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Improved residual mode separation for finite-dimensional control of PDE:s:
Application to the Euler—Bernoulli beam

Anton Selivanov?®, Emilia Fridman®

“School of Electrical and Electronic Engineering, The University of Sheffield, Sheffield, UK
bSchool of Electrical Engineering, Tel Aviv University, Tel Aviv, Israel

Abstract

We consider a simply-supported Euler—Bernoulli beam with viscous and Kelvin—Voigt damping. Our objective is to attenuate the
effect of an unknown distributed disturbance using one piezoelectric actuator. We show how to design a state-feedback controller
based on a finite number of dominating modes that guarantees that the L? gain is not greater than a given value. If the remaining
(infinitely many) modes are simply ignored, the calculated L? gain is wrong. This happens because of the spillover phenomenon
that occurs when the effect of the control on truncated modes is not accounted for in the feedback design. We propose a simple
modification of the H,, cost that prevents spillover. The key idea is to treat the control as a disturbance in the truncated modes and
find the corresponding L? gains using the bounded real lemma. These L? gains are added to the control weight in the H., cost for the
dominating modes, which prevents spillover. A numerical simulation of an aluminum beam with realistic parameters demonstrates
the effectiveness of the proposed method. The presented approach is applicable to other types of PDEs, such as the heat, wave, and
Kuramoto—Sivashinsky equations, as well as their semilinear versions. The proposed method gives a Lyapunov functional that can

also be used for guaranteed cost control, regional stability analysis, and input-to-state stability.

Keywords: Distributed parameter systems; Euler—Bernoulli beam; H., control; modal decomposition.

1. Introduction

The H. control theory enables the design of controllers
robust to modeling errors, measurement noise, and unknown
disturbances [1, 2]. Its extension to infinite-dimensional sys-
tems is challenging, especially if the controller is required to
be finite-dimensional. In particular, the direct extension of
the frequency-domain approach results in infinite-dimensional
controllers [3, 4], which are then approximated by finite-
dimensional ones [5, 6, 7]. The approximation leads to per-
formance degradation known as spillover, which can be char-
acterized via the H, norm of the approximation error [8].
The frequency-domain approach, which is very natural for
H,, control, may be difficult to use in the infinite-dimensional
case since the transcendental transfer function of an infinite-
dimensional plant may be hard to find [9], its inner-outer fac-
torization required for the design is not straightforward [4], and
the MIMO case requires restrictive assumptions [3]. Further-
more, the frequency-domain approach is not applicable to guar-
anteed cost control, regional stability analysis, systems with
time-varying delays, and nonlinear systems.

The time-domain approach avoids these restrictions. Its
direct extension to infinite-dimensional systems leads to an
operator Riccati equation, which also results in an infinite-
dimensional controller [10, 11]. To obtain a finite-dimensional
controller, one can perform modal decomposition [12, 13]
and design a controller for a finite number of dominating
modes [14, 15, 16]. Similarly to the frequency-domain design,
this leads to spillover: neglected modes deteriorate the over-
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all system performance [17, 18]. Nevertheless, stability under
spillover can be guaranteed using residual filters [19, 20, 21] or
spectral properties of linear operators representing the dynam-
ics [22, 23].

The time-domain performance analysis under spillover is
more challenging than the stability analysis and requires care-
ful treatment of the neglected modes. Such treatment has been
provided for parabolic PDEs in [24, 25, 26, 27] with subsequent
extensions to input/output delays [28, 29, 30], semilinear sys-
tems [31, 32], as well as the Kuramoto—Sivashinsky [33], wave
[34], and Euler—Bernoulli [35] equations.

