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A B S T R A C T   

Current experimental and numerical quantification methods are limited in their ability to full-field mapping of 
the unpredictable distribution of all residual stress and permanent plastic strain components in additive 
manufacturing parts with discontinuous processing properties. To address this limitation, a tomographic 
eigenstrain (inherent strain) reconstruction method, that merges eigenstrain reconstruction with diffraction 
strain tomography for mapping volumetric distribution of all components of eigenstrains and corresponding 
elastic deformations like residual stresses non-destructively using minimum amount of tomographic scans is 
presented through numerical experiments, and then applied to the analysis of a CM 247 LC superalloy additive 
manufacturing part using diffraction strain tomography data. The method reconstructs all eigenstrain and cor-
responding residual stress components, parallel to the build direction, aligned with the experimental data 
component accurately, demonstrating its potential in optimizing the performance and reliability of parts 
designed for high-tech industries such as aerospace. Subsequent validations using the X-ray diffraction sin2ψ and 
neutron diffraction strain scanning techniques confirm the method’s reliability in reconstructing residual stress 
components parallel to the plane of powder bed that are different from the experimental data component. 
Furthermore, the novel findings of this study reveal a characteristic residual stress distribution pattern within 
additive manufacturing parts particularly those featuring rectangular shapes. Microstructural analysis also val-
idates eigenstrain distribution in accordance with the findings on the characteristic distribution of residual 
stresses, highlighting the significance of this method in advancing materials research and development.   

1. Introduction 

Nickel-based alloys, including CM 247 LC superalloys, find extensive 
use in the aerospace industry [1–3] due to their exceptional properties 
like creep resistance, strength, and toughness under extreme conditions. 
However, their high γ′-phase content poses challenges for conventional 
machining [4], making additive manufacturing methods like laser 
powder bed fusion (LPBF) increasingly essential [5]. CM 247 LC, derived 
from MAR M 247 superalloy, is optimized for single crystal casting ap-
plications [6], but faces challenges such as boundary cracking during 
directional solidification [7] and hot cracking tendencies [8]. 

Weldability depends on the γ′-phase volume fraction, with alloys con-
taining over 4.5 wt% Al and Ti being less weldable [9]. LPFB processes 
can induce microcracking in nickel alloys with high Al and Ti content 
[10–12], necessitating strategies like fractal scan patterns and pulsed 
wave laser deposition [13,14]. The complex thermal history during PBF 
manufacturing results in residual stresses, making their analysis chal-
lenging [15,16]. Minimizing these stresses is crucial to prevent cracking 
in aerospace parts [17,18], but this is a complex task, especially in the 
unpredictable conditions of laser-based additive manufacturing tech-
niques [13]. 

The production of large-scale parts using LPBF often faces significant 
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challenges [19]. The extended production time inherent in this process 
tends to introduce issues such as cracks, distortions, and overheating 
problems. Specifically, when employing LPBF for the fabrication of 
massive components made of metal alloys, the rapid solidification gives 
rise to irregular distribution of permanent plastic strains. These strains, 
in turn, cause the formation of residual stresses that have a high influ-
ence on failures such as stress corrosion cracking and fracture. Accord-
ingly, understanding the distribution of these residuals is crucial for 
optimizing process parameters [20] in order to minimize failures related 
to these residuals. 

Residual stresses formed during the widely used thermo-mechanical 
manufacturing processes such as welding [21,22] and additive 
manufacturing [23] create weak spots that are prone to crack formation 
and fracture while shot peening [24] forms surfaces with improved 
resistance to these failures. The parameters of these processes and other 
processes prone to the formation of residual stresses should be adjusted 
in a way to minimise or maximise residual stress mitigation in order to 
satisfy operational requirements. Accordingly, residual stresses should 
be quantified and analysed using experimental [25,26], numerical 
[27–31], and hybrid [32–35], that combine experimental data with 
numerical models, methods. Process simulations and in-situ experiments 
contribute to understanding the mechanisms leading to the formation of 
porosities [36] and spattering behaviour [37], which influence the 
development of residual stresses. However, to optimize process param-
eters and minimize the occurrence of such issues, a comprehensive un-
derstanding of the residual stresses in the final products is essential. 

The literature has abundant number of examples of quantitative 
analysis of residual stresses for various processing conditions, but 
operational difficulties and high cost of experimentations limits the at-
tempts on full-field mapping for both research and industrial purposes. 
Correlation of physical characteristics of materials with residual elastic 
strains are widely used to create line profiles in and around the hot spots 
where distribution of permanent plastic strains is expected to be irreg-
ular. These short-range one-dimensional maps provide a limited un-
derstanding the influence of processing conditions on the formation of 
residual stresses. Increasing the number of measurements have a po-
tential to provide a two- or three-dimensional map of diverse mea-
surement but labour and instrumental costs along with operational 
difficulties prevents applicability of these approaches. Recent advances 
in the creation of surface profilometry data with micro-scale sensitivity 
and high spatial resolution allowed the determination of displacements 
due to changes in boundary conditions that are created by the help of 
non-contact electric discharge machining [38,39]. In the case of avail-
ability of information about physical changes in large planes it has been 
possible to perform two-dimensional low-cost mapping of residual 
stresses. The contour method developed for this purpose has been 
extended to reconstruction of multi-axial residual stresses in continu-
ously processed bodies using eigenstrain theory [40,41]. Improvements 
in the formulation of the inverse problem of eigenstrain by the help of 
guiding functions [42] and the implementation of principles of artificial 
intelligence allowed mapping the residual stresses in parts undergoing 
discontinuous processing [43] even after further processing like heat 
treatment [44]. However, the dependence on the guiding functions is 
preventing to understand the complex distribution of residual stresses in 
additive manufacturing parts. The introduction of the voxel-based 
full-field eigenstrain reconstruction method by Uzun and Korsunsky 
[45] provided new insights for the full field mapping of residual stresses. 
This method was validated by the reconstruction of well-known distri-
bution of residual stresses in a bent titanium alloy using highly reliable 
X-ray diffraction measurements and allowed volumetric 
three-dimensional mapping of both eigenstrains and residual stresses 
accurately in the case of availability of experimental data from a limited 
section of a material. The use of experimental data obtained through the 
height digital image correlation (hDIC) technique [46] satisfied the 
requirement for high-quality data with multiple components [47,48]. 
This approach allows the full-field mapping of residual stresses in 

discontinuously processed bodies manufactured by LPBF additive 
manufacturing [49] and welding [50]. However, the reliability of re-
constructions with this approach depends on the quality and quantity of 
the experimental data. The error in reconstruction increases as the dis-
tance from the source of experimental data increases [45]. 

