natural balance
between Hamiltonian and Lagrangian formalisms in the realm of integrable systems. Pioneered
in [1], Lagrangian multiform theory offers a variational framework to describe and study (clas-
sical) integrability by harnessing the concept of integrable hierarchies. It applies equally well
in discrete and continuous finite-dimensional (d = 1) integrable systems [2, 3, 4, 5, 6], discrete
[1, 7, 8, 9] and continuous [10, 11, 12, 13, 14, 15, 16] integrable field theories in 1+ 1 dimensions
(d = 2), discrete [17, 18] and continuous [19, 20] field theories in 2 4+ 1 dimensions (d = 3) and
even in semi-discrete models [21, 18].

The underlying ideas are the same in all contexts: one considers a differential (difference)
d-form on an N > d space called a multi-time and forms an action by integrating (summing) this
form over an arbitrary d-dimensional submanifold (sublattice) of the multi-time. A generalised
variational principle is then applied to derive the structural equations of the theory: 1) the multi-
time Euler-Lagrange equations obtained by varying over the degrees of freedom for an arbitrary
choice of the submanifold (sublattice) and requiring criticality of the action; 2) the closure
relation obtained by varying the underlying submanifold (sublattice) and requiring criticality
of the action on-shell (on solutions of the multi-time Euler-Lagrange equations). Crucially, the
closure relation is the variational equivalent [3, 5] of the well-known Poisson involutivity of
Hamiltonians defining Liouville integrability.

In the standard approach to multiform theory described above, dependent and independent
variables are varied separately in steps 1) and 2). In this sense, it is an unsatisfactory realisation
of the original paradigm, which intended to put dependent and independent variables on an
equal footing. In Section 2.2 of this article we introduce a new framework for Lagrangian one-
forms in which dependent and independent variables are varied simultaneously. This results in
a simpler derivation of the variational equations.

Our new framework is formulated in phase space. This makes it is straightforward to write
down a Lagrangian one-form for any finite-dimensional Liouville integrable system. Previously,
position-space Lagrangian one-forms were constructed by ad hoc methods and it was not known
whether every integrable system admits a Lagrangian one-form. We will show in section 3
how to write down a position-space Lagrangian one-form for any Liouville integrable system by
applying a generalised Legendre transform to the phase-space Lagrangian one-form.

Our new framework is rooted in symplectic geometry and as a result is very flexible. In
particular, we show in section 4 that abelian multi-time can be replaced by a nonabelian (con-
nected) Lie group, an idea first introduced in [22]. The resulting variational principle delivers
a Hamiltonian action of the Lie group. To our knowledge, this is the first time that the notion
of Hamiltonian group action is derived from a variational principle. The moment map of this
action plays a very natural role in our Lagrangian one-form. It arises as the on-shell evaluation
of a map which is the analog of the potential term in a traditional (Newtonian) Lagrangian. To
summarise, our main results are:

1. The equivalent reformulation of the previous two-step variational principle of Lagrangian
multiform theory into a single variational principle applied to an action for a phase-space
Lagrangian one-form;

2. A systematic method to construct a Lagrangian one-form directly from the Hamiltonians
and the symplectic form of a Liouville integrable system;

3. A variational formulation of Hamiltonian Lie group actions.

The paper is organised as follows. In Section 2, we review the known generalised variational
principle for Lagrangian one-forms in a form suitable for our purposes. This serves to intro-



duce the objects and notations. Then, we introduce our reformulation based on a phase-space
Lagrangian one-form. In Section 3, we prove the equivalence of the two pictures, give a simple
illustration with the Toda chain, and discuss the case where the Lagrangian one-form is linear in
the velocities. The latter point is motivated by the fact that Lagrangian one-forms constructed
in [5, 6] for large classes of integrable models are of this type. In Section 4, we present a gen-
eralisation of the univariational principle to the case where multi-time R" is replaced by a Lie
group. Applying this to a natural Lagrangian one-form, we establish for the first time that the
equations describing (infinitesimal) Hamiltonian group actions of a (connected) Lie group on a
symplectic manifold are variational: they appear as the Euler-Lagrange equations of our uni-
variational principle. We also give an interpretation of the equations as describing a collection
of compatible non autonomous Hamiltonian equations. Section 5 contains our conclusions and
some perspective on future directions.

2 Two variational problems

2.1 Position-space Lagrangian one-forms

The traditional perspective on Lagrangian one-forms is as follows (we reformulate the derivation
and results in [3], see also [23]). Let ¢* be m real functions of n real variables t/. Let I" be a
curve in R™, written parametrically as s — t/(s) for s € [0,1]. We introduce an action

1 uou dtk
Slg, T = /0 Lild", 5] -ds. (2.1)
Here q;-‘ = J¢"/Ot). In this equation and throughout the article repeated indices are implicitly
summed over, unless stated otherwise. We will also always assume that boundary conditions are
chosen so that boundary terms drop out when performing integration by parts. The integrand
L dtF is referred to as a Lagrangian one-form and Lj, are the Lagrangian coefficients. The action
S depends on the map ¢ : R® — R™ and the parametrised curve I' C R”. We seek a map ¢
such that for all curves I, S[q, I'] is critical with respect to variations of both ¢ and I". We refer
to this requirement as the bivariational principle (reflecting the fact that it involves two steps).
We now derive the associated variational equations.
First we consider variations ¢ +— g* + dg*. The variation of S is

1 k
0Ly 0Ly \ dt
08 = Sq'——= + ¢! —5 | —d 2.2
/O<qaq+q]8q§‘)dss’ 2.2
in which 5q§i = 00gH" /0. Suppose that the variation g vanishes along the curve I'. Then
: d dt* :
0¢"(t’(s)) =0 and 0= £5q“ = Eéqg(tj(s)). (2.3)

So for each u the vector with components 6q;: is orthogonal to the vector with components
dt* /ds. Then (2.2) vanishes for all 6¢# satisfying (2.3) if and only if the components of 2 i’

aqéf ds
orthogonal to dt/ /ds are zero, in other words,
Ly, dt* dt’
o, 2.4
dqj ds Pugs (24)

for some p,. This equation says that, for fixed p, the vector dt* /ds is an eigenvector of the
matrix M, with entries 0Ly / 8q§.‘ . Our variational principle demands that this is true for all
curves t*(s), and hence for all vectors dt¥/ds. So every vector in R" is an eigenvector of M,
with eigenvalue p,, and this matrix must equal p, times the identity. Thus the bivariational

principle requires that
0Ly

=k .6 2.5
8q§¢ Puoy, ( )



for some p,,. The traceless part of (2.5) imposes constraints on ¢*, q and the trace part then
determines p, as a function of ¢/, q“ . We note that this equation imposes constraints on the
Lagrangian one-form: there are choices of Lydt* for which it cannot be solved.

