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Slurry regions may exist in the cores of several
terrestrial bodies and are expected to influence
the dynamics of deep planetary interiors and the
viability of maintaining global magnetic fields. Here,
we develop a two-component slurry model of the
lowermost outer core of the Earth (the F-layer).
In contrast to most previous models of slurries in
planetary cores, we explicitly model the physics
controlling the nucleation, growth and sinking of
individual iron crystals and do not assume that the
layer is in phase equilibrium. We assume that falling
crystals do not interact and that the temperature and
the overall composition are imposed, which allows
us to solve for the volume fraction of solid in the
layer and the size distribution of crystals. Models that
produce a plausible heat budget and density excess
compared with the bulk core yield a solid fraction
that is far below that predicted by phase equilibrium
and have a crystal size distribution dominated by the
smallest particles with a maximum particle radii of
3cm. The model can be used to understand the role
of non-equilibrium effects in other planetary cores.
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1. Introduction

Interactions between solids and liquids are crucial for determining the thermal, chemical and
magnetic evolution of the cores of terrestrial planets. Slow cooling of the Earth’s liquid core
combined with high pressure conditions leads to freezing at the planet’s centre, with rejection
of light elements from the solid providing a main power source for the modern geomagnetic field
[1]. However, the nature of this freezing is debated, with suggestions including direct freezing
and dendritic growth [2], heterogeneous freezing and melting leading to inner core translation
[3-5], and the possibility that iron crystallizes and falls out of the liquid leading to growth by
sedimentation [6,7]. By contrast, theoretical and experimental work suggest that the cores of
smaller bodies, such as the Moon, Mars and Ganymede will freeze from the top down, producing
a slurry layer near the top of the core in which a low volume fraction of heavy iron particles freeze
out of the liquid and sink, remelting in the deeper core [8-14]. Modelling based on Fe—FeS alloys
indicates that this ‘iron snow’ regime significantly affects core evolution, for example, through the
formation of stable chemical stratification of S-rich liquid across the slurry layer and enhanced
power for magnetic field generation arising from the sinking and remelting of solid particles
[10,12].

Several studies have argued that another slurry region exists at the base of the Earth’s
liquid core [7,15-20], explaining a low-velocity layer above the inner core boundary (ICB). This
low-velocity layer is a robust feature of seismic models of the outer core found in some one-
dimensional reference models [21,22] with additional evidence coming from targeted studies of
body waves that propagate through the deep outer core or diffract along the ICB (e.g. [23-27]).
These studies, reviewed in [28], provide strong evidence that the lowermost 150 km [21,23] to
400km [27] of the liquid core has anomalously low P-wave velocity. This differs from models
such as PREM [29], which closely follow an adiabatic density profile to the ICB. The non-adiabatic
P-wave velocity has been interpreted as a density stratification [6] of the liquid core. Here, we
follow modern usage and call this layer the ‘F-layer’, noting that originally this term was used for
a thinner and lower-velocity layer. The excess density in the F-layer challenges our understanding
of the Earth’s core because the light elements that are supposed to power field generation must
be able to rise through the F-layer without disturbing the stratification.

The F-layer cannot be explained by a thermal boundary layer or a pure iron slurry [6], while
a high solid fraction in the layer (reflecting a mushy zone) is also unacceptable as it would
be seismically detected. Asymmetric melting and freezing of the inner core due to convective
translation [3] may produce a dense layer of light-element-depleted fluid that envelops the inner
core [4], which may explain the F-layer, though this requires a much lower inner core thermal
conductivity than obtained by most recent studies (e.g. [30]) or some forcing from the outer core
[31]. A slurry model of the F-layer is appealing because it predicts seismic velocities and density
contrasts that are consistent with observations [19], while providing a self-consistent explanation
for the flux of light elements into the overlying bulk core [7] and being compatible with the
upward revision of the thermal conductivity of iron alloys [30,32,33]. In the model of Wong et
al. [19], the temperature profile in the F-layer is destabilizing and hence the stratification is driven
by a radial increase in oxygen concentration. However, in common with all current snow /slurry
models of planetary cores, this slurry F-layer model assumes thermodynamic equilibrium: there
is no barrier to the nucleation, growth or melting of solids in the liquid. Here we construct a non-
equilibrium model of the F-layer, under the assumption that it represents a slurry, to explore how
departures from equilibrium could influence our understanding of the dynamics and evolution
of slurries in planetary cores.

The common assumption of phase equilibrium means that the solid volume fraction, ¢,
responds instantly to changes in temperature, T, pressure, P and composition of the liquid, X"
(where X* is mole fraction with X" =1 indicating pure Fe and X" = 0 pure FeO). This makes it
possible to keep track of ¢ and thus the contribution of the slurry layer to the thermal evolution
of the planet, but extraction of information such as the size and settling velocity of the crystals
requires additional assumptions [10]. Solomatov & Stevenson [34] developed a theory for crystal
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nucleation and growth in a vigorously convecting silicate magma ocean, but this does not readily
translate to the fundamentally different conditions in planetary cores. Loper [35] produced a
non-equilibrium slurry theory by introducing a parameter to allow for small deviations from
equilibrium, which represents the physics occurring at the scale of single iron particles below the
continuum scale adopted by the rest of the theory. However, this approach has not been used to
explore the behaviour of planetary cores.

In this paper, we develop a non-equilibrium model of the Earth’s F-layer as an iron snow
zone built from the behaviour of single iron particles as they grow and fall towards the ICB
(figure 1). We consider the combined effect of nucleation and growth as well as the important
coupling between the fluid dynamics of falling particles and the thermodynamics of a two-
phase region. Our model does not impose thermodynamic equilibrium (although solutions may
be in equilibrium) and yields rich information on the state of the layer. In §2, we describe a
thermodynamic model of the Fe-FeO system, valid at the high P and T conditions of the Earth’s
core, which is used to determine the chemical potential differences that drive particle nucleation
and growth and the extent of departures from equilibrium. This choice of chemistry (which
can be easily changed in our implementation) is consistent with the seismically inferred density
difference between the inner and outer core [36] and allows us to neglect the possibility of light
elements partitioning into the solid phase, which also proves to be a useful simplification. In
§3, we detail the processes considered to determine the fluid dynamics of a single pre-existing
iron particle, the particle’s falling velocity and properties of the momentum and compositional
boundary layers that develop in the liquid adjacent to the solid interface, and how these couple to
the particle growth. This treatment of iron particles involves additional assumptions: principally
that the fluid in the slurry layer is density stratified, that particles are spherical and that they do
not interact with each other either via physical collisions or induced fluid flow. In §4, we describe
how we consider the formation of solid particles within the slurry and involves the assumptions
of classical nucleation theory (CNT) (where we find it necessary to invoke pre-existing ‘dust’ as
nucleation sites). In §5, we describe the collective behaviour of particles as they nucleate and grow
while falling through the F-layer within a one-dimensional model. This involves the imposition
of a temperature and compositional profiles for the liquid and the implicit assumption that the
processes governing the approach to equilibrium in the F-layer occur on a timescale much faster
than secular changes to the temperature or composition of the overlying outer core. This one-
dimensional model produces a size distribution, number density and lifespan of groups of solid
particles that nucleate at a particular radius and fall through the F-layer. From this information,
we compute the growth rate of the inner core (with the assumption that the inner core only grows
by sedimentation of falling particles) alongside the density profile (including contributions from
the solid volume as well as the composition and temperature of the liquid) and heat production
in the layer that is released upwards into the outer core. Finally, in §6, we search for models that
match constraints from seismology and the thermal evolution of the Earth, describe the kinds of
solutions that are acceptable within these constraints, and consider potential extensions of this
work to other planetary cores and paths to the lifting of some key assumptions and integration of
our results within other models of the core.

