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Abstract: Background: Understanding vascular development and the key factors involved in reg-

ulating angiogenesis—the growth of new blood vessels from pre-existing vasculature—is crucial

for developing therapeutic approaches to promote wound healing. Computational techniques offer

valuable insights into improving angiogenic strategies, leading to enhanced tissue regeneration and

improved outcomes for chronic wound healing. While chorioallantoic membrane (CAM) models are

widely used for examining fundamental mechanisms in vascular development, they lack quantifica-

tion of essential parameters such as blood flow rate, intravascular pressure, and changes in vessel

diameter. Methods: To address this limitation, the current study develops a novel two-dimensional

mathematical model of angiogenesis, integrating discrete and continuous modelling approaches to

capture intricate cellular interactions and provide detailed information about the capillary network’s

structure. The proposed hybrid meshless-based model simulates sprouting angiogenesis using the

in vivo CAM system. Results: The model successfully predicts the branching process with a total

capillary volume fraction deviation of less than 15% compared to experimental data. Additionally, it

implements blood flow through the capillary network and calculates the distribution of intravascular

pressure and vessel wall shear stress. An adaptive network is introduced to consider capillary

responses to hemodynamic and metabolic stimuli, reporting structural diameter changes across

the generated vasculature network. The model demonstrates its robustness by verifying numerical

outcomes, revealing statistically significant differences with deviations in key parameters, including

diameter, wall shear stress (p < 0.05), circumferential wall stress, and metabolic stimuli (p < 0.01).

Conclusion: With its strong predictive capability in simulating intravascular flow and its ability to

provide both quantitative and qualitative assessments, this research enhances our understanding of

angiogenesis by introducing a biologically relevant network that addresses the functional demands

of the tissue.

Keywords: capillary network remodelling; angiogenesis evaluation; chick chorioallantoic membrane

assay; flow dynamics; hybrid meshless-based method
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1. Introduction

Understanding vascular development is crucial in scientific research. While angiogenesis
is induced by mutations in malignant tumours, new vessel formation is impaired in chronic
wounds, leading to further tissue damage. Chronic wounds are characterised by their inability
to advance through a normal, organised healing sequence, hindering full anatomical and
functional recovery [1]. However, initiating angiogenesis and establishing stable vasculature
are crucial for promoting wound healing. A deficiency in new blood vessel formation is a
significant challenge for clinicians, emphasising the importance of understanding the factors
regulating angiogenesis to improve therapeutic approaches. Computational techniques are
powerful tools that provide valuable insights into promoting angiogenesis, enhancing tissue
regeneration and improving chronic wounds healing outcomes.

Sprouting angiogenesis, where new blood vessels grow from pre-existing ones, is a
fundamental biological process in several physiological and pathological conditions. It
plays a crucial role in organ formation, wound healing, inflammation, embryonic devel-
opment, and contributes to the onset and progression of several diseases such as diabetes,
rheumatoid arthritis, and cancer [2–6]. Vascular Endothelial Growth Factor (VEGF) is a ma-
jor mediator of angiogenesis and crucial for wound healing [7]. VEGF forms concentration
gradients within tissues and exists in various isoforms with different binding capacities to
extracellular matrix (ECM) components [8,9]. After injury, VEGF levels initially increase
and remain elevated in wound fluid [10].

VEGF activates endothelial cells (ECs) in nearby vessels, increasing vascular perme-
ability and triggering the secretion of proteases that degrade the basement membrane of
vessels [11]. This leads to the activation of ECs, which adopt the endothelial tip cell pheno-
type and migrate from the blood vessel into the surrounding tissue within the extracellular
matrix. Adjacent stalk cells then proliferate and promote angiogenesis [12]. Furthermore,
stalk cells behind the tip cell can temporally take on the tip cell phenotype, promoting
sprout elongation for several minutes [13,14]. This behaviour ensures a continuous leading-
edge tip cell that exerts contractile force on the matrix, remodels the matrix fibres and
creates a pathway for sprout expansion.

Animal model systems like the chicken yolk-sac or chorioallantoic membrane (CAM)
are widely used to study vascular development. The CAM assay is especially useful for
studying angiogenesis due to its highly vascularized structure and ability to closely mimic
in vivo conditions, making it ideal for investigating angiogenic processes and developing
wound healing treatments. Vascular formation in the CAM is a dynamic process that occurs
rapidly across multiple scales, from capillaries to main vessels, often within hours [15].
The extraembryonic organs can be easily accessed via a shell window or shell-less experi-
ments [16]. The vascular patterns in this model, characterised by interdigitating arteries
and veins, are critical for maintaining adequate blood flow and tissue oxygenation, similar
to the human retina [17]. In converse, direct artery–vein connections disrupt blood flow
and hinder O2 and CO2 exchange [18]. While the CAM assay allows the direct visualisation
of sprouting angiogenesis, it is insufficient for quantifying parameters like blood flow rate,
intravascular pressure, vessel shear stress, and diameter changes in response to stimuli. To
address this, the current study develops a mathematical model of angiogenesis to better
understand the system’s overall dynamics.

Terminal vascular networks dynamically adjust to meet changing physiological re-
quirements. Blood flow induces mechanical forces, such as wall shear stress and circum-
ferential stretch, which directly affect the endothelium. These forces contribute to the
adaptive structure of the network, ensuring relatively low intravascular pressure without
overburdening blood flow [19,20]. Vessels adapt structurally in response to both metabolic
conditions and hemodynamic stimuli, such as intravascular pressure and shear stress,
influencing network remodelling. Structural responses, such as changes in vessel diameter,
have been documented in several studies [21,22].

