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It is a common belief that a theory of quantum gravity should ultimately cure curvature singularities
which are inevitable within General Relativity, and plague for instance the Schwarzschild and Kerr
metrics, usually considered as prototypes for primordial black holes (PBHs) as dark matter (DM)
candidates. We continue our study, initiated in a companion paper, of non-singular objects as
PBHs, considering three regular non-tr (non-time-radial)-symmetric metrics, all of which are one-
parameter extensions of the Schwarzschild space-time: the Simpson-Visser, Peltola-Kunstatter, and
D’Ambrosio-Rovelli space-times, with the latter two motivated by loop quantum gravity. We study
evaporation constraints on PBHs described by these regular metrics, deriving upper limits on fpbh,
the fraction of DM in the form of PBHs. Compared to their Schwarzschild counterparts, these
limits are weaker, and result in a larger asteroid mass window where all the DM can be in the
form of PBHs, with the lower edge moving potentially more than an order of magnitude. Our work
demonstrates as a proof-of-principle that quantum gravity-inspired space-times can simultaneously
play an important role in the resolution of singularities and in the DM problem.

I. INTRODUCTION

Once regarded as objects of pure mathematical inter-
est, over the past decade black holes (BHs) have gone
on to become some of the most fascinating objects in
the Universe [1]. At the time of writing, observational
effects associated to astrophysical BHs are detected on
a regular basis allowing us to use these extreme regions
of space-time as unique laboratories for testing funda-
mental physics in the strong-field regime [2–52]. On the
more theoretical end of the spectrum, a widespread hope
is that BHs may hold the key towards the unification of
quantum mechanics and gravity, although a somewhat
more humble goal could be that of using BH observations
to test candidate theories of quantum gravity (QG). On
the more phenomenological side, the possible role of BHs
in accounting for the dark matter (DM) which makes
up ≃ 25% of the energy budget of the Universe [53, 54]
is now widely acknowledged. In our work, these two as-
pects – DM and candidate theories of QG – will naturally
meet, with BHs being the common denominator, and as-
trophysical observations the playing ground.
The collapse of large density perturbations upon hori-

zon re-entry in the early Universe can lead to the for-
mation of hypothetical relics known as primordial BHs
(PBHs), whose role as potential DM candidates has
long been recognized [55–154] (for recent reviews on the
topic, see Refs. [155–164]). A wide range of observations
(mainly of astrophysical nature) severely limit the abil-
ity of PBHs to account for the entire DM component: in
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practice, this is potentially possible (although this pos-
sibility is not completely free of debates) only in the
so-called “asteroid mass window”, i.e. 1017 g ≲ Mpbh ≲
1023 g, with lighter and heavier PBHs being tightly con-
strained by observational signatures of their evapora-
tion and microlensing respectively [165–180]. However,
it is important to note that virtually all constraints on
PBHs, including those determining the existence and ex-
tension of the asteroid mass window, are subject to the
underlying assumption about these object being either
Schwarzschild or Kerr BHs [155–164]. This assumption
is perfectly reasonable from the phenomenological and
observational point of view, but at the same time may be
cause of some apprehensiveness on the more theoretical
side. In fact, these metrics feature pathological curva-
ture singularities, whose existence is virtually inevitable
in General Relativity (GR), and is at the essence of the
well-known singularity problem [181–185].

Given that significant efforts are being devoted to the
study of so-called regular space-times, free of curvature
singularities, a relevant question is therefore what hap-
pens if PBHs are regular. This is a question we started to
systematically address in a companion paper focused on
tr (time-radius)-symmetric metrics, i.e. where the prod-
uct of the coefficients of the dt2 and dr2 terms in the
line element in four-dimensional Boyer–Lindquist coor-
dinates is equal to −1 [186]: these metrics include, for
instance, the well-known Bardeen [187] and Hayward reg-
ular BHs [188]. As we show in our companion paper, the
phenomenology of the resulting primordial regular BHs
(PRBHs) can be very rich, and can result in the aster-
oid mass window opening by up to an extra decade in
mass [186]. The choice of studying tr -symmetric metrics
was adopted to make the equations simpler to handle,
but is certainly not exhaustive. Indeed, as we shall soon
see, such a choice does not cover a number of well-known
and well-motivated metrics, potentially including space-
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times rooted into candidate theories of QG. In this sense,
it is worth recalling that the metrics considered in our
companion paper [186] are purely phenomenological in
nature. It is therefore our goal in the present work to
extend our earlier study of PRBHs to non-tr -symmetric
metrics, some of which carry very strong theoretical mo-
tivation and can arise within candidate theories of QG.
To be concrete, in what follows we will consider three

regular, static spherically symmetric space-times, char-
acterized by an additional regularizing parameter ℓ, and
recovering the Schwarzschild space-time in the ℓ → 0
limit. All three space-times enjoy quite different proper-
ties compared to the phenomenological ones considered
in our companion paper [186]. The first metric we con-
sider is the so-called Simpson-Visser metric: this is ar-
guably one of the best known black-bounce space-times,
and interpolates between the Schwarzschild metric, reg-
ular BHs, and traversable wormholes. 1 The other two
metrics are instead deeply rooted within Loop Quantum
Gravity (LQG) [190–192]: arguably one of the leading
QG approaches, LQG is a fully non-perturbative and
manifestly background-independent approach towards a
consistent theory of QG, wherein space-time is funda-
mentally discrete (see e.g. Refs. [193–222] for various
follow-up studies and applications). More specifically,
the two regular LQG-motivated metrics we analyze as
candidates for DM in the form of PRBHs are the Peltola-
Kunstatter [223, 224] and D’Ambrosio-Rovelli space-
times [225, 226]. As a cautionary note, we remark that
ours is to be intended as a pilot study in this direction,
and that much more follow-up work is needed before pri-
mordial regular BHs as DM candidates are characterized
to the same extent as their Schwarzschild counterparts. 2

The rest of this paper is then organized as follows.
We briefly introduce the regular space-times studied in
our work in Sec. II. Theoretical aspects of the Hawking
evaporation process are presented in the next two sec-
tions, with Sec. IIIA devoted to the derivation of the
greybody factors, Sec. III B to the calculation of the re-
sulting photon spectra, and Sec. III C to the derivation
of constraints on the fraction of DM which may be in
the form of PRBHs. The resulting limits are discussed in
Sec. IV. Finally, in Sec. V we draw concluding remarks.
Technical issues regarding the asymptotic solutions of the

1 A traversable wormhole is one for which a particle can enter
through one side of the wormhole and exit through the other. In
principle, these could be traversed by a human traveler without
fatal effects [189], if certain conditions on the metric elements
gtt and grr are satisfied. In practice, whether this trip would
actually be free from fatal effects depends on the question of
how a human body would interact with the exotic matter which
is required to sustain the wormhole, question which is presently
open.

2 As far as we are aware, only seven earlier works considered pri-
mordial regular BHs as DM [227–233], but mostly focused on
aspects other than the ones studied here (with the exception of
Refs. [230, 231], which however studied a different LQG-inspired
metric, albeit reaching conclusions qualitatively similar to ours).

radial Teukolsky equation which may be of interest to
some readers are discussed in Appendix A. Unless oth-
erwise specified, we adopt units where G = c = ℏ = 1.
We recall once again that a related study focusing on tr -
symmetric, phenomenological metrics is presented in our
companion paper [186]. If time allows our recommenda-
tion is that the interested reader consult our companion
paper [186] prior to reading the present work.