2. Aniron—oxygen thermodynamic model for the F-layer

In common with most existing models of slurries in planetary cores, we start by simplifying the
composition of the core and consider an alloy of iron and a light element which partitions strongly
into the liquid phase on crystallization. In the limit of complete partitioning this approximation
(the “constant solid composition” approximation of Loper & Roberts [17]) means there is no need
to track the composition of the solid in the slurry. For Earth, oxygen is a common choice of light
element [32] because it is cosmochemically abundant, expected to partition into the core during
planetary differentiation and, as opposed to S and Si, is likely to produce a density jump at the
ICB as required by seismology [37]. Komabayashi [38] produced a thermodynamic description of
an Fe-FeO alloy system at high temperature and pressure that is suitable for use in our model
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Figure 1. lllustration of the model set-up. We focus on the small-scale physics controlling the formation, falling and growth
of single iron crystals (a) before combining these into a model of the collective behaviour of the F-layer (b). We illustrate the
two one-dimensional coordinate systems used in this work. One (denoted r) has an origin at the centre of a single particle
with radius r,. The second (R) has an origin at the centre of the Earth with a particle position denoted R, (a full list of the
symbols used throughout this paper can be found in the electronic supplementary material). Example temperature (red lines)
and compositional (green lines) profiles relevant to this layer are shown in (c) alongside the liquidus temperature (black dotted
line). Inthe outer core above the F-layer, the composition is constant and the temperature follows an adiabatic profile (these are
extrapolated as dashed lines inside the F-layer). The temperature intersects the liquidus at the top of the 200 km thick F-layer
and below this the composition and temperature are parametrized by a second-order polynomial that differs by AT and
AXicg from the extrapolation at the ICB.

and in which oxygen does not enter the solid iron phase. However, we note that it is not possible
for the core to be formed entirely of an Fe-O alloy as this does not account for the density of the
inner core and the eutectic for this system is colder than the expected temperature of the ICB.
Nevertheless, the simple system is well suited to our needs and demonstrates the power of the
model we develop.

At equilibrium, slurry layers in metallic planetary cores can exist over a range of pressure—
temperature conditions because of the presence of two-phase regions in metal alloy phase
diagrams. An example for the prototypical Fe-FeO system calculated for plausible F-layer
pressure—temperature-composition conditions is shown in figure 2. The equilibrium assemblage
for a composition that falls within the region bounded by the liquidus, the solidus and the eutectic
temperature (marked ‘two-phase region’) will, on the terrestrially relevant Fe-rich side of the
eutectic point considered here, be a mixture of solid iron and a liquid Fe-O alloy with composition
enriched in O compared with the bulk. We use the thermodynamic model of Komabayashi [38]
to describe the free energy of pure solid Fe, stoichiometric FeO and an Fe-O liquid. In this model,
the volumes of the end-members are described by the Vinet-Anderson—Griineisen equations of
state to capture the effect of pressure and pressure-dependent thermal expansion. This yields the
end-member molar volumes and thus the densities of the (pure iron) solid, 05, and of liquid Fe
and FeO all as a function of P and T. These are combined with a polynomial representation of the
free energies as a function of temperature at fixed volume to give the chemical potential of iron in
the end-members, /,LIS;e(P, T, X8 = 1) and Ml%e(P, T, XL = 1). Liquid Fe and FeO (under these high-
pressure conditions) are assumed to form an ideal solution [38] and therefore the liquid density,
o, for any composition X", is found by linearly interpolating between end members and the
chemical potential difference between solid and liquid is

Apre(P, T, X") = ugo(P, T, X° =1) — [ (P, T, X" =1) + ReTIn X1, (2.1)
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Figure 2. Equilibrium properties of the Fe—Fe0 system computed from [38] at 330 GPa. (a) The chemical potential of liquid FeO
mixtures (dashed lines) and the pure solid Fe chemical potential (circles) coloured by temperature. Dotted tie lines connect solid
Fe with the equilibrium liquid mixture for temperatures within the two-phase region. At 6500 K solid Fe is unstable compared
to a pure Fe liquid. (b) Calculated phase diagram where phase boundaries (liquidus and eutectic) are shown (orange lines) and
the solid Fe—liquid FeO two-phase region relevant to our slurry model is labelled. The equilibrium solid fraction is indicated by
the shading.

where R is the gas constant and the final term represents the entropy of mixing (with the positive
sign resulting from a decrease in entropy with increasing iron content in the liquid). To efficiently
evaluate the volume of each phase (and thus the densities and chemical potential) as a function
of pressure, we use an approximate inverse of the Vinet equation of state to avoid the need for
a numerical solution at each pressure [39]. As shown in figure 2, for a given range of pressures
and temperatures, the iron fraction of the liquid, X®4, in equilibrium with solid iron can be found
from this thermodynamic model by searching for the composition where Auge(P, T, XL)=0. This
defines the liquidus.

For a given composition of the liquid and bulk composition, X't it is possible to evaluate the
mole fraction solid, X, by conserving the total composition of the system:

1— Xtot

X=1—- ——FF+.
1- XL

(22)
Setting X" = X4 in equation (2.2) yields the lever rule and the equilibrium mole fraction solid,
X4, This is shown by the shading in figure 2 and the difference between A" and X1 is one way
to measure departure from equilibrium. Since we know the volumes of the components, it is
straightforward to convert from X (and A1), to volume fraction solid, ¢, and the equilibrium
volume fraction solid, ¢4, which are more amenable to calculation. An analogous approach can
be used to probe the FeO side of the phase diagram. While this is unlikely to be directly relevant
to the F-layer, it may pertain to small planetary bodies, such as Ganymede [40].

The equilibrium thermodynamics summarized above allow the relationship between solid
fraction, composition, temperature and pressure to be described in models of slurries. This
amounts to models where the temperature and pressure define the composition of the liquid
or, equivalently, where knowing the composition and pressure defines the temperature via a
liquidus relation. Because this equilibrium is maintained by the rapid creation or removal of solid,
this approximation is often known as the ‘fast melting” approximation [17], and it is this that
allows a parametrized liquidus (rather than a thermodynamic description of melting) to appear
in slurry models [7,10,12,19]. It is this approximation that we seek to lift. We can do this because,
as well as allowing the calculation of the equilibrium phase diagram, a thermodynamic model
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provides access to the driving force, A, for the processes which determine how quickly a non-
equilibrium system will move towards equilibrium. In a slurry with smaller ¢ than predicted by
equation (2.2), large negative values of Auge(P, T, XL) will tend to drive faster growth and higher
nucleation than small values, but this driving force must compete with kinetic effects (diffusion
and collision rate of atoms), and can only operate for a limited time period while any solid falls
out of the liquid. This makes the thermodynamic model summarized in equation (2.1) key to our
non-equilibrium description of the F-layer, despite the fact that the model is parametrized, in part,
to reproduce equilibrium experiments.