Over the past two decades, various approaches have been employed to model an-
giogenesis. Early models described vascular networks as continuous density fields based



Biomedicines 2024, 12, 2845 3 of 15

on advection–diffusion–reaction equations [23–25], but these lacked detail on capillary
network structure and key events like sprouting, branching, and lumenogenesis. To ad-
dress this, agent-based models were developed to capture cellular interactions, offering a
more detailed representation of angiogenesis. These discrete models have been integrated
with tumour growth models to study EC–microenvironment interactions [26–28], though
their computational cost and complexity often limit their application. Recently, hybrid
models have emerged that combine discrete cell modelling with continuous modelling of
diffusing solutes and the ECM [29–31]. These models address key aspects of sprouting an-
giogenesis, including EC chemotaxis, haptotaxis, anastomosis formation, tumour-induced
angiogenesis, and cell phenotype determination [32–36].

While previous models have advanced our understanding of angiogenesis, many lack
validation against a broad range of in vivo data and fail to fully incorporate hemodynamic
factors. Models like those by [29,34,37–39] have only partially addressed flow dynamics
and their interplay with vascular remodelling. Our study overcomes these limitations by
integrating diverse in vivo data to provide a more comprehensive analysis of flow dynam-
ics and their impact on vascular structural changes. We developed a two-dimensional
hybrid meshless-based mathematical model to simulate sprouting angiogenesis using the
in vivo CAM system. This adaptive model accounts for capillary responses to hemody-
namic and metabolic stimuli, using CAM data to predict branching processes and validate
numerical outcomes. Most vascular growth and remodelling occur after blood circula-
tion begins, when the endothelium is subjected to mechanical forces, such as wall shear
stress and circumferential stress. Our model simulates blood flow through the capillary
network, calculates intravascular pressure distribution, and tracks flow-related events. The
model demonstrates strong predictive capabilities, with both quantitative and qualitative
assessments that align with the CAM assay.

2. Materials and Methods

This study extended our previous work [40–42], simulating sprouting angiogenesis
in response to VEGF concentrations using a computational algorithm based on the Radial
Point Interpolation Method (RPIM) combined with a VEGF diffusion formulation. EC
migration and sprout branching were driven by chemotaxis. The key innovation of this
study lay in modelling intravascular flow within vessels. The model not only calculated
blood flow dynamics, including intravascular pressure and wall shear stress, but also
introduced dynamic vascular remodelling in response to environmental cues. The resulting
vascular development was validated against in vivo observations from the CAM assay.

2.1. Numerical Model of Angiogenesis

A meshless method was implemented to solve VEGF distribution. First, the model
discretizes the physical domain using a nodal set conforms to the area of the domain.
Subsequently, the background integration lattice was defined by employing quadrilateral
regular cells that precisely matched the area of the domain. The numerical integration
was performed using the Gauss–Legendre quadrature rule where each integration point is
characterised by its Cartesian coordinates xI ∈ R

2 and its corresponding integration weight
ŵI . This collection of integration points forms the background integration mesh, allowing
the discrete integration of the continuous equations that govern the underlying physical
phenomenon. At this stage, the nodal connectivity can be established using the “influence-
domain” concept, which refers to the set of nodes that are closer to each integration point
xI . This set of nodes construct the shape function of integration point where the weak form
is then applied to formulate the system of equations. Hence, applying the RPI technique,
the concentration of VEGF at any integration point is as follows:

φh(xI) = ϕ(xI)
Tφ. (1)
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where ϕ(xI) is the shape function vector at the integration point xI , defined as:

ϕ(xI) = {ϕ1(xI)ϕ2(xI) . . . ϕn(xI)}
T (2)

where
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(3)

λ(xI) is a by-product of the equation system and ri

(

xj

)

the multi-quadric radial basis
function as following:

ri(xj) =
(

(

xi − xj

)2
+

(

yi − yj

)2
+ c2

)P
(4)

The parameters c and P are shape parameters controlling the interpolation property of
the resulting shape function, and they were already optimised to c = 0.0001 and P = 0.9999
in previous studies. For more details, please see [43–45].

A discrete equation system is established to obtain the numerical solution of the
algorithm implemented in the RPIM. Hence, to simulate the ECs chemotaxis regulated by
the VEGF diffusion in the ECM, the Helmholtz form is used in a 2D linear steady state field,
as follows:

Dx
∂2φ

∂x2
+ Dy

∂2φ

∂y2
+ R = 0 (5)

where φ corresponds to the VEGF concentration, D is the diffusion coefficient, and R is
the VEGF release rate. The meshless system equations are formulated using the weighted
residual approach:

[

KD + Kg

]

Φ − fq = 0 (6)

KD =
∫

A
BG

T
DBGdA (7)

Kg =
∫

A
g
{

ϕ1 ϕ2 ... ϕn

}T{
ϕ1 ϕ2 ... ϕn

}

dA (8)

fq =
∫

A
Q
{

ϕ1 ϕ2 ... ϕn

}T
dA (9)

Considering fq as the VEGF concentration flux, BG and D are defined as:

BG =

[

∂ϕ
∂x
∂ϕ
∂y

]

=

[

∂ϕ1
∂x

∂ϕ2
∂x . . .

∂ϕn

∂x
∂ϕ1
∂y

∂ϕ2
∂y . . .

∂ϕn

∂y

]

(10)

D =

[

Dx 0
0 Dy

]

(11)

Finally, solving Equation (6) gives the final VEGF concentration in the domain.
To start angiogenesis, tip cells are marked and chosen based on the CAM images to

reduce the number of unknown variables in the initial conditions, such as the starting
sprout location. Specifically, the tip cells are identified within the sub-domain defined
as the endothelial cell monolayer using Cartesian coordinates derived from the CAM
images. This approach ensures a precise and biologically relevant representation of the
initial sprout positions. Following the marking of the initial tip cells, the algorithm initiates
an iterative loop, where at each time step, new tip cells are sequentially marked, facilitating
the growth of sprouting vessels over time. Each time step in this study corresponds to
the duration required for a capillary to migrate a single length of an endothelial cell. The
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final simulation result corresponds to the vascular pattern obtained in CAM and each
iteration time corresponds to ~6.7 h. The direction of the tip cell movement follows the
VEGF gradients. Accordingly, the gradient of the VEGF is obtained as n = ∇Φ, which n

oriented towards the VEGF source. Therefore, n

[

cosθ sinθ
−sinθ cosθ

]

mod

with −0.24 ≤ θ ≤ 0.24

attributed randomly. The new position of the tip cell is determined by adding the vector
unit vector of nmod multiplied by the average distance between the current tip cell and the
previous one to the old tip cell position. If a node already exists at the computed position of
the new tip cell, it is assigned as a tip cell; otherwise, new nodes are added as newly created
tip cells. In each step, the VEGF concentration is computed, and the tip cell’s position is
updated accordingly.

