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TAMING SINGULAR STOCHASTIC DIFFERENTIAL EQUATIONS: A NUMERICAL
METHOD

KHOA LE AND CHENGCHENG LING

ABSTRACT. We consider a generic and explicit tamed Euler—-Maruyama scheme for multidimen-
sional time-inhomogeneous stochastic differential equations with multiplicative Brownian noise.
The diffusive coefficient is uniformly elliptic, Holder continuous and weakly differentiable in the
spatial variables while the drift satisfies the strict Ladyzhenskaya—Prodi-Serrin condition, as
considered by Krylov and Rockner (2005). In the discrete scheme, the drift is tamed by replacing
it by an approximation. A strong rate of convergence of the scheme is provided in terms of the
approximation error of the drift in a suitable and possibly very weak topology. A few examples
of approximating drifts are discussed in detail. The parameters of the approximating drifts can
vary and—under suitable conditions—be fine-tuned to achieve the standard 1/2-strong conver-
gence rate with a logarithmic factor. The result is then applied to provide numerical solutions
for stochastic transport equations with singular vector fields satisfying the aforementioned
condition.

MATHEMATICS SUBJECT CLASSIFICATION (2020): Primary 60H35, 60H10; Secondary 60H50,
60190, 35B65.

Keyworbps: Singular SDEs; strong approximation; tamed Euler scheme; regularization by noise;
stochastic sewing; Zvonkin’s transformation; quantitative Khasminskii’s lemma.

1. INTRODUCTION

The aim of this article is to devise a numerical scheme and obtain its strong convergence
rate for stochastic differential equations (SDEs) with integrable drift coefficients and elliptic
regular diffusive coefficients. We consider the SDE

dXt = b(t,Xt)dt + O'(t,Xt)dBt, XO = Xo, I e [O, 1], (11)

whered > 1,b: [0,1] X RY — RY is a Borel measurable function satisfying

/01 /Rd Ib(t, x)[Pdx

and o : [0,1] X RY - R? x RY is a bounded Borel measurable function, continuous in the
spatial variables and uniformly elliptic, (B;);>¢ is a d-dimensional standard Brownian motion
defined on some complete filtered probability space (Q, 7, (%¢):>0, P) and xj is a Fy-random
variable. With < 1 in place of < 1, (1.2) is known in the fluid dynamics’ literature as the
Ladyzhenskaya-Prodi-Serrin condition.

q
2

"dt <o with g pe[200) and %+—<1, (1.2)
q
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In the seminal paper [KR05], Krylov and Rockner, building upon [Zvo74, Ver79], show that
(1.1) has a unique strong solution assuming that o is the identity matrix and b satisfies (1.2)
This result is later extended by Zhang [Zha11] (complemented by [XXZZ20])" for variable
diffusive coefficients which are weakly differentiable, uniformly elliptic, uniformly bounded
and uniformly continuous in x locally uniformly in time.

While theoretical solutions of (1.1) are well understood since [KR05], numerical analysis of
(1.1) under condition (1.2) has been an open problem. At the moment of writing, we are aware
of two publications on the topic. Jourdain and Menozzi consider in [JM21] the case o is the
identity matrix and show that the marginal density of a tamed Euler-Maruyama scheme with
truncated drifts converges at the rate 3 — % - é. Gyongy and Krylov in [GK21] recently show
that the tamed Euler-Maruyama scheme with truncated drifts converges in probability to the
exact solution, albeit without any rate. On the other hand, strong convergence rate is desirable
because it is directly associated to the computational complexity for the multilevel Monte Carlo
method ([TTY21]), whose computational cost is much lower than that of classical (single level)

Monte Carlo method ([Gil08]). For this purpose, we consider the discrete scheme defined by
ax; = bn(t,X]Z’"(t))dt + a(t,X,Z’n(t))dBt, Xy =x,, tel0,1], (1.3)
where xj is a p-random variable and b" is an approximation of the vector field b and

. : 1
kn(t) =  whenever £ <t< J
n n n

for some integer j > 0.

We note that (1.3) with the choice b" = b is the usual Euler-Maruyama scheme, which, however,
is not well-defined for a merely integrable function b even when b is replaced by b1(j5|<co). This
is because the simulation for the usual Euler-Maruyama scheme may enter a neighborhood
of a singularity of b, making the scheme unstable and uncontrollable. We thus have to tame
the vector field b, replacing it by a suitable approximation b". Henceforth, we call (1.3) a tamed
Euler-Maruyama scheme. The terminology is borrowed from [HJK12], who consider a specific
case of (1.3) to approximate SDEs with regular but super-linear drifts. The name “tamed Euler-
Maruyama” thus should be understood in a broad sense, and in particular, (1.3) also includes
the “truncated Euler-Maruyama” scheme considered in [Mao15].
Natural choices for b" are the truncated vector fields

by (x) = br(x)l(lbr(x)|<CnX||b,||Lp(JRd)), (1.4)

by (x) = by (x)1(j, (x)|<Cnx)s (1.5)
for some constants C, y > 0. Another practical choice is the regularized vector field

b;l(x) = Pi/nx * b, (x), (1.6)

where y > 0, p;(x) is the Gaussian density of variance t and * is the spatial convolution.
Alternatively, multiresolution approximations by wavelet ([Mey92]) or the truncated discrete
@-transform ([FJW91]) could be used whenever desirable.

1[Zha11, Theorem 5.1] is non-trivial whose proof is provided in [XXZZ20].
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The main results of the article, Theorems 2.2 and 2.3 below, asserts the strong convergence
of (1.3) to (1.1) with an explicit rate under some mild regularity conditions on ¢ and on the
approximating drifts b". When the approximating drifts take one of the forms (1.4)-(1.6),
Corollary 2.4 expresses the convergence rates in terms of the parameters p, g,d and y. For
the approximating drifts (1.5), a corresponding range for y is identified so that the strong
convergence rate is (1/n)'/? log n under condition (1.2). For the approximating drifts (1.4) and
(1.6), such sharp rate can be achieved under some restricted conditions on p, q.

We expect that Theorems 2.2 and 2.3 are useful in algorithm designs when the vector field b
is not explicitly available but rather arises from another analytic system which itself needs to
be numerically evaluated. Such situations appear in hydrodynamic-type equations due to their
fundamental connection with singular SDEs, see for instance, [CI08, Zha10, ZZ21] where the
SDE (1.1) is coupled with another analytic constraint on b. In such scenarios, b" does not have
an explicit form, but nevertheless, Theorems 2.2 and 2.3 could be implemented. While we leave
this problem for future investigations, herein we focus on a simpler application to stochastic
transport equations with vector fields satisfying (1.2) (see Eq. (8.1)). While theoretical solutions
for such equations have been considered in [FGP10, FF13, NO15, BEGM19], singularity of the
coefficients have prevented the study of numerical solutions by standard tools ([Cho80, Pop02]).
We propose in Theorem 8.1 an explicit numerical scheme with rate for such equations, based
upon the method of characteristics.

Literatures on convergence of Euler-Maruyama schemes for SDEs is vast and expanding, for
which we provide a brief and personalized overview. When the coefficients are continuous,
convergence rates of the Euler—-Maruyama scheme are well-studied. For Lipschitz continuous
coeflicients and non-trivial diffusive coefficients, the optimal strong rate of convergence is
1/2, as shown in [KP91, JP98]. Results on the strong rate of convergence for Holder / Dini
continuous drifts are discussed in [GR11, BHY19, MPT17] and only settled recently by Dareiotis
and Gerencsér in [DG20], who obtain the Ly(Q)-rate 1/2 — ¢, for any ¢ € (0,1/2), when
b is Dini continuous and o is the identity matrix. This result is extended in [BDG21] for
the case when b is Holder continuous and ¢ is uniformly elliptic and twice continuously
differentiable. For an in-depth overview and more complete lists of other contributions, see
[BBT04, KP92, KPS94, MT04] and the references therein. Results for discontinuous drifts are
more sparse but are attracting attention. The case of piecewise Lipschitz drifts are considered
in [LS17, LS18, MGY20]. [NS21] considers one-dimensional SDEs with additive noise and
bounded measurable drifts with a positive Sobolev-Slobodecki-regularity. [BHZ20] considers
bounded measurable drifts with a certain Gaussian-Besov-regularity. For merely bounded
measurable drifts without any regularity, the recent article [DGL21] obtains the L,(Q)-rate
1/2 — ¢, forany p > 2 and ¢ € (0,1/2), extending the results of [DG20, BDG21]. At last, we
mention the work [AGI20] who consider similar tamed Euler-Maruyama schemes for one
dimensional SDEs with distributional drifts. For comparison, our approach is different, our
results are in a multidimensional setting and allow completely generic approximating drifts

b". Furthermore, we emphasize that one dimensional SDEs are more specific, often well-posed
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even for distributional drifts, and usually require tailored techniques, [LG84, HLM17]. This list
is surely not exhaustive.

The article is organized as follows. In Section 2, we state our standing assumptions and the
main results. Section 3 contains auxiliary results which are collected and adapted from previous
works. Section 4 is pivotal and contains a case study of moment estimation for some relevant
functionals of Brownian motion. While some results in this section will not be used directly to
prove the main results, the section showcases our main estimates in a simpler setting. Sections 5
and 6 extend the moment estimates in Section 4 respectively to functionals of the solutions
of (1.3) and (1.1). The two sections contain most of the technical estimates of the paper which
build up a foundation for the proofs of the main results. In Section 7, we give the proofs of
Theorems 2.2 and 2.3, using the moment estimates from the prior sections. The application to
numerical solutions for stochastic transport equations is discussed in Section 8. Appendix A
contains maximal regularity estimates for parabolic equations with variable coefficients and
distributional forcing, which are needed but independent from the main text.

2. MAIN RESULTS

We first fix a few notation. Let p, g € [1, o] be some fixed parameters. L, (R%) and L,(Q)
denote the Lebesgue spaces respectively on R? and Q. The expectation with respect to P is
denoted by E. For each v € R, Lv,p(]Rd) = (1- A)_"/Z(LP(]Rd)) is the usual Bessel potential
space on R? equipped with the norm Hf”va(JRd) = ||(I - A)V/zf”L (ré)» Where (Il - A)I2f is
defined through Fourier’s transform. 1L v,p([0,1]) denotes the space of measurable function
f:10,1] —» Lv,p(]Rd) such that ||f||u’p( [0.1]) is finite. Here, for each s, ¢ € [0, 1] satisfying s <
we denote

1f s, s —( / AR

with obvious modification when g = co. When v = 0, we simply write ]Lg( [0,1]) instead of
]Lg p( [0, 1]). In particular, ]Lg( [0, 1]) contains Borel measurable functions f : [0,1] x RY — R

such that fol [f]Rd |f(t,x) |pdx] alp dt is finite. For each p € (0, 1), Lp(]Rd) denotes the space of
all measurable functions f on R? such that || f]| L,(Rd) = ( ./]Rd |f (x)|Pdx)'/* is finite. Note that
in this case, || - [|; ,(Rd) 1s not a norm.

For each X € {IL! ([0, 1]), Lp(]Rd) L,(Q)}, an R™-valued function f = (f%,..., f™) belongs
to X, if all components £, ..., f™ belong to X, and we put || f||x = maxi=y__n{||f*|lx}. Since we
only deal with either scalars or R%-valued functions and random variables, we conventionally
drop the dimension of the range in the notation of the spaces I vp([0,1]), Ly (RY), Lp(Q)

PutD, = {i/n:i=0,...,n}.ForeachS < T,weput A([S,T]) = {(s,t) € [S,T]?:s < t} and
Ao([S,T]) = {(s,u,t) € [S,T]® : s < u < t}. We abbreviate A = A([0,1]) and A, = Az([O, 1]).
We say that a function w : A([S,T]) — [0, ) is a control if w(s,u) + w(u,t) < w(s,t) for

every (s,u,t) € Ay([S,T]). For a d X d-matrix P, P* denotes its transpose and ||P|| denotes
4



its Hilbert—Schmidt norm. The following conditions are enforced throughout unless noted
otherwise.

Condition N. The diffusion coefficient o is a d X d-matrix-valued measurable function on
[0,1] x R? . There exists a constant K; € [1, o) such that for every s € [0,1] and x € R?
K{'T < (00%)(s,x) < KiI. (2.1)
Furthermore, the following conditions hold.
1. There are constants @ € (0,1] and K, € (0,) such that for every s € [0,1] and
x d
,y € R
|(60™)(s,x) = (007)(s,y)| < Kz|x —yl|”.

2. 0(s,-) is weakly differentiable for a.e. s € [0, 1] and there are constants py € [2, o),
qo € (2,00] and K3 € (0, c0) such that

2
p_o + % <1 and ”VO-”LZg([O:l]) < Ks.
Condition B. xo belongs to L, (L, %) and b belongs to ]LZ( [0,1]) for some p, g € [2, o) satisfy-
ing 1%+ % < 1. For each n, x{ belongs to L, (L, %) and b" belongs to ]Lg( [0,1])NLZL ([0, 1]) with
p, q as above. Furthermore, there exist finite positive constants Ky, 6 and continuous controls

{u"}, such that supn>1(||b”||]LZ([o,1]) +1"(0,1)) < Ky and

1_1
(1/n) 2 b e (o) < H"(s.0)° YE—s<1/n. (2.2)

In the above, I denotes the identity matrix. If one replaces Holder continuity by uniform
continuity, Conditions 2-B are comparable to those from [Zhal1, XXZZ20], who show strong
uniqueness for (1.1). Hence, hereafter, we assume that the solution to (1.1) exists and is strongly
unique.” Next, we define an important quantity which controls the strong convergence rate.

Definition 2.1. Let A > 0 be a fixed number which is sufficiently large. Let U = (U, ..., U%)

where for each h = 1,...,d, U" is the solution to the following equation
4
UM + Z 5(<m>-*)lfa,.2jzf’l +uM VUl = AUt -t UML) =o. (2.3)
ij=1

Let X be the solution to (1.1). For each p € [1, 00), we put

sup )/t(1+VU)[b—b”](r,X,)dr‘
0

te[0,1]

on(p) = .
n(P) 15(0)
In the above and hereafter, we omit the dependence of U on n. Equation (2.3) arises from a
Zvonkin transformation, which we postpone to Section 7 for the details. It is known that when
A is sufficiently large, equation (2.3) has a unique solution, see Lemma 7.1 below.

2Actually the results from [Zhal1, XXZZ20] are for deterministic x, € R?, however, can be easily extended to
our case by conditioning and utilizing Markov property of Brownian motion. See also Remark 2.6 below.
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Theorem 2.2. Assume that Conditions A-B hold. Let (X[')e[01] be the solution to (1.3) and
(Xt)tefo,1] be the solution to SDE (1.1). Then for any p € (1,p) N (1, %(p A po)) and anyy € (0,1),
there exists a finite constant N (Ky, Ky, K3, K4, @, po, qo, p, ¢, d, p, y) such that

a 1 -
| e IXF = Xilllr, ) < N {llxg = xollz,) + (1/n) 2 + (1/n)2 log(n) + @n(p) | . (2.4)
tef0,1

Actually, by adding an exponential weight, moments up to order p-th can be estimated, see
Proposition 7.3 below. The condition p < 2(p A po) ensures finiteness of the moments of the
exponential weight and therefore deduces (2.4) by an application of Holder inequality.

Under uniform ellipticity and Holder regularity of o, pathwise uniqueness for (1.1), p > d/a,
lim, b" = b in ]LZ( [0, 1]) and the following condition

1.1
sup(1/n)? qllbnlllgo([o’l]) < 09, (2.5)
nz1
[GK21, Theorem 2.11] recently shows that the tamed Euler-Maruyama scheme (1.3) converges
in probability to the solution of (1.1). It is evident that (2.5) implies (2.2) (with the choice

(s, t)%l = (1/n) 27 16" ll.4 (15.1]))- However, because of the interchangeability between ¢ —s and

1/nin (2.2), truncated vector fields with higher truncation levels, which yield better convergence
rates, satisfy (2.2) but not (2.5), see Corollary 2.4 below. Under Conditions -3, the above result
provides an upper bound for the moments of sup,¢[j |X;' — X;| which depends on n and @,.
When lim, b" = b in ]LZ( [0,1]) as in the setting of [GK21], one can show that lim, @, = 0 (cf.
Corollary 2.4). However, the topology of ]LZ does not provide any explicit rate. There are, of
course, many other topologies for lim, b" = b so that one can actually obtain an explicit rate.
The choice of a suitable topology depends on the approximating vector fields b". Our next main
result relates @, with the convergence of b" to b with respective to the topologies of ]Lgi (for

some p1,q; € [1,00]) and sz,p (for some v € [0, 1)).

Theorem 2.3. Assume that Conditions A-B hold.

(i) Let p1,q1 € [1, 00] be such that pil + % < 2. Then for every m > 1, there exists a constant N

depending on Ki, Ky, K3, K4, , po. qo, P1, q1, P, g, d, m such that

@, (m) < N||b - bn”]LZi([O’l])' (2.6)
(ii) Assuming furthermore that gy = % andj% + plo < 1.Letv € [0,1) be such that
3 d 2
pc2_ % _ ¢ . (2.7)
2 20 q

Then for every p € [1, p), there exists a constant N depending on K1, K,, K3, K4, @, po, p, q, d, p, v
such that

on(p) < N[lb—-b ||]sz,p([0’l]). (2.8)



1,1

<
R 1 and

(iii) Assuming furthermore that qy = o,

d 4
—+- <1 (2.9)
P q

Suppose that there exists a continuous control wy on A and a constant I’ > 0 such that
1 1
b — bHHIL?LP([S,f]) <Two(s,t)e and ||b- bn”ILZ([s,t]) < wo(s, t)9 (2.10)

for every (s,t) € A. Then for every p € [1,p), there exists a constant N depending on K1, K3, K3,
Ky, @, po, p, q, d, p such that

on(p) < NT (1+ |logT|) wo(0,1)7. (2.11)

Using Theorems 2.2 and 2.3, we can derive explicit strong convergence rates for the scheme
(1.3) when the approximating vector field b" take one of the forms (1.4)-(1.6).

Corollary 2.4. Assume that Conditions U-B holds and let p and y be as in Theorem 2.2.
(a) Let C > 0 and y € (0,1/2 — 1/q] be constants and define b" by (1.4). Let p € (1,p] be a
number such thatp% + %1 < 2. Then there exists a constant N depending on K1, K;, K3, Ky, @, po,

qo> P> ¢, d, P, ¥, p, x> C such that

I sup X7~ Xilll,pc) < N [l = g0 + (1/m) 0 + (1/m) + (1/n) log(n)|
te[0,1] (2.12)
(b) Let C > 0 and y € (0,3/2 — 2/q) be constants and define b" by (1.5). Then there exists a
constant N depending on K, Ky, K3, Ky, @, po, 9o, P> q, d, p, v, p, x, C such that (2.12) holds for
any p € (1,p A q] satisfying p (% + %I) < 2.
(c) Let y € (O,% (1 - %) ] and define b" by (1.6). Let v € (0, 1) be any number satisfying (2.7).