Now we consider more general variations dg# that are not necessarily 0 along I". Assuming
that the variational equation (2.5) is satisfied, (2.2) gives

dtk L OLy dit? dég*
08 = / <5q ko ‘5qu#) Eds = /0 <5q gt ds +p“d) ds
0Ly dtk dp oL, Op dtk
— [ sqn — — ) ds= | SgM| =2 - £ ) ——ds. (2.
/0 7 (aq“ ds  ds > /0 <8q“ otk ) ds (26)

This vanishes for all variations dg* and all curves I' if and only if

8Lk apu
_ZEE _ 2.7
Ogt Otk (27)
Thus Sg,T'] is stable to variations of ¢ for all curves I' if and only if equations (2.5) and (2.7)
hold. In the literature on Lagrangian multiforms, these equations are known as multi-time
Euler-Lagrange equations and more commonly expressed as

oL, 0L _ oL, oL 0 om _
aqdi 7 dqy  odf  ogn Otk dg

J

(2.8)

for all k£ # j, in which there is no summation over repeated indices.
Having discussed variations of ¢#, we consider variations of the curve I' of the form t*(s) —
tk(s) + 6t¥(s). The variation of S is

V7oL, . - dtk dst L /oL, dtk  dth oL, ,
— iy et - ) §tlds. 2.
05 /0 ( ot ot ds T ds ) ds /0 <8tJ ds  ds Oty > or'ds (29)

This vanishes for all variations §#/ and all curves #/(s) if and only if

oL, 0L,
el et R} 2.1
ot oty 0 (2.10)

Equation (2.10) is known as the closure relation. Note that in this equation Lj; depends on t/

through ¢*(t;), since we work with Lagrangian coefficients not depending explicitly on ¢/; thus
oL oL oL

k_ kq“ + 5 qk.

ot og ™7 Oq; Y

(2.11)

Equation (2.10) cannot be satisfied for all functions ¢/; we only demand that it is satisfied for
solutions ¢ of (2.5), (2.7). In other words, we require that Lidt* is closed “on-shell”.

The closure relation (2.10) implies that the multi-time Euler-Lagrange equations (2.7) are
generated by Poisson commuting Hamiltonians H;. These Hamiltonians are defined as usual:

H; :=p,q!' — L;. (2.12)

A priori, these Hamiltonians are functions of p,, ¢* and q7 , and we may compute their partial
derivatives, treating these variables as independent:

0H;

Opu

0H,; oL;
= —— 2.14
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=q;, (2.13)

(2.15)



Equations (2.5) and (2.15) imply that the derivative with respect to qf is zero, so that H may
be regarded as a function of p, and ¢*. Equations (2.7) and (2.13) imply that the variables
Py, " follow the Hamiltonian flows generated by H;:

d¢" OH; Op,  OH;

- = - = — . 2.16
ot dp, ot Ogh (2.16)
Moreover, equation (2.11) becomes
0Ly OH,0H; 0Ly , .
= 1 . 2.17
o6 Ogh Op, | og i T Prdk; (2.17)
So the closure relation (2.10) is equivalent under the equations of motion (2.5), (2.7) to
0H, OH; 0H, 0H,
0= -2 I8 — (Hy, HjY, (2.18)

B dq" Opu Og# Op,,

where we introduced the canonical Poisson bracket { , }. Hence the existence of solutions to
the bivariational problem requires that the Hamiltonians H; Poisson commute.

2.2 Phase-space Lagrangian one-forms

In this section, we introduce a different Lagrangian one-form and formulate our univariational
principle. We then derive the corresponding univariational Euler—Lagrange equations. These en-
compass both the multi-time Euler-Lagrange equations and the closure relation of the traditional
bivariational principle reviewed in the previous section. We show that existence of solutions to
the univariational equations is equivalent to Poisson involutivity of the Hamiltonian functions.
Finally, we formulate the univariational principle in the setting of symplectic geometry.

Let p1,q%, ..., pm,q™ be coordinates on a 2m-dimensional manifold M, let Hy,...H, be n
real functions on M, let t!,...,¢" be standard coordinates on R™, and consider the one-form
L = p,dg" — H;dt" (2.19)

on M x R™. For any parametrised curve 7 : [0, 1] — M x R™ we define an action

1
S[v] :/0 v*L. (2.20)

More concretely, if we write y(s) = (pu(s), ¢"(s),t'(s)) then

1 dgh dt
— T Hip, ") | ds. 2.91
S[] /O (pu 1 (Pu> ¢") ds) ds (2.21)

The action § is stable to critical with respect to variations of v if and only if

v sdL = 0. (2.22)
Explicitly, with v/ = ‘Z]—;% + %% + %5%, we obtain
dg"  di' OH,
—_ = — 2.23
ds ds Op,’ (2.23)
dp,  dti OH;
dg" OH; d H;
o "9 Pud (2.25)

" ds Ogt Eﬁpu'

Note that if t(s) = sv* for some vector v* then the first two equations describe the Hamiltonian
flow for v'H;.



Now let ¥ C M x R™ be an n-dimensional hypersurface. We introduce a univariational
principle, which demands that every curve v C ¥ is a critical point of S[vy]. In other words,
every 7 : [0,1] — X solves (2.22). The term wunivariational is chosen because the principle
involves one rather than two steps. To see what the principle means, we assume that ¥ is the
graph of a function R™ — M, in other words, ¥ is parametrised as t* — (p,(t'), ¢*(t%), t") (we will
show later that this is not an assumption but is a consequence of the univariational principle).
Then ¥ solves the univariational principle if and only if

8(]‘u 6HZ
— = 2.2
ot Opu (2.26)
8pu OHZ
- = — 2.2
ott oqh (2.27)
_ 0¢"0H;  Op, OH; (2.28)

~ Ot 9gr Ot Op,,”

We refer to these equations as the univariational equations. They are equivalent to the require-
ment that (2.23), (2.24), (2.25) hold for all curves s — (p,,(t'(s), ¢ (t'(s)), t'(s)).