To implement the branching process, the capillary order concept is applied according
to the CAM data and simultaneously to calibrate the numerical results based on a dense
capillary network. Thus, the first order of capillary represents the capillaries with higher
calibre and the third order the ones with lowest. To establish the branching locations, we
measured the distance between consecutive branch points for each capillary order, resulting
in the following rule:

d = 0.9286e−0.219×Ocap (12)

d represents the distance between consecutive branch points related to the capillary order
Ocap. Consequently, a new branch is formed within each capillary when the distance to the
previous branch exceeds d, for the specific capillary order being considered. When a branch
occurs, the parent capillary maintains its current order and the daughter increases its own.
The average branching angle for capillaries and the function parameters are extracted from
the CAM data (more details in Computational implementation). Finally, the model uses a
developed phenomenological function to rule on the branching location. Then, the tip cells
migrate following the highest VEGF concentration.

2.2. Hemodynamics and Intravascular Flow

To mimic a realistic vascular network, our study focused on the blood flow generated
by sprouting, as it plays a crucial role in network formation. Assuming that the rheological
parameters are known, we employed a numerical method to calculate the flow rate in each
element and the pressure values at each node. Taking into account that blood flows through
capillary anastomoses, we applied Poiseuille’s law to model the laminar flow:

Qk
c =

π

128

∆PbD4

Lµ
(13)

where Qk
c is the net flow rate for each capillary; c indicates the central node; ∆Pb = Pb

c − Pb
k

describes the blood pressure gradient of nodes in the vessel of diameter of D and length L;
and µ is blood viscosity. Applying the volumetric flow conservation law at any intercon-
necting point within the network:

N

∑
k=1

Qk
c βk = 0 (14)

where k represents the selected nodes of each vessel segment and N is the total number
of adjacent nodes. βk is an integer taking 0 or 1, describing whether nodes are connected
or not. Using the Successive Over-Relaxation (SOR) iterative method, the intravascular
pressure of each node of capillary network is numerically calculated and the flow rate in
each segment is obtained.

2.3. Capillary Structure Adaptation

Vessels exhibit structural responses to mechanical forces generated by blood flux,
specifically transmural pressure and shear stress acting on the endothelial surface [19,20].
Every segment of the network experiences a range of stimuli, which depend on the flow
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and metabolic conditions both within the segment itself and in other segments. Vessels
adjust their diameter to maintain a specific level of wall shear stress. Hence, we investi-
gated capillaries response to wall sheer according to the following logarithmic law, first
introduced by [19]:

Sτ = log(τw + τref

)

(15)

where τw = 32µ

πD3

∣

∣

∣
Qk

c

∣

∣

∣
and τref are small constants that are introduced to prevent singular

behaviour at low wall shear stress values. Furthermore, the intravascular pressure (IP)
produces an elevated stress, known as circumferential wall stress (Equation (16)) which is
the main hemodynamic force acting on vessel walls and influencing arteriolar proliferation
and rarefaction [22,46]. Thus, similarly to the signal from wall shear stress,

τe(P) = 100 − 86 · exp
(

−5000 · [log(log(P))]5.4
)

(16)

SP = −logτe (17)

When a particular segment of the vessel network experiences a decrease in blood flow,
resulting in inadequate oxygen and metabolic material supply to the surrounding tissue,
the segment needs to be stimulated to increase its diameter in order to improve perfusion.
Essentially, the vessels need to adapt and expand to meet the metabolic demands of the
tissue they supply. Hence, the network stability is enhanced by introducing a metabolic
stimulus that triggers the growth of vessels in segments experiencing low flows:

Sm = log

(

Qre f

QbH
+ 1

)

(18)

This is dependent on the red blood cells discharging haematocrit H and Qre f being the
largest value of Qb in the network. Finally, the model predicts vessels adaption through
Equation (19), by considering capillaries’ tendency to shrink (ks) when there is no stimulat-
ing growth factor:

∆D =

[

log(τw + τref

)

− kplogτe

+kmlog
(

Qre f

Qb H + 1
)

− ks

]

D∆t (19)

2.4. In Vivo Angiogenesis

In the current work, we acquired fertilised white leghorn chicken eggs from Henry
Stewart Co., Ltd. (Norfolk, UK) that were pathogens-free, and subsequently subjected
them to incubation. On embryonic development day 3 (EDD3), the eggshells were carefully
cracked, and the embryos were transferred into a square Petri dish. The ex ovo cultures
were then kept in a humidified incubator at a temperature of 38 ◦C, and this environment
was maintained from EDDs 3 to 14. The embryos’ survival was assessed on a daily basis
and documented. For a comprehensive understanding of the ex ovo CAM assay, a detailed
description can be found in a previous publication [47]. Unloaded and loaded hydrogels
with an internal diameter of 8 mm were prepared (see [48] for more detail), and at EDD14,
images of hydrogels and surrounding CAM area were taken using a digital microscope.

