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The Hubble tension is inherently multidimensional, and bears important implications for parameters
beyond H0. We discuss the key role of the matter density parameter Ωm and the physical cold dark
matter density ωc. We argue that once Ωm and the physical baryon density ωb are calibrated,
through Baryon Acoustic Oscillations (BAO) and/or Type Ia Supernovae (SNeIa) for Ωm, and via
Big Bang Nucleosynthesis for ωb, any model raising H0 requires raising ωc and, under minimal
assumptions, also the clustering parameter S8. We explicitly verify that this behaviour holds when
analyzing recent BAO and SNeIa data. We argue that a calibration of Ωm as reliable and model-
independent as possible should be a priority in the Hubble tension discussion, and an interesting
possibility in this sense could be represented by galaxy cluster gas mass fraction measurements.

I. INTRODUCTION

The ability of the simple, six-parameter ΛCDM cosmo-
logical model to account for a wide range of cosmological
observations remains the main reason for its continued
success. Yet, with the increase in precision of cosmo-
logical observations over the past decade, this success
has been challenged by various tensions whose signifi-
cance keeps growing: an example is the mismatch be-
tween the value of the Hubble constant H0 = (67.36 ±
0.54) km/s/Mpc inferred from Cosmic Microwave Back-
ground (CMB) data within ΛCDM [1], and a number of
direct measurements of the same quantity, including but
not limited to the SH0ES Cepheid-calibrated Type Ia
Supernovae (SNeIa) local distance ladder measurement
of H0 = (73.04 ± 1.04) km/s/Mpc [2], see e.g. Refs. [3–
12] for reviews. Explanations based on systematics (e.g.
Refs. [13–17]) are growing ever more challenging to de-
fend, which is why serious consideration has been given
to the possibility that the Hubble tension calls for new
physics beyond ΛCDM (with no claims as to complete-
ness, see Refs. [18–121] for examples).

Nevertheless, focusing onH0 can only reveal part of the
story and is, at best, misleading. A key role in the Hubble
tension is in fact played by Baryon Acoustic Oscillation
(BAO) measurements: once the sound horizon at baryon
drag rd is calibrated to the ΛCDM value – either from the
CMB or through the Big Bang Nucleosynthesis (BBN)
determination of the physical baryon density ωb – BAO
can be combined with uncalibrated SNeIa measurements
to build an inverse distance ladder. This yields a value of
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H0 compatible with the “low” Planck ΛCDM one, yet in
principle independent of any CMB data. Another way of
seeing this is to note that the distance-redshift diagrams
of SH0ES-calibrated SNeIa, and BAO calibrated through
the ΛCDM value of rd, are mutually completely incon-
sistent despite probing the same 0.1 ≲ z ≲ 2 redshift
range (see e.g. Fig. 1 of Ref. [122], Fig. 1 of Ref. [123], as
well as Refs. [124–128]). Given that BAO are sensitive
to the combination H0rd, it becomes clear that solving
the Hubble tension while not altering the SNeIa abso-
lute magnitude MB necessarily requires a decrease in rd.
This, in turn, calls for new physics operating before re-
combination [129–138]. 1

However, even looking at H0 and rd is still not the end
of the story, as models that aim to solve the Hubble ten-
sion are inevitably subject to several other constraints.
Lowering rd, therefore, is just a part of what a successful
model should do, and various other cosmological quan-
tities such as the age of the Universe tU [142–146], the
physical matter density ωm [143, 147, 148], and the frac-
tional matter density parameter Ωm [143, 149–152] ap-
pear to play a key role in the Hubble tension discourse. It
has therefore become increasingly clear that the Hubble
tension is inherently a multi-dimensional problem, as re-
cently emphasized by Ref. [122], where the denomination
“cosmic calibration tension” was suggested.
Our work fits in this context by further exploring the

role played by two important cosmological parameters:
the fractional matter density parameter Ωm, and the
physical dark matter (DM) density parameter ωc = Ωch

2,
with h the dimensionless Hubble constant. Assuming
both Ωm and the physical baryon density ωb are some-
how calibrated, one can easily show that an increase in
H0 must be accompanied by an increase in ωc. Under
minimal assumptions concerning the primordial power

1 See Refs. [139–141] for possible caveats regarding this conclusion.

ar
X

iv
:2

40
8.

04
53

0v
3 

 [
as

tr
o-

ph
.C

O
] 

 1
1 

D
ec

 2
02

4

mailto:davide.pedrotti-1@unitn.it
mailto:jiangjunqian21@mails.ucas.ac.cn\junqian.jiang@studenti.unitn.it
mailto:jiangjunqian21@mails.ucas.ac.cn\junqian.jiang@studenti.unitn.it
mailto:l.a.escamilla@sheffield.ac.uk
mailto:simony.santosdacosta@unitn.it
mailto:sunny.vagnozzi@unitn.it


2

spectrum, this inevitably leads to a potentially problem-
atic increase in the clustering parameter S8 [122]. It so
happens that Ωm and ωb can in fact be calibrated in a
fairly robust way, through a combination of BAO and
uncalibrated SNeIa in the former case, and BBN in the
latter. In the rest of our work we discuss these points in
more detail, explicitly demonstrating on real data how an
increase in H0 is accompanied by an increase in ωc (and
S8), while studying the impact of the Ωm calibration and
arguing that a high-fidelity, as model-independent as pos-
sible calibration of Ωm, should be a major priority in the
quest towards solving the Hubble tension.
The rest of this paper is then organized as follows. We

begin by discussing in more detail the role of Ωm and ωc

in the context of the Hubble tension in Sec. II. In Sec. III
we discuss our datasets and methodology. We present our
results in Sec. IV, and critically discuss them in Sec. V.
Finally, in Sec. VI we draw concluding remarks.