The existence of solutions to the variational equations (2.26), (2.27), (2.28) implies that the
functions H; Poisson commute. To see this, we substitute (2.26) and (2.27) into (2.28):

0 (aHj 0H; OH;0H,

— ={H; H;}. 2.2
8])” 8(]“ 8(]“ apu> { 7 } ( 9)

Conversely, if the functions H; Poisson-commute then solutions Y to the variational problem
exist, at least locally. We prove this using the Frobenius integrability theorem. The 2-form dL
defines a distribution D C T'(M x R™) such that D, = {X € T,(M x R") : X.dL = 0}. The
univariational principle is equivalent to the statement that X is tangent to this distribution. We
will show that if H; Poisson-commute then the distribution is integrable and of rank n. The
Frobenius integrability theorem then ensures existence of solutions X given by integral manifolds
of the distribution.

The distribution is integrable because dL is closed. To see this, let X, Y be two vector fields
that take values in D. This means that X .dL = Y 1dL = 0. Then

[X,Y]udL = Lx(YadL) — Y (LxdL) =0 — Y 1(d(X dL) + X d*L) = 0. (2.30)

So [X,Y] takes values in D and the distribution is integrable. To see why the rank of D is n,
consider the one-forms

0 OH; . 0 0H; .
0,=———1dL=d "t b= —_dL = dg* — ——dt". 2.31

These forms are linearly independent and generate a Pfaffian system. Any tangent vector in D
is in the kernel of 0, " so the associated distribution contains D. On the other hand,
OH; 0H;

—2dt* Ndt) = dL — —{H;, H;}dt" A dt’. 2.32
aqu 8pu 2{ J} ( )

0, A" = dp, Adg" — dH; A dt' +

Since {H;, H;} = 0 this equation implies that any tangent vector in the kernel of 6,,, ¢* belongs
to D. So the distribution D is equivalent to the Pfaffian system {6, " }. Therefore the rank of
D is 2m+n —2m = n. Since the distribution is integrable it admits an n-dimensional integrable
submanifold > which solves the univariational problem.

The univariational equations (2.26), (2.27), (2.28) were derived under the assumption that ¥
is the graph of a function R™ — M. Now we explain why this is not an assumption but a conse-
quence of the univariational principle. Any submanifold ¥ may be described parametrically by a
map s* — (pu(s'), ¢*(s"),t’(s")) whose n x (2m-+n) Jacobian matrix (9p,/ds’, dg"/ds?, Ot Ds7)



has full rank. If ¥ solves the univariational principle then this map satisfies analogues of (2.26),
(2.27), (2.28):

8q“ 8# 8HZ
Lo 2.
sl 9sI Op, (233)
8[)“ . 8ti 8Hl
Osi — 0si Ogt”’ (2.34)
m . .
dg¢" 0H;  Op, OH; (2.35)

~ 9l Ogn dsi dp,

These conditions imply that the n x n matrix 9t'/9s’ is invertible. To see why, suppose to the
contrary: then there exists a nonzero vector v’ such that v/9t'/9s/ = 0. Then equations (2.33)
and (2.34) imply that v/dp,,/0s’ = 0 and v7dq"/ds’ = 0. This contradicts the assertion that
the matrix (9p,/0s’, dg" /ds?, 0t /9s?) has full rank, so 9t'/0s’ must be invertible. The inverse
function theorem says that, since this matrix is invertible, we can find a local inverse ¢ — s/ ()
of the function s/ — t*(s7). This leads to a new parametrisation t* — (p,(s7(t%)), ¢"(s7(t")), ).
So ¥ can always be parametrised as the graph of a function.

The action (2.20) is written in local coordinates, so does not appear to be globally well-
defined on M. We end this section by explaining how to formulate the univariational principle
globally on a symplectic manifold (M,w). For this, we need to choose two m-dimensional
Lagrangian submanifolds Ny, N1 C M and two vectors tg,t; € R™ which will determine boundary
conditions. We also choose a reference curve g : [0,1] — M x R™ such that 70(0) € Ny x {to}
and Y0(1) € N1 x {t1}. Finally, we define

Sk = /A(w — dH; A dtY). (2.36)

Here A € M x R™ is a surface whose boundary consists of four pieces: g, 7, and two pieces
contained in Ny x {tc} and Ny x {t1}. More precisely, A is the image of a map § : [0, 1] x [0, 1] —
R™ such that 6(0,s) = v0(s), 0(1,s) = 71(s), 6(r,0) € No x {to} and 6(r,1) € Ny x {t1}. This
map 0 is a homotopy connecting 7o to v that is based at N, x {t,}.

Now consider a variation of 4. This is described by a section V' of T'(M x R™) defined over
A. This must vanish along vy C dA because 7y is fixed. Along the pieces of JA contained in
Ny X {to}, V must be tangent to N, X {ts} in order to preserve the boundary conditions of A.
Since w — dH; A dt' is closed, the variation of S is given by

0S8 = / Ly(w—dH; Ndt") = / duy (w — dH; A dt') = / vy (w — dH; A dtb). (2.37)
A % 0A

This reduces the variation to a boundary integral. We claim that the integral over three of the
four boundary components is zero. It is clearly zero on g because V vanishes there. Since
w — dH; A dt' vanishes on N, x {t,}, the integral is zero on these two parts of the boundary. So
the variation is given by an integral over the remaining piece v of the boundary:

1
58 = / V'V s — dH; A dt) = — / Vo sw — dH; A dt)ds. (2.38)
0
The variational equation is therefore
v 3(w — dH; A dtY). (2.39)
This agrees with (2.22) in local coordinates where w = dp, A dg*. The univariational principle

then seeks an n-dimensional submanifold ¥ C M x R™ such that (2.39) is satisfied by all curves
v :[0,1] — X.



3 Proof of equivalence

3.1 Legendre transform

Having presented the two variational problems, we now show that they are equivalent via a
Legendre transform. The idea is of course as old as the Lagrangian/Hamiltonian formalism
itself but we stress that the essential novelty (and complication) here is that we deal with
Lagrangian one-forms, not the usual Lagrangian volume forms. The strategy of the proof is
illustrated in the following diagram.

y[q7 'U, )\7 F]
(2) (1)

S[] S[g,T]

3)

Step (1) consists establishing the equivalence between the position-space action S[g,T'] in (2.1)
and an extended action .#[q, v, \,T'] introduced in (3.1) below. Step (2), we explain how to get
our phase-space action of interest, S[v] in (2.20), from .#[¢, v, A, I']. Finally, step (3) shows how
to obtain S[g,I'] from the phase-space action S[y].

