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The aim of the channel estimation is to estimate the parameters encoded in a quantum channel. For

this aim, it is allowed to choose the input state as well as the measurement to get the outcome. Various

precision bounds are known for the state estimation. For the channel estimation, the respective bounds

are determined depending on the choice of the input state. However, determining the optimal input probe

state and the corresponding precision bounds in estimation is a non-trivial problem, particularly in the multi-

parameter setting, where parameters are often incompatible. In this paper, we present a conic programming

framework that allows us to determine the optimal probe state for the corresponding multi-parameter preci-

sion bounds. The precision bounds we consider include the Holevo-Nagaoka bound and the tight precision

bound that give the optimal performances of correlated and uncorrelated measurement strategies, respec-

tively. Using our conic programming framework, we discuss the optimality of a maximally entangled probe

state in various settings. We also apply our theory to analyze the canonical field sensing problem using

entangled quantum probe states.

I. INTRODUCTION

Channel estimation [1–4] utilizes quantum resources to
allow us to estimate parametrized quantum processes with
unprecedented precision. In channel estimation, a quan-
tum channel that embeds physical parameters of interest
acts on an initial probe state. For instance, consider esti-
mating the physical parameters associated with a classical
field that interacts linearly with an ensemble of qubits. In
such a scenario, the quantum channel that describes the dy-
namics of the quantum system embeds the unknown field
parameters. In addition, we have the flexibility to select the
initial state, or probe state, of the quantum system. With ac-
cess to multiple queries of the quantum channel, the objec-
tive is to estimate the embedded physical parameters with
maximum precision. An fundamental challenge in channel
estimation is that of selecting the probe state that gives the
optimal precision in estimation.

In quantum state estimation [5–9], we have a family of
quantum states that depend continuously on physical pa-
rameters. We may interpret the channel estimation prob-
lem as a quantum state estimation problem, where the
quantum states in the latter problem are the output of a
quantum channel that acts on the probe state. In gen-
eral, precision bounds for the quantum state estimation de-
pend on the type of measurement strategy that we choose.
Two such families are correlated and uncorrelated measure-
ment strategies. Correlated measurement strategies oper-
ate jointly on infinite copies of quantum systems, whereas
uncorrelated measurement strategies act on one copy at a
time. In the single parameter setting, the upper bound to

∗ hmasahito@cuhk.edu.cn
† y.ouyang@sheffield.ac.uk

the ultimate precision is the celebrated quantum Cramer
Rao bound, which is tight for both correlated and uncorre-
lated measurement strategies [5–8, 10, 11]. For our chan-
nel estimation problem, we set the probe state to be entan-
gled over systems A and C, and the quantum channel maps
system A to B for both uncorrelated and correlated mea-
surement strategies (see Figures 1 and 2).
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FIG. 1: Channel estimation by uncorrelated
measurement and entangled probe states. In the j-th

experiment for j = 1, . . . , n, we input the probe state ρ
( j)

AC

over systems A and C of equal size, and measure the

output entangled state (Λθ ⊗ ιC)(ρ( j)AC ) via the

measurement Π( j). Then, we obtain j-th measurement

outcome ω( j). The probe state ρ
( j)

AC and the measurement

Π
( j) are adaptively chosen by the previous measurement

outcomes ω(1), . . . ,ω( j−1). Finally, we decide our estimate

θ̂ from the measurement outcomes ω(1), . . . ,ω(n). The
precision bound J1 is the ultimate precision bound under

the strategy of uncorrelated measurements.
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FIG. 2: Channel estimation by correlated measurement
and entangled probe states. We have m steps, and the

j-th step has k j experiments. In the j-th step, we input the

probe state ρ
( j)

AC over systems A and C for k j experiments.

We measure the output entangled state (Λθ ⊗ ιC)(ρ( j)AC )
⊗k j

via the measurement Π( j) and obtain j-th measurement

outcome ω( j). The probe state ρ
( j)

AC and the measurement

Π
( j) are adaptively chosen by the previous measurement

outcomes ω(1), . . . ,ω( j−1). Finally, we decide our estimate

θ̂ from the measurement outcomes ω(1), . . . ,ω(m). In this
scenario, we use the unknown channel for a total of

k1 + · · ·+ km times. The precision bound J5 is the ultimate
precision bound under the strategy of correlated

measurements.

In the multiparameter setting [12, 13], the theory for
quantum state estimation is far richer than the single pa-
rameter case; there are several distinct Cramer-Rao type
bounds on the optimal precision for both correlated and
uncorrelated measurement strategies [14]. These bounds
include the Holevo-Nagaoka (HN) bound [7, 8, 11, 15, 16]
1 for correlated measurement strategies and the symmet-
ric logarithmic derivative (SLD) bound 2. For uncorre-
lated measurement strategies, the HN and SLD bounds are
not tight. The ultimate precision bound, namely the tight
bound, for uncorrelated measurement strategies was ini-
tially formulated in [17] as an optimization problem with
uncountably infinite constraints, and was later reformu-

1 In the literature it is often also called the Holevo Cramer-Rao bound.
2 This is a direct generalization of the quantum Cramer Rao bound that is

based on the SLD.

lated as a conic optimization of an operator with dimen-
sion proportional to the size of the probe state and over
a certain separable cone in [14]. The Nagaoka-Hayashi
(NH) bound [18–20] gives a simpler albeit weaker precision
bound for uncorrelated measurement strategies. Recently,
it was shown that the HN, SLD, tight, and NH bound can
be obtained from the optimal value of conic programs with
the same objective function, but optimized over different
cones [14]. In Section III, we review multiparameter quan-
tum state estimation, particularly with respect to the conic
programming framework of Ref. [14].

From an operational point of view, the tight bound is the
most significant for channel estimation, because it describes
the ultimate precision bound using uncorrelated measure-
ment strategies. In uncorrelated measurement strategies,
after the preparation of each probe state and the action of
the quantum channel, we measure the evolved probe state
as depicted in Figure 1. We repeat the procedure for mul-
tiple copies of probe states, where the explicit form of each
probe state and the corresponding measurement strategy
on it is informed by all prior measurement outcomes.

We may also be interested in correlated measurement
strategies for channel estimation, which are more chal-
lenging than uncorrelated measurement strategies to imple-
ment in practice. In this case, the relevant precision bound
is the HN bound. For the HN bound, we are allowed to
perform correlated measurements across multiple copies of
probe states (see Figure 2). After each batch of correlated
measurements, we can update our choice of probe states
and measurement strategies.

Determining the optimal precision for the channel es-
timation problem entails a two-step optimization process.
First, we fix the probe state, and find the precision accord-
ing to the appropriate Cramer-Rao type bound. Namely,
we consider a set of parametrized states when the multi-
parameter quantum channel acts on the probe state, and
evaluate various Cramer-Rao type bounds on the set of
parametrized states by solving an appropriate optimization
problem. Second, we optimize various Cramer-Rao type
bounds by changing the probe state.

The two-step optimization is a non-trivial problem. Even
if the first optimization for a fixed probe state is efficient, the
optimized precision bound is not necessarily a convex func-
tion of the probe state, and hence the second optimization
over the probe state need not be so easy to perform. Re-
markably, this challenging two-step optimization has been
addressed in the single parameter setting [21, 22]. In par-
ticular, the references [21, 22] derived a semidefinite pro-
gramming (SDP) form for the maximum SLD Fisher infor-
mation in the channel estimation that embeds one param-
eter. However, the question of how to find both the opti-
mal precision and optimal probe state for multi-parameter
quantum channels remains unresolved.

The question of finding optimal probe states for estimat-
ing multiple parameters embedded in a quantum channel
has recently been considered [23, 24]. For probe states
without ancilla assistance, Ref. [24] numerically finds the
optimal two-qubit probe state with the HN bound when
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the channel models 3D-field sensing with independent and
identical amplitude (i.i.d.) damping on the two qubits.
Ref. [23] considers the HN bound with unitary quantum
channels. This leaves open the questions of how to evalu-
ate the optimal probe state and corresponding bounds for
the tight, NH and SLD bound for the general problem of
quantum channel estimation.

In the channel estimation problem where we estimate the
parameters embedded in the quantum channel, the set of
parameters is continuous. If we discretize the channel esti-
mation problem, we would obtain the problem of discrim-
inating a discrete set of quantum channels [3, 25–29]. Re-
cently, the channel discrimination problem was formulated
as a convex program, and this formulation made it possible
to determine the optimal strategy to discriminate a pair of
quantum channels [30]. However, it is not so clear how to
extend this result to the continuous parameter setting that
we require in the channel estimation problem.

In this paper, we give a framework that uses conic pro-
grams to find the optimal probe state for channel estima-
tion with respect to multi-parameter bounds. The multi-
parameter bounds include the SLD bound, the HN bound,
the tight bound, and the NH bound. For the SLD bound,
the HN bound, and the NH bound, we show that the conic
programs are also in fact semidefinite programs (SDP) and
hence can be efficiently solved. For the tight bound, we will
require the same technique for optimizing over the separa-
ble cone as considered previously [14].

We furthermore apply our framework to unravel situa-
tions where the maximally entangled state is optimal, and
also study both numerically and theoretically the canonical
problem of field sensing in the presence of collective ampli-
tude damping, and in the multiparameter setting.

With our resolution of the non-trivial problem of simulta-
neously optimizing the multiparameter Cramer-Rao bound
and the corresponding probe state, we expect our theoret-
ical contributions to have ramifications beyond the field-
sensing application that we have explored. Namely, one
will be able to apply our framework to determine optimal
precision bounds and optimal probe states for a plethora
of quantum sensing problems, where the unknown param-
eter is embedded in the underlying quantum channel, for
instance, in many quantum imaging problems [31].

II. OVERVIEW OF OUR MAIN RESULTS

We establish the following main results.

⋆ A conic programming framework for channel
estimation:- The conic programming framework that
we establish in Section IV proves that the optimal values
of conic programs can correspond to Cramer-Rao type
bounds for channel estimation. Our framework applies
in the multiparameter setting. This main result is given
Theorem 1, where we prove that the optimal values of the
following are equivalent.

1. Fix the probe state, solve a minimization using the

conic programs in [14] to find the best precision
bound. Next solve a maximization for the best probe
state to use.

2. Solve a minimization for the conic programs that we
introduce.

The optimal values of the above two problems give the pre-
cision bounds for channel estimation. Problem 1 is often
not a convex program, and hence it is not clear how to
solve it numerically. In contrast, in problem 2, the conic
programs are convex programs, and we can solve them effi-
ciently. Hence, our framework allows one to solve the chan-
nel estimation problem efficiently.

Moreover, the conic programs’ optimal solutions also
allow us to evaluate the corresponding optimal probe
states. Namely, we define a matrix-valued function ρA(Y )

that maps the optimal solution Y ∗ of the conic program to
a density matrix on system A (see Figures 1 and 2), and the
purification of such a density matrix to the joint system AC
gives the optimal probe state. Moreover, we discuss how to
use the optimal solution of our conic program to calculate
the optimal probe state. Hence, it becomes possible to
determine the optimal probe state for channel estimation
for the HN bound, the SLD bound, the NH bound, and the
tight bound. Of operational significance are our results on
the channel versions of the HN bound and the tight bound,
which give the optimal performances of correlated and
uncorrelated measurement strategies, respectively.

⋆ On the optimality of the maximally entangled probe
state:- There are many situations where the maximally
entangled probe state is the optimal probe state to use
in channel estimation. In Section V, we explore this
possibility, and begin by considering the scenario where
the input probe state is a maximally entangled state. We
establish Theorem 5 and Theorem 6, which shows that a
constraint on a dual matrix-valued variable is equivalent to
the optimality of the maximally entangled state for the SLD
bound and the HN bound respectively. These theoretical
results allow us to find situations when the maximally
entangled state is the optimal probe state for both the
SLD bound and the HN bound. We consider the following
examples.

▷ Noisy qubit channel with one parameter:- We consider
the quantum channel as a unitary evolution afflicted with
depolarizing noise, where the parameters are embedded
into the unitary part of the channel. More precisely, we first
consider a quantum channel that describes the mixture of
a unitary qubit evolution and replacement by a completely
mixed state. The unitary qubit evolution is generated
by the product of the single parameter that we want to
estimate and a Pauli matrix. We use Theorem 5 to establish
Theorem 7, where we prove that the maximally entangled
state is the optimal probe state, and furthermore, the tight
bound, the NH bound, the SLD bound and the HN bound
are all equivalent.
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▷ Generalized Pauli channels:- On a qudit system, a
generalized Pauli channel applies generalized Paulis ran-
domly on the qudit state according an apriori determined
probability distribution. The channel estimation task
here is to estimate this probability distribution. We use
Theorem 5 to establish Theorem 8, which shows that the
optimal probe state for the channel estimation problem
for generalized Pauli channels under the SLD bound is the
maximally entangled state.

▷ Noisy SU(2) channels:- We consider a quantum channel
that is the mixture of unitary evolution according to the
spin- j representation of SU(2) unitary evolution according
to the spin- j representation of SU(2) and replacement by
a completely mixed state. We also give equal weightage
to each of the three parameters that we estimate. We use
Theorem 5 to establish Theorem 9, where we derive the
analytical form for SLD bound. Furthermore, Theorem 9
shows that under purely SU(2) unitary evolution with zero
noise, all the precision bounds J1, . . . , J5 are equivalent,
and the maximally entangled state is the optimal probe
state for all the precision bounds.

⋆ Noisy field sensing:- In Section VI, we revisit the prob-
lem of quantum field sensing [32] in the multiparameter
setting. In the noiseless setting, this is equivalent to the
channel estimation problem for noisy SU(2) channels that
we explore in Section VI. The noise model we consider here
is different from that in Section VI, instead of a depolarizing
type of channel, we consider noise introduced by collective
amplitude damping [33, Eq. (7)]. The channel that we con-
sider differs from [24] in two ways. First, we consider col-
lective amplitude damping while [24] considers i.i.d. am-
plitude damping. Second, we model the channel using a
master equation, considering collective amplitude damping
that occurs during the SU(2) evolution, whereas the chan-
nel in [24] considers i.i.d. amplitude damping that occur
after the unitary evolution. We give corresponding plots
of various precision bounds against the noise parameter in
Figure 4 and Figure 5.

Using the MatLab computer code, we numerically deter-
mine the optimal probe state for the NH bound, the HN
bound, and the SLD bound, and numerically evaluate the
corresponding precision bounds. We numerically ascertain
that in the noiseless setting, the maximally entangled state
on the symmetric subspace is the optimal probe state, which
agrees with our result in Theorem 9.

When there is non-vanishing noise, we numerically
ascertain that the SLD precision bound cannot be optimal.
We furthermore prove this fact in Theorem 10, where in the
proof, we calculate the expectations of the commutators of
the symmetric logarithmic derivatives of different angular
momentum generators.

⋆ Semi-definite programming formulations:- To maxi-
mize the accessibility of our work, in Section D, we give for-
mulate the mathematical optimization problems that corre-
spond to J2, J3, J4, J5 as semidefinite programs to be used

with the CVX package and provide the corresponding Mat-
Lab code.

III. QUANTUM STATE ESTIMATION

In the quantum parameter estimation problem, given a
set of parameters Θ ⊆ Rd , we consider d-parameter state
family {ρθ : θ = (θ 1, . . . ,θ d) ∈ Θ} on the Hilbert space
H. Denoting the set of density matrices on H by S(H),
we note that the quantum states ρθ are elements of S(H),
which means that they are positive semidefinite operators
with unit trace. We define the true parameter to be θ0, and

our goal is to construct an estimator θ̂ that will estimate θ0.
We furthermore consider Θ as a continuous set, and where
the quantum states ρθ are differentiable with respect to θ ,
so that we can define the partial derivatives ρθ . In particu-
lar, in the neighborhood of the true parameter θ0, we define

Dj := ∂
∂ θ jρθ |θ0

, and ρ := ρθ0
.

We can describe a measurement using a set of positive
operators Π = {Πx : x ∈ X } where the completeness con-
dition
∑

x∈X Πx = I holds, where X is a set of classical
labels. By the Born rule, when we perform a measure-
ment Π on a quantum state ρθ , we will obtain the classi-
cal label x and the state Πxρθ/Tr(Πxρθ ) with probability
pθ (x) = Tr(Πxρθ ). Upon measurement, the classical la-
bel x is a random variable, and we denote E[ f (x)|Π] as
the expectation of f (x), the function f of the classical label
x , with probability distribution obtained according to the
Born rule. Now given a measurement Π and an estimator

θ̂ , where the estimator θ̂ is to be a function of the classical
label x , we denote Π̂ = (Π, θ̂ ) as an estimator. When the
true parameter θ0 is equal to θ , we define the mean-square
error (MSE) matrix for the estimator Π̂ as

Vθ [Π̂] =

d∑

i, j=1

|i〉〈 j|
∑

x∈X
TrρθΠx(θ̂

i(x)− θ i)(θ̂ j(x)− θ j)

=

d∑

i, j=1

|i〉〈 j|Eθ
�
(θ̂ i(x)− θ i)(θ̂ j(x)− θ j)|Π

�
.

In multiparameter quantum metrology, the objective is to

find an optimal estimator Π̂ = (Π, θ̂ ) that in some sense
minimizes the MSE matrix. More precisely, the quantity to
minimize is TrGVθ [Π̂], where a weight matrix G, a size d

positive semidefinite matrix, quantifies the relative impor-
tance of the different parameters in our parameter estima-
tion problem. If we give all parameters an equal impor-
tance, we may choose G to be the identity matrix.

When for all i = 1, . . . , d, the expectation of our estimator
is equal to the true value of the parameter θ0 when θ0 = θ ,
we have the condition

Eθ

�
θ̂ i(x)|Π
�
=
∑

x∈X
θ̂ i(x)Tr
�
ρθΠx

�
= θ i , (1)

which means that our estimator Π̂ = (Π, θ̂ ) is unbiased at
θ0 = θ . When (1) holds for all θ ∈ Θ, we say that our
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estimator is globally unbiased. Unfortunately, globally un-
biased estimators need not exist, and hence we consider es-
timators that are unbiased in the neighborhood of the true
parameter θ0. This motivates us to take partial derivatives
on both sides of (1), and consider

∂

∂ θ j
Eθ

�
θ̂ i(x)|Π
�
=
∑

x∈X
θ̂ i(x)TrDjΠx = δ

j

i
, (2)

where Dj =
∂
∂ θ jρθ . When (1) holds for all i = 1, . . . , d

for a fixed θ where θ0 = θ , and when (2) holds for all

i, j = 1, . . . , d, then we say that the estimator Π̂ = (Π, θ̂ )
satisfies the locally unbiased condition.

For any weight matrix G =
∑d

i, j=1
gi, j |i〉〈 j|, the funda-

mental precision limit [14] is given by

Cθ [G] := min
Π̂ :l.u.atθ

Tr
�
GVθ [Π̂]
�
,

where the minimization is carried out for all possible esti-
mators under the locally unbiasedness condition, which is
indicated by l.u. at θ . Note that when we impose only the
condition (2), the above minimum is attained by Π̂ satisfy-
ing (1). Therefore, Cθ [G] can be considered as the mini-
mum only with the condition (2). In the following, we con-
sider the above minimization. Hence, it is sufficient to focus
on the operators ρθ and (Dj) j . Thus, the pair (ρθ , (Dj) j) is
called a model in the following.

As discussed in Ref. [14], any lower bound to weighted
trace of the MSE matrix is a Cramer-Rao (CR) type bound.
The fundamental precision limit Cθ [G] is one such lower
bound which is tight, and hence refered to as the tight CR

bound [14]. Operationally, we may attain the tight CR
bound using an uncorrelated measurement strategy in the
asymptotic setting. This means that we would attain this
tight CR bound by performing optimal measurements inde-
pendently on asymptotically many individual copies of the
probe states. In quantum parameter estimation, one may
also consider correlated measurement strategies, where we
would allow joint measurements over multiple, and poten-
tially infinite number of copies of probe states. The Holevo-
Nagaoka (HN) bound [7, 8, 11, 15, 16] is a CR bound that
describes the ultimate precision in this correlated measure-
ment strategy scenario, and the HN bound can be strictly
smaller than the tight CR bound [14].