This paper proposes a new way of dealing with spillover
in the time domain. Namely, we treat the control input as a
disturbance in the residue modes and explicitly solve the al-
gebraic Riccati equation for each neglected mode to find the
input-to-state L? gains. These gains are added to the control
weight in the cost used to design a state-feedback controller that
guarantees that the L? gain is not greater than a given value.
This idea leads to a simple yet efficient way of designing a
finite-dimensional controller that avoids spillover. The analy-
sis is based on the cost decomposition presented in Section 3.3.
We develop this idea to attenuate disturbances in the Euler—
Bernoulli beam with piezoelectric actuators, which is of great
importance for aerospace, civil, and mechanical engineering.
Using a numerical example of an aluminum beam, we demon-
strate a drastic improvement compared to our previous results
in [35]. Namely, spillover is avoided using just 8 modes instead
of 32, and we prove that the L? gain can only decrease when
more modes are considered.
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The frequency-domain approach to the H,, control of beams
was developed in [36, 37, 38], the controllability problem un-
der piezoelectric actuators was studied in [39, 40, 41], and ex-
perimental results (without spillover analysis) were reported in
[42, 43]. Here, we develop the time-domain method, which,
differently from the frequency-domain approach, can be ex-
tended to guaranteed cost control and regional stability analysis.
Furthermore, the proposed idea can significantly improve the
finite-dimensional controller design for other types of PDEs,
including the heat, wave, and Kuramoto—Sivashinky equations.
It also admits an extension to semilinear PDEs in a manner sim-
ilar to [31, 32].

Notations: | - | is the Euclidean norm, || - || is the L? norm,
(-,-) is the scalar product in L*, HP(0,n) with p € N are the
Sobolev spaces, H?(0, ) are their dual spaces, Hl'UC(O, 00) are
the functions that belong to H' (K) for any compact K c (0, c0),
diag{wy, ..., wy} is the diagonal matrix with diagonal elements
w,, n = 1,...,N. For a matrix P, the notation P < 0 im-
plies that P is square, symmetric, and negative-definite. Partial
derivatives are denoted by indices, e.g., z; = dz/0t.

1.1. Preliminaries: H, control of finite-dimensional systems
Consider the LTI system

Xx(t) = Ax(t) + Bu(t) + Ev(t),
y(t) = Cx(t) + Du(r)

0)=0,
O )

with state x € R”, control input u € R”, disturbance v € R,
controlled output y € R!, and constant matrices A, B, C, D, and
E. We say that u = —Kx with K € R™" guarantees that the L?
gain from v to y is not greater than y > 0 if the solutions of the
closed-loop system satisfy

I [v@r =¥ hoR|dr < 0, ¥v e L2([0,%0),RY). (2)

That is, the H,, norm of the closed-loop transfer function from
v to y is not greater than y. The proofs of the following results
are given, e.g., in [2].

Proposition 1. Consider (1) such that D'C = 0 and R =
D™D > 0. Giveny > 0, let 0 < P € R™" satisfy

PA+ATP—P(BR'BT —y2EEHP+C'C=0. (3)
Then u(t) = —R~' BT Px(t) guarantees (2).

Remark 1 (Solution existence). If (A,B) is stabilizable,
(A, C) is detectable, and 7y is large enough, then (3) has a
solution. For this solution, the closed-loop matrix A—BR™'BTP
is stable.

Corollary 1 (Bounded Real Lemma). Consider (1) with B =
0 and D = 0 (i.e., without control). Giveny > 0, let0 < P €
R™" satisfy

PA+ATP+y2PEETP+C"C =0. 4)

Then (2) holds without control.

2. Model description

2.1. Euler—Bernoulli beam with control and disturbance

We consider the Euler—Bernoulli beam described by

ﬂztt(xv t) + EIZxxxx(x7 t) + Cvzt(x7 t) + Cklzxxxxt(x’ [) =
Cald’(x = Fr) — &' (x = Fp)]aa(?) + W(x, 1), (5)
20,0) = Zxx(0,1) = AL, 1) = Zx(L, 1) = 0,

where Z: [0, L] X [0,0) — R is the transverse deflection of a
beam of length L, linear density u, Young’s modulus of elastic-
ity E, and moment of inertia /. The model accounts for the
viscous damping c¢,Z; and structural (Kelvin—Voigt) damping
CidZyxxn [44, 45]. The external disturbance is represented by
w: (0,L)x[0,00) — R. All the parameters are constant in time
and space. The boundary conditions correspond to the hinged
ends.

A piezoelectric actuator produces bending moment on
[X,,Xg] < (0,L) proportional to the applied voltage
it: [0,00) = R. Namely, m(x, t) = c,[h(x — %) — h(x — Xg)]a(t),
where h(x) is the step function. Since m(x, t) contributes to the
beam’s moment-curvature relationship, it enters (5) through the
Laplace operator: m,(x,1) = c,[6"(x — %) — &' (x — Xg)]i(1),
where §'(- — %) € H™2(0, L) is the derivative of the Dirac delta
function defined as

L
IC-Nf= fo 0'(x = X)f(x)dx = = f(%) (6)

forany ¥ € (0,L)and f € H?*(0, L). Note that it is natural for the
derivatives of ¢ to be of opposite signs since the piezoelectric
patch applies forces of opposite directions to its ends when it
contracts or expands. A more detailed study of piezoelectric
actuators is provided in [46, 47, 38].

