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A B S T R A C T

Additive manufacturing (AM) has become a widely used tool for fabricating components with complex geom-
etries. However, the overhang effect induced by gravity often necessitates additional supports to prevent collapse 
and warping during the printing process. To address this issue, previous studies incorporated overhang con-
straints to the topology optimisation to create self-supporting structures. Nevertheless, these studies primarily 
focused on 3-axis AM, which deposits material in a single direction and often compromises structural stiffness to 
achieve self-supporting designs. In response, this study aims to design 3D self-supporting structures tailored for 
multi-axis AM. By leveraging the rotatable base platform of multi-axis systems, this approach automatically 
identifies optimised local build directions and the corresponding structural topology to minimise overhangs. The 
effectiveness of this approach is demonstrated through several numerical examples, with results validated 
numerically via printing simulations in VERICUT and physically using a multi-axis Wire Arc Additive 
Manufacturing (WAAM) machine. The results indicate that the performance degradation caused by 3-axis-based 
overhang constraints can be reduced to a negligible level with the multi-axis-based approach.

1. Introduction

Topology optimisation (TO) has been widely employed to identify 
structures with prominent performance, such as maximised stiffness or 
minimised material consumption [1–4]. It leverages advanced mathe-
matical algorithms to systematically explore the design space and 
identify an efficient material distribution within a given design domain. 
However, the complex geometries and intricate internal features 
resulting from TO are often challenging to produce using traditional 
manufacturing techniques. To address the problem, additive 
manufacturing (AM), also known as 3D printing, has frequently been 
utilised [5–7]. Unlike traditional manufacturing methods, AM con-
structs components by precisely depositing material layer by layer, 
enabling the creation of complex geometries with high fidelity and 
structural integrity [8]. Over the past decade, the application of metal 
AM in the construction industry has attracted significant interest. The 
technology has evolved from producing small-scale nodal components 
[9–11] (Fig. 1(a)) to larger structural elements such as beams and col-
umns [12,13] (Fig. 1(b)), and even entire structures like pedestrian 

bridges [14,15] (Fig. 1(c)). A notable example is the MX3D bridge in 
Amsterdam [15] (Fig. 1(c)), which stands as the world’s first 3D-printed 
steel bridge and showcases the potential of metal AM for large-scale 
construction projects. Additionally, metal AM has been utilised in 
creating custom façade elements, intricate architectural features, and 
specialised structural connectors that are challenging to produce using 
conventional methods. The integration of AM with advanced design 
optimisation tools further enhances its applicability, allowing for more 
efficient material usage and reduced waste.

However, the current AM technique still does not guarantee the full 
printability of structures with arbitrary geometry. Consequently, the 
design freedom of TO remains limited by a range of manufacturing 
constraints, such as element size [16], machining [17] and connectivity 
constraints [18]. Several studies focused on addressing these challenges. 
For example, Lianos et al. [19] focused on designing manufacturable 
structures using the Direct Energy Deposition (DED) technique. Gu et al. 
[20] introduced an approach that allows flexible selection between two 
types of supports within the same enclosed void. Bikas et al. [21]
adopted topology optimisation to reduce the volume of additive 
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manufacturing components, thereby decreasing printing time. Stavro-
poulos et al. [22] adopted a hybrid strategy combining additive and 
subtractive manufacturing to enhance manufacturability. Among the 
AM-related challenges, one critical challenge is the overhang effect 
[23–26], which refers to the wrapping or collapsing of printed compo-
nents due to gravity. Specifically, as shown in Fig. 2, when the overhang 
angle of the component’s boundary θov (i.e., the angle between the 
component boundary and vertical direction) exceeds a threshold θmax, 
the deposited material fails to fully consolidate, degrading the quality of 
the print. To address this, support structures are often added beneath 
overhanging boundaries [27,28], though this solution increases material 
use and impacts the surface quality upon removal. Therefore, the design 
of self-supporting structures, which satisfy the overhang constraints 
without additional support, has garnered significant research interest. 
Innovative approaches include Stavropoulos et al.’s software [29], 
which assesses the manufacturability of AM components and offers 
design modifications to enhance printability; Leary et al.’s 
post-processing approach for efficient, support-free structures [30]; 
Gaynor et al.’s integration of overhang constraints through layer-wise 
projection in TO [31]; and Langelaar et al.’s simultaneous optimisa-
tion of both structural topology and supports with consideration of build 
direction [32]. Furthermore, Pellens et al. [33] addressed the overhang 
problem by utilising four different elemental filters to eliminate ele-
ments violating overhang and minimum size constraints. Zhang et al. 
[34] applied overhang constraints by restricting the member orientation 
using Heaviside projection functions. Garaigordobil et al. [35] leveraged 
the SUSAN contour detection algorithm to define structural boundaries, 
allowing explicit overhang constraints to be included in the optimisation 
process. Wang et al. generated the self-supporting lattice structures 
within the topology optimisation framework [36]. Jiang et al. designed 
a sequential strategy integrated with the constraints of overhang and 
connectivity [37]. Despite the extensive research on self-supporting 
structures, most research has been limited to 3-axis AM. Findings from 
these studies reveal that when dealing with problems with low volume 
fractions (i.e., the ratio between the structure and the design domain), 
the compromises in structural stiffness are often substantial [38].

In recent years, a novel AM technique, multi-axis AM, has emerged as 
a promising approach to address the overhang problem [39,40]. Unlike 
traditional 3-axis machines, multi-axis machines feature a rotatable 
platform, enabling dynamically adjustable build directions [41]. This 
flexibility allows for the customisation of build directions to minimise 
the overhang effect. However, careful consideration is required to avoid 
collisions between the printed component and the printing nozzle. 
Leveraging the capabilities of multi-axis AM, some studies have sought 
to reduce the overhang effect by decomposing structures into several 
parts and assigning distinct local build directions to each [42,43]. In 
addition, other studies have explored the customisation of curved 
printing surfaces to avoid the overhang effect [44–47]. Despite these 

advancements, existing studies mainly focus on the optimisation of the 
printing path, which does not guarantee fully support-free printing in all 
cases. Significantly, the integrated optimisation of both the printing 
strategy and structural topology remains largely unexplored.