Assume furthermore that gy = oo and% + pio

Ks, K3, Ky, a, po, p, q. d, p, v, y, x such that
n n h4 a 1
I sup 17 = Xl p0) < N |10 = 11,00 + (1/m) X%+ (1/m) + (1/m)? log(m)|
te|0,1
(2.13)

< 1. Then there exists a constant N depending on K;,

Proof. In view of Theorem 2.2, it suffices to estimate @,(p). (a) It is obvious that ||bn||]Lg([o,1]) <
”b”ILZ([O,l])' From the inequality ||b}([; (re) < CnX||br||Lp(]Rd), we see that [|b"|| e sy <
nX”b”ILZ([s,t])‘ It follows that for every 0 < t —s < 1/n,

11 11
(1/m)2 6" ||pa ([5y) S (1/n)2 4 X”b”Lg([s,t]) S ||b||]Lg([s,t]),

q
L7 ([s.t

1-p —x(p-1 1-p
1Br(x) = b (O < 1br (Ol oy ot gay < C/n 7 VMlb o o (O1

verifying Condition B with " (s, t) = ||b|| D and 0 = 1/q. Furthermore,

7



The function (r,x) + ||b, || |b,(x)|” belongs to ]Lg /p( [0,1]) and hence,

L (Rd)
_ (p-1)
16 =b"Le, oy S w7 1bllLy o
It follows from (2.6) that @, < (1/n)X(P~V ”b”LZ([O’l])' The stated estimate is then a consequence
of (2.4).

(b) For the vector field b" defined by (1.5), we have ||b}||;_(rey < n* so that for every
0<t—-s<1/n,

1_1 1_1_ _1
(/)T " s sy S (1/m)2 75Xt =5)" 70 5 (1= 5)°

forany 6 > 0 such that 0 < min(1-1/q,3/2—2/q— y). This verifies Condition B with p" (s, t) =
t —s. On the other hand, |b — b"| < n~X(P=V|p|P so that ||b — b"|| n_X(p_l)”b”LZ([o,l])'

It follows from (2.6) that @, < n~X(P~ )Hb”]Lg([O,l])'

]L‘I/P( 0, 1]) S

(c) We have b7 (ra) S nX5||br||Lp(]Rd) and hence, for every 0 <t —s < 1/n,

1_1 1_1_.,d
(A/m) 00" ey < (/M52 Bl gyp) < Wl gon

verifying condition (2.2) with " (s, t) = ||b||? and 6 = 1/q. We also have

L ([st]
b — bn”lLZV,,, < (1/n)Xv/2||b||Lg.

Applying (2.8), we have @,(p) < (1/n)X=. O
Remark 2.5. Similar truncated vector fields to (1.5) with the values y = 1/2 and )( d/ (2p) +1/q
were considered in [JM21], in which a weak rate of convergence of order 1 3 - % — 5 was

obtained. When y > 1/2, we choose p = 2 which ensures that (1/n)**~) < (1/n)'/? and
hence, Corollary 2.4(b) yields the strong rate

a 1
%0 — xg |z, () + (1/n)2 + (1/n)2 log(n).
In other cases, one has to impose additional constraints on p, g to achieve the above rate.

Similar (but different) regularized vector fields to (1.6) was considered in [AGI20] in a different
setting.

Remark 2.6. The proof of Theorem 2.2 actually works for any adapted solution to (1.1), see
Remark 6.7 and Section 7. Consequently, Theorem 2.2 yields an alternative proof ([Zhall,
XXZ720]) of pathwise uniqueness for (1.1) under Conditions 2A-8.

The restriction on the unit time interval in Theorems 2.2 and 2.3 is of course artificial and it
is straightforward to extend the above results on arbitrary finite time intervals. In such case, the
constants in our estimates also depend on the length the time interval. The logarithmic factor
in (2.4) arises from the stochastic Davie-Gronwall lemma with critical exponents (see [FHL21]
or Lemma 3.2 herein). The explicit estimation for square moments from [DG20] suggests

that the logarithmic factor in (2.4) could be improved. Because of the role of the stochastic
8



Davie-Gronwall lemma in the study of rough/stochastic ordinary/partial differential equations
([FHL21, ABLM21, Dav07, Dav08]), it is an important problem to identify the sharpness of the
logarithmic factor. However, we do not pursue this direction herein.

Let us briefly explain our general method and strategy. Starting from (1.1) and (1.3), we
decompose the difference X; — X} into three types of differences:

e differences between functionals of b(t, X;) and b"(t, X;),
e differences between functionals of X; and functionals of X',

e differences between functionals of X;' and functionals of XIZ’ (1)

At this stage, our strategy aligns with the classical works [KP91, JP98] for SDE’s with Lipschitz
coefficients. However, in order to utilize the regularizing effect of the noise in compensation for
the lack of regularity of the drift, our treatments for these functionals are different and follow
the recent approach of [DGL21]. The differences of the first type can be easily estimated from
above by @,. For the differences of the second type, we use a Zvonkin-type transformation to
show that they depend on sup,(q 1 [Xi — X{'| in a Lipschitz sense. The differences of the last
type contain, for instance, the functional

sup
te[0,1]

t
/0 [b" (s, X,Z’n(s)) - b"(s,X])]ds|.

Because b and b" are not continuous (uniformly in n), estimation for the above functional is a
challenging problem and one has to utilize the regularizing effect from the noise, an important
observation made by Dareiotis and Gerencsér in [DG20]. For these differences, we use stochastic
sewing techniques—originated from [Lé20] and further extended in [FHL21, Lé21]—to estimate
them by a constant multiple of (1/n)%/? + (1/n)'/?log(n). From here, we obtain an integral
inequality for the moment of sup,c (g} [X: — X/'|. An application of the stochastic Gronwall
inequality yields the desired estimate in Theorem 2.2. From this analysis, one observes that
the strong rate of convergence for (1.3) is deduced from the rates of the estimations for the
differences of the first and the last types. The estimates for @, in Theorem 2.3 are obtained by
mean of Krylov estimates, Khasminskii estimates and stochastic sewing techniques, utilizing
statistical properties of the solution to (1.1).

We make a few observations comparing with previous works. Setting technicalities aside,
our proof of Theorem 2.2 follows the approach of [DGL21]; and similar to [BDG21], we also
apply stochastic sewing techniques to obtain moment estimates for the differences of the
last type. However, the works [BDG21, DGL21] crucially rely on the fact that the drifts are
either continuous or bounded, which is not available under Conditions A-AB. In particular, the
stochastic lemmas in [BDG21, DGL21] cannot be applied under Conditions 2[-B because the
resulting Holder exponents are strictly below 1/2; and even if control functions were employed,
one would end up with a regularity exponent of exactly 1/2 (cf. Propositions 4.2 and 5.12).” In
other words, the situations considered herein are at the border line and are critical to a certain
extent. To successfully adapt the method above to the current setting, to overcome criticality

3We recall that an exponent of 1/2 + ¢ is required in these stochastic sewing lemmas.
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and to remove the ¢-loss in the obtained rate, we have benefited from the recent stochastic
Davie-Gronwall lemma with critical exponents from [FHL21], the analysis for singular paths
from [BFG21] and novel usage of control functions inspired by Lyon’s theory of rough paths
[Lyo98]. To the authors’ knowledge, these tools, which are developed within rough path theory,
have not been utilized previously in stochastic numerics. Lastly, in order to verify the hypotheses
for stochastic sewing and of independent interests, we have obtained some new and improved
analytic estimates ([Kim08, XXZZ20, JM21, GK21, LM10, BHZ20]) for the probability laws of
the solutions to the discrete scheme (1.3) and to equation (1.1) (see Sections 5 and 6).

Convention. Whenever convenience, we place temporal variables into subscript right after the
function, e.g. f;(x) = f(t, x). The relation A < B means that A < CB for some finite constant
C > 0. The implicit constants C may change from one inequality to another and their values
may depend on other parameters which are clear from the context.

3. PRELIMINARIES

In the current section, we collect and enhance some relevant results which appear separately
in previous works from various authors. These results form a useful toolbox which is used in
later sections to prove our main results.

For any one-parameter process ¢t +— Y; and any two-parameter process (s,t) — Ag;, we
denote 6Ys; = Y; — Y and 0Ag,; = Agy — Asy — Ay for every s < u < t. We say that Y (resp.
A) is Lp-integrable if ||Y;||z, () (resp. [|AstllL, (@) is finite for each ¢ (resp. (s,t)); we say A is
adapted if As; is ;-measurable whenever s < t. Let v € [0, 1] and let IP|F, be the probability
measure conditioned on ¥%,. We denote by L,(|,) the space of random variables Z such that

1Z1IL, (i) == ess sup[E(IZI?|75)]'P < co.
w

The advantages of considering the conditional moment norms over the usual moment norms
are summarized in the following result, which is implicit in [DGL21, FHL21].

Lemma 3.1. Let A = (Ay)ie[o1] be a continuous adapted stochastic process and let p, N € (0, c0)
be some fixed constants. Assume that Ay = 0 and

sup  [|6As L, (ql7) < N.

0<s<t<1
Then the following statements hold.

(i) There exists a constant c(p) such that || A¢||L,q) < c(p)N for any stopping time v < 1.
(ii) For every p € (0, p), there exists a constant c(p, p) such that

| sup |AlllL;) < c(p,p)N.
te[0,1]

Proof. Let 7 be a stopping time taking finite values {¢;} C [0, 1]. By assumption, we have
E(I0A1P) = E )" 1= E(10A 1P 1F) <B )" 1(ry) NP < NP.
> 4

J
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Using the elementary inequality (a + b)? < a” + b?, we have
AL, @) S 16AlL,@ + 1Al < N.

By approximations and continuity of A, the above inequality also holds for all stopping times
7 < 1. This shows (i). Part (ii) is a consequence of part (i) and Lenglart inequality. O

The next result is a variant of the stochastic Davie-Gronwall lemma from [FHL21] and is
closely related to the stochastic sewing lemmas from [Lé20, Lé21].

Lemma 3.2 (Stochastic sewing). Let e > 0;0,S,T,Cy, Cy, C3,I1, I, > 0 be fixed numbers such
that0 < v < S < T. Let w be a deterministic control on A([S, T]) which is continuous. Let | be a
L,,-integrable adapted process indexed by A([S, T]) such that

1
1 sellnair) < Cow(s,)2%,  EsJllL 7 < Ciw(s, £)™, (3.1
1 1
16 sutllL, a7 < Tow(s, t)2 + CsLw(s, t)2* (3.2)
and
||]Es5]s,u,t||Lm(Q|‘7§,) < 1—‘1"\’(3, t)1+£ (3.3)

forevery (s,u,t) in Ay([S, T]). Then there exists a constant N = N (&, m), in particular independent
from T, T, Cy, Cy, S, T, v and w, such that for every (s, t) € A([S,T))

Wsilliorr < NIz [ (1+ [ og To)w(s,1)2 + Crw(s, 0™ + (Co + Cy)w (s, ) 7™
+ NTw(s, 1)1 (3.4)
Proof. For each (s,t) € A([S,T]), define
u=inf{r € [s,t] : w(s,r) > %w(s, t)}

and call u the w-midpoint of [s, t]. Since ¢ trivially belongs to the set defining u above, such
a point always exists and uniquely defined. If u is a w-midpoint of [s, ¢], then it follows from
continuity of w that

1 1
w(s,u) < EW(S’ t) and w(u,t) < EW(S’ t).

See [Lé21] for more detail. For convenience, we denote (s|t) for the w-midpoint of [s, t].
Let (s,t) be in A([S, T]). Define dJ(s, t) = s and d!(s, t) = t. For each integers h > 0 and
i=0,...,2" we set dfl” (s, 1) = dlh/z(s, t) if i is even and df’“ (s, t) equal to the w-midpoint of
s h . .
[d" (e 1)/2(5 t), (+1)/2(s, t)] if i is odd. Set D' (s, t) := {df’(s, t)}2, for each h > 0. It is readily
checked that for every integers h > 0 and i =0, ..., 2" — 1, we have

D" (s, t) c DM*1(s, 1), (3.5)
[dh(s, 1), d" (s, 0)] = [dFF (s, 1), dIEL (s, )] U [dHE (s, 0), dBEL (s, )], (3.6)
w(dl(s,1),dM,(s,1)) < 27"w(s,1). (3.7)
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Herein, we abbreviate || - || for || - ||, (q|#,)- The implicit constants below only depend on ¢
and m. By triangle inequality, we have

”]st” < ” Z ]u,v” + ||Js,t - Z Ju,v||~
[u,0] €D (s,t) [u,0] €D (s,t)

We estimate the first term using conditional BDG inequality ([Lé21, Section 2]), condition (3.1)
and (3.7),
1/2

I > Jwls D) MBudwll+| D) ol

[u,0]€D (s,t) [u,0] €D (s,t) [u,0]€D (s,t)
< Cr27he (s, 1)1 + Cp27hew (s, t)%“.

For the second term, we derive from (3.6) (cf. [Lé21, Lemma 3.6]) and conditional BDG inequality
that for h > 1

A Juun—nz D Suill

[u,0]€D (s,t) k=0 [yv]eDX (s,1)
h—1 h—1 1/2
< Z ||]Eu5]u,(u|v),0” + Z Z ||5]u,(u|v),z;||2
k=0 [u,0]eDk (s,t) k=0 \[u,v]eDk (s,1)

Applying (3.3), (3.2) and (3.7), we have
D b fuuieyoll $ 275 Tw(s, )
(o] €Dk, (s.t)
and

2
> MSJuuooll?| S Tew(s, )2 + 275 CaTyw (s, 1),
[u0]eDk (s,t)
Summing in k, we have
Ui D) Juoll S Tow(s, ) + Ahow(s, £)2 + CiTyw(s, 1) 2.
[u,0]€D,(s,t)

Combining the previous estimates, we have shown that for every integer h > 1 and each
(s,t) € A

sell < 2% [Clw(s, ¥ 4 Cyw(s, t)%“] +Tyw(s, £)™ + hTyw(s, £)7 + CsTyw(s, 1) 5+ |

(3.8)
IfT, > 1, we choose h = 1 while if I, < 1, we choose h such that 27" ~ T;,. In both cases, we
obtain (3.4) from (3.8). O
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Some controls which are relevant for our purpose are given below.

Example 3.3. (a) For any ¢ € L;([0,1]), g € [1,00), w(s, t) = ||¢||L )

on A([0,1]). (b) Forany v > 0, w(s,t) = s7"(t —s) is a Contmuous Control on A([S,T]) for

any 0 < S < T. (c) For any controls wi, wp and any number 6 € [0,1], w = wewz1 9 is another

control. For further examples and basic properties of controls, we refer to [FV10, Chapter 5].

is a continuous control

The following result is an excerpt from [BFG21, Lemma 2.3].

Lemma 3.4. Let (&, - ||) be a normed vector space, s_1,7;,1; € [0,1],i = 1,...,h be fixed
numbers and let Y : (0,1] — & be a function such that

1Y = Yill < D\ Cis™(t=5)" Vs <s<t<1Ls#0 (3.9)
for some constant Cy,...,Cy > 0. Assume that t; — n; > 0 for each i. Then
1Y, - Yi|| < Z(l — 21T (—5)TT Vs, <s<t<1,s#0.

Proof. Observe that (3.9) implies that Y is continuous on [s_1, 1] \ {0}. We fixs_; < s <t <1,
s # 0,and puts, = s+ (¢t —s)27" for each integer n > 0. By continuity and trlangle inequality,
we have

© h

1Y, = Ysll < Zan,,— Vol < D77 Cis, i (50 = swe)™.

n=0 i=1

Note that s, > (t — 3)2_”_1 and s, — sp41 = (t —5)27""1. Hence, from the previous estimate,
we have

h oo
1% = Yill < ) ) Gile =)z (0,
i=1 n=0
Because Y., 2~ (M=) < (1 — 2777) 7! for each i, this yields the stated estimate. o

The following is the Khasminskii’s lemma® enhanced with some quantitative estimates.

Lemma 3.5 (Quantitative Khasminskii’s lemma). Let S, T be such that 0 < S < T and let
{B(t)}1c15.17 be a nonnegative measurable (F;)-adapted process. Assume that forallS <s <t <T,

[ B(rdr

where (s, t) — p(s, t) is a nonrandom function on A([S, T]) satisfying the following conditions:
() p(t1, t2) < p(ts, tg) if (t1,t2) C (23, 14),

“This result goes back at least to the paper [Kha59] of Khasminskii, although in a less general form and with a
smallness condition, then rediscovered without the smallness condition by Portenko [Por75], who considered (iii)
with w(s,t) =t —s. The general version here is based on [Por90]. For a bit of history, see [AS82, pg. 214].
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(ii) limpjo SUPs<s <y |i—sj<h P(S: 1) = K, K > 0.

Then for any real A < k™1, (ifk = 0, then k! = o), and any integer m > 1

Eexp (/1 / ' ﬁ(r)dr) <o and / ! B(r)dr
S S

Suppose additionally that there exist y > 0 and a continuous control w on A([S, T]) such that
(iii) p(s,t) < w(s,t)? for each (s, t) € A([S,T)).
Then for every A > 0,

T
]Eexp (/1/ ﬂ(f")d?") < 21+(2/1)1/YW(S,T).
S

Proof. The former statement is an excerpt from [Por90, pg. 1 Lemma 1.1.], which gives the
following estimate

T n
E exp (/1 /S ﬁ(r)dr) <[ [ =2p(ten )™ (3.11)
k=1

< (ml)mp(S,T).
Ln(Q)

In the above, S =ty < t; < ... < t, = T are chosen so that

sup Ap(te-1,t) < 1.
k=1,...n

To obtain the estimate in L, (Q)-norm, we apply Tonelli theorem and the assumption to see

that
T m
]E(/S ﬂ(r)dr) = m”E</S<r1<...<rm<T B(ry) ... B(rm)dry ...dry,
< m!p(0, T)]E/ B(r1) ... (rm—1)dry...drm—1.

S<ri<..<rpm-1<T

Iterating the above inequality, we obtain the stated estimate for || fST B(r)drllr,, ).
Under the additional condition (iii), we can choose to = S and for each k > 1,
t = sup{t € [tx_1, T : Aw(tr—y, tx)¥ < 1/2}.