Diffraction techniques allow mapping residual elastic strains within 
a volume close to the surface or inside the volume in a pointwise fashion 
[51,52]. However, distinct measurements can only provide information 
about compatibility of strains or equilibrium of stresses if high spatial 
resolution is achieved. Tomography techniques that rely on Bragg edge 
diffraction data obtained using neutron [53–56] and X-ray diffraction 
[57,58] allow the reconstruction of continuous residual elastic strain 
maps [59–61]. The requirement of long scan times in the case of high 
density or thick metallic materials increases the cost of this type of 
experimentation and limits the application of this highly effective 
approach to two-dimensional mapping of residual elastic strains [62]. 

In the context of LPBF additive manufacturing with the CM 247 LC 
superalloy, this study aims to introduce an innovative methodology 
tailored for reconstructing residual stresses within large-scale parts 
characterized by a substantial height to data projection area ratio. This 
pioneering approach utilizes two-dimensional diffraction strain tomog-
raphy data of residual elastic strains, coupled with eigenstrain recon-
struction. By employing a minimum number of tomographic scans, this 
approach enables the complete volumetric characterization of all 
eigenstrain and residual stress components non-destructively, a capa-
bility not achievable through traditional non-destructive assessment 
methods. The minimization of tomography scans reduces experimenta-
tion costs, while a well-designed algorithm for voxel-based eigenstrain 
reconstruction [45] provides accurate maps of residuals. Relying on 
continuum mechanics, the method facilitates the calculation of three 
components of eigenstrains to reconstruct six components of residual 
stresses and residual elastic strains, along with three components of 
displacements within the domain. Applying the fundamental rules of 
continuum mechanics, this method not only ensures the satisfaction of 
compatibility conditions and equilibrium but also establishes a robust 
correlation with the experimental data integral to the reconstruction 
process, thereby enhancing its applicability and precision within the 
realm of high-tech industries. 

In this study comprehensive assessment of eigenstrains and residual 
stresses formed as a consequence of the LPBF additive manufacturing of 
CM 247 LC superalloy parts is presented. Numerical experiments were 
conducted to investigate the influence of voxel spatial resolution and 
basis function parameters on the accuracy of the reconstruction in a 
domain that mimics discontinuous processing conditions of additive 
manufacturing parts. Further analyses were performed to determine the 
optimal number of data layers of diffraction strain tomography required 
to achieve full-scale reconstruction of residual stresses and eigenstrains. 
The robustness of the tomographic eigenstrain reconstruction of residual 
stresses in CM 247 LC superalloy is demonstrated by cross-referencing 
them with the experimental data used in the computations. Addition-
ally, the effectiveness of this method in reconstructing residual stress 
components that diverge from the experimental data is validated 
through X-ray diffraction sin2ψ and neutron diffraction residual stress 
quantifications. Complementary microstructure analysis is given to 
validate the reliability of eigenstrain distribution, taking into account its 
correlation with grain size and the distribution of residual stresses. 

2. Methodology 

The finite element solver employed for eigenstrain reconstruction 
was developed on the FEniCS computing platform. This study presents 
numerical analyses of mapping full-field residual stress distribution in 
large domains and the analysis of residual stresses in a CM 247 LC ad-
ditive manufacturing part with discontinuous processing features using 
this solver. Numerical experiments were performed by creating artificial 
experimental data sets that mimic the planar distribution of the normal 
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component of residual elastic strains [62] reconstructed by the diffrac-
tion strain tomography technique [60]. Conducting experiments using 
this technique is expensive and requires high computational power for 
solving the linear elastic finite element solutions for each independent 
basis function. To reduce the overall cost of experimentation and 
computation, the parameters of eigenstrain reconstruction were ana-
lysed through four stages of numerical experiments. Results of eigen-
strain reconstruction performed using highly reliable synchrotron 
diffraction data were validated by two different diffraction techniques. 

2.1. Sample Preparation 

This study presents the use of reliable experimental data acquired 
through diffraction strain tomography to reconstruct eigenstrain in ad-
ditive manufacturing parts with unpredictable residual stress distribu-
tion that poses challenges in simplifying assumptions and formulating 
regularization functions. To meet these requirements, a large-scale CM 
247 LC part was manufactured using the LPBF additive manufacturing 
technique. This method generates complex thermal effects at the nano- 
and micro-levels, resulting in intricate and unpredictable residual stress 
distribution. 

This manufacturing process intentionally omitted predetermined 
parameters that could offer insights into the residual stress distribution. 
To ensure independence between specimen design and eigenstrain 
reconstruction, these two stages of the project were carried out in 
separate laboratories located at The University of Sheffield and The 
University of Oxford respectively. Fig. 1 displays the geometric di-
mensions of the printed rectangular part, with a Cartesian coordinate 
system originating from the midpoint of the part’s bottom plane, and the 
image of CM 247 LC superalloy produced using additive manufacturing. 
In this study, a large-scale domain is determined to be a rectangular part 
with a hight that is larger than the dimensions of experimental data 
projection planes. 