To quantify angiogenesis, three digital images from each tested condition were anal-
ysed using the NeuronJ tool (version 1.4.3), an online Image J plug-in. In CAM images,
quantification was performed in 5 × 5 mm2 regions of interest (ROI), consistently including
the biomaterial in one corner. Similarly, in the simulations, quantification was conducted in
5 × 5 mm2 areas, with the biomaterial consistently positioned in the lower-left corner. The
tested conditions groups were unloaded, VEGF 50 ng and VEGF 100 ng and the capillary
network profile also obtained from the same unloaded VEGF groups for comparison.

2.5. Computational Implementation

Using consistent CAM domain geometries, simulations were performed where the
initial number and location of sprouting tip cells, as well as the location of the parent
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vessel, were identified for each simulation. According to the measured data, the aver-
age branching angle for capillaries with the same order was found to be 68◦ (n = 36,
maximum = 127◦, minimum = 45◦), while for capillaries with different orders, it was
86◦ (n = 36, maximum = 117◦, minimum = 44◦). These angle measurements were incorpo-
rated into the model, allowing for some fluctuations. To simulate capillary adaptation, the
diameter of the parent vessels was extracted from the CAM network and remains constant
throughout the remodelling process (~0.17–0.2 mm). A no-flux boundary condition was
applied to the parent vessels, while periodic boundary conditions were imposed on the
opposite side of the solution domains. The pressures in arteries and veins were based on
the reported experimental observations, in a range of 45 mmHg in arteries to 22 mmHg
in veins [22]. The inlet and outlet pressures were selected with the aim of ensuring that
the average intravascular pressure was consistent with the haematocrit, while assuming
it remained constant throughout the vessels during the discharge. Parameters are listed
in Table 1.

Table 1. Parameters used in the model and corresponding references.

Parameters Description Value References

Angiogenesis

D VEGF diffusion coefficient 1.16 × 10−6 mm2 s−1 [49,50]

R VEGF release 500 × 10−6 g mm−3 [40,42]

Capillary network adaption

τre f Reference value for shear stress 7.73 × 10−5 mmHg [19]

kp Scaling parameter for sensitivity to intravascular pressure 0.68 ± 0.04 [19]

km Scaling parameter for sensitivity to metabolic signal 0.7 ± 0.06 [19]

ks Basal shrinking tendency coefficient 1.72 ± 0.15 [19]

3. Results and Discussion

3.1. Angiogenesis Network

According to in vivo, ECs migrate and self-organise towards the VEGF concentra-
tion released from hydrogels (Figure 1). To assess the angiogenic reaction resulting from
chemotaxis, simulations were conducted by augmenting the VEGF concentration within
the biomaterial region for the 5 × 5 mm2 ROI.

 

ff
ff

Figure 1. Evolution angiogenesis toward the released VEGF in the CAM assay on EDD 14.

Simulations were conducted using identical CAM domain geometries. In each simula-
tion, the initial number and location of sprouting tip cells and the location of the parent
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vessel were determined. The capillary volume fraction was determined by dividing the
capillary network into a 5 × 5 grid of square patches and quantifying the volume fraction in
each patch to compare numerical results with in vivo data. Finally, the discrepancy between
the total capillary volume fraction obtained from the CAM image and the simulation was
assessed for comparison. The total capillary volume fractions obtained from CAM images
and simulations showed a discrepancy of 13–15% (see Figure 2). These results indicate that
the proposed model, driven solely by VEGF concentration, is capable of predicting the
angiogenic response. Furthermore, in our previous research study [41], a statistical analysis
was performed, revealing the model’s capability to effectively simulate the progression of
sprouting angiogenesis for different VEGF concentrations.

 

ff

𝑆𝑝 𝑆𝑤𝑠𝑠
ff

ff 𝑆𝑝𝑆𝑚

Figure 2. In vivo capillary network from CAM vs. In silico results, along with the corresponding

total capillary volume fractions (third column).

3.2. Intravascular Flow

The model simulates the flow inside the capillaries to explore the impact of key pa-
rameters on the generation of a realistic vascular networks. After the formation of a closed
loop (anastomosis), a pressure gradient along the vessels is created and blood flows. Anas-
tomosis occurs when the sprouts meet and merge. To validate the obtained results, the
process of vessel remodelling is employed and compared with experimental data from [19].
A broad range of pressures across various vascular network setups was analysed to capture
variability within the system and provide a comprehensive assessment of flow and stress
distributions under different conditions. Results demonstrate a strong agreement with
the experimental observations (Figure 3). Accordingly, a reduction in intravascular pres-
sure (IP) stimulates an increase in vessel diameter (Figure 3A). Considering the adoption
stimuli distributions, the metabolic signal is higher in low-flow segments of capillaries
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(Figure 3B). While following Sp and Swss signals, results interpretation shows that shear
stress reaches a saturation point as blood pressure increases (Figure 3C,D). Statistical analy-
sis revealed significant differences (p < 0.05) were observed for diameter and wall shear
stress stimuli, and highly significant differences (p < 0.01) were found for Sp and Sm, with
a 95% confidence interval.

ffFigure 3. Validation of the intravascular flow modelling. (A) Capillary diameter changes in different

values of IP in compare with experimentally determined diameters from Pries et al., 2001 [19]. (B) The

metabolic stimuli changes as a function of flow rate inside the capillaries vs. the experimental data

from Pries et al., 2001 [19]. (C) Distribution of hydrodynamic stimuli obtained from wall shear stress

and (D) intravascular blood pressure, in comparison with the corresponding measured data from

Pries et al., 2001 [19].

A similar map is constructed based on the CAM images to represent the distributions
of IP and diameter (Figure 4). Figure 4 demonstrates three distinct vascular networks,
taking into account the blood flow within the capillaries. Figure 4A shows the simulated
capillary network reported by [18], and Figure 4B,C are capillary profiles extracted from
the current CAM images. The results indicate a slight pressure decrease along the blood
flow. New vessels sprouting from the inlet region of parent capillaries maintain pressure
levels similar to those of the nearby parent vessels. This contributes to the stability of the
new vascular network, allowing it to accommodate high blood flow rates.