To fully exploit the flexibility of multi-axis AM, an approach that 
optimises both the structural topology and multi-axis printing surfaces 
was proposed in [48]. Although it can greatly reduce the sacrifices of 
structural performance caused by overhang constraints, it is limited to 
2D problems. In this study, we extend the previous approach to 3D cases. 
To manage the complexity of overhang constraints in 3D, the local build 
directions are projected onto two orthogonal planes, simplifying the 
numerical computations. Additionally, to minimise collision risks during 
multi-axis printing, a turning angle constraint is applied to control the 
overall concavity of the printing surface. The optimised results are then 
validated numerically and physically to demonstrate the effectiveness of 
the proposed approach. The rest of the paper is organised as follows: 
Section 2 briefly reviews previous related studies; Section 3 details the 
3D multi-axis optimisation approach; Section 4 provides several nu-
merical examples to demonstrate the effectiveness of the proposed 
approach; results are validated using numerical simulations and phys-
ical printing in Section 5. Finally, conclusions are summarised in Section 
6.

2. Preliminary knowledge

The new approach for 3D structures builds upon the previously 
established 2D approach [48]. Therefore, we briefly review this 
approach in this section. As illustrated in Fig. 3(a), the design process 
starts with an optimised solution from the traditional topology optimi-
sation utilising the Solid Isotropic Material with Penalisation scheme 
(SIMP), and involves two main steps. In the first step, the design domain 
is subdivided into printing zones, each accommodating a single local 
build direction that corresponds to a series of inclined and flat printing 
surfaces. A linear optimisation problem is then solved to determine the 
optimal build directions that maximise the structure’s printable pro-
portion (i.e., Fig. 3(b)). If the proportion of printable boundary elements 
runp falls below the predefined satisfactory threshold of 1 % (i.e., a nu-
merical tolerance), a second re-optimisation step is performed to rede-
sign the structure and eliminate any remaining unprintable elements 
(see Fig. 3(c)). Once resolved, the multi-axis printing path is established 
by guiding the print nozzle along the optimised printing surfaces (i.e., 
Fig. 3(d)). For completeness, details of the two optimisation steps are 
reviewed in the following Sections 2.1 and 2.2.

2.1. Printing plan optimisation for a given structure

In the printing plan optimisation, the structure is treated as given 
constant and the following optimisation problem is solved to obtain the 

Fig. 1. Metal printed structures: (a) joint structures [9–11]; (b) column structures [12,13]; (c) pedestrian bridges [14,15].
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build directions that maximise the structure’s printable proportion: 

find : θ = [θ1, θ2,…, θnz ]
T (1a) 

min : P = OTη (1b) 

s.t. : O = |Mθ − φ − θmax| + |Mθ − φ + θmax| − 2θmax (1c) 

θnext − θfirst < θt,max, (1d) 

where θ = [θ1, θ2,…, θnele ]
T represents the local build direction vector, 

with nele denoting the number of elements; O = [O1, O2, …Oi, …Onele ]
T 

is the element overhang violation vector, with Oi being continuous and 
indicating the overhang violation of the ith element. Specifically, O = 0 
denotes a printable element, while O > 0 denotes an unprintable 
element. The value of P is also continuous and represents the total 
overhang violation across all boundary elements. It is important to note 
that runp and P have different meanings, as the values of O can vary 
among unprintable elements. Only when the structure is fully printable 
do both runp and P equal zero. η = [η1, …ηi, …ηnele

]
T, with ηi ∈ {0, 1}

denoting the weighting factor for the ith element. M is a 0–1 mapping 

Fig. 2. Effects of different overhang angle θov: (a) θov = 0; (b) θov < θmax and (c) θov = θmax; (d) θov > θmax, where θmax denotes the maximum overhang angle.

Fig. 3. Workflow of the 2D optimisation approach for multi-axis AM: (a) optimised solution from the traditional topology optimisation is used as the starting point; 
(b) identify optimal printing surfaces for given structure, where dashed lines in each zone represent the local printing paths; (c) re-optimise the structure to reduce 
overhang; (d) printing process using the identified printing paths; runp represents the ratio of unprintable boundary elements and 1 % is a numerical tolerance for the 
total printability.
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matrix used to determine the corresponding zone for each element; φ =

[φ1, φ2,…,φnele
]
T is the elemental orientation angle vector; θmax is the 

maximum overhang angle; θnext and θfirst are the build direction vectors 
of adjacent zones; θt,max is the maximum turning angle. Equations (1) 
demonstrates a linear programming problem. It can be efficiently solved 
using interior point solvers, such as MOSEK [54], with the optimised 
solutions guaranteed to be the global optimum.

2.2. Re-optimisation

Since the structure is treated as constant in the first step, the opti-
mised printing surfaces cannot ensure full printability. If the proportion 
of unprintable elements is not satisfactory, i.e., exceeds 1 %, a second re- 
optimisation step is initiated. It’s important to note that this 1 % 
threshold is a numerical allowance to account for the occasional pres-
ence of a small number of unprintable voxel elements in the optimised 
solution, which do not impact the overall printability of the model. In 
this re-optimisation step, the printing surfaces identified in step 1 are 
used as inputs to redesign the structure, aiming to eliminate any 
remaining overhanging elements. Specifically, the following topology 
optimisation problem is solved: 

find : ρ = [ρ1, ρ2,…, ρnele
]
T (2a) 

min : C(ρ) = FTU = UTK(ρ)U, (2b) 

s.t. : K(ρ)U = F, (2c) 

∑nele
i=1viρi∑nele
i=1vi

≤ f , (2d) 

∑nele
i=1ωi(θj)viρi∑nele

i=1vi
≤ 0, (2e) 

0 ≤ ρi ≤ 1, with i = 1, 2,…, nele, (2f) 

where ωi(θj) evaluates the printability of the ith element under its cor-
responding build direction θj, with the subscript j denoting the zone 
index. Further details about this optimisation problem can be found in 
[48].