With this choice, we have Aw(#x_1, tx)" = 1/2fork =1,...,n— 1 and Aw(t,-1,t,)" < 1/2. By
definition of controls, we have

n

( )L)l < Zw(tk—l’ tk) < W(S7 T)a
207 k=1

which yields n < 1+ (21)Yw(S, T). Hence, from (3.11), we have

T
Eexp (/1 / ﬁ(r)dr) < 2n < 2@V,
S

n—1

completing the proof. O
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Remark 3.6. In the setting of Lemma 3.5, if for each (s,t) € A([S,T]), p(s,t) < wi(s, )" +
wy (s, t)¥? for some continuous controls wy, w, and some constants 0 < y; < y2. Then we have

T
E exp (/1/ ﬂ(r)dr) < 2N (wi(SD+wa(STY2M) (3.12)
S

Indeed, the function w = w; + w?/yl is a control (see [FV10, Excersice 1.10]) and we have

p(s,t) < 2w(s, t)". Then Lemma 3.5(iii) implies (3.12).

Remark 3.7. In Lemma 3.5, we can assume without loss of generality that y < 1—for otherwise,
condition (3.10) implies the trivial identification = 0. Furthermore, Lemma 3.5(iii) implies

that for every ¥ > 0 and every p € (0, ﬁ/), with %y = oo if y = 1, we have

Eexp ( ( / ' ﬁ(r)dr)p) <.

This follows from the same argument used in Lemma 7.4 below.
The next result is a kind of stochastic Gronwall inequality, which is of independent interest.

Lemma 3.8 (Stochastic Gronwall inequality). Let &, V; be nonnegative nondecreasing processes,
let A; be a continuous nondecreasing F;-adapted process with Ay = 0, and let M; be F;-local
martingale with My = 0. Suppose that there exists a constant 0 € (0, o) such that with probability
one,

¢ 0
& < (/ §§/9dAs) + M, +V,, Vt>o0. (3.13)
0
Then for any bounded stopping time t, we have
E2 2", < BV, when 0<1 (3.14)
and
E2 ¢, <EV, when 0> 1. (3.15)

Proof. We put G = M +V and consider two cases.
Case 1: when 0 < 1. Define

¢ )
& = (/ gsl/edAs) +G; sothat 0<§& <4é&.
0

We assume first that M is a uniformly integrable martingale. For any t > s > 0, we have

t 0 s 7]
5§s,t:( / é,l/edAr) —( / 53/9dA,) +8Gs.
0 0

We use the inequality a® — b? < (a — b)? (valid for any a > b > 0) to obtain from the previous
identity that

¢ 0
5§s,t<( / g,l/@dA,) +8Gs,. (3.16)
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Define t;, = 0 and for each integer j > 1, the stopping time
t=inf{t >ty + A — Ay > 270,
Let j > 1 be fixed. For every t € [tj_y, t;], we derive from (3.16) that
_ 1 1.
88 1t < Efft +6Gy_p < Egt +6Gy_4
which yields
& <28, +25G;, 4.

By iteration and the fact that fo = Vp, we have

J
& <2MVo+ ) 278G, une VE € [t 1], (3.17)
i=1

Next, let 7 be a bounded stopping time and let N be an (random) integer such that tx > 7.
We have

Jj=1

N N
—2104, 7 _ll64_; (i =
2 ? AT§T = Z l[tj_l,tj)(T)Z 2 Argr < Z l[tj_l’tj)(’l')z U 1)‘§T'
j=1 i

Using (3.17), we have

N J
_o1/0a = »
27 Afsrr <2 Z 1[tj_1,tj)(7) (Vo + Z 2! 15Gti_1,mt,»)

=1 i=1
N N
— oV, +2 Z Z 111,000 (D2176Gy,ons
i1 Jj=i
N
=2W+2 Z 1[ti,l,tN)(7)21_15Gti_1,r/\t,»,
i=1

which is rewritten as

_51/6 _ >0 . s .
2 2 AT§T < 2V0 + 2 Z l[ti_l,OO)(T)zl lCSVT/\tifl,T/\tl‘ + 2 Z l[ti_l,OO) (T)zl l5MT/\ti,1,T/\ti'
i=1 i=1
(3.18)
By martingale property,boundedness of 7 and uniform integrability, E|SM;ar, , rar,| < E[Mea, |+
E|M;ns;| < 2sup,, E[M;| < co. Hence, by Fubini theorem and martingale property,

E Z 1[t,»_1,oo)(T)Zl_i5Mr/\t,«_l,r/\ti = ]EZ 1[t,-_1,oo)(T)zl_i]E(aMT/\ti_l,r/\ti|Tz'/\ti_1) = 0.
i=1 i=1
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Taking expectation in (3.18) gives

]E2_21/6AT§;T < ]E

2V() +2 Z 1[ti1,oo)(T)21_i5VT/\ti1,T/\ti)

i=1

N
2V0 +2 Z 5VT/\l'i_1,T/\ti

i=1

<E = EV,.

In the general case when M is a local martingale, let {7, } be a sequence of increasing stopping
times such that lim, 7, = oo a.s. and for each n, M, ,. is a uniformly integrable martingale. For
a bounded stopping time 7, the previous case implies that

—2Y0Acpe, £
E2 g, < EViag,.

Sending n — oo yields (3.14).
Case 2: when 0 > 1. Using Holder inequality and integration by parts

794 < EdA| A%t = EdAO — DA% 2dA + | A% lEdA.
([ < ([ [ [ s

By monotonicity, /Os EdA < &A so that

t s t
/ / EdA(O — 1)A%2dA, < / £(0 —1)A%1dA,.
0 0 0

Hence, we have

t 0 t t
( / gl/"dA) < / £0ATdA, = / £,dAY.
0 0 0

Together with (3.13), we have
t
& < / EdAY + M, +V;, Vit > 0.
0

Using the result from the previous case, we obtain (3.15). O

Remark 3.9. Stochastic Gronwall inequality is useful in applications to obtain moment estimates
for solutions to SDEs. Starting from [Sch13], there have been several extensions, for instance
[HHM21, HJ20, Mak20]. The hypothesis of Lemma 3.8 is similar to that of [Mak20]. However,
we emphasize that estimates (3.14) and (3.15) hold for any 0 € (0, o) and do not depend on the
quadratic variation of the martingale part.

Lemma 3.10. Lete > 0,s € D,, andr > s. Then

/r(r — kn(0))717%d0 < N.[min(r —s,1/n)] ¢ + 1(r¢p,) (r = kn(r)) ™5, (3.19)

/r(r — kn(0))7'd0 < log(n(ky(r) —s)) +2, (3.20)
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.
/ (r — kn(0))"1%¢d0 < N.(r — s)%. (3.21)
Proof. If r —s < 1/n, we have

/r(r — kn(0)) 140 = /r(r —5)7Fdg = (r —5)7".

We now assume that r —s > 1/n. If r € D,, then

[ o=kydo < um Y 7 = Ny
N j=1
If r ¢ D,, then we have r > k,(r) and

r kn(r) r
/ (r = kn(8))7d6 = / (r = kn(6))7'7*d0 + / (r = kn(6)) ' 5d0
S s k

n(r)
SN/ + (r—ku(r) ™"
This shows (3.19).
When ¢ = 0, we argue analogously. The only notable difference is the following estimate
kn () n(kn(r)-s)
/ (r— kn(Q))_ldQ < Z j_1 < log(n(ky(r) —s)) + 1.

j=1
This shows (3.20).
Since r — k,(0) > r — 0, estimate (3.21) is obvious. O

Lemma 3.11. Let K > 0 be a constant and let 3, 3 be symmetric invertible matrices such that
K1 < 257! < KI. Then for all x € RY, one has the bound

Ips(x) = ps(0)] < NI =357 (/o (x) + o)) (322)
where N is a constant depending only on d, K.
Proof. See [DGL21, Proposition 2.7]. ]

4. REGULARIZING PROPERTIES OF BROWNIAN PATHS—A CASE STUDY

We obtain various moment estimates for the following functionals of Brownian paths

/[f(r,Br)—f(r,Bkn(,))]dr and /g(r,Br)dr

where f, g are measurable functions in ]Lg( [0, 1]). In typical applications herein, we take f = b"
and g = b — b". Hence, f usually has an additional property of being in ILL ([0, 1]). To extract a
rate from b — b", one has to measure g with respect to a norm which is weaker than that of ]Lg.
For this purpose, we usually measure g in ]sz,p( [0,1]) for some v € [0,1] or in ]Lgi ([0, 1]) for

some q; < q and some p; < p.
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In later sections, analogous functionals of the solutions to (1.1) and (1.3) will play a central
role in the proofs of Theorems 2.2 and 2.3. While not being applied directly in proving the
main results, the analysis in the current section are relatively simpler, mostly due to the fact
that statistical properties of Brownian motion are well-understood. In addition, some of the
arguments generalizes directly when B is replaced by another stochastic process which has
similar analytic estimates. Therefore, we present these results at an early stage in the hope
of easing out the technicalities and outlining our method. Readers who are familiar with the
stochastic sewing techniques, of course, may go directly to the following sections.

Let pi(x) := (27rt)_d/2e_|x|2/(2t) and P f(x) = py—s * f(x).

Lemma 4.1. Letp € [1,00],5 € (0,1), for0 < s < t, there exists N = N(d, p,5) > 0 such that
forany f € L,(R?) and0 < s < t,

_d
I (B, < Nt fllL, wre) (4.1)
» »

and
1Posf = PosfllL,rey < Nlt = S|§|S|_5||f||Lp(1Rd)~ (4.2)
Proof. Inequality (4.1) is taken from [DGL21, Lemma 2.5]. We only show (4.2). First
192Pefls ety <Vl e 1l ety S £ 1 -
Then for § € (0,1), we have

t t
IPocf = Pouflli, o < | 1032l o = [ 10Rs Fli, ey
S S

< /st r_1+5r_5dr”f”Lp(]Rd) < st - 3)5||f||LP(]Rd)’
completing the proof. O
While not being used directly, the following result is pivotal.
Proposition 4.2. Let f € Lf,([o, 1]), with p,q € [2,00) satisfying % + 62] < 1. Then for all

2/n < ST <1andn € N one has the bounds

T
I (B = £ Bl o
1 _d 1.1 _d -2
< N(1/m)t log(ml|flly sy [S7#IT = S175 + 57717~ 55| (43)

and

T ! 1_1_d
|| /S (f(rBr) = F(r, By ))drlly (@) < N(1/m) log(ml| fll s gsm) |7 — 1755,

(4.4)
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Proof. (4.4) is a direct consequence of (4.3) and Lemma 3.4. We show (4.3) below. Let 2/n <

T < 1 be fixed. By linearity, we can assume that ”f“]Lf,([S,T]) =1.ForS<s<t<T,let

A”:E/Yﬂmm—ﬂMMWMn

We treat two cases t < ky(s) + % and t > k,(s) + % separately as following.
Case 1. For t € (s,k,(s) + %], by triangle inequality and (4.1) we have

t
|Astllz, (@) < / f (r, B, @) + 1 (7, By () I, (@) dr
S

t _d
s/hmmwwhmw

S<

Note that k,(r) > k,(s) > s/2, applying Holder inequality and the fact that t — s < 2/n, we

have
t _d _d -1
[ R 1y < 5F W gy - 9"

< (1/n)275 | £ (t—s)
S U/n)s fJLg([s,t]) $

[NIE
=

This gives

1 _d
Mselliy @ < (1/mEs [l (2~ 9
Case 2. When t € (k,(s) + %, 1], by triangle inequality,

1
q.

o=

kn(s)+2
Mmmm</ IEL(F(r, Br) = £(r, By I,
S

t
o[ NGB = £ Bl = 1+ e

n(s)+;

For I, from (4.5) we know that

[T
Q=

1 _d 2
hs(ﬂ@mzwﬂmﬂwp@A@—s+ﬂ
Because k,(s) — s + % <t —s, we get
1 _d
I S (1/n)2s 2 ||f||Lg([s,t])(t -s)

By (4.1) and (4.2) we have for I,

t
QSA 1Poy F(7, B) — Pago o f (s Bo)ll

n(s)"’%

! _d
< /k s @ N\Psrf(r,2) = Pogu(n f (r )L, (raydr

n(s)+2

1_1
2 q
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t —d _1 -1
< /k SN (ka(r) = $) 2L )l ey dr

n(s)+2
1 _d
S (1/m)2s 7 fllpg goa (£ = 9)

Combining these two cases together we obtain that for S < s <t < T,

oI

1
q.

1 _d 1_1
1Asellz, @) < (1/m)2s 2 (| flla sy (2 = )7 (4.6)

Furthermore, for u € (s, t), we have E;0A;,; = 0. Let w be the continuous control defined by

_d 1_112 _d 1-1
w(s, 1) = [s P g oy =927 | +5 2N fllug o (=) 7

(See Example 3.3 for a justification that w is a control.) Denote

t
A= [ 0B = B L= 87 = A
0

Using similar estimates leading to (4.5), we have

_d _1
sl Ss % ||f||]Lg([s,t])(t — )71 S w(s,b).
Furthermore, 6 J;,,; = —0A;,+ and we derive from (4.6) that
1 1
||5]s,u,t”Lp(Q) < (1/n) ZW(S’ t) z.
It is obvious that E, J;; = 0 and hence E6J;,; = 0. Applying Lemma 3.2, we have
1 1
dll o < (1/m)F log(n) |wis, )} +w(s.1)|
for every S < s < t < T. By triangle inequality and (4.6), this implies that
1 1
18Rl < (1) log(n) [wis, 0 +w(s, )]
_d _2
Because ||f||Lg([s’tD < ||f||]Lg([5’T]) =1andt—s < 1, we have w(s, t) < 2s 7 (¢t —s)' 7. Hence,
we deduce (4.3) from the above estimate. O
In the following result, the L,(Q)-norm in (4.4) is improved to L, (Q|¥)-norm.
Proposition 4.3. Let f € ILZ([O, 1]), with p, q € [2, ) satisfying % +§ <1.Letv e [0,1—2/n]

be a fixed number. Then forallv+2/n < S < T < 1 and all n, one has the bound

T ! 1.1 d
! /S [F(r.B) = F(r: By dr sy iy < N(1/m)E log()|flls s lT — ST 7575,
(4.7)

where N = N(p,d) is a constant.
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Proof. We follow the argument used in Proposition 4.2, replacing the L,(€)-norm by the
L,(Q|F,)-norm. The estimate (4.1) used therein (whose purpose is to deduce the analytic

L, (R%)-norm from the probabilistic L,(Q)-norm) is replaced by the following estimate

_d
lg(Bo)llz, 17 < N(t=0) % ligll,rey Vg € Ly(R), 1 >0, (4.8)

with the same constant N as in (4.1). This yields the following estimate, which corresponds to
(4.3),

T
! /S LF(r. B,)  F(r. Byo)ldrlL, oty
1 _d 1.1 _d _2
< N(1/n): log(n)||f||lz([5,ﬂ) (S—0v) %|T—S8|2"a+(S—0) T -S8|" Q] . (49
Applying Lemma 3.4, we obtain (4.7). O

An advantage of the conditional norms over the usual ones is realized the next result.

Proposition 4.4. Let f be a Borel function in ]Lg([O, 1) nILL ([0, q]) for some p,q € [2, )
satisfying % + %I <1.

We put u(f) = sup,ep, IflLe ([r.r+1/n))- Then for any p € (0,p), there exists a constant
N =N(d, p,q,p) such that

t

| sup | [ [f(r.B;) = f(r,Be,r)]drlliL; (o)

te[o,1] J0

< N1/ () + (1/m) Tog(mI|fllg oy |-

Proof. Put A; = /Ot(f(r, B,) — f(r, Bk,(r)))dr which has continuous sample paths by (4.11). In
view of Lemma 3.1, it suffices to show that there exists a constant N = N(d, p, q) such that

1871, o) < N [ (/) 78Ba(F) + (1/m) logm fll oy (4.10)

for every (s,t) € A.
Indeed, by assumption and Hoélder inequality, we have

t _1
0A] < 2 / 1l cgardr S 1l o (£ =)' (4.11)
S

for every (s,t) € A. For every (s,t) € A satisfying t — s > 2/n, we obtain from (4.11) and (4.7)
that

16 AL, (Qi7) < 16Asse2/mllL, im) + 10 A2/ ellL, (Qi7)

_1 1
< (1/m)' I (fs,5a2ymp) + (1/0)2 10g(n)||f||Lg([o,1])-
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Note that [|f]lpa ([sss2/n) S Pn(f)- For every (s, 1) € A satisfying t — s < 2/n, (4.11) trivially
implies that

_1 _1
16A 1, i < (1/m) ' H 1l (gosaampy < (/M) 75 BalF).
Hence, in both cases, we have obtained (4.10). O
Next, we turn to the functional fs ‘ g(r,B,)dr.

Lemma 4.5. Let g be a function in ]Lg([O, 1]) for some p,q € [1, 0] satisfying% + % < 2. Then
for every m > 1, there exists a constant N = N(m, d, p, q) such that for every (s, t) € A,

t _d_1
I [ 0B )drly o) < Nlglyggy ¢ 97
N

Proof. We can assume that g is nonnegative. Using standard estimate for the heat kernel and
Holder inequality, we have for every (s, t) € A that

t t t 4
E, / 9(r, B)dr = / Poyg(r, Bo)dr / (r =) llgell (o) dr
N N N

1-4_1
< ||9||]Lg([s,t])(t—3) oa.

Applying Lemma 3.5, we obtain the stated estimate for every integer m > 1. This and the
Holder interpolation inequality implies the estimate for any real m > 1. ]

Proposition 4.6. Let p € [2,00) and q € [2,0]. Let ' be a positive number, wy be a continuous
control on A and g be a function in ]Lg( [0, 1]) such that for any (s, t) € A,

1 1
||g||]Lzl,p([s’t]) < FWO(S, t)q and ”gH]LZ([s,t]) < W()(S, t)‘Z.