Remark 2 (Damping model). The Kelvin—Voigt damping is
motivated by the experimental observation that damping rates
in beams increase with frequency [44]. This is also captured
by the “square root” model given by —c,Z,y [48]. Our analysis
can be extended to the “square root” model straightforwardly.

By scaling the space and time as follows

. L H
2x, 1) = Harx, axt), ay=—-, ay=da [=—, (1)
bd EI
we rewrite (5) as
2t + Zyxxx T C12t + C2Zoxxnr = [5;‘ - 5;%] u-+w,

(®
2(0,0) = 2xx(0,1) = z(m, 1) = 2, (7, 1) = O,

where x € [0, 7], ¢ > O,

_ cyay _ Cklaz _ )?L _ )?R
1= > = /=, XL ="—, XR=—),
M pay ap ai
’ ’ 4 !
5L=5(X—XL), 5R=5(X_XR),
2 2

Caa; _ a; .
u(t) = —-i(axt), wx, 1) = —=w(ax, a).
a H
1



Note that (6) implies ¢’ (a;x — X) = 6" (x — fc/al)/a%. To simplify
further derivations, we assume that

c1+c < \/5 ©)

That is, the dynamics are dominated by the elasticity rather than
damping. The extension to c; + ¢, > V2is straightforward.

2.2. Well-posedness

Let H. and Hy,. be the closure in H* and H*, respectively,
of all functions f € C*[0, x] satisfying f®¥(0) = 0 = @ ()
for all k > 0. The energy space of (8) is

X = H3-(0,7) x L*(0, )
with the scalar product
((f1,81) (f2,820x =S, )iz + €81, 82)12-
Consider
Aof =—f", D(A) = Hy(0,m) c L*(0,7).  (10)
In the operator form, (8) is written as

7=AZ+ f, an

where
I B<(O%)) 1 0 1
x40 = [Zr(', l)} » A= [—ﬂé —(c1 I + C2ﬂ%)j| ’
0
S = [[51 — 8 u(t) + w-, z)} :
Since D(A2) = Hy-(0, ), we have
D(A) = X, = Hy(0, 1) X Hp(0,7) C X.

The adjoint of A with respect to the scalar product in X is

0 -1

A = \?{(2) —(C1]+C2ﬂ%) 5 D(ﬂ)=X1CX

Both A and A* are dissipative. To see this, consider
(AL ). (f.)x = (8 =fV = c18 = c28™). (f.9))x

=g [z — (D) — ci(g. &)z — (g™, g)1z.

For f, g € Hy,., integration by parts gives

C7
D =8> and (gW, g2 = (8", 8" ).
Substituting, we obtain

(A(f,8), (f» )x = —cillgll}> = callg”ll7. < 0.

Similarly,

(A (f, ). (f. 9))x = —ciligll; — eallg” |7, < 0.

Since m = X, Ais closed, and A and A" are dissipative,
A generates a Cyp-semigroup of contractions on X [49, Corol-
lary 4.4].

The set D(A*) with the norm ||z||p = ||(BI — A*)z|lx, where
is any regular point of A and f is its complex conjugate, is a
Hilbert space [50, Proposition 2.10.1]. Its dual with respect to
the pivot space X is X_| = ¥ X Hl;é(O, ), where Y and Hl;é are
the dual spaces of Hp,. with respect to H* and L?, respectively.

We assume that

1
we Hloc

(0, 00), Hpe:(0, ) N L*((0, 00), L*(0, 7). (12)

The control input that we design later satisfies u €
H! ((0,0),R). Since H?;c c H?, we have 07,0 € Hl;é > H2,

loc
Since ¢ and 0} are constant in time, this implies

[8;, — 6klu € H (0, 00), Hg-(0, 7).

Therefore, f € H}OC((O, 00),X_1). By [50, Theorem 4.1.6], for
72(-,0) € leac(o’ 71) and z(-,0) € L*(0, ), there exists a unique
solution of (11) in X_; that satisfies

Z € C([0, ), X) N C'([0, 00), X_1).
Since Z = (z,z,)", this implies

7€ C([0,00), H3-(0,m)) and z € C([0, c0), L*(0, ).