Let us start with the traditional formulation of section 2.1. We wish to convert the position-
space action (2.1) into the phase-space action (2.20) using the Legendre transform. To do so, it
is convenient to introduce new variables vf , which are not necessarily equal to the derivatives
dq" /ot , and )\i " which we will use as Lagrange multipliers in step (1). We thus consider the
following extended action

! TR i (94" "
Lq,v,\, T :/0 <Lk[q AR ((")tﬂ —vj>> Eds, (3.1)

where ¢, v, A are functions of t* and I' is a path in R” parametrised as t*(s), s € [0, 1].

Step (1): We ask that for all curves I', . is critical with respect to variations in ¢, A, I".
Varying )\fw results in the constraint v;f = Oq"/0t) along the curve I'. If this holds for all curves
I" then v;f = dg" /0t holds on all of R™. Substituting back in . gives S[g, '] and the rest of the
bivariational principle is applied as in Section 2.1. Conversely, given the position-space action
S[g,T7], it can always be trivially rewritten as the extended action .#[¢,v, A, T'] by treating X}, i
as Lagrange multipliers. Therefore the variational problem for (3.1) is equivalent to that for
(2.1).

Step (2): We ask that for all curves I', . is critical with respect to variations in ¢, v,T.
Similarly to the discussion in Section 2.1, considering variations ¢* — ¢" + d¢* in (3.1), we
assume first that d¢* = 0 along the curve I'. The resulting variational equation is

N = Puby (3.2)

for some function p,, of tJ, similar to (2.5). Next, varying v results in the equation

oLy, ;
— =\ . 3.3
ol ki (3:3)
The two equations together give
. 0Ly
8 = —. 3.4

We assume that this equation can be solved to write vé‘ as a function of p, and ¢". In general,
(3.4) is an overdetermined equation for v, so asking that it can be solved imposes constraints
on the Lagrangian coefficients L. Inserting this solution back into (3.1) results in

1 .
oq* at?

Lo ATl - Y Hipy.q") ) L s, 3.5

[q’1)7 ’ ])\fW:pu(ii,v;f:v;(Pu,q”) /0 (p# ot ](p e )> ds y ( )

8



in which
H;(pu,q") = puv’ (v, ¢") — Lyi(q”,v4 (px, 1)) (3.6)

This is an action of the form (2.20), in which the surface ¥ C M x R™ is written as the graph
of a function (p,(t), ¢"(t7)).

Step (3): Now we consider the reverse process, starting with the phase-space formulation
of section 2.2 and aiming to recover the traditional formulation. The degrees of freedom are an
n-dimensional hypersurface ¥ C M x R"™. We will assume that this is parametrised as a graph
of a function (t',...,t") — (pu(t),¢"(t")). No generality is lost, because (as explained above)
any solution of the variational problem can be parametrised in this way. Then the variational
equations take the form (2.26), (2.27), (2.28).

In classical mechanics, the inverse Legendre transform is performed by solving ¢* = 0H/0p,
to obtain p, as a function of ¢” and ¢”. These are m equations for m unknowns, so it is
reasonable to expect to find a solution. The analogous equation (2.26) is mn equations, so is
overdetermined if regarded as an equation for p,. To circumvent this difficulty, we select one
particular time direction. Thus we fix a non-zero vector a € R™ and seek to solve

a’q” = 5
) apu

(3.7)

in which ¢! = d¢*/ Ot'. We suppose that a can be chosen so that a’H; is a convex function of
pu- Then the equation admits a unique solution p, = p,(¢”,q}).

To obtain the Lagrangian coefficients L;(¢*, ¢!'), we pull the one-form L back to R™ using
the map t° — (p,(t),qu(t"), ") and then substitute the solution p, = p.(¢”,q’) of (3.7). The
pull-back of L is

pug; dt' — Hi(py,q”) dt". (3.8)

So we obtain
Li = pu(q”,¢))al" — Hi(pu (7, 47),q"). (3.9)

Thus, by solving one of the univariational equations (namely (3.7)) we have reduced the phase-
space action (2.20) to the traditional action (2.1).

Steps (1), (2), (3) put together give us the desired equivalence. There are two points to
comment upon. First, we have described a Legendre transform that converts the traditional
variational problem (2.1) to the symplectic problem (2.20), and an inverse transform that goes
the other way. We must explain in what sense the “inverse” transform is the inverse of the
Legendre transform. Second, the inverse transform involves a choice of vector a. We must show
that this does not play any role in the set of variational equations or, equivalently, in the solution
space.

Since the inverse transform involves a choice of «, there are many position-space actions
associated with a given phase space action. So it is possible that applying the Legendre transform
followed by the inverse transform to a given position-space action produces a different (but
equivalent) position-space action. Therefore the inverse transform is not a left inverse, but it is
a right inverse, as we now explain.

Let us start with the phase-space action (2.20) and apply the inverse Legendre transform
followed by the Legendre transform. We aim to show that we end up with the same action that
we started with. Applying the inverse Legendre transform results in a Lagrangian one-form
(3.9), in which p,(q”, ¢7) is obtained by solving (3.7). To apply the Legendre transform to this,
we introduce variables v!" and consider the action (3.1) with

Ly = pu(¢”, v} )vy — Hi(pu(d”,v1), 4)- (3.10)

As before, we vary ¢ and v to obtain an equation similar to (3.4):

2\ :ﬁﬂai - r (3.11)



in which the tilde distinguishes the new variable p, from the function p,(q", v}’) We solve this

to obtain v% as a function of p, and ¢*. To explicitly evaluate the right hand side we need to

calculate dp, /0v. From equation (3.7) we obtain

o _O°H; 0p)
Opy

— JoH = o .
v OpuOpa 81}7

(W
av;

(3.12)

To solve this, let g" = a'0*H;/ O0p,Op,. Assuming that a'H; is a convex function of p, we can
invert g to obtain g, satisfying gu,\g)"’ = 0;;. Then the equation is solved by

Opy

m
81)]-

=alg,. (3.13)

We now evaluate the right hand side of (3.11) using (3.10) and (3.13):

. 8Hk 8pu
op, 81}?

o 8Lk . y
p#(si = W = pudi + <'Uk
J

. ol _
= Pu(si + <’UZ — 8pk) o g (3.14)

Taking the trace of this equation and using (3.12) shows that

_ ,  OHy
NPy = npy + <vk: - 8p> akg/w = Npy- (3.15)

Substituting back into the original equation then shows that v} is given in terms of p,, ¢" by

0H,
Opy

vy = (B> a")- (3.16)