(a) Then forevery0 < v <S<T <1

T 1
! /S 9(r. B)dr L, e < Nwo(S, T)IT(1+ | log(D)])

1_1

% |(S=0) (T =8) 1+ (S—0) " (T=5)""7|. (412
(b) If furthermore p, q satisfy % + % < 1, then for any p € (0,p), there exists a constant N =
N(d, p,q, p) such that

t

| sup | [ g(r,B)drlllL;@ < NT(1+[log(I)[)wo(0,1).
te[o,1] JO

Proof. (a) Let 0, S, T be fixed such that 0 < v < § < T < 1. We can assume without loss of
generality that wo(S, T) = 1. For each (s,t) € A([S,T]), let

t t
As,t = ]Es / g(r: Br)dr = / Ps,rg(r; Bs)dr
s s
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and
t
]s,t:/ g(rsBr)dr_As,t-

In the above, we can interchange the conditional expectation and the integration due to Fubini
theorem and Lemma 4.5. Define the continuous control w on A([S, T]) by

_d 1.1 172 _d 1-1 1
w(s, t) = [(s —0) #(t—s5)2 Twy(s, t)fl] +(s—0) 2(t—s) awy(s,t)q.
Applying Minkowski inequality, (4.1) and Holder inequality, we have
t t 4
el <2 [ 90 B lorrodr < [ =y g0l
N N

_d _1
S(s—v) » ||9||]LZ([s,t])(t — )70 S w(s,b).

Furthermore, E;J;; = 0, showing that (3.1) is satisfied.
On the other hand, we have

t
1Asllz, (217) </ 1Psrg(r, Bo)llL, o1, dr
S , W
g/ (s—0) 2P||Ps,r9(r,')||Lp(Rd)dr
N

t _d _1
< / (s =0) % (r =) Fllg(r )y, raydr
S

_d ;-1
S (=) (t=9)lgllr, (o

Combining with our assumption on g leads to [|As;[[, (@) < Tw(s, t)1/2. Since 8 Jyu; = —0Asus,
this implies that J satisfies (3.2). The condition (3.3) is trivial because E,J;; = 0. Applying
Lemma 3.2, we have for every (s,t) € A([S,T)),

1
IJsellr, 17 € T(1+[logFw(s, t)2 +Tw(s, 1)
and by triangle inequality,

t
| / g(r, Br)dr”Lp(Q) ST(1+|log)w(s, t)% +Tw(s, t).
S

Because wy(s,t) < 1andt —s < 1, we have w(s, t) < 2(s — v)_%(t - s)l_é. Hence, we deduce
(4.12) from the above estimate by taking (s, t) = (S, T).
(b) Applying Lemma 3.4 and part (a), we have
t
! / 9(r, By)drl1, oty < T(1+ [log(T)ywo(0, 1)
S
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for every v < s <t < 1. In view of Lemma 4.5 and Kolmogorov continuity theorem, it is easy

to see that the process t — fot g(r, B,)dr has a continuous version. Hence, the above inequality
holds for every 0 < v =s < t < 1. Applying Lemma 3.1, we obtain the result. O

Proposition 4.7. Letv € [0,1), p € [2,00) and q € [2, o], ¢ > +2 gtV < 2. Let g be a function

in ]LZ([O, 1) n ]L(fv,p([o, 1]) Then for any p € (0, p), there exists a constant N = N(v,d, p, q, p)

such that
t

| sup | g(r, Br)dr|||Lp(Q) < N||9||]sz’p([o,1])-
te[o,1] JO

Proof. In view of Lemma 3.1, it suffices to show that
t

sup || g(”,Br)d’"”Lp(QW-;) < ||9||]L‘jvp([0,1])- (4.13)
(s,t)eA s ”

The proof is similar to that of Proposition 4.6, however, the control can be chosen in a simpler
way. Let v € [0, 1] be fixed but arbitrary. For each (s,t) € A, s > v, define

t t
Agy = ]Es/ g(r,By)dr = / P ,g(r, B,)dr.
S N

and J;; = fstg(r, B,)dr—As;. As in the proof of Proposition 4.6, we have foreveryv < s < u < t,
E6A;yu: = 0and
_d _v_1
||]s,t||LP(Q|7—;) + ||As,t||Lp(Q|7-‘v) S(s—o) (- 5)1 2 q||9||]ljv’p([s,t])-

Let w be the control on A((v, 1]) defined by

4 1/(1-v/2)
w(s,t) = |(s—o) % (t—s)'" g "||9||1L 7, p([st]) .

The previous estimate yields || Jsllz,qi7) + 1At r) S wis, £)1="/2_ 1t is evident that
E;Js: = 0. Noting that 1 — v/2 > 1/2 and applying Lemma 3.2

stllz, o) S wis, )2

By triangle inequality and the previous estimate for [|As||L,(q|7,). we have for every (s, t) € A,
s >0,

t v _4d _v_1
|| / 9(r. B)drllLy iz < w(s. ' F 5 (s=0) 5 (6 =97 gl o,
S

An application of Lemma 3.4 gives

t
I/ otrBdrloimy < lolhggony

for every (s,t) € A, s > v. In view of Lemma 4.5 and Kolmogorov continuity theorem, the
process t — fot g(r, B;)dr has a continuous version. For this version, we see that the previous

estimate holds for every (s,t) € A and v = s, which shows (4.13). O
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5. ANALYSIS OF THE DISCRETE PATHS
We extend the results of Section 4 to functionals of the solution to the discrete scheme (1.3).

Theorem 5.1. Assume that Conditions 21 and ‘B hold. Let X" be the solution to (1.3) and let f €

LL([0, 1) NLL([0, 11) andg € LY ([0, 1) ALZ([0, 11). Define fu(f) = supyep, IF I (essm
Then for any p € (0, p), there exists a constant N = N(d, p, q, p) such that

t

sup | [ g XPLF(nXP) = F(r. XL ,))dr]

< N llglhzcgonn + lglles qgou |
te[0,1] 4O P

Ly (Q)
x| )+ 1l gy + (1) oI gpony |- 5

The rest of the current section is devoted for the proof of Theorem 5.1. We follow the idea
described in Section 4. First we derive some analytic estimates on the transition operators
associated the discrete Euler-Maruyama scheme without drift. These estimates are similar
to the ones in Lemma 4.1. By means of the stochastic sewing techniques (Lemma 3.2) and
Girsanov theorem, these analytic estimates are utilized to obtain the desired moment bound.
In what follows, we carry out this program in more detail. Conditions 2[1 and B are enforced
throughout the current section unless indicated otherwise.

5.1. Analytic estimates. For each s € D, and x € RY, let X"(s,x) be the solution to the
following Euler-Maruyama scheme

t
X! =x +/ O'(r,)_(]?n(r))dBr, t>s. (5.2)
S

For each t > s and bounded measurable function f, we define the function Qf, f by

Q. f(x) = Ef (X['(s,x)).

Let
t
T:f (y) = Ef (y + / a(r, y)dBr) , (53)
N
and let the operator T;; be conjugate to T, in L,-sense, which can be computed explicitly
Tof () = [ s (y=x)dy when s < 64

and T f (x) = f(x), where Zi{t = %/St a’dr, a, = o,0r. Whenever s < t, the function T, f (x)
is infinitely differentiable and satisfies
O Tiuf (x) = =02, Tislad f1(x).
We also define for every r < ¢
r
= [ oG,
k

n(r)
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and
d

H\f() = ) B[l (1) (88, T f) (x + 10(0)) = (@2, Tealal FD Gx + 10(0)) |

ij=1
The function 7 also depends on n, however, we omit this dependence in the notation. By direct
computations (see also [GK96, p.153] or [GK21, p.11]), we have

Hf 0 = [ K Gfdy

where
d P .
K;Zt (xa y) = Z [a;‘j (x) - a;”J (y)]aiszan(,),r(xHZ,,t(y) (y - x)
ij=1
= 271 () = N (At (09)2) (s (2902 = AL, 09 sy o200 )|,
ij=1 T
and

Art(x,) = (S, (0) + () 7

The relation between Q" and T, H" is described in Lemma 5.4, which is a kind of Duhamel
formula. It is, however, convenient to obtain first analytic estimates for H” and T. We make
use of the following result, inspired by [GK96, Lemma 4.1]°

Lemma 5.2. Let A, f,¢ > 0, a € [0,1] be fixed numbers, let a; be a symmetric d X d matrix and
let a(x), a(x) be d x d matrix-valued functions. Assume that for each x, a(x), a(x) are symmetric,
A7 < a(x)+ay, a(x)+ay < ACI, wherel is thedxd unit matrix, andsupy lla(y)—a(y)|| < e. Let
g(x) be a real function such that |g(x) — g(y)| < Alx —y|* for all x,y. Let ¢ and n be independent
d-dimensional Gaussian vectors with zero means. Assume that & has distribution N'(0,I) and
has distribution N (0, y/a1). Define an operator T* by the formula T* f (y) = Ef (y + v/a(y)¢) and
let T be the conjugate for T* in Ly-sense. Let 1 < i, j < d be fixed and define

H(x) = E |g(x) (&%, Tf) (x +n) = (&, TIgf ) (x + )] -

Define T*, T and H(x) analogously with a replacing a. Then for any p € [1, o] and bounded Borel
I

a

d a_
sup [H(x)| < NIIflly, e 2" %, IHIl, ®e) < NIl ®e 27 (5.5)
xeR4
_ a_o_d - a_
|H(x) - Hx)| < NIIfllp,®aye€? % and ||H=Hllp gy < NIIfllp, aet?
(5.6)

>[GK21] recently corrected [GK96, Lemma 4.1]. Our assumptions and conclusions are different from both
works.
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where the constant N depends only on A, d, p, a.
Proof. By direct computations (see also [GK96, p.153] or [GK21, p.11]), we have

H = [ 1909 =9I A AW - 4T lpuyea )], d

where A(y) = (a(y) +a;)~!. A similar formula for H(x) is valid with A(y) = (a(y) + a;)"!. By
ellipticity of a(y) + a; and Holder continuity of g, we have

HOI s [ b=yl (ly =t +0) pucy = x)dy

Setting q = p%l and applying Hoélder inequality, we get

1
q a_q_d
IH@O! S 1 f 1l re) (/R Y19 (€2 y[* + €7 ) paae(m)idy| < Nl e ®

This shows the first estimate in (5.5). The second estimate in (5.5) is obtained by a similar
argument, using instead the Minkowski inequality.

It is evident that [|A(y)]|, ||A(y)|| < ¢! uniformly in y. For two invertible matrices C, D,
we have C"! — D! = C"1(D - C)D7! so that ||C"! — D7!|| < ||ICYID7Y|||ID - CJ|. Thus
1A(y) = AWl < AW IAW) la(y) — a(y)|| < 7% and similarly

I(A(y)2)'(A(y) (y — %)) = (Ay)2) (Ay) (y = x))|| < |26 .

Using our assumptions, it is straightforward to verify that K™'I < (a(y)+a;)(a(y)+a;)™' < KI
and ||I — (a(y) + a;)(a(y) + a;)7!|| < K¢~ 'e for some constant K > 0. Hence, from (3.22), we
have

Pay)+ar (2) = Pay)rar (2| S €7 € (Placy)+ar)/2(2) + Platy)+ar) 2(2))
S lepp(2),

where we have used the fact that A7t < a(y) + a;, a(y) + a; < At. It follows that

AG) ~HE| s ¢ [ 1F@lly =17 (=5 + ) paely =)y,

From here, we apply Holder inequality and Minkowski inequality as previously to obtain
(5.6). O

Lemma 5.3. Let p1, p, € [1,00] be such that p; < p; and let f be a function in Lpl(]Rd). For
everyr <t < 1, we have

d _d
”Tr,tf”LpZ(]Rd) SN(t—r)w ||J(||Lp1 (RY) (5.7)
and
a_q4d _ d
Vs, ey < NCE = kn ) S35 £l gy (58)

where the constant N depends only on d, p, p2, K1, Ks.
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Proof. By uniform ellipticity, there exists a constant A > 0 such that for every x,y € R¢,

r

At = ku(r)) < [ ap(y)do + /k',,(r) ag(x)d0 < A(t — kp(r)). (5.9)

From here, we can derive (5.7) using standard Gaussian estimates.
Applying (5.5), we have

a_q_.d_
IHE ey S (= k() E TS

and
1Hy fllz, vy S (8= Ka(r) EH N, rey-

From the above estimates and the Holder interpolation inequality

P -4
P2 P2
||H||Lp2(]Rd) < 4] Lpl(]Rd)”H”Loo(]Rd)’
we deduce (5.8). .

The estimate (5.8) shows in particular that whenever r < t, H', maps bounded measurable
functions to bounded measurable functions. It is evident from their definitions that Q' ,, T,.;
also map bounded measurable functions to bounded measurable functions.

Lemma 5.4. Lets € D, and f be a bounded uniformly continuous function. Then, for everyt > s
and x € R?

QL) =Taf )+ | Q1 [ 100 (5.10)

Proof. Let X" = X"(s,x) and t € (s,t). Applying It6 formula for r + T,,f(X"), for any t > s,
we obtain that

ET..f(X!) = T, f (X!) + E / [aifozzn(r))(a,%ix,rr,tfxle)—<a§iijr,t[aiff]><>‘<;’> dr.

Writing X" = )_(I?n T (X,Z’n (r))» We take conditional expectation given F%,(y) 2 ¥;. This yields

ETof(X0) = Tf () + [ EHLFKE)dr. (5.11)

We now take the limit 7 T ¢ in the above formula. By uniform continuity of f and a.s. continuity
of X", limy; Tro f (XP) = f(X]"). From (5.8), we have

t t
/ [EH} f (X, )ldr < / (t = ka(r) M oy dr < I1f oy (2 =),

T T

which allows one to apply the limit 7 T ¢ to the last term in (5.11). Hence, we have

t
Ef(X") = T, f (X") + / EH!\ f(X} ,))dr.

which deduces to (5.10). O
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Theorem 5.5. Assume that Condition 21 holds. Let py, p2 € [1, 0], p1 < pa, p1 < oo and let f
be a function in Ly, (]Rd). There exists a constant N = N(d, p1, p2, @, K1, K3) such that for every
s€ D, andt € (s, 1], we have

da _ d
||Qg,tf||Lp2(]Rd) SN(t—s)22 ||f||Lp1(1Rd)- (5.12)

—d _ d

Proof. We put p = 2~ b
Step 1. We show some rough estimates for [|Qf, f|| Ly, (RY) in terms of || f]| Ly, (RY)- Assume first
that f is a bounded uniformly continuous function. From (5.10) and Lemma 5.3, we have for

every t € [s,s+1/n]
t
102l ke < T e+ [ VBT

t
S (=9l + [ (= k)P, e
< (t- 3)_p||f||Lp1(]Rd),

where the last inequality follows from the fact that k,(r) = s for r € [s,s + 1/n). Since smooth

functions are dense in Ly, (R?), it follows that that 10¢, 1L < (t— s)_p||f||LP for any

P2 (RY)
function f in Lpl(]Rd).
We proceed inductively. Let j > 1 be an integer. Suppose that for every t € [s,s + j/n] and
every function f € Ly, (R%),

107 f s, ity < Cit =) PIf s, (we (5.13)

for some constant C;, independent from n, s, t, f.
Let f be a bounded uniformly continuous function. Then for each t € (s + j/n,s+ (j+1)/n],
we obtain from (5.10), Lemma 5.3 and the inductive hypothesis that

1(RD)

s+1/n
102, My < WMy * [ ISl
S

t
+C; [ () =PIl dr. (5:14)

+1/n

The first two terms are estimated as previously, || T; . f|| L,,(RY) S (t=s)7"IfI Ly, (RY) and

s+1/n
[ U < /)y
Using Lemma 5.3, we have

HF Nz, rey) < (6= Ka(r) 7 £, (o)
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Using the above estimate and the fact that k,(r) —s > 1/n for any r > s+ 1/n and Lemma 3.10,
we have

t
(kn(r) =) PIIHE f NI, (reydr < (1/n)7° (t=ka(r) 2 arlIfllz, (o)
s+1/n e s+1/n 1

s (/m) IS, (re)-

Observe furthermore that (1/n)™” < (j + 1)”(t — s) 7. Putting these estimates in (5.14), we see
that (5.13) holds for ¢ € (s + j/n,s + (j + 1) /n] with a bounded uniformly continuous function
f and some constant Cj;;. By approximation, we can extend the inequality to all functions
f € Ly, (RY).

To show that (5.13) actually holds uniformly in j, we proceed as follows.

Step 2. Assuming that p = 24;2 - 2%1 < 1, we show that there exists a constant C > 0,
independent from n, such that

t

d d
||Q?,tf||Lp2(IRd) < C(t - S)%_m”f”Lpl(Rd) for every t > s and function f € Lpl(]Rd).
(5.15)

In view of (5.13), it suffices to consider t > s +2/n. Let A > 1 be a constant to be chosen later.
For each t € [s+2/n, 1], define

_A(t—
U S To
gELpl (]Rd) : ||g||Lp1 (]Rd)zl

and m; = Sup,¢[s.9/, 1 Mr» Which are finite by the previous step. In particular, forevery t > s+2/n
and g € Ly, (R?), we have (the case ||g||Lp1 (Rd) = 0 is treated by (5.13))

1079l (ray < m;e! ™ (& =) lIglly, (ra)- (5.16)

Lett > s+ 2/n and f be a bounded uniformly continuous function, || f|| L, (R$) = 1. From
(5.10), (5.13) and (5.16), we have that

s+2/n
102 My < sl [ ISl
S
t
+m! / / eM’fn(”-S)(kn(r)—s)-P||H;ftf||LP1(Rd)dr. (5.17)
s+2/n

From Lemma 5.3, we have ||Ts,tf||Lp2 Y S (t—s)7" and

s+2/n s+2/n « a
/ ||H,’ftf||Lpz(Rd)dr < / (t —ko(r)2 "7 Pdr < (1/n)(t —s —1/n)2 7177

S (-9,
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where we have used the fact that 1/n < t—s < landt—-s—1/n > (¢t —s)/2. Similarly, using
Lemma 5.3, we have

t
/ e 609 (e (r) = ) P HE Fll, (weydr
s+2/n

t
< / 079 (e (7) = )P (1 = kn(r) S Ndr
S

+2/n
t a
< / ) (r—s—1/n)P(t —r)2 'dr.
s+1/n

To estimate the integrals on the right-hand sides above, we split them into two regions, putting
S=s+1/n,

(5+t)/2 " o . (5+t)/2
/ e (= 5P (- 1)y 5 0 (1 - 5)E / (r = 5)"dr
S S

< etV < E (1 -5)7

and
t

t
/ e (r =5 Pt =nFNdr < (t-5)7 / e (=) i dr
(

5+t)/2 (5+t)/2
< (t- §)‘P/ e MuTdu < AT (t-3)7".
0

In the above, all integrals are finite because @ € (0,1] and p < 1. Observe furthermore that
(t —s)/(t = 5) < 2. Thus we have

t
/ exl(kn(r)—s)(kn(r) —s) Pt - kn(r))%_ldr < A—%eﬂ(t—s)(t —s)7P.