While it is difficult to evaluate the tight CR bound exactly,
one can nonetheless use a semidefinite program (SDP) to
approximate it [14]. As the precision of the approximation
increases, the complexity of the SDP also increases. Other
CR-type bounds are more efficient to evaluate, such as the
Nagaoka-Hayashi (NH) bound, the HN bound, and the SLD
bound. Recently, Ref. [14] used the language of conic pro-
gramming to clarify the relationship between these CR-type
bounds. Namely, let us consider an operator X that we con-

struct from any estimator Π̂ = (Π, θ̂ ), where

X (Π, θ̂ )

:=
∑

x∈X

�
|0〉+

d∑

i=1

θ̂ i(x)|i〉
��
〈0|+

d∑

i=1

〈i|θ̂ i(x)

�
⊗Πx .

This operator X (Π, θ̂ ) acts on the vectors in R⊗H, where
R= Rd+1 is spanned by d + 1 basis vectors |0〉, |1〉, . . . , |d〉.

We may write the trace of the weighted MSE matrix

TrGVθ [Π̂] using X (Π, θ̂ ). Namely,

TrGVθ [Π̂] = Tr(G ⊗ρ)X (Π, θ̂ ). (3)

Next, note that the completeness condition
∑

x∈X Πx = IH

using X (Π, θ̂ ) implies that

TrR(|0〉〈0| ⊗ IH)X (Π, θ̂ ) = IH. (4)

Hence, we may interpret (4) as a rewriting of the complete-
ness condition
∑

x∈X Πx = IH. Next, we note that the con-
dition (2) for a locally unbiased estimator guarantees

Tr(
1

2
(|0〉〈i|+ |i〉〈0|)⊗ Dj)X (Π, θ̂ ) = δi, j . (5)

Hence, we may interpret (5) as a rewriting of the locally
unbiased condition.

Note that the operator X (Π, θ̂ ) has a tensor product struc-

ture. Namely, we may consider X (Π, θ̂ ) as an element of a
cone generated by separable states on R ⊗ H. More pre-
cisely, this separable cone S

1 is the convex hull of the set
of operators that are a tensor product of a real positive
semidefinite matrix on R and a complex positive semidefi-
nite operators on H with bounded norm. Hence, it is natu-
ral to consider the minimization:

S1 := min
X∈S1
{Tr(G ⊗ρ)X |(4), (5) hold.}

The reference [14] showed that S1 is in fact equal to the
tight CR type bound. The reference [14] also showed that
if we consider the minimization of Tr(G ⊗ ρ)X subject to
the conditions (4), (5), but over suitable cones that contain
S

1, the optimal value can be made to be equal to the NH
bound, the HN bound and the SLD bound. Given this phe-
nomenon, it is instructive to revisit the cones over which we
can optimize X .

We now proceed to define several cones over which we
like to optimize X . Now let us define B as the vector space
spanned by the tensor product of real symmetric matrices
on R and bounded complex Hermitian matrices on H. This
means that we can write

B(R,H) :=
n d∑

j=0

d∑

k=0

|k〉〈 j| ⊗ Xk, j

���Xk, j ∈ Bsa(H), Xk, j = X j,k

o
,

where Bsa(H) denotes the set of self-adjoint (Hermitian)
matrices on H with bounded norm. When there is no con-
fusion, B(Rd+1,H) is simplified to B. Let us consider the
cone S

2 as

S
2 := {X ∈ B|〈v|X |v〉 ≥ 0 for all |v〉 ∈ Cd+1 ⊗H}.

Relaxing the condition of B we extend the space B as

B
′′ :=
n d∑

j=0

d∑

k=0

|k〉〈 j| ⊗ Xk, j

���Xk,0 ∈ Bsa(H), Xk, j = (X j,k)
†
o

.
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Symbol Meaning

d the number of parameters to be estimated

G weight matrix, real positive semidefinite d × d matrix

θ0 the parameters’ true value, a vector in Rd

θ̂ estimator of the d parameters, a vector in Rd

Θ ⊆ Rd set of all possible parameter vectors

Λθ quantum channel (mapping system A to B) that embeds θ
Tθ Choi matrix Λθ
Tθ0

Choi matrix Λθ0
at the parameter’s true value θ0

ρAC a probe state parametrized by θ

F j Choi matrix’s partial derivative ∂

∂ θ j Tθ |θ=θ0
.

S1 CR-type bound: tight bound, optimized over cone S
1 = S

1
BC

S2 CR-type bound: Nagaoka-Hayashi bound, optimized over cone S
2 = S

2
BC

S3 CR-type bound: bound from optimization over PPT cone, optimized over cone S
3 = S

3
BC

S4 CR-type bound: SLD bound, optimized over cone S
4 = S

4
BC

S5 CR-type bound: Holevo-Nagaoka bound, optimized over cone S
5((Λθ ⊗ ιC )(ρAC )) = S

5
BC
((Λθ ⊗ ιC )(ρAC ))

S
1,S2,S3,S4,S5((Λθ ⊗ ιC )ρAC ), cones in RC ⊗HB ⊗HC that correspond to the CR-type bounds S1, S2, S3, S4, S5

S̄k :=minρAC
S̄k[ρAC] CR-type precision bound for the channel estimation problem using the optimal probe state ρAC

S
1
BA

,S2
BA

,S3
BA

,S4
BA

,S5
BA
(T ) cones in RC ⊗HB ⊗HA that are analogous to the cones in the conic optimizations of S1, S2, S3, S4, S5

J1, J2, J3, J4, J5, conic optimizations on cones S1
BA

,S2
BA

,S3
BA

,S4
BA

,S5
BA
(T )

Y optimization variable for the cones S1
BA

,S2
BA

,S3
BA

,S4
BA

,S5
BA
(T )

ρA(Y ) When Y is the optimal solution of CR-type bound, the purification of ρA(Y ) is the optimal entangled state

|Φ〉〈Φ| maximally entangled state, an example of a ρAC

K set of matrices on system A and B for which the partial trace on B is proportional to the identity matrix

TABLE I: Notations for the channel estimation problem.

Let us define S(Cd+1 ⊗ H)PPT as the set of self-adjoint
operators on Cd+1 ⊗H with positive partial transpose, and
define S3 as S(Cd+1⊗H)PPT∩B′′. Likewise, we define the set
S(Cd+1⊗H)P as the set of positive semi-definite self-adjoint
operators onCd+1⊗H, and define S

4 as S(Cd+1 ⊗H)P ∩B′′.
Then, for k = 1, 2,3, 4, we define

Sk := min
X∈Sk
{Tr(G ⊗ρ)X |(4), (5) hold.}. (6)

The relation

S
1 ⊂ S

2 ⊂ S
3 ⊂ S

4

implies

S1 ≥ S2 ≥ S3 ≥ S4. (7)

In addition, we introduce a linear constraint to the oper-
ator X ∈ B′′ as

TrX ((| j〉〈i| − |i〉〈 j|)⊗ T ) = 0 (8)

for i, j = 1, 2, . . . , d and a trace-class self-adjoint operator
T . We may simplify (8) to

Im TrX (| j〉〈i| ⊗ T ) = 0.

by noting that TrX (|i〉〈 j| ⊗ T ) is the complex conjugate of
TrX (| j〉〈i|⊗T ) because TrRX (|i〉〈 j|⊗ I) = (TrRX (| j〉〈i|⊗ I))†.
Using this linear constraint, we define the subspace B

′′
T

of
B
′′ as

B
′′
T

:= {X ∈ B′′|(8) holds.}.

Next, given a density matrix ρ on H, let us define S
5(ρ) as

S(Cd+1 ⊗H)P ∩B′′ρ. We consider the minimization:

S5 := min
X∈S5(ρ)

{Tr(G ⊗ρ)X |(4), (5) hold.}.

Note that only the cone S
5(ρ) depends on ρ, for the cones

S
1,S2,S3,S4 are independent of ρ. Since we have the re-

lation

S
2 ⊂ S

5(ρ) ⊂ S
4,

we have the following relations

S4 ≤ S5 ≤ S2. (9)

Since Sk depends on the model (ρ, (Dj) j), i.e., the probe
state ρ and the partial derivatives of the probe state Dj for
k = 1, 2,3, 4,5, we can also write Sk as

Sk[ρ, (Dj) j]

to emphasize the CR-type bounds’ dependence on ρ and Dj .
Ref. [14] showed that S2 equals the Nagaoka-Hayashi

bound (NH bound) studied in Ref. [18–20]. Also, Ref. [14]
showed that S4 equals the SLD bound, and S5 equals the HN
bound. In the single parameter case, i.e., d = 1, the SLD
bound is attainable. Hence, we have the equality in (7) and
(9), i.e., the equation:

S1 = S2 = S3 = S5 = S4. (10)

For further discussion, we prepare several notations. We
use the notation X ◦ Y := 1

2 (X Y + Y X ). We define the SLD
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operator L j on H as

ρ ◦ L j = Dj .

We denote the SLD fisher information matrix by JSLD.

We define L i :=
∑d

j=1
(J−1

SLD
)i, j L j as a linear combination

of SLD operators that depend on the ith row of the in-
verse SLD Fisher information matrix. These operators L i

satisfy the constraint TrDj L
i = TrDj

∑d
j′=1
(J−1

SLD
) j, j
′
L j′ =∑d

j′=1
(J−1

SLD
)i, j
′
TrDj L j′ =
∑d

j′=1
(J−1

SLD
)i, j
′
JSLD, j, j′ = δ

i
j
. When

we need to clarify the dependence of the model (ρ, (Dj) j),

L i , Li , and JSLD are denoted by L i[ρ, (Dj) j], Li[ρ, (Dj) j],
and JSLD[ρ, (Dj) j], respectively.

Now, we consider the n-fold tensor product system H
⊗n.

Given an operator X on H, we define the operator X (n) on

H
⊗n as X (n) :=
∑n

i=1
X
(n)

i
, where X

(n)

i
:= I⊗i−1 ⊗ X ⊗ In−i .

Then, we call the model (ρ⊗n, (D
(n)

j
) j) as the n-fold exten-

sion of the state model (ρ, (Dj) j). Then, we have

Li[ρ
⊗n, (D

(n)

j
) j] = (Li[ρ, (Dj) j])

(n)

JSLD[ρ
⊗n, (D

(n)

j
) j] = nJSLD[ρ, (Dj) j])

L i[ρ⊗n, (D
(n)

j
) j] =

1

n
(L i[ρ, (Dj) j])

(n).

Also, the relation

Sk[ρ, (Dj) j] = nSk[ρ
⊗n, (D

(n)

j
) j]

holds for k = 4 [34] and for k = 5 [11, Lemma 4].

IV. CHANNEL ESTIMATION

In the previous section, the optimizations Sk depend on
the quantum model comprising of density operators ρ and
their partial derivatives with respect to the parameters to be
estimated. Here, we consider the channel estimation prob-
lem, where we have a d-parameter channel family {Λθ },
where the input system is HA and the output system is HB.
As we can see, the quantum channel Λθ embeds the d pa-
rameters θ to be estimated. After the quantum channel Λθ
maps a probe state on HA to an output state Λθ (ρ) on HB,
With asymptotically many copies of quantum states Λθ (ρ),
we can perform appropriate measurements, either in a cor-
related or uncorrelated setting, to obtain a probability dis-
tribution that depends on the parameters, from which we
may construct the best informated estimator for the param-
eters.

In the channel estimation problem, it is typical to con-
sider the purification of the probe state ρ to a pure state on
HA⊗HC . Here, the Hilbert space HC , isomorphic to HA, is
an ancillary system that the quantum channel has not access
to. Our measurement strategies however do have access the
ancillary system. This setting follows the preceding paper
[21] which studies the optimization of the one-parameter
case under the assumption that the ancilla system is avail-
able. We remark that considering measurement strategies

that do not have access to this ancilla system is highly non-
trivial, and beyond the scope of our current study. In what
follows, we assume that we have full access to the ancilla
system, which in turn means that the quantities of interest
are

S̄k[ρAC] := Sk[(Λθ ⊗ ιC)(ρAC), (
∂

∂ θ j

(Λθ ⊗ ιC)(ρAC)) j],

(11)

where ιC denotes an identity channel on system HC . With
complete access to the ancilla system, the corresponding
CR-type precision bounds are then

S̄k :=min
ρAC

S̄k[ρAC] (12)

where the minimization is over all pure density operators
on HA⊗HC , and the accessible measurements for our esti-
mation are applied to the tensor product system HB ⊗HC .
Since the whole ancialla system is accessible, when ρAC is a
mixed state, we are allowed to retake the system HC to con-
tain the reference of the purification of ρAC . This explains
why the range of the above minimization is limited to all
pure density operators on HA⊗HC .

It is not immediately obvious how one would solve the
optimization in (12). Even if one solves the inner optimiza-
tion for Sk, it is unclear if the subsequent optimization in
ρAC is a tractable optimization problem, such as a convex
problem. We overcome these difficulties. Namely, we con-
struct conic programs with optimal values that are precisely
equal to (12), which allows us to find (12) using only a sin-
gle optimization program.

The first tool that we use is the Choi matrix of a quan-
tum channel [35]. We denote the Choi matrix of Λθ by Tθ .
Given any orthonormal basis {|e j〉} of HA, we can define the

unnormalized maximally entangled state |I〉 :=
∑

j |e j〉|e j〉
on HA′⊗HA, where HA′ is isomorphic to HA. Then, the Choi
matrix Tθ of Λθ is an operator on HB ⊗HA and is given by

Tθ := (Λθ ⊗ ι)(|I〉〈I |).

Since ρ = TrA[|I〉〈I |(IA′ ⊗ ρ)] for any input state ρ on HA,
where IA′ =
∑

j |e j〉〈e j | we have

Λθ (ρ) = Λθ (TrA[|I〉〈I |(IA′ ⊗ρ)])
=TrA[(Λθ ⊗ ι)(|I〉〈I |)(IB ⊗ρ))] = TrA[Tθ (IB ⊗ρ)], (13)

where IB denotes the identity operator on HB. Here, (13)
allows us to rewrite Λθ (ρ) in terms of the Choi matrix Tθ
and the input probe state ρ.

Next, we can consider the partial derivatives of Λθ (ρ) in
terms of the Choi matrix derivatives. Namely,

∂

∂ θ j
Λθ (ρ) = TrA[

∂

∂ θ j
Tθ (IB ⊗ρ)].

When the parameter θ is in the neighborhood of the true
parameter θ0, we denote the corresponding Choi matrix Tθ0
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by T and its derivatives as F j := ∂
∂ θ j Tθ |θ=θ0

. In this case,
we can write

∂

∂ θ j
Λθ (ρ)|θ=θ0

= TrA[F j(IB ⊗ρ)]. (14)

Since we allow access to an ancilla system HC for both
preparation and measurement of the probe state, instead of
ρ as the input state, we considerρAC onHA⊗HC as the input
state. When the quantum channel still maps HA to HB, then
the output state that corresponds to our input state ρAC at
the true parameter value θ0 is

(Λθ ⊗ ιC)(ρAC)|θ=θ0
= TrA[(T ⊗ IC)(IB ⊗ρAC)], (15)

and its derivatives are

∂

∂ θ j
(Λθ ⊗ ιC)(ρAC)|θ=θ0

=TrA[(F j ⊗ IC)(IB ⊗ρAC)]. (16)

In this setting, the joint system HB⊗HC is accessible for our
measurement for our estimation. Then, the CR-type bound
S̄k[ρAC] of channel estimation problem as given in (11) can
be written as

S̄k[ρAC]

=Sk[TrA[(T ⊗ IC)(IB ⊗ρAC)], (TrA[(F j ⊗ IC)(IB ⊗ρAC)]) j]

(17)

with k = 1, 2,3, 4,5. In the following, the pair (T, (F j) j)

is called the channel model. In particular, when we need
to clarify the dependence of the channel model, S̄k[ρAC] is
denoted by S̄k[T, (F j) j ,ρAC].

Note that the operators in the left sides of (15) and (16)
act on the space HB ⊗HC . In the conic programming for-
mulation of (11), we require the introduction of the space
RC = C

d+1, and consider conic programming over the tri-
partite system RC ⊗HB ⊗HC . For k = 1, 2,3,4, we define
the cones we consider are operators on RC⊗HB⊗HC which
are equal to S

k as explained in Section III under the choice
H =HB ⊗HC as Sk

BC
. Following the notation of Section III,

we use X on RC ⊗HB ⊗HC to optimize within the appro-
priate cones.

After solving (11), we need to perform a subsequent min-
imization over all states ρAC on the space HA⊗HC , which is
a challenging task. To overcome this challenge, we formu-
late new conic programs with optimal values equal to those
given by (12).

Our formulation of new conic programs draws upon the
insight that the space HC is in fact isomorphic to the space
HA, and that we may consider optimizing over cones on
RC ⊗HB ⊗HA instead of RC ⊗HB ⊗HC . This means that
instead of considering the cones S

k
BC

, we like to consider

the cones S
k
BA

, where we obtain S
k
BA

by replacing H with

HB ⊗HA in the definition of Sk.
One challenge in this idea is to be able to construct ρAC

from the optimal solution of the cone. Denoting Y , an op-
erator on RC ⊗HB⊗HA, as the optimization variable in this
case, this challenge can be reduced to that of finding an ap-
propriate density operator ρA(Y ) on HA that depends on Y ,

and subsequently purifying ρA(Y ) to ρAC . To formulate the
objective function of the conic programs on Y , we revisit
the optimization of (17). Note that, the objective function
of (17) is

Tr[G ⊗ TrA[(T ⊗ IC)(IB ⊗ρAC)]X ]

=Tr[G ⊗ ((T ⊗ IC)(IB ⊗ρAC))(IA⊗ X )]

=Tr[(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]].

Identifying Y as TrC[(IRB⊗ρAC)(IA⊗X )], the objective func-
tion of the our conic programs becomes

Tr[Y (G ⊗ T )].

We establish an appropriate relation between the variable
Y and some ρAC through the conditions:

(i): Given fixed Y on RC ⊗HB ⊗HA, there exists a state ρA

on HA such that

TrR[Y (|0〉〈0| ⊗ IAB)] = IB ⊗ρA. (18)

(ii):

1

2
Tr[Y ((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)] = δ j, j′

for j, j′ = 1, . . . , d.

While the condition (ii) is a linear constraint, it is not im-
mediately apparent how condition (i) can be written as a
linear constraint. However, we point out that the condition
(i) is in fact equivalent to the following linear constraint.

(i’): Let {|b〉} be any orthonormal basis of HB. For b ̸= b′,
we have

TrRB[Y (|0〉〈0| ⊗ IA⊗ |b〉〈b′|)] = 0, (19)

TrRB[Y (|0〉〈0| ⊗ IA⊗ |b〉〈b|)]
= TrRB[Y (|0〉〈0| ⊗ IA⊗ |b′〉〈b′|)] (20)

as operators on HA. Also,

Tr[Y (|0〉〈0| ⊗ IA⊗ |b〉〈b|)] = 1. (21)

The equivalence between (i) and (i’) is shown as follows.
Since (i) ⇒ (i’) is trivial, we show (i’) ⇒ (i). We assume
that (i’). We denote TrB[TrR[Y (|0〉〈0|⊗ IAB)](IA⊗|b〉〈b|)] =
TrRB[Y (|0〉〈0| ⊗ IA⊗ |b〉〈b|)] by ρA(Y ). Then, (21) guaran-
tees that ρA(Y ) is a state. Also, (19) and (20) imply (18).
We obtain the condition (i). Therefore, the condition (i) is
replaced by the linear constraint (i’). Furthermore, when
we impose the condition (i), the operator

ρA(Y ) :=
1

dB

TrRB[Y (|0〉〈0| ⊗ IAB)] (22)

is a density matrix, where dB is the dimension of HB. Given
conditions (i’) and (ii) along with the objective function
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Tr[Y (G ⊗ T )], we can define our new conic programs.
Namely for k = 1, 2,3, 4, we define

Jk := min
Y∈Sk

BA

{Tr[Y (G ⊗ T )]|Y satisfies (i’), (ii).}.

For k = 5, we define S
5
BA
(T ) := S(RC ⊗ HAB)P ∩ B′′T , and

define the conic linear programming.

J5 := min
Y∈S5

BA(T )
{Tr[Y (G ⊗ T )]|Y satisfies (i’), (ii).}.

When we need to clarify the dependence of the channel
model (T, (F j) j), Jk is denoted by Jk[T, (F j) j].

SLD

Nagaoka-Hayashi

Holevo-Nagaoka

TightJ :
1

J :2

J :5

J :4

Optimization variable :

on system RBAY

Purification gives corresponding

entangled probe state

S
BA

1

S
BA

2

S
BA

5

S
BA

4

(T)

FIG. 3: . We depict the relationship between J1, J2, J5, J4

and their associated cones S1
BA

,S2
BA

,S5
BA
(T ),S4

BA
. The

optimal values of the these optimizations, which are
minimizations, are the tight bound, the Nagaoka-Hayashi
bound, the Holevo-Nagaoka bound, and the SLD bound

respectively. We pictorally illustrate that J1 ≥ J2 ≥ J5 ≥ J4.
We denote the optimization variable for all of these
minimizations as Y , which is a matrix supported on

RC ⊗HB ⊗HA. From the optimal solution Y ∗ of any of
these conic programmings, we can derive a corresponding
ρA(Y

∗), whose purification to system AC yields the
corresponding optimal probe state.