For further investigation, the sprouting angiogenesis from two parent blood vessels
was simulated. Notably, the network exhibits multiple anastomoses and a dense structure
(Figure 5). Meanwhile, the pressure distribution and shear stress changes after the blood
flow within the vessels is calculated. Results show a reduction in pressure at the distances
far from the parent vessels. Similarly to the pervious findings, the neo-vessels of the inlet
region maintained pressures close to those of neighbouring parent vessels (Figure 6).
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Figure 4. In vivo capillary network from CAM images (first column) compared with in silico results

for various network configurations, illustrating intravascular pressure distribution and corresponding

diameter changes. (A) Comparison with experimental blood flow observations reported in [51]

(A—artery and V—vein). (B,C) Comparison with CAM images from the current experimental study.

−

ff

ff

ff 𝜏்

Figure 5. Sprouting angiogenesis: (A) VEGF concentration (g mm−3); (B) vascular network develop-

ment resulting from tip cell migration and stalk cell proliferation in different time steps.
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ff

 

ff

ff 𝜏்

Figure 6. Intravascular flow: pressure distribution (left); diameter of each capillary segment (right).

Two types of shear stress—circumferential wall stress and wall shear stress—along
with the total effective stress within the final network, were analysed and reported (Figure 7).
The distribution of circumferential wall stress ranged from ~14–35 dyn/cm2, displaying a
sigmoidal decrease with decreasing pressure and directly correlating with intravascular
pressure. In contrast, wall shear stress was notably lower in the new capillaries, falling
within the range of ~0.1–13 dyn/cm2. Ultimately, the total effective stress (τT) is extracted
since it plays a decisive role in capillary network behaviour. It provides a more accurate
representation of the shear stress at the surface of ECs.

ff 𝜏்
ff

ff

tt
tt

𝜏௪ tt

𝜏௪
ffi𝜏𝜏௪

𝜏௪

Figure 7. Shear stress analysis, total effective shear stress distribution (τT) (left), shear stress changes

in neo-vessels across different diameters (right).

4. Discussion

The strong resemblance between in vivo and in silico capillary networks highlights
the accuracy of the proposed VEGF-driven model in predicting angiogenic responses.
The reported 13–15% discrepancy in capillary volume fractions demonstrates the model’s
capability to capture essential angiogenesis processes. Although, in reality, angiogenesis
is influenced by numerous other factors, the fact that the numerical model considers en-
dothelial cell migration based solely on VEGF gradients makes these results particularly
satisfactory, demonstrating that the model effectively captures and predicts angiogenic
behaviour within this simplified framework. Future refinements, such as integrating addi-
tional biochemical signals and ECM heterogeneity, could improve model accuracy.

To establish blood flow and create a pressure gradient within the vessel anastomosis
formation is necessary. According to the simulations, vessels anastomoses occurs when a
growing sprout merges with either a functional mature vessel or another growing sprout
connected to the parent vessel. Therefore, stimuli, such as the vessel wall stress and the
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stress induced by the local pressure, are investigated separately to analyse their role in the
regulation of vessels structural adaption. We attempted to implement a vascular network
based on experimental data from [18], aiming to emulate the intricate blood flow patterns
observed in arteries and veins. Our primary goal was to showcase the precision of the
model’s predictions when simulating blood flow dynamics. Thus, the pressure distribution
is determined considering the flow direction in the created vascular network while the
vessels adopt their diameters in response to environmental signals.

In terms of vascular flow, the model successfully captured critical features such as
pressure gradients, shear stress distributions, and vessel remodelling. Additionally, there is
an approximate decrease in diameter from proximal to distal regions driven by reduced
wall shear stress (τw) and increased pressure. This is attributed to the interplay of wall
shear stress and pressure gradients within the vascular network. Proximally, higher stress
stimulates the endothelium to maintain larger vessel diameters to accommodate higher
flow rates. As the flow progresses distally, τw decreases due to cumulative branching and
reduced flow velocity, while pressure increases locally. This combination drives the natural
tapering of vessel diameters, optimising blood flow distribution and perfusion efficiency
throughout the network.

In the context of blood flow, IP generates significant circumferential wall stress (τe),
which works alongside wall shear stress (τw), as a major driving force through the network.
Variations in pressure lead to changes in vascular morphology and network structure,
with the induced shear stress playing a crucial role in arteriolar proliferation and rar-
efaction [22,46]. Concerning τw, the flow rate, in addition to the pressure gradient of the
nodes, is a crucial determining factor, clearly distinguishing it from circumferential wall
stress. In fact, while the wall shear stress remains a constant for each component, τe and,
consequently, τT vary due to the pressure and induce distinct values within the network.
Overall, lower pressures are generally associated with decreased shear stress levels.

The integration of numerical and experimental approaches is essential, as in silico
models rely on experimental data for validation and to ensure their accuracy in reflecting
biological reality. In developing the current model, some simplifications were necessary to
strike a balance between computational feasibility and physical relevance. The computa-
tional domain was designed to represent a realistic system while maintaining manageability
in size due to the high numerical costs. Although the model does not fully capture the
anisotropic and heterogeneous behaviour of the extracellular matrix (ECM) or its architec-
tural influence on angiogenesis, it incorporates key mechanical forces, such as wall shear
stress and circumferential stretch, which are critical in shaping the vascular network and
maintaining efficient blood flow. Blood viscosity is assumed to be constant, and while this
does not fully account for the non-Newtonian behaviour of blood in small vessels, this
simplification is recognised, with its potential effect on flow dynamics noted as an area for
future enhancement. These trade-offs highlight the challenges of developing computational
models and lay the groundwork for future improvements.

5. Conclusions

This study presents a novel hybrid meshless-based mathematical model to study angio-
genesis and intravascular flow, demonstrating significant advantages in its predictive abilities
for both the quantitative and qualitative assessments of angiogenesis. The proposed model
employs in vivo CAM data to predict the branching progression and validate numerical sim-
ulations, incorporating dynamic capillary network. The adaptive network associated with the
angiogenesis enables a comprehensive consideration of capillaries response to hemodynamic
and metabolic triggers, thereby enhancing the model’s validity.