3. Amodel of a falling growing iron particle

Before describing the properties of the whole slurry layer, we develop a model of a single solid
iron particle falling through a stationary liquid-iron alloy within the two-phase region. The rate
dr,/dt at which a spherical particle of radius r, grows or shrinks as it falls controls how quickly it
can contribute to phase equilibrium within the layer while its falling velocity w, (= —(dR,/dt) as
Rincreases upwards) controls how long it has to contribute to this process. Because of the physical
processes described below we expect the falling velocity to depend on the particle size and the
growth rate to depend on the falling velocity, so we evolve the position and size of the particle
together by integrating a pair of coupled ordinary differential equations (ODEs). Our task is to
describe the coupling of R, and r, and to evaluate R(t) and r,(t), where time, ¢, is measured from
the instant the particle first forms. Throughout, we assume that the F-layer is stratified, that the
total solid fraction is low (so particles do not interact via collisions or by closely approaching each
other; this is expected in a slurry) and that thermal diffusion is sufficiently fast [41] to maintain
thermal equilibrium (such that we can impose the temperature). For the purpose of this section
(where we only consider a single iron particle), we impose constant temperature, pressure and
liquid composition, although we allow these to vary with R in later sections.

(a) Falling velocity

Time-dependent three-dimensional solutions of the Navier-Stokes equations for a fluid
containing a large number of solid particles are computationally inaccessible at the conditions
of planetary cores. To enable a flexible and fast representation of solid-liquid fluid dynamical
interactions, we therefore use scaling laws that describe the gross properties of the particle
velocity and the boundary layers surrounding falling particles.

Particles in the slurry are assumed to be more dense than the stratified liquid and will quickly
accelerate to fall at their terminal velocity. The simplest estimate of the particle velocity is based
on Stokes’ flow, which gives the terminal velocity of the particle by balancing buoyancy and drag
forces and applies at low Reynolds number, Re, defined as

Re— 2rplwp|

Ay (3.1)

where pl and vU are the liquid density and kinematic viscosity, respectively. In this classical
regime wy = Wsokes = (2/ 9)(p° — ,oL)grg /(WL pL), where g is gravity. As wy (and Re) increases, the
drag experienced by the sphere is enhanced compared to the Stokes solution. We use an empirical
relation for the drag coefficient valid for Re <3 x 10° [42-44],

24
" Re

0.42

C —/
b 1+ 42500Re—116

(1 + 0.15Reo'687> + (3.2)

in terms of which the falling velocity is

dr, 8 (0° — pl)gry
wp__dt_J(SpLCD ' 9
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Because Re depends on wy, equations (3.1) and (3.3) are solved self-consistently as described
in [44].

To represent the boundary-layer dynamics, we first note that the compositional boundary
layer in the solid and the thermal boundary layers on either side of the particle-fluid interface
are absent by assumption. The momentum boundary thickness in the liquid, §;, is required to
determine the thickness of the chemical boundary layer in the liquid, §c. To describe 8, and éc,
we use results from Inman et al. [45], who numerically simulated the incompressible axisymmetric
flow arising from an isolated particle sinking through a stabilizing linear chemical gradient.
A stabilizing background gradient has been obtained in recent equilibrium models of the F-
layer [19] and snow zones [10]. In this configuration, the dynamics are described by the Schmidt,
chemical Péclet and Froude numbers, which are defined, respectively, as

e _ 2rplwp|

= _ScRe and Fr— 17!
_ﬁ’ EC—T— CRke an Vfr=——

Sc (3.4)

NBVrp !

where D! is the oxygen diffusion coefficient in the liquid and Npy is the Brunt-Vaiséla frequency

BV —

p or met_Rb’

5 g ap’ ~_8m P; - pz/, (3.5)

which increases as the layer becomes more strongly stratified. Here p’ is the density deviation
from the adiabatic and chemically well-mixed state and the right-hand side approximates Npy
by quantities in the middle (subscript m), top (subscript f) and base (subscript b) of the layer.
In the geophysically relevant limit of Sc > 1 [41], the regimes depend on Fr and Re. At high Fr
(weak stratification) and Re < 1072, the momentum boundary layer is weak or absent because
advection cannot balance viscous diffusion in the boundary-layer equation, and the only length-
scale in the problem is 2ry. The results of Inman et al. [45] suggest that the chemical boundary is
also weak or absent at Pec ~ 10, which corresponds to Re ~ 10~2 for Sc ~1000. At higher Pec a
chemical boundary layer of thickness §c at the particle equator develops in which the chemical
advection and diffusion are approximately in balance. The mechanical boundary thickness 8,
depends on Re: 8,/2r, ~1 at 1072 < Re < 102 (see fig. 7b of [45]); 8/2rp ~ Re™ 0 for Re > 200, i.e.
the classical balance between viscosity and inertia. In the low Fr (strong stratification) regime,
the same logic is applied except that for Re > 1072, 8, is estimated based on a balance between
viscosity and buoyancy in the momentum equation [45]. With these considerations, the chemical
boundary-layer thicknesses in the weak stratification (Fr > 10), regime are

27y Re <1072,
8c=0215Re~1/32r, 1072 <Re <10, (3.6)
0.464Re~1/22r,, Re> 102,

while in the strong stratification regime (Fr < 10) they are

2rp Re<1072,

7
8c=0.1Re"Y22r, Re>1072 G2

In these equations, the pre-factors are determined by continuity of mechanical and compositional
boundary-layer thicknesses at the regime boundaries as in [46].

Calculated falling velocities, boundary-layer thickness and scaling regime information are
shown as a function of r, for solid and liquid properties expected close to the ICB in figure 3.
From the nanometre size expected after nucleation, small particles experience laminar flow, have
a relatively large boundary-layer thickness and fall at the classical Stokes velocity. As the particle
grows to the 10-100 um range it enters the intermediate Re regime, develops a relatively thinner
boundary layer and gradually slows down compared with the Stokes prediction. The deviation
between the Stokes falling velocity and the self-consistent calculation is clear by the time the
particle grows to millimetre size and enters the high Re regime. For these parameters, if the
particle were to grow beyond 25 cm the empirical drag coefficient would no longer be valid. This
corresponds to falling velocities in the ms~! range, where particles traverse the whole F-layer in
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Figure 3. Dynamical regime, falling velocity and boundary-layer thickness for an iron particle falling through a stratified liquid
with parameters relevant to the F-layer (0° =12700kgm ™, p' =12100kgm >, g =44ms~2 0" =1 x 10~ m’s™"’
and v =1 x 10"%m?s7"). (a) Re (yellow) and Pe, (blue) and Fr (orange, dashed for Ngy = 10~> Hz and dash-dots for
Ngy = 10 Hz) are calculated self-consistently and determine the dynamical regime, with fr = 10 indicated. (b) Falling velocity
(solid line) and Stokes velocity (dashed line) showing the divergence at larger particle radii. The vertical line and pink shading
corresponds to Re > 3 x 10°, the upper bound on the empirical scaling for the drag coefficient. (c) Momentum (dotted line)
and chemical (dashed for Ngyy = 10~ and dash-dots for Nz, = 10 Hz) boundary-layer thickness. Vertical dotted lines showing
the intermediate and large Re regime transitions.

a few days. Figure 3 also shows the difference in boundary-layer behaviour for a particle falling
through a weak chemical stratification (high Fr, Npy = 1073 Hz) and a strong stratification (low
Fr, Npw =10Hz). For the Earth, the difference between PREM (which has an adiabatic density
in the outer core [29]) and AK135f (where the base of the outer core shows stable stratification,
[47]) predicts Npw ~ 1 x 10~* Hz at the base of the F-layer. We thus expect boundary layers for
particles to be more accurately represented by the weakly stratified (low Fr) scaling.