+2/n

Putting the previous estimates altogether into (5.17), we have
_ Y
192l re) < (£ =) (1+mia~5eX=9),

By approximations, the above estimate also holds for any function f € L,, (R%) with || f]| Ly, (RY) =

1. It follows that m; < 1+ A_%mf for every t > s + 2/n. By choosing A sufficiently large, we
conclude that m} is bounded by a constant independent from n and thus obtain (5.15).

Step 3. We remove the restriction p < 1 in the previous step.
= d _d d_d , d d _d _
Suppose that p := 2 " 2p < 2 Define p; € [p1, p2] by 2 = 2pr + 3p; SO that 2o " 2py =

2%3 - 2%2 = % < 1.Lett > s+4/nand u = (s +t)/2. Then by Markov property of the Euler—
Maruyama scheme, we have Q¢, = Q} ) Q. (- L is easy to see that t > k,(u) > s so that by

(5.15), we have for every f € Lpl(]Rd) that

_L
||Qg,tf||Lp2(]Rd) < (t—kn(u))™2 ”szn(u)f”LpS(IRd)
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< (= ka (@)% (ku(w) = )11 1ls, (ro.

It is straightforward to see that t — k,(u) > (t —s)/2 and k,(u) —s > (t — s)/4. Hence, from
the above estimate, we deduce that [|Q¢, fll;, re) < (£ = )Pl fll, (re) for any t > s +4/n.
Combining with (5.13) from step 1., we see that (5.15) holds for any py, p; € [1, o] satisfying
2;;1 - % < 2. We iterate the argument. After [log,(d/2)] + 1 iterations, we see that (5.15) holds
whenever p < d/2, which is trivially satisfied for any py, ps € [1, oo]. Hence, we have shown

(5.12). O

Remark 5.6. Theorem 5.5 complements previous works. It is shown in [LM10] that for each
s,t € Dy, s < t, the operator Q?,t has a kernel density which has Gaussian upper bounds. From
here, one can deduce estimate (5.12) for discrete times s, ¢t € D,. Gaussian upper bounds for

the kernel density of Q¢4 which are valid for all times t > s, s € D,, are also established in

[BHZ20, JM21] under Lipschitz regularity of a. Some related estimates are also obtained in
[GK96, GK21] under the additional condition a > d/p. We are able to remove this condition
herein mainly due to (5.8), which was known previously with the factor (¢ —r) on its right-hand
side.

Lemma 5.7. Let p; € [1,00] and letr < ky,(t). Then for every f € Lpl(]Rd),

1Tsef = Tt s, wey < N/t =) fl, (5.18)
and

M~ HY ol ey < NOU(E = k() 2201, ey (5.19)
where the constant N depends only on d, p,, K1, K>.

Proof. We make use of (5.9). Observe furthermore that 1/2 < (k,(¢)—k,(r))/(t—kn(r)) < 1.1tis
then straightforward to verify the hypothesis of Lemma 3.11 for = = %, :(y) and £ = 2,4, (1) (y).
In addition

1T =357H| (8 = k(D) (t = kn(r) ™" 5 (1/n)(t = ka(r)) "
From the definition of T, we apply (3.22) to get that

Tf ) =~ T 00 5 (e =0 [ peeen Iy =l

for some universal constant c. From here, we apply Minkowski inequality to obtain (5.18). (5.19)
is obtained analogously, using (5.6). ]

Corollary 5.8. Assuming Condition 1. Let f be a function in Ly, (R%), p; € [1,00). Then for
anys € D, andt € (s+2/n,1],

192 = Q% oSl rty < NUMENSIl, oy (£ =),

where the constant N depends only on d, p,, K1, K>.
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Proof. By approximation, we can assume that f is bounded and uniformly continuous. We put
u = kn(t). From (5.10), Q¢ f = O¢,f = I + I, + I3, where

Il = ’I‘;,tf - Ts,uf,
u t
IZ = / Q;l,kn(r) [H:ltf - quf]dr’ 13 = / szn(r) [Hr’ftf]dr.
S u

We estimate each [y, I, Is below. Note that s < t — 1/n implies s < k,(t). Applying (5.18), we
have [|Ii [l ge) S (1/n)(t =) 7HIfllL, (ra)-
From Theorem 5.5, we have

197 )l ety S 11l ey
for every r > s. It follows that

u
el < [ VLS = Hu s
S

Applying (5.19) and Lemma 3.10 (noting that u — s > 1/n), we have

u
Il re) S / (1/n)(u = kn(r) 2 2drlIfll, rey S (1/m) 211 fllp, (rey-

Applying Theorem 5.5 and Lemma 5.3, we have

t t
T N 0 Py O ) e T O GV R T e
u u

Combining the previous estimates, we obtain the result. m]
Corollary 5.9. Let g be a function in Ll,p(]Rd) for some p € [1, 00)
1029 = gll, ey < N9l rey (£ = 9)%. (5.20)

Proof. By approximation, we can assume g is continuously differentiable and has bounded deriva-
tives. From (5.10), we have Q7,9 — g = I + I, where I, = T;;g — g and I = /st Q. o [H],gldr.
From (5.4), we have

I = /R ) [P, (Y = 0)9(y) — p5,,(x) (y — x)g(x)]dy

= / (5, (Y = %) = P50 (y — %) ]g(y)dy + / [9(y) — 9(x)]ps,,(x) (y — x)dy
R4 R4
=T + .

Using Condition 1, it is straightforward to verify that AT < 3,(y)3s,(x)™! < AI and
I — 35+ (x) 25 (y) 7| < Alx — y|* for some finite constant A. Then, we apply Lemma 3.11 to get

il < [ b=l (= w)lgw)ld
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Using Minkowski inequality, we obtain from the above that ||I;; ”LP(IRd) < (t—s9)? ||g||Lp(]Rd).

From the Hardy-Littlewood maximal inequality, there is a non-negative function h € Lp(]Rd)
such that ||h.||Lp(IRd) < ||Vg||Lp(]Rd) and

l9(y) — g(x)| < |x —y|(h(x) + h(y)), ae. xyeRe

Using ellipticity and the above estimate, we have that
il < [ 1= (b0 + h@)ps, o5 = vy

She =)+ [ = slhpyieo -y

Applying Minkowski inequality, we obtain that ||I;,]| L,(RY) S (t — )2 Al L,(R)) S (t —
s)l/zllVglle(]Rd). Applying Theorem 5.5 and Lemma 5.3, we have

t t
Il < [ Vgl madr < [ (0= 0 gl madr < (¢ =9 gl o
S N
Combining the estimates for I, I1; and I, we obtain the result. |

5.2. Moment estimates. We consider the Euler—-Maruyama scheme

t
X! =x +/ o(s, X,Zn(s))dBS, (5.21)
0

where xg is a #o-random variable. By Markov property, for every s € D, and bounded measurable
[, we have E[f(X[")|F5] = Q¢ f(X{).

Proposition 5.10. Let X" be the solution to (5.21).
(i) Let h be a measurable function such that ||h||Lp(]Rd) is finite for some p € (0, c0]. Then for
everyr,v € [0,1],r —o0 > 2/n,
_ _d
I1hR(XD I, i) < NIz, gre) (r—2) 2. (5.22)

(ii) Let f be a function in Lp(]Rd), g be a function in Ly, (RY) N Lo (R?) for some p € [1, ).
Then, for everyr,s,v € [0,1] such thatr —v > 2/n,r > k,(s) +3/nands —v > 2/n,

©IR

IE(FRD) = FRE o Dty < NS NIl ey (5 =) 5 ( —s- g) (5.23)
and
IEs (g f (5 — 9D f O )]l a17)

« d 2\72 2\ %
<Nl gy - 0)F [Hgan(Rd) (5= 2] gl (75~ 2]

(5.24)
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Proof. (i) Put o = k,(v) + 1/n. In the case when p < oo, applying Theorem 5.5 (with the choice
p1 = 1and p; = o), we have

E[|h(X)P1%5) = Q2 A1) < (r = 8) " 1Al ra)-

Noting that r — 0 > (r —v) /2, we obtain (5.22) for any p € (0, co) from the above. When p = oo,
(5.22) is trivial.

(ii) Put § = k,(s) + 1/n. Applying (5.22) and Corollary 5.8 (noting that § — v > 2/n and
r —3§ > 2/n), we have

IESCFRD) = FRL o) @iz = 108 FCRD) = O o FRD L, a7
_4d
S (5-0) ”Q?rf - ngn(r)fHLp(]Rd)
a _4d PN 1
s (/)21 fllg,rey (5 —0) % (ka(r) —5)72.
We observe that s —o > s — v, k,(r) —=§ > r—s—2/nand
IEs (f (X)) = fFXE, DIy 01m) < NEs(FXT) = FOXE oD,

From here, we obtain (5.23) by combining the previous estimates.
Lastly, we show (5.24). We write

gD F(X) - g(ROF KL )
= [(gf)(Xrn) - (gf)(X]?n(r))] + [(9()_(1?,,0)) —g(erl))f(X;fn(,))l
We observe that ||fg||Lp(]Rd) < ||f||LP(]Rd) 1911, (rey and apply (5.23) to see that

‘ E, ((fg) (X7) = (f9) (Xlgnm)) Ly (QIF)

is smaller than the right-hand side of (5.24). It suffices to estimate the L,(|¥,)-norm of
A= Es[(9(RE ) — 9K FRL )]

By conditioning on %%, (), we have
A= E[h(X] )] = Q%) oy h(XD). where h=(g-Q ) 9)f-

Applying (5.22),
Il @i < (5= 0) #1107 il re.

We continue by applying Theorem 5.5 (with p; = p/2 and p; = p),

_d _d
1AllL,17) < (5 —0) # (ka(r) = 5) % ||All,,ra)-
By Holder inequality
1Rl &) < [1Qku(r).rg = gllL, ey 1f 1L, (Ra)
and by (5.20),

1Ok, (r1.r9 = Gll1, (rey < (r = kn(r) % gl (re)-
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Combining the previous estimates, we see that [|Al|L,(q|7,) is also smaller than the right-hand
side of (5.24), finishing the proof. ]

Remark 5.11. Concerning Proposition 5.10(i), if v € D,, then there exists a constant N =
N(d, p, a, K3, K3) such that for every r > v, we have

, _d
Ih(XD I, i) < NIl g (r—2v) 2. (5.25)

Indeed, the inequality is trivial when p = co. When p < o0 and when v € D,,, Theorem 5.5 is
applied directly, which yields

_ = _d
E[h(X)IP %] = Qg [IhP1(X5) < (r —0) 72 (IRl (re)-
From here, we deduce (5.25).

Proposition 5.12. Let X" be the solution to (5.21). Let f € ]LZ([O, 1]) and g € ]Lcllp([O, 1) N
L3([0,1]), with p, q € [2, c0) satisfying% + % < 1. Letv € [0,1 —4/n] be a fixed number,n > 4
is an integer. Then for every v + % < S§ < T <1, one has the bound

T — — —
I o XDLFCE) = £ K)o

a 1
< NI/ + (1/m) g glzqsm +lgls 5ol lgsry (526
where N = N(d, p, q, K1, K,) is a constant.

Proof. Let S, T be such thatv+4/n < S < T < 1. By linearity, we can assume that ”f”]LZ([S,T]) =

gllLe sy + ”9”1?,1,([51]) = 1.
For each (s, t) € Ay([S, T]), define

A =B [ g XD XD = fr X )

We treat two cases t < ky(s) + % and t > kp(s) + % separately as following.
Case 1.For t € (s, kn(s)+ %] , by triangle inequality and (5.22) (note that k,,(r) —v > k,(s)—0v >
s—ov—1/n > 2/n) we have

t
IAsellL, 7)) < ||9||1L:([5,T])/ 1f (r. XD 17 + 1 (nXE )17 dr
S

< [ ) =0 17l

Note that k,(r) — o0 > k,(s) —ov > (s —v)/2, applying Holder inequality and the fact that
t —s < 4/n, we have

! _d _d 1
/ (kn(r) —o) 2 |If (r, ), (reydr < (s —0) 2"||f||1Lj_!,([s,t])(l‘—S)1 a

s
37



1_
2

Q=

S (1/m)F (s = 0) % fl gy (£ = 5)

This gives

D=

1 _d 1
Msellnycairy < (1/m)3(s = o) 1 fllug gy (£ = )75, (5.27)
Case 2. When t € (k,(s) + %, 1], by triangle inequality,

1AstllL, (17 < IAsk,(s)+a/nllL, (@7

+ /k B Lg(r R KD) — £ X D iy

n($)+;

=L+

For I3, from (5.27) we know

Q=

1
1 _d 4 2"
I s (Un)F (s =) [ fllea o (kn<s>+; —s) .
Because k,(s) + % —-s<t—s, we get

1 _d 1_1
LI S (1/n)i(s—v) % ||f||Lg([s,t])(t —5)? 1.

Applying (5.24) and Holder inequality, we have for I,

©IR

a _d t 2\
L s (1/n)2(s —v) Z||gllLs (s / (V -5 - —) I (s )z, raydr
kn(s)+2 n

+ (1YmE(s—v)H / (_—5) g0 ey L ()l

K (5)+4
a

3 -£ —e_1 _d_2
S (1/n)z(s—o) » [”f”LZ([s,t])(t =) TF 0+ ||g||1L‘11’p([s,t])||f||1Lg([s,t])(t —5)' 7 ‘1] .

Combining these two cases together we obtain that forv +4/n < s <t <1,

1 -4 11
145l 017 S (1/m)2(s = 0) 2 | fllpg oy (t = $)2 70

a _d _a_1 _d_2
+(1/m) 8 (s =0 [y (= 9277 + gy (oI llg o (=977
(5.28)

Furthermore, for u € (s, t), we have E;6A;,; = 0. Let w be the continuous control on A([v +

4/n,1]) defined by
_d 1_1
w(s,0) = |5 =0) B fllug o (£ =977
1]1/0—%)

_d _a_1
+[ (5= 0 BNl g g (=972
38
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1_d_2 /(-4 )
+ (5= 0 P liglles oy I fllg e (£ = 9)' 770

+ (5= 0) | fllga gor (= 9)'7F
Denote
t
A= [FOXD =[O L= 07— A
0
Using similar estimates leading to (5.27), we have

_d _1
W stllz, i) S (s—0) % ||f||1Lg([s,t])(t - 5)1 i < w(s,t).
Furthermore, 6 J;,,; = —0A; .+ and we derive from (5.28) that
p « _d
18 il < (1/miw(s,0)f + (1/mF |w(s, )5 +w(s, )5
It is obvious that E, J;; = 0 and hence E6J;,; = 0. Applying Lemma 3.2, we have
1 _a _4
il oir < [(1/mF +(1/m? logm] [wis, ) +w(s.0'™F +wis, 0! +w(s,1)] .
By triangle inequality and (5.28), this implies that

167l ar7) < [A/m% +(1/m)F log(m)] [wis, ) +w(s,)'™F +wis, )5 +w(s, ).

Because ||f||1LZ([st < ||f||]Lq (1s1]) = 1, we have

ws < [c-o S e-9t]

a1 1/(1-% _d d_211/(-5 )
[(s—v) W (t—s) q] +[(s—0) W (t—s) %4
+(s—0) (1 —5)"4 (5.29)
and hence
1 . 16
w(s, )2 +w(s, )72 +w(s, ) "% +w(s, 1) < Z(s —0) " (t —s)",

i=1

where foreachi =1,...,16;n;, 7; € [0, 1] are some constants such that 7; —n; > 0. The constants

1i, 7;’s can be calculated explicitly by applying the powers 1/2,1 — a/2,1—d/(2p) and 1 to the
singularity exponents and Holder exponents in the right-hand side of (5.29), however, their
exact values are non-essential. That 7; — 1; is positive for each i because the sums of the Holder
exponents and the corresponding singular exponents of each factor on the right-hand side of
(5.29) are positive. Hence, we deduce from the above estimate that

T — — —
I o XD = £ )il o
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16
< N[(1/m)% + (1/n) log(m)] ) (S = 0) (T = $)",
i=1

which holds for every v + 4/n < S < T < 1. We then apply Lemma 3.4 to obtain (5.26). O

Proposition 5.13. Let X" be the solution to (5.21). Let f € ILZ([O, 1) NILL([0,1]) and g €
LY ([0,1]) NILE([0, 1]), with p,q € [2, o) satisfying% +Z<1

As in Proposition 4.4, we put Bu(f) = sup,ep, [IfllLe ((rr+1/n))- Then for any p € (0, p), there
exists a constant N = N(d, p, q, p) such that

t

I sup | [ g(rXDLF( X = F0. X Ndrllh o) < N lglzonm + gl o]
teo, ;

[ (1m) 3B + (Um N fllgqgonyy + (1/m)* log (I Fllgqpon |-

Proof. This result is a consequence of Proposition 5.12 and Lemma 3.1. The proof is analogous
to that of Proposition 4.4, hence, omitted. m|

Lemma 5.14. Let X" be the solution to (5.21) and f be a function in ]L;I,i ([0,1]) for some p1,q; €
[1, co] satisfying pil + qz—l < 2. Then

1
Eex r,X"Mdr| < 2exp (N 1/(1=d/(2p1)) , 5.30
P r P a1
0 L, ([0.1])

where N depends only on d, a, p1, q1, K1, K.
Assume additionally that there are continuous control wy on A and positive constants M,y
such that

(/M) "Wl oy < Wols.)® YOS t—s<1/n (5.31)
and

Hf”lgi([‘ll]) +wp(0,1) < M.