3. Robust state-feedback control of the beam

Given non-negative scalars p,, p,, and vy, our objective is to
find a state-feedback control law guaranteeing that the trajecto-
ries of (8) with z(-,0) = 0 = z(-, 0) satisfy (cf. (2))

J= fo [ll2C, DI + pallza -, DIP

+ pu’(t) = VWG, DIP|dr <0 (13)

for all w satisfying (12). Such control guarantees that the L?

gain is not greater than y. Using (7), one can rewrite (13) in

terms of the original state, input, and disturbance with g, =
2

2,4
P 1
pxa],pu_puﬂza?’and’y_ry#'

Remark 3 (Performance index). Since the potential energy of
(5) due to bending is %IIZM(-J)II2 [51, p. 317], we include
llzex G, OIP in (13). The kinetic energy of (5) is %||Zt(~, DI, and
it is natural to include ||z,(-, )| in (13). To simplify the expo-
sition, we do not present this extension, which requires one to
consider multiple cases depending on the values of cy, ¢a, Px,
and p,.

3.1. Modal decomposition
The modes and natural frequencies of (8) are

on(x) = \2/msinnx, w, = n?, neN.
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Figure 1: The eigenvalues of A, given in (15) forn = 1,..., 50. Red dots —
no damping (c; = 0 = ¢3); blue dots — viscous damping (¢; = 1.4 x 1073,
¢z = 0); green dots — viscous and Kelvin—Voigt damping (¢; = 1.4 x 1073,
e =13x1073).

These are the eigenfunctions and eigenvalues of Ay defined in
(10), which form a complete orthonormal system in L?(0, 7).
Therefore,

(05w

n=1

Zn(t) = <Z(" t)’ ‘Pn>

Substituting this into (8), in view of

’ ©) ’ , (©] ’
<6 s 90n> = _()Dn(-xL) and <6 ) ()Drl> = _‘pn(xR)a
we obtain the ODE:s for the Fourier coefficients

Za(t) + 240@nZn(t) + 1za(t) = buu(?) + wu(t), neN,

where
& = (w,' + cawy)/2,
b, = n+2/m(cosnxg —cosnxy),
Wn(t) = <W(', f), ‘pn> .

The ODEs can be written as

Za(®) = AuZa(t) + Buu(t) + E,w, (), neN, (14)

where

= _ | _1 0 1 _10 _ 10
R ST )

The eigenvalues of A, are

)j, = _wn(gn +

7= D. 15)

Without damping (£, = 0), infinitely many imaginary roots
A,y = tiw, (see Fig. 1) give rise to free vibrations in (8) in
the absence of control and disturbance. Our approach does not
work in this case since it is not enough to deal only with a fi-
nite number of modes. Viscous damping (c; # 0) ensures that
Re A7 = —c;/2. Kelvin—Voigt damping (¢, # 0) improves the
stability further guaranteeing

Red, » —c0 and Red) — -1/cs.

We develop our approach for the case when ¢; # 0 # c;.

x10*

8 T T T
N=5
6 N=6 —
N=50
s N=50,u=0 4
T ot /// .
= -
O | _ _ e |
2k 4
Y ‘ . ‘ ‘ ‘
0 5 10 15 20 25 30

Figure 2: The value of Jy(f), defined in (16), for N = 5 (blue), N = 6 (green),
and N = 50 (red). The black line is Jy(¢) for N = 50 and u = 0. A controller
designed for the first 5 modes cannot guarantee (13) for the original system
because of the spillover phenomenon.

3.2. The spillover phenomenon

It is common in engineering practice to design controllers
based on a few dominating modes while ignoring the residue.
This subsection demonstrates that such an approach may suffer
from the spillover phenomenon.

Consider the Euler—Bernoulli beam (8) with

1 =14%x1073, ¢, = 1.3%x 1073, x;, = 0.91, xg = 0.97.

The choice of the parameters is explained in Section 4. Let
us try to design a controller guaranteeing (13) with p, = 0.1
and p, = 1073 by considering only 5 modes in the modal de-
composition (14). Using Proposition 1 (see Section 3.5 for de-
tails), we find y = 6.97 and the corresponding controller gain
_R—IBTP c RIXIO.