II. REGULAR BLACK HOLES

As is well known, GR predicts the almost unavoidable
existence of essential space-time singularities, where cur-
vature invariants diverge. Nevertheless, it is a commonly
held belief that these unwanted features are merely a
reflection of our ignorance of a more fundamental the-
ory of QG, which would ultimately cure these singulari-
ties (see, however, Refs. [234–236]). Various regular BH
(RBH) metrics, free of singularities in the entire space-
time, have in fact been studied in recent years, both from
a more phenomenological standpoint [237–287] as well as
from a first-principles theoretical basis [288–302]. 3 These
RBHs are usually controlled by an extra regularizing pa-

rameter (which we denote by ℓ), and typically (but not
necessarily) recover the Schwarzschild metric as ℓ → 0.
In what follows, similarly to our companion paper [186]
we will entertain the possibility that DM may be in the
form of primordial RBHs.
The line element of the space-times we consider can all

be written in the following general form:

ds2 = −f(r̃)dt2 +
1

f(r̃) [1− gℓ(r̃)]
dr̃2 + r̃2dΩ2 , (1)

where dΩ2 = dθ2 + sin2(θ)dϕ2 is the metric on the 2-
sphere and r̃ is manifestly the areal radius. On the other
the function gℓ, which depends on the regularizing pa-
rameter ℓ, goes to gℓ(r̃) → 0 for both ℓ → 0 and r̃ → ∞.
Such a space-time possesses horizon-like structures lo-
cated at radial coordinates r̃ such that:

f(r̃) [1− gℓ(r̃)] = 0 , (2)

i.e. at r̃ = r̃H , r̃0 such that f(r̃H) = 0 and/or gℓ(r̃0) = 1.
If r̃0 > r̃H , the value r̃0 determines the location of a
wormhole (WH) throat, whereas no event on the man-
ifold is associated to the location of r̃H . Note that, in
general r̃0 depends on the regularizing parameter, i.e.
r̃0 = r̃0(ℓ). On the other hand, when r̃H > r̃0, the
value r̃H characterizes the event horizon of a BH (in

3 We note that finiteness of curvature invariants does not nec-
essarily imply geodesic completeness, and viceversa, and issue
which plagues a number of well-known regular BHs, including
the Bardeen and Hayward ones [303]. We further remark that
the stability of several regular BH solutions is currently being
debated [304–308].
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this case the WH throat is located within the BH event
horizon and is therefore causally disconnected from the
relevant BH exterior space-time). Typically, in regions
where these space-times are regular, the above geometry
describes a bounce into a future incarnation of the uni-
verse [309–311]. Due to this peculiar characteristic, ge-
ometries of this type are sometimes referred to as black-
bounce space-times.
For these types of metric, it generally proves advanta-

geous to perform a change of variable for what concerns
the radial coordinate, going from an extrinsic description
to an intrinsic one through the coordinate transforma-
tion r̃ =

√
r2 + ℓ2. The metric in Eq. (1) can then be

expressed in the following form:

ds2 = −f(r)dt2 + g(r)−1dr2 + h(r)dΩ2 , (3)

where h(r) = r2 + ℓ2. When expressed in the above
form, the Petrov-D nature of this class of metrics is
manifest. We additionally require asymptotic flatness,
in other words that f(r̃) → 1 for r̃ → ∞, from which it
follows that:

f(r)
r→∞−−−→ 1 , g(r)

r→∞−−−→ 1 , h(r)
r→∞−−−→ r2 . (4)

Finally, we note that the metrics in question are non-tr -
symmetric, since in general f(r) ̸= g(r) and h(r) ̸= r2.
The tr -symmetric case is treated in our companion pa-
per [186], whereas we have chosen to deal with the non-
tr -symmetric case in a separate work both because it
introduces non-trivial complications on the mathemati-
cal side, and at the same time allows us to treat metrics
which are strongly motivated from first-principles the-
oretical considerations (unlike those considered in our
companion paper, which are introduced on purely phe-
nomenological grounds), such as LQG.
A key quantity characterizing the RBHs we are con-

sidering is their temperature T , since this directly con-
trols the strength of the radiation emitted from Hawking
evaporation. Assuming that the temperature is the usual
Gibbons-Hawking one, which in turn tacitly implies that
we are assuming the standard Boltzmann-Gibbs distribu-
tion (see our companion paper for a slightly more detailed
discussion on this point [186]), the temperature is given
by the following:

T =

√

g(r)

f(r)

f ′(r)

4π
|rH , (5)

where the prime indicates a derivative with respect to
r, and rH denotes the location of the event horizon.
In Fig. 1 we show the evolution of the temperatures,
normalized to the temperature of Schwarzschild BHs
TSch = 1/8πM , of the three RBHs we will discuss shortly,
as a function of the regularizing parameter ℓ normalized
to the event horizon radius rH . As we see, for all three
metrics the temperature is a monotonically decreasing
function of the regularizing parameter. One may there-
fore qualitatively expect that the intensity of the Hawk-
ing evaporation radiation should decrease relative to that

0.0 0.2 0.4 0.6 0.8 1.0
ℓ/rH

0.6

0.8

1.0

1.2

1.4

T
/T

S
ch
w
ar
zs
ch
il
d
=

T
/(
8π

M
)−

1

Simpson-Visser

Peltola-Kunstatter

D'Ambrosio-Rovelli

FIG. 1. Evolution of the temperatures (normalized to the
temperature of Schwarzschild black holes, TSch = 1/8πM)
as a function of the regularizing parameter ℓ (normalized to
the event horizon radius rH) for the three regular space-times
studied in the work: the Simpson-Visser (blue solid curve,
Sec. II A), Peltola-Kunstatter (red dashed curve, Sec. II B),
and D’Ambrosio-Rovelli (green dotted curve, Sec. II C) regu-
lar space-times.

of Schwarzschild BHs of the same mass: this expectation
in fact turns out to be correct, as we will explicitly show
later, with important consequences for fpbh limits.

A. Simpson-Visser space-time

The Simpson-Visser (SV) metric is a one-parameter
extension of the Schwarzschild space-time and easily one
of the best known black-bounce metrics. In the words
of Simpson and Visser, in some sense this metric “repre-
sents the minimal violence to the standard Schwarzschild
solution” needed to enforce regularity [312]. The line el-
ement analytically interpolates between black holes and
traversable wormholes according to the value of the reg-
ularizing parameter. In the notation of Eq. (1), the SV
space-time is characterized by the following functions: 4

f(r̃) = 1− 2M

r̃
, gℓ(r̃) =

ℓ2

r̃2
, (6)

whereas, in the notation of Eq. (3), the line element of
the SV space-time is given by the following:

ds2 = −
(

1− 2M√
r2 + ℓ2

)

dt2 +
dr2

1− 2M√
r2+ℓ2

+(r2 + ℓ2)dΩ2 . (7)

4 For all the space-times we will consider, the parameterM appear-
ing in the function f(r) always corresponds to the mass of the
space-time (either the Komar, ADM, Misner-Sharp-Hernandez,
or Brown-York mass).
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The SV space-time encompasses a rich phenomenology,
as it interpolates between the Schwarzschild BH (ℓ = 0),
a regular BH with a one-way space-like throat (0 <
ℓ/M < 2), a one-way WH with an extremal null throat
(ℓ/M = 2), and a traversable WH with a two-way time-
like throat (ℓ/M > 2). 5 This metric has been the
subject of several follow-up studies (see e.g. Refs. [313–
323]) and, while originally introduced on phenomenologi-
cal grounds, can potentially originate as a solution of GR
coupled to non-linear electrodynamics in the presence of
a minimally coupled phantom scalar field [324].

B. Peltola-Kunstatter space-time

The Peltola-Kunstatter (PK) space-time is a LQG-
motivated metric obtained upon applying effective poly-
merization techniques to 4D Schwarzschild BHs. Al-
though there are indications that LQG may be capable
of resolving the singularities which plague GR, the in-
herent difficulty in solving the complete system has led
to the development of semi-classical polymer quantiza-
tion techniques, which provide an unitarily inequivalent
alternative to Schrödinger quantization while maintain-
ing the key aspect of space-time discreteness. The PK
space-time is obtained polymerizing only area but not
the conformal mode, and results in a space-time whose
singularity is replaced by a complete and regular bounce,
where the space-time reaches a minimum radius before
expanding into a Kantowski-Sachs metric [223, 224]. In
the notation of Eq. (1), the SV space-time is character-
ized by the following functions:

f(r̃) =

√

1− ℓ2

r̃2
− 2M

r̃
, gℓ(r̃) =

ℓ2

r̃2
(8)

whereas, in the notation of Eq. (3), the line element of
the PK space-time is given by the following:

ds2 = −
(

r − 2M√
r2 + ℓ2

)

dt2 +
dr2

r−2M√
r2+ℓ2

+ (r2 + ℓ2)dΩ2 . (9)

In what follows, we shall take the PK space-time as an
example of regular metric motivated by first-principles
quantum gravity considerations, unlike the other phe-
nomenological metrics considered earlier.

5 These conditions are derived by looking at a) the existence (or
not) of horizons from the zeros of grr, which implies rH =√
4M2 − ℓ2, and therefore ℓ < 2M in order to have a BH,

and b) the sign of the “coordinate speed of light” |dr/dt| =
1 − 2M/

√
r2 + ℓ2, which determines whether the wormhole for

ℓ ≥ 2M is traversable (dr/dt ̸= 0 for all r) or not (dr/dt → 0
as r → 0) – for a more detailed explanation, see the discussion
above Eq. (2.6) of Ref. [312].