Then there exists a finite constant N which depends only on M, y,, d, &, p1, q1, K1, K; such that

1
E exp (/ f(r,)_(,?n(r))dr) < N. (5.32)
0

Proof. We can assume without loss of generality that f is nonnegative. We rely on Lemma 3.5.
Foreach (s,t) € A,define s = k,(s)+1/n.Foreachr € (s,5), we write X" = X's”+fsr o(0, in(s))ng
so that
SAL ) SAL )
E [ pexdr= [ P SO0
N N
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Using ellipticity of %, and Gaussian estimates, we see that sup, ||Ps,, ) frll; (re) < (7 =
s)~4/@p)| 1l Ly, (RY)- Hence, using this estimate and Holder inequality, we have

SAt B t _d 41
]ES/ f(r, X;l)dr < / (r - S) 2p1 ”ﬁ”LPl (]Rd)dr < ||f||]LZi([s’t])(t — S)l 2p1 91,
S S

On the interval (5 A t,t), we use (5.25) and Holder inequality to see that

t _ ! _d _d_1
]ES/ f(r, X:l)dr S / (r b §) 2p1 ||f;.||L‘{71 (]Rd)dr S ||f||IL1q,1([S,t])(t - S)l 2p1 q1 .
SAL SAt 1

It follows that
' % _d _1
E, [ P05 5 Wl e =955
S

_d _d _1
Observe that w defined by w(s, t)l 2p1 = ”fH]qu (s t])(t — S)l %1 @1 is a continuous control on
p1 LS

A. Applying Lemma 3.5, we obtain (5.30).
The second part is obtained in an analogous way. For each (s, t) € A, define s = k,(s) + 2/n,
using Holder inequality, (5.31) and (5.22), we have

SAt ~ SAt 1
E, / Fr XL ,))dr < / 1 reydr < 1o qoony 1/ < wols, 1)1
s s

and

t t
]Es/ f(r,X,?n(r))dr:/ ]Esf(r,XZn(r))dr
SAt SAt
t

_4d
< / (ka(r) =) [l (raydr
t

SA

t = _d _1
S/ (r=s) | fellr, raydr < ||f||Lg;([s,t])(t—s)1 o
N

At

_ _4d
Hence, E; /Stf(r, XIZ (r))dr < wo(s, )Y +w(s, t)1 21, where w is the control defined previously.
Applying Lemma 3.5 and Remark 3.6, we obtain (5.32). ]

Remark 5.15. From Remark 3.6, one can compute N explicitly, however (5.32) is sufficient for
our considerations.

Proof of Theorem 5.1. For any continuous process Z, we define

H(Z) = swp | [ orZ)Uf020) = 15 2ol

te[0,1]

Let X" be the solution to (5.21) and

! - n e 1 ! - n a0 2
p = exp (—/ (o~ 'b )(r,an(r))dB, - 5/ )(0 1p )(r,an(r))‘ dr).
0 0
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Using the fact that c~'b" € ILL ([0, 1]), we see that p is a probability density. It follows from
Girsanov theorem (see e.g. [[W89, IV Corollary of Theorem 4.2]) and Holder inequality for
% + % =1 with y > 1 close enough to 1 such that yp < p

EH(X"? =E(pH(X"P) < [EH X" [Ep’ VY. (5.33)
From Proposition 5.13 we immediately get that
(EHX")P)3 = [H X500 < N [llgllizqonn + gl o]
_1 a 1
x [/ 3B (F) + () gy + (/) log(m fllsqony | - 539)
Using Cauchy-Schwarz inequality, we have

’ 1 B ’ 1 _ 2
Ep" = Eexp (—y’/ (G_lbn)(r,X,’:n(r))dBr - YE/ )(G_lbn)(r,X,?n(r))‘ dr)
0 0

1
1 B 1 ~ 2 2
< |Eexp (—Zy' / (o™'0") (. X} ,))dB, - 2y / ‘(a‘lb”)(r,X,Zn(r))’ dr)]
0 0

1
1 _ 2 2
x | Eexp ((zy'z -Y) / [CRTRICS ] d)] .
0
In the right-hand side above, the first factor is identical to 1 by martingale properties. For the
second factor, we recall Condition B and the uniform ellipticity of o, which imply that the

function f := |o7'b"|? belongs to ]Lgﬁ( [0,1]) N ]ngz( [0,1]) and satisfies

_2 11 2
/) T gy < [ Um0 s o | < 0%, Vo <t=s<1/n

Applying Lemma 3.5, we see that [E exp ((2)/’2 -Y) /01 [(a71b™) (r, X,?n(r))lzdr) is bounded uni-

formly by a finite constant. Hence, we have shown that Ep"" is bounded uniformly in n.
Combining with (5.33) and (5.34), we obtain (5.1). O

6. ANALYSIS OF THE CONTINUUM PATHS

To show Theorem 2.3, we need the following result, extending the results of Section 4 to
functionals of solutions to (1.1).

Theorem 6.1. Let X be the solution to (1.1).
(i) Assuming Conditions 21 and B. Let h be a function in Lgi ([0, 1]) for some p1,q1 € [1, 0]

satisfying pil + % < 2. Then for every m > 1, there exists a constant N = N(d, p, g, m) such that

1
I Xl < Nl oy,
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(ii) Assuming Conditions A-B with gy = oo and% + pio < 1. Let g be a function in ]LZi([O, 1])
and let v € [0,1) such that piz + % + v < 2. Then for any p € (0, p,), there exists a constant
N =N, d, p,q, p2, q2, p) such that

t

Isup | [ g(r.X)drlllLye) <N||g||]L‘12V’p2([o,1])~
te[o,1] J0

(iii) Assumlng Conditions W-B with gy = oo and +5, <L Let g be a function in ]LZZ([O, 1])

with 2 2 + = qz < 1, T be a nonnegative number and wo be a continuous control on A. We assume
that for every (s, t) € A,

1 1
”g”l‘zzl,pz([s’t]) < FWl (S, t) 92 and ”g”LZé([S,t]) < Wl(S, t) q2 .

Then for any p € (0, p,), there exists a constant N = N (v, d, p2, g2, p, g, p) such that

t 1
| sup | [ g(r.Xp)dr|ll,@) < NI(1+ |log(I)|)w1(0,1)%.
te[o,1] J0

Similar to the methods in Sections 4 and 5, first we derive some analytic estimates on the
transition operators associated to solutions of (1.1) without drift. Using these estimates, one can
apply stochastic sewing techniques (Lemma 3.2) and Girsanov theorem to obtain the desired
moment bounds.

6.1. Analytic estimates. For each t € (0, 1], we consider the parabolic differential equation
1 ..
osu + Ea”aizju =f, u(t,)=0 (6.1)

where f € ]L(i1 p([O, 1]) and Einstein’s convention of summation over repeated indices is

implied. Whenever the dependence on ¢ plays a role, we write u!(x) for the solution to (6.1)
evaluated at (s,x), s < t, x € R%.

Theorem 6.2. Assuming Condition 2 and that qo = co. Let q € (2,00) and p € (1,0) be such

that% + pio < 1. Then for everyv € [0,1], every0 < s <t < landf € lLCiV,p([O, 1]), we have

el ey < N =)' T fllea, o (6.2)

Lemma 6.3. Let q € (2,00) and p € (1,00). Let t € [0,1]. Ifu(r,x) = 0 forr € [t, 1], then for
everys € [0, ]

1_1 1
||U(S)||Lp(]Rd) < (t—s)2 4||osu + EAu”]L?Lp([s,t]) whenever u € ]L(ll)p([O, 1]) (6.3)
and

_1 1
||U(S)||Lp(]Rd) < (t—s)77)|ogu + EA””]LZ([s,t]) whenever u € ]Lg’p([o, 1]). (6.4)
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Proof. By approximation, we can assume that u is a smooth function on [0, 1] xR with compact
support. Put g := dsu + %Au. Then by Duhamel’s formula

t

u(s,x) = / P ,g(r,x)dr.

S
Applying Minkowski inequality and [Tri13, Theorem 5.30], we have
t t
-1

iy ) < [ WPersilrndr < [ =9 H gl qmnr

Using Holder inequality, we have

11
”us”Lp(]Rd) S (t—s)? q”g”]L‘ZLP([s,t])'

This shows (6.3). Inequality (6.4) is obtained in the same way. ]
Proof of Theorem 6.2. By interpolation, it suffices to show that
1.1
Il ey < Nt =) 00 flls, oy For £ € 1L, ([0,1]), (6.5)
_1
It ey < NG =)' fllngoryy for f € LE([0.1]). (6.6)

From Theorem A.4, we have for every 0 < s <t <1

||ut||]1jl{p([s,t]) S ||f||][jjl’p([s,t])- (6.7)

From (6.1), we have
1 1 _—

osu + EAu =f+ E(A —a’9;)u.

It follows from Lemma 6.3 that
1.1 L

Il gy (6= 9 T, oy + 1667 =@ lla, o),
where 8V = 1if i = j and 6" = 0 otherwise. From Lemma A.2(iii), we have

16 = @) u Ly, sy S (a7l ey + ||Vaij||LpO(1Rd))||3i2jut||L_Lp(Rd)

S 'l we)-

Combining the previous estimates, we obtain (6.5).
Inequality (6.6) is shown analogously. Indeed, using Lemma 6.3, we have

1 T,
||u§||LP(1Rd) <(t-9) q(||f||1Lg([s,t]) +11(8Y - alj)al-zjut||Lg([s,t]))
1=1
S (t-s) q(||f||Lg([s,t]) + ||ai2jut||1Lg([s,t]))-
It is known ([LX21, Theorem 2.1]) that

||Ut||]Lg’p([s,t]) < ||f||Lg([s,t])-

These estimates imply (6.6). ]
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6.2. Moment estimates. Let X be a solution to SDE
dX; = o(t,X,)dB;, X, =x € R% (6.8)

Under Condition 2, it is well-known (see [SV06]) that the probability law of X is unique and
Markov. In fact, solutions to equation (6.8) are strongly unique under Condition 2. This follows
from the arguments in the proof of Theorem 2.2 in the following section. However, only the
law of X is relevant to our considerations herein. Let Qs be the transition operator associated
to X. In particular, we have E(f(X;)|%;) = Qs f(X;) for any bounded measurable function f.

Lemma 6.4. Assuming Condition 1. Let p1,ps € [1,00], p1 < ps. There exists a constant
N = N(a,d, p1, p2, K1, K3) such that for every f € Ly, (RY) ands < t,

1Qs.f L, (re) < <N(t-s)% 1L, (re)- (6.9)

Proof. Let X" be the solution to the Euler-Maruyama scheme (5.21). It suffices to show that
the laws of X" converge to the law of X for (6.9) is then derived from Theorem 5.5. Let P"
be the probability law of X" on C([0,1]). Here C([0, 1]) is the space of continuous functions
w : [0,1] = R? equipped with the topology of uniform convergence, the Borel o-algebra and
the filtration t — G; = 0{ws : s € [0, t]}. Let ¢ be a smooth function with bounded derivatives.
By It6 formula, we see that

M @) = 9lo0) =909 = 5 [ dIrondfp(anar

is a martingale under P"(dw). Define

1 t
M) = $(0) = 900 = 3 [ a0 (anar.
0
It is easy to see that
IX!" = X¢ Mz, s (t = s)'/?

for any p > 2 and s < t. This implies that the probability laws {P"}, are tight. Let P be a
probability measure such that P" converges to P through a subsequence, which we still denote
by P". Let s < t be fixed and G € G;. We have

/5Ms,t1GdP = / 5Ms,t1G(dP—dPn) + /(5Mst (SMnt)lGdPn /5M£tlcdpn
=L+L+I.

It is evident that lim, I; = 0. Using Holder continuity of a we have

|Iz|S/[/ lwr — g, (| dr] dP"(w)</ EIX =X} ) |“dr
/ Ir = ku(r)|%/?dr.



This implies that lim, I, = 0. Because M" is a martingale under P", Is; = 0. It follows that
f OM;;15dP = 0, and hence M is a martingale under P. In other words, P is a solution to the
martingale problem associated to equation (6.8), which is unique ([SV06]). We have shown that
{P"}, has exactly one accumulating point, which is the law of (6.8). This also means that X"
converges weakly to X. m

Lemma 6.5. Assuming Condition 21. Let h be a measurable function on R? such that ”h”LP(]Rd)

is finite for some p € (0, co]. Then there exists a finite constant N = N(a, d, p, K1, K3) such that
for everyr,v € [0,1],r > v,

_ _d
1A(X) L, i) < N(r—o) ||kl (ra)- (6.10)
p p

Proof. This is a direct consequence of (6.9). The argument is similar to that of Proposition 5.10(i),
hence, is omitted. O

The next result is a special case of Theorem 6.1 when b = 0, which is an analogue of
Propositions 4.6 and 4.7.

Proposition 6.6. Let p € (1,0), q € (2,0). Let X be a solution to (6.8).
(i) Assuming Condition 1. Let h be a function in ]Lgi ([0,1]) for some p1,q;1 € [1, co] satisfying

Pil + % < 2. Then for every m > 1, there exists a constant N = N(d, p1, q1, m) such that

1
I b Xl ar < Nlblgy oy

(ii) Assuming Condition N with qy = oo and% + pio < 1. Let g be a function in ]Lg([O, 1])

and let v € [0,1) such that% + %1 + v < 2. Then for any p € (0,p), there exists a constant
N =N(v,d,p,q, p) such that
t

| sup | g(r,Xr)drlllL[,(Q) < N||g||]1j1v,p([o,1])o
te[o,1] 0

1 1
_+_
p Po

ILZ( [0,1]), T be a nonnegative number and wy be a continuous control on A. We assume that for
every (s,t) € A,

(iii) Assuming Condition 2 with qy = oo, < 1 and % + % < 1. Let g be a function in

1 1
”ngL?LP([s,t]) < le(s, t)q and ||g||]LZ([S,t]) < Wl(S, t)‘Z.

Then for any p € (0, p), there exists a constant N = N(v,d, p, q, p) such that
t

_ 1
| sup | [ g(r.Xp)dr|llL, @) < NI(1+ |log(I))w:(0,1)7.
te[o,1] JO

Proof. (i) Using Minkowski inequality, Lemma 6.5 and Holder inequality, we have

t t
I [ 0%l o < [ Gy o dr
N S
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g _d _d_1
S / (r - S) 2p1 ||hr||Lp1(]Rd)dr S (t - 3)1 21 q1 ||h||]]—‘gi([s’t]).
N

This implies that

t _ _d _1
E, / IR, Xldr 5 (=)0 Rl g0 (6.11)
S

From here, we apply Lemma 3.5 to obtain part (i).

estimates for Brownian motion are replaced by those obtained in Theorem 6.2. The condition

% + 5 + v < 2 appears when applying Lemma 3.4. We only provide proof of (iii) while the proof

of (ii) is left to the readers.
(iii) For each (s,t) € A, put

t t
As,t = ]Es/ g(r’ Xr)dr and ]s,t = / 9(7’, Xr)dr - As,t-
N N
Define the control w by
_d 1_1 112 _d -1 1
wis,t) = [(s — o) (=) (s, t)q] +(s—0) 5 (t —5) "awy (s, )7,
Let u' € ]Lg,p( [0, t]) be the solution ([LX21, Theorem 2.1]) to

1 ..
(05 + Ea’Jaizj)u +9=0, u(t-)=0.

Applying It6 formula for non-degenerate diffusions (see [XXZZ20, Lemma 4.1]), we see that
Asp = ul(X;). Applying (6.10) and Theorem 6.2, we have

_d
|AstllL, (o7 S (s—0) 2”||u§||Lp(1Rd)
_d 11
S (S - U) ZP(t - S)Z q ”g”]LZLP([S’t]).

By our assumption, the previous estimate implies that || Jsu:ll,(7) < Tw(s, t)1/2 for every
v <s <u <t < 1 Itisevident that EJ;; = 0 and hence E6J;,; = 0. This verifies the
conditions (3.2) and (3.3) of Lemma 3.2.

On the other hand, using Minkowski inequality, (6.10) and Hélder inequality, we have

t ) t 4
el <2 [ 190Xl 0imdr < [0 =0)F gl qundr
S S

_d _1
<(r—o)w(t—s) "llgllys s S wis.b),

verifying condition (3.1). An application of Lemma 3.2 yields that [|J:[[r,q#) < T'(1+

|log(D)|)w(s, 1)1/ + Tw(s, t) for every v < s < u < t < 1. From here, the argument fol-
lows analogously as in the proof of Proposition 4.6, using Lemma 3.4 to remove the singularity

near v then using Lemma 3.1 to obtain the desired estimate for the supremum. O
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Proof of Theorem 6.1. Let X be a solution to (6.8). Similar to the proof of Theorem 5.1, we
use Girsanov transformation to deduce the moment estimates for X from those obtained in
Proposition 6.6. Indeed, define the measure P := plP where

2

dr) .

1 1
p = exp (—/0 (e7'b)(r, X,)dB, — % ‘/0

From [XXZZ20, Lemma 4.1] and Novikov criterion, we see that Ep” < oo for every r € R. By
Girsanov theorem, IP is a probability measure and the law of X under [P is the same as the law of
X under PP. From here, we deduce Theorem 6.1 from Proposition 6.6, using similar computations
as in the proof of Theorem 5.1. ]

(67'b)(r. X,)

Remark 6.7. Observe that pathwise uniqueness is not necessary and only weak uniqueness
of (1.1) is used in the above proof. In addition, reasoning as in [KR05, Lemmas 3.2, 3.3 and
Remark 3.5], one can derive weak uniqueness for (1.1) from Proposition 6.6(i). Consequently,
Theorem 6.1 holds for any adapted solution to (1.1).

7. PROOF OF THE MAIN RESULTS

We present in the current section the proofs of Theorems 2.2 and 2.3. We state a maximal
regularity result for parabolic equations, which is a direct consequence of [XXZZ20, Theorem
3.2].