Substituting (3.10), (3.11) and (3.15) into (3.1) gives

! gt dtk L7 ogh dtk
_ B (B gt 5 — M —ds = D——+ — Hi(Dy, ¢") | — ds.
S /0 (p,wk k(P> @") + Py <8tk vk>> 7o ds /O (pu ik k(Pu»q )> 75 a5

(3.17)
We thus recover the original action (2.20) from the Legendre transform.
We now turn to the (absence of a) role of the choice of a. As mentioned above, the solution
pu depends on the choice of o and we make this explicit by writing p,, = p.(¢”, ¢/, o). On this
solution, (3.7) becomes an identity and we can differentiate it with respect to a* to obtain

OH,, _ 0%H; Op,
p,  Op,Op, Ok’

(3.18)

The left hand side is one of the equations of motion so it is zero “on shell”. The right hand side
can be rewritten using the matrix ¢g** = o!0>H;/ OpuOpy, as in (3.12). Assuming once again that
this is invertible, the equation implies that gg % = 0. Thus p, is independent of o on solutions of
the equations of motion. So the solutions of the equations of motion do not depend on «. This

will become clear in the examples below.

3.2 Example: the harmonic oscillator

Let us illustrate all of this with a simple example. Consider the two Hamiltonians

1
Hy = 5 [5lwpupu + 5,uuquqy] (3'19)
Hy = elpuq”, (3.20)

10



in which g, v run from 1 to 2, §,, is the Kronecker delta and £ is totally antisymmetric with
g3 = 1. The first is the Hamiltonian of the two-dimensional harmonic oscillator and the second
is the angular momentum associated with its rotational symmetry. They generate the flows:

Pulr = — ;wqy Pu2 = _5Vp (3.21)
¢ = é"p, qy =ehq”. (3.22)

These are univariational equations for the phase-space action (2.20):

Ogh dtt
S = / <pu o6 Z) Eds. (3.23)

We wish to convert this to an action (2.1) involving only position coordinates and no momentum
coordinates. We do so using the inverse Legendre transform. Let us choose a non-zero vector
(a',a?) € R%. Then equation (3.7) takes the form

gl + aldh = ald"p, + el (3.24)
Assuming that a! # 0 and setting 8 = o?/al, this is solved by

Py = 5#1/(]11/ + ﬁéuz/ (qg - 5qu) . (3.25)

Note that, although p, depends on f, it is independent of 3 on solutions of the univariational
equations, as explained above. Substituting into (3.23) gives the position-space Lagrangian

one-form
1 4 v v o v
Ly =5 [Suwai'al — B0 (dh — €d5) (a5 — 505) — Oud"q”] (3.26)

Ly = b (¢ + B(dy —hia”)] a5 — ebq”]. (3.27)

Although this depends on 8 = a2/al!, the solutions of the multi-time Euler-Lagrange equations
are independent of 5.

3.3 Example: periodic Toda chain

Consider the two Hamiltonians

Hi=) %(pu)Q +exp(gh —¢" ) (3.28)
T
Hy=)_ é(pu)?’ + (P + pu—1) exp(g” — ¢" 7). (3.29)
I
These depend on 2m variables ¢',...,¢™, pi,...,Pm, with indices understood modulo m. It is
straightforward to check that
(E;ﬁ = %:(p#)Q [exp(q” — q“_l) — exp(qu—H - qu)] = g{lqu}% (3.30)

and so the two Hamiltonians Poisson commute. The Hamiltonian H; describes the Toda lattice
and Hj represents a conserved quantity. The phase-space action (2.20) for this system is

oq* dt!
S = /<puatl - ) ——ds. (3.31)

We wish to convert this to an action (2.1) involving only position coordinates and no momentum
coordinates. We do so using the inverse Legendre transform. Let us choose a non-zero vector
(a!,a?) € R?, and assuming that a! # 0, set 3 = a?/a!. Then equation (3.7) takes the form

@t + Bas = pu+ B(pu)® + Bexp(q"tt — ¢*) + Bexp(q — ¢" ). (3.32)

11



This is a set of m quadratic equations for p,. They are solved by

2q1 + 28(qh — exp(¢"t! — ¢") — exp(q* — ¢" 1))

Pu = (3.33)
14 \/1+ 484 + 46%(¢ — exp(¢"TT — ¢#) — exp(g# — ¢* 1))
We obtain a Lagrangian multiform by substituting these expressions into:
1 _
Ly =) pudy — 5(w)* —exp(¢" — ") (3.34)
o
1 _
Ly =) puds = 5(0u)’ = (P + ppr) ex(g" = ¢" ) (3.35)
o

Thus we have a family of Lagrangian multiforms for this system, parametrised by 8 € R together
with m sign choices in (3.33). If we choose all plus signs in (3.33) and set 5 = 0 the Lagrangian
multiform is

1 _
Ly=Y_5(d)? —exp(d" —¢"™") (3.36)
I
1 _ _
Ly =) aids — 5(ai)’ = (@) + ¢ ") exp(g" — 7). (3.37)
n

This recovers the Lagrangian coefficients presented in [4] from our more general perspective.

3.4 Linear dependence on velocities

The Legendre transform introduced in section 3.1 relates an action for a traditional Lagrangian
multiform to a phase-space action by solving equation (3.4) for the velocities Uf . But if the La-
grangian coefficients Ly depend linearly on velocities the right hand side of (3.4) is independent
of velocity, so this equation cannot be solved. The question arises as to whether the equivalence
still holds in the case where the Lagrangian coefficients are linear in velocities. In this section
we address this question.

If a Lagrangian multiform is linear in velocities then the variational equation (2.4) implies
that it takes the form

Ly, = pu(q”)a;; — Vi(q”) (3.38)
for some functions p, and Vj of ¢”. Then the action (2.1) takes the form S = [4*L, in which

L = pu(¢")dg" — Vi(¢")dt* (3.39)

and 7 is a function of the form s+ (g*(#'(s)),t*(s)). This similar in form to the action (2.20),
but an important difference is that here p,, are functions of the coordinates ¢”, whereas in (2.20)
pu and ¢ are independent coordinates. To directly compare this with the action (2.20) we
consider the 2-form 5
a%’;dq” A dgt. (3.40)
The rank of this 2-form at a point ¢ is the rank of the linear map X = X9, — X_.Q =
XH*(Oupy — Oupu)dgt. The form € is called nondegenerate if this map has full rank at every
point q.

Suppose that €2 is nondegenerate. Then it is by definition a symplectic form and the di-
mension m is even. By the Darboux theorem, we can choose coordinates P,, Q" in which

Q = dp, A dg* =

Q= ZZL:/? dP, N dQ". In these coordinates, the action is precisely in the form of a phase-space
action (2.20).