3. Optimising 3D structures for multi-axis AM

In this section, we extend the 2D multi-axis optimisation approach to 
3D applications. The workflow for the 3D approach adheres to the same 
process as the 2D approach shown in Fig. 3. However, adjustments are 
necessary to accommodate geometric attributes in 3D problems, such as 
the representation of local build directions and the calculation of density 
gradients. These modifications will be described in detail in the subse-
quent subsections 3.1 and 3.2.

3.1. 3D printing plan optimisation

3.1.1. Zone subdivisions and local build directions
For the design of local build directions, first, we introduce the 

domain subdivision approach. For simplicity, here the design domain is 
subdivided by employing a rectangular grid with uniform spacing, as 
shown in Fig. 4. Note that the zone arrangement that can lead to a fully 
printable structure is not unique; in general, smaller zones yield more 
ideal solutions with higher printable proportions. However, excessively 
small zone sizes are impractical due to high computational demands. 
More critically, very small zones can cause rapid changes in build di-
rections, which are unfeasible in actual printing processes. The influence 
of different zone sizes is discussed in detail in Section 4.5.

The representation of local build direction in each zone is depicted in 
Fig. 5. In 2D cases, the local build direction is represented by its inter-
section angle with the positive x-axis (Fig. 5(a)). When extended to 3D 
cases, we use two angles θx and θy, which denote the projected angles of 
θ on xoz and yoz planes, respectively (Fig. 5(b)).

3.1.2. Elemental density gradient
With the printing zones and local build direction defined, next we 

introduce the evaluation of the elemental density gradient ∇ρ, which is 
used to determine the local boundary orientation vector γ, as illustrated 
in Fig. 6. In our proposed approach, printability is assessed exclusively 
for boundary elements, since all internal elements are inherently sup-
ported by the boundary or adjacent internal elements. A boundary 
element is considered printable if the intersection angle between its 
associated boundary orientation vector γ and the local build direction is 
less than the maximum overhang angle θmax. In the 2D context, as shown 
in Fig. 6(a), the density gradient of an element is evaluated using the 
densities of the surrounding eight elements. When extended to 3D sce-
narios, for a given element i, the density gradient direction ∇ρi is 
calculated using the densities of its 26 neighbouring elements, from ρi

1 to 
ρi

26, see Fig. 6(b): 

∇ρi = [ai, bi, ci]
T
, (3) 

where ai, bi and ci can be obtained from: 

ai =
1
18

∑

j∈N1
ρi

j −
1
18

∑

j∈N2
ρi

j, (4a) 

N1 = {1, 2, 3, 4, 5, 6, 7, 8, 9}, N2 = {18, 19, 20, 21, 22, 23, 24, 25,
26},

bi =
1
18

∑

j∈N3
ρi

j −
1
18

∑

j∈N4
ρi

j, (4b) 

N3 = {3, 12, 20, 6, 14, 23, 9, 17, 26}, N4 = {1, 10, 18, 4, 13, 21, 7, 15,
24},

ci =
1
18

∑

j∈N5
ρi

j −
1
18

∑

j∈N6
ρi

j, (4c) 

Fig. 4. Regular grid subdivision approach.
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N5 = {1, 2, 3,10,11,12, 18, 19, 20}, N6 = {7, 8, 9, 15, 16, 17, 24, 25,
26}.

Same as the build direction in Fig. 5, we represent the density 
gradient using the projected angles ϕx and ϕy in xoz and yoz planes, 
respectively: 

ϕi,x = cos− 1(ai

/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a2
i + c2

i )

√

) (5a) 

ϕi,y = cos− 1(bi

/ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(b2
i + c2

i )

√

) (5b) 

Considering that the structural components are typically built from 
the bottom up, the following relation can be utilised to determine the 
structural boundary orientation angle ϕi,x, which is orthogonal to the 
density gradient direction (Fig. 6(a)): 

ϕi,x =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ϕi,x +
π
2
, if 0 ≤ ϕi,x ≤

π
2

ϕi,x −
π
2
, if

π
2
≤ ϕi,x ≤

3
2

π

ϕi,x −
3
2

π, if
3
2

π ≤ ϕi,x ≤ 2π

, (6) 

Note that the relation demonstrated in Eq. (6) also applies to ϕi,y and 
ϕi,y.

3.1.3. Optimise local build direction
For an element to be self-supportable, its associated boundary 

orientation vector must be closely aligned with the build direction. To 
ensure this alignment, we employ the following two constraints to 
restrict the build direction on the two projection planes: 
⃒
⃒θj,x − ϕi,x − θmax

⃒
⃒+

⃒
⃒θj,x − ϕi,x + θmax

⃒
⃒ = 2θmax, (7a) 

⃒
⃒θj,y − ϕi,y − θmax

⃒
⃒+

⃒
⃒θj,y − ϕi,y + θmax

⃒
⃒ = 2θmax, (7b) 

Note that Eqs. (7a) and (7b) represent a less conservative constraint, 

which may allow the intersection angle between the boundary orien-
tation vector and the build direction to exceed θmax. However, these 
equations are linear functions, which significantly reduce computational 
costs. Additionally, any potential overhang violations can be further 
addressed during the re-optimisation step.