Lemma 7.1. Assume Conditions A-B. Let f € ]Lg([O, 1]) and M > 0 be such that
< M.
||f||1Lg([o,1]) + ||b||1Lf,([o,1]) M

Then there exists Ay = Ao(M, a) > 1 such that that for all A > A, there is a unique solution u in
]Lg’p( [0,1]) to the equation

1 ..
du + Ea”al-zju +b-Vu+f=2u, u(l,-)=0. (7.1)

Furthermore, for anyy € [0,2), p1 € [p, ), q1 € [g, ) with g + % <2-y+4 4 qz—l, there is a

p1
constant C = C(M, y, p1,q1) > 0 such that for any A > Ay,

Log_yyd 2 d_2
/12( Yttt e q)”ulllg}pl([o’l]) + ||8tu||]LZ([O’1]) + ||U||]L‘21’p([0)1]) < C”fH]LZ([O,l])

Lemma 7.2. Let X" be the solution to (1.3). Then for everym > 2,
1
sup X7 = X7 o iy < (1/m)'.
te[0,1]
Proof. We have

t t
X! - X7 :/ b"(r, X} )dr+/ o(r,X ,.)dB,.
t kn(t) k(1) kn(2) (1) k()77

Using BDG inequality and Hoélder, we have

1
IX7 = Xg (o) < (£ - kn(£))' "0 O™ 1L (thueren) + (F = kn(£))1/2.
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Using t — k,(t) < 1/n and Condition B,

_1 1
(t = kn()' 7@ 0™ e, (ko) S (1/M)2.
Combining these estimates, we obtain the result. m]

Recall that U is the solution to the equation (2.3). In view of Lemma 7.1 and Conditions -,
there exists Ay > 0 such that for every A > A

sup ||atU||1LZ([o,1]) + ”U”lL;’p([o,l]) <eco and sup||VU|lLg([01)) = 0a(1), (7.2)
n > n
where 0, (1) denotes any constant such that lim)_,, 04(1) = 0. Let M be the Hardy-Littlewood
maximal operator defined as
1
Mf(x) = sup

0<r<oo |Br|
It is well-known that M is bounded on Lp(]Rd). Thus we have

||Mf||]LZ([0,1]) S ||f||1LZ([o,1])- (7.3)
Define

/f(x+y)dy, B ={xeR:|x|<r}, r>o.
3,

t
Al =t 4 / [MIV2U|(s, X;) + MIV2U (s, X")|* ds
0

t
+ / [M|Val(s,X,) + M|Val|(s,X")]* ds. (7.4)
0
Proposition 7.3. For every p € (1,p), there exists a finite positive constant c; such that

e_cﬁ |A?|max(ﬁ/2,l)

sup |X; — X/

wp < lIxo = % ly0) + @a(B) + (1/m)F + (1/m)7 log(n).
tel0,1

Lp(Q)

Proof. Applying 1t6’s formula ([XXZZ20, Lemma 4.1]) for U (¢, X;), we obtain that

t t
/ b"(r, X,)dr = U(0,Xo) — U(t, X;) + A / U(r, X,)dr
0 0

4 / tVU(r,X,)[b(r,X,)—b”(r,X,)]dr+ / t(VU-o-)(r,X,)dBr, (7.5)
0 0

and similarly,
t

t
/ b"(r, X)dr =U(0, X)) —U(t, X]") +/1/ U(r,X")dr
0 0
t
+/ VU(r,X,”)[b”(r,X,?n(r)) -b"(r,X")]dr
0

t
+/ VZU(r,Xr)[a(r,X,?n(r)) —a(r,X")]dr
0
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t
+ / VU(r, X/ )o(r, X,?n(r))dBr.
0

From equations (1.1) and (1.3), we have

t
X, — X" = xo — 7 +/ [6"(r,X,) — b"(r, X™)]dr
0

+/0 [b(r,X,)—b”(r,Xr)]dr+/o

t

(7.6)

(6" (r.X2) = b"(r, XE ,,))dr

+ /0 t[a(r,Xr) — o(r,X")]dB, + /0 t[a(r,X,") ~o(r. X ))]dB,.

We plug (7.5) and (7.6) into the previous identity, raise to p-th power to find that

3 3
£ = sup |XS_X5"|15 < |xo —x6’|ﬁ+VtO+ZVti+ZIi,

se[0,t]
where
VP =
V! = sup
s€[0,t]
V/ = sup
se[0,t]
V) = sup
se(0,t]
I' = sup
s€[0,t]
I* = sup
s€[0,t]
I’ = sup
s€[0,t]

i=1 i=1

1U(0,x0) — U0, x)IP + sup |[U(s,Xs) — U(s, X")|P + AP

se[0,t]
/ U+ VU X)][b(rX,) — b (r, Xr)]dr‘p ,
0

[ oo xmnx - g  ar
0

p

/ V2U(r, X)) [a(r, X, ) - alr, XP)1dr|
0

/S[I+ VU (r,X")]o(r,X;) — o(r,X")]dB, p,
0

p

/ L+ YU XD [0(r XD) - o(r. Xi,(r)) 1By
0

/S[VU(r, X)) = VU(r,X")] - o(r,X,)dB, p.
0

Using (7.2) and Cauchy-Schwarz inequality

V) < Ix0 = x5 1P +0,(1) sup |X; = X]'|P +

SRR
( / g,/f’dr) .
se0,t] 0

s p
| [ wex) - vexniad
0

To estimate I', I?, I?, we will utilize a special case of the pathwise Burkholder-Davis-Gundy
(BDG) inequality of [Sio18, Theorem 5]. Namely, there exists a constant C = C(p, d) such that
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for any cadlag martingale M, there exists a local martingale M such that with probability one,

_ __ b —
sup [M|P < C[M]} +M,, V.
se[0,t]

In the above, [M] is the quadratic variation of M. We now estimate I'. By property of maximal
function (see [HTV20, Proposition C.1]) and continuity of o, we have for every r € [0,1] and
every x,y € R?

lo(r,x) = a(r,y)| < [x = y|(M[Vo(r,x)| + M|Va(r,y))).

Using this, (7.2) and the pathwise BDG inequality, we can find a local martingale M! such that
]

t 2
I < (/ I+ VU(r, X" 41X, — X> (M|Val|(r, X,) +M|Va|(r,X,"))2dr + M}
0

RN -
s(/ g*f/PdA;’) + M.
0

Similarly,

WP
I?s( / f/”dA?) Y.
0

for some local martingale M 3, Using Lemma 7.2, (7.2), Holder continuity of o and the pathwise
BDG inequality, we have

P
t 3 »
B [ b xp ) o0 < it e
0

It follows that

B
t 2
& S oa()é + (/ §2/pdAn) +Vi+ M,
0

where V = |xo — x| + V! + V2 + V? and M = M' + M? + M. By choosing A sufficiently large,
this deduces to

b
t B F
& < (/ §2/PdA”) +Vi+ M,
0

Applying stochastic Gronwall lemma, Lemma 3.8, we have
| An|max(p/2,1)
Ee 41" ¢ < BY; (7.7)
for some finite positive constant c. In view of Definition 2.1, it is evident that

EV! < 0.(p)*.
51



Using Theorem 5.1, (7.2) and Condition B, we have

_1 a 1 P a 1 P
EVE < [/ "a4,0m + (ym + (1/milogm | < [/m + (1/m) og(m) |
Using Condition 2l and Cauchy-Schwarz inequality, we have

1 —

2

EV} < JE)/ IV2U(r, X)X = X (| %dr
0 n

o1

P P
1 7 1 7
<B( [ wuexra) ([ we-x, )
0 0
5 1/2 1 p
E ( / X! - X} (r)|2“dr)
0 n

1/2

<

1 ) ) )P
]E(/O VU (r, X;)|“dr

In view of (7.2), Theorem 6.1(i) and Lemma 7.2
EV? < (1/n)P%.

The previous estimates for EV;’s and (7.7) yield the result. ]

Lemma 7.4. Let p € (0, pAdPO) and k > 0 be some fixed constants. Then sup, Ee<41” is finite.

Proof. We observe that
n 1-4_2 2 2 1—d_2 2
ESAL < (t=5)+ (£ =9 T IMIVAUl g (o + (=)' 7R M|

RS L ([st])°

Indeed, the estimates for functionals of X" follow from Proposition 5.10 and Girsanov theorem.
The estimates for the functionals of X follows from (6.11), Lemma 3.5 and Girsanov theorem;
or alternatively can be derived from those of X" and the weak convergence of X" to X. In view
of Remark 3.6, this implies that for any A > 0

ga 1 d

]ECAA;‘ < ¢

a " pAp
where c is some universal positive constant. For simplicity, we write A for A} below. For every
x > 0, using Chebyshev inequality, we have
]P(A > x) — ]P(CAA > eAX) < e—AX]EeAA S e—/lx+(:/1a.
One can optimize in A to obtain that for every x bounded away from 0,
e 11
P(A>x)<se . —+t—= =1,
a a
where c is another positive constant. In view of layer cake representation

Ee” = Kp/ e’ xP1P(A > x)dx,
0

we see that IEe*"” is finite if p < a’, completing the proof because a’ = (p A p)/d. ]
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KlAﬂmax(y/Z,l)

Proof of Theorem 2.2. For p € (0, ZP/‘\ZPO ), we obtain from Lemma 7.4 that sup, Ee
is finite for any constant positive x. From here, we obtain (2.4) from Proposition 7.3 and Holder
inequality. O

Proof of Theorem 2.3. We put g = VU. From Lemma 7.1, we have
S‘ip(||9||13?1,2([0,1]) + ||g||IL§([o,1]) + ||9||]L‘11,p([0,1])) <o
for all p, € [p,),q2 € [¢g, ) and v € [0, 1) with
d 2 d 2
—+-+v—-1<—+—. (7.8)

Part (i). Let p1, q1 be as in Theorem 2.3(i). From Theorem 6.1(i), we have
@n(m) < [1(1+9)(b =Yg < (1 + gl Il ="l

which shows (2.6).
Part (ii). Define g3 by % = q—lz + cl]. For each v € [0, 1] and p3 € (1, ) satisfying

1 1 1 1 1 v
- < —<—+—<—+- (7.9)
p ps p p2 p3 d
an application of Lemma A.2(ii) and Holder inequality shows that the pointwise multiplication
is a continuous bilinear map

LZ,,([0,1]) x L3, ([0,1]) — L, ([0, 1]).

If p3 can be chosen such that

d 2 2
—+—+-<2-v, (7.10)
P Q2 9q

then Theorem 6.1(ii) can be applied, which gives for every p € (0, ps),

t
| 'sup | [ g(b—=0b")(r,Xp)drlllL,0) < lg(b—b")lpss < Ib=b"lpe .
tefo,t] Jo "P3 P

To obtain the last step, we apply the multiplication result above to see that
n n n
lg(6 =D lIpes < liglive 16 =b"lye, <o =6y, -
On the other hand, applying Theorem 6.1(ii), we have
t
I'sup | [ (b=b")(r,X))drlll;) < IIb=b"llpg, -
te[o,1] J0 ’

These estimates verify (2.8).
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Next, we verify that it is possible to choose p2, g2, p3 satisfying all the above conditions. Given
D2, q2, P, q, v, there exists p; € (1, c0) satisfying (7.9) and (7.10) iff

2 2
—<2-yv-=-=%
p 2 9
d d 2 2
—+——V<2-V————
p P2 q: q

which is deduced to

d 2
—<2—V—5—6
q2

) P (7.11)

—_ 4 — 2____
P2 q p q

Given p, g, v, the existence p; € [p, ), q2 € [g, ) satisfying (7.8) and (7.11) is equivalent to
the problem (P): find x € (0,a),y € (0,b) such that ¢; < x+y < c,. Here, we have put x = d/p,,
y=2/qs,a=d/p,b=min(2/q,2-v—-{),c;={+v—-1,¢c;=2—-and { =d/p +2/q. With
some plotting aid, it is seen that this problem has a solution (x, y) iff c; < a+b and ¢, > 0. This
deduces to the condition (2.7).

Since (2.8) is valid for all p € (0, p3), it remains to identify the largest possible value for ps,
denoted by p3. From (7.9) and (7.10), we see that

1 ( 11 1 v)
— =max|—,—+——=].
P pp p d
We observe that the problem (P) with the additional constraint d/p, < v has a solution (x, y)
iff (2.7) holds. In other words, we can choose p, so that d/p, < v and hence p; = p. This shows
that (2.8) holds for every p € (0, p).

Part (iii). When v = 1, we ought to take p, = p, go = 2. We can also choose p3; = p and

g3 = q/2. Condition (7.9) is trivially satisfied while condition (7.10) is verified by (2.9). Define
the control w; by

2 2
wils,) = gy () +I90E o | wols 02

Then by the multiplacation result above, Holder inequality and (2.10), we have

2
||g(b - bn)lll‘f/l?p([s,t]) < ||g||]L?LP([S,t]) ”b - bn”]]_,zl)p([s,t]) < 1—‘M}l (S, t)q’

2
95 = ") g gy < N9l o1 = " llg oy S wi(s. )7

We then apply Theorem 6.1(iii) to get
t

2
| 'sup | [ g(b—0b")(r,Xp)drlllL;0) < T(1+|logI'[)wi(0,1)4
teo,,] JO

< T(1+ |logT|)wo(0, 1)4.
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On the other hand, applying Theorem 6.1(iii) under condition (2.10) yields

t 1
| sup | [ (b—=0")(r,X,)dr|llL,@) < T(1+ [logT)wo(s,t)q.
te[o,1] JO

Combining the previous two estimates, we obtain (2.11). m]

8. APPLICATION: STOCHASTIC TRANSPORT EQUATIONS

Let (W;) be a standard d-dimensional Brownian motion on a filtered probability space
(Q F, (Ft)efo1], P) and let b : [0,1] X R? — R? be a Borel measurable function satisfying
(1.2). In this section, we propose a numerical scheme for the following (forward) stochastic
linear transport equation

ou+b-Vu+VuodW, =0, u(0,x)=p(x), (8.1)
where p € N,»1L;,(R?) and Vu o dW; is interpreted in Stratonovich sense. As in [FF13], we
say u is a weakly differentiable solution to (8.1) if

o u:Qx[0,1] xR = R is measurable, /]Rd u(t, x)(x)dx is progressively measurable
for each ¢ € C° (]Rd);
o P(u(t,-) € Ny»1L°°(R?)) = 1fort € [0, 1] and bothu and Vu are in C([0, 1]; Nys1L" (R¥X

1,r
Q));
e for any ¢ € C° (R?) and t € [0, 1] with probability one the following holds

/Rd u(t,x)w(x)dx+[tAd b(s, x) - Vu(s, )¢ (x)dxds
d t
:/de(x)‘//(x)dX+;/O (/Rd”(s’x)axi‘//(x)dx)dl/\/si

+%/Ot/]Rdu(s,x)Agb(x)dxds.

It is known from [FF13, Theorems 10, 11] that a weakly differentiable solution u to (8.1) exists
uniquely and has the representation u(r,x) = p(¢;(x)), where ¢;(x) is the inverse of the
stochastic flow of homeomorphisms generated by the solution (X;(x));c[0,1] to the SDE

dX;(x) = b(r, X, (x))dr +dW,, 7€[0,1], Xo(x)=x.

For each fixed 7 € [0, 1], consider the backward-in-time SDE
T
Xl == [ BRXe G)dr 4 W= W 0S5 < X =x
S

The inverse flow ¢ (x) is directly related to the solution to the previous SDE. Indeed, there exists
a set Q' with P(Q’) = 1 such that for all (7, x,») € [0,1] x R? x Q’, one has Pg(x) = Xz 0(x),

see [Kun19, RL13].
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To devise a numerical scheme for (8.1), it convenes to introduce X{(x) := X;,—s(x). By a
change of variables, we find that

N
XI(x)=x-— / b'(r, X7 (x))dr+ W}, 0<s<rt, (8.2)
0

where b*(r,x) := b(t — r,x) and W} := W, — W,_, for r € [0, 7]. Observe that (W;");c[o] is a

(#,7)-Brownian motion with ¥, := c(W—,, = W;_,,0 < r; <rp < t) fort € [0, 7]. Hence, we

have the representation u(z, x) = p(X7(x)). This naturally suggests the numerical scheme
u"(z,x) = p(X7"(x)),

where for each 7 € (0,1], (X{")se[o,r] is the tamed Euler-Maruyama approximation for (8.2),
namely

S
XI"(x) = x —/0 bf’”(r,X]Zﬁr)(x))dr +W!, 0<s<r. (8.3)

Here, b™"(r, x) := b"(t — r,x) for r € [0, 7] and b" is an approximation for b satisfying Condi-
tion B.

Theorem 8.1. Suppose that Condition B holds. Let v € [0, 1) satisfy (2.7) and p1,q1 € [1, o]
satisfy Pil + i < 2. Then foranyl € (1,p A 27‘0), any 7 € (1, 00) satisfying% < % - %(1 Y %l), we
have

d
sup 77 ||u" (7, x) — u(r, %))
(7,x)€[0,1]xR4

< NIVl ey ((1/m) log -+ min(llb — 0"l 1 1o 16 = D"l o1
(8.4)

where N depends on K4, p,d, 1, p1, q1 andF.
Proof. We put b(r,x) = 0 and b"(r,x) = 0 whenever r € R\ [0, 1] so that b"(r, x) and b™"(r, x)

are well-defined functions on [0, 1] x R?. Let (Wt)te[o,u be a standard (Kf?})—Brownian motion
which is independent from (W;);c[o,1] and define

r JWe =W, ifr € [0, 7], (8.5)
TN W+ W W, ifr e (n,1], '
which is a standard Brownian motion with respect to the filtration (G;)ic[01] == (FA; V

71?\/‘[)1‘6[0,1]- Equations (8.2) and (8.3) (for each fixed 7 € [0, 1]) are extended uniquely over the
whole time interval [0, 1].

By property of maximal function and continuity of p (see [HTV20, Proposition C.1]) we have
for every x,y € R?,

lp(x) = p(y)| < Ix = yl(M|Vp|(x) + M|Vp|(y)).
It follows that

|u(z, %) — un(7, x)| < 1X7(x) = XP" () [(M|Vp|(X7 (x)) + M|V (X7 (x))). (8.6)
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Next, we estimate the terms on the right-hand side of the previous inequality.
In order to apply Theorem 2.2 to obtain estimates for X™*) — X7"(x), we verify that b” and
b™" fulfill Condition B for each . Indeed, it is evident that b* € ]LZ( [0,1]), b™" € ]LZ([O, 1])n

ILZ ([0,1]) and that ||bT’””]LZ([o,1]) < ”bn”]L;’,([o,l]) which is bounded uniformly in n. In addition,
define p""(s,t) = p"((r —t) V 0, (7 — s) V 0), which is a continuous control on the simplex

A([-1,1]). We have [|6™"[|pa (15.01) = 16" IL9, ([(r—t)vo,(r—s)vo]) @nd hence by (2.2)
1.1
(l/n)z q ”bT,n”]LZO([s,t]) < ,UT’H(S, t)e.