This exact situation arose in [5, 6], which produced classes of Lagrangian one-forms which
are linear in the velocities. In all of those cases, the 2-form €2 (3.40) is nondegenerate since

it corresponds to the (pull-back of the) Kostant-Kirillov symplectic form on an appropriate
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coadjoint orbit. It was shown in [5, 6] how suitably parametrising the coadjoint orbit yields
Darboux canonical coordinates.

The case where €2 is degenerate is more involved. The case of a single time coordinate was
discussed in [24], which showed that the variational problem can be reduced to one for which
is nondegenerate. The corresponding analysis of degeneracy in the present context of multiple
time coordinates is much more complicated and beyond the scope of this article.

4 Phase-space Lagrangian one-forms on a Lie group

In this section we present a generalisation of the univariational principle, in which multi-time R"™
is replaced by a Lie group. This idea was first appeared in [22] with the view to incorporate super
integrable systems into the theory of Lagrangian multiforms. Doing so, we establish for the first
time that the equations describing (infinitesimal) Hamiltonian group actions of a (connected)
Lie group on a symplectic manifold are actually variational. They appear as the Euler-Lagrange
equations of our univariational principle applied to a natural generalisation of the Lagrangian
one-form (2.19). We also show that the same results, reexpressed in local group coordinates, can
be interpreted as describing a collection of compatible non autonomous Hamiltonian equations.
In particular, this accommodates integrable systems with explicitly time-dependent constants
of motion.

4.1 A simple motivating example

To understand and motivate our construction, let us consider the 2D harmonic oscillator. Here
the symplectic manifold is simply R* with canonical coordinates (qi, g2, p1,p2) and symplectic
form w = dp1 A dq1 + dp2 A dga. The 2D (isotropic) harmonic oscillator Hamiltonian is given by

1 )
H=H+Hy, Hj=5(0j+q), j=12.

Consider the following 3 functions on the phase space
J1=Hy — Hy, Jo=pig2—peq1, J3=pip2+q1qe- (4.1)

The following facts are well-known. The system is integrable since, for instance, {H, J2} = 0:
there are two functionally independent first integrals. It is superintegrable since, additionally,
we also have {H,J1} = 0 or {H, J3} = 0. The functions Jp, Js, J3 provide a realisation of the
su(2) Lie algebra

{Ji, Jj} = 25ijk<]k y (4.2)

which is therefore a symmetry of the 2D harmonic oscillator. Note the relation JZ+J2+.J2 = H?.
Using the results of the previous section, we can easily produce a Lagrangian multiform for
the integrable system H, Jy say. It suffices to define

L = pudg" — Hdt" — Jodt*. (4.3)

Then the system of Euler-Lagrange equations is as in (2.26)-(2.27), with t! associated with H
and t? with J;. The compatibility of the system, encoded in (2.28), holds since {H, Jo} = 0.

We would like to go further and produce a Lagrangian multiform and univariational principle
not only for the integrable system H,.J, but for H together with its entire symmetry algebra
Ji, J2, J3. Note in particular that, if feasible, this would produce a Lagrangian multiform for
the superintegrable system H, Js, J3 say.

The main difficulty to overcome is the non abelian algebra generated by Ji, Jo, J3. It can no
longer be expected that we can consider compatible systems associated to J; and Js for instance.
Similarly, the closure relation, if still valid in some appropriate form, can no longer be expected
to be the variational analog of the Poisson involutivity of the functions Ji, Jo, J3 since the latter
are not in involution. Instead, it should produce the appropriate relations (4.2).
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4.2 A general construction

The basic ideas to produce Lagrangian one-forms for non-commuting conserved quantities were
laid out in [22]. Here, we formulate them systematically in the geometric framework of Section
2.2. In doing so we elucidate the underlying geometric feature that ensures that the closure
relation in the non abelian setting yields the correct equations: it has to do with the Maurer-
Cartan equation for (left) invariant one-forms on an appropriate Lie group G.

Let M be a 2m-dimensional symplectic manifold and G a connected Lie group of dimension
n with Lie algebra g. We assume for convenience that the symplectic form on M is exact and
that it can be written w = da, with o = p,dg" in suitable coordinates. We showed in Section
2.2 how to proceed if this is not the case. Let H : M — g* be a smooth map and consider the
Lagrangian one-form

L=a—(H,g tdg), (4.4)

where (, ) is the pairing between g* and g. The left-invariant Maurer-Cartan one-form g~1dg
can be written as ¢~ 'dg = F; ® 8" where F; is a basis for g and 6’ the dual basis of left-invariant
one-forms on G !. Thus, we can also write

L =p,d¢" — H;0", H;=(HE). (4.5)

For any parametrised curve 7 : [0, 1] — M x G we define the associated action as

1
Sly] = /0 2L (4.6)

By analogy with section 2.2, we introduce a univariational principle, which demands existence
of a submanifold ¥ C M x G such that every curve v C ¥ is a critical point of S[y] and
dim ¥ = dim G.

The Euler-Lagrange equations for S again take the form ~/1dL = 0; let us write these out
more explicitly. By direct calculation,

0H; . OH; . .
dL = dp, N dg" — Wjdq” NG — ﬁdpu N¢ — H;dg . (4.7)

The key point now is that the last term can be evaluated using the Maurer-Cartan equation
i L i pin ok

in which the structure constants cj-k are defined by [Ej, Ej] = c;kEl With ~/.dp, = %,

v adgt = % and 7/_6" = Y, we obtain

v 2dL = <_dq 4 8HJyJ> dp,, + (% 4 aHJyJ) dgt — (q@ 4 ﬂa _ cgiHeY]> 9t

ds Opy ds g ds Oqt ds Opu
(4.9)
This gives the following generalisation of (2.23)-(2.25)
dq“ GHJ ;
— = —Y/ 4.10
e -, (4.10)
dpy OH; j
IR 4.11
. TR (4.11)
*OH, H; .
_d¢" 9 dpu OH; CﬁiHeYj ) (4.12)

ds gt ds Op,

'These are dual in the sense that Gi(e) € TG = g* satisfy (ai(e)v Ej) = 5;
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By substituting (4.10) and (4.11) into (4.12) we deduce from these Euler-Lagrange equations
that

<0Hj OH;  OH; OH,

) .
—c;Hy | Y?=0. 4.13
8p’u 8qu aqu 6p,u C]’L Z) ( )

The univariational principle demands that equations (4.10)—(4.13) hold for all curves ~ in 3.