The main result of our paper is the following theorem.

Theorem 1. For k = 1, 2,3, 4,5, we have

Jk = S̄k. (23)

This theorem allows calculation of precision bounds for
channel estimation optimized over probe states as given by
S̄k using the conic programs that correspond to Jk. Since
the cones considered in Jk are analogous to the cones con-
sidered in Sk [14], we know how to solve Jk numerically.
Furthermore for k = 2, 3,4, 5, we can solve Jk via semidef-
inite programming (SDP). In contrast, the calculation of J1

requires the minimization over a certain separable cone on
RC⊗(HB⊗HA). Such a type conic programming is discussed
in Section IV of [14].

In addition, in the single parameter case, i.e., d = 1, the
SLD bound is attainable. (10) implies

J1 = J2 = J3 = J5 = J4. (24)

First, J1 has the operational meaning of the precision
limit under the scenario shown in Fig. 1. We can choose our
input state for each single input system individually. Our
measurement can be done over the joint system of the sin-
gle output system and the ancilla system of the single input.
In addition, we allow adaptive improvement for the choice
of the input state and the measurement.

Second, J5 has the operational meaning of the precision
limit under the scenario shown in Fig. 2. Again, we can
choose our input state for each single input system individ-
ually. Our measurement can be done over the joint system
of all output systems and all ancilla systems of the inputs.
However, when our measurement can be done over the joint
system of the initial k1 output systems and the initial k1 an-
cilla systems of the inputs, we can adaptively choose the
next k2 input states depending on the above measurement
outcome. Then, depending on the above measurement out-
come, our measurement can be done over the joint system
of the next k2 output systems and the next k2 ancilla systems
of the inputs. Such an adaptive improvement over several
rounds is allowed.

Now we sketch Theorem 1’s proof. First we can establish
an upper bound on Jk in terms of S̄k in the following lemma.

Lemma 2. For k = 1,2, 3,4, 5, we have

Jk ≤ S̄k. (25)

To prove Lemma 2, we show that given any solution ρAC

and X to S̄k, we can also construct a corresponding solution
Y for Jk with the same value for the objective function. We
prove the inequality opposite to (25), based on the discus-
sion in Section III, we rewrite the constraints for the com-
pleteness condition and the locally unbiased condition as

TrR[X (|0〉〈0| ⊗ IBC)] = IBC (26)

1

2
Tr[(IA⊗ X )((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)(IRB ⊗ρAC)] = δ j, j′ .

(27)

Then, we show the following lemma.

Lemma 3. For k = 1, 2,3, 4,5, we choose Y ∈ Sk
BA

satisfying

the conditions (i), (ii), and ρA := ρA(Y )> 0. We diagonalize

ρA as
∑dA

j=1
s j |φ j〉〈φ j |. We choose an orthonormal basis {ψ j}

of HC . We define a unitary map U : φ j 7→ψ j from HA to HC .

We choose ρAC as the pure state
∑dA

j=1

p
s j |φ j ,ψ j〉, which is

a purification of ρA. Then, we have

Tr[Y (G ⊗ T )]≥ S̄k. (28)

In addition, we choose X as

X := (U ⊗ IRB)(ρ
−1/2
A ⊗ IRB)Y (ρ

−1/2
A ⊗ IRB)(U

† ⊗ IRB).
(29)

For k = 1,2, 3,4, X is an element of Sk
BC

, and satisfies the

conditions (26) and (27), and the following relation.

Tr[Y (G ⊗ T )] = Tr[TrC[(IRB ⊗ρAC)(IA⊗ X )](G ⊗ T )].
(30)
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For k = 5, X is an element of S4
BC

, and satisfies the condi-

tions (26) and (27), (30), and

Tr[(IA⊗ X )((|i〉〈 j′| − | j′〉〈i|)⊗ T ⊗ IC)(IRB ⊗ρAC)] = 0.
(31)

Lemma 3 assumes that Y satisfies the full rank condition
for ρA(Y ). If the minimization in Jk is achieved by an oper-
ator Y to satisfy this condition, we obtain Theorem 1. How-
ever, there is a possibility that the optimal operator Y does
not satisfy this condition. To cover such a possibility, we
need the following technical lemma.

Lemma 4. We have

Jk = inf
Y∈Sk

BA





Tr[Y (G ⊗ T )]

������

Y satisfies (i), (ii) and,

ρA(Y )> 0, i.e.,
ρA(Y ) is full rank.






(32)

for k = 1, 2,3, 4, and

J5 = inf
Y∈S5

BA(T )

�
Tr[Y (G ⊗ T )]

����
Y satisfies (i), (ii) and,

ρA(Y ) is full rank.

�

(33)

Notice that both sides in the definition (29) act on HR ⊗
HB ⊗HC because U maps HA to HC . The combination of
Lemma 4 and (28) in Lemma 3 yields the ≥ part of (23)
while Lemma 2 shows the ≤ part of (23). Therefore, the
combination of Lemmas 2, 3, and 4 shows Theorem 1. In
addition, Lemmas 2, 3, and 4 are shown in Appendix A.

The pure state ρAC given in Lemma 3 is the input state to
achieves the value Tr[Y (G ⊗ T )] in the respective bounds.
The operator X given in Lemma 3 achieves the value
Tr[Y (G ⊗ T )] in the respective conic linear programming.

V. CASE WITH MAXIMALLY ENTANGLED INPUT STATE

A. Notations

The channel model is given as the pair (T⊗n, (F
(n)

j
) j).

Fixing the input state to be the maximally entangled state
|Φ〉〈Φ|, for k = 1,2, 3,4, 5, gives the following inequalities.

Jk[T, (F j) j]≤ S̄k[T, (F j) j , |Φ〉〈Φ|]. (34)

The aim of this section is to derive a necessarily and suffi-
cient condition for the equality of the above inequality for
k = 4, 5.

For this aim, we discuss when a maximally entangled
input state realizes the minimum value in the respec-
tive bounds. In this section, we simplify Jk[T, (F j) j] and

S̄k[T, (F j) j , |Φ〉〈Φ|] to Jk and S̄k[|Φ〉〈Φ|], respectively. We

employ the normalized Choi state TN := 1
dA

T on HAB. Also,

we employ F j,N := 1
dA

F j . Then, we impose the following

conditions to YN := dAY .

(i-N): Given fixed YN on HR ⊗HB ⊗HA, there exists a state
ρA on HA such that

TrR[YN (|0〉〈0| ⊗ IAB)] = IB ⊗ dAρA. (35)

(ii-N):

1

2
Tr[YN ((|0〉〈 j′|+ | j′〉〈0|)⊗ FN , j)] = δ j, j′

for j, j′ = 1, . . . , d.

The condition (i-N) is equivalent to the following linear con-
straint.

(i’-N): Let {|b〉}dB

b=1
be any orthonormal basis of HB. For

b ∈ {1, . . . , dB−1} and b′ ∈ {2, . . . , dB−1}with b > b′

we have

TrRB[YN (|0〉〈0| ⊗ IA⊗ |b〉〈b′|)] = 0, (36)

TrRB[YN (|0〉〈0| ⊗ IA⊗ (|b〉〈b| − |b+ 1〉〈b+ 1|)] = 0 (37)

as operators on HA. Also,

Tr[YN (|0〉〈0| ⊗ IA⊗ |1〉〈1|)] = dA. (38)

Then, Jk for k = 1,2, 3,4 is rewritten as

Jk = min
YN∈Sk

BA

{Tr[YN (G ⊗ TN )]|YN satisfies (i’-N), (ii-N).}.

(39)

J5 is rewritten as

J5 = min
Y∈S5

BA(TN )
{Tr[YN (G ⊗ TN )]|YN satisfies (i’-N), (ii-N).}.

(40)

When the input state is fixed as a maximally entangled
state |Φ〉, the bound is S̄k[|Φ〉〈Φ|]. Then, we have TN =

TrA[(T ⊗ IC)(IB ⊗ |Φ〉〈Φ|)]. Hence, by replacing the system
HC by HA, we rewrite S̄k[|Φ〉〈Φ|] as

S̄k[|Φ〉〈Φ|]
= min

YN∈Sk
BA

{Tr[YN (G ⊗ TN )]|YN satisfies (i”), (ii-N).} (41)

=Sk[TN , (F j,N ) j],

S̄5[|Φ〉〈Φ|]
= min

YN∈S5
BA(TN )
{Tr[YN (G ⊗ TN )]|YN satisfies (i”), (ii-N).} (42)

=S5[TN , (F j,N ) j],

for k = 1,2, 3,4, where the condition (i”) is defined as

(i”):

TrR[YN (|0〉〈0| ⊗ IAB)] = IAB. (43)

Therefore, we find that the difference between Jk and
S̄k[|Φ〉〈Φ|] is characterized by the difference between the
conditions (i’-N) and (i”). To discuss this difference, we
focus on Sk[TN , (F j,N ) j], i.e., the model (TN , (F j,N ) j) in the
following discussion.
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B. Equality condition for k = 4

We choose L i
∗ := L i[TN , (F j,N ) j], and define L⃗∗ = (L

i
∗)i .

For a vector of Hermitian matrices Z⃗ = (Z j) j , we define the
operator

WSLD(TN , Z⃗) :=
∑

1≤i, j≤d

G j,i Z
i TN Z j .

We define the subset K ⊂ Bsa(HAB) as

K := {X ∈ Bsa(HAB)|TrBX is a constant times of IA.}

This subset relates to dual matrix-valued variable that cor-
responds to the condition (i’-N) in the primal problem. We
supply the precise description of the dual problem in Ap-
pendix B 1.

Then, we have the following theorem.

Theorem 5. The following conditions are equivalent.

(A1):

J4 = S4[|Φ〉〈Φ|].

(A2): TrBWSLD(TN , L⃗∗) belongs to K.

C. Equality condition for k = 5

Given the weight matrix G, for simplicity, we choose the

new parameter θ̃ :=
p

Gθ . By using the estimator θ̂ of
the parameter θ , the new parameter’s estimator θ̃ is given

as
p

Gθ̂ . Hence, by using the covariance matrix Vθ [Π̂] of
the parameter θ , the covariance matrix Ṽθ̃ [Π̂] of the new

parameter θ̃ is given as
p

GVθ [Π̂]
p

G. That is, we have

TrGVθ [Π̂] = TrṼθ̃ [Π̂].

In other words, under the new parameter θ̃ , the weight
matrix is given as the identity matrix I so that the analysis
on the weight matrix I can recover the case with a general
weight matrix G. Therefore, without loss of generality, we
can assume that the weight matrix is the identity matrix I .

We define Z⃗∗ as

Z⃗∗ := argmin
Z⃗

{TrΠ(Z⃗)G ⊗ TN |TrDj Z
i = δi

j
},

where Π(Z⃗)i, j = Z i Z j , i.e., Π(Z⃗) =
∑

1≤i, j≤d |i〉〈 j| ⊗
(Z i)†Z j = (
∑d

1=1
|i〉 ⊗ (Z i)†)(
∑d

1=1
〈i| ⊗ Z i). We choose

Z0
∗ := IAB. We define the matrix V i, j

∗ := TrZ i
∗(Z

i
∗)

†TN . We

define C∗ := Im V∗|Im V∗|−1.
Next, we define

WHN (Tn, Z⃗) :=
� d∑

i=1

Z i TN Z i
�
−
∑

1≤i, j≤d

p
−1C i, j

∗ Z j TN Z i

which corresponds to a dual matrix-valued variable.

Theorem 6. The following conditions are equivalent.

(B1):

J5 = S5[|Φ〉〈Φ|].

(B2): TrBWHN (Tn, Z⃗∗) belongs to K.

D. Examples

1. One-parameter case

We choose HA and HB as two dimensional systems
spanned by |0〉, |1〉. We define the channel Λ0 as a depo-
larizing channel:

Λ0,p(ρ) := (1− p)ρ + pρmix,B,

where ρmix,B is the completely mixed state on the out-
put system HB. The channel Λθ is given as Γθ ,p(ρ) :=

UθΛ0,p(ρ)U
†

θ
, where Uθ := exp(iθσ1) and σ1 = |0〉〈1| +

|1〉〈0|. Then, the following theorem holds.

Theorem 7. When G is 1, we have the following relation

Jk[(Γθ ,p ⊗ ι)(|I〉〈I |), (
d

dθ
Γθ ,p ⊗ ι)(|I〉〈I |)]

=S̄k[(Γθ ,p ⊗ ι)(|I〉〈I |), (
d

dθ
Γθ ,p ⊗ ι)(|I〉〈I |), |Φ〉〈Φ|]

=
2− p

8(1− p)2
(44)

for k = 1, 2,3, 4,5.

Proof. Due to (24), it is sufficient to show (44) with k = 4.
Also, due to the symmetry, it is sufficient to show the case
with θ = 0. Then, TN = (1− p)|Φ〉〈Φ|+ pρmix,AB and F1,N =

(1− p)[iσ1, |Φ〉〈Φ|], where ρmix,AB is the completely mixed
state on HAB. Since

[σ1, |Φ〉〈Φ|] ◦ |Φ〉〈Φ|= 1

2
[σ1, |Φ〉〈Φ|]

[σ1, |Φ〉〈Φ|] ◦ρmix,AB =
1

4
[σ1, |Φ〉〈Φ|],

using 1
2 (1 − p) + 1

4 p = 1
4 (2 − p), we have L1 =

4
1−p

2−p [iσ1, |Φ〉〈Φ|]. Since σ2
1
= I , the SLD Fisher informa-

tion in this model is

TrL2
1
TN = Tr(4

1− p

2− p
)2([iσ1, |Φ〉〈Φ|])2TN

=16
(1− p)2

(2− p)2
Tr(σ1|Φ〉〈Φ|σ1 + |Φ〉〈Φ|)TN

=16
(1− p)2

(2− p)2
Tr
�
(1− p)|Φ〉〈Φ|+ p

4
(σ1|Φ〉〈Φ|σ1 + |Φ〉〈Φ|)

�

=16
(1− p)2

(2− p)2
((1− p) +

p

2
) = 16

(1− p)2

(2− p)2
(1− 1

2
p)

=
8(1− p)2

2− p
.
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Hence, we obtain the second equation in (44) with k = 4.

Then, L1
∗ =

2−p

8(1−p)2
· 4

1−p

2−p [iσ1, |Φ〉〈Φ|] =
1

2(1−p)
[iσ1, |Φ〉〈Φ|]. Since

[iσ1, |Φ〉〈Φ|]|Φ〉〈Φ|[iσ1, |Φ〉〈Φ|] =σ1|Φ〉〈Φ|σ1

[iσ1, |Φ〉〈Φ|]ρmix,AB[iσ1, |Φ〉〈Φ|] =1

4
(σ1|Φ〉〈Φ|σ1 + |Φ〉〈Φ|),

we have

WSLD(TN , L⃗∗) = L1
∗TN L1

∗

=
1

4(1− p)2
((1− p)σ1|Φ〉〈Φ|σ1 +

p

4
(σ1|Φ〉〈Φ|σ1 + |Φ〉〈Φ|)

=
1

4(1− p)2
((1− 3p

4
)σ1|Φ〉〈Φ|σ1 +

p

4
|Φ〉〈Φ|).

Since TrBσ1|Φ〉〈Φ|σ1 = TrB|Φ〉〈Φ|= 1
2 IA, we have

TrB

1

4(1− p)2
((1− 3p

4
)σ1|Φ〉〈Φ|σ1 +

p

4
|Φ〉〈Φ|)

=
1

4(1− p)2
((1− 3p

4
) +

p

4
)
1

2
IA =

2− p

16(1− p)2
IA.

Thus, WSLD(TN , L⃗∗) belongs to K. Theorem 5 guarantees the
first equation in (44) for k = 4.

2. Generalized Pauli channel

We consider the generalized Pauli channel on the system
H = HA = HB, which is spanned by {|a〉}a∈Zd

. We define
the operators W(a, b) for a, b ∈ Zd as the following unitary
matrices on H;

X(a) :=
∑

j∈Zd

| j + a〉〈 j|, Z(b) :=
∑

j∈Zd

ωb j | j〉〈 j|, (45)

W(a, b) := X(a)Z(b), (46)

whereω := exp(2πi/d). We introduce a distribution family
pθ over Z2

d
. Then, we define the family of channels {Λθ } as

Λθ (ρ) :=
∑

(a,b)∈Z2
d

pθ (a, b)W(a, b)ρW(a, b)†. (47)

We denote the Fisher information of the distribution fam-
ily {Pθ }. Then, as shown in [36, 37], we have the following
theorem.

Theorem 8. We have the following relations

J4[(Λθ ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ⊗ ι)(|I〉〈I |))l]

=S̄4[(Λθ ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ⊗ ι)(|I〉〈I |))l , |Φ〉〈Φ|]

=TrGJ−1
θ . (48)

Proof. When the input state is the maximally entangled
state |Φ〉〈Φ|, the output state is

∑

(a,b)∈Z2
d

pθ (a, b)W(a, b)|Φ〉〈Φ|W(a, b)†. (49)

Since {W(a, b)|Φ〉}a,b forms an orthogonal basis onH
⊗2, the

state family can be considered as distribution family {pθ }.
Then, we obtain the second equation.

Next, we show the first equation. We denote the
logarithmic likelihood derivative for the j-th param-

eter of {pθ } by lθ , j . We define the function l
j

θ

as l
j

θ
:=
∑

j′(J
−1
θ
) j, j
′
lθ , j′ . Then, we have L j

∗ =∑
(a,b)∈Z2

d
l

j

θ
(a, b)W(a, b)|Φ〉〈Φ|W(a, b)†. Hence,

TrBWSLD(TN , L⃗∗)

=TrB

∑

(a,b)∈Z2
d

� ∑

1≤ j′, j≤d

G j, j′ l
j′

θ
(a, b)pθ (a, b)l

j

θ
(a, b)

�

·W(a, b)|Φ〉〈Φ|W(a, b)†

=
∑

(a,b)∈Z2
d

∑

1≤ j′, j≤d

G j, j′ l
j′

θ
(a, b)pθ (a, b)l

j

θ
(a, b)ρmix , (50)

where ρmix is the completely mixed state on HC because
TrBW(a, b)|Φ〉〈Φ|W(a, b)† = TrA|Φ〉〈Φ| = ρmix . Hence,
TrBWSLD(TN , L⃗∗) belongs to K. Theorem 5 guarantees the
first equation.

3. Spin j representation of SU(2)

Next, we consider spin j representation of SU(2) over the
Hilbert space H j . Here, σ1, j , σ2, j , and σ3, j are defined as
the spin j representations of the generators of SU(2) on H j .
We set HA and HB to be H j . We define the channel Λ0 as a
depolarizing channel:

Λ0,p(ρ) := (1− p)ρ + pρmix,B.

The channel Λθ is given as Λθ ,p(ρ) := UθΛ0,p(ρ)U
†

θ
, where

Uθ := exp(i
∑3

k=1
θ kσk).

Then, the following theorem holds.

Theorem 9. When the weight matrix G is chosen to be I, we

have the following relations

J4[(Λθ ,p ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,p ⊗ ι)(|I〉〈I |))l=1,2,3]

=S̄4[(Λθ ,p ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,p ⊗ ι)(|I〉〈I |))l=1,2,3, |Φ〉〈Φ|]

=
9(1− 4 j2+4 j−1

(2 j+1)2 p)

8 j( j + 1)(1− p)2
. (51)
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In particular, for p = 0, we have

J4[(Λθ ,0 ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,0 ⊗ ι)(|I〉〈I |))l=1,2,3]

=J1[(Λθ ,0 ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,0 ⊗ ι)(|I〉〈I |))l=1,2,3]

=S̄1[(Λθ ,0 ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,0 ⊗ ι)(|I〉〈I |))l=1,2,3, |Φ〉〈Φ|]

=
9

8 j( j + 1)
. (52)

The paper [38] studied a similar problem in the n-copy
setting of the estimation of SU(D). It maximized the trace
of SLD Fisher information matrix by varying the input state.
This maximization is a different problem from our problem.