2.2. Tomographic eigenstrain reconstruction 

Residual stresses are formed due to irregularly distributed perma-

nent plastic strains, which eigenstrain theory refers to as eigenstrains 
[63,64]. The voxel-based methodology for eigenstrain reconstruction 
utilizes independent basis functions and experimental data to map the 
distribution of eigenstrains. This approach employs the principle of su-
perposition, where the guiding information, such as displacements or 
residual elastic strains, is obtained either non-destructively or destruc-
tively. The resulting eigenstrain field is then imported into a numerical 
or analytical model, which establishes the relationship between eigen-
strains and residual stresses, enabling the mapping of residual stresses. 
More information about the numerical model used for full-field eigen-
strain reconstruction of residual stresses can be found in the paper 
introducing the voxel-based eigenstrain reconstruction method [45]. Eq. 
1 presents a modified form of radial basis functions, which facilitates the 
distribution of independent eigenstrain components based on the 
Euclidean distance between the field point (x, y, z) and the voxel co-
ordinates (xl, yl, zl). The parameter r determines the localization range of 
the eigenstrain field. 

Fl(x, y, z) =

⎛

⎜

⎝

1

1 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xl)2 + (y − yl)2 + (z − zl)2

√

⎞

⎟

⎠

r

(1) 

The FEniCS numerical model utilizes radial basis functions to 
compute six residual stress components. It relies on experimental data 
from a limited part region, which may exhibit the part’s elastic response 
in terms of residual elastic strain or displacement. These responses arise 
from the material’s elastic behaviour due to internal forces caused by 
irregular distribution of permanent plastic strains and changes in 
boundary conditions. The provided formulations for solving the inverse 
eigenstrain problem can handle both displacements and residual elastic 
strains as experimental data without requiring modifications. If experi-
mental data is available from different part regions, their sequential 
implementation will suffice for performing least squares optimization, 
aiming to minimize the disparity between model-derived data based on 
radial basis functions and experimental data. 

Numerical experiments were conducted to test this method’s capa-
bility in reconstructing full-field residual stresses across large domains. 
The experiments utilized an artificially created part undergoing 

Fig. 1. Illustration of a CM 247 LC superalloy specimen produced by additive manufacturing, along with the corresponding domain with dimensions of 
15.2 × 15.2 × 30.0 mm. The red and blue diagonal lines indicate the paths utilized for generating line plots. 
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discontinuous processing, which relies on eigenstrain distribution. 
Bodies with eigenstrain variation following a constant distribution 
normal to a plane are referred to as continuously processed bodies. If 
irregularities in permanent plastic strains are present along all three axes 
within a volume, these bodies are defined as parts undergoing discon-
tinuous processing. For numerical investigations, a rectangular domain 
measuring 15.2 × 15.2 × 30.0 mm, that has the same geometric fea-
tures with LPBF additive manufacturing specimen of CM 247 LC su-
peralloy, was subjected to discontinuous processing artificially by 
achieving the distribution of eigenstrains using Eq. 2 given below. 
ε∗ij(x, y, z) = kije

(−ax)2

e(−by)2 (c − z)0.5 (2) 
In Eq. 2, x, y, and z represent the x-, y-, and z-coordinates, respec-

tively. The magnitudes of the three components of eigenstrain were 
adjusted to match the dimensions of the part, utilizing the parameter kij. 
Specifically, for the xx-, yy-, and zz-components of eigenstrain, the 
values were set as 0.0667, 0.0667, and 0.0333, respectively, based on 
the geometric features of the rectangular domain as defined in Eq. 3. 
Constants a, b, and c are determined to be 0.2667, 0.2667, and 30.0, 
respectively, to achieve the eigenstrain distribution illustrated in Fig. 2. 
The selection of constants a and b relies on matching the eigenstrain 
distribution on the xy-plane of the numerical model domain to obser-
vations on the processes such as quenching. The choice of constant c is 
motivated by matching the eigenstrain distribution to the geometric 
position while ensuring that the chosen function ̅̅̅̅̅̅̅̅̅̅̅c − z√ remains real- 
valued, i.e., (c−z) > 0. This formulation amplifies the magnitude of 
eigenstrains in the middle sections of the xy-plane, from top to bottom 
along the z-axis. 
ε∗xx = ε∗yy = 2ε∗zz (3) 

Fig. 2 illustrates the distribution of artificial eigenstrains and corre-
sponding residual elastic strains in a domain consisting of 10 × 10 × 20 
cells. These cells accommodate second-order Lagrange family Contin-
uous Galerkin elements. The experimental data for residual elastic 
strains were collected from degrees of freedom points located at planes 
parallel to xy-plane. These planes were positioned with a fixed gap of 
7.5 mm along the z-axis. This arrangement of experimental data 

represents the reference state conditions for numerical experimentation. 
The spacing between the data planes was adjusted to analyse the amount 
of experimental data required for eigenstrain reconstruction. 

Diffraction strain tomography allows non-destructive and precise 
mapping of residual elastic strains. This technique’s capability has sig-
nificant potential for generating highly reliable experimental data 
required to comprehensively reconstruct residual stresses using full-field 
eigenstrain analysis. While neutron diffraction strain tomography shows 
promise in providing comparable data, synchrotron X-ray diffraction 
strain tomography [60] is chosen to demonstrate full-field eigenstrain 
reconstruction in large domains due to its prior validation [61] in 
accurately mapping residual elastic strains through planar techniques, 
as confirmed by numerical simulations. In this study, the experimental 
mapping of residual stresses utilizes a singular component of experi-
mental data obtained through the synchrotron X-ray diffraction strain 
tomography technique, as detailed in the study conducted by Korsunsky 
et al. [62]. The filtered-back projection algorithm (iradon) within the 
MATLAB® programming platform was employed for this purpose. In-
vestigations into various filtering options revealed no significant dif-
ference in the magnitude and distribution of the mapped residual elastic 
strains. Consequently, the filtering option for this algorithm was main-
tained at the default ramp filter setting. 