II. MULTIDIMENSIONALITY OF THE

HUBBLE TENSION

The important role of Ωm and ωc in the Hubble ten-
sion can most easily be understood by expressing the
fractional matter density parameter as follows:

Ωm =
Ωbh

2 +Ωch
2 +Ωνh

2

h2
=

ωb + ωc + ων

h2
. (1)

where Ωm, Ωb, Ωc, and Ων are the matter, baryon, cold
DM, and (massive) neutrino (fractional) density param-
eters, h ≡ H0/(100 km/s/Mpc) is the reduced Hub-
ble parameter, and ωm, ωb, ωc, and ων are the mat-
ter, baryon, cold DM, and (massive) neutrino physical
density parameters respectively. Note that in writing
Eq. (1) we are explicitly assuming a spatially flat Uni-
verse. In what follows, we will treat the sum of the neu-
trino masses

∑

mν as known and fixed to 0.06 eV, so
that ων =

∑

mν/94.13 eV ≲ 0.0015 is also known and
fixed. 2 Let us now assume that both Ωm and ωb can
be calibrated (by BAO+SNeIa and BBN respectively, as
we shall discuss shortly), and can therefore be consid-
ered approximately constant within uncertainties. From
Eq. (1) we then see that an increase in h is necessarily
accompanied by an increase in ωc:

ωc = Ωmh2 − (ωb + ων) . (2)

For small variations δωc and δh, we can therefore expect-
ing the following to hold:

δωc

ωm
≈ 2

δh

h
, (3)

2 Given the currently very tight upper limits on
∑

mν [153–157],
ων will not play a major role in what follows.

which can be rewritten as follows:

δωc

ωc
=

δωc

ωm

ωm

ωc
≈ 2

(

1 +
ωb + ων

ωc

)

δh

h
. (4)

For reference, taking the best-fit cosmological param-
eters inferred from a fit to the Planck 2018 TT-
TEEE+lowE+lensing likelihoods [1], for which ωb =
0.022, ωc = 0.120, and ωm = 0.143, we find that Eq. (4)
reduces to the following:

δωc

ωc
≈ 2.38

δh

h
, (5)

which shows that the fractional increase in the physical
DM density ωc must be larger than twice the fractional
increase in the Hubble constant H0.
We remark once more that the earlier arguments hinge

upon calibrations for Ωm and ωb. We now discuss in more
detail how this is achieved. To set the stage, in what fol-
lows we work within a spatially flat Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric, and assume that the
Etherington distance-duality relation (DDR) [158] holds,
in agreement with recent data [159–163]. Within our as-
sumptions, the transverse comoving distanceDM is given
by the following:

DM (z) =

∫ z

0

dz′

H(z′)
=

1

H0

∫ z

0

dz′

E(z′)
, (6)

where we denote by E(z) ≡ H(z)/H0 the unnormalized
expansion rate. Transverse, line-of-sight, and isotropic
(volume-averaged) BAO measurements at an effective
redshift zeff are then sensitive to the transverse angular
scale θd, redshift span δzd, and isotropic angular scale θv,
which are given by the following:

θd(zeff) =
rd

DM (zeff)
=

rdH0
∫ zeff
0

dz′/E(z′)
, (7)

δzd(zeff) =
rd

DH(zeff)
= rdH(zeff) = rdH0E(zeff) , (8)

θv(zeff) =
rd

DV (zeff)
=

rd

[zeffD2
M (zeff)DH(zeff)]

1/3
,(9)

where the sound horizon at baryon drag is determined by
the following integral:

rd =

∫

∞

zd

dz
cs(z)

H(z)
, (10)

with cs(z) being the speed of sound of the photon-baryon
plasma, and zd ≈ 1060 denoting the redshift of the drag
epoch when baryons are released from the photon drag.
A single BAO measurement (at a single effective red-

shift) of one among θd, δzd, or θv is unable to disentangle
the effects of rdH0 and Ωm, which are completely degen-
erate between each other. However, this degeneracy can
be partially broken if the BAO angular scale is measured
over a sufficiently wide range of effective redshifts (at
present, 0.1 ≲ zeff ≲ 2.5). The reason is that the slope



3

describing the rdH0-Ωm correlation slowly changes with
zeff (see e.g. Fig. 2 of Ref. [150]), reflecting how the im-
portance of the dark energy contribution relative to the
matter one decreases with increasing zeff. This is not
sufficient to lead to a very constraining inference of Ωm

at the current level of precision (which is why earlier we
stated that the degeneracy is only partially broken), but
illustrates where the sensitivity of BAO measurements to
Ωm arises from.
On the other hand, uncalibrated SNeIa constitute an

excellent probe of Ωm. Neglecting the usual stretch and
color corrections, which do not alter our subsequent dis-
cussion, we recall that the observed SNeIa light-curve
B-band rest-frame peak magnitude mB is given by:

mB = MB − 5 log10

[

H0

c

]

+ 5 log10

[

H0DL(z)

c

]

+ 25 ,

(11)

where MB denotes the SNeIa absolute magnitude in
the same band and is treated as a nuisance parame-
ter. In the absence of any knowledge about MB , we
refer to the SNeIa measurements as being uncalibrated.
These then probe the uncalibrated luminosity distance
H0DL(z) which, assuming that the Etherington DDR
holds, is given by the following:

H0DL(zeff) = H0(1 + zeff)DM (z)

= (1 + zeff)

∫ zeff

0

dz

E(z)
. (12)

From Eq. (12) it is clear that uncalibrated SNeIa can
be used as relative distance indicators to constrain the
shape of the late-time expansion rate E(z) regardless of
its overall amplitude. Within the minimal ΛCDM model,
and neglecting the radiation component which is com-
pletely subdominant at late times, the only free param-
eter that enters into E(z) ≈

√

Ωm(1 + z)3 + (1− Ωm)
is Ωm, which can therefore be determined from uncali-
brated SNeIa measurements. This determination can be
further improved by combining SNeIa with BAO mea-
surements, whose sensitivity to Ωm we discussed earlier.