Proof. First, we show (51). Due to the symmetry, it is suf-
ficient to show the case with θ = 0. Then, TN = (1 −
p)|Φ〉〈Φ|+ pρmix,AB and Fl,N = (1− p)[iσl, j , |Φ〉〈Φ|], where
ρmix,AB is the completely mixed state on HAB. Since

[σl, j , |Φ〉〈Φ|] ◦ |Φ〉〈Φ|=
1

2
[σl, j , |Φ〉〈Φ|]

[σl, j , |Φ〉〈Φ|] ◦ρmix,AB =
1

(2 j + 1)2
[σl, j , |Φ〉〈Φ|],

using 1
2 (1 − p) + 1

(2 j+1)2 p = 1
2 −

4 j2+4 j−1

2(2 j+1)2 p, we have

Ll = cp, j[iσl, j , |Φ〉〈Φ|] with cp, j :=
1−p

1
2−

4 j2+4 j−1

2(2 j+1)2
p
. Since

〈Φ|σl ′, jσl, j |Φ〉 = 2 j( j+1)

3 δl,l ′ and 〈Φ|σl ′, j |Φ〉 = 0, the SLD
Fisher information matrix in this model is

TrLl Ll ′TN = Trc2
p, j
[iσl, j , |Φ〉〈Φ|][iσl ′, j , |Φ〉〈Φ|]TN

=c2
p, j

Tr(σl, j |Φ〉〈Φ|σl ′, j +
2 j( j + 1)

3
δl,l ′ |Φ〉〈Φ|)TN

=c2
p, j

Tr
�
(1− p)

2 j( j + 1)

3
δl,l ′ |Φ〉〈Φ|

+
p

(2 j + 1)2
(σl, j |Φ〉〈Φ|σl ′, j +

2 j( j + 1)

3
δl,l ′ |Φ〉〈Φ|)
�

=c̃p, jδl,l ′ ,

where c̃p, j := c2
p, j

2 j( j+1)

3 ((1 − p) +
2p

(2 j+1)2 ). Thus, the SLD

Fisher information matrix is c̃p, j I . Hence, the SLD bound

S̄4 is Trc̃−1
p, j

I = 3/c̃p, j . Since we have

c̃p, j = (
1− p

1
2 −

4 j2+4 j−1

2(2 j+1)2 p
)2

2 j( j + 1)

3
(1− 4 j2 + 4 j − 1

(2 j + 1)2
p)

=
4(1− p)2

1− 4 j2+4 j−1

(2 j+1)2 p

2 j( j + 1)

3
=

8 j( j + 1)(1− p)2

3(1− 4 j2+4 j−1

(2 j+1)2 p)
.

Hence, we obtain the second equation in (51).

Then, L l
∗ =

cp, j

c̃p, j
[iσl, j , |Φ〉〈Φ|]. Since

[iσl, j , |Φ〉〈Φ|]|Φ〉〈Φ|[iσl ′, j , |Φ〉〈Φ|] = σl, j |Φ〉〈Φ|σl ′, j ,

(53)

[iσl, j , |Φ〉〈Φ|]ρmix,AB[iσl ′, j , |Φ〉〈Φ|]

=
1

(2 j + 1)2
(σl, j |Φ〉〈Φ|σl ′, j +

2 j( j + 1)

3
δl,l ′ |Φ〉〈Φ|),

we have

WSLD(TN , L⃗∗) =
3∑

l=1

L l
∗TN L l

∗

=(
cp, j

c̃p, j

)2
3∑

l=1

�
(1− p)σl, j |Φ〉〈Φ|σl, j

+
p

(2 j + 1)2
(σl, j |Φ〉〈Φ|σl, j +

2 j( j + 1)

3
|Φ〉〈Φ|
�

=(
cp, j

c̃p, j

)2
�
(1− p+

p

(2 j + 1)2
)(

3∑

l=1

σl, j |Φ〉〈Φ|σl, j)

+
3p

(2 j + 1)2
2 j( j + 1)

3
|Φ〉〈Φ|
�

.

Since
∑3

l=1
σ2

l, j
is a Casimir operator, it is 2 j( j + 1)I on H j .

Thus,

TrB

3∑

l=1

σl, j |Φ〉〈Φ|σl, j = TrB

3∑

l=1

σ2
l, j
|Φ〉〈Φ|

=TrB2 j( j + 1)|Φ〉〈Φ|= 2 j( j + 1)

2 j + 1
IA.

Since TrB|Φ〉〈Φ|= 1
2 j+1 IA, we have

TrBWSLD(TN , L⃗∗)

=(
cp, j

c̃p, j

)2
�
(1− p+

p

(2 j + 1)2
)
2 j( j + 1)

2 j + 1

+
3p

(2 j + 1)2
2 j( j + 1)

3

1

2 j + 1

�
IA

=(
cp, j

c̃p, j

)2
�
(1− p+

2p

(2 j + 1)2
)
2 j( j + 1)

2 j + 1

�
IA.

Thus, WSLD(TN , L⃗∗) belongs to K. Theorem 5 guarantees the
first equation of (51).

Next, with p = 0, we show

S̄1[(Λθ ,0 ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,0 ⊗ ι)(|I〉〈I |))l=1,2,3, |Φ〉〈Φ|]

=S̄4[(Λθ ,0 ⊗ ι)(|I〉〈I |), (
∂

∂ θ l
Λθ ,0 ⊗ ι)(|I〉〈I |))l=1,2,3, |Φ〉〈Φ|].

(54)

Then, TN = |Φ〉〈Φ| and Fl,N = (iσl, j)|Φ〉〈Φ|+ |Φ〉〈Φ|(iσl, j)
†.

Since 〈Φ|(iσl, j)
†(iσl ′, j)|Φ〉 = 2 j( j+1)

3 δl,l ′ , the vectors
((iσl, j)|Φ〉)l=1,2,3 are orthogonal. Thus, Theorem 3 of [39]
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guarantees that the SLD bound is attainable, i.e., (54).
Since S̃1 ≥ J1 ≥ J4, the combination of (51) and (54) im-
plies the first and second equations in (52). The third equa-
tion in (52) follows from (51).

VI. APPLICATION TO FIELD SENSING

A. Model for field sensing

The canonical example that is widely considered in quan-
tum metrology is ‘field sensing’, where a classical field in-
teracts with an ensemble of qubits. When a 3D classical
field interacts identically with n qubits, we can write the
interaction Hamiltonian as

Hθ = θ1E1 + θ2E2 + θ3E3

where θ = (θ1,θ2,θ3) is a real vector that is proportional
to the 3D field that we wish to estimate, and E1, E2, E3 are
angular momentum operators defined on n-qubits, given by

E1 =
1

2
(τ
(1)

1 + · · ·+τ
(n)

1 ),

E2 =
1

2
(τ
(1)

2 + · · ·+τ
(n)

2 ),

E3 =
1

2
(τ
(1)

3 + · · ·+τ
(n)

3 ),

τ1 = |0〉〈1|+ |1〉〈0|,τ3 = |0〉〈0| − |1〉〈1| are Pauli matrices
that apply the bit-flip and phase-flip on a qubit, τ2 = iτ1τ3,

and τ
(k)

j
represents an n-qubit Pauli matrix that applies τ j

on the kth qubit, and identity operations everywhere else.

Amplitude damping operators A j , which model energy
loss, apply γ|0〉〈1| on the jth qubit and the identity opera-
tor on other qubits. These operators arise because of a lin-
ear interaction between individual qubits and a Markovian
zero-temperature bath[40]. Namely,

A j,γ = γI⊗ j−1 ⊗ |0〉〈1| ⊗ I⊗(n− j).

The collective amplitude damping operator, also considered
in [33, Eq. (7)], models collective energy loss, specifi-
cally because of a collective linear interaction between all n

qubits and a Markovian zero-temperature bath, and is given
by Ãγ :=
∑n

j=1
A j,γ.

We model the evolution of an initial probe state using the
master equation

dρ

d t
= Lθ ,γ(ρ), (55)

where t denotes time, and the operator Lθ can be written
as a linear operator, which is

Lθ ,γ(ρ) = −i(Hθρ −ρHθ ) + ÃγρÃ†
γ −

1

2
(Ã†
γÃγρ +ρÃ†

γÃγ).

(56)

For a non-negative evolution time s, let ρ̃s denote the
solution to the master equation (55). In particular, we can
write

ρ̃s = esLθ ,γ(ρ̃0).

This means that we can write ρ̃s as the Taylor series

ρ̃s = ρ̃0 +

∞∑

k=1

sk(Lθ ,γ)
k(ρ̃0)

k!
.

In our application, we set the evolution time as s = 1.
Hence, the channel that we consider in our channel esti-
mation problem is

Λθ ,γ(ρ) = eLθ ,γ(ρ) = ρ +

∞∑

k=1

L
k
θ ,γ
(ρ)

k!
. (57)

Using Λθ ,γ, we can calculate the corresponding Choi matrix
Tθ ,γ, and its derivatives about the true paramater θ0 are

F j,γ =
∂

∂ θ j
Tθ ,γ|θ=θ0

for j = 1,2, 3.

B. Numerical results

Here, we set the true parameter as θ0 = (0,0, 0) and the
number of qubits as n= 2, 3,4, 5. We investigate our chan-
nel estimation problem when γ varies from 0 to 1. In our
calculations, we set the weight matrix G as the identity ma-
trix I .

We numerically evaluate the channel estimation preci-
sion bounds J2,γ, J4,γ, J5,γ, where

Jk,γ = Jk[Tθ0,γ, (F1,γ, F2,γ, F3,γ)].

The precision bounds J2,γ, J4,γ, J5,γ are given by the op-
timal values of semidefinite programs with correspond-
ing optimal solutions given by Y2,γ, Y4,γ, Y5,γ, respec-
tively. Using the optimal solutions Y2,γ, Y4,γ, Y5,γ, we cal-
culate the corresponding probe states on HA given by
ρA(Y2,γ),ρA(Y4,γ),ρA(Y5,γ) respectively.

Let us denote |Φ〉 as the maximally entangled state on
the symmetric subspace, and consider the precision bounds
that correspond to using |Φ〉 as the input probe state for the
channel estimation problem. These precision bounds are

S
sym

k,γ
:=Sk

h
Λθ0,γ ⊗ ιC(|Φ〉〈Φ|),
� ∂
∂ θ j
Λθ ,γ ⊗ ιC(|Φ〉〈Φ|)

���
θ=θ0

�

j=1,2,3

i
.

We also numerically evaluate S
sym

2,γ , S
sym

4,γ , S
sym

5,γ . When we

have no access to an ancillary system HC , we may consider
using the 3D-GHZ state [41]

|ψ3D GHZ〉=
∑1

j=0
| j〉⊗n + |+〉⊗n + |−〉⊗n + |+ i〉⊗n + | − i〉⊗n

N
,
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FIG. 4: We numerically calculate the CR-bounds for field sensing when θ1 = θ2 = θ3 = 0 for fixed number of qubits
n= 2,3, 4,5. Here, Jk := Jk,γ denote the CR-bounds using the optimal probe state with ancilla assistance. In contrast,

Pk := S
sym

k,γ
denote the CR-bounds using the maximally entangled probe state on the symmetric subspace. We also use

Ak := S3D
k,γ

for the CR-type bounds using the 3D-GHZ state that do not require ancilla resistance. The vertical axis

represents the CR-type lower bound on the sum of the variances of the field parameters θ1,θ2 and θ3, which corresponds
to a weight matrix G equal to the identity matrix. The horizontal axis denotes the amount of amplitude damping noise γ.

FIG. 5: We represent the data in Figure 4 differently, plotting the CR-bounds for fixed values of γ. The horizontal axis
denotes the number of qubits n in the field sensing problem.
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where |±〉= |0〉±|1〉p
2

and |± i〉= |0〉+±i|1〉p
2

, and N is the appro-

priate normalization factor. We denote the corresponding
precision bounds for using the 3D-GHZ state without ancil-
lary assistance as

S3D
k,γ = Sk[Λθ0

(ρ3DGHZ),
∂

∂ θ j
Λθ ,γ(ρ3DGHZ)|θ=θ0

].

We also numerically calculate S3D
2,γ, S3D

4,γ, S3D
5,γ.

We numerically find that when γ= 0, we have

J2,0 = J4,0 = J5,0 = S
sym

2,0 = S
sym

4,0 = S
sym

5,0 =
9

n(n+ 2)
.

In fact, the analysis in Subsection V D 3 showed that the
same equality when the input state is limited to a state on
the symmetric subspace. Our numerical analysis suggests
that the support of the optimal input state is limited to the
symmetric subspace.

Furthermore, when we solve the semidefinite programs
corresponding to J2,γ, J4,γ, J5,γ, we find that the correspond-
ing optimal solutions Y2,γ, Y4,γ, Y5,γ have corresponding den-
sity matrices ρA(Y2,γ),ρA(Y4,γ),ρA(Y5,γ) that are very close
to the completely mixed state.

When γ > 0 we numerically find that

S3D
2
> S

sym

2 > J2, S3D
4
> S

sym

4 > J4, S3D
5
> S

sym

5 > J5.

(58)

In Figure 4, for different fixed values of n= 2, 3,4, 5, we
plot the precision bounds S3D

k,γ
, S

sym

k,γ
and Jk,γ on the vertical

axis and γ ∈ [0,1] on the horizontal axies. In Figure 5, for
fixed γ = 0.5 or γ = 1, we plot the precision bounds Ak, Pk

and Jk on the vertical axis, and the number of qubits n on
the horizontal axis.

In this way, we confirm the suboptimality of the maxi-
mally entangled state by our numerical evaluation of ρA(Y )

using the optimal solution Y for the conic programs J2,γ, J4,γ

and J5,γ for γ. In particular, while ρA(Y2,γ), ρA(Y4,γ), and
ρA(Y5,γ) are still a diagonal matrices when γ > 0, they are
not completely mixed states. Hence, their purifications can-
not be the maximally entangled state. We can furthermore
see the suboptimality of the maximally entangled state be-
cause S

sym

k,γ
≥ Jk,γ for k = 2,4, 5 when γ > 0. Curiously, from

Figure 4, the maximally entangled state on the symmetric
subspace is nonetheless still quite close to optimal.

Motivating the above analysis, we prove the following
theorem. When the support of the input state is limited
to the symmetric subspace in the channel Λθ , we denote
the obtained channel by Λ

sym

θ ,γ
. Using this limitation for the

inputs, we define T
sym

θ ,γ
and F

sym

j,γ in the same way.

Theorem 10. For γ > 0, we have

J4[T
sym

θ0,γ
,(F

sym

j,γ ) j=1,2,3]

<S
sym

k,γ

=S4

h
Λ

sym

θ0,γ
⊗ ιC(|Φ〉〈Φ|),
� ∂
∂ θ j
Λ

sym

θ ,γ
⊗ ιC(|Φ〉〈Φ|)
���
θ=θ0

�

j=1,2,3

i
.

Since the relation J4[Tθ0,γ, (F j,γ) j=1,2,3] ≤
J4[T

sym

θ0,γ
, (F

sym

j,γ ) j=1,2,3] holds, the above theorem means that

the maximally entangled state on the symmetric subspace
is not the optimal input state.

C. Methodology of numerical analysis

Now we useρ′ = Λ≈
θ ,γ
(ρ) to approximateΛθ ,γ(ρ) accord-

ing to the following procedure: Given any input state ρ, we
define

m̄∗(ρ) =min(100, min{ j : ∥(L j

θ ,γ
(ρ)/ j!∥< 10−12}).

Then we define

Λ
≈
θ ,γ(ρ) :=

m∗(ρ)∑

j=0

L
j

θ ,γ
(ρ)

j!
.

On the state ρAC , we also define

Λ
≈
θ ,γ(ρAC) :=

m∗(ρAC )∑

j=0

(L
j

θ ,γ
⊗ ιC)(ρAC)

j!
.

We obtain approximations of Tθ ,γ with

T≈θ ,γ = Λ
≈
θ ,γ((n+ 1)|Φ〉〈Φ|).

We also obtain approximations of F1, F2, F3 according to the
formula

F≈
1,γ =

T≈
(10−12,0,0),γ

− T≈
(0,0,0),γ

10−12
,

F≈
2,γ =

T≈
(0,10−12,0),γ

− T≈
(0,0,0),γ

10−12
,

F≈
3,γ =

T≈
(0,0,10−12),γ

− T≈
(0,0,0),γ

10−12
.

With the above, we approximate J2,γ, J4,γ, J5,γ with

J≈
k,γ = Jk[T

≈
(0,0,0),γ

, (F≈
j,γ) j=1,2,3].

We also approximate P2, P4, P5 with

S
sym,≈
k,γ

= Sk,γ[T
≈
(0,0,0)/(n+1),γ

, (F≈
j,γ/(n+ 1)) j=1,2,3].

We approximate Λ(0,0,0)(ρ3DGHZ) according to formula

Q0 = Λ
≈
(0,0,0),γ

(ρ3DGHZ)

and approximate ∂
∂ θ jΛθ (ρ3DGHZ)|θ=(0,0,0),γ according to

Q≈
1
=
Λ
≈
(10−12,0,0),γ

(ρ3DGHZ)−Λ≈(0,0,0),γ
(ρ3DGHZ)

10−12
,

Q≈
2
=
Λ
≈
(0,10−12,0),γ

(ρ3DGHZ)−Λ≈(0,0,0),γ
(ρ3DGHZ)

10−12
,

Q≈
3
=
Λ
≈
(0,0,10−12),γ

(ρ3DGHZ)−Λ≈(0,0,0),γ
(ρ3DGHZ)

10−12
.
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This allows us to approximate S3D
2,γ, S3D

4,γ, S3D
5,γ according to

S
3D,≈
k,γ

= Sk[Q0, (Q1,Q2,Q3)].

In our numerical evaluations of S
3D,≈
k,γ

, S
sym,≈
k,γ

, J≈
k,γ

, we eval-

uate the semidefinite programs according to MatLab code
given in Appendix D.

D. Proof of Theorem 10

Next, we consider θ = (0, 0,0), γ > 0, and where we
fix the input probe state as the maximally entangled state
|Φ〉〈Φ|. In this case, after the channel acts on our in-
put probe state, we have the output state ργ := (Λ0,γ ⊗
ιC)(|Φ〉〈Φ|). Letting Fu := Eu ⊗ IC , we define

L1 := L1[ργ, (i[ργ, F1], i[ργ, F2], i[ργ, F3])]

L2 := L2[ργ, (i[ργ, F1], i[ργ, F2], i[ργ, F3])].

Then, we have the following lemma.

Lemma 11.

Tr[L1ργL2]− Tr[L2ργL1]

=
−2in(n+ 2)

3
(1+ n(n+ 2)/3)γ2 +O(γ4). (59)

Since Tr[L1ργL2]− Tr[L2ργL1] is not equal to zero, this

proves that the SLD bound S
sym

k,γ
is not a tight bound. That

is, we obtain Theorem 10.
In the following, we show Lemma 11. For this aim, we

handle the symmetric subspace. The symmetric subspace
is described by using the Dicke basis {|Dn

0
〉, . . . , |Dn

n
〉} where

the Dicke states

|Dn
w
〉 :=
∑

(x1,...,xn)∈{0,1}n
x1+···+xn=w

1q�
n

w

� (|x1〉 ⊗ · · · ⊗ |xn〉)

are uniform superpositions of all computational states in
{|0〉, |1〉}⊗n of constant Hamming weight w with unit norm.
Then, the maximally entangled state |Φ〉 on the symmetric
subspace has the form |Φ〉= 1p

n+1

∑n
u=0
|Dn

u
〉⊗|Dn

u
〉, and we

introduce two orthogonal vectors

|φ〉 :=((IA−
1

2
Ã†
γÃγ)⊗ IC)|Φ〉

=
1p

n+ 1

n∑

u=0

(IA−
1

2
Ã†
γÃγ)|Dn

u
〉 ⊗ |Dn

u
〉, (60)

|ε〉 :=(Ãγ ⊗ IC)|Φ〉=
1p

n+ 1

n∑

u=0

Ãγ|Dn
u
〉 ⊗ |Dn

u
〉. (61)

The vectors |φ〉 and |ε〉 are orthogonal because of the
following reason. First, according to (C7), when u =

1, . . . , n, Ãγ|Dn
u
〉 = γ
p
(n− u+ 1)u|Dn

u−1
〉, and when u =

0, Ãγ|Dn
u
〉 = 0, and hence Ãγ|Dn

u
〉 = au|Dn

u−1
〉 for

some real number au. Second, according to (C7) (IA −
1
2 Ã†
γÃγ)|Dn

u
〉 = bu|Dn

u
〉 for some real number bu. Hence

〈φ|ε〉 = 1
n+1

∑n
u=1

au bu〈Dn
u−1
|Dn

u
〉. Since |Dn

u
〉 and |Dn

u−1
〉

are pairwise orthogonal for u = 1, . . . , n, it follows that
〈φ|ε〉= 0, and hence |φ〉 and |ε〉 are orthogonal.