Synchrotron X-ray diffraction experiments for X-ray diffraction 
strain tomography were carried out in ID15A beamline of ESRF in 
Grenoble France. For this experimentation, CM 247 LC superalloy ad-
ditive manufacturing part was placed on a sample stage which had the 
capability of applying triaxial translation and rotation around the ver-
tical z-axis. The monochromatic incident beam, that was collimated to 
the dimensions of 100 × 100 µm, provided 100 keV photon energy. 
Monochromatic beam with a size of (h × v) transmitted through the 
specimen along the gauge volume length L(x,∅) as illustrated in Fig. 11 
and scattered to form diffraction cones to be collected by two- 
dimensional Perkin-Elmer large area detector. Calibration was accom-
plished using stress-free CeO2 for the determination of exact value of the 
radiation energy and the sample detector distance. Scans were per-
formed at five sampling volumes illustrated in Fig. 3(a, b) in a range of 
180 degrees with a step size of 5 degree starting from zero degree. Scans 
for each rotation angle performed at 115 beam spots that covers a 

Fig. 2. The illustration of distribution of magnitudes of all components of eigenstrains (left) and residual elastic strains (right) within the domain of artificial 
discontinuous processing part created for numerical experiments. 
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translation range of 23.0 mm that is wider than the diagonal size of the 
specimen that is 21.5 mm. Illuminations in the form of Debye Scherrer 
rings, as shown in Fig. 3(c), on the detector as a result of Bragg 
diffraction by an angle of 2θ, as exemplified in Fig. 3(a), was used to 
deduce the apparent value of the lattice parameter corresponding to the 
z-axis within each gauge volume by Rietveld refinement characterisa-
tion technique using GSAS-II Crystallography Data Analysis Software. 

2.3. Experimental validation 

The X-ray diffraction sin2ψ is a relatively simple and non-destructive 
technique that uses the interaction between X-ray beams and spacing 
between atomic planes in a crystal lattice according to the Bragg’s Law 
[65] for the quantification of normal and shear components of residual 
elastic strains [66,67]. It is commonly employed to assess stresses in 
machined, heat-treated, or manufactured materials. This technique can 
also be used to measure residual stresses in additive manufacturing 

materials to distinguish the influence of printing parameters on the 
formation of residual stresses [68]. In this study, the validation of 
reconstructed residual stresses by an independent residual stress quan-
tification technique was achieved using non-destructive X-ray diffrac-
tion sin2ψ technique based on the formulation given by Korsunsky and 
Brandt [65] based on polar coordinates given in Fig. 4(a). The limita-
tions of the experimental setup in Diamond Light Source B16 beamline, 
provided a limited portion of illuminations of diffraction data in the 
form of Debye Scherrer rings as illustrated in Fig. 4(b). This information 
was used for the determination of data centre and the application of the 
caking method within a range of 10 degree [57] using own code 
developed for this purpose. Measurements were conducted in a grid of 
7 × 7 measurement points and averaged for each axis as illustrated in 
Fig. 4(c) and performed for xx- and yy-components of residuals 
individually. 

Neutron diffraction strain scanning is a powerful and non-destructive 
crystallographic technique that harnesses the unique wave-like 

Fig. 3. (a) Illustration of the scattering geometry of the incident beam with a height of v, showing its transmission through five sampling volumes. (b) Cross-sectional 
representation of the diffraction experiment, depicting the beam width of h. (c) Illuminations in the form of Debye Scherrer rings. 

Fig. 4. (a) Coordinate system for the calculation of residual stresses using the X-ray diffraction sin2ψ technique, (b) illuminations in the form of Debye Scherrer rings 
on the detector used for the calculations and (c) the measurement grid along with averaging paths for xx- and yy-components of residual stress. 
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properties of neutrons to reveal the atomic structure of materials. Neu-
trons, with their wavelengths closely matching atomic spacings, can 
penetrate deep into materials, making them the ideal probe for exploring 
the atomic intricacies of dense and thick substances. One remarkable 
application of this technique, pioneered by Allen et al. [69] in 1985, is 
neutron strain scanning, which assesses stress distribution within volu-
minous materials. By applying Bragg’s law, it measures changes in 
inter-planar spacings of the crystalline lattice, allowing the inference of 
strain values by comparing stressed and unstressed samples. Neutron 
strain scanning’s non-destructive nature, combined with its superior 
penetration depth when compared to X-rays, makes it invaluable for 
scrutinizing stress fields within materials, exemplified by its application 
to additive manufacturing specimen of CM 247 LC superalloy. This 
technique offers a comprehensive understanding of material stress 
fields, benefiting materials scientists and engineers seeking to charac-
terize the macroscopic elastic strain tensor within various materials. 

The analysis of the time-of-flight neutron strain scanning data was 
carried out using the Open Genie software of ISIS ENGIN-X beamline. 
The peak positions in the time-of-flight (TOF) diffraction spectrum were 

ascertained through a least-squares refinement process, and Bragg’s law 
was utilized to derive the inter-planar spacing. The fundamental re-
flections {220}, {200}, {111}, and {311}, illustrated in Fig. 5, were 
specifically employed for strain analysis, as they encompass relevant 
information concerning both the γ and γ΄ phases, following the same 
approach explained in the previous study [26]. Measurements were 
conducted from 15 sampling points within a gauge volume of 
2 × 2 × 2 mm along the diagonal path illustrated in Fig. 5, with the 
sampling volume positioned at the centre along the build direction 
(z-axis). The xx- and yy-components of residual elastic strains were 
quantified, as illustrated in Fig. 5, with detectors situated parallel to the 
diagonal normal to the measurement path. The reference pattern of 
reflections for the Bragg’s law calculations was determined to be the 
average of four measurements obtained from the two edges of the di-
agonal path. 