For what concerns the physical baryon density ωb,
this is tightly constrained by BBN considerations on the
abundance of light elements, especially deuterium. This
is because ωb controls (among others) the neutron-to-
proton density at the time of BBN, a parameter to which
the yield of light elements is particularly sensitive. It is
worth noting that the CMB is also sensitive to ωb through
its impact on the relative height of odd and even acous-
tic peaks. The signature of ωb in CMB data is therefore
quite clean, making its determination relatively stable
across different models, while still being in part model-
dependent. Nevertheless, in support of the BBN deter-
mination of ωb, it is worth noting that this is in excellent
agreement with the ΛCDM-based CMB determination
of the same parameter. Moreover, it has been shown in
Ref. [164] that ωb can be inferred in eight independent
ways from CMB data, reflecting eight independent ways

in which the physical baryon density affects the CMB
power spectra, and with all eight determinations being in
agreement between each other. Therefore, while the ear-
lier calibration of Ωm is somewhat model-dependent (it
implicitly depends on the assumed late-time background
expansion), the calibration of ωb can be considered ex-
tremely robust and model-independent.
We note that the increase in ωc implied by Eqs. (3–5)

has important implications for the clustering amplitude,
as quantified by the parameter S8 ≡ σ8

√

Ωm/0.3, where
σ8 is the present-day linear theory amplitude of matter
fluctuations averaged in spheres of radius 8hMpc−1. Un-
der the assumption that the primordial power spectrum
of scalar fluctuations remains ΛCDM-like, an increase in
ωc while maintaining ωb fixed as per BBN considerations
(and the physical radiation density ωr being fixed by the
measured CMB temperature monopole) directly leads to
an increase in ωm, and therefore to the onset of mat-
ter domination occurring earlier. This, in turn, causes
a larger amplitude of fluctuations in the matter power
spectrum, as well as a larger net growth of matter per-
turbations, both of which result in a larger value of σ8.
Therefore, an increase in ωc indirectly leads to an increase
in σ8. Moreover, if Ωm is fixed (note that this fixes the
large-scale asymptote of the matter power spectrum, see
e.g. Fig. 4.6 of Ref. [165]), the small-scale linear matter
power spectrum PL scales with H0 as follows:

PL ∼
T 2(k)

H4
0

∼
k4eq
H4

0

∼ a−2
eq ∼ H4

0 , (13)

where T (k) denotes the transfer function, keq is the equal-
ity wavenumber, and aeq is the equality scale factor. This
necessarily increases S8 ∼ H2

0 as well, worsening the dis-
crepancy between values of S8 determined by weak lens-
ing [166, 167], redshift space distortions [168–170], and
cluster counts [171], all of which fall somewhat lower com-
pared to the Planck (TTTEEE+lowE+lensing) determi-
nation of S8 = 0.832±0.013 [1]. 3 Analogously to Eq. (3),
we can expect the following:

δS8

S8

≈ 2
δh

h
. (14)

III. DATASETS AND METHODOLOGY

Our discussions so far have been purely theoretical. In
what follows, we will test on real data the validity of our
argument that H0, ωc, and S8 increase hand-in-hand.
We make use of the following datasets and priors:

3 We note that recent analyses of cosmic shear data from DES
Y3 and KiDS-1000 [172], and of the cluster mass function from
SRG/eROSITA [173], have decreased the significance of the S8

discrepancy.
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• BAO measurements from the Baryon Oscillation
Spectroscopic Survey (BOSS) and extended BOSS
(eBOSS) survey programs of the Sloan Digital Sky
Survey (SDSS). In particular, the BAO measure-
ments we use come from the Main Galaxy Sample
(MGS) at zeff = 0.15 [174]; the BOSS galaxy sam-
ples at zeff = 0.38, 0.51 [175]; the eBOSS LRG
sample at zeff = 0.70 [176]; the eBOSS ELG sam-
ple at zeff = 0.85 [177]; the eBOSS QSO sample at
zeff = 1.48 [178]; the eBOSS Ly-α sample and the
cross-correlation between the Ly-α and QSO sam-
ples, both of them at zeff = 2.33 [179]. We refer to
this dataset as BAO .

• The PantheonPlus SNeIa catalog [180], consisting
of 1701 light curves for 1550 unique SNeIa. We only
use SNeIa in the redshift range 0.01 < z < 2.26,
and refer to this dataset as PP .

• The Pantheon Type Ia Supernovae (SNeIa) cata-
log [181], which precedes the PantheonPlus one and
consists of 1048 SNeIa within the redshift range
0.01 < z < 2.26. We refer to this dataset as P .

• A Gaussian prior on the physical baryon density
ωb = 0.02233±0.00036, determined from BBN con-
siderations in light of an improved determination of
the deuterium burning rate from the LUNA exper-
iment [182], and which we refer to as BBN .

• A Gaussian prior on the Hubble constant H0 =
(73.04 ± 1.04) km/s/Mpc as determined by the
SH0ES team through a Cepheid-calibrated SNeIa
distance ladder [2], and which we refer to as
SH0ES .

We consider various combinations of the above datasets,
following a rationale that will be discussed later. Note
that we purposely choose not to include CMB data (not
even in the form of distance priors), unlike the related
Ref. [122]. The reason is that we want our results to
depend only on constraints arising from the late-time
expansion history as much as possible, whereas includ-
ing CMB data would introduce an inevitable dependence
on the perturbation dynamics of the assumed early-time
model, a model-dependence which we are seeking to
avoid.
For what concerns the underlying model, we assume

that this is ΛCDM. We note, in addition, that the
aforementioned datasets are inherently background ones.
Therefore, rather than adopting the usual 6-dimensional
parameter basis {θs, ωb, ωc, As, ns, τ}, it makes more
sense to work with the 3-dimensional parameter basis
{ωb,Ωm, h}, since As, ns, and τ play no role in what fol-
lows (we recall that θs and H0 can be exchanged one for
the other). We note that in principle the late-time ex-
pansion history is fully specified by Ωm and h alone, since
it is really only the sum of ωb + ωc + ων = ωm = Ωmh2,
rather than the two individual components alone, which
matters at the background level. However, we treat ωb

as an additional free parameter since the key point of our
work is to study the relation between H0 and ωc. This
obviously requires disentangling the ωb and ωc contribu-
tions to ωm, which is achieved through the BBN prior to
ωb as we will discuss shortly.
We sample the posterior distributions of the three cos-

mological parameters using Monte Carlo Markov Chain
(MCMC) methods, adopting the cosmological MCMC
sampler SimpleMC 4. The code can be used to perform
parameter estimation against datasets for which only the
background expansion history matters, which is precisely
the case for the measurements used here. We set wide,
flat priors on all three cosmological parameters, verifying
a posteriori that our posteriors are not affected by the
choice of lower and upper prior boundaries. We assess
the convergence of our MCMC chains using the Gelman-
Rubin R− 1 parameter [184], with R− 1 < 0.01 required
for our chains to be considered converged. Our chains are
subsequently analyzed via the GetDist package [185].