By similar arguments to those presented in section 2.2, this means that (4.13) holds for all Y7.
Thus

{H;, H;} = cf;Hy (4.14)

where we used the Poisson bracket

OF 0G 0G OF
G = o o~ Op, 0t

Equation (4.14) can be used to encode the Poisson brackets of the superintegrable system of
Section 4.1 that we presented as motivation for the present general construction. Indeed, if we
choose G = R x SU(2) then (4.14) describes the Poisson brackets of the conserved quantities
H, Ji,Js, J3 for the 2D harmonic oscillator.

Equations (4.14), which follow from the univariational principle, imply that H : M — g* is a
moment map for a Hamiltonian action of G on M. Moment maps arise in the theory of symplectic
quotients and it is interesting to compare our Lagrangian one-form with the symplectic quotient
construction. Suppose that there is a Hamiltonian action of G on M with moment map ¢ :
M — g*. Now consider the symplectic manifold 7*G. This can be identified with g* x G in
such a way that the tautological one-form is written (f, g~ 'dg) for f € g* and g € G. Let

B = pudg" + (f, g~ "dg). (4.15)

Then df is a symplectic form on M x T*G. There is a natural action of G on M x T*G induced
by the action on M and the left action on G. The moment map for this action is

(pu. ¢, f,9) = ¢(pu, a") + f. (4.16)

The symplectic quotient is the quotient of ®~1(0) by G. Now ®~1(0) € M x T*G is identified
with M x G by the natural projection M x T*G — M x G. Under this identification, the
one-form [ becomes

B = pudg" — (4,9 'dg). (4.17)

If we identify ¢ with H this takes the form of the Lagrangian 1-form L on M x G. Moreover,
the surfaces ¥ in the univariational principle are precisely the orbits of the action of G on
®~1(0). So the theory of symplectic quotients offers a natural interpretation of the structure of
our Lagrangian one-form. However, we stress that the starting points of the two constructions
are different. Following the philosophy of variational principles, we choose the one-form L and
postulate the univariational principle as the starting point. At that stage, our map H is not yet
a moment map and the group G does not act on M by Hamiltonian action. The application
of the univariational principle then produces “equations of motion” which tell us that there
is a Hamiltonian action of G on M and that H is the associated moment map. In contrast,
the theory of symplectic quotients takes the existence of a Hamiltonian action and associated
moment map as the starting point. In other words, we have demonstrated that a Hamiltonian
group action on a symplectic manifold derives from our univariational principle.

4.3 Explicitly time-dependent commuting flows

It is instructive to rewrite the variational equations (4.10), (4.11), (4.12) in local coordinates on
G, say 7", k = 1,...,n. Each left-invariant one-form can be written in the basis of coordinate
one-form as

07 = 0ldr* (4.18)
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where the coefficients Hi are (smooth) functions of 7¢. Note that the matrix of coefficients Gi is

invertible, since this is a change of basis. Details on how to compute Gi in terms of the structure
constants of the Lie algebra and relative to a choice of coordinates are given for instance in [25].
With (4.18), we have Y7 = 9%% and (4.10)-(4.12) read

dg" 8Hj 9]
ds 8pu k ds
dpy _ _%gﬂi
ds dgh k ds
dg" 0H;  dp,O0H; ,

0= 2 Ho0) —— 4.21
ds Ogt + ds Opy TGt (4.21)

(4.19)

(4.20)

It is convenient to multiply the last equation by 6 | to introduce the functions
Kyp=H;0,, k=1,...,n, (4.22)

and to use the following consequence of the Maurer-Cartan equation on the coefficients Gi

o~ o = CiflOm (4.23)
in order to rewrite (4.19)-(4.21) equivalently as
dg" _ 0Ky, LTR (4.24)
ds  Op, ds’ ’
dpu _ 8Kk dT
U T g ds (4.25)

k
. (aKk OKn OKip 0Ky (c‘m 8Km)> dr (4.26)

dp, dgt  dg Ip, arm 9tk ) ) ds

Summarising, this system of equations arises as the Euler-Lagrange equations of our Lagrangian
one-form which now reads

L = p,dg" — K;jdr’ . (4.27)

The univariational principle demands that (4.24), (4.25), (4.26) hold for all curves 77(s).
This leads to the following system of equations for functions p,(7%), ¢*(7%):

8q# J (i v m
o7 = OO {Hj (b a"), d"} (4.28)
dp oy .
5.5 = O {H (P a") pa} (4.29)
i 0. 90L\
0=0.6) {H; H;} — (W’; — aﬂv) H (4.30)

where we have recalled explicitly the coordinate dependence in the first two equations. The
latter equations describe a collection of flows in time directions 7%. Interestingly, these flows are
non-autonomous, because the time variables 7% appear explicitly on the right hand side. The
third equation is of course equivalent to (4.14) (recalling (4.23)) but is more convenient in this
form to check directly the consistency for these flows. To see this, let f be a function of p,,¢"
and suppose that p, (%), ¢*(7*) solve (4.28), (4.29). Then

0 0 06¢
87'38 kf_ k{Héaf}—’_aka ]{H@f}
893

= S {He, £} + 0007 {Ho, {He, £}
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Consistency requires that

o0 0 o0 0 o0t 00t
(4.31)

By the Jacobi identity for the Lie bracket, this is equivalent to (4.30).

The non-autonomous equations (4.28), (4.29) provide a framewoork that can accommodate
systems with constants of motion with explicit time-dependence. We illustrate this with an
example. Let M = R? with the canonical form w = dp A dg, and the Hamiltonian (for some

fixed a > 0),
2

D a
Hy=—+4+—.

07 om " g2
Being a one degree of freedom system, it is trivially integrable. With J = B, direct calculation
gives

{H07 J} = HO
so that C' = J — tHy is conserved under the flow of Hy:
dC oC
& tH. OV + = Hy— Ho=0. 4.32
g~ Ho Oy + 5 = Ho = Ho (4:32)

To cast this in our framework, consider G the Lie group of 2 x 2 upper triangular matrices
with unit determinant. A basis of the Lie algebra is given by

0 1 1/-1 0
51:<0 0)’ g2:2<0 1>

with [£1, &) = &1. We parametrise an element g of G using coordinates 7 = t, 75 = 7 as follows

e—T/Q t6_7/2>

g ="l = < 0 /2 (4.33)

Thus, we have
g(t,7) " Hdg(t,m) =& @dt + (o — t&) ®dT =& © 0" + & 6%,

giving in particular the left-invariant one-forms as 0! = dt — tdr, 6% = dr. Let {u', u?} be the
basis in g* dual to {£1,&}. Using the non degenerate bilinear form (£,n7) = Tr(én) on g, we

have
()=o)
With the map H : M — g* written as
H = Hyp' + Hop?;
the Lagrangian one-form (4.4), equivalently (4.27), reads
L=pdg— (H, g_ldg) = pdq — Hidt — (Hy — tH;)dr = pdq — K1dt — Kodr . (4.34)

The connection with the above simple physical example is now immediate if we identify H; =
Ho(= K1), Hy = J so that (Hy—tH;) = C(= K3). The system of (non autonomous) compatible
equations obtained from (4.28)-(4.29) with 71 = ¢t and 7o = 7 reads

uop, (=g

t m’ T m?