Quantitatively, this model excels in predicting the interplay between intravascular
pressure, shear stress, and vascular network architecture. The ability of neo-vessels to
maintain pressure proximity to that of parent vessels, particularly those originating from
the inlet region, highlights the model’s capacity to predict stable vascular networks capable
of accommodating substantial blood flow rates. As blood circulates, shear stress is exerted
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upon capillaries. However, capillaries widen to relieve the stress. Normally, vasodilation
occurs to decrease the vessels wall shear stress and blood pressure. However, if the blood
flow rate is below a threshold, capillaries switch to vasoconstriction to increase the pressure
and stress to a level that keeps the vessel stable.

The intricate relationship between pressure, shear stress, and vascular behaviour is
comprehensively elucidated through the integration of two distinct shear stress types along
with total effective stress. Results demonstrated that the variation in circumferential wall
stress, mirroring pressure changes, emphasises its pivotal role in vascular physiology. While
wall shear stress remains relatively consistent, the effective stress offers insights into capillary
network dynamics, further unveiling the complex interplay between pressure, shear stress,
and vessel behaviour. In general, lower pressures are correlated with reduced shear stress
levels. Accordingly, the model demonstrates capillary adaptations such as vasodilation and
vasoconstriction, mechanisms essential for maintaining stability in response to changes in
blood flow rate and shear stress. The model’s ability to simulate such dynamic phenomena
underscores its robustness in capturing key vascular behaviours.

Despite the model’s success, it does not account for the critical influence of oxygen
concentration and hypoxia, factors that are essential in the angiogenesis process and play
a significant role in wound healing. Hypoxia is a key driver of vascular development,
influencing endothelial cell behaviour, growth factor secretion, and capillary sprouting.
Incorporating oxygen gradients and hypoxic conditions into future models will enhance
their biological relevance and provide deeper insights into wound healing, where oxygen
availability is often a limiting factor.

Finally, our model agrees well with experimental observations of angiogenesis, ac-
curately replicating essential aspects of angiogenesis, capillary responses, and dynamic
intravascular flow patterns.

Author Contributions: Conceptualisation, S.J.N. and A.G.; methodology, S.J.N. and J.B.; validation,

J.B. and R.N.J.; experimental assays, N.M. and S.M.; writing—original draft preparation, S.J.N. and

A.G.; writing—review and editing, J.B., R.N.J., C.S. and F.J.M.; supervision, R.N.J.; funding acquisition,

R.N.J. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Ministério da Ciência, Tecnologia e Ensino Superior—

Fundação para a Ciência e a Tecnologia (Portugal), under the project PTDC/EME-APL/3058/2021,

with https://doi.org/10.54499/PTDC/EME-APL/3058/2021, accessed on 13 December 2024, and by

LAETA, under project UIDB/50022/2020.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data are contained within the article.

Acknowledgments: C.S. gratefully acknowledges FCT for the financial support (CEEC-INST/00091/

2018/CP1500/CT0019).

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Hamm, R. Failure of Wounds to Heal. In Diagnosis for Physical Therapists: A Symptom-Based Approach; Davenport, T.E., Kulig, K.,

Sebelski, C.A., Gordon, J., Watts, H.G., Eds.; McGraw-Hill Education: New York, NY, USA, 2013.

2. Tonnesen, M.G.; Feng, X.; Clark, R.A. Angiogenesis in wound healing. J. Investig. Dermatol. Symp. Proc. 2000, 5, 40–46. [CrossRef]

[PubMed]

3. Costa, C.; Incio, J.; Soares, R. Angiogenesis and chronic inflammation: Cause or consequence? Angiogenesis 2007, 10, 149–166.

[CrossRef] [PubMed]

4. Martin, A.; Komada, M.R.; Sane, D.C. Abnormal angiogenesis in diabetes mellitus. Med. Res. Rev. 2003, 23, 117–145. [CrossRef]

[PubMed]

5. Szekanecz, Z.; Besenyei, T.; Paragh, G.; Koch, A.E. Angiogenesis in rheumatoid arthritis. Autoimmunity 2009, 42, 563–573.

[CrossRef]

6. Carmeliet, P.; Jain, R.K. Angiogenesis in cancer and other diseases. Nature 2000, 407, 249–257. [CrossRef]



Biomedicines 2024, 12, 2845 14 of 15

7. Del Amo, C.; Borau, C.; Gutiérrez, R.; Asín, J.; García-Aznar, J.M. Quantification of angiogenic sprouting under different growth

factors in a microfluidic platform. J. Biomech. 2016, 49, 1340–1346. [CrossRef]

8. Ferrara, N.; Gerber, H.P.; LeCouter, J. The biology of VEGF and its receptors. Nat. Med. 2003, 9, 669–676. [CrossRef]

9. Chen, T.T.; Luque, A.; Lee, S.; Anderson, S.M.; Segura, T.; Iruela-Arispe, M.L. Anchorage of VEGF to the extracellular matrix

conveys differential signaling responses to endothelial cells. J. Cell Biol. 2010, 188, 595–609. [CrossRef]

10. Johnson, K.E.; Wilgus, T.A. Vascular Endothelial Growth Factor and Angiogenesis in the Regulation of Cutaneous Wound Repair.

Adv. Wound Care 2014, 3, 647–661. [CrossRef]

11. Nishida, N.; Yano, H.; Nishida, T.; Kamura, T.; Kojiro, M. Angiogenesis in cancer. Vasc. Health Risk Manag. 2006, 2, 213–219.