It is easy to see that

λ1 :=〈φ|φ〉= 1

n+ 1

n∑

w=0

(1− γ2(n− w+ 1)w/2)2

=1− γ
2

6
n(n+ 2) +O(γ4), (62)

λ2 :=〈ε|ε〉= γ2

n+ 1

n−1∑

w=0

(n− w)(w+ 1) =
γ2

6
n(n+ 2). (63)

Using |φ1〉 := |φ〉/
p
λ1 and |φ2〉 := |ε〉/

p
λ2, we define

ρ̄γ := |φ〉〈φ|+ |ε〉〈ε|= λ1|φ1〉〈φ1|+λ2|φ2〉〈φ2|. (64)

Hence, the two largest eigenvalues of ρ̄γ are λ1 and λ2,

which are given by 1− γ2

6 n(n+ 2) + O(γ4) and
γ2

6 n(n+ 2)
respectively. Using these, we define two quantities

f (1, 2) :=
λ1 −λ2

λ1 +λ2

= 1− γ
2

3
n(n+ 2) +O(γ4), (65)

g := f (1, 2)2 − 1.

Then, we have

g = −2γ2n(n+ 2)

3
+O(γ4). (66)

Introducing two operators

L̄1 := L1[ρ̄γ, (i[ρ̄γ, F1], i[ρ̄γ, F2], i[ρ̄γ, F3])]

L̄2 := L2[ρ̄γ, (i[ρ̄γ, F1], i[ρ̄γ, F2], i[ρ̄γ, F3])],

we have the following two lemmas.

Lemma 12. Let u, v = 1,2, 3. We have

Tr( L̄uρ̄γ L̄v) =− 4

2∑

l=1

〈φl |Fu|φl〉〈φl |F v |φl〉

+ 4gλ2〈φ1|Fu|φ2〉〈φ2|F v |φ1〉
+ 4gλ1〈φ2|Fu|φ1〉〈φ1|F v |φ2〉

+ 4

2∑

l=1

λl〈φl |F v Fu|φl〉. (67)

Lemma 13. Let µ := n(n+ 2)/12. Then

〈φ|F1|ε〉= µγ+O(γ3), (68)

〈φ|F2|ε〉= iµγ+O(γ3), (69)

〈φ|F3|φ〉= µγ2, (70)

〈ε|F3|ε〉= µγ2 +O(γ4). (71)
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Lemma 12 is shown in Appendix C 3, and Lemma 13 is
shown in Appendix C 4.

Using (67) with (u, v) = (1, 2), we find that

Tr[ L̄1ρ̄γ L̄2]− Tr[ L̄2ρ̄γ L̄1]

(a)
=4gλ2〈φ1|F1|φ2〉〈φ2|F2|φ1〉+ 4gλ1〈φ2|F1|φ1〉〈φ1|F2|φ2〉
− 4gλ2〈φ1|F2|φ2〉〈φ2|F1|φ1〉 − 4gλ1〈φ2|F2|φ1〉〈φ1|F1|φ2〉

+ 4

2∑

l=1

λl〈φl |F2F1|φl〉 − 4

2∑

l=1

λl〈φl |F1F2|φl〉

(b)
=4gλ2〈φ1|F1|φ2〉〈φ2|F2|φ1〉+ 4gλ1〈φ2|F1|φ1〉〈φ1|F2|φ2〉
− 4gλ2〈φ1|F2|φ2〉〈φ2|F1|φ1〉 − 4gλ1〈φ2|F2|φ1〉〈φ1|F1|φ2〉
− 4i(λ1〈φ1|F3|φ1〉+λ2〈φ2|F3|φ2〉)

(c)
=8g(λ2〈φ1|F1|φ2〉〈φ2|F2|φ1〉+λ1〈φ2|F1|φ1〉〈φ1|F2|φ2〉)
− 4i(λ1〈φ1|E3|φ1〉+λ2〈φ2|E3|φ2〉). (72)

In (a) we use 〈φ1|F2|φ1〉 = 0 and 〈φ2|F2|φ2〉 = 0
so that the first summation in (67) vanishes. In (b)
we use 〈φ j |(F2F1 − F1F2)|φ j〉 = −i〈φ j |F3|φ j〉. In

(c) we use the following. First i〈φ1|F2|φ2〉 ∈ R
implies that 〈φ1|F2|φ2〉 = −〈φ2|F2|φ1〉. Second,
〈φ1|F1|φ2〉 ∈ R implies that 〈φ1|F1|φ2〉 = 〈φ2|F1|φ1〉.
Hence 〈φ2|F1|φ1〉〈φ1|F2|φ2〉 = −〈φ1|F1|φ2〉〈φ2|F2|φ1〉,
which implies that 〈φ2|F1|φ1〉〈φ1|F2|φ2〉 −
〈φ1|F1|φ2〉〈φ2|F2|φ1〉 = 2〈φ2|F1|φ1〉〈φ1|F2|φ2〉, which
implies (c).

Then, we have

Tr[ L̄1ρ̄γ L̄2]− Tr[ L̄2ρ̄γ L̄1]

(a)
=8g(〈φ|F1|ε〉〈ε|F2|φ〉/λ1 + 〈ε|F1|φ〉〈φ|F2|ε〉/λ2)

− 4i(〈φ|F3|φ〉+ 〈ε|F3|ε〉)
(b)
=8g(−iµ2γ2 +O(γ4)) + 8g((iµ2γ2 +O(γ4))/(2µγ2))

− 4i(2µγ2 +O(γ4))

(c)
=4iµg − 8iµγ2 +O(γ4)

(d)
=(−32iµ2 − 8iµ)γ2 +O(γ4)

(e)
= − 8i(4µ2 +µ)γ2 +O(γ4)

( f )
=
−2in(n+ 2)

3
(1+ n(n+ 2)/3)γ2 +O(γ4). (73)

In (a), we use |φ〉 = |φ1〉/
p
λ1, |ε〉 = |φ2〉/

p
λ2, and

(72). In (b), we use Lemma 13, and the fact that λ1 =

〈φ|φ〉,λ2 = 〈ε|ε〉 with (62) and (63). In (c), we collect
terms of leading order in γ. In (d), we use (66), namely,
g = −8µγ2 + O(γ4). In (e), we substitute the value of
µ= n(n+ 2)/12.

In Appendix C 5, we prove the following lemma.

Lemma 14. Let u, v = 1, 2,3. Then

Tr[LuργLv]− Tr[ L̄uρ̄γ L̄v] = O(γ4). (74)

Then from (73) and Lemma 14, we can get Lemma 11.

VII. DISCUSSIONS

We have shown that the channel estimation problems
that correspond to S j admit corresponding conic optimiza-
tions J j that allow us to find the corresponding Cramér-Rao
bound for the optimal entangled state. We illustrate the
power of our framework with theoretical analysis on the
scenario when the maximally entangled state is the optimal
probe state, and also with numerical analysis for the often
studied field sensing problem using quantum probe states.

We believe that the theory we develop here has applica-
tions that extend beyond the problem of field sensing using
probe states. In fact, any problem where we estimate mul-
tiple incompatible parameters embedded within a quantum
channel using entangled probe states stands to benefit from
our theory. This encompasses many applications beyond
that of quantum field sensing, such as in quantum imaging
[31].

In a recent paper [42], it was shown that field sensing
using quantum probe states in the face of a linear rate of
errors can approach the Heisenberg limit if we use quan-
tum error correction on appropriate permutation-invariant
codes [43, 44]. However, the corresponding question of
what can be done in the setting of using entangled probe
states was not considered, and remains an interesting open
problem.

Next we like to discuss the efficiency of evaluating the
various bounds J j . When j = 2, . . . , 5, the optimizations for
J j are efficiently solvable by SDPs. When j = 1, although
the conic programing S1 cannot be considered as a SDP, it
can be approximately calculated with SDP by employing
the concept of symmetric extension. Originally, symmetric
extension was introduced to considering the membership
problem for the separability [45, 46]. We consider the sys-

tems Cd+1⊗n ⊗H, Cd+1 ⊗H⊗n and define

S
1
n

:={X ∈ B(Cd+1⊗n
,H)|Tr jc X = Tr1c X , X ≥ 0}

S̃
1
n

:={X ∈ B(Cd+1,H⊗n)|Tr jc X = Tr1c X , X ≥ 0},

where Tr jc expresses the partial trace except for the j-th sys-

tem on Cd+1⊗n
or H⊗n. The minimizer X∗ of S1 has a sym-

metric extension X∗,n that belongs to S
1
n

and S̃
1
n

and satisfies
Tr1c X∗,n = X∗. Due to the condition Tr1c X∗,n = X∗ ∈ S1, we
have the following lower bounds of S1:

S1,n := min
X∈S1

n

{Tr(G ⊗ρ)Tr1c X |Tr1c satisfies (4), (5).} (75)

S̃1,n := min
X∈S̃1

n

{Tr(G ⊗ρ)Tr1c X |Tr1c satisfies (4), (5).} (76)

The above quantities can be calculated by SDP. Since an el-
ement X of S1

n
or S̃1

n
satisfies Tr1c X ∈ S2, we have

S1 ≥ S1,n+1 ≥ S1,n ≥ S2, S1 ≥ S̃1,n+1 ≥ S̃1,n ≥ S2.

Also, [46] showed that for any non-separable state ρ,
there exists an integer n such that ρ does not belong to
S1,n. The speed of the convergence is studied in [47, 48].
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Therefore, we have

S1 = lim
n→∞

S1,n = lim
n→∞

S̃1,n.

In addition, this discussion can be applied to the approxi-
mate calculation of J1 by SDP.

As an application of our theory, we considered the canon-
ical problem of field sensing. We expect that our theory can
lend insight to many other problems that can be phrased

naturally in the channel estimation framework, such as for
other applications in quantum imaging and sensing.
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Optimal probes and error-correction schemes in multi-

parameter quantum metrology, Quantum 4, 288 (2020).

[24] J. Friel, P. Palittapongarnpim, F. Albarelli, and A. Datta,

Attainability of the Holevo-Cramér-Rao bound for two-

qubit 3d magnetometry, arXiv preprint arXiv:2008.01502

10.48550/arXiv.2008.01502 (2020).

[25] A. Acín, Statistical distinguishability between unitary opera-

tions, Phys. Rev. Lett. 87, 177901 (2001).

[26] M. F. Sacchi, Optimal discrimination of quantum operations,

Phys. Rev. A 71, 062340 (2005).

[27] M. Hayashi, Discrimination of two channels by adaptive

methods and its application to quantum system, IEEE Trans-

actions on Information Theory 55, 3807 (2009).

[28] Q. Zhuang and S. Pirandola, Ultimate limits for multi-

ple quantum channel discrimination, Phys. Rev. Lett. 125,

080505 (2020).

[29] M. M. Wilde, M. Berta, C. Hirche, and E. Kaur, Amor-

tized channel divergence for asymptotic quantum channel

discrimination, Letters in Mathematical Physics 110, 2277

(2020).

[30] K. Nakahira and K. Kato, Generalized quantum process dis-

crimination problems, Phys. Rev. A 103, 062606 (2021).

[31] P.-A. Moreau, E. Toninelli, T. Gregory, and M. J. Pad-

gett, Imaging with quantum states of light, Nature Reviews

Physics 1, 367 (2019).

[32] G. Tóth and I. Apellaniz, Quantum metrology from a quan-

tum information science perspective, Journal of Physics A:

Mathematical and Theoretical 47, 424006 (2014).

[33] L.-M. Duan and G.-C. Guo, Optimal quantum codes for pre-

venting collective amplitude damping, Phys. Rev. A 58, 3491

(1998).

[34] H. Nagaoka, On the parameter estimation problem for quan-

tum statistical models, In Proceeding of 12th Symposium on



20

Information Theory and Its Applications (SITA), Inuyama,

Tottori, Japan, December 6–9 , 577 (1989).

[35] M.-D. Choi, Completely positive linear maps on complex ma-

trices, Linear algebra and its applications 10, 285 (1975).

[36] A. Fujiwara and H. Imai, Quantum parameter estimation of a

generalized pauli channel, Journal of Physics A: Mathemati-

cal and General 36, 8093 (2003).

[37] M. Hayashi, Private communication to A. Fujiwara (2003).

[38] H. Imai and A. Fujiwara, Geometry of optimal estimation

scheme for su(d) channels, Journal of Physics A: Mathemat-

ical and Theoretical 40, 4391 (2007).

[39] K. Matsumoto, A new approach to the Cramér-Rao-type

bound of the pure-state model, Journal of Physics A: Mathe-

matical and General 35, 3111 (2002).

[40] I. L. Chuang, D. W. Leung, and Y. Yamamoto, Bosonic quan-

tum codes for amplitude damping, Phys. Rev. A 56, 1114

(1997).

[41] T. Baumgratz and A. Datta, Quantum enhanced estimation

of a multidimensional field, Phys. Rev. Lett. 116, 030801

(2016).

[42] Y. Ouyang and G. K. Brennen, Quantum error cor-

rection on symmetric quantum sensors, arXiv preprint

arXiv:2212.06285 10.48550/arXiv.2212.06285 (2022).

[43] Y. Ouyang, Permutation-invariant quantum codes, Physical

Review A 90, 062317 (2014), 1302.3247.

[44] Y. Ouyang, Permutation-invariant quantum coding for quan-

tum deletion channels, in 2021 IEEE International Sympo-

sium on Information Theory (ISIT) (2021) pp. 1499–1503.

[45] A. C. Doherty, P. A. Parrilo, and F. M. Spedalieri, Distin-

guishing separable and entangled states, Phys. Rev. Lett. 88,

187904 (2002).

[46] A. C. Doherty, P. A. Parrilo, and F. M. Spedalieri, Com-

plete family of separability criteria, Phys. Rev. A 69, 022308

(2004).

[47] M. Navascués, M. Owari, and M. B. Plenio, Power of sym-

metric extensions for entanglement detection, Phys. Rev. A

80, 052306 (2009).

[48] H. Fawzi, The set of separable states has no finite semidefi-

nite representation except in dimension 3× 2, Communica-

tions in Mathematical Physics 386, 1319 (2021).

[49] Y. Ouyang, N. Shettell, and D. Markham, Robust quantum

metrology with explicit symmetric states, IEEE Transactions

on Information Theory 68, 1809 (2022).

[50] R. S. Varga, Geršgorin and his circles, 1st ed. (Springer-Verlag,

2004).

[51] J. Fan, W. Wang, and Y. Zhong, An ℓ∞ eigenvector perturba-

tion bound and its application to robust covariance estima-

tion, Journal of Machine Learning Research 18, 1 (2018).

Appendix A: Proofs of Lemmas 2, 3, and 4

1. Proof of Lemma 2

Using the conditions (26) and (27), for k = 1,2, 3,4, we can write

Sk[TrA(T ⊗ IC)(IB ⊗ρAC), (TrA(F j ⊗ IC)(IB ⊗ρAC)) j]

= min
X∈Sk

BC

�
Tr(G ⊗ T ⊗ IC)(IRB ⊗ρAC)(IA⊗ X )

����
IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr(IA⊗ X )((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)(IRB ⊗ρAC) = δ j, j′

�
.

For k = 5, we have

S5[TrA(T ⊗ IC)(IB ⊗ρAC), (TrA(F j ⊗ IC)(IB ⊗ρAC)) j]

= min
X∈S4

BC





Tr(G ⊗ T ⊗ IC)(IRB ⊗ρAC)(IA⊗ X )

������

IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr(IA⊗ X )((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)(IRB ⊗ρAC) = δ j, j′

Tr(IA⊗ X )((|i〉〈 j′| − | j′〉〈i|)⊗ T ⊗ IC)(IRB ⊗ρAC) = 0





.
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For k = 1, 2,3, 4, we have (25) as

min
ρAC∈S(HA⊗HC )

Sk[TrA(T ⊗ IC)(IB ⊗ρ), (TrA(F j ⊗ IC)(IB ⊗ρ)) j]

= min
ρAC∈S(HA⊗HC )

min
X∈Sk

BC

�
Tr(G ⊗ T ⊗ IC)(IRB ⊗ρAC)(IA⊗ X )

����
IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr(IA⊗ X )((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)(IRB ⊗ρAC) = δ j, j′

�

= min
ρAC∈S(HA⊗HC )

min
X∈Sk

BC

�
Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

����
IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

�

(A1)

(a)

≥ min
ρAC∈S(HA⊗HC )

min
X∈Sk

BC

�
Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

����
TrRTrC[(IRB ⊗ρAC)(IA⊗ X )](|0〉〈0| ⊗ IAB) = (TrCρAC)⊗ IB
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

�

(A2)

(b)

≥ min
Y∈Sk

BA

{TrY G ⊗ T |(i), (ii) hold}= Jk. (A3)

Here, step (a) is shown as follows. The condition IBC = TrRX |0〉〈0| ⊗ IBC implies the condition

TrRTrC[(IRB ⊗ρAC)(IA⊗ X )](|0〉〈0| ⊗ IAB) = TrRC[(IRB ⊗ρAC)(IA⊗ X )(|0〉〈0| ⊗ IABC)]

=TrC(IB ⊗ρAC)TrR[(IA⊗ X )(|0〉〈0| ⊗ IABC)]

=TrC(IB ⊗ρAC)(IA⊗ TrR[X (|0〉〈0| ⊗ IBC)]) = TrC(IB ⊗ρAC)(IA⊗ IBC) = (TrCρAC)⊗ IB.

Hence, a pair (ρAC , X ) in (A1) satisfies the condition in (A2). Thus, for a pair (ρAC , X ) in (A1), we have Tr(G⊗T )TrC[(IRB⊗
ρAC)(IA⊗ X )]≥ (A2), which implies (a).

Step (b) is shown as follows. For a pair (ρAC , X ) in (A2), we choose Y to be TrC[(IRB ⊗ρAC)(IA⊗ X )]. Since

TrRTrC[(IRB ⊗ρAC)(IA⊗ X )](|0〉〈0| ⊗ IAB) = (TrCρAC)⊗ IB, (A4)

ρA(Y ) is calculated to be TrCρAC . Then, the condition (A4) implies the condition (i). The condition 1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗

F j)TrC[(IRB ⊗ ρAC)(IA ⊗ X )] = δ j, j′ implies the condition (ii). Also, we have Tr(G ⊗ T )TrC[(IRB ⊗ ρAC)(IA ⊗ X )] ≥ (A3).

The remaining issue is to show Y ∈ S
k
BA

for k = 1,2, 3,4. For k = 4, it is sufficient to show Y ≥ 0 and Y ∈ B
′′
ABC

. Since

X ∈ B
′′
BC

and X ≥ 0, we have
p

IRB ⊗ρAC(IA ⊗ X )
p

IRB ⊗ρAC ≥ 0 belongs to B
′′
ABC

. Taking the trace on C , we obtain
Y ≥ 0 and Y ∈ B

′′
ABC

. For other cases, we need to show additional conditions. For k = 1, we need to show that Y ≥ 0

has a separable form with the bipartition R and AB. Since
p

IRB ⊗ρAC(IA ⊗ X )
p

IRB ⊗ρAC has a separable form with the
bipartition R and ABC , Y satisfies this condition. For k = 2, we need to show that Y ∈ BAB. Since X ∈ BBC impliesp

IRB ⊗ρAC(IA ⊗ X )
p

IRB ⊗ρAC ∈ BABC , Y satisfies this condition. For k = 3, we need to show the following. When we

apply the partial transpose on the system R to Y , it is positive semi-definite. Since
p

IRB ⊗ρAC(IA⊗ X )
p

IRB ⊗ρAC satisfies
this property, Y satisfies this condition. Therefore, we obtain (b).