Figure 2 shows the values of

In = [[[Z [+ prwp)z20) - yPwlio)]
+put(D)]dt  (16)

for different numbers of modes, N. Proposition 1 guarantees
J5() < 0 (blue line). However, if we include one more mode
without adjusting y and the controller, then

Jo() = Js(1) + fo [0+ pwd)E () - Y*we(0)] d

becomes positive for r > 20 (green line). This happens because
the L2 gain for the additional mode with n = 6 is greater than y
and the additional integral term is positive. The red line shows
Js0(t) = Jw(t), which is the cost when all the modes are con-
sidered. Clearly, the controller designed using only 5 modes
cannot guarantee (13) for the original system.

Spillover occurs because the effect of the controller on the
truncated modes is ignored. In the remainder of the paper,
we provide a simple remedy to avoid spillover. Namely, we
show how to modify p, in (16) so that a controller guaranteeing
Jn(t) < 0 for a given N will guarantee (13) with the original p,,.

3.3. Cost decomposition
We represent (14) as
N = AN + Bu+ EwV,

Zn = ApZy + Bou + E,wy,

(17a)

n> N, (17b)



where N € N,
2 0
wy
-la =] | om i) e (2]
wN (18)
in by
O .
A:[ (C|IN+{,‘29 )] Qdelag{wl,---’(UN},

and the remaining notations are from (14). We will design an
H,, controller for (17a) with the cost, Jy, that accounts for its ef-
fect on (17b). To find this cost, we decompose the original cost
J from (13). Namely, since z(-, #) € H*(0, 7) (see Section 2.2),
Parseval’s identity gives

G, DI = > 2@,
n=1
Our key idea is to represent J from (13) as

J=Jo+ X net Ins (19)

(o9
2 2.2
s DI = " w22,
n=1

where
JO - J(‘) [Zn 1(1 +pxw3)13(t) + (pu + ZZO:N-H pn) uz(t)
- '}’2 ZnN=1 W%(I)] dt,
Jo= 57|+ paw2)2(0) = puti®(@) = y*w2(0)| di.
The control, u(?), is treated as a disturbance in (17b). Using the
bounded real lemma (Corollary 1), we will find the minimum
pn such that J,, < 0 for the zero initial conditions and any w, €

L*([0, ), R). Then, we will show that YN+l Pn < oo and
construct a controller for (17a) guaranteeing Jy < 0.

3.4. Bounded real lemma for the residue
For a given n > N, (17b) can be represented as (1) with

B = 02><19

E = [‘/LFT”Bn En] .
Note that the control input, u, is considered as a part of the

disturbance, v, since the H,, control will be designed based on
(17a). The cost in (2) coincides with J,, for

C=[\/1+pxw% 0] and D=0.

Then, the algebraic Riccati equation (4) takes the form

X=2Z;, A=A,
=[],

Poly + AT P+ Y Py [Q i, | P+ | 0 0] = 0. (20)
In Appendix A, we show that the smallest p, guaranteeing the
feasibility of (20) is

ba(l + pxwy)
4wpdr(1 =) = (1 + pxwp)y™
ba(l + pyw?)
-1+ pawi)y™?

if202 <1,
n =

if 202 > 1.

The value of p, is the L? gain from u to Z,. Corollary 1 guaran-
tees J, < O for these p,. This can be used to obtain the L? gain
of (8) without control.

Proposition 2 (L gain without control). The L? gain of the
control-free (8) subject to (9) is not greater than

2+/1 4+ py
(c1 +c)vy4d—(c1 + )2
2

Proof. Repeating the arguments of Appendix A with @, =y,
we obtain that (20) is feasible for any n € N if

Yo =

1 +pw %

2 2
Y _m when 2{ Sl, (2121)
1+ py
¥ > # when 202> 1. (21b)
a)n

The right-hand sides of (21) are decreasing in n. Moreover,
wy —4wla(l =D = wy(1 =243 2 0

implies that the bound in (21a) is not smaller than in (21b).

Since (9) guarantees 2¢ ]2 < 1, the lower bound on v is obtained

from (21a) withn = 1, i.e., with w; = 1 and {1 = (¢1 + ¢2)/2.