3. Results 

Efficient and cost-effective residual stress analyses are considered 

Fig. 5. Time-of-flight diffraction spectrum of CM 247 LC superalloy in the reference condition, acquired using the Open Genie Software at ISIS ENGIN-X, alongside a 
schematic diagram of neutron strain scanning via time-of-flight measurements. 
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paramount, especially for additive manufacturing parts utilized in high- 
tech industries such as aerospace. Various parameters of the voxel-based 
eigenstrain reconstruction method, including voxel density, radial basis 
function parameters, and the quantity of experimental data, were sys-
tematically analysed to satisfy this requirement. After each test, model 
variables were adjusted, and subsequent analyses were conducted while 
keeping the corresponding variable constant. These investigations pro-
vided valuable insights into the potential accuracy of full-field residual 
stress reconstruction, particularly when the diffraction strain tomogra-
phy technique is the source of experimental data. Validations achieved 
using highly reliable diffraction techniques demonstrated the capability 
of tomographic eigenstrain reconstruction in determining all compo-
nents of residual stresses in the case of limited experimental data with a 
single component. 

3.1. Numerical experiments on voxel density 

The analysis on voxel density was completed by dividing the rect-
angular domain into cubic cells arranged in multiples of 1 × 1 × 2 cells, 
starting from 4 × 4 × 8 cells up to 20 × 20 × 40 cells, and performing 
eigenstrain reconstruction with the radial basis function parameter set 
to 10,000. Each cell accommodates 12 s-order Lagrange family 
Continuous Galerkin elements. Each solution was accomplished by the 
creation of an artificial part undergoing discontinuous processing and 
solving the inverse problem of eigenstrain [64]. Reconstructions were 
performed using three components of experimental data to calculate 
three components of eigenstrain and nine components of residual elastic 
strain. To assess deviation from the reference state, the reconstructed 
eigenstrain and residual elastic strain distributions were compared with 
magnitudes in an artificial domain. The objective is to reconstruct all 
normal components of eigenstrains alongside the normal and shear 
components of residual elastic strains. Thus, the root mean squared error 
and mean calculations encompass all corresponding components. The 
analysis results demonstrate that increasing cell density reduces recon-
struction errors. However, there is a point of saturation after which 
further improvement becomes indiscernible. This saturation is observed 
when the total number of cells reaches 2000, arranged in a 10 × 10 × 20 
grid as depicted in Fig. 6. Subsequent analyses were performed while 
maintaining this cell arrangement. 

3.2. Numerical experiments on radial basis function parameter 

The radial basis function defined in Eq. 1 ranges from a unit function 
that sets the center of the voxel to 1 while keeping the rest of the field 
points at 0, to a constant function that sets all points, including the 

center of the voxel, to 1 by addressing the function parameter r from 
zero to positive infinity. This variation is analyzed by ranging the 
function parameter from 10,000 to 0.1 in independent solutions using 5 
layers of experimental data distributed in a domain composed of 2000 
cells arranged in a 10 × 10 × 20 grid. Error analysis was conducted as 
explained in the cell density analysis. Similar to the previous analysis, 
reconstructions were carried out using three components of experi-
mental data to calculate three components of eigenstrain and nine 
components of residual elastic strain. 

Results presented in Fig. 7 indicate that the function exhibits con-
stant function behaviour when the parameter value is 6 or higher. The 
reconstruction quality improves for both eigenstrain and residual elastic 
strain as the parameter value decreases, reaching its peak at 0.6. Further 
reduction in the parameter value continues to decrease the error in the 
reconstruction of residual elastic strains; however, it leads to a signifi-
cant deterioration of eigenstrain values when compared to the reference 
state, as the function behaves more like a continuous function. After 
reaching a parameter value of 0.4, the errors in eigenstrain recon-
struction become exceptionally high, resulting in the exclusion of results 
for parameter values of 0.3, 0.2 and 0.1. Subsequent analyses were 
carried out by setting the function parameter to 0.6 while maintaining 
the previously determined cell arrangement. 

3.3. Numerical experiments on experimental data components 

The diffraction strain tomography technique provides a planar dis-
tribution of residual elastic strain components normal to the projected 
plane. Consequently, the analysis, which assumes the ideal condition of 
having three normal components of experimental data, is revised to only 
require the availability of the normal-to-data-plane component, specif-
ically the zz-component of residual elastic strains. Fig. 8 presents the 
planar distribution of eigenstrain magnitudes and the zz-component of 
residual elastic strain in both the reference and reconstructed states, 
considering the availability of the zz-component of experimental data 
only. These diagonal planes pass through the origin and are parallel to 
the z-axis. The results demonstrate that the zz-component of residual 
elastic strain can be reconstructed accurately using the zz-component of 
experimental data and previously determined model parameters. The 
quality of the reconstructed residual elastic strain in these plots is 
exceptional. Although the overall distribution of eigenstrains is highly 
reliable even without any guiding function, it does not reach the level of 
accuracy achieved in the reconstruction of residual elastic strain. 

Fig. 9 illustrates the distribution of the zz-component of eigenstrains 
and residual elastic strains. It is evident that the reconstructed eigen-
strains and residual elastic strains perfectly match the reference state 
when the experimental data components from five layers are available. 
Therefore, it can be concluded that both eigenstrains and residual elastic 
strains can be reconstructed with highly reliable quality when only a 
single component of experimental data is available. 

3.4. Numerical experiments on experimental data quantity 

The analysis of experimental data components revealed the potential 
for highly reliable reconstruction of eigenstrain and residual elastic 
strains. This can be achieved by utilizing a single data component 
perpendicular to the data planes. To minimize computational and 
experimental costs while accurately mapping residual elastic strains, 
further investigation focused on determining the optimal quantity of 
experimental data needed for significantly low reconstruction error. 
Four distinct data layer configurations, as illustrated in Fig. 10, were 
investigated throughout the domain. Initially, the domain comprises 
two data layers at the top and bottom. The arrangement of layers was 
then altered by consecutively inserting a new layer between every pair 
of planes. 