(b) Growth rate

The rate of particle growth depends primarily on three factors: the thermodynamic driving force
Apre; surface kinetics, reflecting the fact that particles cannot grow faster than the rate at which
atoms arrive at the interface and arrange themselves into the solid structure; and, compositional
variations in the adjacent liquid. The first two factors are typically described by models of the

form
dTP AI’LFQ(P/ T! XL)

where k(T) is a kinetic function, and Apur. is defined in equation (2.1). Zero growth rate occurs at
equilibrium, i.e. when Aug. =0.

The growth rate of iron under core conditions, and thus the appropriate parameters of
equation (3.8) are not known. There are at least three groups of theories for k(T) for pure metals,
those which assume diffusion controlled kinetics [48,49], those which assume collision-controlled
kinetics [50] and those which assume density fluctuations in the liquid control the kinetics of
growth [51]. Atomic scale simulations of six fcc metals suggests that a temperature-independent
kinetic factor (i.e. k(T) =kg) with large magnitude (140-650m s 1) gives a good description of
the growth kinetics to large undercooling [52], and we assume similar behaviour holds for hcp
iron at ICB conditions. However, in our two component system it is evident that movement of
oxygen away from the growing interface must play a role. Oxygen will need to diffuse through
the boundary-layer set-up by the falling particle and the thickness of this layer depends on the
particle size as discussed above. Existing theories appealing to diffusion to define k(T) are not
well suited to this situation, so we proceed by separating the kinetic control on particle growth
into two contributions setting k(T) = ko [52] and treating oxygen diffusion separately.
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Compositional variations in the boundary layer arise due to the exclusion of oxygen from the
solid as the particle grows. As described in the electronic supplementary material, conservation of
mass leads to a relationship between the particle growth rate and the gradient of the composition
of the liquid at the particle interface:

dX(r)
dr

B X(rp) dry
~ DL dt’

r=r,

(3.9)

Supported by the results of Inman et al. [45], we assume that the boundary-layer structure is
linear, increasing from X(ry) at the interface to the bulk liquid composition, X(r, + éc) = XL, at
and beyond the outer edge of the boundary layer. Using equation (3.8), equation (3.9) becomes

dX(r) XL~ X(ry) _ koX(rp) [1 —exp (W)} ) (3.10)

dr |-, T s DL RT
For a given 8¢ (which does not depend on X(r)) and XL, this relation determines the particle
growth rate that is consistent with the liquid composition and its gradient at the interface.

Figure 4a shows the variation in growth rate as a function of solid fraction with fixed
bulk composition for different values of ky using equation (3.8). At ¢ =0, Aug is large and
negative and the growth rate is set by kg. Increasing the solid fraction evolves the system
towards the equilibrium composition at which point all curves reach zero growth rate (A ug. =0),
which occurs at a single composition at the fixed P and T conditions shown. The compositions
highlighted in figure 4a are used in figure 4b,c to demonstrate the variation of dr,/dt and X(ry)
with boundary-layer thickness as determined by equation (3.10). To understand the behaviour, it
is helpful to combine equations (3.8) and (3.10) into the form

L_ dc drp
Xt =X(ry) [1+ T (3.11)

and note that, in this analysis, dr,/dt is a function only of X(ry) because P and T are fixed (see
the definition of Apuge in equation (2.1)). At small 8¢, the first term in brackets in equation (3.11)
is dominant, implying X(r,) ~ XL and a fast growth rate. As 8¢ is increased at fixed D the two
terms in the brackets in equation (3.11) become comparable, requiring X(r,) to decrease compared
with XL, which reduces the growth rate as shown in figure 4b,c. Physically, the large growth
rate that arises when the system is far from equilibrium is associated with large diffusive flux
across the chemical boundary layer, which is required to bring the system towards equilibrium.
At equilibrium dr,/dt =0 and X' = X(r,) corresponding to zero diffusive flux.

(c) Asingle falling and growing particle

The time evolution of the size and position of a falling particle is described by the pair of coupled
ODE:s (equations (3.3) and (3.9)) for a particle that starts with initial radius r( at position Rg. We
solve these together as an initial value problem making use of the ‘RK45” Runge-Kutta method
[53] as implemented in the SciPy library [54], where the dynamical time stepping is essential to
efficient solution. In detail, at each Runga—Kutta step the growth rate and falling velocity is found
as follows:

(i) Calculate p5, p- and Auge from T, P and X" as outlined in §2.
(ii) Self-consistently solve equations (3.1)—~(3.3) to find Re and the particle falling velocity,
—(dRp/dt).
(iii) Calculate the thickness of the chemical boundary layer from equation (3.6).
(iv) Self-consistently solve equations (3.8)—(3.10) to find the growth rate, dr,/dt, and liquid
composition at the interface.
(v) With dR,/dt and drp/dt in hand, update the position and size of the falling particle.
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Figure 4. Calculated particle growth rate dr, /dt for bulk composition X = 5mol. %0, T = 5000 K and P = 330 GPa. Panel
(a) shows dr, /dt as a function of solid fraction ¢, neglecting boundary-layer effects, using equation (3.8). Vertical grey line
denotes the equilibrium solid fraction at the chosen P — T — X™. Coloured symbols denote the liquid composition calculated
from equation (2.2) for the given ¢ and X*'. Panels (b,c) show dr, /dt and X (r,) as a function of fixed boundary-layer thickness
using the four liquid compositions marked in (a) calculated with equation (3.10). Two values of the oxygen diffusivity are shown
in solid and dashed lines. All coloured cases have kq setto 100 m s .

This process ends when the particle hits the ICB and yields interpolating polynomials
describing the particle position and size, Ry(t; Ro, 7o) and 7p(t; Ro, 79), as a function of time, where
we explicitly represent the dependence on initial conditions following the semi-colon. These
functions can be used to easily find the particle size as a function of position, 7,(Rp; Ro, 79). In
addition to the thermodynamic parametrization, this calculation requires knowledge of pressure,
temperature, acceleration due to gravity, liquid viscosity, chemical diffusivity, the pre-factor for
growth and the composition of the liquid outside the boundary layer. Our implementation allows
these to be fixed or to vary with R. Solutions for some cases with fixed parameters approximately
corresponding to the F-layer on Earth are shown in figure 5.