For k = 5, we have (25) as

min
ρAC∈S(HA⊗HC )

S5[TrA(T ⊗ IC)(IB ⊗ρ), (TrA(F j ⊗ IC)(IB ⊗ρ)) j]

= min
ρAC∈S(HA⊗HC )

min
X∈S4

BC





Tr(G ⊗ T ⊗ IC)(IRB ⊗ρAC)(IA⊗ X )

������

IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr(IA⊗ X )((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)(IRB ⊗ρAC) = δ j, j′

Tr(IA⊗ X )((|i〉〈 j′| − | j′〉〈i|)⊗ T ⊗ IC)(IRB ⊗ρAC) = 0






= min
ρAC∈S(HA⊗HC )

min
X∈S4

BC





Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

������

IBC = TrRX |0〉〈0| ⊗ IBC
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

Tr((|i〉〈 j′| − | j′〉〈i|)⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )] = 0






(A5)

(a)

≥ min
ρAC∈S(HA⊗HC )

min
X∈S4

BC





Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

������

TrRTrC[(IRB ⊗ρAC)(IA⊗ X )](|0〉〈0| ⊗ IB) = (TrCρAC)⊗ IB
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

Tr((|i〉〈 j′| − | j′〉〈i|)⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )] = 0






(b)

≥ min
Y∈S5

BA(T )
{TrY G ⊗ T |(i), (ii) hold}= J5. (A6)

Here, steps (a) and (b) can be shown in the same way as (A3).
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2. Proof of Lemma 4

Since the proof of Lemma 4 is easier than the proof of Lemma 3, we show Lemma 4 here. For k = 1,2, 3,4, given Y ∈ Sk
BA

satisfying the conditions (i), (ii) and ε > 0, we define Y ′ε ∈ Sk
BA

as

Y ′ε := ((
p

1− ε|0〉〈0|+
p

1− ε−1
(IR − |0〉〈0|))⊗ IAB)Y ((

p
1− ε|0〉〈0|+

p
1− ε−1

(IR − |0〉〈0|))⊗ IAB). (A7)

Then, we define Yε ∈ Sk
BA

as

Yε := Y ′ε +
ε

dA

|0〉〈0| ⊗ IAB.

Here, we relax the condition (i) as follows.

(i”): There exists a positive semi-definite operator ρA(Y ) on HA such that the relation

TrRY (|0〉〈0| ⊗ IAB) = IB ⊗ρA(Y ) (A8)

holds as operators on HA⊗HB. Here, we drop the condition TrρA(Y ) = 1.

Since Y ′ε and 1
dA
|0〉〈0|⊗IAB satisfy the condition (i”), Yε also satisfies the condition (i”). We can defineρA(Y

′
ε), ρA(

1
dA
|0〉〈0|⊗

IAB), and ρA(Yε). Since we have ρA(Y
′
ε) = (1−ε)ρA(Y ) and ρA(

1
dA
|0〉〈0|⊗IAB) =

1
dA

IA, we have ρA(Yε) = (1−ε)ρA(Y )+
ε
dA

IA >
0.

Also, due to the definition (A7), for j > 0, |0〉〈 j| component of Y ′ε and | j〉〈0| component of Y ′ε are the same as |0〉〈 j|
component of Y and | j〉〈0| component of Y , respectively. Thus, |0〉〈 j| component of Yε and | j〉〈0| component of Yε are the
same as |0〉〈 j| component of Y and | j〉〈0| component of Y , respectively.

Therefore, Yε satisfies (i), (ii) and, ρA(Yε) > 0. Also, we have limε→0 TrYε(G ⊗ T ) = TrY (G ⊗ T ). Therefore, we obtain
(32).

For k = 5, in the same way as (32), we can show (33).

3. Proof of Lemma 3

For k = 1, 2,3,4, we choose Y ∈ S
k
BA

satisfying the conditions (i), (ii), and ρA := ρA(Y ) > 0. We diagonalize ρA as∑dA

j=1
s j |φ j〉〈φ j |. Hence, we have s j > 0.

We choose a CONS (complete orthonormal system) {ψ j} of HC . We define a unitary map U : φ j 7→ ψ j from HA to

HC . We define the matrix ρ
−1/2
A

:=
∑dA

j=1
s
−1/2
j
|φ j〉〈φ j |. In a way similar to the discussion after (A4), we can show that

X := (U⊗ IRB)(ρ
−1/2
A ⊗ IRB)Y (ρ

−1/2
A ⊗ IRB)(U

†⊗ IRB) belongs to S
k
BC

for k = 1,2, 3,4. Notice that both sides in this definition
act on HR ⊗HB ⊗HC because U maps HA to HC .

We choose ρAC as the pure state
∑dA

j=1

p
s j |φ j ,ψ j〉, which is a purification of ρA.

Then,

TrRX (|0〉〈0| ⊗ IBC) = TrR(U ⊗ IRB)(ρ
−1/2
A ⊗ IRB)Y (ρ

−1/2
A ⊗ IRB)(U

† ⊗ IRB)|0〉〈0| ⊗ IBC

=(U ⊗ IB)(ρ
−1/2
A ⊗ IB)TrR[Y |0〉〈0| ⊗ IBA](ρ

−1/2
A ⊗ IB)(U

† ⊗ IB)

=(U ⊗ IB)(ρ
−1/2
A ⊗ IB)IB ⊗ρA(ρ

−1/2
A ⊗ IB)(U

† ⊗ IB)

=(U ⊗ IB)IBA(U
† ⊗ IB) = IBC . (A9)

For a matrix Z on HA, we have

TrC[ρAC(IA⊗ (Uρ−1/2
A Z(ρ

−1/2
A U†))] = Z . (A10)

This can be shown as follows.

TrC[ρAC(IA⊗ (Uρ−1/2
A Z(ρ

−1/2
A U†))]

=TrC

h dA∑

i=1

p
si |φi ,ψi〉

dA∑

i′=1

p
si′〈φi′ ,ψi′ |
�

IA⊗
� dA∑

j=1

s
−1/2
j
|ψ j〉〈φ j |Z

dA∑

j′=1

s
−1/2
j′ |ψ j′〉〈φ j′ |
��i

=

� d ′A∑

j=1

|φ j〉〈φ j |Z
dA∑

j′=1

|φ j′〉〈φ j′ |
�
= Z . (A11)
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We write the matrix Y as
∑

j, j′,b,b′ | j, b〉〈 j′, b′| ⊗ Yj,b, j′,b′ by using matrices Yj,b, j′,b′ on HA. Here, {|b〉} is a CONS of HB.
Applying (A10) to the matrix components Yj,b, j′,b′ , we have

TrC[(IRB ⊗ρAC)(IA⊗ X )]

(a)
=TrC

�
(IRB ⊗ρAC)
�
IA⊗
�
(U ⊗ IRB)(ρ

−1/2
A ⊗ IRB)Y (ρ

−1/2
A ⊗ IRB)(U

† ⊗ IRB)
���

=TrC

�
(IRB ⊗ρAC)
�
IA⊗
�
(U ⊗ IRB)(ρ

−1/2
A ⊗ IRB)(
∑

j, j′,b,b′

| j, b〉〈 j′, b′| ⊗ Yj,b, j′,b′)(ρ
−1/2
A ⊗ IRB)(U

† ⊗ IRB)
���

=
∑

j, j′,b,b′

| j, b〉〈 j′, b′| ⊗ TrC

�
ρAC

�
IA⊗
�
Uρ
−1/2
A Yj,b, j′,b′ρ

−1/2
A U†
���

(b)
=
∑

j, j′,b,b′

| j, b〉〈 j′, b′| ⊗ Yj,b, j′,b′ = Y, (A12)

where (a) follows from the definition of X , and (b) follows from (A10).

Thus, we have

1

2
Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)TrC[(IRB ⊗ρAC)(IA⊗ X )]

(a)
=

1

2
Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j)Y

(b)
= δ j, j′ , (A13)

where (a) follows from (A12), and (b) follows from the fact that Y satisfies the condition (ii).

Therefore, the relations (A9), (A12), and (A13) guarantee that X ∈ S
k
BC

satisfies the conditions (26), (27), and (30),
respectively. Thus, for k = 1, 2,3, 4, we have

TrY (G ⊗ T )

(a)

≥ min
ρAC∈S(HA⊗HC )

min
X∈Sk

BC

�
Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

����
TrRX (|0〉〈0| ⊗ IBC) = IBC
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

�

(b)
= min
ρAC∈S(HA⊗HC )

Sk[TrA(T ⊗ IC)(IB ⊗ρ), (TrA(F j ⊗ IC)(IB ⊗ρ)) j], (A14)

where (a) follows from the fact that X ∈ S
k
BC

satisfies the conditions (26), (27), and (30), and (b) follows from (A1).
Therefore, we obtain (28).

For k = 5, we choose Y ∈ S
5
BA
(T ) satisfying the conditions (i), (ii) and ρA(Y ) > 0. We choose ρ and X in the same way

as the above. Since Y ∈ S
5
BA
(T ) satisfies the conditions (i), (ii), the relations (A9), (A13) hold. Since Y ∈ S

5
BA
(T ), in the

same way as (A13), we have

Tr((|i〉〈 j′| − | j′〉〈i|)⊗ T ⊗ IC)TrC[(IRB ⊗ρAC)(IA⊗ X )] = Tr((|i〉〈 j′| − | j′〉〈i|)⊗ T )Y = 0. (A15)

Therefore, the relations (A9), (A12), (A13), and (A15) guarantee that X ∈ S4
BC

satisfies the conditions (26), (27), (31),
and (30), respectively. Thus, we have

TrY (G ⊗ T )

(a)

≥ min
ρAC∈S(HA⊗HC )

min
X∈S4

BC





Tr(G ⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )]

������

TrRX (|0〉〈0| ⊗ IBC) = IBC
1
2 Tr((|0〉〈 j′|+ | j′〉〈0|)⊗ F j ⊗ IC)TrC[(IRB ⊗ρAC)(IA⊗ X )] = δ j, j′

Tr((|i〉〈 j′| − | j′〉〈i|)⊗ T )TrC[(IRB ⊗ρAC)(IA⊗ X )] = 0.






(b)
= min
ρAC∈S(HA⊗HC )

S5[TrA(T ⊗ IC)(IB ⊗ρ), (TrA(F j ⊗ IC)(IB ⊗ρ)) j],

where (a) follows from the fact that X ∈ Sk
BC

satisfies the conditions (26), (27), (31), and (30), and (b) follows from (A5).
Therefore, we obtain (28).
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Appendix B: Proofs of Theorems 5 and 6

1. Proof of Theorem 5

We consider the dual problem for the conic programing (39) and (40). For (A, B, W ) ∈ Rd×d × Tsa(HAB)
d × Tsa(HAB), we

define

Π(A, B, W )

:=G ⊗ TN −
1

2

� ∑

1≤i, j≤d

A
j

i
(|0〉〈i|+ |i〉〈0|)⊗ F j,N

�
+
p
−1

d∑

i=1

(|0〉〈i| − |i〉〈0|)⊗ Bi − |0〉〈0| ⊗W.

We have

J4 = max
(A,B,W )∈Rd×d×Tsa(HAB)

d×(Tsa(HAB)∩K)

n
TrW +
∑

j=1

A
j

j

���Π(A, B, W )≥ 0
o

.

Here, the matrix A∈ Rd×d corresponds to the condition (ii-N) in the primal problem. The matrices (B1, . . . , Bd) ∈ Tsa(HAB)
d

correspond to the condition Xk,0 ∈ Bsa(HA,B) for k = 1, . . . , d in the primal problem. This condition is rewritten as X
†

k,0
=

Xk,0.

The condition (i’-N) is composed of (36), (37), and (38). We denote the variable corresponding to the condition (36)
with b ∈ {1, . . . , dB−1} and b′ ∈ {2, . . . , dB−1}with b > b′ by the matrix Wb,b′ on HA. We denote the variable corresponding
to the condition (37) with b ∈ {1, . . . , dB − 1} by the Hermitian matrix Wb. We denote the variable corresponding to the
condition (38) by the real number w. Then, we choose the Hermitian matrix W on HA⊗HB as

W =
∑

b>b′

Wb,b′ ⊗ |b〉〈b′|+W
†

b,b′ ⊗ |b
′〉〈b|+

dB−1∑

b=1

Wb ⊗ (|b〉〈b| − |b+ 1〉〈b+ 1|) + wI ⊗ |1〉〈1|.

The above Hermitian matrix on HA⊗HB belongs to the subset K, and any element of K can be written as the above form.
Thus, The matrix W ∈ (Tsa(HAB)∩K) corresponds to the condition (i’-N) in the primal problem.

On the other hand, we have

S4[TN , (F j,N ) j]

= max
(A,B,W )∈Rd×d×Tsa(HAB)

d×Tsa(HAB)

n
TrW +
∑

j=1

A
j

j

���Π(A, B, W )≥ 0
o

. (B1)

In S4, the condition for W is relaxed as W ∈ (Tsa(HAB)∩K) because the condition (i’-N) is changed to TrR[YN (|0〉〈0|⊗ IAB)] =

IAB.

Therefore, if and only if the maximizer (A∗, B∗, W∗) in (B1) satisfies the condition W∗ ∈ K, we have

S4[TN , (F j,N ) j] = J4. (B2)

Lemma 15. (1) The minimization (41) is attained when Y
i, j

N = X i, j
∗ := L i

∗L
j
∗, where L0

∗ is defined to be IAB. (2) The maximiza-

tion (B1) is attained when A= A∗ := −GJ−1
SLD

, B j = B∗, j := −
p
−1
2

∑d
i=1
(GJ−1

SLD
)i

j
[L∗,i , TN ] and W is −WSLD(TN , L⃗∗).

The combination of (B2) and Lemma 15 implies Theorem 5.
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Proof. We diagonalize the matrx G as Gi, j =
∑d

j′=1
g j′ v j′,i v j′, j , where v j′, j is an orthogonal matrix. Then, we have

Π(A∗, B⃗∗,−WSLD( L⃗∗))

=
∑

1≤i, j≤d

Gi, j |i〉〈 j| ⊗ TN −
d∑

j=1

Gi, j(|0〉〈i| ⊗ L j
∗TN + |i〉〈0| ⊗ TN L j

∗) +
∑

1≤i, j≤d

Gi, j |i〉〈 j| ⊗ L i
∗TN L j

∗

=
∑

1≤i, j≤d

Gi, j |i〉〈 j| ⊗ TN −
d∑

j=1

Gi, j(|0〉〈 j| ⊗ L i
∗TN + |i〉〈0| ⊗ TN L j

∗) +
∑

1≤i, j≤d

Gi, j |i〉〈 j| ⊗ L i
∗TN L j

∗

=
∑

1≤i, j≤d

Gi, j

�
(|0〉〈0| ⊗ L i

∗ − |i〉〈0| ⊗ IAB

�
(|0〉〈0| ⊗ TN )

�
(|0〉〈0| ⊗ L j

∗ − | j〉〈0| ⊗ IAB

�†

=

d∑

j′=1

g j′

� d∑

i=1

v j′,i

�
(|0〉〈0| ⊗ L i

∗ − |i〉〈0| ⊗ IAB

��
(|0〉〈0| ⊗ TN )

� d∑

j=1

v j′, j

�
(|0〉〈0| ⊗ L j

∗ − | j〉〈0| ⊗ IAB

��†

≥0. (B3)

Hence, the tuple (A∗, B⃗∗,−WSLD( L⃗∗)) belongs to the range of the maximization given in the RHS of (B1).

Since we have

TrX∗Π(A∗, B⃗∗,−WSLD( L⃗∗))

=Tr
h�
|0〉〈0| ⊗ IAB +

d∑

j′=1

| j′〉〈0| ⊗ L j′

∗

��
|0〉〈0| ⊗ IAB +

d∑

j′=1

| j′〉〈0| ⊗ L j′

∗

�†

∑

1≤i, j≤d

Gi, j

�
(|0〉〈0| ⊗ L i

∗ − |i〉〈0| ⊗ IAB

�
(|0〉〈0| ⊗ TN )

�
(|0〉〈0| ⊗ L j

∗ − | j〉〈0| ⊗ IAB

�†i

=
∑

1≤i, j≤d

Gi, jTr
h�
|0〉〈0| ⊗ IAB +

d∑

j′=1

|0〉〈 j′| ⊗ L j′

∗

��
(|0〉〈0| ⊗ L i

∗ − |i〉〈0| ⊗ IAB

�
(|0〉〈0| ⊗ TN )

�
(|0〉〈0| ⊗ L j

∗ − | j〉〈0| ⊗ IAB

�†�
|0〉〈0| ⊗ IAB +

d∑

j′=1

| j′〉〈0| ⊗ L j
∗

�i

=
∑

1≤i, j≤d

Gi, jTr
�
(|0〉〈0| ⊗ L i

∗ − |0〉〈0| ⊗ L i
∗

�
(|0〉〈0| ⊗ TN )

�
(|0〉〈0| ⊗ L j

∗ − |0〉〈0| ⊗ L i
∗

�†

=0, (B4)

we have

Tr[X∗(G ⊗ TN )] = TrWSLD( L⃗∗) +
∑

j=1

A
j

∗, j .

Since X∗ belongs to ∈ S4
BA

, we have

S̄4[|Φ〉〈Φ|] = S4[TN , (F j,N ) j] = Tr[X∗(G ⊗ TN )] = TrWSLD( L⃗∗) +
∑

j=1

A
j

∗, j .

Therefore, we obtain both desired statements.

2. Proof of Theorem 6

We denote the set of d × d anti-symmetric matrices by Rd×d
AS

. For (A, C , B, W ) ∈ Rd×d ×Rd×d
AS
× Tsa(HAB)

d × Tsa(HAB), we
define

Π(A, C , B, W ) := Π(A, B, W )−
p
−1C ⊗ TN .
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Also, we have

J5 = max
(A,C ,B,W )∈Rd×d×Rd×d

AS
×Tsa(HAB)

d×(Tsa(HAB)∩K)

n
TrW +
∑

j=1

A
j

j

���Π(A, C , B, W )≥ 0
o

.

Here, the matrix A ∈ Rd×d , the matrices (B1, . . . , Bd) ∈ Tsa(HAB)
d , and the matrix W ∈ (Tsa(HAB) ∩ K) have the same

meaning as in J4. The matrix C ∈ Rd×d
AS

corresponds to the condition (8) in the primal problem.
Also, we have

S5[TN , (F j,N ) j]

= max
(A,C ,B,W )∈Rd×d×Rd×d

AS
×Tsa(HAB)

d×Tsa(HAB)

n
TrW +
∑

j=1

A
j

j

���Π(A, C , B, W )≥ 0
o

. (B5)

Then, if and only if the maximizer (A∗, C∗, B∗, W∗) in (B5) satisfies the condition W∗ ∈ K, we have

S5[TN , (F j,N ) j] = J5. (B6)

Lemma 16. (1) The minimization (42) is attained when X = X∗ := Π(Z⃗∗) + (|Im V∗| − (
p
−1Im V∗)⊗ IAB.

(2) (Z i
∗−
p
−1
∑d

j=1
C i, j
∗ Z j
∗)◦ TN is written as a linear sum of Fi′,N for i = 1, . . . , d. That is, there exist real numbers Ai′

∗,i such

that (Z i
∗ −
p
−1
∑d

j=1
C i, j
∗ Z j
∗) ◦ TN =
∑d

i′=1
Ai′

∗,i Fi′,N .

(3) The maximization (B5) is attained when A = −A∗, B j = B∗, j := −
p
−1
2

∑d
i=1
(A∗)

i
j
[Z∗,i , TN ], C = C∗, and W =

−WHN (TN , Z⃗∗).

The combination of (B6) and Lemma 16 implies Theorem 6.

Proof. (1) is known. We write the maximizer in (B5) by (A◦, C◦, B◦, W◦), whose existence is guaranteed because of the
finiteness of the dimension. Then, we have

0=Tr(Π(Z⃗∗) + (|Im V∗| − (
p
−1Im V∗)⊗ IAB)Π(A◦, C◦, B◦, W◦)

=TrΠ(Z⃗∗)Π(A◦, C◦, B◦, W◦) + Tr(|Im V∗| − (
p
−1Im V∗))⊗ IABΠ(A◦, C◦, B◦, W◦)

≥Tr(|Im V∗| − (
p
−1Im V∗))⊗ IABΠ(A◦, C◦, B◦, W◦)≥ 0.

Hence, we have

0=Tr(|Im V∗| − (
p
−1Im V∗))⊗ IABΠ(A◦, C◦, B◦, W◦)

=Tr(|Im V∗| − (
p
−1Im V∗))⊗ IAB(IR −

p
−1C◦)⊗ TN = Tr(|Im V∗| − (

p
−1Im V∗))(IR −

p
−1C◦)

=Tr|Im V∗| − Tr(Im V∗)C◦.

Hence, we have C◦ = C∗.
Therefore, we have

0= TrΠ(Z⃗∗)Π(A◦, C∗, B◦, W◦),

which implies

0= Π(Z⃗∗)Π(A◦, C∗, B◦, W◦) = (
d∑

1=0

|i〉 ⊗ (Z i
∗)

†)(

d∑

1=0

〈i| ⊗ Z i
∗)Π(A◦, C∗, B◦, W◦).