[CrossRef]

12. Hellström, M.; Phng, L.-K.; Hofmann, J.J.; Wallgard, E.; Coultas, L.; Lindblom, P.; Alva, J.; Nilsson, A.-K.; Karlsson, L.; Gaiano, N.;

et al. Dll4 signalling through Notch1 regulates formation of tip cells during angiogenesis. Nature 2007, 445, 776–780. [CrossRef]

[PubMed]

13. Arima, S.; Nishiyama, K.; Ko, T.; Arima, Y.; Hakozaki, Y.; Sugihara, K.; Koseki, H.; Uchijima, Y.; Kurihara, Y.; Kurihara, H.

Angiogenic morphogenesis driven by dynamic and heterogeneous collective endothelial cell movement. Development 2011, 138,

4763–4776. [CrossRef] [PubMed]

14. Jakobsson, L.; Franco, C.A.; Bentley, K.; Collins, R.T.; Ponsioen, B.; Aspalter, I.M.; Rosewell, I.; Busse, M.; Thurston, G.; Medvinsky,

A.; et al. Endothelial cells dynamically compete for the tip cell position during angiogenic sprouting. Nat. Cell Biol. 2010, 12,

943–953. [CrossRef]

15. Fleury, V.; Schwartz, L. Modelisation of 3-D microvasculature by interlaced diffusion limited aggregation. Fractals 2000, 8, 255–259.

[CrossRef]

16. Chapman, S.C.; Collignon, J.; Schoenwolf, G.C.; Lumsden, A. Improved method for chick whole-embryo culture using a filter

paper carrier. Dev. Dyn. 2001, 220, 284–289. [CrossRef]

17. Maibier, M.; Reglin, B.; Nitzsche, B.; Xiang, W.; Rong, W.W.; Hoffmann, B.; Djonov, V.; Secomb, T.W.; Pries, A.R. Structure and

hemodynamics of vascular networks in the chorioallantoic membrane of the chicken. Am. J. Physiol. Circ. Physiol. 2016, 311,

H913–H926. [CrossRef]

18. Richard, S.; Brun, A.; Tedesco, A.; Gallois, B.; Taghi, N.; Dantan, P.; Seguin, J.; Fleury, V. Direct imaging of capillaries reveals the

mechanism of arteriovenous interlacing in the chick chorioallantoic membrane. Commun. Biol. 2018, 1, 235. [CrossRef]

19. Pries, A.R.; Reglin, B.; Secomb, T.W. Structural adaptation of microvascular networks: Functional roles of adaptive responses. Am.

J. Physiol. Circ. Physiol. 2001, 281, H1015–H1025. [CrossRef]

20. Pries, A.R.; Secomb, T.W. Making microvascular networks work: Angiogenesis, remodeling, and pruning. Physiology 2014, 29,

446–455. [CrossRef]

21. Delp, M.D.; Colleran, P.N.; Wilkerson, M.K.; McCurdy, M.R.; Muller-Delp, J. Structural and functional remodeling of skeletal

muscle microvasculature is induced by simulated microgravity. Am. J. Physiol. Circ. Physiol. 2000, 278, H1866–H1873. [CrossRef]

22. Stéphanou, A.; McDougall, S.R.; Anderson, A.R.A.; Chaplain, M.A.J. Mathematical modelling of the influence of blood rheological

properties upon adaptative tumour-induced angiogenesis. Math. Comput. Model. 2006, 44, 96–123. [CrossRef]

23. Chaplain, M.A.; Anderson, A.R. Mathematical modelling, simulation and prediction of tumour-induced angiogenesis. Invasion

Metastasis 1996, 16, 222–234. [PubMed]

24. Levine, H.A.; Pamuk, S.; Sleeman, B.D.; Nilsen-Hamilton, M. Mathematical modeling of capillary formation and development in

tumor angiogenesis: Penetration into the stroma. Bull. Math. Biol. 2001, 63, 801–863. [CrossRef]

25. Plank, M.J.; Sleeman, B.D.; Jones, P.F. A mathematical model of tumour angiogenesis, regulated by vascular endothelial growth

factor and the angiopoietins. J. Theor. Biol. 2004, 229, 435–454. [CrossRef]

26. Anderson, A.R.; Chaplain, M.A. Continuous and discrete mathematical models of tumor-induced angiogenesis. Bull. Math. Biol.

1998, 60, 857–899. [CrossRef]

27. Perfahl, H.; Byrne, H.; Chen, T.; Estrella Suarez, M.V.; Alarcon, T.; Lapin, A.; Gatenby, R.; Gillies, R.; Maini, P.; Reuss, M.; et al.

Multiscale Modelling of Vascular Tumour Growth in 3D: The Roles of Domain Size and Boundary Conditions. PLoS ONE 2011, 6,

e14790. [CrossRef]

28. Stepanova, D.; Byrne, H.M.; Maini, P.K.; Alarcón, T. A multiscale model of complex endothelial cell dynamics in early angiogenesis.

PLoS Comput. Biol. 2021, 17, e1008055. [CrossRef]

29. Welter, M.; Rieger, H. Interstitial Fluid Flow and Drug Delivery in Vascularized Tumors: A Computational Model. PLoS ONE

2013, 8, e70395. [CrossRef]

30. Santos-Oliveira, P.; Correia, A.; Rodrigues, T.; Ribeiro-Rodrigues, T.M.; Matafome, P.; Rodríguez-Manzaneque, J.C.; Seiça, R.;

Girão, H.; Travasso, R.D.M. The Force at the Tip—Modelling Tension and Proliferation in Sprouting Angiogenesis. PLOS Comput.