Particle evolution can be summarized by the transit time (the time taken to fall 200 km from
the top to the bottom of the F-layer) and the final particle size just before it hits the ICB. The effect
of two major controls on these summary measures, the liquid viscosity and oxygen diffusivity, are
shown in figure 5b. As oxygen diffusivity increases the particles grow faster and thus fall faster,
giving smaller transit times and larger final sizes. This can be seen by tracking any set of data
points at fixed viscosity. Increasing the viscosity at fixed oxygen diffusivity results in solutions
that follow curved lines of fixed colour across figure 5c. As expected, increasing the viscosity
increases the drag, decreases the falling velocity and thus increases the transit time. However,
for solutions with fixed oxygen diffusivity the final particle size is approximately independent
of viscosity: the decreased falling velocity is balanced by a decreased growth rate. This can be
explained by noting that, to leading order, D™ and §¢ scale in the same way with Re and thus
viscosity.

Having considered the controls on the evolution of a single iron particle, we now focus on
particle nucleation before considering how they behave en-mass within the F-layer.

4, Nucleation

No model of a core slurry zone is complete without consideration of how the solid particles
form, and this process is particularly important in allowing deviation from equilibrium. The basic
approach involves CNT, which accounts for the need for a liquid to cool sometimes significantly
below its melting point (or liquidus temperature) before a solid can form [55]. The key idea is that
spontaneous perturbations in the structure of the supercooled liquid will result in the formation
of a nucleus of solid sufficiently large that the energy released on freezing (which scales with
the volume of the nucleus) overcomes the energy penalty that accompanies the formation of
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Figure 5. Summary of iron particle evolution during the process of falling through a 200 km thick layer of liquid iron containing
5mol. % oxygen. Pressure is 330 GPa, temperature 5500 K, gravitational acceleration 5ms 2 and the initial particle size is
10~ m. The position (a) and growth rate (b) of particles as a function of time as they fall through liquids with five different
oxygen diffusivities and viscosities are shown with particle size indicated by symbol size (key in panel c) and Re indicated by
colour in (a; top colour bar). The colour of the squares around the terminal symbols indicate oxygen diffusivities (red, orange
and yellow: D" =1 x 10~"; light blue: D" =1 x 10~°; dark blue: D' =1 x 10~ m? s~") and viscosities (yellow, dark blue
and light blue: v™ =2 x 107; red: v =3 x 10~°; orange: V™ = 6 x 1078 m? s™"). Results from a larger set of input
parameters are summarized in terms of the total transit time of the particle and its final size in (c) with the five cases shown in
(a) and (b) highlighted by the same coloured squares. The symbol colours in (b) and (c) indicate oxygen diffusivity according to
the colour bar on the right-hand side of the figure.

an interface between the new solid and liquid (which scales with surface area). For a spherical
nucleus of radius 7, the energy change is

AG(r,P, T, X") = Em?’gsl(xL, P, T)+ 4nr2y:| 5(0), (4.1)

where g = Aupe(P, T, XM)(pt/56) is given by equation (2.1) (in units of energy per unit volume),
y is the excess energy caused by forming a solid-liquid interface (in units of energy per unit
area) and the factor of 56 is the molar mass of iron. The function S(0) = [2 — 3 cos(6) + cos>(0)]/4,
where 0 is the wetting angle between the solid and the liquid, permits the consideration of
heterogeneous nucleation (where a pre-existing solid exists) considered below. For homogeneous
nucleation (formation of new solid without a pre-existing solid surface), & =180°.

The critical size . beyond which a spontaneously formed spherical nucleus will be more likely
to grow than dissolve corresponds to the maximum of AG:

_2]/
P,T, X"y = — 7 42
rC( st ) gS](P,T,XL) ( )
and has energy
G(re(P, T, X)) = %5(9) 4.3)
T Beg (P, T, XL T '

Heterogeneous nucleation reduces the energy barrier at r. for small wetting angles, such as those
typically found in metals [56].

Given a pre-factor that describes the rate at which liquid ‘attempts’ to form solid, Iy, CNT
allows the calculation of the nucleation rate, I:

—AG(re(P, T, X"
1P, T, X1y = Iy exp | —2C0eE LX) | (4.4)
ky T
at which new crystals of the critical radius form, where k;, is Boltzmann’s constant. On average,

half of these will rapidly dissolve, while the other half grow. The mean waiting time between
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Figure 6. (ritical nucleus size (a) and nucleation rate (b) for iron in an iron—oxygen supercooled liquid as a function
of temperature and liquid composition. Calculations are performed at 330 GPa, with y» =1.08Jm~2, and fy =7.1 x
10~ s~"m=3 [57]. In the main plots, the temperature is shown in terms of undercooling below the liquidus temperature
for each composition, while the insets show the same data in terms of absolute temperature which spreads out the curves (see
text). The effect of wetting angle, 6 for heterogeneous nucleation is shown in (c) for fixed 500 K undercooling. The nucleation
rate approaches /p for small 6.

nucleation events in a volume element in the F-layer, with volume V(R), is

2

tR,P,T, XY= —— .
I(P, T, XL)V(R)

(4.5)
The expected nucleation rate and critical size for representative conditions are shown in figure 6.

CNT, as illustrated by figure 6, predicts a low probability of forming new solid particles in the
F-layer by homogeneous nucleation, consistent with the findings of Shimizu et al. [58] who take
this as support for a mush layer at the ICB. This is reminiscent of the ‘core nucleation paradox’,
where CNT predicts that the combination of the time, volume and undercooling available on
Earth is insufficient to permit the inner core to form [56,57,59-61]. Our estimate of the nucleation
rate, using free energy changes derived from the thermodynamic model, accords with previous
estimates based on the available metallurgical data [56] and atomic-scale simulation with [57], or
without [59], substantial temperature extrapolation. There are two important differences between
the situation for a two-component slurry and previous work considering the initial formation
of the inner core. The first arises from the existence of a two-phase region in the phase diagram
(figure 2). This allows substantial undercooling below the liquidus to drive nucleation without
resulting in a situation where all the undercooled liquid freezes once the first solid forms. The
second difference is due to the use of a full thermodynamic model and the interplay between
this and the depression of the liquidus by the addition of oxygen. In absolute terms (i.e. fixing
the temperature and increasing the oxygen content of the liquid), adding oxygen dramatically
decreases the nucleation rate because it lowers the free energy of the liquid (seen in the inset
to figure 6b). If instead we think in terms of undercooling below the liquidus, we find that
nucleation rate is almost independent of oxygen content but that at fixed undercooling adding
oxygen slightly increases the nucleation rate (shown in the main panel of figure 6b). This is
because the temperature dependence of Apuge(P, T, XL is itself dependent on temperature and
liquid composition [38]. This effect discounts any change in the composition of the liquid caused
by the nucleation event, and neither effects are significant enough to change the argument that
nucleation from a homogeneous liquid is unlikely.

One resolution, which at least allows us to explore the behaviour of a slurry in the F-layer, is
to appeal to heterogeneous nucleation where iron particles nucleate on some pre-existing solid.
From geometrical arguments [55], a simple model of this process can be parametrized by S(6)
in equation (4.1). The wetting angle for pre-existing oxides is expected to be more than 110°,
while for metals it may be less than 25° [56]. Figure 6¢ shows the effect of wetting angle on
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nucleation rate, with the homogeneous case reproduced for §# =180° and an enormous (100
order of magnitude) increase in nucleation rate with decreasing 6 (i.e. for cases where the pre-
existing solid is structurally and chemically similar to solid iron). At 6 =0°, the nucleation rate
is entirely controlled by Ip, which is itself highly uncertain. For nucleation of the inner core,
finding a source of these pre-existing solid particles is difficult [56], but in the F-layer the inner
core could conceivably act as a source of fragments of iron. Furthermore, once some solid forms
it could fragment and act to multiply the number density of particles, as seen in recent tank
experiments [62].