Hence, we have

0= (

d∑

1=1

〈i| ⊗ Z i)Π(A◦, C∗, B◦, W◦).

We choose the Hermitian matrix Ri ∈ HAB as
∑d

j=1
A

j

∗,i Dj +
p
−1B◦,i . Hence, Ri + R

†
i

can be written as a linear sum of
D1, . . . , Dd . Hence,

Π(A◦, C∗, B◦, W◦) =
∑

1≤i, j≤d

(δi, j −
p
−1C i, j

∗ )|i〉〈 j| ⊗ TN +

d∑

j=1

(|0〉〈 j| ⊗ R j + | j〉〈0| ⊗ R
†
j
)− |0〉〈0| ⊗W◦.
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Π(Z⃗∗) =
∑

1≤i, j≤d

|i〉〈 j|

Hence,

0=
� d∑

1=0

〈i| ⊗ Z i
∗

�
Π(A◦, C∗, B◦, W◦) (B7)

=
∑

i, j

(δi, j −
p
−1C i, j

∗ )〈 j| ⊗ Z i
∗TN +

d∑

j=1

〈 j| ⊗ R j +

d∑

j=1

〈0| ⊗ Z j
∗R

†
j
)− 〈0| ⊗W◦.

Thus,

R j = −
d∑

i=1

(δi, j −
p
−1C i, j

∗ )⊗ Z i
∗TN (B8)

W◦ =
d∑

j=1

Z j
∗R

†
j
. (B9)

Thus, 1
2 (Ri + R

†
i
) = −
∑d

i=1
(δi, j −

p
−1C i, j

∗ ) ⊗ Z i
∗ ◦ TN can be written as a linear sum of D1, . . . , Dd . Hence, the statement

(2) is shown. Hence, we have A = −A∗ and B j = B∗, j := −
p
−1
2

∑d
i=1
(A∗)

i
j
[Z∗,i , TN ]. Combining (B8) and (B9), we obtain

W◦ = −WHN (TN , Z⃗∗).

Appendix C: Calculations for the field sensing problem

1. Restriction to the symmetric subspace

Because our numerical calculation can be restricted to the
symmetric subspace, we calculate the projections of opera-
tors that we need to implement on the symmetric subspace.
We begin by considering the action of E1, E2, E3 on the sym-
metric subspace.

Now let us denote Πsym :=
∑n

u=0
|Dn

u
〉〈Dn

u
|. We now show

the following lemma.

Lemma 17. Let rw := 1
2

p
(n− w)(w+ 1). Then

Π
symE3

Π
sym =

n∑

w=0

�
n

2
− w

�
|Dn

w
〉〈Dn

w
|, (C1)

Π
symE1

Π
sym =

n−1∑

w=0

rw

�
|Dn

w
〉〈Dn

w+1
|+ |Dn

w+1
〉〈Dn

w
|
�

, (C2)

Π
symE2

Π
sym =

n−1∑

w=0

rw

�
−i|Dn

w
〉〈Dn

w+1
|+ i|Dn

w+1
〉〈Dn

w
|
�

. (C3)

Proof of Lemma 17. From [49, Lemma 6] we know that

〈Dn
w
|τ(1)3 |Dn

w
〉= 1�

n

w

�K0
0
(0)Kn

w
(1),

〈Dn
w+1
|τ(1)1 |Dn

w
〉= 1q�

n

w

��
n

w+1

�K1
0
(1)Kn−1

w
(0),

〈Dn
w+1
|τ(1)2 |Dn

w
〉= iq�

n

w

��
n

w+1

�K1
1
(0)Kn−1

w
(0),

where

Kn
k
(z) =

z∑

j=0

�
z

j

��
n− z

k− j

�
(−1) j

is a Krawtchouk polynomial. Making substitutions for the
values of the Krawtchouk polynomials, we get

〈Dn
w
|τ(1)3 |Dn

w
〉= 1− 2w

n
,

〈Dn
w+1
|τ(1)1 |Dn

w
〉=
p
(n− w)(w+ 1)

n
,

〈Dn
w+1
|τ(1)2 |Dn

w
〉= i

p
(n− w)(w+ 1)

n
.

Hence it follows that

〈Dn
w
|E3|Dn

w
〉= n

2
− w, (C4)

〈Dn
w+1
|E1|Dn

w
〉= 1

2

Æ
(n− w)(w+ 1), (C5)

〈Dn
w+1
|E2|Dn

w
〉= i

2

Æ
(n− w)(w+ 1). (C6)

Hence, the result follows.

Next, we calculate the projections of A j,γ onto the sym-
metric subspace.

Lemma 18. For all j = 1, . . . , n, we have

Π
symA j,γΠ

sym = γ
1

n

n−1∑

w=0

Æ
(n− w)(w+ 1)|Dn

w
〉〈Dn

w+1
|.
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Proof. Now consider |0〉〈1|⊗ I⊗n−1 = (τ
(1)

1 − iτ
(1)

2 )/2. Hence
from (C5) and (C6) we have

〈Dn
w+1
|(|0〉〈1| ⊗ I⊗n−1)|Dn

w
〉= 0.

Also since |1〉〈0|⊗ I⊗n−1 = (τ
(1)

1 + iτ
(1)

2 )/2, we use (C5) and
(C6) to find that

〈Dn
w+1
|(|1〉〈0| ⊗ I⊗n−1)|Dn

w
〉=
Æ
(n− w)(w+ 1)/n.

Hence the result follows.

Hence the projection of Ãγ onto the symmetric subspace
is given by

γ

n−1∑

w=0

Æ
(n− w)(w+ 1)|Dn

w
〉〈Dn

w+1
|. (C7)

We use the projections of E1, E2, E3 and Ãγ on the symmetric
subspace in order to do our numerical calculations entirely
within the symmetric subspace.

2. SLD equation

As a preparation of our proofs of Lemmas 12 and 14,
here, we solve the SLD equation for a density matrix ρ that
need not have full rank. This appendix addresses a general
theory for SLD equations.

Lemma 19. Let ρ be a Hermitian matrix with spectral de-

composition ρ =
∑

k λk|φk〉〈φk|, such that for all k, we have

λk ≥ λk+1. When λk = 0 for all k > p, then we can write

When ρ =
∑p

k=1
λk|φk〉〈φk|, and the solution L to

1

2
(ρL + Lρ) = iρE − iEρ. (C8)

is given by

L = 2i
∑

k,l

f (k, l)〈φk|E|φl〉|φk〉〈φl |

where

f (k, l) := 0, k, l > p,

f (k, l) := −1, k > p, l ≤ p,

f (k, l) := 1, l > p, k ≤ p,

f (k, l) :=
λk −λl

λk +λl

, k, l ≤ p.

Proof of Lemma 19. Note that

ρL =2i

p∑

k=1

∑

l

f (k, l)〈φk|E|φl〉λk|φk〉〈φl |

=2i

p∑

k=1

p∑

l=1

λk −λl

λk +λl

〈φk|E|φl〉λk|φk〉〈φl |

− 2i

p∑

k=1

∑

l>p

〈φk|E|φl〉λk|φk〉〈φl |, (C9)

Lρ =2i

p∑

l=1

∑

k

f (k, l)〈φk|E|φl〉|φk〉〈φl |λl

=2i

p∑

l=1

p∑

k=1

λk −λl

λk +λl

〈φk|E|φl〉|φk〉〈φl |λl

+ 2i

p∑

l=1

∑

k>p

〈φk|E|φl〉|φk〉〈φl |λl .

We hence get

1

2
(ρL + Lρ)

=i

p∑

k=1

p∑

l=1

(λk −λl)〈φk|E|φl〉λk|φk〉〈φl |

− i

p∑

k=1

∑

l>p

〈φk|E|φl〉λk|φk〉〈φl |

+ i

p∑

l=1

∑

k>p

〈φk|E|φl〉λl |φk〉〈φl |.

Now,

iEρ = i
∑

k

p∑

l=1

|φk〉〈φk|E|φl〉〈φl |λl (C10)

iρE = i
∑

l

p∑

k=1

λk|φk〉〈φk|E|φl〉〈φl |,

and hence

−iEρ + iρE =− i
∑

k

p∑

l=1

|φk〉〈φk|E|φl〉〈φl |λl

+ i
∑

l

p∑

k=1

λk|φk〉〈φk|E|φl〉〈φl |,

=i

p∑

k=1

p∑

l=1

(λk −λl)〈φk|E|φl〉|φk〉〈φl |

− i
∑

k>p

p∑

l=1

|φk〉〈φk|E|φl〉〈φl |λl (C11)

+ i
∑

l>p

p∑

k=1

λk|φk〉〈φk|E|φl〉〈φl |.

This proves the lemma.
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Next we give a lemma that evaluates Tr(L jρLk). We
prove this using Lemma 19.

Lemma 20. Let ρ =
∑

l λl |φl〉〈φl | where |φl〉 are orthonor-

mal vectors and λl = 0 for all l > p. Furthermore let L j be the

solution to 1
2 (ρL j+ L jρ) = iρE j− iE jρ according to Lemma

19. Then

Tr(LuρLv)

=4

p∑

k=1

p∑

l=1

λl( f (k, l)2 − 1)〈φk|Eu|φl〉〈φl |Ev |φk〉

+ 4

p∑

l=1

λl〈φl |Ev Eu|φl〉.

Proof of Lemma 20. From Lemma 19, note that

Tr(LuρLv)

=− 4Tr
∑

k,l

f (k, l)〈φk|Eu|φl〉|φk〉〈φl |

×
p∑

a=1

λa|φa〉〈φa|
∑

k′,l ′

f (k′, l ′)〈φk′ |Ev |φl ′〉|φk′〉〈φl ′ |.

We can simplify this expression to

Tr(LuρLv)

=− 4
∑

k

p∑

l=1

λl f (k, l) f (l, k)〈φk|Eu|φl〉〈φl |Ev |φk〉

=4
∑

k

p∑

l=1

λl f (k, l)2〈φk|Eu|φl〉〈φl |Ev |φk〉

=4

p∑

k=1

p∑

l=1

λl f (k, l)2〈φk|Eu|φl〉〈φl |Ev |φk〉

+ 4

p∑

l=1

λl〈φl |Ev(
∑

k>p

|φk〉〈φk|)Eu|φl〉

=4

p∑

k=1

p∑

l=1

λl f (k, l)2〈φk|Eu|φl〉〈φl |Ev |φk〉

+ 4

p∑

l=1

λl〈φl |Ev(I −
p∑

k=1

|φk〉〈φk|)Eu|φl〉

=4

p∑

k=1

p∑

l=1

λl( f (k, l)2 − 1)〈φk|Eu|φl〉〈φl |Ev |φk〉

+ 4

p∑

l=1

λl〈φl |Ev Eu|φl〉.

3. Proof of Lemma 12

The goal of this section is to show Lemma 12, i.e., (67),
which expresses Tr[ L̄uρ̄γ L̄v] in terms of the eigenvectors

and eigenvalues of ργ and the operators Eu and Ev . To
achieve this goal, we treat (67) as a special case of Lemma
20. Then, we substituting ρ for ρ̄γ, and note that ρ̄γ, has
two non-zero eigenvalues, so we can set p = 2. Then we
get

Tr( L̄uρ̄γ L̄v)

(a)
=4

2∑

k=1

2∑

l=1

λl( f (k, l)2 − 1)〈φk|Fu|φl〉〈φl |F v |φk〉

+ 4

2∑

l=1

λl〈φl |F v Fu|φl〉 (C12)

(b)
=4( f (1, 1)2 − 1)λ1〈φ1|Fu|φ1〉〈φ1|F v |φ1〉
+ 4( f (2,2)2 − 1)λ2〈φ2|Fu|φ2〉〈φ2|F v |φ2〉
+ 4gλ1〈φ2|Fu|φ1〉〈φ1|F v |φ2〉
+ 4gλ2〈φ1|Fu|φ2〉〈φ2|F v |φ1〉

+ 4

2∑

l=1

λl〈φl |F v Fu|φl〉 (C13)

(c)
= − 4λ1〈φ1|Fu|φ1〉〈φ1|F v |φ1〉
− 4λ2〈φ2|Fu|φ2〉〈φ2|F v |φ2〉
+ 4gλ1〈φ2|Fu|φ1〉〈φ1|F v |φ2〉
+ 4gλ2〈φ1|Fu|φ2〉〈φ2|F v |φ1〉

+ 4

2∑

l=1

λl〈φl |F v Fu|φl〉. (C14)

where in (a) we use ρ̄γ = λ1|φ1〉〈φ1| + λ2|φ2〉〈φ2| and

replace ρ with ρ̄γ, Lu with L̄u, and E j with F j in the

SLD equation 1
2 (ρL j + L jρ) = iρE j − iE jρ, in (b) we use

f (1,2)2 = f (2,1)2 and g = f (1, 2)2 − 1, in (c) we use
f (1,1) = f (2, 2) = 0. Since we show (C14), (67) follows.
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4. Proof of Lemma 13

Here, we prove Lemma 13. Note that

〈φ|F1|ε〉
(a)
=

1

n+ 1

n∑

u=0

〈Dn
u
|(I − 1

2
Ã†
γÃγ)E

1Ãγ|Dn
u
〉

(b)
=

γ

n+ 1

n∑

u=1

〈Dn
u
|(I − 1

2
Ã†
γÃγ)E

1
Æ
(n− u+ 1)u|Dn

u−1
〉

(c)
=

γ

2(n+ 1)

n∑

u=1

〈Dn
u
|(I − 1

2
Ã†
γÃγ)(n− u+ 1)u|Dn

u
〉

(d)
=

γ

2(n+ 1)

n∑

u=1

〈Dn
u
|(1− γ

2

2
(n− u+ 1)u)(n− u+ 1)u|Dn

u
〉

(e)
=

γ

2(n+ 1)

n∑

u=1

(1− γ
2

2
(n− u+ 1)u)(n− u+ 1)u

( f )
=

nγ

12
(n+ 2)− nγ3

120
(n+ 2)(n2 + 2n+ 2).

In (a) we use the definition of |φ〉 and |ε〉. In (b) we use
(C7). In (c) we use (C2). In (d) we use (C7). In (e) we use
the orthonormality of Dicke states. In (f) we perform the
summation over u.

We can similarly calculate 〈φ|F2|ε〉. Furthermore, using
the same ideas, we can calculate

〈φ|F3|φ〉= 〈Φ|F3|Φ〉 − 〈Φ|Ē3(A†A⊗ IC)|Φ〉+O(γ4)

= 0− γ2

n∑

a=1

(n− a+ 1)a(n/2− a) +O(γ4)

= γ2n(n+ 2)/12+O(γ4), (C15)

〈ε|F3|ε〉= 1

n+ 1

n−1∑

a=0

(n− a)(a+ 1)(n/2− a)

= γ2n(n+ 2)/12.

5. Proof of Lemma 14

Here we prove Lemma 14. First, we consider the spectral
decomposition of ργ given by

ργ =

(n+1)2∑

j=1

λ′
j
|φ′

j
〉〈φ′

j
|,

where λ′
j
≥ λ′

j+1
. Recall that the spectral decomposition of

ρ̄γ is given by

ρ̄γ = λ1|φ1〉〈φ1|+λ2|φ2〉〈φ2|.
Lemma 21. For eigenvalues λ1,λ2 and λ′

1
,λ′

2
, . . . ,λ′

n+1
, we

have

λ′
1
−λ1 = O(γ4), λ′

2
−λ2 = O(γ4),

λ′
j
= O(γ4), for all j ≥ 3, (C16)

and

(λ2 −λ1)
2

(λ2 +λ1)
2
− 1= c2γ

2 +O(γ4), (C17)

(λ′
2
−λ′

1
)2

(λ′2 +λ
′
1)

2
− 1= c2γ

2 +O(γ4), (C18)

(λ′
k
−λ′

1
)2

(λ′
k
+λ′1)

2
− 1= O(γ4), for all k ≥ 3, (C19)

(λ′
k
−λ′

2
)2

(λ′
k
+λ′2)

2
− 1= O(γ2), for all k ≥ 3, (C20)

where c2 = 2n(n+ 2)/3.

Proof. The relations (C16) follow from the Gersgorin circle
theorem [50],

The relation (C17) follows from (66). Now, we have

�
(λ′

2
−λ′

1
)2

(λ′2 +λ
′
1)

2
− 1

�
−
�
(λ2 −λ1)

2

(λ2 +λ1)
2
− 1

�

(a)
=
(λ′

2
−λ′

1
)2

(λ′2 +λ
′
1)

2
−
(λ′

2
−λ′

1
)2

(λ2 +λ1)
2
+
(λ′

2
−λ′

1
)2

(λ2 +λ1)
2
− (λ2 −λ1)

2

(λ2 +λ1)
2

(b)
=(λ′

2
−λ′

1
)2((λ′

2
+λ′

1
)−2 − (λ2 +λ1)

−2)

+ ((λ′
2
−λ′

1
)2 − (λ2 −λ1)

2)(λ2 +λ1)
−2

(c)
=(λ′

2
−λ′

1
)2O(γ4) + ((λ′

2
−λ′

1
)2 − (λ2 −λ1)

2)(1+O(γ4))

(d)
=(1+O(γ2))O(γ4) +O(γ4)(1+O(γ4)) = O(γ4), (C21)

where in (a) we use a telescoping sum, in (b) we collect
terms in the telescoping sum, in (c) we use λ1 + λ2 = 1+
O(γ4), λ′

1
+λ′

2
= 1+O(γ4), which implies that (λ1+λ2)

−2 =

1+O(γ4) and (λ′
1
+λ′

2
)−2 = 1+O(γ4), in (d) we use (λ′

2
−

λ′
1
)2 = (λ2 − λ1)

2 +O(γ4) because of (C16) and also λ′
2
−

λ′
1
= 2c2γ

2 − 1+O(γ4). Hence, from (C17) and (C21), we
have (C18).

Since λ′
1
= 1− c2γ

2+O(γ4) and λ′
k
= O(γ4) for all k ≥ 3,

we have (C19). Since λ′
2
= c2γ

2 + O(γ4) and λ′
k
= O(γ4)

for all k ≥ 3, we have (C20).

We prepare several lemmas.

Lemma 22. We have

ργ − ρ̄γ = O(γ4).
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Proof. We have

ργ
(a)
=(Λ0,γ ⊗ ιC)(|Φ〉〈Φ|)
(b)
=(eL0 ⊗ ιC)(|Φ〉〈Φ|)
(c)
=|Φ〉〈Φ|+ (Ãγ ⊗ IC)|Φ〉〈Φ|(Ãγ ⊗ IC)

†

− 1

2
(Ã†
γÃγ ⊗ IC)|Φ〉〈Φ| −

1

2
|Φ〉〈Φ|(Ã†

γÃγ ⊗ IC) +O(γ4)

(d)
= |Φ〉〈Φ|+ (Ãγ ⊗ IC)|Φ〉〈Φ|(Ãγ ⊗ IC)

†

− 1

2
(Ã†
γÃγ ⊗ IC)|Φ〉〈Φ| −

1

2
|Φ〉〈Φ|(Ã†

γÃγ ⊗ IC)

+
1

4
(Ã†
γÃγ ⊗ IC)|Φ〉〈Φ|(Ã†

γÃγ ⊗ IC) +O(γ4)

(e)
=|φ〉〈φ|+ |ε〉〈ε|+O(γ4)

( f )
= ρ̄γ +O(γ4), (C22)

where the derivation of each step are given as follows. Step
(a) follows from the definition of ργ. Step (b) follows from
(57). Step (c) follows from (56) and (57). Step (d) follows
from the fact that (Ã†

γÃγ ⊗ IC)|Φ〉〈Φ|(Ã†
γÃγ ⊗ IC) is O(γ4).

Step (e) follows from (60) and (61). Step ( f ) follows from
(64).

Next, we have the perturbation bound for the eigenvec-
tors of ργ.

Lemma 23.