C. D’Ambrosio-Rovelli space-time

The D’Ambrosio-Rovelli (DR) space-time was origi-
nally developed with motivations other than singularity
avoidance, and is in fact also motivated by LQG consid-
erations. This space-time represents a natural extension
of the Schwarzschild space-time which crosses the r = 0
singularity smoothly into the interior of a white hole,
and one can see it as the ℏ → 0 limit of an effective
QG metric [225, 226]. It has been argued that this black
hole-to-white hole tunneling mechanism can shed light
on possible solutions to the information paradox. Of in-
terest to us is the fact that the DR metric is regular, as a
result of the curvature of the effective metric being bound
at the Planck scale. The ansatz for the effective metric
written by D’Ambrosio and Rovelli is similar to that of
the SV metric, but differs in the form of the g function
– specifically, the two relevant functions are given by the
following:

f(r̃) = 1− 2M

r̃
, gℓ(r̃) =

ℓ

r̃
, (10)

whereas, in the notation of Eq. (3), the line element of
the DR space-time is given by the following:

ds2 = −
(

1− 2M√
r2 + ℓ2

)

dt2

+
dr2

1− 2M√
r2+ℓ2

(

1 +
ℓ√

r2 + ℓ2

)

+ (r2 + ℓ2)dΩ2 .

(11)

Much like the PK space-time, we will take the DR space-
time as another well-motivated example of QG-inspired
metric. We note that the assumption of primordial DR
BHs inevitably leads to the existence of long-lived pri-
mordial DR white holes from quantum transitions near
the would-be singularity. This can potentially lead to an
interesting phenomenology whose exploration, however,
is well beyond the scope of this work.

III. METHODOLOGY

A. Greybody factors

We now discuss the computation of the greybody fac-
tors (GBFs), functions of energy and angular momentum
which characterize the shape of the emitted Hawking ra-
diation (and in particular its deviation from a blackbody)
and therefore play a key role in determining the result-
ing evaporation constraints [325–327]. It is worth noting
that, in the notation of Eq. (3), both the SV and PK
metrics share the fact that f(r) = g(r), which makes the
calculations somewhat easier. This is not the case, how-
ever, for the DR space-time. Therefore, in what follows,
we consider the more general case where f(r) ̸= g(r),
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which differs from the much simpler tr -symmetric case
considered in our companion paper [186].

We adopt the Newman-Penrose (NP) formalism, de-
noting by Υs a general perturbation of spin s (defined
by the appropriate NP scalars) and dropping the l and
m indices to lighten the notation. Then, the Teukolsky
equation for the evolution of massless perturbations of
given spin upon a background metric characterized by
functions f(r), g(r), h(r) as in Eq. (3) reduces to the
following master equation [328]:

− h

f
∂2
tΥs + s

√

g

f

(

hf ′

f
− h′

)

∂tΥs

+ gh∂2
rΥs +

(

hg′

2
+ (s+ 1/2)

ghf ′

f
+ (s+ 1)gh′

)

∂rΥs

+

(

1

sin θ
∂θ(sin θ ∂θ) +

1

sin2 θ
∂2
ϕ

+
2is cot θ

sin θ
∂ϕ − s2 cot2 θ − s

)

Υs

(

s
hgf ′′

f
+

3s− 2s2

4
(2gh′′ + g′h′) +

s

2
(
hg′f ′

f
− ghf ′2

f2
)

+
2s2 − s

4

gh′2

h
+

2s2 + 5s

4

gf ′h′

f

)

Υs = 0 , (12)

which is separable with the following ansatz:

Υs =
∑

l,m

e−iωteimϕSl
s(θ)Rs(r) , (13)

with ω, l, and m being the perturbation frequency, an-
gular node number, and azimuthal node number re-
spectively, whereas Sl

s(θ) are related to the so-called
spin-weighted spherical harmonics Ss

l,m(θ, ϕ) through

Ss
l,m(θ, ϕ) =

∑

Sl
s(θ)e

imϕ.
We now define the functions As, Bs, and Cs as follows:

As =

√

g

f

1

(fh)s
, (14)

Bs =
√

fg(fh)sh , (15)

Cs = s
ghf ′′

f
+

s

2

(

hg′f ′

f
− ghf ′2

f2

)

+
s(3− 2s)

4
(2gh′′ + g′h′) +

s(2s− 1)

4

gh′2

h

+
s(2s+ 5)

4

gf ′h′

f
− λs

l − 2s . (16)

whereλs
l = l(l + 1) − s(s + 1). With these definitions,

the decoupled radial Teukolsky equation reduces to the
following general form [329]:

As(BsR
′
s)

′ +

[

h

f
ω2 + iωs

√

g

f

(

h′ − hf ′

f

)

+ Cs

]

Rs = 0 .

(17)

We further define the tortoise coordinate r⋆ as follows:

dr⋆
dr

=
1

√

f(r)g(r)
, (18)

noting that, being our space-times asymptotically flat,
r⋆ → r for large r. In order to compute the GBFs for
the metrics in question, we set purely ingoing boundary
conditions. In addition, we need to know the asymptotic
behaviour of Rs as at infinity and close to the horizon.
These asymptotic behaviours are given as follows:

Rs ∼ Rin
s

e−iωr⋆

r
+Rout

s

eiωr⋆

r2s+1
(r → ∞) (19)

Rs ∼ Rhor
s Ase

−iωr⋆ (r → rH) , (20)

as proven in more detail in Appendix A (the case of the
DR metric is actually far from trivial).

To compute the GBFs, we make use of the shooting
method, widely used earlier in similar contexts (see e.g.
Refs. [330–337]), including in our companion paper [186].
We begin by defining the rescaled coordinate x:

x ≡ r − rH
rH

, (21)

where rH is the largest real root of the equation f(r) = 0.
In order to further simplify our notation, in what follows
we work in units of horizon radius, setting rH = 1, so
that r = x+1. The decoupled radial Teukolsky equation,
Eq. (17), then takes the following form:

AsR̈s + BsṘs + CsRs = 0 , (22)

where the functions A, B, and C are defined as follows:

As = g2h , (23)

Bs =

(

(

s+
1

2

)

g2hḟ

f
+

hgġ

2
+ (1 + s)g2ḣ

)

, (24)

Cs =
g

4

(

s(2s− 1)
gḣ2

h
+ 2s(3− 2s)gḧ− 2s

ghḟ2

f2

+
1

f

(

s(5 + 2s)gḟ ḣ+ 2h
(

2ω2 + 2sgf̈ (25)

−sḟ

(

2iω

√

g

f
+ ġ

)))

+ sh

(

(3− 2s)ġ + 4iω

√

g

f

)

− 4νsl

)

,

where the dot denotes a derivative with respect to the
rescaled coordinate x and νsl = l(l + 1) − s(s − 1). For
completeness, we note that f and g as as function of x for
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the metrics considered here are given by the following:

hSV(x) = hPK(x) = hDR(x) = (x+ 1)2 + ℓ2 ,

gSV(x) = fSV (x) = 1−
√
1 + ℓ2

√

ℓ2 + (x+ 1)2
,

gPK(x) = fPK(x) =
x

√

ℓ2 + (x+ 1)2
,

fDR(x) = 1−
√
1 + ℓ2

√

ℓ2 + (x+ 1)2
,

gDR(x) = fDR(x)

(

1 +
ℓ

√

ℓ2 + (x+ 1)2

)−1

.

(26)

We express the solution to Eq. (22) as a Taylor expansion
as follows [330, 331, 338–341]:

Rs(x) = x−s− iω

τ

∞
∑

n=0

anx
n . (27)

Here, τ is a function of the field’s spin and regularizing
parameter ℓ, and varies with the metric being considered.
For further details, we refer the reader to the Appendix of
our companion paper [186], where the issue is discussed in
more depth. We then determine the coefficients an itera-
tively, by repeatedly substituting Eq. (27) into Eq. (22).