Given this state of uncertainty, we propose a relatively simple approach to handling nucleation
in our model. We imagine the presence of some pervasive ‘dust’ in the F-layer providing abundant
sites for heterogeneous nucleation. We set y = 1.08Jm~2 [57], 6 =5° (appropriate for a metallic
substrate) and treat Iy as an adjustable parameter with which we can explore the behaviour of
the slurry. Indeed, it turns out that the very rapid change in nucleation rate with Iy allows us
to tune the departure of the system from equilibrium and explore the ways a non-equilibrium
slurry can behave. Incorporation of CNT as described above then means that the nucleation is
turned off as the thermodynamic driving force decreases and increases with further departure
from equilibrium.

5. Amodel of a slurry layer

The model developed in §3 describes a single iron snow particle falling through the F-layer, but
it fails to capture several key aspects of the collective behaviour of iron particles and thus by
itself is not capable of describing the F-layer as a whole. To make progress, we seek to build a
simple model of the F-layer as a slurry. This model is designed to allow the consequences of the
nucleation, growth and falling of the individual iron particles to be examined rather than to act as
a definitive description of the F-layer. To construct this model, we imagine that solid particles can
nucleate anywhere within the two-phase region before falling and growing until they ultimately
settle on the ICB, contributing to inner core growth by sedimentation. As the particles grow, they
exclude light elements and thus act as a source of oxygen and latent heat allowing the temperature
and composition of the layer to change. A self-consistent solution for the temperature and liquid
composition within the layer requires coupling between the particle-scale model developed here
and a continuum theory for the transfer of heat and mass through a two-phase slurry. However,
the general continuum theory is complex, is reliant on poorly known interaction parameters and,
despite recent progress [20,63], is not fully developed for the two-component system. Therefore, to
explore the possible behaviours of our model, we impose temperature and composition profiles
inspired by previous equilibrium models [19] at the continuum scale. These profiles, shown in
figure 1 are tied to a constant composition and adiabatic temperature profile in the outer core
above the F-layer such that the first intersection with the liquidus occurs 200km above the
ICB. This defines the F-layer region where a two-phase slurry can exist. The temperature and
compositional profiles inside the F-layer follow second-order polynomials with zero derivative
at the ICB (because we assume no direct freezing on the ICB) leaving 1 d.f. for each profile: the
temperature and composition at the ICB, which are described by ATicg and AXjcg, respectively.
In all cases, we require the temperature in the F-layer to be below the liquidus for the imposed
composition as this is required to provide the thermodynamic driving force for nucleation or
growth. Because of the imposed temperature and composition we describe the model as ‘quasi-
steady state” and note three important time-scales. We assume that changes to the solid-fraction
in the layer happen more slowly than the short time needed for individual particles to nucleate,
fall and grow described above (which means we can form averages over the lifetime of many
individual particles). However, evolution of the temperature and composition happens more
slowly than changes in the solid-fraction, with the slowest timescale presumably controlled by
secular cooling of the whole outer core.

We discretize the F-layer into M radial layers of thickness /1 = (Rg — Rycg)/M and N small
equal area square patches which, at radius R, have area A(R) = 47 R?/N. If h < R, the volume
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of an element is V(R) = A(R)h and the horizontal spacing between the middle of adjacent volume
elements is given by s,(R) = \/m We note that the model only requires explicit consideration
of one column of elements because we assume spherical symmetry for the F-layer. Given the
volume of each element and the temperature, pressure and composition of the liquid imposed
we are able to evaluate the average time between nucleation events in each volume element from
equation (4.5). Assuming that the time needed for a particle to nucleate, fall and grow is much
shorter than the timescale of changes in the temperature and composition of the layer, we can
examine the behaviour of average particles and note that, on average, nucleation events will take
place at the centre of the volume element and particles regularly nucleate at these points at times t
seconds apart. The subsequent evolution of each particle as it grows, falls and ultimately impacts
the ICB is found by following the procedure described in §3c.

We describe the solid particles within the slurry in terms of their number density and size
as functions of R. Our starting point is to calculate the vertical spacing between three particles
nucleating in the same place in three consecutive nucleation events. These occur at time ¢ty — 7, to
and tp + t; all have initial radius rg (found from r, in equation (4.2)) and, apart from this difference
in the initial condition, the three particles will follow the same trajectory as the ICB. This means we
can use Ry(t; Ro, 7o), the solution to the coupled ODEs (equations (3.3) and (3.9)) giving the time
evolution of the particle nucleating at Ry, to find the vertical separation, s,, between sequentially
nucleating particles, given our ability to find #(Rp) from the ODE solution:

(Rp(t — 7; Ro, r0) — Ry(t; Ro, 70)) + (Rp(£; Ro, r0) — Rp(t + 7; Ro, 70))
5 .

su(Rp, Ro) = (5.1)
Here s, depends on both the location where the separation is measured (i.e. the particle location,
Rp) and on the location where the particles nucleated (Rp). Equation (5.1) relies on our quasi-
steady-state assumption. At any location, there can be multiple populations of particles, of
different sizes that nucleated in different places, falling past each other. Each population is
represented by the solution of coupled ODEs with different initial conditions.

Particles spread out in space as they grow and fall faster. Counteracting this tendency to spread
out vertically as they fall, streams of particles nucleating in horizontally adjacent volume elements
will tend to approach each other due to the spherical geometry of the F-layer. The partial particle
number density, that is, the contribution of the number of particles per unit volume at radius Ry
arising from particles which initially nucleated from a nucleation volume centred at Ry (R, < Ro),
is then

1

ARy, Ry) = ——————.
4 su(Rp, Ro)sy(Rp)?

(5.2)
We can then find the total particle number density, 7(R;), by summing the partial particle densities
from nucleation points above Ry:

Rp

n(Ry)= Y 7Ry, Ro). (5.3)
Ro=R,

Here, the summation runs over all of the possible nucleation locations (Rp) above the location
where the number density is being evaluated (R,) because particles only fall downwards. This
means that if R, = Ricp there are M terms in the summation and if R, is evaluated half way
between the ICB and the top of the F-layer there are M/2 terms in the summation. Each term
in the summation involves extracting results from solutions to the coupled ODEs with different
initial conditions. The solid volume fraction at a given position can be calculated in a similar
way noting that the different particle populations will have different radii depending on where
they nucleate:
Re 4
$(Rp)= Y 7Ry, Ro) 31y (t(Ry); Ro, 70)°, (5.4)
Ro=R,
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Figure7. Key results from a slurry model of the F-layer with temperature and compositional profiles as shown in figure 1c, D! =
1x 107 m?s™", vl =2 % 107 m? s~ (corresponding to the light blue square in figure 5) and fy =1 x 10~ s~ m~3.
The main panel shows the calculated nucleation rate (black) and volume fraction solid (green), which both increase downwards
as the under-cooling increases. Nucleation starts close to R = 1375 km where the temperature profile drops sufficiently below
the liquidus (figure 1), but the very low undercooling results in such small nucleation and growth rates that the volume fraction
solid remains effectively zero until R = 1275 km where the under-cooling becomes much more significant. The inset histogram
of the number density of particles of different sizes as a function of depth reveals that once particles start to grow they grow
steadily with the largest particles found just above the ICB. However, small particles that have not yet grown enough to fall
quickly continue to dominate the particle size distribution throughout the layer.

again the summation runs over each possible nucleation location above Ry, and the product is
between the number density of particles nucleating at Rq (in m~2) and their volume (in m3). The
mass fraction of solid is found considering the densities of the two phases:

d’(Rp)PS(Rp)
¢(Rp)Ps(Rp) +(1 - ¢(Rp))PL(Rp).