@_27@ ) @_—B—t@ (435)
ot q3 ’ or 2 q3

We recover by direct calculation that 65? = 0 and now also that 6;? = —Kj. Thus, for this

simple example, the solutions ¢(¢,7), p(t,7) can be described by the equations

2

a
QPTnJF?:Cl@*T, pg =22+ at), c,c2 €R.
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4.4 Lagrangian one-form from matrix representations of Lie algebras

We can form a Lagrangian one-form associated to any matrix representation on V' of any finite-
dimensional Lie algebra g as follows. Suppose we have a matrix representation

[M;, Mj] = My, M; € End(V) € Mat,(C), i=1,...,n,
and that M is a symplectic manifold with canonical coordinates p,,¢", p=1,...,m,

{¢".d"}y =0={pu,pn}, {Pud"}=05.
The following simple well-known observation
{puAlq”, poBEq*} = —pulA, Bl
for any matrices A, B allows us to define
H; = —pu(M;)hq” (4.36)
to obtain the following canonical realisation of the Lie algebra g
{H;, H;} = cf;Hy .

It remains to set L as in (4.5) to obtain a desired Lagrangian one-form with the desired properties.
Additionally, note that

{pquﬁLqV7pa} = _puAg-

This makes it possible to realise canonically certain Lie algebras of semi-direct groups, such
as the Poincaré group. Its 10-dimensional Lie algebra can be conveniently written in terms of
the six generators of the Lorentz transformations Los = —Lga?, o, 8 = 0,1,2,3 and the four
generators of translations P,, p=0,1,2,3:

[Lag, Lyel = ngyLag — NayLpe + NagLsy — ngeLa (4.37)
[Laﬁa Pu] = nﬁyPa - naupﬁ ) (4.38)
[P;m PV] = 07 (439)

where n = diag(—1,+1,+1,+1). For conciseness, let us restrict our attention to the Lorentz sub-
algebra and consider the following 4-dimensional representation M,z for the Lorentz generators
L.p, with matrix elements

(Maﬁ)ﬁ = 557751/ - 55%1/- (4.40)

The realisation (4.36) thus gives the following components of the map H

Hog = —pu(Mag)hd” = pgnavd” — pansuq” (4.41)

satisfying
{Hop, Hye} = npyHag — Moy Hpe + NacHpy — e Hor - (4.42)
The Lagrangian one-form corresponding to the (connected component of) the Lorentz group
thus reads .
L = p,dg" — 5Haﬁe@ﬁ.

From our general results, we know that the solutions of the Euler-Lagrange equations associated
to L must give us a Hamiltonian action of the Lorentz group on M. From the present setup,

21t is more convenient for this example to work with generators Las with two indices, modulo the antisymmetry
relation, rather than with L, as suggested by our general discussion. We will change the notation accordingly for
the matrix representation Mg used for illustration.
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we clearly expect this action to be nothing but the usual action of the (connected component of
the) Lorentz group on the (spacetime) coordinates ¢” and their momenta p,,:

— q/V = AZqM’ P p/H = AZpV' (4.43)

Let us check that (4.28)-(4.29) indeed produce the desired Hamiltonian action. By design, (4.30)
(equivalently (4.14)) is satisfied, see (4.42). Next, recalling that we chose to parametrise the
generators with two indices, (4.28)-(4.29) give the following system of compatible equations

8q” af3 8Ha5 of

- = —(Map)y 05 a” 4.44
at0§ o€ ap“ ( af )u o€ q , ( )
8}9“ af 8Ha,6’ ap
e = lot agh = Pu(Map)y 0, - (4.45)

In the representation (4.40), a group element is given by A = et Mag Then, (4.44) is equivalent
to
d((A™1)bq") =0,

14

so ¢¥ = (A)Zq(’f for some “initial condition” ¢ at t* = (0. Thus the solution flow indeed yields
the action (4.43) of the Lorentz group on ¢*. The reasoning for p, and (4.45) is similar.

5 Conclusion and outlooks

We introduced an equivalent reformulation of the variational principle at the basis of Lagrangian
multiform theory as a variational framework for integrability. Importantly, this replaces the
previous two-step formulation with a single univariational principle, with the effect of setting
dependent and independent variables on the same footing. Doing so, we revealed the geometry
of Lagrangian one-forms and used it to extend them beyond integrable hierarchies to the realm
of non abelian Lie groups. As a consequence, we obtained for the first time the description of
Hamiltonian Lie group action as Euler-Lagrange equations derived from a variational principle.

Our results immediately raise the question of how to reformulate Lagrangian multiforms
for field theories along the same lines as done here for finite-dimensional systems. Indeed,
the structure of our phase-space one-forms is largely motivated by the Lagrangian one-forms
constructed in [5, 6] which are naturally formulated on coadjoint orbits of certain Lie groups
characterised by the so-called classical r-matrix [26]. It turns out that the class of Lagrangian
multiforms for integrable field theories in 1 + 1 dimensions constructed in [14, 16] possess the
same fundamental structure. Therefore, it seems natural to try to extend the present work to
the context of these field theories.

We also believe that our results bring us one step closer to the path integral quantisation
of integrable hierarchies based on Lagrangian multiforms. Beyond the need to restore the bal-
ance between Hamiltonian and Lagrangian formalisms in integrable systems, this is one of the
strongest motivations for Lagrangian multiforms. In the first work [27] on this topic (see also
[28]), the open question of how to formulate a quantum propagator over paths not only in the
degrees of freedom but also in the multi-time is raised as the fundamental problem to overcome.
With our approach, this can be done in principle, with the same level of “rigour” as the usual
Feynman integrals, using our phase-space Lagrangian one-forms and paths + into M x G in the
path integral “measure”.
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