Once we have the near-horizon solution, we treat it as a
boundary condition from which we numerically integrate
outwards, where the solution takes the following form:

R(x)
r→∞−−−→ Rin

s

e−iωx

x
+Rout

s

eiωx

x2s+1
, (28)

with the GBFs then given by the following:

Γs
lm(ω) = δs|sRlm

in (ω)|−2 , (29)

where δs is given by:

δs = ατ
ieiπs(2ω)2s−1Γ(1− s− 2iω

τ )

Γ(s− 2iω
τ )

. (30)

with α and τ depending on the metric considered. More
specifically, for what concerns α, we find that within the
SV and PK metrics for which f = g the following holds:

αSV = αPK = 1 + ℓ2 , (31)

whereas for the DR metric we find the following:

αDR = 1 + ℓ(ℓ+
√

1 + ℓ2) . (32)

Finally, for the three metrics τ is given by the following:

τSV =
1

1 + ℓ2
,

τPK =
1√

1 + ℓ2
,

τDR =

√

1 + ℓ(ℓ−
√
1 + ℓ2)

1 + ℓ2
. (33)
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Simpson-Visser (ℓ = 0.3 rH)

Peltola-Kunstatter (ℓ = 0.3 rH)

D'Ambrosio-Rovelli (ℓ = 0.3 rH)

FIG. 2. Greybody factors Γs=1
l=1 as a function of ω/M for

Schwarzschild BHs (black curve), as well as the Simpson-
Visser (blue solid curve), Peltola-Kunstatter (red dashed
curve), and D’Ambrosio-Rovelli (green dotted curve) regu-
lar space-times. For illustrative purposes we only plot Γs=1

l=1 ,
since we are interested in photons (s = 1) and the dominant
emission mode is the l = 1 one. We have fixed the regularizing
parameter to ℓ = 0.3rH for all three regular space-times. We
see that in all three cases the GBFs are consistently (slightly)
higher than their Schwarzschild counterparts.

As can be seen in Eqs. (31,32), deviations from α = 1 are
associated to the non-tr -symmetric nature of the metrics.
As a general consideration, we note that the computation
of GBFs for the metrics under consideration is signif-
icantly more involved compared to those considered in
our companion paper [186].

In Fig. 2 we plot the Γs=1
l=1 GBFs for the Schwarzschild

BH and the three regular space-times we study, focusing
for illustrative purposes on the Γs=1

l=1 GBF and fixing ℓ =
0.3rH for all three regular space-times. We observe that
the GBFs are slightly higher than their Schwarzschild
counterparts (by ≲ 10% at most), and asymptote to the
latter for both ω/M ≲ 0.3 and ω/M ≳ 0.7.

B. Evaporation spectra

As in our companion paper [186], we only consider the
primary photon spectrum resulting from Hawking evapo-
ration, while also checking that within the mass region of
interest the secondary spectrum will provide a negligible
contribution. For a particle species i of spin s (charac-
terized by ni degrees of freedom), the rate of emission
(particles per unit time per unit energy) through Hawk-
ing radiation is given by the following [342–346]:

d2Ni

dtdEi
=

1

2π

∑

l,m

niΓ
s
l,m(ω)

eω/T ± 1
, (34)
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FIG. 3. Primary photon spectra resulting from the evapo-
ration of Simpson-Visser black holes of mass 1016 g for dif-
ferent values of the regularizing parameter ℓ (normalized by
the horizon radius rH): ℓ/rH = 0.3 (red dotted curve), 0.6
(green dashed curve), and 0.9 (magenta dash-dotted curve).
The blue solid curve corresponds to the case ℓ/rH = 0, which
recovers the Schwarzschild black hole.
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FIG. 4. As in Fig. 3, but for Peltola-Kunstatter black holes,
with identical values of the regularizing parameter ℓ/rH and
identical color coding.

with ω = Ei being the mode frequency, whereas the
positive (negative) sign in the denominator corresponds
to fermions (bosons). To compute the (photon) GBFs
Γs
l,m(ω) we adopt the methodology discussed earlier, go-

ing up to node number l = 4, but verifying that including
higher l modes leads to negligible corrections.
Examples of the resulting evaporation spectra are pro-

vided in Figs. 3, 4, and 5 for a representative PBH of
mass Mpbh = 1016 g, located somewhat halfway in the
mass range of interest (although the features we discuss
shortly do not depend on the chosen mass). For the SV
and DR PRBHs, increasing ℓ leads to the intensity of the
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D'Ambrosio-Rovelli (ℓ = 0.9 rH)

FIG. 5. As in Fig. 3, but for D’Ambrosio-Rovelli black holes,
with identical values of the regularizing parameter ℓ/rH and
identical color coding.

spectra decreasing at all energies. This feature confirms
the intuition raised when we discussed the temperatures
of these BHs (see Fig. 1), which we observed to decrease
with increasing ℓ. However, we remark that a decrease
in T alone is not sufficient to draw this conclusion, since
the GBFs also enter in Eq. (34). Nevertheless, one can
expect the temperature to play a more important role,
as it enters exponentially into Eq. (34), unlike the GBFs
which enter linearly.

The role of the GBFs can be noticed in the case of the
PK space-time, whose temperature evolution as a func-
tion of ℓ is identical to that of the SV space-time (see
Fig. 1). However, as ℓ is increased, the evaporation spec-
tra of PK PBHs (Fig. 4) decreases in intensity only at
energies approximately above the peak (located roughly
between 5MeV and 10MeV), while conversely increas-
ing in intensity for lower energies, albeit to a lesser extent
compared to the decrease at higher energies. From Fig. 2
we can see that the GBFs for the SV and PK space-times
are close to each other for ℓ = 0.3rH , explaining why
there is little difference between the red dotted curves
in Fig. 3 and Fig. 4. The difference between the two
become more important as ℓ increases, and are particu-
larly noticeable at ℓ = 0.9rH . We have explicitly checked
that, in this case (not shown in Fig. 2), the PK GBFs
start increasing at lower values of ω/M compared to their
SV counterparts, explaining the observed trends. At any
rate already at a qualitative level, inspecting the spec-
tra just discussed, we can expect that the upper limits
on fpbh obtained assuming Schwarzschild PBHs should
loosen (thereby opening the asteroid mass window) when
considering the PRBHs in question, at the very least for
the SV and DR metrics – as we shall see shortly, the
expectation is in fact confirmed for all three space-times.
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C. Evaporation constraints

In the mass range 1013 g ≲ Mpbh ≲ 1018 g, the domi-
nant constraints on the PBH abundance come from mea-
surements of the extragalactic photon background [347],
and more precisely of the diffuse extragalactic γ-ray back-
ground (EGRB) in the energy range 100 keV ≲ Eγ ≲
5GeV, which can be directly compared against theo-
retical expectations for the PBH Hawking evaporation
spectra. Of particular interest to us is the fact that the
lower edge of the asteroid mass window, where PBHs
could make up the entire DM, is precisely set by evap-
oration constraints. In what follows, we set evaporation
constraints on the fraction of DM in the form of PBHs
fpbh(M) ≡ Ωpbh/Ωdm, assuming that PRBHs are de-
scribed by the three metrics discussed so far. We work
under the same set of approximations adopted in our
companion paper [186]. Namely, we assume that PRBHs
are isotropically distributed on sufficiently large scales
and cluster in the galactic halo in the same way as other
forms as DM, we only compute the primary photon spec-
trum, and finally we assume a monochromatic mass dis-
tribution (see e.g. Refs. [348–362] for studies on the ef-
fects of an extended mass distribution). We refer the
reader to Sec. IIIC of our companion paper [186] for a
more detailed discussion of why these, which are clearly
all approximations, are appropriate for the scope of our
work (while allowing for a more direct comparison to ear-
lier works, including our companion paper).
We therefore focus on a population of PRBHs which

all share the same mass Mpbh. Following Ref. [363], the
number of emitted photons in the logarithmic energy bin
∆Eγ ≃ Eγ is approximated as Ṅγ(Eγ) ≃ Eγ(dṄγ/dEγ).
The rate of emitted photons with present-day energy Eγ0

per unit time per unit area per unit solid angle is then
obtained by integrating over the entire cosmological time,
accounting for the redshift scaling of the photon energy
and density, and is given by the following:

I(Eγ0) = AI

∫ z⋆

0

dz

H(z)

d2Nγ

dtdEγ
(Mpbh, (1 + z)Eγ0) , (35)

where the normalization factor AI is given by:

AI =
c

4π
npbh(t0)Eγ0 . (36)