M(Ry) = (5.5)

Figure 7 shows the results of an example stratified F-layer with the imposed temperature and
compositional profiles illustrated in figure 1 and material properties identical to those shown
in light blue in figure 5. The under-cooling, and thus driving force for nucleation and growth,
increases with depth yielding an increasing nucleation rate and solid fraction from the top to
the bottom of the F-layer. The inset histogram of particle size distribution as a function of
radius shows that in all cases the particle population is dominated by a large number of very
small particles. These are recently nucleated and have not yet grown enough to fall quickly,
corresponding to the early parts of the trajectories shown in figure 5a. The largest particles in
the population increase in radius downwards, reflecting the increased time available for growth
of particles nucleating near the top of the layer, and the largest particles in the whole layer are
found just above the ICB. These particles nucleated near the top of the layer and are the oldest
particles as well as the largest and most rapidly falling. Maximum particle radii are smaller than
the single particle cases described in §3c because the under-cooling goes to zero at the top of the
F-layer (so growth is slower).
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The results of the model also give access to properties related to the thermal history of the
Earth. These depend on the total growth rate of solid at a given radius within the F-layer. This
Lagrangian derivative is found by finite difference of the particle radii:

d Re 47 1p(HRy) + AL Ro, 10)% — 1(HR,) — AL Ry, 70)3
9(R,) = ¢( p) o Z Ry, Ro )i rp(t(Rp) 0,70) ZAtrp(( p) — 0,70) , 5.6)
Ro=R,

where the summation runs over each possible nucleation location above R, (see equation (5.3));
d)(Rp) gives access to the rate of change of solid mass fraction:

QS(Rp)PS (Rp)pL(Rp)
(@(Rp)p°(Rp) + (1 — p(Rp))pH(Rp))?
Growth of solid results in the release of latent heat where the specific latent heat of crystallization,

L, is taken as 750 k] kg ! [32]. Integrating over the F-layer gives the total heat production rate due
to formation of solid in the layer, which we equate to the heat flux out of the layer because we

M(Rp) = (5.7)

assume a fixed layer temperature:

RF .
of =4rn J M(R)p*>(R)LR? dR. (5.8)
Ricp
Finally, we calculate the rate of predicted inner core growth from sedimentation by evaluating
the rate at which solid arrives at the ICB given its surface area:

1 JRF I(R) 4

Gics = 5 371rp(RICB,R r0)° 47 R dR. (5.9)

2
47 Ricp JRics

Equation (5.9) does not rely on the assumption of a quasi-steady state, only that all particles that
nucleate reach the ICB on the timescale of inner core growth. Values for QF and Gycp calculated
for our example simulation are given in figure 7.

6. Plausible non-equilibrium models of the F-layer

We now search for model parameters that are consistent with geophysical observations, and
outline the resulting model outputs for plausible F-layer configurations. For the Earth, our models
must obey some important constraints. An inner core age in the range 0.5-1.5Gyr gives mean
growth rates in the range 0.8-2.4kmMyr~! [32]. However, this estimate includes the effect of
direct freezing at the interface, which is not accounted for in our model, and is therefore an upper
bound on the allowed growth rate. The latent heat production is more tightly constrained for
the Earth as it cannot exceed the total heat Q° leaving the core. Estimates of Q° are usually in
the range 5-17 TW [1,64] and are unlikely to exceed 20 TW [65]. However, given that secular
cooling contributes at least 4 TW [66], and more likely approximately 6 TW [67], and gravitational
energy another 2—-4 TW, the latent heat contribution is expected to be approximately 6 TW and no
larger than 10 TW [67]. We note that the constraints on plausible values for QOF and Gycp are not
forced to be consistent as they are based on different observations that may relate to different
time periods. However, we can estimate the latent heat released for a given inner core growth
rate. A Gicp between 0.8 and 2.4 km Myr_1 implies QF between 4.5 and 13.6 TW, which is broadly
consistent of the our independent estimate of QF. On the basis of these estimates, the combination
of physical properties with thermal and compositional profiles shown in figure 7 produces a
“viable’ non-equilibrium model of a slurry with QF and Gjcp within the expected range.

In figure 8a, we investigate the model behaviour by changing the imposed temperature or
composition profiles, which are parametrized by ATjcg and AXjcg, respectively (figure 1). Here
ATicg is the difference in temperature between an extrapolated adiabat (defined so as to intersect
the liquidus at the top of the F-layer 200 km above the ICB) and the temperature at the ICB, while
AXicp is the difference in composition between the well-mixed convecting outer core (which
always has 17 mol% oxygen) and the F-layer just above the ICB (negative values imply oxygen
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Figure 8. Gross properties of models of the F-layer. (a) Models with fixed material properties corresponding to the model shown
infigure 7 but with different thermal and compositional profiles as defined by ATicg and AXig (figure 1). Symbol size represents
the largest particle size and colour represents the latent heat released by the layer. The black dashed line connects model cases
where the slurry is approximately 27.24 kg m > denser than the extrapolated adiabat at the ICB and the red dashed line connects
models releasing approximately 6 TW of latent heat. The model highlighted by a blue square is shown in figure 7. (b) Locus of
temperature and compositional profiles which result in successful models (27.24 kg m > excess density and 6 TW of latent heat)
for the different material properties. Symbol colours indicate D' and v* pairs (matching the colours used in figure 5) and symbol
shapes representing different nucleation pre-factors (diamonds, o =1 x 10~7; stars, [y =1 x 107%; circles, [y =1 x 10~%;
hexagons, ly =1 x 107"; squares, [y =1 x 107" s~ m~). The inset shows the relationship between maximum particle
radius and nucleation rate for these successful cases with the numerals indicating the inner core growth rate in km Myr~".
Model inputs and outputs are tabulated in the electronic supplementary material.

enrichment). We limit the parameter space by requiring that: (i) the temperature increases with
depth in the F-layer, as suggested by previous models [6,19] and is below the liquidus at the
ICB as required for slurry solutions; (ii) oxygen depletion at the ICB is at most 1.5% compared
with the overlying outer core (AXjcp <0.015) as suggested by the results of [19]; the liquid
is stably stratified (N%3W < 0). These constraints confine solutions to the region encompassed
by points in figure 8a with the upper boundary representing the liquidus and the left-hand
boundary representing the stability constraint. Stratified models can exist in regions where the
liquid is enriched or depleted in oxygen compared with the overlying well-mixed outer core and
in regions where the temperature is higher than or lower than the temperature of the adiabat
projected to the ICB. Increasing the distance from equilibrium (increasing AXjcp or decreasing
ATicg) drives larger M from growth and nucleation, leading to larger r, and higher QF. Both
values are approximately constant along lines parallel to the liquidus (i.e. lines of constant A ire).
The maximum size of crystals saturates in the centimetre range because of the increased falling
speed of large crystals discussed in §3. The latent heat production increases exponentially with
increasing Apure (the colour scale is saturated at Earth’s surface heat flux), which is presumably
driven by the nucleation rate.