Assuming ΛCDM as the underlying cosmological
model, we explicitly investigate on real data the con-
nection between h and ωc discussed earlier, see Eq. (2).
We do so by first calibrating Ωm by using BAO and/or
SNeIa measurements, as discussed in Sec. II. Once this
is achieved, we calibrate the resulting distance ladder on
opposite ends, resulting in H0 being pushed to either end
of the “Hubble tension range”, 0.67 ≲ h ≲ 0.74. On the
one hand, we can use the BBN prior on ωb to infer rd (as-
suming ΛCDM), in turn calibrating BAO measurements
from the early Universe side (this calibration is eventually
transferred to SNeIa measurements in the same range, if
they are included). The value of H0 inferred from this
inverse distance ladder is expected to fall on the low side
of the Hubble tension range, i.e. closer to the Planck
value [133, 186]. On the other hand, the SH0ES prior on
H0 can be used to directly calibrate either or both BAO
and SNeIa measurements from the local Universe side,
naturally resulting in a value of H0 falling on the high
side of the Hubble tension range, i.e. closer to the SH0ES
value.
As the two calibrations discussed above move H0

across the Hubble tension range, we can expect ωc to
increase/decrease as H0 does the same. Two clarifica-
tions are in order before moving on. Firstly, as we will
discuss in more detail in Sec. IV, at times we will con-
sider dataset combinations including SNeIa but not BAO,
yet we will still include the BBN prior on ωb. In these
cases, the role of the BBN prior is to disentangle the
ωb and ωc contributions to ωm = ωb + ωc + ων , which
are otherwise completely degenerate as far as SNeIa data
is concerned. Note that when combined with BAO mea-
surements, the BBN prior still plays this role of disentan-
gling ωb and ωc, in addition of course to calibrating rd.

4 This code was first presented and used in the seminal Ref. [183]
by the BOSS collaboration, and is available at https://github.
com/ja-vazquez/SimpleMC.

https://github.com/ja-vazquez/SimpleMC
https://github.com/ja-vazquez/SimpleMC
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Finally we note that, while the value of H0 inferred from
the BAO+BBN combination inherently depends on the
assumed early Universe model, required to infer rd from
ωb via Eq. (10), the relation between H0 and ωc is largely
independent of the assumed early Universe physics. In
fact, such a relation is implied not by the assumed early-
Universe physics, but by the constraints on Ωm imposed
from the late-time expansion history (see also Ref. [122]
for further discussions on this point).

In addition, we also study the connection between h
and S8 discussed earlier, see Eq. (14). To do so, we com-
pute S8 (obviously treated as a derived parameter) for
each point in our MCMC chains, using the Boltzmann
solver CAMB [187]. As already emphasized earlier, this
calculation requires explicit knowledge of the primordial
power spectrum of scalar fluctuations, which we assume
remains ΛCDM-like (see also Ref. [122] where a simi-
lar assumption was made). We assume that the ampli-
tude of the primordial power spectrum is fixed by the
value of As inferred by a fit to the Planck 2018 TT-
TEEE+lowE+lensing likelihoods. Nevertheless, insofar
as we only care about shifts in S8 (in response to shifts
in H0) rather than the reference value thereof, as is the
case in this work, we do not expect our subsequent results
to depend on the assumed value of As.

Finally, for purely illustrative purposes, we further
quantify the relation between ωc, S8, and H0 [see
Eqs. (4,14)] by fitting linear relations to the relative vari-
ations of both ωc and S8 (δωc/ωc and δS8/S8) as a func-
tion of the relative variation of H0, δh/h:

δωc

ωc
= α

δh

h
,

δS8

S8

= β
δh

h
. (15)

For each dataset combination, we determine the best-
fit coefficients α and β from a least-squares fit, min-
imizing the sum of the squares of the residuals,
∑

(αδh/h− δωc/ωc)
2
and

∑

(βδh/h− δS8/S8)
2
respec-

tively. For each set of chains, denoting by x a given pa-
rameter among {h, ωc, S8}, and by x̄ its mean value (com-
puted across the chains), we estimate δx/x as δx/x =
2(x− x̄)/(x+ x̄).

IV. RESULTS

We now present the results obtained using the meth-
ods and datasets discussed in Sec. III. Constraints on
cosmological parameters of interest, as well as the coeffi-
cients α and β presented in Eq. (15), are shown in Tab. I.
The following four subsections are each devoted to the
comparison between the results obtained adopting two
specific combinations of likelihoods discussed previously,
each of which will make the mutual correlations between
ωc, S8, and H0 more or less clear, while allowing us to
underscore the importance of a reliable Ωm calibration.

A. BBN+PP+BAO vs BBN+PP+BAO+SH0ES

We begin by comparing the results obtained from
the BBN+PP+BAO versus BBN+PP+BAO+SH0ES

dataset combinations. A visual summary of our results
is given in the corner plot of Fig. 1, where we show 2D
joint and 1D marginalized posterior probability distribu-
tions for Ωm, ωc, h, and S8.
The rationale behind this first comparison is that the

BAO+PP combination is able to calibrate Ωm (as we
discussed in Sec. II) in a consistent way across both
dataset combinations. Indeed, for both dataset com-
binations we find Ωm = 0.314 ± 0.013, see Tab. I.
On the other hand, as discussed in Sec. III, calibrat-
ing the BAO+PP dataset combination with either the
BBN prior on ωb or the SH0ES prior on H0 pushes
H0 to opposite ends, allowing us to explore how ωc

and S8 change in response to these different calibra-
tions. We note that from the BBN+PP+BAO versus
BBN+PP+BAO+SH0ES dataset combinations we in-
fer H0 = (70.6 ± 2.2) km/s/Mpc and H0 = (72.0 ±
1.7) km/s/Mpc respectively.
As we can clearly see in the triangular plot of Fig. 1,

the expected mutual correlations between h, ωc, and S8

are clearly present, although the shift in ωc and S8 as the
calibration is changed is not strong (less than 1σ in both
cases). We find that ωc increases from 0.134 ± 0.013 to
0.141±0.011, whereas S8 increases from 0.846±0.071 to
0.882±0.062. The reason for these relatively small shifts
is due to the fact that the shift in H0 itself is not large.
As one would expect, adding BBN+BAO (which in itself
favors lower values of H0) to the PP+SH0ES combina-
tion, which on its own would favor values of H0 closer to
74 km/s/Mpc, brings this value down to 72.0 km/s/Mpc.
For the BBN+PP+BAO dataset combination our best-
fit values of α and β are α = 2.54 and β = 2.06, whereas
for the BBN+PP+BAO+SH0ES combination we find
α = 2.49 and β = 1.98, both aligning relatively well with
the analytical arguments presented earlier (represented
by the dashed black lines in Fig. 1).