In Eqs. (35,36), d2Nγ/dtdEγ is computed via Eq. (34),
whereas z⋆ is the redshift of recombination, H(z) is the
expansion rate, and npbh(t0) is the present-day PRBH
number density, itself related to the parameter of interest
fpbh via the following:

fpbh(Mpbh) ≡
Ωpbh

Ωdm
=

npbh(t0)Mpbh

ρcrit,0Ωdm
, (37)

with ρcrit,0 = 3H2
0/8πG being the present-day critical

density, H0 the Hubble constant, and Ωdm the present-
day DM density parameter. In what follows, in order

to specify H(z), ρcrit, and Ωdm, we adopt the same spa-
tially flat ΛCDM cosmological model used by the semi-
nal Ref. [363]. This allows us to have a reliable reference
against which we can cross-check our limits on fpbh in
the Schwarzschild case (ℓ → 0), although we stress that
the choice of underlying cosmology does not play a sig-
nificant role in determining our constraints. Analogously
to our companion paper, we focus on the mass range
Mpbh > 1015 g. A Schwarzschild PBH of this mass has
a lifetime which is much longer than the age of the Uni-
verse, and is therefore far from having fully evaporated
today. Importantly, it has only lost a negligible fraction
of its mass from formation until today, and it is there-
fore safe to approximate these PBHs as being quasi-static
throughout the lifetime of the Universe, while denoting
by Mpbh the values of the PBH mass both at formation
and today. These considerations hold even more strongly
for the regular BHs we consider, as these are colder and
hence longer lived compared to their Schwarzschild coun-
terparts at a given mass. We refer the reader to Ap-
pendix B of our companion paper [186] for further dis-
cussions on this point.
With the cosmological model specified, the only un-

known parameter in Eqs. (35,36) is the present-day
PRBH number density npbh(t0), or equivalently, through
Eq. (37), the PRBH fraction fpbh. For each value of
Mpbh, we set upper limits on the only free parameter
fpbh using EGRB flux measurements, and more specif-
ically measurements from the HEAO-1 X-ray telescope
in the 3-500 keV range [364], the COMPTEL imaging
Compton γ-ray telescope in the 0.8-30MeV range [365],
and the EGRET γ-ray telescope [366]. To do so, for given
values of Mpbh and ℓ/rH , the maximum allowed value of
fpbh is determined by the requirement that the theoreti-
cal prediction for the photon flux given in Eq. (35) does
not overshoot any of the ERGB measurements by more
than 1σ (see e.g. Fig. 6 in our companion paper [186],
and note that different datapoints are first overshot when
changing Mpbh).

6 For each of the three metrics, we use
this method to set upper limits on fpbh as a function
of Mpbh for fixed, representative values of ℓ/rH = 0.3,
0.6, and 0.9. Finally, we note that while the origin of
the EGRB is not fully understood [373], our approach is
conservative in this sense given that we remain agnostic
as to the level of astrophysical (non-PBH) contribution
to the EGRB.

6 This method was first discussed in the seminal Ref. [363], and
later adopted by most of the works studying EGRB constraints
on PBHs. While a more robust statistical analysis is of course
possible, such an approach is sufficiently accurate for the pur-
poses of our work and allows for a more direct comparison to ear-
lier results. See Sec. IIIC of our companion paper [186] for more
detailed comments on this point, as well as on the potential use
of other datasets, including local galactic measurements of the
galactic γ-ray background [367], positron flux [368], 0.511MeV
annihilation radiation [369–371], and more recent measurements
of the EGRB from Fermi-LAT [372].
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FIG. 6. Upper limits on fpbh, the fraction of dark matter in
the form of primordial regular Simpson-Visser black holes, as
a function of the black hole mass Mpbh. The limits are de-
rived for different values of the regularizing parameter ℓ (nor-
malized to the horizon radius rH), with the shaded regions
excluded: ℓ/rH = 0.3 (red dotted curve), 0.6 (green dashed
curve), and 0.9 (magenta dash-dotted curve). Note that the
blue solid curve corresponds to the case ℓ/rH = 0, which
recovers the Schwarzschild black hole, whereas the value of
Mpbh corresponding to the upper right edge of the fpbh con-
straints marks the lower edge of the asteroid mass window.
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FIG. 7. As in Fig. 6, but for primordial regular Peltola-
Kunstatter black holes, with identical values of the regulariz-
ing parameter ℓ/rH and identical color coding.

IV. RESULTS

The resulting upper limits on fpbh as a function of
PRBH mass Mpbh, for different values of ℓ, are shown in
Figs. 6, 7, and 8 for the SV, PK, and DR space-times
respectively. In each figure, shown as blue solid curves
are the corresponding constraints in the Schwarzschild
PBH case (ℓ → 0), which we have verified to recover the

1015 1016 1017

Mpbh [g]

10−6

10−5

10−4

10−3

10−2

10−1

100

f p
b
h
≡

Ω
p
b
h
/Ω

d
m

Schwarzschild

D'Ambrosio-Rovelli (ℓ = 0.3 rH)

D'Ambrosio-Rovelli (ℓ = 0.6 rH)

D'Ambrosio-Rovelli (ℓ = 0.9 rH)

FIG. 8. As in Fig. 6, but for primordial regular D’Ambrosio-
Rovelli black holes, with identical values of the regularizing
parameter ℓ/rH and identical color coding.

results of Ref. [363]. We stress that for a given value of
ℓ, the value of Mpbh where the overclosure limit fpbh < 1
is saturated sets the lower edge of the modified asteroid
mass window (potentially enlarged or contracted).

For all three cases, we see that increasing the regu-
larizing parameter ℓ results (at a given value of Mpbh)
in weaker limits on fpbh. This confirms the expectation
raised at the end of Sec. III B upon inspection of the
resulting evaporation spectra, all of which decrease in in-
tensity relative to the Schwarzschild case (except for the
slight increase in the PK PRBH case for energies below
the peak, which we recall reflects the different behaviour
of the GBFs). We see that, for ℓ/rH = 0.9, the upper
limits on fpbh weaken by up to an order of magnitude
at a given Mpbh relative to the Schwarzschild limit for
the SV and DR PRBHs, whereas for PK PRBHs the ex-
tent to which the fpbh limits weaken is more limited –
again unsurprisingly, given that the enhanced intensity
of the evaporation spectrum at low energies counteracts
the decrease at higher energies in the integral of Eq. (35).

The aforementioned shifts result in the asteroid mass
window being enlarged for all three metrics considered,
because the lower edge of the window (lying roughly at
Mpbh ≃ 1017 g in the Schwarzschild case) moves towards
lower masses. In general, we observe that the asteroid
mass window further opens up by about half a decade
in mass or more (an increase which is less dramatic than
what we observed for the phenomenological metrics in
our companion paper [186]). As a result, there is a wider
available range of parameter space where PRBHs of the
type we are considering could make up all the DM. We
note that our constraints assume that all PRBHs in the
Universe carry the same value of “hair parameter” ℓ/rH
(in the language of Ref. [374], we are treating it as an
“universal hair”). Whether or not this is a reasonable
assumption requires a deeper investigation of the theo-
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retical underpinning of the adopted metrics (in particular
the LQG-inspired one) which, in the spirit of the present
work being a pilot study, we defer to follow-up work.
Finally, in our companion paper [186] we extensively

commented on a few caveats concerning the extension of
the asteroid mass window and, more generally, on other
existing constraints on fpbh, which bear repeating here,
albeit in a more condensed form (we refer the reader to
Sec. IV of our companion paper for a significantly more
detailed discussion). While evaporation constraints set
the lower edge of the asteroid mass window, the upper
edge thereof is instead set by lensing constraints. Our
claim that the asteroid mass window is enlarged because
the lower edge moves towards even lower values is there-
fore contingent upon the upper edge remaining the stan-
dard Schwarzschild one, even within the adopted metrics.
We do, in fact, expect this to be the case since, at fixed
Mpbh, lensing constraints depend only on the mass of
the lensing object. We can therefore assert that the as-
teroid mass window is indeed enlarged when considering
the three PBH metrics introduced here. Finally, a variety
of other constraints on fpbh exist, including dynamical,
accretion, and CMB constraints (see e.g. Ref. [160] for a
recent summary): however, with the exception of a few
debated constraints [375–378], we expect these to be rel-
evant within significantly different mass ranges (unless
accretion dynamics are significantly different around the
RBHs under consideration), although we reserve a de-
tailed study to follow-up work.