Equations (7) correspond to the printability of a single element. To 
maximise the printable proportion of the entire structure, the following 
optimisation problem can be solved: 

find : θx = [θ1,x, θ2,x,…, θnz ,x] and θy = [θ1,y, θ2,y,…, θnz ,y] (8a) 

min : P = Ox
Tη + Oy

Tη (8b) 

s.t. : Ox ≥ |Mθx − ϕx − θmax| + |Mθx − ϕx + θmax| − 2θmax (8c) 

Oy ≥
⃒
⃒Mθy − ϕy − θmax

⃒
⃒+

⃒
⃒Mθy − ϕy + θmax

⃒
⃒ − 2θmax, (8d) 

where P is the total overhang violation of the optimised structure; Ox =

[O1,x, O2,x, …,Onele ,x]
T and Oy = [O1,y, O2,y, …,Onele ,y]

T represent vec-
tors of element overhang violations in xoz and yoz planes, respectively; 
η = [η1, …ηi, …ηnele

]
T, with ηi = 1 for the boundary elements and ηi = 0 

for all other elements; M is a 0–1 mapping matrix used to obtain the 
corresponding zone of each element; θx = [θ1,x, θ2,x,…, θnz ,x]

T and θy =

[θ1,y, θ2,y,…, θnz ,y]
T are the local build direction vectors in xoz and yoz 

planes, respectively, with nz denoting the number of zones; ϕx =

[ϕ1,x, ϕ2,x,…,ϕnele ,x]
T and ϕy = [ϕ1,y, ϕ2,y,…,ϕnele ,y]

T are the elemental 
orientation angle vectors in xoz and yoz planes, respectively. In addition, 
to enhance numerical robustness, two types of definitively printable 
elements, those directly attached to the base platform and those print-
able across all base platform orientations, can be excluded from the 
objective function. This exclusion is achieved by setting their η values to 
zero. Detailed information on this process can be found in [48].

Since the objective function and the constraints are linear, the 
optimisation problem expressed by Equations (8) demonstrates a linear 
programming problem which can be efficiently solved using MOSEK 
[54], with the optimised solutions guaranteed to be the global optimum.

Fig. 5. Printing zones, printing surfaces (i.e., green lines and surfaces) and local build directions (i.e., red arrows): (a) in 2D problems, the build direction is rep-
resented by its intersection angle θ with the positive x-axis; (b) in 3D problem, the build direction is represented by θx and θy in the xoz and yoz planes, respectively.

Fig. 6. Elemental density gradient: (a) in 2D problems, the density gradient ∇ρ is calculated using the densities of the surrounding eight elements and is represented 
by angle ϕ; the boundary orientation vector γ is orthogonal to the density gradient, and is represented by angle ϕ; (b) in 3D problems, the density gradient ∇ρ is 
calculated based on the densities of the surrounding 26 elements.
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3.2. Collision constraint

Multi-axis printing offers more flexibility than traditional 3D print-
ing; however, it also introduces a risk of collision between the print 
nozzle and the already printed components. In our approach, we assume 
that each layer is always deposited directly on top of the preceding layer. 
Therefore, if the nozzle does not collide with the preceding layer, it 
cannot collide with material deposited in earlier layers, as this would 
require penetrating the preceding layer first. Based on this assumption, 
The collision risk between the nozzle and preceding layer varies based 
on the shape of the printing surfaces. As shown in Fig. 7(a) to (c), there is 
no collision risk with convex surfaces, a low risk with slightly concave 
surfaces (i.e., with a small turning angle), and a high risk with deeply 
concave surfaces (i.e., with a large turning angle). Therefore, we intro-
duce constraints on turning angles into the printing plan optimisation 
problem (i.e., Eq. (9)) to control the collision risk. In 2D cases, the 
turning angle θt refers to the change between the local build directions 
of two adjacent zones, as shown in Fig. 7(d). It can be expressed by: 

θt = θnext − θfirst (9) 

In 3D cases, we restrict the turning angles on the xoz and yoz planes, 
as shown in Fig. 7(e): 

θt,x = θnext,x − θfirst,x ≤ θt,max, (10a) 

θt,y = θnext,y − θfirst,y ≤ θt,max, (10b) 

where θfirst,x and θnext,x refer to projected build directions of two adjacent 
zones in the xoz plane; θfirst,y and θnext,y are build directions of two 
adjacent zones in the yoz plane; θt,max denotes a prescribed maximum 
turning angle. It is worth noting that although the turning angle con-
straints are applied locally between adjacent zones, the primary goal is 
to use these local constraints to collectively control the concavity of the 
global printing surface, thereby reducing collision risk. In addition, 
θt,max relates to the flexibility and size of the printing nozzle. For printing 
nozzles with a relatively sharp shape, the risk of collision is reduced, 
allowing for a relatively high θt,max. Conversely, a blunt-shaped nozzle 
necessitates a lower θt,max. When θt,max = 0, the printing surface can only 
be horizontal or convex, ensuring a collision-free printing process for 
printing nozzles with arbitrary shape [49].

In addition, the zone printing surfaces can be discontinuous as shown 
in Fig. 8(a), de-validating the turning angle constraints on controlling 

the collision risk. Therefore, we employ the following constraints to 
preserve the continuity of printing surfaces, as shown in Fig. 8(b): 

∀η, ζ ∈ P , θη,x = θζ,x, (11a) 

∀η, ζ ∈ Q , θη,y = θζ,y, (11b) 

where P represents a set including zones in the same row, and Q rep-
resents a set including zones in the same column. For the four-zone 
example shown in Fig. 8, the following relationships hold: θ1,x = θ2,x; 
θ3,x = θ4,x; θ1,y = θ3,y; and θ2,y = θ4,y.

Equations (10) and (11) can be integrated into the printing plan 
optimisation problem, as outlined in Equations (8), to control the 
turning angles of the printing surfaces and manage collision risks. Since 
these additional equations are all linear, they do not compromise the 
convexity of the optimisation problem.