B. BBN+PP+BAO vs BBN+PP+SH0ES

We now move on to comparing the results obtained
from the BBN+PP+BAO versus BBN+PP+SH0ES

dataset combinations. In practice, compared to the ear-
lier discussion in Sec. IVA, we have removed the BAO

dataset from the second combination. A visual summary
of our results is given in the corner plot of Fig. 2.
In this case, we are no longer adopting the same

dataset to calibrate Ωm (earlier constrained in both
cases by the BAO+PP combination), which is calibrated
by BAO+PP on one side, and by PP on the other.
The resulting calibration of Ωm is broadly consistent,
but displays some differences. In particular, from the
BBN+PP+BAO combination we find Ωm = 0.314 ±
0.013, as previously discussed in Sec. IVA, whereas from
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FIG. 1. Triangular plot showing 2D joint and 1D marginalized
posterior probability distributions for the fractional matter
density parameter Ωm, the physical cold dark matter density
ωc, the reduced Hubble constant h, and the clustering pa-
rameter S8, in light of the BBN+PP+BAO (red contours
and curves) and BBN+PP+BAO+SH0ES (blue contours
and curves) dataset combinations. We clearly see that h, ωc,
and S8 increase hand-in-hand. The dashed lines shows the
linearized theoretical estimates for the relationships between
δωc/ωc and δh/h given by Eq. (5), and between δS8/S8 and
δh/h given by Eq. (14).

the BBN+PP+SH0ES combination we find the ≈ 0.8σ
larger value of Ωm = 0.331± 0.018, as can be clearly ap-
preciated in Fig. 2. This is not unexpected, as the fact
that the PantheonPlus SNeIa sample appears to prefer
slightly larger values of Ωm ∼ 0.33 compared to its prede-
cessors Pantheon and JLA is well known and documented
in the literature [152].

Comparing these two dataset combinations we find
that the expected mutual correlations between h, ωc,
and S8 are again clearly present, but are accentuated
compared to the earlier results of Sec. IVA. The rea-
son is two-fold. On the one hand, from entirely ana-
lytical arguments [see Eq. (1)], one expects that if the
calibration of Ωm is not constant, larger values thereof
(as in the BBN+PP+SH0ES combination) will corre-
late with larger values of ωc and S8, which is precisely
what we are observing. In addition, removing the BAO

dataset from the BBN+PP+SH0ES combination al-
lows the latter to push H0 towards 74 km/s/Mpc as ex-
pected based on our earlier discussions. Indeed, we find
H0 = (73.9 ± 2.5) km/s/Mpc, completely in line with
what one would expect.
The above increase in H0 leads to substantial increases

in both ωc and S8. In fact, we find that ωc increases by

1.3σ from 0.134±0.013 to 0.159±0.015: we remark that
the presence of the BBN prior in the BBN+PP+SH0ES

dataset combination plays a crucial role in determining
the latter value, given that PP+SH0ES on their own
would only be sensitive to the sum of ωb and ωc (more
precisely, PP is sensitive to Ωm, so adding the SH0ES in-
formation on H0 naturally determines ωm), whereas the
BBN prior allows to disentangle the baryonic contribu-
tion from the DM one. Similarly to ωc, we observe that
S8 increases from 0.846± 0.071 to 0.980± 0.084. In the
case of S8, although the central value clearly increases to
extremely high values, it would be misleading to quantify
the significance of the resulting tension with either CMB
or weak lensing observations. In fact, we note that the
uncertainty on S8 is of order 0.07-0.08, i.e. a factor of≈ 6-
7 larger than that of S8 = 0.832±0.013 as determined by
Planck, which would result in a tension formally of low
significance (≲ 2σ) in spite of the very high central value.
The reason for these large uncertainties is to be sought
in the fact that our analysis includes neither CMB nor
weak lensing data, both of which are crucial to reduce
the uncertainty on S8. Nevertheless, even in this way we
are able to observe a significant upwards shift in S8, in
line with the analytical expectations laid out previously.
Finally, the best-fit values for α and β we determine for
the BBN+PP+SH0ES combination are α = 2.27 and
β = 1.73.
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FIG. 2. As in Fig. 1, but focusing on the BBN+PP+BAO
(red contours and curves) versus BBN+PP+SH0ES (blue
contours and curves) dataset combinations.
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C. BBN+BAO vs BBN+PP+SH0ES

Driven by the previous results, we now choose to com-
pare two dataset combinations which exacerbate the ten-
sion between the respective determinations of H0, in or-
der to check whether a larger shift is observed in both ωc

and S8. Specifically, we compare the BBN+BAO versus
BBN+PP+SH0ES dataset combinations: compared to
the earlier discussion in Sec. IVB, we have removed the
PP dataset from the first combination. A visual sum-
mary of our results is given in the corner plot of Fig. 3.

In this case, analogously to Sec. IVC, we are no longer
adopting the same dataset to calibrate Ωm, which is cal-
ibrated by the BAO dataset on one side, and the PP

dataset on the other. In terms of the resulting value
of Ωm, these two datasets display the largest difference
among all the ones we discussed. In particular, from the
BBN+BAO combination we find Ωm = 0.292 ± 0.019,
whereas from the BBN+PP+SH0ES combination we
find the ≈ 1.5σ larger value of Ωm = 0.331 ± 0.018 dis-
cussed previously in Sec. IVB.