V. CONCLUSIONS

It is a commonly held belief that the singularities
which plague General Relativity, and represent one of
the most important open problems in theoretical physics,
will eventually be solved once the long sought after the-
ory of quantum gravity is unveiled. While a consensus
theory of quantum gravity remains elusive, progress on
the singularity problem can still be made by consider-
ing ansätze for singularity-free space-times, either intro-
duced phenomenologically or somewhat motivated from
candidate quantum gravity frameworks (such as LQG).
These regular black holes, if produced early on in the
Universe from the collapse of large density perturbations
(thus being primordial regular BHs), could also have a
role to play in the dark matter problem. Our work is
a pilot study which goes precisely in this direction, ex-
amining what are the consequences of PBHs being de-
scribed by non-singular metrics. In fact, it bears remind-
ing that the usual constraints on the fraction of DM
in the form of PBHs, fpbh, are derived under the as-
sumption of PBHs being described by the Schwarzschild
metric, which is well-known to be plagued by the r =
0 singularity. In the present work, we have explored
three so-called non-tr -symmetric metrics as candidates
for describing PBHs: the Simpson-Visser black-bounce,
Peltola-Kunstatter, and D’Ambrosio-Rovelli black-to-

white-hole-bounce space-times, with the latter two en-
joying strong theoretical motivation from LQG (we note
that the mathematically simpler tr -symmetric case is
covered in our companion paper [186], and includes
well-known phenomenological regular BHs such as the
Bardeen and Hayward BHs).
After discussing the impact of the regularizing param-

eter ℓ (with the Schwarzschild BH corresponding to the
ℓ → 0 limit) on the resulting evaporation spectra, we
find that as ℓ increases, at a fixed PRBH mass Mpbh

the corresponding upper limit on fpbh from observations
of the EGRB weakens for all three metrics considered.
This results in the lower edge of the asteroid mass win-
dow shifting down by up to approximately half a decade
in Mpbh parameter space (down from Mpbh ≃ 1017 g to
Mpbh ≃ 3 × 1016 g). As a result, there is a larger range
of available parameter space where the PBHs in ques-
tion could make up the entire DM in the Universe, which
could be targeted by proposed probes of the asteroid mass
window [169, 171, 173–175, 177, 178, 379, 380].
Our work (alongside our companion paper [186])

demonstrates, as a proof-of-principle, that the intersec-
tion of the DM and singularity problems is a fertile ter-
rain worthy of further studies. The most important
avenue for immediate follow-up work would be to sys-
tematically revisit, within the metrics under considera-
tion, all other non-evaporation constraints which have
been extensively discussed for Schwarzschild PBHs (in-
cluding lensing, accretion, and dynamical constraints).
Moreover, since the Peltola-Kunstatter and D’Ambrosio-
Rovelli space-times are rooted within an underlying
quantum gravity theoretical framework, a first-principles
study of their formation mechanism (which is otherwise
not possible for metrics introduced at a phenomenolog-
ical level, such as the Bardeen and Hayward BHs) and
whether this leads to additional interesting complemen-
tary signatures is definitely worth pursuing. For instance,
quantum transitions near the would-be singularity of the
D’Ambrosio-Rovelli space-time should lead to the exis-
tence of long-lived (primordial) white holes, which in turn
could potentially lead to a wide range of exotic signatures
one could hope to search for. In continuing our exciting
program at the interface of the DM and singularity prob-
lems, it is our intention to return to these and related
issues in future follow-up work.
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Appendix A: Asymptotic solutions to the radial

Teukolsky equation

We recall that, in order to compute the GBFs for the
regular BHs studied in this work, we need to know the
asymptotic behaviour of the function Rs, introduced in
the ansatz of Eq. (13) and solution to the radial Teukol-
sky equation given by Eq. (17), both at infinity and close
to the horizon. In the main text we reported these limits
as being given by Eqs. (19,20). We now set out to prove
this more formally.
The radial Teukolsky equation, Eq. (17), simplifies

considerably if we make the following substitution [329]:

dr⋆
dr

=
1

√

f(r)g(r)
, Ys =

√

Bs√
fg

Rs . (A1)

This allows one to get rid of first derivatives of Ys, with
the radial Teukolsky equation as a function of the latter
now taking the following form:

Ys,⋆⋆ +
[

ω2 + iωs

√

g

f

(

h′ − hf ′

f

)

f

h
+ Cs

f

h
−

√
β,⋆⋆√
β

]

Ys = 0 ,

(A2)

where β ≡ (hf2)h = Bs/
√
fg, and ,⋆ denotes differentia-

tion with respect to the tortoise coordinate r⋆. We now
consider the r → +∞ and r → rH limits separately.

1. Asymptotic behaviour at infinity

In this limit, we trivially see that Eq. (A2) reduces to
the following:

Ys,⋆⋆ +

(

ω2 +
2iωs

r

)

Ys = 0 , (A3)

whose asymptotic solutions are given by:

Ys ∼ r±se∓iωr⋆ . (A4)

which implies that Rs scales as follows:

Rs ∼
e−iωr⋆

r
and Rs ∼

eiωr⋆

r(2s+1)
, (A5)

confirming the asymptotic scaling quoted in Eq. (19).

2. Asymptotic behaviour near the horizon

In the vicinity of the event horizon, Eq. (A2) reduces
to the following:

Ys,⋆⋆ +









ω −
is
√

g
f f

′

4





2

+
f ′s

4

(

g′ − gf ′

f

)






Ys = 0 ,

(A6)

where we kept only terms scaling as ∼ f0, g0. It is easy
to see that in the cases of the SV and PK space-times, for
which f = g, the second term in square brackets vanishes.
With some effort, one can show that this is true for the
DR metric as well. This then leaves us with the following
equation for Ys:

Ys,⋆⋆ +



ω −
is
√

g
f f

′

4





2

Ys = 0 , (A7)

whose asymptotic solutions are given by:

Ys ∼ exp

[

±i

(

ω − isf ′

2

√

g

f

)

r⋆

]

. (A8)

By definition, the tortoise coordinate r⋆ is determined by
the following integral:

r⋆ =

∫

dr
√

f(r)g(r)

r→rH−−−−→ K ln(r − rH) , (A9)

where rH is the radial coordinate of the event horizon
and K is a coefficient to be determined. Combining
Eqs. (A8,A9) we reach the following expression for the
asymptotic scaling of Ys:

Ys ∼ e±iωr⋆ exp

[

±sf ′

2

√

g

f
K ln(r − rH)

]

. (A10)

It is straightforward to check that in the case of
Schwarzschild BH, Eq. (A9) reduces to the following:

r⋆ =

∫

dr

1− 2M
r

r→rH−−−−→ 2M ln(r − 2M) , (A11)

from which we recover the asymptotic behaviour found
in Ref. [328]:

Ys ∼ e±iωr⋆∆±s/2 =⇒ Rs ∼ eiωr⋆ or Rs ∼ ∆−se−iωr⋆ ,
(A12)

since it is easy to show that the following holds asymp-
totically:

ln(r − rH) ∼ ln(∆) , (A13)

where ∆ ≡ r2 − 2Mr = r2g(r). Note that the Rs ∼
eiωr⋆ solution in Eq. (A12) is then discarded on the basis
of the purely ingoing boundary conditions we fix at the
horizon when setting up the scattering problem, thereby
confirming the asymptotic scaling quoted in Eq. (20).
The above results hinged upon the r⋆ ∝ ln(r−rH) scaling
in Eq. (A9). We now check that this scaling does indeed
hold for the three space-times we consider in our work.
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a. Simpson-Visser space-time

We recall that the functions f(r) and g(r) are given by
the following:

f(r) = g(r) = 1− 2M√
r2 + ℓ2

, (A14)

implying that the tortoise coordinate is given by the fol-
lowing:

r⋆ =

∫

dr

1− 2M√
r2+ℓ2

r→rSV

H−−−−→ 4M2

√
4M2 − ℓ2

ln
(

r − rSVH
)

,

(A15)

where rSVH =
√
4M2 − ℓ2. For this metric g′(r) =

2Mr/(r2 + ℓ2)3/2, from which one easily finds that
Eq. (A10) can be expressed as follows:

Ys ∼ e±iωr⋆e±
s

2
ln(r−rH) ∼ e±iωr⋆ [h(r)g(r)]

± s

2 ,(A16)

where in the last step, in light of the discussion in
Ref. [183], we generalized ∆ to the following:

∆ ≡ r2g(r) −→ D ≡ (h(r)g(r)) . (A17)

Finally, returning to Rs, it is easy to show that the
asymptotic behaviour of the latter is given by:

Rs ∼ eiωr⋆ , and Rs ∼ Ase
−iωr⋆ (A18)

where As is defined according to Eq. (14), and confirming
the asymptotic scaling quoted in Eq. (20).

b. Peltola-Kunstatter

For the PK space-time the functions f(r) and g(r) are
given by the following:

f(r) = g(r) =
r − 2M√
r2 − ℓ2

, (A19)

so the tortoise coordinate is given by the following:

r⋆ =

∫

dr

1− 2M√
r2+ℓ2

r→rPK

H−−−−−→
√

4M2 + ℓ2 ln
(

r − rPK
H

)

,

(A20)

with rPK
H = 2M . For this metric we have g′(r) =

ℓ2 + 2mr/(r2 + ℓ2)3/2, from which one can easily show
that Eq. (A10) can be expressed in the same way as

Eq. (A16), from which it follows that g′
√

f/g can-
cels with the term proportional to K in Eq. (A10), and
therefore that the asymptotic scaling of Rs is the same as
in Eq. (A18), thereby confirming the asymptotic scaling
quoted in Eq. (20).

c. D’Ambrosio-Rovelli

For the DR space-time the functions f(r) and g(r) are
given by the following:

f(r) = 1− 2M√
r2 + ℓ2

and g(r) =

√
r2 + ℓ2 − 2M√
r2 + ℓ2 + ℓ

,

(A21)

so the tortoise coordinate is given by the following:

r⋆ =

∫

√

r2 + ℓ2 + ℓ
√
r2 + ℓ2√

r2 + ℓ2 − 2M

r→rDR

H−−−−−→ 2
√
2M3/2

√
2M − ℓ

ln
(

r − rDR
H

)

, (A22)

with rDR
H =

√
4M2 − ℓ2. From Eq. (A22) it follows

that K = 2
√
2M3/2(2M − ℓ), which cancels once again

with the f ′√g/f term in Eq. (A10). Analogously to
the previous case, one can therefore conclude that the
asymptotic solutions to the radial Teukolsky equation
for Rs in the near horizon region are indeed given by
Eq. (A18), thereby confirming the asymptotic scaling
quoted in Eq. (20).
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[63] S. Clesse and J. Garćıa-Bellido, Phys. Dark Univ. 15,
142 (2017), arXiv:1603.05234 [astro-ph.CO].