3.3. Re-optimisation

Although the printing plan optimisation identifies optimal printing 
surfaces, it cannot guarantee complete printability, as the structure is 
assumed to be constant. Consequently, if the printing surfaces do not 
achieve a satisfactory printable proportion, a re-optimisation of the 
structure is necessary to eliminate overhang elements. In this phase, the 
local build directions determined during the printing plan optimisation 
are held constant, preserving the overall structural layout and mini-
mising performance degradation. By incorporating the multi-axis over-
hang constraint (i.e. Constraint (2e)) into the traditional topology 
optimisation problem, we define the re-optimisation formulation as 
follows: 

find : ρ = [ρ1, ρ2,…, ρnele
]
T (12a) 

min : C(ρ) = FTU = UTK(ρ)U (12b) 

s.t. : K(ρ)U = F (12c) 

∑nele
i=1viρi∑nele
i=1vi

≤ f (12d) 

∑nele
i=1ωi(φj)viρi
∑nele

i=1vi
≤ 0, (12e) 

Fig. 7. Effect of surface turning angles: (a) convex printing surfaces show no collision risk; (b) slightly concave surfaces with low turning angle θt have a low collision 
risk; (c) high collision risk is associated with large turning angle θt; (d) in 2D problem, the turning angle θt can be determined by the build directions θfirst and θnext in 
adjacent zones; (e) in 3D problems, the turning angle is represented by its projection angles θt,x and θt,y in the xoz and yoz planes, respectively; θt,x can be calculated 
using θfirst,x and θnext,x, while θt,y can be calculated using θfirst,y and θnext,y (i.e., Equations (10)).
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Note that, in multi-axis AM, for the ith element in the jth zone, its 
overhang degree ωi is evaluated by: 

ωi
(
θj,x, θj,y

)
= h(∇ρi • λ

(
θj,x, θj,y

)
− ‖ ∇ρi ‖ •sin(θmax) − ξ), (13) 

where θj is the build direction of the jth zone; λ
(
θj,x, θj,y

)
is the known 

build direction vector that can be obtained by: 

λ
(
θj,x, θj,y

)
= (

1
tan

(
θj,x

),
1

tan
(
θj,y

),1)

/

lλ, (14) 

lλ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

tan2
(
θj,x

)+
1

tan2
(
θj,x

)+ 1

√

, (15) 

In addition, h(x) = 1
1+e− 2μx represents a Heaviside projection function 

and ξ is a near 0 constant used to avoid numerical problems. Note that 
Eq. (13) evaluates the elemental overhang degree by using the inter-
section angle between the build direction and the density gradient, 
addressing the less conservative issue for Constraints (7). Since Equa-
tions (12) introduces only one additional constraint compared to 
traditional topology optimisation, we utilise the Method of Moving As-
ymptotes [50] to efficiently tackle the problem.

4. Numerical examples

In this section, four examples are presented to demonstrate the 
effectiveness of the proposed approach. In the topology optimisation, 
the material Young’s modulus E0 and Poisson’s ratio v are 1.0 MPa and 
0.3, respectively. The minimum Young’s modulus Emin is 1 × 10− 9 MPa 
and the penalty parameter p is taken as 3. As our approach is designed 
for cases where overhang effects are more significant, we generally use a 
maximum overhang angle of θmax = 30◦, unless stated otherwise. This 
value corresponds to the overhang angle for metal AM, which is lower 
than the commonly used θmax = 45◦ for plastic AM. All design domains 
are meshed using hexahedral elements. The maximum turning angle 

θt,max is 30◦. The finite element analysis is carried out by ABAQUS [51]. 
For comparison, the compliance values of the multi-axis-based solutions 
are evaluated against two benchmark sets. The first set consists of 
nominal solutions obtained from traditional topology optimisation, 
which serve as strict lower-bound cases without overhang constraints. 
Therefore, the compliance increase relative to these nominal solutions is 
used to quantify the performance reduction resulting from the integra-
tion of overhang constraints. The second set includes solutions opti-
mised with 3-axis-based overhang constraints, which demonstrate the 
benefits of incorporating the multi-axis system.

4.1. 3D joint

The approach is first examined using a simple 3D joint example 
shown in Fig. 9(a), where F represents a unit load. The design domain 
dimensions are L = 20 mm, D = H = 60 mm, and the assumed volume 
fraction f = 0.1. The optimised solution from the traditional SIMP 
method is shown in Fig. 9(b), with a compliance value of C =

252.37 N • mm. To eliminate zigzag boundaries, the optimised struc-
ture is further smoothed using the PolyNURBS tools in Altair Inspire, as 
shown in Fig. 9(c). When 3-axis AM is considered, the unprintable 
proportion runp is 13.2 % when θmax = 30◦. Therefore, multi-axis AM can 
be utilised to improve printability.

The multi-axis AM-based approach begins with the optimised solu-
tion in Fig. 9(c). Firstly, the design domain is subdivided into 72 zones in 
a 2 × 6 × 6 configuration, as shown in Fig. 10(a). The optimisation 
problem, expressed by Equations (8), is then solved to determine the 
local build directions, utilising the optimised structure as input constant. 
With the local build directions determined, the printing surfaces can be 
constructed, being orthogonal to the build directions, as shown in 
Fig. 10 (b-2). Despite the improved printability from the identified 
printing surfaces, 7.5 % of the structure remains unprintable. Hence, the 
re-optimisation step, expressed by Equations (12), is carried out. In 
contrast to the build direction optimisation problem (i.e., Equations (8)), 
re-optimisation redesigns the structure while maintaining the printing 

Fig. 8. Printing surface continuity: (a) shows discontinuous printing surfaces, illustrating potential gaps or misalignments; (b) displays continuous printing surfaces, 
demonstrating seamless transitions and alignments; the circled numbers denote the zone indices.

Fig. 9. 3D joint example: (a) problem description; (b) solution from the traditional topology optimisation approach; (c) smoothed structure.

Q. Guo et al.                                                                                                                                                                                                                                     Additive Manufacturing 96 (2024) 104563 

7 



surface constant. The obtained solution, shown in Fig. 10(b-3), reduces 
the unprintable portion to zero and causes only a 3.2 % increase in 
compliance compared to the original structure in Fig. 9(c)), which 

demonstrates the effectiveness of the proposed approach. The front and 
side views of the optimised structures and printing surfaces are shown in 
Fig. 10(c) and(d)). Following re-optimisation, the 3D joint preserves its 

Fig. 10. Optimised results of the 3D joint problem; (a) zone subdivision; (b) two-step optimisation, where (b-1) structural topology from traditional topology 
optimisation; (b-2) optimised printing surface; (b-3) structural topology after re-optimisation; (c) and (d) show front and side view graphs of the optimised solutions 
in (b-3), respectively; the structural parts and the corresponding printing surfaces at the same elevation are colored consistently to indicate their association.