∥|φ′
1
〉〈φ′

1
| − |φ1〉〈φ1|∥1 = O(γ4) (C23)

∥|φ′
2
〉〈φ′

2
| − |φ2〉〈φ2|∥1 = O(γ2). (C24)

Proof. Step 1: First, we show (C24). Let us use the fol-
lowing argument according to [51, Eq (7)]. Let A be a Her-
mitian matrix with nonzero eigenvalues a1, . . . ar with cor-
responding eigenvectors v1, . . . , vr , where a j ≥ a j+1. Define
the gap of A as

g(A) = min
j=1,...,r

a j − a j+1

Let A+ E be a Hermitian matrix with eigenvalues µ j , and
eigenvectors w j , where µ j ≥ µ j+1. Then for all j = 1, . . . , r,
we have

∥|v j〉 − |w j〉∥ ≤ 2
p

2∥E∥2/g(A), (C25)

where ∥ · ∥2 is the Hilbert-Schmidt norm. Now the smallest
non-zero eigenvalue of ργ is cγ2 for some c > 0 (see (63))

and Lemma 22, i.e., ργ − ρ̄γ = O(γ4). Hence,

∥|φ2〉〈φ2| − |φ′2〉〈φ′2|∥1 ≤
q

1− |〈φ′2|φ2〉|2
≤∥|φ2〉 − |φ′2〉∥
≤2
p

2∥ργ − ρ̄γ∥2/g(ργ) = O(γ4/γ2) = O(γ2),

which shows (C24).

Step 2: Toward the proof of (C23), for simplicity in
notation, we define B := eAγ ⊗ IC and

|φ(2)〉 := (IAC −
1

2
B†B +

1

8
B†BB†B)|Φ〉

|ε(2)〉 := (B − 1

4
BB†B − 1

4
B†BB)|Φ〉.

The vectors |φ(2)〉 and |ε(2)〉 are orthogonal for the same
reason that |φ〉 and |ε〉 are orthogonal. Let us define

ρ(2)γ := |φ(2)〉〈φ(2)|+ |ε(2)〉〈ε(2)|.

The aim of this step is to show the equation

ργ = ρ
(2)
γ +O(γ6). (C26)

Since θ = 0, we have

ργ = |Φ〉〈Φ|+
∞∑

j=1

1

j!
(Lθ ,γ ⊗ ιC) j(|Φ〉〈Φ|).

We note that

ργ = |Φ〉〈Φ|+
∞∑

j=2

1

j!
(Lθ ,γ ⊗ ιC) j(|Φ〉〈Φ|) +O(γ6). (C27)

Now

(Lθ ,γ ⊗ ιC)2(|Φ〉〈Φ|)

=BB|Φ〉〈Φ|B†B† − 1

2
(BB†B|Φ〉〈Φ|B† + B|Φ〉〈Φ|B†BB†)

− 1

2
B†BB|Φ〉〈Φ|B† +

1

4
B†BB†B|Φ〉〈Φ|+ 1

4
B†B|Φ〉〈Φ|B†B

− 1

2
B|Φ〉〈Φ|B†B†B +

1

4
B†B|Φ〉〈Φ|B†B +

1

4
|Φ〉〈Φ|B†BB†B

=|φ(2)〉〈φ(2)|+ |ε(2)〉〈ε(2)|= ρ(2)γ . (C28)

The combination of (C27) and (C28) implies (C26).
Step 3: Now, define

λ
(2)

1
:= 〈φ(2)|φ(2)〉

λ
(2)

2
:= 〈ε(2)|ε(2)〉

|φ(2)1 〉 := |φ(2)〉/
Ç
λ
(2)

1

|φ(2)2 〉 := |ε(2)〉/
Ç
λ
(2)

2 ,

The aim of this step is to show

∥|φ(2)1 〉 − |φ1〉∥= O(γ4). (C29)

Now we have

λ1/λ
(2)

1 = λ1/(λ1 +λ
(2)

1 −λ1)

= (1+ (λ
(2)

1 −λ1)/λ1)
−1

(a)
= (1+O(γ4)(1+O(γ2))−1

= (1+O(γ4))−1

= 1+O(γ4)−1 (C30)
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where in (a) we use (λ
(2)

1 −λ1) = O(γ4) and λ1 = 1+O(γ2).

Since |φ1〉 = |φ〉/
p
λ1 where |φ〉 is defined in (60), we

see that
Æ
λ1|φ1〉= ((IA−

1

2
Ã†
γÃγ)⊗ IC)|Φ〉

(a)
= (IA⊗ IC −

1

2
(Ãγ ⊗ IC)

†(Ãγ ⊗ IC))|Φ〉
(b)
= (IAC −

1

2
B†B)|Φ〉, (C31)

where (a) is because we distribute the tensor product, and
(b) is because IA⊗ IC = IAC and B = Ãγ ⊗ IC .

Now we can write

|φ(2)1 〉= (λ
(2)

1 )
−1/2(IAC −

1

2
B†B +

1

8
B†BB†B)|Φ〉

(a)
= (λ

(2)

1 )
−1/2
Æ
λ1|φ1〉+ (λ(2)1 )

−1/2 1

8
B†BB†B|Φ〉

(b)
= (1+O(γ4))|φ1〉+ (1+O(γ2))

1

8
B†BB†B|Φ〉

where in (a) we use (C31) which tells us that
p
λ1|φ1〉 =

(IAC − 1
2 B†B)|Φ〉, and in (b) we use (C30) and (λ

(2)

1 )
−1/2 =

1+O(γ2). Hence

∥|φ(2)1 〉 − |φ1〉∥= ∥O(γ4)|φ1〉+ (1+O(γ2))
1

8
B†BB†B|Φ〉∥

= O(γ4).

Step 4: The aim of this step is to derive (C23) by using
(C26) and (C29).

First, we notice the spectral decomposition

ρ(2)γ = λ
(2)

1 |φ
(2)

1 〉〈φ
(2)

1 |+λ
(2)

2 |φ
(2)

2 〉〈φ
(2)

2 |.

Since the smallest non-zero eigenvalue of ρ(2)γ = cγ2 +

O(γ4) for some positive c, and (C26), we can use (C25) to
find that

∥|φ(2)1 〉 − |φ′1〉∥ ≤ 2
p

2∥ργ − ρ̄(2)γ ∥2/g(ρ(2)γ )

=O(γ6)/(cγ2 +O(γ4)) = O(γ4). (C32)

Hence combining (C29) with (C32) with the triangle in-
equality gives

∥|φ1〉〈φ1| − |φ′1〉〈φ′1|∥1 ≤ ∥|φ1〉 − |φ′1〉∥
≤∥|φ(2)1 〉 − |φ′1〉∥+ ∥|φ

(2)

1 〉 − |φ1〉∥= O(γ4).

Next, using Lemmas 20 and 22, and defining Q := F v Fu−
FuF v , we prove the following lemma.

Lemma 24. Let u, v = 1, 2,3. Then we have

Tr(LuργLv)− Tr(LvργLu)

=4
∑

1≤k,l≤p′

k ̸=l

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

+ 4

p′∑

l=1

λ′
l
〈φ′

l
|Q|φ′

l
〉, (C33)

and

|〈φ′
1
|Q|φ′

1
〉 − 〈φ1|Q|φ1〉| ≤ O(γ4), (C34)

|〈φ′
2
|Q|φ′

2
〉 − 〈φ2|Q|φ2〉| ≤ O(γ2), (C35)

4

p′∑

l=1

λ′
l
〈φ′

l
|Q|φ′

l
〉 − 4

2∑

l=1

λl〈φl |Q|φl〉= O(γ4). (C36)

For (k, l) ∈ {(1, 2), (2,1)}, we have

|〈φ′
k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉 − 〈φk|Fu|φl〉〈φl |F v |φk〉| ≤ O(γ2).

(C37)

Proof. Now from Lemma 20 it follows that

Tr(LuργLv)

=4

p′∑

k=1

p′∑

l=1

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

+ 4

p′∑

l=1

λ′
l
〈φ′

l
|F v Fu|φ′

l
〉. (C38)

where p′ is the number of non-zero eigenvalues of ργ. Then
from (C38), we get (C33) as

Tr(LuργLv)− Tr(LvργLu)

=4
∑

1≤k,l≤p′

k ̸=l

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

+ 4

p′∑

l=1

λ′
l
〈φ′

l
|(F v Fu − FuF v)|φ′

l
〉.

Lemma 23 implies (C34) and (C35) as

|〈φ′
1
|Q|φ′

1
〉 − 〈φ1|Q|φ1〉| ≤ ∥Q∥ · ∥|φ′1〉〈φ′1| − |φ1〉〈φ1|∥1

= ∥Q∥O(γ4) = O(γ4) (C39)

|〈φ′
2
|Q|φ′

2
〉 − 〈φ2|Q|φ2〉| ≤ ∥Q∥ · ∥|φ′2〉〈φ′2| − |φ2〉〈φ2|∥1

= ∥Q∥O(γ2) = O(γ2).

From (C16) and it follows that

4

p′∑

l=1

λ′
l
〈φ′

l
|Q|φ′

l
〉 − 4

2∑

l=1

λl〈φl |Q|φl〉

(a)
=4λ′

1
〈φ′

1
|Q|φ′

1
〉 − 4λl〈φ1|Q|φ1〉

+ 4

p′∑

l=2

λ′
l
〈φ′

l
|Q|φ′

l
〉 − 4λ2〈φ2|Q|φ2〉

(b)
=4λ′

1
〈φ′

1
|Q|φ′

1
〉 − 4λ1〈φ1|Q|φ1〉

+ 4λ′
2
〈φ′

2
|Q|φ′

2
〉 − 4λ2〈φ2|Q|φ2〉+O(γ4)

(c)
=4λ′

1
〈φ1|Q|φ1〉+λ′1O(γ4)− 4λ1〈φ1|Q|φ1〉

+ 4λ′
2
〈φ2|Q|φ2〉+λ′2O(γ2)− 4λ2〈φ2|Q|φ2〉

(d)
=4(λ1 +O(γ4))〈φ1|Q|φ1〉+O(γ4)− 4λ1〈φ1|Q|φ1〉
+ 4(λ2 +O(γ4))〈φ2|Q|φ2〉+O(γ2)− 4λ2〈φ2|Q|φ2〉
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where in (a) we separate terms in the summation, in (b) we
use (C16) which means that λ′

l
= O(γ4) when l ≥ 3, in (c)

we use (C34) and (C35), in (d) we use (C16). Simplifying
the above, we find (C36)

Next note that for (k, l) ∈ {(1,2), (2, 1)}, we have

|〈φ′
k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉 − 〈φk|Fu|φl〉〈φl |F v |φk〉|

(a)
= |Tr(Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉〈φ′

k
|)− Tr(Fu|φl〉〈φl |F v |φk〉〈φk|)|

(b)
= |Tr(Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉〈φ′

k
|)− Tr(Fu|φ′

l
〉〈φ′

l
|F v |φk〉〈φk|)|

+ |Tr(Fu|φ′
l
〉〈φ′

l
|F v |φk〉〈φk|)− Tr(Fu|φl〉〈φl |F v |φk〉〈φk|)|

(c)
=O(∥|φ′

k
〉〈φ′

k
| − |φk〉〈φk|∥1) +O(∥|φ′

l
〉〈φ′

l
| − |φl〉〈φl |∥1)

(d)
=O(γ2).

where (a) follows by the cyclicity of the trace, (b) uses a
telescoping sum with the triangle inequality, (c) follows be-
cause

|Tr(Fu|φ′
l
〉〈φ′

l
|F v)(|φ′

k
〉〈φ′

k
| − |φk〉〈φk|)|

≤∥Fu|φ′
l
〉〈φ′

l
|F v∥ · ∥|φ′

k
〉〈φ′

k
| − |φk〉〈φk|∥1

≤∥Fu∥∥F v∥ · ∥|φ′
k
〉〈φ′

k
| − |φk〉〈φk|∥1,

and

|Tr(|φ′
l
〉〈φ′

l
| − |φl〉〈φl |)(F v |φk〉〈φk|Fu)|

≤∥|φ′
l
〉〈φ′

l
| − |φl〉〈φl |∥1 · ∥F v |φk〉〈φk|Fu∥

≤∥Fu∥∥F v∥ · ∥|φ′
k
〉〈φ′

k
| − |φk〉〈φk|∥1,

and (d) follows from Lemma 23. Hence, we obtain (C37).

Finally, using Lemmas 24 and 21, we derive (74). We can

get

(Tr(LuργLv)− Tr(LvργLu))− (Tr( L̄uρ̄γ L̄v)− Tr( L̄vρ̄γ L̄u))

(a)
=4
∑

1≤k,l≤p′

k ̸=l

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

− 4
∑

1≤k,l≤2
k ̸=l

λl

�
(λk −λl)

2

(λk +λl)
2
− 1

�
〈φk|Fu|φl〉〈φl |F v |φk〉

+ 4

p′∑

l=1

λ′
l
〈φ′

l
|(F v Fu − FuF v)|φ′

l
〉

− 4

2∑

l=1

λl〈φl |(F v Fu − FuF v)|φl〉

(b)
=4
∑

1≤k,l≤p′

k ̸=l

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

− 4
∑

1≤k,l≤2
k ̸=l

λl

�
(λk −λl)

2

(λk +λl)
2
− 1

�
〈φk|Fu|φl〉〈φl |F v |φk〉

+O(γ4)

(c)
=4
∑

1≤k,l≤2
k ̸=l

λ′
l

�
(λ′

k
−λ′

l
)2

(λ′
k
+λ′

l
)2
− 1

�
〈φ′

k
|Fu|φ′

l
〉〈φ′

l
|F v |φ′

k
〉

− 4
∑

1≤k,l≤2
k ̸=l
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where (a) follows from (C33) and Lemma 12, (b) follows
from (C36) (c) follows from expanding the first summation,
and using λ′

l
= O(γ4) for l > 2 from (C16), (d) follows from

(C19) and (C20).
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Hence we get

(Tr(LuργLv)− Tr(LvργLu))− (Tr( L̄uρ̄γ L̄v)− Tr( L̄vρ̄γ L̄u))
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where (a) is because the last two summations in (C40) are
O(γ4), (b) is because of (C18) and (C17), (c) is because of
a telescoping sum, (d) follows from collecting terms in the
telescoping sum, and using (C37) in the first pair of sum-
mations and (C16) in the second pair of summations and
collecting constants into the big-O notation, and (e) follows
from addition in the big-O notation. Hence, the result fol-
lows.

Appendix D: Semidefinite program formulation with CVX

Now, we will formulate the mathematical optimization
problems that correspond to J2, J3, J4, J5 as semidefinite
programs to be used with the CVX package and provide the
corresponding MatLab code. These formulations allow us
to numerically evaluate the optimal values and solutions of
J2, J3, J4, J5.

For the numerical formulations, we consider probe states
of finite dimension dA, and quantum channels that map
finite dimensional probe states of dimension dA to states
of finite dimension dB. Then, for these optimization pro-
grams that correspond to J2, J3, J4, J5, the optimization

variable is Y , which is a complex semidefinite matrix of size
(d +1)dBdA. Hence, in our MatLab script, we define the di-
mension of Y as

dY = (d+1)*dB*dA;

The matrix Y has support on the tensor product space R⊗
HB ⊗ HA, and we like to interpret Y as a block matrix with
blocks Yj,k, where j, k = 0, . . . , d, and Yj,k are matrices on
HB ⊗HA.

The optimization programs Jk take as input the size d

weight matrix G, the channel’s Choi matrix T , and the par-
tial derivatives of the Choi Matrix. It is also convenient to
specify the input and output dimensions of the quantum
channel. Hence we can write the first line of the optimiza-
tion programs J2, . . . , J5 respectively as

function [opt_val, opt_Y]=J2(G,T,DT,dA,dB)

function [opt_val, opt_Y]=J3(G,T,DT,dA,dB)

function [opt_val, opt_Y]=J4(G,T,DT,dA,dB)

function [opt_val, opt_Y]=J5(G,T,DT,dA,dB).

Here, DT is a cell of derivatives of T, and we can access the
jth derivative of T using DT{j}. The channel’s Choi matrix
T is a matrix on the space HB ⊗HA. Each of the functions
J2, J3, J4, and J5 will find the optimal value and optimal
solutions of the optimization problem that corresponds to
Jk, given by opt_val and opt_Y respectively.

We can access the submatrices Yj,k of Y using the follow-
ing Matlab function:

function Yjk = jk_blk(Y,j,k,d)

dT=size(Y,1)/d;

idx_row_start = j*dT+1;

idx_row_end = j*dT+dT;

idx_col_start = k*dT+1;

idx_col_end = k*dT+dT;

rows=idx_row_start:idx_row_end

cols=idx_col_start:idx_col_end

Yjk = Y(rows,cols);

end

The objective function to be minimized is TrY (G ⊗ T ).
We can write this objective function in MatLab code by first
defining the variables

Gprime = [zeros(1,d+1); zeros(d,1),G];

GT = kron(Gprime, T);

and minimizing trace(Y*GT).

The constraint that Y belongs to the cone B
′′, which cor-

responds to Yk,0 being Hermitian for all k = 0, . . . , d and
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Yk, j = Y
†

j,k
for all j, k = 0, . . . , d can be written as

for j=0:d

jk_blk(Y,j,0,d) == jk_blk(Y,j,0,d)’

for k=0:d

jk_blk(Y,j,k,d) == jk_blk(Y,k,j,d)’

end

end (D1)

Now we will use the variable vecb to represent the ma-
trix |0〉 ⊗ |b〉 ⊗ IA. We use IR=eye(d+1) to represent IR,
zket_R= IR(:,1) to represent |0〉, IA=eye(dA) to rep-
resent IA, IB=eye(dB) to represent IB, and IB(:,b) to
represent |b〉. Then the constraint for (i’) can be written as

for b = 1:dB

vecb=kron(kron(zket_R,IB(:,b)), IA);

for bp = 1:dB

vecbp=kron(kron(zket_R, IB(:,bp)), IA );

if b == bp

trace(vecb’*Y*vecb) == 1

else

vecbp’*Y*vecb == zeros(dA)

vecb’*Y*vecb == vecbp’*Y*vecbp

end

end

end (D2)

The constraint for (ii), which is the channel analogue of
the locally unbiased constraint, can be written as

for j = 1:d

for jp = 1:d

jp_ket_R = IR(:,jp+1);

zjp = zket_R*jp_ket_R’;

if j == jp

0.5*trace(Y*kron(zjp + zjp’, DT{j}))==1

else

0.5*trace(Y*kron(zjp + zjp’, DT{j}))==0

end

end

end (D3)

Now we will proceed to write J5 as a semidefinite pro-
gram that can be run using the CVX package in MatLab. For
J5, the cone S5

AB
requires the constraints Y ≥ 0, TrY (| j〉〈i|⊗

T ) = 0 and that Y ∈ B′′. Hence we can write J5 as

cvx_begin sdp %J5

variable Y(dY,dY) complex semidefinite

minimize(trace(Y*GT))

subject to

Insert code for (D2)

Insert code for (D3)

Insert code for (D1)

for j = 1:d

j_ket_R = IR(:,j+1);

for jp = 1:d

jp_ket_R = IR(:,jp+1);

j_jp = j_ket_R*jp_ket_R’;

imag(trace(Y*kron(j_jp,T)))==0

end

end

cvx_end (D4)

For J4, we can write the optimization as

cvx_begin sdp %J4

variable Y(dY,dY) complex semidefinite

minimize(trace(Y*GT))

subject to

Insert code for (D2)

Insert code for (D3)

Insert code for (D1)

cvx_end (D5)

For J3, we will need a positive partial transpose constraint
on Y . We can write the partial transpose of Y as Y_PTwhere

Y_PT = zeros((d+1)*dA*dB)

for j = 0:d

idx_row_start = j*dT+1;

idx_row_end = j*dT+dT;

rows=idx_row_start:idx_row_end

for k = 0:d

idx_col_start = k*dT+1;

idx_col_end = k*dT+dT;

cols=idx_col_start:idx_col_end

Y_PT(rows,cols)=jk_blk(Y,j,k,d);

end

end (D6)
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and hence we can write J3 as

cvx_begin sdp %J3

variable Y(dY,dY) complex semidefinite

minimize(trace(Y*GT))

subject to

Insert code for (D2)

Insert code for (D3)

Insert code for (D1)

Insert code for (D6)

Y_PT>=0

cvx_end

For J2, we need to optimize over the cone B instead of B′′.

The constraints for the cone B can be written as

for j=0:d

for k=0:d

jk_blk(Y,j,k,d) == jk_blk(Y,k,j,d)

jk_blk(Y,j,k,d) == jk_blk(Y,j,k,d)’

end

end (D7)

Hence we can write J2 as

cvx_begin sdp %J2

variable Y(dY,dY) complex semidefinite

minimize(trace(Y*GT))

subject to

Insert code for (D2)

Insert code for (D3)

Insert code for (D7)

cvx_end

For the optimization problems that correspond to
J2, . . . , J5, once we find the optimal Y ∗, the corresponding
optimal probe state ρ∗

A
can be written as

ρ∗
A

:= TrRB[Y (|0〉〈0| ⊗ IAB)]/dB. (D8)
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