Comparing these two dataset combinations leads to
the largest differences between the inferred values of H0,
for which we find H0 = (69.9 ± 2.2) km/s/Mpc from
BBN+BAO, and H0 = (73.9 ± 2.5) km/s/Mpc from
BBN+PP+SH0ES as discussed earlier. Again in line
with expectations, we find correspondingly large shifts
in both ωc, which increases by 1.9σ from 0.121 ± 0.014
to 0.159 ± 0.015, as well as S8 which increases from
0.760 ± 0.084 to 0.980 ± 0.084 (again, we refrain from
quoting the level of significance of the S8 tension due to
the large uncertainties).
The significant shifts in ωc and S8 reported above,

while going precisely in the direction expected from our
analytical considerations, are however exacerbated by the
inconsistent calibration of Ωm. This is very clear from
Fig. 3, which shows that the larger value of Ωm in the
BBN+PP+SH0ES case is partially responsible for driv-
ing ωc and S8 towards even larger values, as one can ex-
pect from the analytical argument presented in Eq. (1).
These findings underscore the capital importance of a
reliable calibration of Ωm, as even 1.5σ shifts in this pa-
rameter are sufficient to drive significant shifts in ωc and
S8. Finally, for the BAO+BBN combination we find the
best-fit values α = 2.70 and β = 2.27.

D. BBN+BAO vs BBN+P+SH0ES

In light of all the previous considerations, the final
scenario we study is one where Ωm is still calibrated
by two different probes, but in a way which is more
consistent than the ones considered in Sec. IVB and
Sec. IVC. In both cases, we saw that the use of the Pan-
theonPlus SNeIa catalog was responsible for the higher
value of Ωm ∼ 0.33 inferred in the respective dataset
combination. However, it is known that preceding Pan-

theon SNeIa catalog preferred lower values of Ωm com-

0.25 0.30 0.35

m

0.6

0.8

1.0

1.2

S 8

0.65

0.70

0.75

0.80

h

0.10

0.15

0.20

c

0.10 0.15 0.20

c

0.7 0.8

h
0.6 0.8 1.0 1.2

S8

BBN+BAO
BBN+PP+SH0ES

FIG. 3. As in Fig. 1, but focusing on the BBN+BAO (red
contours and curves) versus BBN+PP+SH0ES (blue con-
tours and curves) dataset combinations.

pared to PantheonPlus. For this reason, we now choose
to compare the BBN+BAO versus BBN+P+SH0ES

dataset combinations: compared to the earlier discussion
in Sec. IVC, we have therefore replaced the PP dataset
in the second combination with the P one. A visual sum-
mary of our results is given in the corner plot of Fig. 4.
In some sense, this comparison is the best compromise
among all the ones we have considered so far. In fact,
such a comparison allows for a highly consistent calibra-
tion of Ωm, while allowing us to explore the opposite
ends of the Hubble tension range precisely because the
calibration of Ωm is achieved via different datasets (BAO
and SNeIa), which nonetheless are consistent with each
other as far as Ωm is concerned.

As expected, we find that Ωm is consistently calibrated
across the two dataset combination. From BBN+BAO

we infer Ωm = 0.292± 0.019 as already discussed earlier,
whereas from BBN+P+SH0ES we find Ωm = 0.301 ±
0.022, which is consistent within 0.3σ. At the same time,
the BBN calibration on one side and the SH0ES cali-
bration on the other push H0 to opposite ends of the
Hubble tension range, with H0 = (69.9± 2.2) km/s/Mpc
from the BBN+BAO dataset combination as already dis-
cussed earlier, and H0 = (73.8±2.4) km/s/Mpc from the
BBN+P+SH0ES one. In line with our expectations, we
find that ωc increases by 1σ from 0.121±0.014 to 0.142±
0.016, whereas S8 which increases from 0.760± 0.084 to
0.871 ± 0.094. The shifts are smaller compared to those
reported in Sec. IVC, and the reason is precisely because
Ωm is consistently calibrated across the two datasets, al-
beit using different probes. Such a consistent calibration
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removes any spurious shift in ωc and S8 resulting from
an increase in the underlying value of Ωm, underscoring
once more the importance of a reliable calibration of the
latter. We will return to this point shortly. Finally, for
the BAO+P+SH0ES combination we find the best-fit
values α = 2.33 and β = 1.84.
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FIG. 4. As in Fig. 1, but focusing on the BBN+BAO (red
contours and curves) versus BBN+P+SH0ES (blue contours
and curves) dataset combinations.

V. DISCUSSION

The results presented previously fully confirm on real
data the expected correlations between H0, ωc, and S8

which, we recall, increase hand-in-hand. While we have
specifically assumed ΛCDM at early times, the increase
in ωc and S8 as H0 increases does not depend on the
specific model assumed for the early Universe, since it is
solely a consequence of constraints on Ωm imposed from
the late-time expansion history 5. In fact, repeating our
analysis in a early Universe-agnostic manner, treating rd
as a free parameter and eventually imposing some prior
thereon to calibrate the BAO measurements from the
early Universe side, would lead to essentially the same
conclusions. Therefore, we can expect that any early-
time modification to ΛCDM aiming to solve the Hubble

5 In other words, as noted in Ref. [122], uncalibrated late-time data
can constrain “dimensionless” quantities such as Ωm, whereas
a calibration is required to constrain “dimensionful” quantities
such as ωc – the terms dimensionless and dimensionful here are
used with a slight abuse of language

tension will necessarily have to be accompanied by an
increase in ωc and, if the primordial power spectrum is
ΛCDM-like, in S8 as well. We also note that we have
explicitly assumed that ΛCDM holds at late times, as
is usually done when studying early-time models of new
physics – we return to this point the end of the Section.