The results presented in Fig. 11 indicate that the inclusion of addi-
tional data layers beyond the 5-layer arrangement does not lead to any 

Fig. 6. Comparison of normalised Root Mean Squared Errors (nRMSE) of 
reconstructed eigenstrain and residual elastic strain components w.r.t the mean 
of reference state eigenstrain and residual elastic strain components, consid-
ering variations in cell density. 
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improvement when using a single component of experimental data for 
reconstruction. It is important to note that alternative arrangements of 
experimental data, such as those with 4, 6, or 8 layers evenly distributed 
at a constant axial distance, did not yield better results. In fact, resulting 
in higher reconstruction errors compared to the 3-, 5-, and 9-layer so-
lutions and causing deviations in the correlation between data layers 
and reconstruction error. Consequently, the most effective approach for 
distributing data layers in diffraction strain tomography and quantifi-
cation of residual elastic strains involves including central planes be-
tween the primary planes (initially at the top and bottom) and increasing 
the number of layers gradually. 

Further analysis by diagonal line plots given in Fig. 12 reveals the 
overlapping characteristics of reconstructed eigenstrains and residual 
elastic strains between the 5- and 9-layer configurations. This suggests 
that accurate reconstruction is achieved in terms of both eigenstrains 
and residual elastic strains by utilizing 5 layers of experimental data that 
contains information about one component of elastic deformation. 
Moreover, the line plots of eigenstrains demonstrate that the presented 
method enables the mapping of permanent plastic strains responsible for 
the formation of residual elastic strains and residual stresses within a 
physical part in the case of availability of high-quality experimental data 
that can be obtained using diffraction strain tomography techniques. 

Results also show that reliable results can also be obtained with 2- 
and 3-layer configurations although the 5-layer arrangement is optimal. 
The analysis results for data layers given in Fig. 12 indicate the potential 
to obtain highly accurate information on residual elastic strain within 
two-thirds of the domain. This can be achieved by using only two layers 
of experimental data from the top and bottom sections for reconstruc-
tion. However, in the middle section, noticeable deviations in residual 
elastic strains from the reference condition emerge after reconstructing 
with such data. As the reconstruction error decreases towards the data 
layers, as seen in Fig. 12, the results from a 3-layer arrangement of 
experimental data show an excellent match between reconstructed re-
sidual elastic strains and the reference state when compared to 2 layers 
solution. Additionally, this arrangement provides a reliable recon-
struction of eigenstrains, closely resembling the reference condition. 
Therefore, considering the reliance on costly diffraction measurements 
in diffraction strain tomography, the number of data layers can be 
reduced to three from five for a cost-effective analysis of residual elastic 
strains. 

3.5. Analysis of additive manufacturing CM 247 LC part 

The processed dataset was utilized to map two-dimensional distri-
bution of the zz-component of residual elastic strains. This was achieved 
using the Radon transform mathematical framework, based on princi-
ples explained in Korsunsky et al.’s study [62]. As mentioned in that 
study, geometric effects resulting from the sample position relative to 
the rotation axis and its shape must be considered when quantifying 
lattice spacing. To correct systematic errors of this nature, the deviation 
of the rotation axis from the cross-section centre of gravity was quan-
tified by summing integral values of experimental data from the refer-
ence angle at zero degrees. However, accurate information about the 
gauge volume length is required to determine these integral values. In 
this study, such information was extracted from the two-dimensional 
map of lattice spacing values, which varied with angle and scan posi-
tion, by determining the local standard deviation. The peak values of the 
local standard deviation were observed at the edges of the specimen 
positioned along the scan axis. By retaining the data points corre-
sponding to the peak standard deviation values, a contour map of the 
average lattice parameter variation with projection number was ob-
tained as illustrated in Fig. 13(a). After determining the path length at 
each angle, the parameters necessary for error correction were calcu-
lated. The sinogram, obtained by mapping the integral values of lattice 
spacing onto a x-∅ grid, served as the input for the filtered back pro-
jection algorithm, allowing the mapping of lattice spacing distribution 
on the cross-sectional plane. Residual elastic strains corresponding to 
each lattice spacing value at each plane were quantified using stress-free 
lattice spacing value. The stress-free lattice spacing value was estimated 
as the average of all lattice spacing values determined from five planes. 
The strains were subsequently mapped for each plane, similar to the one 
shown in Fig. 13(b), which corresponds to the middle plane. The dis-
tribution of residual elastic strains appears to be erratic, but this is not 
attributable to noise. The highly variable distribution is an outcome of 
the chaotic nature of the LPBF additive manufacturing process. Since the 
primary objective of the study is the comprehensive reconstruction of all 
residual stress details, the experimental data and planar distributions 
obtained using the strain tomography technique were not subjected to 
further processing for regularization. 

The zz-component of eigenstrains and residual stresses, recon-
structed using 5 layers of experimental data, are displayed in Fig. 14. 
The distribution of reconstructed residual stresses is found to be 
consistent with strain tomography reconstructions, thereby providing 

Fig. 7. Comparison of normalised Root Mean Squared Errors (nRMSE) of reconstructed eigenstrain and residual elastic strain components w.r.t the mean of reference 
state eigenstrain and residual elastic strain components, considering different radial basis function parameters. 
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validation for the reliability of the zz-component of residual stresses and 
residual elastic strains. As expected, residual stresses resulting from the 
chaotic nature of non-uniform heating and cooling cycles in LPBF ad-
ditive manufacturing are found to exist in a compressive form in the 
central region, while tension predominates in the outer layers. 
Commencing from the central section of the part, compressive residual 
stresses are divided into two branches by tension along the build di-
rection (z-axis), forming a conical configuration. This novel observation 
highlights the capability of the presented tomographic eigenstrain 
reconstruction method in revealing hidden features of residual stresses. 
The lower section of the part exhibits a blurred distribution of residual 
stresses, with a mixed combination of tension and compression. This 
indeterminate behaviour is attributed to the challenges of collecting X- 
ray diffraction data at the boundary between the printed part and the 
build platform. While further processing may rectify such errors, it also 
risks losing important details. Consequently, this minor deviation is not 
considered in the analysis. Consistency in the distribution of eigenstrains 
is observed in relation to residual stresses. Along the build direction 
(z-axis), the zz-component of eigenstrains exhibits a non-linear increase 
in magnitude. The non-uniform distribution of eigenstrains is attributed 