[64] V. Poulin, P. D. Serpico, F. Calore, S. Clesse,
and K. Kohri, Phys. Rev. D 96, 083524 (2017),
arXiv:1707.04206 [astro-ph.CO].

[65] A. Raccanelli, F. Vidotto, and L. Verde, JCAP 08, 003
(2018), arXiv:1708.02588 [astro-ph.CO].

[66] J. L. Bernal, N. Bellomo, A. Raccanelli, and L. Verde,
JCAP 10, 052 (2017), arXiv:1709.07465 [astro-ph.CO].
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Phys. Dark Univ. 31, 100755 (2021), arXiv:1906.08217
[astro-ph.CO].

[73] L. Liu, Z.-K. Guo, R.-G. Cai, and S. P. Kim, Phys. Rev.
D 102, 043508 (2020), arXiv:2001.02984 [astro-ph.CO].

[74] M. P. Hertzberg, E. D. Schiappacasse, and
T. T. Yanagida, Phys. Rev. D 102, 023013 (2020),
arXiv:2001.07476 [astro-ph.CO].

[75] P. D. Serpico, V. Poulin, D. Inman, and K. Kohri, Phys.
Rev. Res. 2, 023204 (2020), arXiv:2002.10771 [astro-
ph.CO].

[76] V. De Luca, G. Franciolini, P. Pani, and A. Riotto,
JCAP 04, 052 (2020), arXiv:2003.02778 [astro-ph.CO].

[77] V. De Luca, G. Franciolini, P. Pani, and A. Riotto,
Phys. Rev. D 102, 043505 (2020), arXiv:2003.12589
[astro-ph.CO].

[78] V. De Luca, G. Franciolini, P. Pani, and A. Riotto,
JCAP 06, 044 (2020), arXiv:2005.05641 [astro-ph.CO].

[79] B. Carr, F. Kuhnel, and L. Visinelli, Mon. Not. Roy.
Astron. Soc. 501, 2029 (2021), arXiv:2008.08077 [astro-
ph.CO].

[80] S. Bhagwat, V. De Luca, G. Franciolini, P. Pani, and
A. Riotto, JCAP 01, 037 (2021), arXiv:2008.12320
[astro-ph.CO].

[81] V. De Luca, V. Desjacques, G. Franciolini, P. Pani,
and A. Riotto, Phys. Rev. Lett. 126, 051101 (2021),
arXiv:2009.01728 [astro-ph.CO].

[82] K. W. K. Wong, G. Franciolini, V. De Luca, V. Baibhav,
E. Berti, P. Pani, and A. Riotto, Phys. Rev. D 103,
023026 (2021), arXiv:2011.01865 [gr-qc].

[83] B. Carr, F. Kuhnel, and L. Visinelli, Mon. Not. Roy.
Astron. Soc. 506, 3648 (2021), arXiv:2011.01930 [astro-
ph.CO].

[84] G. Domènech, C. Lin, and M. Sasaki, JCAP
04, 062 (2021), [Erratum: JCAP 11, E01 (2021)],
arXiv:2012.08151 [gr-qc].

[85] V. De Luca, G. Franciolini, P. Pani, and A. Riotto,
JCAP 05, 003 (2021), arXiv:2102.03809 [astro-ph.CO].

[86] A. Arbey, J. Auffinger, P. Sandick, B. Shams Es Haghi,
and K. Sinha, Phys. Rev. D 103, 123549 (2021),
arXiv:2104.04051 [astro-ph.CO].

[87] G. Franciolini, V. Baibhav, V. De Luca, K. K. Y.
Ng, K. W. K. Wong, E. Berti, P. Pani, A. Riotto,
and S. Vitale, Phys. Rev. D 105, 083526 (2022),
arXiv:2105.03349 [gr-qc].

[88] V. De Luca, G. Franciolini, P. Pani, and A. Riotto,
JCAP 11, 039 (2021), arXiv:2106.13769 [astro-ph.CO].

[89] A. Cheek, L. Heurtier, Y. F. Perez-Gonzalez, and
J. Turner, Phys. Rev. D 105, 015022 (2022),
arXiv:2107.00013 [hep-ph].

[90] A. Cheek, L. Heurtier, Y. F. Perez-Gonzalez, and
J. Turner, Phys. Rev. D 105, 015023 (2022),
arXiv:2107.00016 [hep-ph].

[91] S. Heydari and K. Karami, Eur. Phys. J. C 82, 83
(2022), arXiv:2107.10550 [gr-qc].

[92] G. Dvali, F. Kühnel, and M. Zantedeschi, Phys. Rev.
D 104, 123507 (2021), arXiv:2108.09471 [hep-ph].

[93] S. Heydari and K. Karami, JCAP 03, 033 (2022),
arXiv:2111.00494 [gr-qc].

[94] V. De Luca, G. Franciolini, A. Kehagias, P. Pani,
and A. Riotto, Phys. Lett. B 832, 137265 (2022),
arXiv:2112.02534 [astro-ph.CO].

[95] L. Liu, X.-Y. Yang, Z.-K. Guo, and R.-G. Cai, JCAP
01, 006 (2023), arXiv:2112.05473 [astro-ph.CO].

[96] A. K. Saha and R. Laha, Phys. Rev. D 105, 103026
(2022), arXiv:2112.10794 [astro-ph.CO].

[97] N. Bhaumik, A. Ghoshal, and M. Lewicki, JHEP 07,
130 (2022), arXiv:2205.06260 [astro-ph.CO].

[98] L. A. Anchordoqui, I. Antoniadis, and D. Lust, Phys.
Rev. D 106, 086001 (2022), arXiv:2206.07071 [hep-th].

[99] Y.-F. Cai, X.-H. Ma, M. Sasaki, D.-G. Wang, and
Z. Zhou, JCAP 12, 034 (2022), arXiv:2207.11910 [astro-
ph.CO].

[100] M. Oguri, V. Takhistov, and K. Kohri, Phys. Lett. B
847, 138276 (2023), arXiv:2208.05957 [astro-ph.CO].

[101] G. Franciolini, I. Musco, P. Pani, and A. Urbano, Phys.
Rev. D 106, 123526 (2022), arXiv:2209.05959 [astro-
ph.CO].

[102] K. Mazde and L. Visinelli, JCAP 01, 021 (2023),
arXiv:2209.14307 [astro-ph.CO].

[103] R.-G. Cai, T. Chen, S.-J. Wang, and X.-Y. Yang, JCAP
03, 043 (2023), arXiv:2210.02078 [astro-ph.CO].

[104] L. A. Anchordoqui, I. Antoniadis, and D. Lust, Phys.
Lett. B 840, 137844 (2023), arXiv:2210.02475 [hep-th].

[105] L. Liu, Z.-Q. You, Y. Wu, and Z.-C. Chen, Phys. Rev.
D 107, 063035 (2023), arXiv:2210.16094 [astro-ph.CO].

[106] C. Fu and S.-J. Wang, JCAP 06, 012 (2023),
arXiv:2211.03523 [astro-ph.CO].

[107] S. Choudhury, M. R. Gangopadhyay, and M. Sami,
Eur. Phys. J. C 84, 884 (2024), arXiv:2301.10000 [astro-
ph.CO].

[108] T. Papanikolaou, Class. Quant. Grav. 40, 134001
(2023), arXiv:2301.11439 [gr-qc].