Biol. 2015, 11, e1004436. [CrossRef]

31. Travasso, R.D.; Corvera Poire, E.; Castro, M.; Rodriguez-Manzaneque, J.C.; Hernandez-Machado, A. Tumor angiogenesis and

vascular patterning: A mathematical model. PLoS ONE 2011, 6, e19989. [CrossRef]

32. Das, A.; Lauffenburger, D.; Asada, H.; Kamm, R. A hybrid continuum-discrete modelling approach to predict and control

angiogenesis: Analysis of combinatorial growth factor and matrix effects on vessel-sprouting morphology. Philos. Trans. Ser. A

Math. Phys. Eng. Sci. 2010, 368, 2937–2960. [CrossRef] [PubMed]



Biomedicines 2024, 12, 2845 15 of 15

33. Milde, F.; Bergdorf, M.; Koumoutsakos, P. A Hybrid Model for Three-Dimensional Simulations of Sprouting Angiogenesis.

Biophys. J. 2008, 95, 3146–3160. [CrossRef] [PubMed]

34. Moreira-Soares, M.; Coimbra, R.; Rebelo, L.; Carvalho, J.; Travasso, R.D.M. Angiogenic Factors produced by Hypoxic Cells are a

leading driver of Anastomoses in Sprouting Angiogenesis—A computational study. Sci. Rep. 2018, 8, 8726. [CrossRef] [PubMed]

35. Jafari Nivlouei, S.; Soltani, M.; Carvalho, J.; Travasso, R.; Salimpour, M.R.; Shirani, E. Multiscale modeling of tumor growth and

angiogenesis: Evaluation of tumor-targeted therapy. PLOS Comput. Biol. 2021, 17, e1009081. [CrossRef]

36. Jafari Nivlouei, S.; Soltani, M.; Shirani, E.; Salimpour, M.R.; Travasso, R.; Carvalho, J. A multiscale cell-based model of tumor

growth for chemotherapy assessment and tumor-targeted therapy through a 3D computational approach. Cell Prolif. 2022, 55,

e13187. [CrossRef]

37. Anderson, A.R.A.; Chaplain, M.A.J.; McDougall, S. A Hybrid Discrete-Continuum Model of Tumour Induced Angiogenesis. In

Modeling Tumor Vasculature: Molecular, Cellular, and Tissue Level Aspects and Implications; Jackson, T.L.L., Ed.; Springer: New York,

NY, USA, 2012; pp. 105–133.

38. Soltani, M. Capillary network formation and structure in a modified discrete mathematical model of angiogenesis. Biomed. Phys.

Eng. Express 2021, 8, 015023. [CrossRef]

39. Soltani, M.; Chen, P. Numerical Modeling of Interstitial Fluid Flow Coupled with Blood Flow through a Remodeled Solid Tumor

Microvascular Network. PLoS ONE 2013, 8, e67025. [CrossRef]

40. Guerra, A.; Belinha, J.; Natal Jorge, R. A preliminary study of endothelial cell migration during angiogenesis using a meshless

method approach. Int. J. Numer. Methods Biomed. Eng. 2020, 36, e3393. [CrossRef]

41. Guerra, A.; Belinha, J.; Mangir, N.; Macneil, S.; Natal Jorge, R. Simulation of the process of angiogenesis: Quantification and

assessment of vascular patterning in the chicken chorioallantoic membrane. Comput. Biol. Med. 2021, 136, 104647. [CrossRef]

42. Guerra, A.; Belinha, J.; Mangir, N.; MacNeil, S.; Natal Jorge, R. Sprouting Angiogenesis: A Numerical Approach with Experimental

Validation. Ann. Biomed. Eng. 2020, 49, 871–884. [CrossRef]

43. Dinis, L.M.J.S.; Natal Jorge, R.M.; Belinha, J. Analysis of 3D solids using the natural neighbour radial point interpolation method.

Comput. Methods Appl. Mech. Eng. 2007, 196, 2009–2028. [CrossRef]

44. Belinha, J.; Dinis, L.M.J.S.; Natal Jorge, R.M. The natural radial element method. Int. J. Numer. Methods Eng. 2013, 93, 1286–1313.

[CrossRef]

45. Belinha, J. Meshless Methods in Biomechanics—Bone Tissue Remodelling Analysis; Springer International Publishing: Cham, Switzer-

land, 2014.

46. Price, R.J.; Skalak, T.C. Circumferential Wall Stress as a Mechanism for Arteriolar Rarefaction and Proliferation in a Network

Model. Microvasc. Res. 1994, 47, 188–202. [CrossRef] [PubMed]

47. Mangir, N.; Dikici, S.; Claeyssens, F.; MacNeil, S. Using ex Ovo Chick Chorioallantoic Membrane (CAM) Assay To Evaluate the

Biocompatibility and Angiogenic Response to Biomaterials. ACS Biomater. Sci. Eng. 2019, 5, 3190–3200. [CrossRef]

48. Mangır, N.; Eke, G.; Hasirci, N.; Chapple, C.R.; Hasirci, V.; MacNeil, S. An estradiol releasing, proangiogenic hydrogel as a

candidate material for use in soft tissue interposition. Neurourol. Urodyn. 2019, 38, 1195–1202. [CrossRef]

49. Vermolen, F.J.; Javierre, E. A finite-element model for healing of cutaneous wounds combining contraction, angiogenesis and

closure. J. Math. Biol. 2011, 65, 967–996. [CrossRef]

50. Karayiannakis, A.J.; Zbar, A.; Polychronidis, A.; Simopoulos, C. Serum and drainage fluid vascular endothelial growth factor

levels in early surgical wounds. Eur. Surg. Res. 2003, 35, 492–496. [CrossRef]

51. Kamei, M.; Brian Saunders, W.; Bayless, K.J.; Dye, L.; Davis, G.E.; Weinstein, B.M. Endothelial tubes assemble from intracellular

vacuoles in vivo. Nature 2006, 442, 453–456. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


	Introduction 
	Materials and Methods 
	Numerical Model of Angiogenesis 
	Hemodynamics and Intravascular Flow 
	Capillary Structure Adaptation 
	In Vivo Angiogenesis 
	Computational Implementation 

	Results and Discussion 
	Angiogenesis Network 
	Intravascular Flow 

	Discussion 
	Conclusions 
	References