Fig. 11. Topology optimisation of a 3D cantilever; (a) design domain; (b) solution from the traditional topology optimisation; (c) smoothed structure; (d) optimised 
solution with overhang constraints based on 3-axis AM.
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four-member skeleton, with local geometries fine-tuned to avoid over-
hangs, resulting in a minor increase in compliance.

4.2. 3D cantilever

To illustrate the robustness of the proposed approach, this section 
presents a more complex 3D cantilever example. The maximum over-
hang angle θmax is set to 30◦ . The problem description is in Fig. 11(a), 
with the design domain dimensions of 30 mm× 30 mm× 60 mm. A load 
of F = 5 N is applied to the midpoint of the top surface. The volume 
fraction f is taken as 0.15. The solution from the traditional SIMP 
approach and the smoothed solution are shown in Fig. 11(b) and (c), 
respectively, with a compliance value of C = 942.52 N • mm. For 

comparison purpose, we compute an overhang-free solution based on 3- 
axis AM, by using planar printing surfaces in the re-optimisation step, as 
shown in Fig. 11(d). The overall compliance is 1148.84 N • mm, which 
causes an approximately 21.89 % sacrifice on the structural perfor-
mance (relative to Fig. 11(c)).

Similar to the 3D joint structure, the design domain is subdivided 
into 3 × 3 × 6 zones, as shown in Fig. 12(a). With 3-axis AM, there are 
696 unprintable boundary elements, resulting in an 11.4 % unprintable 
ratio, which significantly exceeds the target threshold of 1 %. After 
optimising the local printing directions, the printing surfaces are shown 
in Fig. 12(b-2). The number of unprintable boundary elements is 
reduced to 452, bringing the unprintable ratio down to 7.4 %. Since the 
unprintable ratio still surpasses the target threshold of 1 %, further re- 

Fig. 12. Optimised results of the 3D cantilever example; (a) zone subdivision; (b) two-step optimisation, where (b-1) structural topology from traditional topology 
optimisation; (b-2) optimised printing surface; (b-3) structural topology after re-optimisation; (c) and (d) show front and side view graphs of the optimised solutions 
in (b), respectively; the structural parts and the corresponding printing surfaces at the same elevation are colored consistently to indicate their association.
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optimisation is necessary. The structure from the re-optimisation step is 
shown in Fig. 12(b-3). At this stage, the unprintable proportion of the 
structure boundary is reduced to 0 %, while the overall compliance of 
the structure increases from 942.52 N • mm to 984.15 N • mm, indi-
cating a performance sacrifice of 4.4 %, significantly lower than the 3- 
axis-based solution in Fig. 11(d). The front and side view graphs in 
Fig. 12(c) and (d) demonstrate that with the superior flexibility of multi- 
axis AM, the structural geometry is only slightly adjusted, maintaining 
the skeleton of the entire structure.

4.3. 3D wheel

In this section, we apply the multi-axis optimisation approach to the 
3D wheel example as shown in Fig. 13(a). The size of design domain is L 
= H = D = 60 mm, with the volume fraction as 0.15. A vertical load of 
F = 5 N is applied at the midpoint of the bottom surface. The optimised 
solution with C = 881.28 N • mm is shown in Fig. 13(b). The maximum 
overhang angle θmax is taken as 45◦ . After the optimisation for 3-axis AM 
in Fig. 13 (c), the compliance value is 1016.11 N•mm, exhibits a sac-
rifice of 15.3 % on structural performance.

The zone arrangement is illustrated in Fig. 14(a). Initially, the un-
printable proportion is 15.5 % under 3-axis AM. By optimising the sur-
faces for multi-axis additive manufacturing (as shown in Fig. 14(c)), the 
unprintable ratio is reduced to 10.5 %. In the printing plan optimisation, 
the printing surfaces in zones above an elevation of 40 mm are set as 
planar due to the absence of structures in those regions. During the re- 
optimisation stage, the influence of height constraints is examined by 
limiting the structure height to 40 mm, 50 mm, and 60 mm, achieved by 
imposing corresponding non-designable domains at the top. The 
resulting solutions from the re-optimisation are presented in Fig. 14(d) 
and (e). When the structural heights are limited to 40 mm, 50 mm, and 
60 mm, the corresponding compliance increases are 7.6 %, 5.3 %, and 
1.4 %, respectively. This outcome aligns with expectations. As the 
overhang constraint is geometry-dependent, allowing more height pro-
vides the algorithm with greater design freedom to adjust the structure, 
resulting in overhang-free structures with lower compliance values.

4.4. The influence of the maximum overhang angle

The maximum overhang angle is a crucial AM parameter. To 
examine its influence, a 3D beam example is utilised in this section. The 
example description is in Fig. 15(a), and the design domain dimensions 
are L = 120 mm, H = 30 mm, and D = 30 mm, respectively. A unit load 
F is applied at the midpoint of the bottom surface; and the volume 
fraction f = 0.20. The optimised structure from the traditional SIMP 
approach is in Fig. 15(b), with a compliance value of C =

1357.62 N • mm. The study tests three maximum overhang angles θmax: 
60◦ , 45◦ and 30◦ .

The zone size is taken as 10 mm× 10 mm× 10 mm, as shown in the 
domain subdivision graph in Fig. 16(a). By taking advantage of the 
symmetry, half of the problem is considered, as shown in Fig. 16(b). The 

structure contains 5368 boundary elements; and in 3-axis AM, the un-
printable ratios correspond to three θmax values are 9.9 %, 12.7 % and 
24.6 %, respectively. With the multi-axis optimised build directions (as 
shown in Fig. 17(b)) applied, the unprintable ratios are reduced to 
7.2 %, 10.2 % and 16.1 %, respectively. It is evident that as the 
maximum overhang angle decreases, the unprintable ratio increases 
accordingly. Nevertheless, after the re-optimisation, the unprintable 
elements are eliminated for all three cases (Fig. 18). The compliance 
values are increased to 1390.42 N • mm, 1452.68 N • mm and 1466.37 
N • mm, resulting in performance sacrifice values of 2.4 %, 7.0 %, and 
8.0 %, respectively, all of which are under 10 %.