One point worthy of notice is that the increase in ωc

is actually welcome from the perspective of early-time
models. As explicitly argued by one of us in Ref. [188],
many such models, especially those which increase the
pre-recombination expansion rate, inevitably lead to an
enhanced early integrated Sachs-Wolfe (eISW) effect, as
a consequence of their contribution to the decay of grav-
itational potentials. While some of these models possess
ingredients which can allow them to balance the extra
eISW power (see e.g. Refs. [189, 190]), most of the others
do so precisely through an increase in ωc. The reason
is that such an increase anticipates the onset of mat-
ter domination, therefore reducing the period over which
gravitational potentials decay and drive the eISW effect.
In some sense, this increase in ωc kills two birds with one
stone: it allows early-time models to fit constraints on
Ωm imposed from the late-time expansion history, and
brings the eISW power back to a level which is in good
agreement with CMB data.

A very important point which is underscored by our
analysis is the key role played by a (consistent or not)
Ωm calibration. As highlighted especially in Sec. IVB
and Sec. IVC, an inconsistent calibration of Ωm enhances
the shifts in ωc discussed in this work, which in turn
exacerbates the S8 discrepancy. This issue is actually
highly relevant at present, given the mild disagreement
between the values of Ωm inferred from SNeIa catalogs:
as we have discussed earlier, the Pantheon SNeIa dataset
indicated Ωm ∼ 0.3, which increased to Ωm ∼ 0.33 in
the PantheonPlus sample. The more recent DES-Y5 and
Union3 SNeIa samples instead indicate Ωm ∼ 0.35 [191]
and Ωm ∼ 0.36 [192] respectively, see also Refs. [152, 193]
(note that these figures are obtained within ΛCDM, and
potentially increase to much larger values when allowing
for an evolving dark energy component): we therefore
expect that adopting these SNeIa samples would exacer-
bate the ωc and S8 shifts we have observed. Finally, while
we defer a more detailed exploration of this point else-
where, we note that these shifts in the values of Ωm from
different samples may be connected to recent discussions
on redshift-evolution of inferred cosmological parameters
as different redshift are probed (see e.g. Refs. [194–208]
for more details).

The above discussions reinforce the urgent need, in the
cosmology community, for a calibration of Ωm which is as
reliable and model-independent as possible. Concerning
this last point, we indeed note that the value of Ωm in-
ferred from standard late-time cosmological probes (e.g.
BAO, SNeIa, cosmic chronometers, and so on) is inher-
ently dependent on the assumed (late-time) cosmological
model, and will in generally change if one changes the
dark energy dynamics. One interesting possibility to-
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Dataset combination Ωm H0 [km/s/Mpc] ωc S8 α β

BBN+BAO 0.292± 0.019 69.9± 2.2 0.121± 0.014 0.760± 0.084 2.70 2.27

BBN+PP+SH0ES 0.331± 0.018 73.9± 2.5 0.159± 0.015 0.980± 0.084 2.27 1.73

BBN+PP+BAO+SH0ES 0.314± 0.013 72.0± 1.7 0.141± 0.011 0.882± 0.062 2.49 1.98

BBN+P+SH0ES 0.301± 0.022 73.8± 2.4 0.142± 0.016 0.871± 0.094 2.33 1.84

BBN+PP+BAO 0.314± 0.013 70.6± 2.2 0.134± 0.013 0.846± 0.071 2.54 2.06

TABLE I. 68% credible intervals on the fractional matter density parameter Ωm, the physical cold dark matter density ωc,
the Hubble constant H0, the clustering parameter S8, and the parameters α and β introduced in Eq. (15), in light of various
dataset combinations, all of which are discussed in Sec. IV.

wards a model-independent determination of Ωm could
come from measurements of the gas mass fraction fgas
in relaxed, massive galaxy clusters, where ≈ 92-95% of
the baryons are hot and emit strongly in X-rays. This
method relies only on the assumption that the matter
content of rich galaxy clusters provides a fair sample of
the matter content of the Universe or, in practice, that
the cluster potential is able to retain all the matter within
the comoving virial radius from which it formed: under
these assumptions, the observed ratio of baryonic to total
mass should be equal to Ωb/Ωm, independently of any as-
sumed cosmological model, and such a method has indeed
been used over the past decades to infer Ωm [209–213]. 6

While the fgas method is not as widely used in the cos-
mological community as other probes, we believe that
its minimal sensitivity to cosmological model assump-
tions and relatively high level of maturity compared to
other less used probes should make it a very important
player in the quest towards solving the Hubble tension, in
the interest of calibrating Ωm as model-independently as
possible. Another interesting possibility towards model-
independently inferring Ωm (with Ωb known) is to use the
internal properties of individual galaxies, such as stellar
mass, stellar metallicity, and maximum circular veloc-
ity [214–218]. Nevertheless, this very interesting method,
which demonstrates a potential very tight link between
cosmological parameters and the astrophysics of galax-
ies, has yet to reach the level of maturity of all the other
probes discussed so far.
In line with the previous comments, we note that our

results do depend on the assumed late-time model, which
here we have taken to be ΛCDM, as is usually done when
studying early-time models of new physics. In line with
the recent findings of Ref. [122] (see also Ref. [148]),
we can therefore conclude that successful early-time new
physics must be able to reduce rd while either reducing
Ωm or increasing ωm (a related result was obtained in

6 In practice, this method requires making implicit assumptions on
General Relativity being the underlying theory of gravity when
extrapolating certain scaling relations, but the dependence on
the assumed model of gravity is weak.

Ref. [148], which however relied on a completely differ-
ent argument, exploiting the different rd-H0 degeneracy
directions for BAO versus geometrical information from
the CMB). In this sense, we agree with Ref. [122] that,
when combined with early-time new physics which re-
duces rd, the role of late-time new physics can be that
of helping relax the constraints on either or both Ωm

and S8, for instance by allowing for more freedom in the
dark energy sector. We note that achieving a success-
ful early-plus-late combination is still not a trivial feat,
as not all early-time modifications follow the ideal de-
generacy directions. 7 However, as also emphasized in
Ref. [122] (see also Ref. [152]), this task is potentially
made much easier by the recent DESI BAO data which,
in order to be as conservative as possible, we have not
adopted here. 8 Moreover, we remark that “dark scat-
tering” models which feature pure momentum exchange,
and do not alter the background to linear order in per-
turbations, can be particularly promising in terms of re-
laxing the constraints on σ8 and, potentially, Ωm (see e.g.
Refs. [231–250]). We believe it may be worth exploring
these models in combination with successful early-time
modifications, as also suggested in Ref. [251]. 9

We close with a few remarks. Firstly, our work pro-
vides an unified explanation for the H0-S8 correlations
frequently observed in the literature on the Hubble ten-
sion, but typically explained on a model-by-model basis.
We note that another unified explanation for these cor-
relations was provided in Ref. [148]: however, the latter

7 See for instance the explicit example in Ref. [219], which fails
precisely because of the varying electron mass model not follow-
ing the ideal degeneracy direction for what concerns Ωm, as also
emphasized in Ref. [122] (see also Refs. [152, 220]). Other recent
case studies combining early- and late-time new physics can be
found e.g. in Refs. [152, 221–229].