[109] J. A. de Freitas Pacheco, E. Kiritsis, M. Lucca,
and J. Silk, Phys. Rev. D 107, 123525 (2023),
arXiv:2301.13215 [astro-ph.CO].

[110] S. Choudhury, S. Panda, and M. Sami, Phys. Lett. B
845, 138123 (2023), arXiv:2302.05655 [astro-ph.CO].

[111] S. Choudhury, S. Panda, and M. Sami, JCAP 11, 066
(2023), arXiv:2303.06066 [astro-ph.CO].

[112] I. Musco, K. Jedamzik, and S. Young, Phys. Rev. D
109, 083506 (2024), arXiv:2303.07980 [astro-ph.CO].

[113] G.-W. Yuan, L. Lei, Y.-Z. Wang, B. Wang, Y.-Y.
Wang, C. Chen, Z.-Q. Shen, Y.-F. Cai, and Y.-Z.
Fan, Sci. China Phys. Mech. Astron. 67, 109512 (2024),
arXiv:2303.09391 [astro-ph.CO].

[114] S. Choudhury, S. Panda, and M. Sami, JCAP 08, 078
(2023), arXiv:2304.04065 [astro-ph.CO].

[115] A. Ghoshal, Y. Gouttenoire, L. Heurtier,
and P. Simakachorn, JHEP 08, 196 (2023),
arXiv:2304.04793 [hep-ph].

[116] Y. Cai, M. Zhu, and Y.-S. Piao, Phys. Rev. Lett. 133,
021001 (2024), arXiv:2305.10933 [gr-qc].

[117] S. Choudhury, A. Karde, S. Panda, and M. Sami, JCAP
01, 012 (2024), arXiv:2306.12334 [astro-ph.CO].

[118] H.-L. Huang, Y. Cai, J.-Q. Jiang, J. Zhang, and Y.-
S. Piao, Res. Astron. Astrophys. 24, 091001 (2024),
arXiv:2306.17577 [gr-qc].

[119] S. Choudhury, A. Karde, S. Panda, and M. Sami, Nucl.
Phys. B 1007, 116678 (2024), arXiv:2308.09273 [astro-
ph.CO].

[120] G. Bhattacharya, S. Choudhury, K. Dey, S. Ghosh,
A. Karde, and N. S. Mishra, Phys. Dark Univ. 46,



15

101602 (2024), arXiv:2309.00973 [astro-ph.CO].
[121] S. Heydari and K. Karami, JCAP 02, 047 (2024),

arXiv:2309.01239 [astro-ph.CO].
[122] S. Heydari and K. Karami, Eur. Phys. J. C 84, 127

(2024), arXiv:2310.11030 [gr-qc].
[123] S. Choudhury, K. Dey, A. Karde, S. Panda,

and M. Sami, Phys. Lett. B 856, 138925 (2024),
arXiv:2310.11034 [astro-ph.CO].

[124] S. Choudhury, K. Dey, and A. Karde, (2023),
arXiv:2311.15065 [astro-ph.CO].

[125] A. Ghoshal and A. Strumia, JCAP 07, 011 (2024),
arXiv:2311.16236 [hep-ph].

[126] H.-L. Huang, J.-Q. Jiang, and Y.-S. Piao, Phys. Rev.
D 109, 063515 (2024), arXiv:2312.00338 [astro-ph.CO].

[127] H.-L. Huang and Y.-S. Piao, Phys. Rev. D 110, 023501
(2024), arXiv:2312.11982 [astro-ph.CO].

[128] L. A. Anchordoqui, I. Antoniadis, and D. Lust, Phys.
Rev. D 109, 095008 (2024), arXiv:2401.09087 [hep-th].

[129] S. Choudhury, A. Karde, S. Panda, and M. Sami, JCAP
07, 034 (2024), arXiv:2401.10925 [astro-ph.CO].

[130] V. Thoss, A. Burkert, and K. Kohri, Mon. Not. Roy.
Astron. Soc. 532, 451 (2024), arXiv:2402.17823 [astro-
ph.CO].

[131] T. Papanikolaou, X.-C. He, X.-H. Ma, Y.-F. Cai, E. N.
Saridakis, and M. Sasaki, Phys. Lett. B 857, 138997
(2024), arXiv:2403.00660 [astro-ph.CO].

[132] S. Choudhury, (2024), 10.1142/S0218271824410074,
arXiv:2403.07343 [astro-ph.CO].

[133] S. Choudhury, A. Karde, P. Padiyar, and M. Sami,
(2024), arXiv:2403.13484 [astro-ph.CO].

[134] L. A. Anchordoqui, I. Antoniadis, and D. Lust, Phys.
Rev. D 110, 015004 (2024), arXiv:2403.19604 [hep-th].

[135] T. Papanikolaou, S. Banerjee, Y.-F. Cai, S. Capozziello,
and E. N. Saridakis, JCAP 06, 066 (2024),
arXiv:2404.03779 [gr-qc].

[136] Z. Yin and L. Visinelli, JCAP 10, 013 (2024),
arXiv:2404.10340 [hep-ph].

[137] S. Choudhury, A. Karde, S. Panda, and S. SenGupta,
Eur. Phys. J. C 84, 1149 (2024), arXiv:2405.06882
[astro-ph.CO].

[138] S. Heydari and K. Karami, Astrophys. J. 975, 148
(2024), arXiv:2405.08563 [gr-qc].

[139] G. Dvali, J. S. Valbuena-Bermúdez, and M. Zant-
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[266] R. Giambò and O. Luongo, Class. Quant. Grav. 41,
125005 (2024), arXiv:2308.10060 [gr-qc].

[267] M. Cadoni, R. Murgia, M. Pitzalis, and A. P. Sanna,
JCAP 03, 026 (2024), arXiv:2309.16444 [gr-qc].

[268] O. Luongo, H. Quevedo, and S. N. Sajadi, Gen. Rel.
Grav. 56, 17 (2024), arXiv:2311.13264 [gr-qc].

[269] S. N. Sajadi, M. Khodadi, O. Luongo, and H. Quevedo,
Phys. Dark Univ. 45, 101525 (2024), arXiv:2312.16081
[gr-qc].

[270] F. Javed, S. Mumtaz, G. Mustafa, F. Atamurotov, and
S. G. Ghosh, Chin. J. Phys. 88, 55 (2024).

[271] A. Ditta, T. Xia, R. Ali, G. Mustafa, G. Mustafa, and
A. Mahmood, Phys. Dark Univ. 43, 101418 (2024).

[272] A. Al-Badawi, S. Shaymatov, M. Alloqulov, and
A. Wang, Commun. Theor. Phys. 76, 085401 (2024),
arXiv:2401.12723 [gr-qc].
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[319] Y. Yang, D. Liu, A. Övgün, Z.-W. Long, and Z. Xu,
(2022), arXiv:2205.07530 [gr-qc].

[320] S. Riaz, S. Shashank, R. Roy, A. B. Abdikamalov,
D. Ayzenberg, C. Bambi, Z. Zhang, and M. Zhou,
JCAP 10, 040 (2022), arXiv:2206.03729 [gr-qc].

[321] D. Arora, P. Bambhaniya, D. Dey, and P. S. Joshi,
Phys. Dark Univ. 44, 101487 (2024), arXiv:2305.08082
[gr-qc].

[322] S. K. Jha, Eur. Phys. J. Plus 138, 757 (2023),
arXiv:2309.06454 [gr-qc].

[323] S. K. Jha and A. Rahaman, Phys. Dark Univ. 42,
101327 (2023).

[324] K. A. Bronnikov and R. K. Walia, Phys. Rev. D 105,
044039 (2022), arXiv:2112.13198 [gr-qc].

[325] I. Sakalli and S. Kanzi, Turk. J. Phys. 46, 51 (2022),
arXiv:2205.01771 [hep-th].

[326] R. A. Konoplya and A. Zhidenko, JCAP 09, 068 (2024),
arXiv:2406.11694 [gr-qc].

[327] R. A. Konoplya and A. Zhidenko, (2024),
arXiv:2408.11162 [gr-qc].

[328] S. A. Teukolsky, Astrophys. J. 185, 635 (1973).
[329] A. Arbey, J. Auffinger, M. Geiller, E. R. Livine,

and F. Sartini, Phys. Rev. D 103, 104010 (2021),
arXiv:2101.02951 [gr-qc].

[330] J. G. Rosa, Phys. Rev. D 95, 064017 (2017),
arXiv:1612.01826 [gr-qc].

[331] J. G. Rosa, JHEP 02, 014 (2013), arXiv:1209.4211 [hep-
th].
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