The convergence history of the re-optimisation step with θmax = 30◦

is shown in Fig. 19. The compliance value decreases rapidly at the first 
step and then it takes another 74 iterations to reach a final convergence.

For comparison, the three problems shown in Fig. 18 were solved 
with overhang constraints based on 3-axis AM, with the resulting solu-
tions displayed in Fig. 20. The compliance increases for the solutions in 
Fig. 20(a–c) relative to Fig. 15(b) are 10.70 %, 14.15 %, and 18.68 %, 
respectively. These increases are all higher than those obtained with the 
multi-axis AM approach, highlighting the effectiveness of the proposed 
method.

4.5. The influence of the zone size

The zone size is another important parameter in the printing plan 
optimisation. Therefore, in this section, the same 3D beam in Section 4.4
is used to examine the influence of zone size. As shown in Fig. 21, three 
different zone sizes are tested: 15 mm× 15 mm× 15 mm, 10 mm ×

10 mm × 10 mm and 5 mm× 5 mm× 5 mm. The maximum overhang 
angle is taken as θmax = 45◦ . After the local printing directions are 
identified, the unprintable elements in the three cases are 971, 863, and 
651, respectively. Following re-optimisation, the unprintable ratio is 
reduced to zero for all three cases, and the compliance values increase to 
1490.65 N • mm, 1466.37 N • mm, and 1452.79 N • mm, respectively. 
Side view graphs of the optimised results are shown in Fig. 22. 
Compared to Fig. 16(b), these represent increases in compliance of 
9.80 %, 7.98 %, and 7.01 %, respectively. The results show that finer 
zone subdivisions introduce additional design freedom to the printing 
surfaces, resulting in lower compliance values after re-optimisation.

5. Print validation

In this section, we validate the optimised results first through a nu-
merical printing simulation using the VERICUT software. With the 
optimised printing surfaces identified, the printing process begins with 
Layer 1 located at the bottom and progresses upward, completing each 
layer sequentially, as illustrated in Fig. 23. It is important to note that 
the print nozzle is assumed to remain vertical throughout the process, 
while the printing platform rotates to align with the optimised printing 
surfaces and adjusts the component’s orientation relative to gravity, 
effectively addressing the overhang problem.

Fig. 13. 3D wheel example: (a) description of the problem; (b) smoothed structure; (c) solutions from the optimisation for 3-axis AM.
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Fig. 14. Optimised results of the 3D wheel problem; (a) zone subdivision; (b) front view of the solution from the traditional topology optimsiation approach; (c) front 
view of the optimised printing surfaces; (d) optimised overhang-free structures with different height limits, where the domain height is constrained to (1) 40 mm, (2) 
50 mm, and (3) 60 mm, with corresponding compliance values of (1) 948.26 N⋅mm, (2) 927.98 N⋅mm, and (3) 893.62 N⋅mm; (e) front view of the optimised so-
lutions in (d); the structural parts and the corresponding printing surfaces at the same elevation are colored consistently to indicate their association.

Fig. 15. 3D beam example; (a) design domain; (b) smoothed structure.

Fig. 16. Subdivision of the 3D beam example; (a) full problem; (b) half problem.
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Within each layer, the tool path is established by first slicing the 
structure along the optimised surfaces to derive the component’s con-
tour path. This contour is then filled with a zigzag pattern, as shown in 
Fig. 24. Both the contour and infill paths comprise the complete printing 
tool path used during the manufacturing process.

The printing path simulation employs VERICUT with the BeAM 
magic 2.0 5-axis machine shown in Fig. 25. Printing paths of the 

optimised 3D cantilever, the 3D wheel and the 3D beam are generated 
and simulated. It is important to note that, unlike 3-axis AM, multi-axis 
AM carries a risk of collision between the printing nozzle and the already 
printed component. To mitigate this risk, a turning angle constraint, as 
described in Section 3.2, is employed. In all VERICUT simulations, no 
collisions were detected, demonstrating the effectiveness of the turning 
angle constraint in preventing such issues. Videos of the simulations can 
be found in the GitHub repository linked in the Supplementary videos
section.

Besides the numerical validation using VERICUT, the 3D cantilever is 
physically printed using a multi-axis Wire Arc Additive Manufacturing 
(WAAM) machine shown in Fig. 26. The structure model is scaled to 
180 mm × 180 mm × 360 mm. A commercial 316 L stainless steel plate 
with dimensions of 400 mm × 400 mm × 20 mm was used as the sub-
strate and was polished and cleaned before the deposition process. The 
raw material used was a 1.2 mm diameter 316 L stainless steel wire. The 
optimised structure was deposited using the Cold Metal Transfer (CMT) 

Fig. 17. Optimised solutions for the 3D beam example; (a) solutions from the re-optimisation step; (b) the optimised printing surfaces; the maximum overhang angle 
θmax are 60◦ , 45◦ and 30◦ for solutions in (1), (2) and (3), respectively; the structural parts and the corresponding printing surfaces at the same elevation are colored 
consistently to indicate their association.

Fig. 18. Side view graphs of the solutions in Fig. 17: (1) structures from the traditional topology optimisation; (2) optimised printing surfaces; (3) structures from the 
re-optimisation step; the maximum overhang angles θmax are set at 60◦ , 45◦ and 30◦ for solutions in (a), (b) and (c), respectively; the structural parts and the 
corresponding printing surfaces at the same elevation are colored consistently to indicate their association.

Fig. 19. The convergence history of re-optimisation case for Fig. 18 (c).
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Fig. 20. The solutions from the approach for 3-axis AM, where (a) θmax = 60◦ and C = 1502.89 N • mm; (b) θmax = 45◦ and C = 1549.13 N • mm; (c) θmax = 30◦ and 
C = 1611.34 N • mm; θmax and C represent the maximum overhang angle and the structural compliance, respectively;.