The feasibility of (20) implies J,, < 0. Taking N = 0and Jy =0

in (19), we obtain J < 0. O
In Appendix B, we show that

o0 M
Z Pn = Po = Z on+Cu

M bz
g = xrl = ) E] 22)
n=1 1

n=N+1 n=N-+1
where 5 )
Cy = wM+1(1 +PxWys, 1)
M+1 - +,0wa+1))’_2
1++1-2
M = max {N, —Clcz” .
Here, |-] stands for the integer part. Note that (9) implies
2cicp < 1.
As explained in Appendix B, )7, bﬁ / wﬁ = |xg — x.|. There-

fore, p.o — 0 monotonically as N — oco. That is, by considering
more modes in the control design, we reduce the L? gain of the
residue associated with the spillover.

3.5. Hy controller design without spillover

The system (17a) is in the form of (1) with x = zV, v = w",

and A, B, and E defined in (18). Taking

— | VIv+p:Q% Onsen [ Onsa
C= [ Viro:lE, O ] and D=| 2] (23
we obtain that DTC =0, R = DD = p, + pe > 0, and the left-
hand side of (2) coincides with Jy from (19). By Proposition 1,
if 0 < P e R?N¥2N gatisfies (3), then

u(t) = —(pu + peo) ™ BT PZV (1) (24)

guarantees Jy < 0. Since p, were chosen so that J, < 0, we
obtain that J < 0.
Note that (12) implies w¥ € L*(0, oo). Therefore, the solution

of the stable system (17a), (24) satisfies 7V € L?(0, ). That



is, the right-hand side of (17a) is from L?, meaning that 7V €
L*(0, ), and both zV € H'(0, c0) and u € H'(0, o). This is the
property we used in the well-posedness analysis of Section 2.2.
Summarizing, we have the following result.

Theorem 1. Consider the Euler—Bernoulli beam (8) subject to
(9) and its modal decomposition (17) with some N € N. Given
non-negative p,, p,, and vy, let p, be given by (22). If0 < P €
R*M*2N satisfies the algebraic Riccati equation (3) with A, B,
C, D, and E given in (18) and (23), then the state feedback (24)
guarantees that the L* gain of (8) is not greater than vy, that is,
(13) holds for z(-,0) = 0 = z(:,0) and any w satisfying (12).

Proof. Let M be as defined below (22). Consider
V= (ZN)TPZN + Z;o:/v.;.l Z;Pizzn

with P, defined by (A.3) for N + 1 < n < M and by (A.4) for
n > M. The series converges since

2
Py~ py [w"cz ! as

1 e n— o (25)

(we chose “+” for the right bottom element), while z(:,#) €
H%(0,7) and z,(-,t) € L*(0,n) (see Section 2.2). Let J(¢) be
J as defined in (13) but with co replaced by ¢. Calculating the
derivative along the trajectories of (17) and using the relation
Pu+ 2ne1 Pn < Pu + P = R, we obtain
V(1) + J(@) < 22V)P[AZY + Bu + Ew"]

+ (ZN)TCTCZN + Ru2 _ ,y2|WN|2

+ 23 it Zn PulAnZy + By + Eqwy]

+ Syt l(1+ prwi)zs = pat® = y*wi].

Completing the squares, we find

2z PBu + Ru* = [R2B"PZY + R2uf® — (") PBR'B"P7",

2(ZN)TPEWN _ ")/2|WN|2 — ,y—2|ETPZN|2 _ |,y—1ETPZN _ ,wa|2’
_1 1

27} Py Byt — pou* = 0, ' |BY Pozal* = |on > By PuZn — prul®,

22y PuEgwn —y'wy = ¥ E) PuZal® = Iy E) PuZy = ywal*.

(26)
In view of (3) and (20), these lead to

V(1) + J(t) < IR 2BTPZY + R2uP — |y "ET P2 — yw?

& _1 1
- Z ['anB;PnZn —Pr%u|2 + |7_1E;Pnzn - VWn|2 .
n=N+1

Substituting u from (24), we obtain
V() +J(@) <0. 27)
Integrating the above from O to ¢, we obtain
V() -V(©O0)+ J(@®) - J(O) <0.

Given that V(0) = 0 for the zero initial conditions, and J(0) = 0,
we have J(f) < —V(¢) < 0, which implies (13). ]

Remark 4 (Internal stability). The designed feedback (24)
renders (8) internally stable in the norm

llzC, O} = Nz OIF + NIz, DI

Indeed, (25) implies the existence of positive &1 and &, such
that 81||Z(',l)||§ V< 6zllz(',t)||§, and (27) implies V < 0 for
w(-, 1) = 0.