to the formation of residual stresses. A U-shaped hot spot is present in 
the eigenstrains, which parallels the branched pattern of residual 
stresses, much like the distribution of the latter. The branched distri-
bution of residual stresses and eigenstrains is a result of the complex 
interplay between the manufacturing process, directional factors, and 
the effectiveness of the data collection and reconstruction methods. 
Understanding and characterizing these distributions are essential for 
optimizing the performance and reliability of additive manufacturing 
parts. 

The line plots in Fig. 15 demonstrate that the distribution of eigen-
strains is strongly influenced by the number of experimental data layers. 
Similar distributions with varying magnitudes are exhibited by eigen-
strains using 3 and 5 layers of experimental data, mirroring the findings 
of numerical experiments. Conversely, a perfect match of 3- and 5-layer 
solutions is observed in the distribution of residual stresses, consistent 
with the results of the numerical experiments presented in Figs. 11 and 
12. The characteristic distribution of residual stresses parallel to the 
building direction in the additive manufacturing part of CM 247 LC 
superalloy with a rectangular shape is also illustrated by these line plots, 
aligning along the red diagonal line in Fig. 1. Additionally, these results 

Fig. 8. The distribution of reference (right) and reconstructed (left) states of zz-component of eigenstrain (top) and zz-component of residual elastic strains (bottom) 
in the diagonal plane that is parallel to the z-axis and passes from the origin. 
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reveal a comprehensive understanding of the transition of residual stress 
from tensile to compressive along the diagonal, covering all sections of 
the additive manufacturing part. In the case of eigenstrains, the 
magnitude of variations in the distribution leads to the formation of 
residual stresses. Line plots of eigenstrains show similar variations, 
despite having different magnitudes. Accordingly, the similarity in 
variation demonstrates the reliability of reconstruction using a lower 
amount of experimental data. This achievement is significant as it re-
duces the cost of experimentation. 

Eigenstrain reconstruction based on strain tomography data pro-
jections provides inherent validation for the reconstruction of the 
zz-component of residual stresses that are parallel to experimental data 
component. This validation specifically applies to the z-component of 
the experimental data, which is parallel to the build direction of additive 
manufacturing and quantified using monochromatic X-ray diffraction 
beams. To assess the quality of reconstruction for the components of 
residual stresses other than the component of experimental data, X-ray 
diffraction sin2ψ measurements and neutron diffraction strain scanning 

Fig. 9. The distribution of zz-component of eigenstrains (eig_zz) and residual 
elastic strains (e_zz) along the red line depicted in Fig. 1 in the reference (ref) 
and reconstructed (rc) conditions. 

Fig. 10. Data layer arrangement obtained by dividing the gap between two 
layers into two sections, starting from the initial configuration of top and bot-
tom layers. 

Fig. 11. Comparison of normalised Root Mean Squared Errors (nRMSE) of 
reconstructed eigenstrain and residual elastic strain components w.r.t the mean 
of reference state eigenstrain and residual elastic strain components, consid-
ering the number of layers. 

Fig. 12. The distribution of zz-component of eigenstrains (eig_zz) and residual 
elastic strains (e_zz) along the red line shown in Fig. 1. The distribution of the 9- 
layer solution is founded to completely overlap with the 5-layer solution. 
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were conducted at the midplane of the additive manufacturing part 
illustrated in Fig. 3(a) for the quantification of xx- and yy-components of 
residual elastic strains. Subsequent to the determination of residual 
elastic strains, residual stresses were calculated based on plane stress 
assumption [70]. Fig. 16 depicts the distribution of xx- and yy-compo-
nents of residual stresses which do not align with the experimental data. 

Fig. 13. (a) Distribution of average lattice parameters projected onto the grid 
of translation range with respect to rotation angle and (b) residual elastic 
strains mapped by diffraction strain tomography projected to the centre plane, 
which is located at the middle height of the additive manufacturing part. 

Fig. 14. The distribution of zz-component of eigenstrains (eig_zz) and residual stresses (s_zz) along the volume diagonal reconstructed using 5 layers of experimental 
data obtained from X-ray diffraction strain tomography. 

Fig. 15. Line plots showing the distribution of the zz-component of eigenstrains 
(eig_zz) and residual stresses (s_zz), along the volume diagonal depicted as red 
line in Fig. 1, that were reconstructed using 3 and 5 layers of experimental data. 
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In this plot, eigenstrain reconstruction and neutron diffraction values 
distribute along the blue diagonal line at the middle plane parallel to the 
plane of powder bed (xy-plane) as shown in Fig. 1. On the other hand, 
X-ray diffraction sin2ψ quantifications distribute along y- and x-axes for 
xx- and yy-components of residual stresses respectively. Neutron 
diffraction quantification corresponds to lattice spacing calculations 
with a maximum uncertainty less than 0.01% while X-ray diffraction 
sin2ψ quantifications provide least squared fitting of measurements over 
the grid given in Fig. 4(c) with the coefficients of determination of 
0.5958 and 0.738 for xx- and yy-components of residual stresses 
respectively. 