S}ilmﬂaﬂy, 165 g o) = 10" ligroy < 10" llLg oy and p=(0,1) = p"(0,7) < p"(0,1) so
that

sup (16l g0, + 470, 1)) < Ko,
nz1
where K} is the constant in Condition B.
Hence Theorem 2.3(i-ii) yields that for p € [1, p)
@n(p) < Nmin(|[b - bn”]Lgi([og])’ 16— bn”]Lgv’p([O,l]))'
Theorem 2.2 yields for any y € (0,1) and p € [1,p A %p),

sup  [IX; (%) = X" (0L
(t,x)€[0,1]xR4

<N (n_l/z log -+ min([[b = b"lly: 1017, 1D - bn”LgV’p([O’lD)) . (8.7)

vp(Q)

The constant N depends on Ky, v, p, q, p1, q1, p-

Similar to the arguments used in the proofs of Theorems 5.1 and 6.1, using Girsanov theorem,
one can deduce the estimates for X", X7 to estimates for Brownian motion, which is obtained
in Lemma 4.1. Hence, for any 7 > r > 1, we have that

_d _4d

IMIVpl(X7 Iz, @) S IMIVPI(B)IL ) S 7 7 IMIVplllL,wrey S 77 [Vl (rA):

and similarly,
_d
IMIVpl(XZ" (I S 7 IVpllL, (ra)-
Given [, 7 as in the statement, we can choose r € (1,7), p € (1,p A ‘%p), Y € (0,1) such that

2+ % = 1. From (8.6), applying Hélder inequality, we have

llun(z, x) — u(z, x)||L,(Q)

S IX7 (x) = X7" () Iz, 50 (IMIV (X7 Iz, ) + IMIVRI (X" () Iz ()

Combining with the estimates obtained previously, we obtain that
llun(z, x) — u(z, x)||L,(Q)

_d - .
< © 7 ||Vpllg, rey (” V2 log n + min(||b - bn”]Lgi([o,l]), 16— bn”]ﬂvsp([o,l]))),
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which implies (8.4). O

APPENDIX A. PARABOLIC EQUATIONS WITH DISTRIBUTIONAL FORCING

For each r € [1, o], we denote its Holder conjugate by r’, i.e. % + % = 1. For each Banach
space &, we denote its topological dual by &*, and the dual paring between & and &* by (-, )g+ g.
We consider the parabolic partial differential equations (PDEs)

(05 + aifafj)u =f, u(l,:)=0 (A1)
and

010 — a?j(a"fo) +9=0, v(0,-)=0 (A.2)
under the following assumptions:°

Condition W .

1. ais a d X d-symmetric matrix-valued measurable function on [0, 1] X R?. There exists a
constant k; € [1, o) such that for every s € [0,1] and x € R?

k' < a(s, x) < kil (A.3)

Furthermore, a(s, -) is weakly differentiable for a.e. s € [0, 1] and k3 := ||Va||IL;<(>)([O,1]) is
finite for some py € (d, ).
2. fe ]L(il,p([O, 1])and g € ]Lq_l’p,([o, 1]) for some p, g € (1, o0) satisfying 1—1) + plo <1

Definition A.1. A measurable function u : [0,1] x R? — R is a solution to (A.1) if u €
le{p([o, 1]), osu € ]Lgl’p([O, 1]), u(1,-) = 0 and equation (A.1) holds in ]Lzl’p,([o, 1]), i.e. for
every ¢ € ]Lilp, [0,1])

1 1
/0 ((3s+auaizj)ut’¢t>L_LP(JRd)xLLP,(Rd)dt: /0 fo @)1, ,(R)xL, (R AL (A.4)

Likewise, a measurable function v : [0,1] x R? is a solution to (A.2) if v € ]L(flp, [0,1]), 0s0 €

Lg’l,p’( [0,1]),v(0,-) = 0 and equation (A.2) holds in ]L(il,p( [0,1]), i.e. for every ¢ € ]Ltlz,p( [0, 1])

1 1
/O (9ros — 97 (a'vy), PsIL_, pr (RE)xLy ,(RE)AS + /O (9 Ps)L_, ) (RE)xL, ,(RDAS = 0. (A.5)

In the above definitions, we have implicitly understood that a/ afju and 6‘i2j(aij v) are well-

defined distributions in ]chl, p,([O, 1]) and ]Lcil’ p( [0, 1]) respectively. To see this, we need the
following multiplication result:

®Parabolic PDEs with distributional forcing have been considered by Kim [Kim08]. However, his result is
applicable to (A.1) and (A.2) only when a is continuously differentiable in the spatial variables with bounded
derivatives and hence Condition 2’ is excluded.
58



Lemma A.2. Let p, py, p2 be real numbers in (1, c0) and let v € (0, 1].
; 11,1 _1 N T
(i) Assume that py, po > p and that P Syt <ot 7+ Then the pointwise multiplication is a
continuous bilinear map

Lyp, (RY) X Ly, (RY) — L, ,(RY).

(ii) Assume that py > p, that p, > p] and that
multiplication is a continuous bilinear map

Loyp (RY) X Ly, (RY) — L, ,(RY).

1 1 1 1 v . :
L < = = £ L4
5 S o + s < » + 3 Then the pointwise

(iii) Let g be a bounded measurable function such that Vg € Ly, (R?) for some py € (d, o). Let
f bein Ll,p/(]Rd), h be in L_Lp(]Rd) and assume that% + pio < 1. Then fg belongs to Ll,p/(]Rd), gh

belongs to L_y (R%) and

1£9llL, ,re) S (Igllz ey + [1VGllL, we)DIFlL, , (rE), (A.6)
lghll, , crey < (gl ey + 191, )AL, e (A7)
Proof. (i-ii) are consequences of [ZZ17, Lemma 2.2]. Concerning (iii), define p; by # = io + pia’

Then by Holder inequality

IV9fil, we) < IV9llL,, ey 1f1]L,, Re)-
The embedding Ll)pr(]Rd) — Lpa(]Rd) is valid if 1% - Cll < p% < I%’ which is justified by our
assumption. It follows that ||ng||Lp,(Rd) < ||Vg||LpO (RY) ||f||L1P,(]Rd). It is evident that

19 s, crty + 19V F 1l ety gl 11, -
From here, we obtain (A.6). To show (A.7), we note that by duality and (A.6),

1fghllz,rey S IRl &)1 f9llL, , (Re)

S Rllz, , ey (gl vy + 1V, we) IS I, 0 (Re)-

This implies (A.7) by duality. O
Proposition A.3. Foreveryu € ]Lcll’p( [0,1]) ando € ]Li],p, [0, 1]), under Condition 2" we have

d1fuel?, ([0.1]) and &4(alv) e LY, ([0,1]).
Proof. Using Lemma A.2(iii), we see that

”aijaizju”L_Lp(]Rd) < (a7l ray + ||Vaij||Lp0(1Rd))||<9,~2ju||L_l,p(Rd)

s (la”llz raey + 1Va” I, wap 1ullz, ,(ra)

and

||3i2j(a"jv)||L,Lp,(Rd) < ”aijU“LLp,(]Rd) < (lla |l ray + ”Vaij”LPO(]Rd))”U”LLP,(]Rd)'

These estimates imply the result. O
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Theorem A.4. Under Condition ', there exist a unique solution u to (A.1) and a unique solution
v to (A.2). Furthermore, we have

||u||]L‘1 (o) + 119 u||]Lq L(01]) S N”f”]]ff 0,1])° (A.8)
0 + |00 X N , A9
|| ”]L(ll,p’([o’l]) ” t ”IL(il,p’([O’l]) ”gH]Lsz/([O’lD ( )
where N is a finite positive constant depending on d, p, q, po, k1, k3.
Before giving the proof of the above theorem, we show several auxiliary results.

Lemma A.5 ([ZZ17, Lemma 4.1]). Let { be a nonzero smooth function with compact support.
Define {*(x) = {(x — z). Foranyv € R and p € (1, ), there exists a constant C > 1 depending
only on v, p, { such that for any f € L, ,(R%),

1/p
CMS s, re) < ( /R ) ||f§zllfv’p(w)d2) <ClIfllz,, &

Lemma A.6. [Kim08, Lemma 2.5] Fork = 1,...,n, let a* ]R+ — R? x R? be a measurable
function satisfying (A.3). For fixedv € R, p € (1, oo) letuF € LI v,p (10, 1]) solve the following PDE

(9 +adbu* = 5, u(1,) =o.
Then

/ ]_[nvz Kol (Rd)dt\NZ / IFAIE. (Rd)l_lnvzuf(t)nL ot

Lemma A.7. Assuming Condition 0. Let y; be a smooth function supported in the ball B, :=
{x € R : |x| < 1}. Foreachp > 0 andz € R, define B; = {x € R? : |x — z| < p},

Yr(x) = 1//1(%) and a(z)(t, x) = @ /BZ a(t,y)dy. Then we have

lim  sup l(a—a(2) VA, (ray = 0.
plo (t,2)€[0,1]xR? p L1 py (RE)

Here 5 (x) = Y1 (%), x,z € RR¢, p > 0.
Proof. Observe that

I := sup |[(a - a(z))%”Lp (Rd) S l¥allL., (]Rd)”a”L (JRd)” sz”Lp (R9)
zeR4
and
Iy := sup [|[Vay;llL, rey < 1Wallz ey lIVa- 18,1z, re)-

z€RY
Using Poincaré inequality ([Giu03, Theorem 3.17])
I3 := sup [[(a = a(2)) VYL, re) S IVl vy Ve - 18,11, (re)-

zeR4
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Since

sup [[(a — a(2)Yzll,,, iy S (h+ T+ ),

zeR4

by letting p | 0 for each I, I, and I5 we get the desired result. ]

We will make use the following:
Convention. If p > 0 is some parameter, we write 0,(1) for any constant whose exact value
may change from one instance to another, but lim,_, 0,(1) = 0. In particular, the inequality
A < D+0,(1)F means A < cD +0,(1)F for some constants c.

Lemma A.8. Assuming Condition ' and additionally that q > p. Then there exists a unique
solution u to (A.1) which satisfies (A.8).

Proof. By Marcinkiewicz interpolation theorem, it suffices to show the result when q = 7p for
any integer 1 > 1. Let 1 > 1 be a fixed integer. By the method of continuity (e.g. see [GT01,
Theorem 5.2]), it suffices to show that there exists positive N = N(d, p, g, po, k1, k3) such that
whenever u is a solution to (A.1),

A < i . .
”ullLli([O,l]) N”f”]L_’ip([O,l]) (A.10)
Note that if u is a solution to (A.1), then using Proposition A.3, the above estimate implies that

”atu”ILf’l"p([O,l]) 5 ||f||Lf11”p([0,1])'

Let p > 0 be a fixed constant and ¢ be a nonnegative smooth function such that ¢ is supported
in the ball 8, := {x € R? : |x| < p} and ||¢||Lp(]Rd) = 1. For each z € RY, define a(z) as in
Lemma A.7 and

P (x) =P(x—2), u(s,x) =uls,x)¢"(x), [*(s,x) = f(s,0)¢*(x).
Then u” satisfies the relation
o’ + a"f(z)afj =F, u*(1,-) =0, (A.11)
F? := f¢* + 20" ,ud;¢* + aijuaizjqﬁz +(d’(2) - aij)a?juz.
The proof is now divided into several steps.
Step 1. We show that for each ¢ € [0, 1],

1/p
( /}R d ||Ff||’;_1p(Rd)dz) < Wflle ey + el iy + 0p (Dl ey (A12)

where 0,(1) is some constants, independent from ¢ and lim, 0,(1) = 0. Applying Lemma A.5
(with { = ¢, 9;¢, 812]¢ respectively) and Lemma A.2, we see that

1/p
y .
(./]R.d lf$* + 2a" ojud;p* + a’Juaij¢Z||L_Lp(]Rd)dz

S Il ey + a0l ey + Nla%ullr_, ey < WFIlz_,, ray + 1l (re)-
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We note that the implicit constant above depends on p. Let / be a smooth function on R?
such that (x) = 1if [x| < p and ¥(x) = 0 if |x| > 2p. Define ¥*(x) = ¢ (x — z). Applying
Lemma A.2 (whose hypothesis is justified because py > p” and py > d), we have

1(a”(2) - )3} Lpo(RYE) S 1(a”(2) _alj)l//Z”Llp w050 ., (Ra)-
By Lemma A.7, we see that
sup [|(a”(z) - aij)WIILLpO(Rd) =0,(1).

zeRd

Hence,
”(aij(z) _ aij)a'z'uZ”L_lp (Rd) < Op(l)”uzllLlp(]Rd)'

It is easy to see that [, ||h¢?||P = ||h|l; (ra for any h € L,(R?). Hence, by Minkowski
y R L, (]Rd) Ly(R%) Yy P Yy

inequality and Lemma A.5, we have

1/p 1/p 1/p
(/ |IuZ||1‘L’l dz) < (/ ||Vz,¢z||"L7 dz) + (/ ||u2||€ dz)
1/p 1/p /p
( / IVug? | dz) ( / luvge | dz) ( / 1P dz)

|VU||L ®Y +C ||u||L (R9)- (A.13)
This shows that

_ N 1/p
( /}R @) - a”>a?ju2||§_l,p(mdz) < 0p(D)llully, ) + Nl ra)-

Hence, we have (A.12).
Step 2. We show that for every integer 1 < n < nn and every s € [0, 1],

”u”Li‘;([s,l]) S ”f”]Lf‘ll;‘p([s,l]) + ||u||L’_'1;’p([s,1])- (A.14)
Since
2
”u”Li‘;([s,l]) ~ |V u”]Lffip([SJ]) + ||u||]Lf11”p([s,1])a (A.15)

it suffices to estimate || V2u/| n ([s.1)- From Lemma A.5, we have
s,

1
IV2ullyly oy / ( /}R IV (Rd)dz) dt + / el gyt (A.16)
—Lpit™ s

From Tonelli’s theorem, Lemma A.6 and (A.12),

1 n
2. zP
/s (/Rd Iv ut”Ll’P(]Rd)dz) &

1 n—1
p
< / ( /]R d ||v2uf||§_l,p(md)dz) (Il ey * el ety + 00 (Dl e )t
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Applying Holder inequality, we have

1 ; ) )
2.z11P 2 zup
/S (/]Rd a ut”L_l”’(]Rd)dz) s /s (/}Rd v ut”L-l,p(]Rd)dz) dt]

1 .
/s(Hf”L_Lp(IRd)"'”u”Lp(Rd)+Op(1)||u||L1)p(]Rd)) dt] ,

1
=5

X

which yields

1 n
/s ( /R A (Mdz) dt < / (L2 gy 2 g + 0o Ol )

Putting this into (A.16), we obtain

Vu)| " +0,(1
L U K P L R NGOl
Using interpolation 1nequahty
||u||]sz([s’l]) < Cp||u||]Lffl”p([s,1]) + Op(1)||“||Lif,([s,1])’ (A.17)

we get
2
IV u”]Lf[l),P([s,l]) S ||f||]L'jll’!p([s,1]) + ||u||Lf11’,P([s,1]) + Op(l)”u”IL;';([s’l])-
In view of (A.15), we have
||u||]an( [s1]) S ||f||]L"P L([s.1]) +C ||U||1L"P L([s.1) +op(1)||u||]an( [5.1])"

By choosing p sufficiently small, we derive (A.14) from the above estimate.
Step 3. We show that
llullis, ¢

=01 S ”f”JLfLP([o,l])' (A.18)
From (A.11), we have
1 t
ul = / Ps, (o F{dt, where X;(z)= 2/ a(r,z)dr.
S S
Then Minkowski inequality and [Tri13, Theorem 5.30] yield

1
IR
S

Applying Holder inequality, Lemma A.5, (A.12) and the interpolation inequality (A.17), we
obtain from the above that

1
p < z||P
||uS||L—l,p(]Rd) ~ /s ‘/]R:d ||Ft ||L_1,p(]Rd)dZdt

1
p P p
S/s [||ft||L_l,p(Rd)+||ut||L_Lp(]Rd)+IIutIILLp(]Rd) dt.
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Applying (A.14) (with n = 1), we have

1
P < [IFIIP p
L VP I L

which implies (A.18) by Gronwall inequality.
Step 4. Using (A.18) in (A.14) yields

||u||Li’;([0,1]) N ||f||ng([0,1]) + ”f”IL{P([O’l]) S ”f”L?f;([O’l])’
which implies (A.8). O

Lemma A.9. Assuming Condition 2’ and additionally that ¢’ > p’. Then there exists a unique
solution v to (A.2) which satisfies (A.9).

Proof. The proof is similar to that of Lemma A.8. The main differences are the computations
in step 1 of the proof of Lemma A.8, which we will explain below. Let v be a solution to (A.2).
Define ¢%, a(z) as in the proof of Lemma A.8. In addition, define ¢*(t, z) = g(t, x)$*(x) and
v*(t,x) = v(t,x)p*(x). Then o* satisfies the parabolic equation

v* — aij(z)al-zjvz +G* =0, 0°0,) =0,
where
G*=g*+a" (z)aizjvz - aizj(aijv)gbz
=g - 8.2- ((a7 - a"(2))0%) + 20;(a"0)9;¢* + avd?, L

Let ¢ be a smooth function on R? such that /(x) = 1if |x| < p and ¢/(x) = 0 if |x| > 2p. Define
V*(x) = ¥(x — z). Applying Lemmas A.2 and A.7

1955((a” = a7 (2D, rey S [(a” = a7 ()%l , (o)

< (@ = @ @)Wl ey 171, ety < 0p (DI, e

and

la 0l rey < a9l ko 103570,y < 00270, oy

Similar to (A.13), we have

(/ llo Z||L (]Rd)) < loll, , rey + Collollzy re)-
This yields

1/p’
( /}R Nay((@7 ~ a7 (@)0%) + a7l o dz ) S olls, ey + 0p (Do, (ra)-

Applying Lemma A.5, we have

( /}R g+ zal-<a%>a,¢2||’;Lp,(w)dz) S Nl o) + 3@ 0)l1, oy
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S Nl ra) + ol o

These estimates imply that

, 1/p
( /]R d ||GZ||§_1,p,(Rd)dz) S N9l wey *+ ol gty + 0o (Dl )
Using the interpolation inequality

loll,, ey < Celloll_, , ray + €ll0llz, , re),

we obtain from the previous estimate, by choosing ¢ sufficiently small, that

, 1/p
( /}R d ||GZ||§_LP,(Rd)dz) < llglle_, ey + ol cgey + 0, (Dlolly, , (ra)-
One can now follow steps 2,3 of the proof of Lemma A.8 to obtain (A.9). O

Proof of Theorem A.4. Concerning equation (A.1), by the method of continuity it suffices to
show (A.8) whenever u is a solution to (A.1). The case q¢ > p has been treated in Lemma A.8.

Consider the case g < p, which is equivalent to ¢ > p’. For each g € ]Lq_/l’p,( [0,1]), let v be

the solution to (A.9), which exists uniquely by Lemma A.9. We take ¢ = v in (A.4) and use the
equation (A.2) for v to see that

1 1
/0 (Us, Is)L, ,(ROXL_, 0 (RS = /0 06, f)1, , (RE)xL_, (R AL

Applying Holder inequality and (A.9), we have

1
‘/0 (01, fir, , (RE)xL_, (R AL

< lelly '
I ||Lip/([o,1])”f”ILZ,,,K[OJD

< ||g||Lz;’p/([0,1]) ”f“]Lz’l,p’([O’l]),

and hence

1
‘/O <u5’ 9s >Ll,p (]Rd)XL—l,p’ (R9) ds

Since g is arbitrary, this implies (A.8). The result for equation (A.2) follows from similar argu-
ments. O

< ’ ’
S ||9||]Lgllp,([o,1])||f||]Lng,([o,1]).
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