Remark 5 (Solution existence). Since A, defined in (18), is
Hurwitz, (A, B) is stabilizable. It is easy to check that (A, C) is
observable, hence detectable. As mentioned in Remark 1, this
guarantees that (3) has a solution for a large enough y. That
is, the conditions of Theorem I hold for any N € N and large
enough y.

Remark 6 (Number of modes and the L gain). When

N grows, y can only decrease. Indeed, we know that
Ine1(®) < 0 and (24) guarantees Jo(t) < 0 with Jy. () and
Jo(t) defined below (19). Taking K\,K, € R™N such that
K| K] = (0, + peo)” ' BT P, we have that

u=-[Ki 0 K, 0|z

guarantees Jo(t) = Jo(t) + Jy+1(t) < 0. Note that Jo(t) is Jo(t)
with N replaced by N + 1. By [2, Theorem 6.3.6], (3) has a
solution for the matrices defined in (18) and (23) with N re-
placed by N + 1. That is, the same 7y is achievable with N + 1
modes. When considering N + 1 modes, we are making the sum
Jo(?) + In+1(2) negative instead of each term, Jy(t) and Jy+1(2),
independently. This gives more flexibility and may reduce v, as
demonstrated in Fig. 3.

4. Numerical simulations

As an example, we consider an aluminum rectangular beam
of dimensions 1 m X 0.1 m x 0.01 m with hinged ends and a
piezoelectric actuator of length 2 cm placed at 30 ¢m from the
left edge. This system can be modeled by (5) with the parame-
ters given in the following table:

Linear density u 271kg/m
Young’s modulus E 70 x10° N/m?
Moment of inertia 1 8.3 x 1078 m*
Viscous damping ¢, 176kg/(m-s)
Structural damping e 2.05x10° kg/(m - s)
Left actuator position X 029m
Right actuator position ¥z 0.31m
The linear density is calculated as u = pA, where p =

2710 kg/m? is the density of aluminum, and A = 0.1 X 0.01 =
1073 m? is the cross-section area of the beam. The damping
coefficients, ¢, and ¢y, are taken from [52]. The value of ¢,
depends on the type of the piezoelectric patch; it does not af-
fect the performance analysis since the control can be scaled as
il" = c,ii. After the change of variables (7), we obtain (8) with

1 =14%x1073, ¢, = 1.3%x 1073, x;, = 0.91, xg = 0.97.
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Figure 3: The L? gain of the Euler-Bernoulli beam (8) for different numbers of
controlled modes N.

Our objective is to design a state-feedback control law of the
form (24) guaranteeing that the solution of (8) with z(-,0) =
0 = z(-,0) satisfies (13) with p, = 1073, p, = 0.1, and small-
est possible y > 0. To decide on how many modes to consider
in the controller design, we calculate the minimum vy for dif-
ferent numbers of controlled modes, N. Proposition 2 gives
Yo ~ 380 as the smallest L? gain without control. For each
integer N € [1,40], we found the minimum vy satisfying the
conditions of Theorem 1. The results are shown in Fig. 3. As
explained in Remark 6, the L? gain decreases when more modes
are considered. The limit value is y ~ 18. Since y does not im-
prove significantly for N > 8, we consider N = 8 modes. In
this case, y ~ 20.2 and p,, ~ 8 X 1073, which we found using
(22). To find the controller gain in (24), we solve (3) for P > 0
with A, B, C, D, and E defined in (18) and (23). Note that, for
this example, the first condition in (15) of [35] requires N > 32
and the resulting LMIs are not feasible for any y > 0.

The results of numerical simulations without and with con-
trol for the same disturbance are shown in Fig. 4. To generate
the disturbance, we calculated P > O satisfying (4) with A, E,
and C given in (18) and (23), found zfiv (#) as the solution of
(17a) with N = 30, u = 0, and zS’(O) =[1,...,1]7 € R%,
substituted w" (1) = y2ET Pz} (1) into (18), and took w(x, ) =
ZnNzl wa(D)@,(x). The value of w" was selected to maximizes
the related negative term in (26). Clearly, the proposed control
strategy attenuates the effect of the disturbance. This is also
evident from Fig. 5, which shows

llzC.Dlls = \/IIZ(-,t)II2 +pallza L DI (28)

without (black) and with (blue) control.