Although figure 8a shows a wide range of compositions and temperatures for an F-layer
configuration where a slurry could exist, the range of models that are consistent with geophysical
constraints on the present-day F-layer are more limited. We choose two particular observations
to winnow out Earth-like models from within the wedge of slurry models. First, we demand that
the density difference between an outer core adiabat extrapolated to the ICB and the density of
the slurry layer (including effects of temperature, composition, and solid fraction) matches the
difference between PREM and AK135f such that models have an excess density of 27.24 kg m~>.
This essentially seismological constraint is represented by the black dashed line in figure 8a. In all
such cases, we find a low amount of solid and that the excess density is predominantly caused the
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fact that AXjcg > 0. We also consider the heat produced by the layer. This must certainly be less
than Earth’s surface heat flux, indicated by the yellow saturation in figure 8a, but as discussed
above, is probably closer to 6 TW, the value indicated by the red dashed line. In figure 8a, these
lines cross and we consider the model where these two constraints are met as ‘Earth like’, and
it is that model that is shown in figure 7. We emphasize that these choices are illustrative and
do not capture the full range of possible Earth-like models where the excess density and latent
heat production, as well as the composition and temperature of the overlying outer core could all
differ from the models illustrated here.

Figure 8b shows the properties of Earth-like slurry solutions in AXjcg-ATicp space as a
function of the nucleation pre-factor (shown as different symbol shapes), viscosity and oxygen
diffusivity of the liquid (shown as different symbol colours). Changing these properties does
not alter the density of the slurry (because the density difference is dominated by the density
of the liquid, not the solid fraction, which is always low) so successful models plot along a
common line in AXjcg—ATicp space. Material properties that give higher solid production rates
(e.g. caused by increasing the nucleation pre-factor or the diffusion coefficient) yield solutions that
are closer to the liquidus at the ICB (smaller Apupe, larger positive ATicg), while properties that
slow the solid production rate (e.g. decreasing the pre-factor or the diffusion rate) yield solutions
that are further from the liquidus as they need larger Apur. (and thus negative ATicp) to drive
solid formation. The models have different maximum particle sizes, though all are dominated
by a population of very small slowly falling particles, with the largest particles only reaching
millimetre to centimetre sizes before they leave the layer. The predicted inner core growth rates
(0.4-1.3km Myr_l) are below the maximum permitted growth rate assuming a young inner core
growing at a constant rate. This is expected because we do not include direct freezing at the ICB,
and our growth-rate estimates are therefore consistent with other geophysical inferences.

Overall, we find significant diversity of Earth-like slurry models of the F-layer where we do
not need to carefully tune model parameters such as viscosity or light element diffusivity to match
the expected heat production rate and density stratification for a low-volume fraction slurry. By
contrast, we are unable to produce viable models assuming homogeneous nucleation of solid
particles to form the slurry and do need to resort to alternative physical mechanisms where
the nucleation rate effectively acts as a tuning parameter. In all cases, excess Fe in the liquid
(0.6-1.06 mol.% compared with the overlying well-mixed core) is the dominant direct cause of
the density anomaly rather than the presence of solid particles. This is reassuring as it both
accords with our assumption that the falling particles do not interact, and matches the predictions
of previous equilibrium models. Indeed, our results yield much lower solid volume fractions
(1 x10710 —1 x 10~1) than equilibrium models (e.g. less than 0.05 [20]) as expected given that
nucleation and growth must cease as the system approaches equilibrium. In terms of temperature,
valid models can be sub- or super-adiabatic with the degree of under-cooling compared with the
liquidus (approx. 35-150 K) required to drive crystal growth increasing as the intrinsic nucleation
or growth rate decreases. This estimate of the undercooling required for nucleation complements
previous independent inferences from mineralogical [59,60] and geodynamic [68] modelling and
is lower than the maximum undercooling allowed by the present-day thermal structure of the
core [56,69].

7. Conclusion

Our ‘bottom-up’ construction of a model of a core slurry layer, focusing on processes that control
the nucleation, growth and settling of isolated solid particles, has allowed us to explore the
evolution of single particles in a two-phase system. One important feature of this approach is
that the temperature must depart from the liquidus temperature to allow the solid to form,
something that is forbidden in equilibrium models. Building a quasi-steady-state model of the
whole slurry layer allows us to describe the number density, longevity and size distribution of
particles within the layer. These properties are inaccessible (without additional assumption) in
equilibrium models, which only predict the volume fraction solid. We have applied this model
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to the Earth’s F-layer for a particular choice of Fe-O chemistry and varied the temperature
and composition in the F-layer along with the intrinsic material properties of iron (the oxygen
diffusivity, viscosity and nucleation pre-factor). Even within this restricted model space we find
a diversity of potential slurry models that are consistent with inferred properties of the F-layer
and the heat budget of the core. In all cases, models are dominated by a large number of small,
slowly falling particles with a handful of the largest particles being limited to centimetre size. In
common with equilibrium models, the solid fraction is always small, and it is the chemistry of the
liquid that dominates the density structure of the layer.

One way to view our approach is as a framework to describe non-equilibrium processes that
must operate in a core slurry layer. The framework incorporates micro-scale processes from fluid
dynamics and mineral physics into a simple model of the whole slurry layer to probe core-scale
processes that can be interrogated by seismology. The representation is designed to be flexible:
alternative thermodynamic models containing different light elements can be used as long as
the relevant chemical potentials are available, while different scaling laws for particle dynamics
and parametrizations for nucleation and growth rate can be swapped for those chosen here. One
caveat is our assumption that light elements do not enter the solid phase: lifting this assumption
would be challenging because this would necessitate tracking the chemistry of the solid particles
as they fall. Nevertheless, the model framework is sufficiently general that it could be readily
adapted to represent snow zones in other terrestrial planetary cores.

Immediate extensions to our work include the need to compare outputs with a wider range
of geophysical observations and consider different outer core adiabats and chemistries, as well
as including the possibility of some direct freezing on the inner core. This would imply the
need to alter the temperature and compositional profile imposed on the F-layer to capture the
release of latent heat and light elements associated with direct freezing. Including direct freezing
would also alter the growth and nucleation rate of solid particles within the slurry layer. It is
also desirable to produce solutions where the temperature and composition are not imposed,
but solved self-consistently. This could be achieved by coupling our particle-based framework to
a continuum model of two-component non-equilibrium slurry dynamics. However, this is non-
trivial as it would be necessary to capture the heat and chemical fluxes through the layer and, in a
slurry, there is a necessary advection of heat and chemical components by fluid flow and this fluid
flow would affect the falling velocity of the particles. We imagine that such an approach would
necessitate using velocities and densities of the falling particles to evaluate the velocity of fluid
flow before iterating to find particle falling velocities and growth rates that are consistent with the
resulting fluid flow. Eventually, this should result in a model where the temperature, composition,
particle density and particle falling rates are all consistent with each other. Our expectation is that
such an exercise would require significant work to make the coupled model theoretically and
practically viable.
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