Comparing the quantifications obtained from two experimental 
techniques with the results of the reconstruction performed using 5 
layers of experimental data, a highly reliable match in the distribution of 
both residual stress components is observed. It is worth noting that the 
magnitude of both components of the X-ray diffraction quantifications 
deviates from the other components, which can be attributed to errors 
arising during experimentation and difference of distribution paths. This 
significant deviation of magnitudes does not affect the fact that the 
distribution of reconstruction results matches with the X-ray diffraction 
quantifications. On the other hand, the uncertainty of neutron diffrac-
tion quantifications less than 0.01% proves high reliability of this re-
sidual elastic strain quantification technique. The expectation is that the 
calculations of tomographic eigenstrain approach is able to provide re-
sidual stresses magnitudes similar to the ones observed in neutron 
diffraction quantifications in the case of availability of experimental 
data components parallel to the plane of powder bed (xy-plane). 

During the LPBF additive manufacturing of CM 247 LC parts, het-
erogeneous nucleation is expected to initiate grain formation at the solid 
steel substrate and molten liquid metal interface. This is because the 

complex rapid heating and cooling cycles of this process require longer 
time scales for homogeneous nucleation to occur. The resulting grains 
elongate along the building direction (z-axis) while having an equiaxed 
form parallel to the plane of powder bed (xy-plane). Accordingly, grain 
size among the other microstructural properties like crystallographic 
defects, crystallographic texture, and precipitates of additive 
manufacturing parts [71] have an important role on understanding the 
distribution of permanent plastic strains. This characteristic form of 
grains in LPBF manufactured CM 247 LC parts was analysed using 
electron backscattered diffraction (EBSD) images as illustrated in  
Fig. 17. Microstructure maps obtained from the vicinity of strain to-
mography data projections located at the top, middle, and bottom of the 
specimen show that the grains grow along the building direction. These 
results demonstrate that the CM 247 LC specimen exhibits a micro-
structure that supports the reliability of its production. 

Microstructure of the top and bottom regions have similar visual 
properties that is smaller grains elongate parallel to the build direction 
(z-axis) while microstructure in the middle region accommodates larger 
grains. In combination with the residual stress and eigenstrain distri-
butions given in Fig. 15, a relation between microstructure grain size 
and zz-component of eigenstrains and residual stresses, that is smaller 
grain sizes tend to result in higher levels of residual stress, is observed. 
According to Hall-Petch effect [72,73], larger grains are more likely to 
be deformed plastically than smaller grains. Eigenstrain and residual 
stress quantifications given in this study are consistent with that fact by 
presenting higher magnitude of eigenstrains in the middle region where 
grains are larger and higher magnitude of residual stresses in smaller 
grain regions due to irregular distribution of eigenstrains. This study’s 
quantification of eigenstrain and residual forces does not explicitly 
address grain size or strength. Residual stress is intricately linked to 
internal geometrically necessary dislocations within the microstructure, 
among other contributing factors. In the realm of continuum mechanics, 
plastic deformations can solely be defined through numerical quantifi-
cation. Consequently, the results correlating grain size with yield 
strength are presented to validate the model calculations. 

4. Conclusion 

Residual stress analysis is an essential requirement in engineering 
parts crafted from CM 247 LC and other superalloys using additive 
manufacturing techniques, ensuring the structural integrity and per-
formance reliability of these parts in the demanding and high-stress 
environments encountered during the utilizations of high-tech in-
dustries such as aerospace. This study presents the tomographic recon-
struction of three components of eigenstrains, six components of 
residual elastic strains, six components of residual stresses, and three 
components of displacements comprehensively using a numerical 
experimentation approach and the analysis of residual stresses in a CM 
247 LC additive manufacturing part validated by employing indepen-
dent X-ray and neutron diffraction residual stress quantifications along 
with microstructural analysis. 

The results of the numerical analysis demonstrate that a perfect 
reconstruction is possible in terms of residual elastic strains and corre-
sponding residual stresses. However, achieving a perfect match of 
eigenstrains, so called inherent strains or permanent plastic strains, 
should not be expected in real case applications because of experimental 
errors. The reconstructed eigenstrains in numerical experiments show a 
highly excellent match in terms of distribution, albeit with a slight shift 
in magnitudes observed. In the context of continuum mechanics, iden-
tifying irregularities in the distribution of eigenstrain is crucial, and 
these results, with their highly reliable distribution, fulfil this require-
ment. Although real quantities may differ, this variation appears as a 
total shift rather than irregular deviations. Since this resulting total shift 
does not impact the final residual elastic strains, it can be concluded that 
the presented approach provides reliable information about the distri-
bution of eigenstrains, which are permanent plastic strains that induce 

Fig. 16. Line plots showing the distribution of xx- and yy-components of re-
sidual stresses that were quantified by tomographic eigenstrain reconstruction, 
neutron diffraction and X-ray diffraction sin2ψ (sin2psi). 
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the formation of residual stresses. 
Additional guiding information regarding the magnitude of eigen-

strains can enhance the model’s performance. Nonetheless, the aim of 
tomographic eigenstrain reconstruction is to eliminate the requirement 
for guiding information and regularization functions in extensive vol-
umes. This investigation illustrated that as the problem grows more 
intricate, with an increasing height to data projection area ratio, cost- 
effective reconstruction of residual stresses can be achieved. However, 
enhancing the quality and quantity of data is crucial for achieving a 
more accurate eigenstrain distribution. Consequently, future studies 
should concentrate on improving data collection techniques to enhance 
the reconstruction quality of both eigenstrains and residual stresses. 

Eigenstrains and residual stresses obtained from the analysis of ad-
ditive manufacturing specimens are expected to have a quality similar to 
numerical experiments. However, it’s important to note that the accu-
racy of quantification depends on the reliability of the experimental 
data. By employing highly dependable diffraction tomography for pro-
jecting residual elastic strain, it is assumed that this error can be mini-
mized. The analysis results also confirm the characteristic distribution of 
eigenstrains and residual stresses in additive manufacturing specimens 
along the volume diagonal, a finding supported by microstructure 
analysis. In summary, the study’s findings demonstrate the feasibility of 
mapping all components of residual stress within a discontinuously 
processed part using a limited amount of experimental data. 
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