The value of J(f), obtained by replacing co with ¢ in (13),
is shown in Fig. 6. As guaranteed by Theorem 1, the control
ensures that J = lim,. J(#) < O for v ~ 20.2 (blue line).
Without control (black line), J(¢) becomes positive for ¢ ~ 70.
If the residue is ignored (ps = 0), a smaller y ~ 7.16 is obtained
following the steps detailed in Section 3.2. In this case, the
spillover phenomenon causes J(#) > O for r+ > 7 (red line).
This vividly demonstrates why the residue, i.e., the modes with
n > N, must not be ignored. Theorem 1 provides a simple way
of designing a controller avoiding the spillover phenomenon.

Remark 7 (N vs y with spillover). If the residue is ignored
(Ppoo = 0), then y = 6.97 for N = 5 (see Section 3.2) and
v = 7.16 for N = 8 (as explained above). That is, the L? gain

Without control

0 10 20 30 40 50 60 70 80 90
t

With control

0

0 10 20 30 40 50 60 70 80 90
t

Figure 4: Euler—Bernoulli beam without and with control. The red dashed lines
show the ends of the piezoelectric actuator.
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Figure 5: The value of ||z(-, #)||;, defined in (28), without (black) and with (blue)
control.
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Figure 6: The value of J(¢) (given by (13) with co replaced by ¢) without control
(black) and with control (blue) for y = 20.2. The red line shows the spillover
phenomenon occurring when the modes with n > 8 are ignored.



may increase when more modes are considered. This happens
because, by increasing N, one obtains a more accurate estimate
of the actual L* gain, which is larger than that obtained using
the truncated modal decomposition. If the residue is accounted
for, larger N will never lead to a larger vy (see Remark 6).

5. Conclusions

We studied the H,, control of the Euler—Bernoulli beam with
viscous and Kelvin—Voigt damping using piezoelectric actua-
tors. We showed that spillover occurs when a finite number of
modes are considered in the H,, design. Then we proposed a
simple modification of the cost guaranteeing that the controller
designed based on a finite number of modes does not lead to
spillover. Using a realistic model of the beam, we demonstrated
how to find the number of modes required to design a controller,
i.e., such that a further increase of the number of considered
modes does not improve the L? gain significantly.
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Appendix A. Solution of (20)
Let P, = [ 7} 52 ]. Then (20) is equivalent to
anp3 = 20ps + (1 + ) = 0,

P1 = 200w p2 — P33t + aypaps = 0,
anpg - 4§nwnp3 + 2P2 =0

with a,, = b2/p, + y~2. These are equivalent to

07 [} + o - a1+ pd)

p2= ,
ps=a, [2§nwn + \JAGwr = 2aapa |, A1)
P1 = 2Lywpa + P3ws — Appaps. ‘
These values are real if and only if
w! > a,(1 +p,w?) and (A.2a)
202WE 2 aypa = W= \Jwt—a,(1+p,02). (A.2b)

We took p, with “~" since 2£2 can be smaller than 1.

To minimize p,, we maximize «,. If 24’3 < 1, then (A.2b)
gives the maximum @, = 4w}2(1 - £2)/(1 + p,w?), which sat-
isfies (A.2a) since w} — @, (1 + p,w?) = wi(l =22 > 0.
Substituting this into (A.1), we obtain

P, = 28wy, [ w? {nwn] > 0. (A.3)

ay, Lown 1

If 22 > 1, then (A.2b) is true subject to (A.2a), which gives
@, = w/(1 + p,w?). Substituting this into (A.1), we obtain
Wy 24’11“’% Wy

Pn B a/_n|: Wy 2* V4§%_2:| > O.

The minimum values of p, are calculated from @, = b?/p, +y~>
with the corresponding «,,.

(A.4)

Appendix B. Upper bound on the L? gain for the residue

Forn > M, we have {, > 1/ V2. Then

bl(1+p.w})

Pn = = Wt by
T o)y

I-(w 2 +p)we?y ™ wy

—2 -2 -2 )2
17(‘”M+l +pX)(")MHy Wi

m72+ +0x b,ZT bg
M+1 - CMm_E
Note that b, /w, are the Fourier coefficients of

]’ X € [xLa-xR]’

X[stxR](x) = {

0, x¢[xz,xg]

By Parseval’s identity,

by
Tt 2 = el = log = xl.

Therefore,
M
Z Pn<Cuy Z — =Cy |XR—XL|—Z—2 ,
n=M+1 n=M+1 Wi n=1 Wy

which implies (22).