Fig. 21. Optimised solutions for the 3D beam example; (a) solutions from the re-optimisation step; (b) the optimised printing surfaces; the zone sizes are 15 mm×

15 mm× 15 mm; 10 mm × 10 mm × 10 mm and 5 mm × 5 mm × 5 mm for solutions in (1), (2) and (3), respectively; the structural parts and the corresponding 
printing surfaces at the same elevation are colored consistently to indicate their association.

Fig. 22. Side view graphs of the solutions in Fig. 21: (1) structures from the traditional topology optimisation; (2) optimised printing surfaces; (3) structures from the 
re-optimisation step; the zone sizes are 15 mm× 15 mm× 15 mm; 10 mm × 10 mm × 10 mm and 5 mm × 5 mm × 5 mm for solutions in (a), (b) and (c), respectively; 
the structural parts and the corresponding printing surfaces at the same elevation are colored consistently to indicate their association.
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technology. Printing parameters including print speed, wire feed rate, 
etc. are shown in Table 1.

Photos of several intermediate printing states are displayed in 
Fig. 27, while the final printed model is presented in Fig. 28. In addition, 
three intermediate clips of the printing process are available in the 
GitHub repository linked in the Supplementary videos section. The layer 
thickness used varies between 1.75 mm and 2.50 mm. A strategy similar 
to [52] is adopted to tailor the layer thickness for each zone, ensuring 
the continuity of the curved printing surfaces.

To mitigate the overhang effect on the inclined members, optimised 
printing surfaces from Fig. 12 were employed, resulting in inclined 
printing layers as shown in Fig. 28. Notably, the orientation of the model 
was dynamically adjusted using the rotatable base platform, while the 
printing nozzle remained vertical throughout the process. Furthermore, 
no collisions occurred during the entire printing process, affirming the 

Fig. 23. Printing sequences based on the optimised multi-axis printing surfaces.

Fig. 24. The process of generating tool path; (a) the structure and the printing surface; (b) slicing results; (c) infilling slice with zigzag tool path.

Fig. 25. The BeAM magic 2.0 machine used in the VERICUT simulation.

Fig. 26. Multi-axis WAAM machine with rotatable base platform.

Table 1 
WAAM printing parameters.

Print speed (mm/s) Wire feed rate (m/min) Voltage (V) Current (A) Start current (A) End current (A) Start arc time (s) End arc time (s)

11 5.4 13.1 147 153 119 0.3 0.6
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effectiveness of the collision constraints outlined in Equations (10). 
However, the surface of the printed component is relatively rough, as 
WAAM, while offering faster printing speeds compared to other DED 
techniques, produces a larger bead width that reduces surface quality. 
Minor misalignments were also observed at the interfaces between zone 
layers (e.g., between Layer 1 and Layer 2 in Fig. 23) due to abrupt 
changes in local build directions at these points. Nevertheless, these did 
not significantly impact the structural formation and the misalignment 
issue could be further mitigated in future studies by locally adjusting the 
printing tool path to account for changes in build directions.

It is worth noting that two key challenges were encountered during 
the printing process. First, the large bead width inherent to the WAAM 
technique, while enabling faster printing speeds compared to other DED 
methods [52], makes it unsuitable for structures with thin elements (e. 
g., Fig. 14(d-3) and Fig. 17(a-3)). Second, thermal deformation in metal 
AM becomes more pronounced when more build direction zones are 
utilised, leading to variations in local build accuracy. In future work, the 
first issue could be addressed by incorporating length-scale constraints 
to limit element size [16], and the second by introducing constraints 
related to residual stress [53]. Nevertheless, these challenges are specific 
to metal AM and are less likely to arise in plastic multi-axis AM. In 
addition, despite these issues, the effectiveness of the proposed approach 
in addressing the overhang problem has been successfully validated 
using the cantilever example.

6. Conclusion

In this paper, we propose a novel two-step optimisation approach to 
design self-supportable 3D structures using multi-axis additive 
manufacturing (multi-axis AM). In the first step, an optimised structure 
from the traditional topology optimisation is employed as the starting 
point for a printing plan optimisation problem, which identifies multi- 
axis printing surfaces that maximise the printable proportion of the 
structure. However, as the structure remains constant in the first step, 
the identified multi-axis printing surfaces cannot ensure complete 
printability. Consequently, a second re-optimisation step is imple-
mented to further address the overhang issue by adjusting the structure 
topology. To demonstrate the efficacy of our approach, we present four 
numerical optimisation examples, supplemented by both numerical and 
physical printing validations. These efforts lead to the following 
conclusions: 

1. Compared with benchmark results from the traditional topology 
optimisation approaches, the overhang-free requirement results in a 
decrease in structural stiffness. However, the high flexibility of multi- 
axis AM effectively limits this decrease, with a maximum stiffness 
drop capped at 9.80 % in all examined cases.

2. The regular grid approach for domain subdivision demonstrates 
robustness and versatility across various optimisation scenarios. 
Smaller zone sizes typically yield more satisfactory solutions 
compared to larger ones. For instance, in the cantilever example, 

Fig. 27. Multi-axis printing procedure of the 3D stainless steel cantilever using a WAAM machine.

Fig. 28. Physical model of the 3D cantilever: (a) printed model with inclined printing layers to overcome overhang; (b) structure processed with sandblasting.
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reducing the zone size from 15 mm × 15 mm × 15 mm to 5 mm ×

5 mm × 5 mm resulted in a decrease in performance sacrifices from 
9.80 % to 7.01 %.

3. Imposing constraints on the turning angle has proven effective in 
reducing the risk of collisions. During the numerical printing simu-
lations with VERICUT and physical printing validations using a 
multi-axis WAAM machine, no collisions were detected throughout 
the printing process.

In summary, this study presents a powerful tool for designing and 
manufacturing topology-optimised structures without the need for 
support structures. The benefits are particularly pronounced in metal 
AM, where it reduces material waste and eliminates post-processing 
associated with support removal. This advancement improves the effi-
ciency and practicality of additive manufacturing technologies in in-
dustrial applications, promoting innovation and encouraging broader 
adoption within the field.
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