8 However, we note that even when adopting DESI BAO data
deviations from ΛCDM in the shape of the late-time expansion
history remain constrained to ≲ 10%, as shown in the recent
non-parametric analysis of Ref. [230] by some of us.

9 Of course, as discussed in Ref. [251], there is the possibility that
additional very-late-time or local new physics may play an impor-
tant role in the Hubble tension, see e.g. Refs. [125, 126, 252–269]
for examples of studies in this direction.
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relied on a completely different argument compared to
ours, and more specifically was based on the different
slopes of the rd-H0 correlation in BAO and (geometri-
cal) CMB data. Our explanation for this correlation is
instead based on the (arguably simpler) Eqs. (1,2): to the
best of our knowledge, it is the first time that this argu-
ment is being clearly presented in the literature. More-
over, while for simplicity we have assumed the ΛCDM
model at late times, we remark that our argument is com-
pletely general and holds for any model where Eqs. (1,2)
are valid, while Ωm and ωb are consistently calibrated. A
notable exception could be one where the spatial curva-
ture of the Universe is non-zero, and therefore the con-
tribution of the spatial curvature parameter ΩK should
be included in the previous equalities. Indeed, our entire
discussion, especially the analytical arguments in Sec. II,
have explicitly assumed a spatially flat Universe. Re-
laxing this assumption is likely to relax all our results,
given the well-known degeneracies between Ωm and ΩK ,
and we plan to explore this in future work.

VI. CONCLUSIONS

In spite of its name, it is now very clear that the Hubble
tension has important implications for other cosmological
quantities as well, and that just focusing on H0 is mis-
leading. The sound horizon at baryon drag rd is another
important quantity at play but, even then, looking at H0

and rd alone obscures part of the story. In this work, we
have demonstrated that Ωm and ωc play a particularly
important role in this context.
We have argued that, if both Ωm and ωb are calibrated

(respectively by BAO and/or uncalibrated SNeIa, and by
BBN considerations), then an increase in H0 must nec-
essarily be accompanied by an increase in ωc. Under the
assumption that the primordial power spectrum of scalar
fluctuations remains ΛCDM-like, an increase in ωc, via
the associated increase in ωm (since ωb is calibrated), im-
plies an increase in the clustering parameter S8, worsen-
ing the mild S8 discrepancy. These shifts are not a conse-
quence of the effects of new physics at early times, but fol-
low solely from late-time expansion history constraints.
Therefore, successful early-time new physics models must
be able to accommodate these changes (which, in the case
of ωc, are actually welcome as they help reduce the ex-
cess early ISW power typically associated to these mod-
els). As emphasized in the recent Ref. [122] (see also
Refs. [251, 270]), additional late-time new physics may
help in this sense by weakening the constraints on Ωm

and/or σ8. Although realizing a successful combination
of early-plus-late new physics remains non-trivial, our
work and Ref. [122] (as well as the earlier attempt in
Ref. [219]) emphasize the key role played by Ωm in build-
ing such a combination. It is worth noting that, if the
recent DESI BAO data are taken at face value, this task
becomes somewhat easier.
Our work has also underscored the crucial importance

of a consistent Ωm calibration. At present, different late-
time probes of Ωm are in mild disagreement between each
other, with recent SNeIa catalogs pushing towards in-
creasingly high values of Ωm: focusing only on the Pan-

theon versus PantheonPlus samples, we have explicitly
demonstrated the effects of a different Ωm calibration
in exacerbating the aforementioned shifts in ωc and S8.
Moving forward, we therefore believe that obtaining a re-
liable calibration of Ωm which is as model-independent
as possible should be a key priority in the cosmology
community (see also Ref. [152]), in order to nail down
one of the key actors in the Hubble tension play. We
have argued that gas mass fraction measurements from
galaxy clusters could be a promising probe in this sense,
and we encourage the broader cosmology community to
explore these and other less widely used probes. As we
have officially entered the era of Stage IV cosmology and
a solution to the Hubble tension continues to elude us, we
note that the shifts in cosmological parameters which we
have discussed (and which we have argued unavoidably
accompany successful resolutions) inevitably leave their
signatures in other cosmological observables, which cur-
rent and upcoming cosmological surveys will hopefully
be poised to detect [271–275].

NOTE ADDED

While this work was nearing completion, we became
aware of the related Ref. [122] which explores similar
aspects to our work, also pointing out the importance
of Ωm and ωc. We note that, despite the differences in
methodology, our results are in good agreement.
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arXiv:2004.14349 [astro-ph.CO].

[46] E. Di Valentino, S. Gariazzo, O. Mena, and S. Vagnozzi,
JCAP 07, 045 (2020), arXiv:2005.02062 [astro-ph.CO].

[47] A. Banerjee, H. Cai, L. Heisenberg, E. O. Colgáin,
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M. Bouhmadi-López, Phys. Dark Univ. 45, 101511
(2024), arXiv:2311.10526 [astro-ph.CO].

[106] M. Forconi, W. Giarè, O. Mena, Ruchika,
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[198] E. O. Colgáin, M. M. Sheikh-Jabbari, R. Solomon,
G. Bargiacchi, S. Capozziello, M. G. Dainotti, and
D. Stojkovic, Phys. Rev. D 106, L041301 (2022),
arXiv:2203.10558 [astro-ph.CO].

[199] M. G. Dainotti, G. Sarracino, and S. Capozziello, Publ.
Astron. Soc. Jap. 74, 1095 (2022), arXiv:2206.07479
[astro-ph.CO].
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