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Abstract: We present some addition theorems for spin-weighted spherical harmonics, generalizing
previous results for scalar (spin-zero) spherical harmonics. These addition theorems involve sums
over the azimuthal quantum number of products of two spin-weighted spherical harmonics at
different points on the two-sphere, either (or both) of which are differentiated with respect to one of
their arguments.
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1. Introduction

Spin-weighted spherical harmonics (SWSH) [1,2] are a class of functions on the two-
sphere, generalizing the standard (spin-0) spherical harmonics [3]. While originally intro-
duced in the context of studies of the BMS group [1,2], SWSH have found application in
a wide range of fields [4], including the study of anisotropies in the cosmic microwave
background [5-10]; gravitational physics, including gravitational waves and perturbations
of black hole space-times [11-14]; geosciences [15,16]; anisotropic turbulence [17]; and
electromagnetism [18]. Further details of the properties of SWSH and a more extensive list
of references can be found in, for example, [15,16]; also see [19-24] for more details.

In this paper, we present some generalizations of the well-known addition theorem
for SWSH [5,12,15,16], which we have been unable to find explicitly in the literature to date.
It should be emphasized that our focus in this paper is SWSH functions, rather than scalar,
tensor or spinor harmonics or their generalizations, for which some addition theorems can
be found in [25,26].

The outline of this work is as follows: In Section 2, we discuss some of the applications
of SWSH in physics and motivate the addition theorems which are the focus of our work.
Section 3 reviews the key definitions and properties of SWSH which are required for our
analysis. For ease of reference, our new addition theorems are presented in Section 4, prior
to their derivation in Section 5. Our conclusions can be found in Section 6.

2. Physical Applications of SWSH Addition Theorems

SWSH typically arise in physical applications when one is considering a quantity
(such as a field perturbation) which depends on spherical polar coordinates. Let us give a
few examples:

Data analysis Data from surveys such as those of the cosmic microwave background [6] or
satellite gravity gradiometry [10] are naturally defined on a two-sphere. An expansion
of observables in terms of SWSH facilitates computationally efficient methods of
analyzing such data [7,8].

Modelling anisotropies When physical systems are not spherically symmetric, an expan-
sion in SWSH provides a powerful framework for the study of anisotropies, for
example in fluid turbulence [17] or the cosmic microwave background [5], since the
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coefficients of the SWSH in such an expansion correspond to excitations of a particular
multipole [11,18].

Perturbations of black holes Classical field equations on black hole backgrounds play
an important role in many aspects of general relativity, including the modelling of
gravitational waves. If the background black hole is spherically symmetric, then
separable mode solutions of the classical field equation involve SWSH (see, for
example, [14]).

Our focus in this paper is addition theorems for SWSH. The theorems of the type we
consider involve a product of two SWSH at different points over the two-sphere, summed
over one of the quantum numbers of the SWSH (see Section 3 for more precise details).
Such products of two SWSH at different points arise, for example, when one is interested
in the Green function for a classical field equation on a flat or curved space-time. A Green
function is a distributional solution of a classical field equation which depends on two
points in space-time. In applications, it is often useful to have the Green function written as
a sum over separable mode solutions of the field equation; see, for example, [11]. When the
mode solutions involve SWSH, the Green function therefore involves a product of SWSH at
different points on the two-sphere, and the quantum numbers in the SWSH label the field
modes and are summed over. Addition theorems of the type considered in this paper are
particularly useful in situations where the background on which the field propagates (such
as a black hole space-time) is spherically symmetric, in which case the functions other than
the SWSH in the field modes do not depend on one of the quantum numbers (in particular,
the azimuthal quantum number m as defined in Section 3) in the SWSH. In this case, an
addition theorem involving a sum over m enables the Green function to be simplified.

We close this section by giving more details of an application of our addition theorems
for SWSH in quantum field theory in curved space-time [27-29], in particular the computa-
tion of expectation values of observables such as the stress—energy tensor. The stress—energy
tensor expectation value is of central importance in quantum field theory on curved space-
time, since it governs, via the semiclassical Einstein equations, the backreaction of the
quantum field on the curved space-time. To find the stress—energy tensor expectation value,
one starts with the Green function for the classical equation of the particular field under
consideration (which, as explained above, involves products of SWSH at different points
on the two-sphere). One then applies a second-order differential operator to the Green
function, with the result that one or more derivatives act on the SWSH in the sum. If one
considers a field of nonzero spin on a four-dimensional black hole (see, for example, [28]),
the resulting expectation values involve sums over SWSH of precisely the form we prove
here (see Corollary 3 in Section 4 below) for a particular value of the spin-weight, while a
scalar field on a particular five-dimensional black hole [29] has a tower of modes involving
SWSH of arbitrary (integer or half-integer) spin, with the result that we require the addition
theorems in Corollary 3 for general spin-weight.

Having motivated the SWSH addition theorems which we will derive in this paper, in
the next section we review the salient properties of SWSH, before turning to the addition
theorems themselves.

3. Properties of SWSH

The SWSH Y/ (6, ¢) are functions on the two-sphere S? which have spin-weight s,
where s is an integer or half-integer [1,2]. We employ the usual spherical polar coordinates
(6,¢) on S?, with § € [0,77] and ¢ € [0,27). The polar angle @ is the angle between
the vector joining the point on the surface of S? to the origin and the z-axis, while ¢ is
the azimuthal angle in the (x,y)-plane, so that a point on S? has Cartesian coordinates
(sin 6 cos ¢, sin 6 sin ¢, cos 6).

The SWSH depend on three quantum numbers: s, £ and m. The spin s is a positive or
negative integer or half-integer. The orbital angular momentum quantum number ¢ then
takes values ¢ = |s|,|s| +1,|s| +2,..., and the azimuthal quantum number m takes the
valuesm = —¢,—¢+1,...0—1,¢.
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There are a number of different definitions of the SWSH in the literature. In this work,
we follow the conventions of [15], in particular:

Definition 1. The SWSH Y[ (0, ¢) are defined in terms of the Wigner D-matrices by [15]

s 2041,
Y70, ) = (-1 === Dl _.(9,0,0), M

where * denotes complex conjugation. The Wigner D-matrices take the form [15]

Df;l*,fs (4)’ 0, X) = eim¢dfn,7s (G)e—isx (2)
where dY, _(0) are real functions given by [15]
: -5 ) 1(m+s) 1(m—s)
dm,—s(e)_ 2t (€+m)'(£+5)'(£—s)'(1_COSG)Z (1+COSG)2

X (ﬂd})”m [(1 —c0s0) (14 cos 9)”5] (3)

cos @
Remark 1. Our results in this paper are valid for both integer and half-integer spins s. When s is
a half-integer, the factor of (—1)* in (1) will be purely imaginary (see, for example, [24] for some

specific examples of SWSH in this case). The quantities { &= m, { + s and m £ s appearing in the
Wigner D-matrices (3) are always integers.

Our derivation of new addition theorems rests on the action of the operators ;0 and
s0, as defined below.

Definition 2. The operators ;0 and ;0 act on the SWSH as follows [1,2,15]:
DY) (0,4) = — [ag + 0y — scot e]sygﬂ(e, ¢), (4a)
- i

Remark 2. To avoid confusion, we denote by 40’ and y0' the operators ;0 and ;0 with (6, ¢)
replaced by (0',¢') and with spin s’ instead of s.

Theorem 1. The operators 0, ;0 respectively increase and decrease the spin-weight s of an SWSH
SYé“ by one [1,2,15,16]:

DY = V(=) +s+1), (5)

DY) = P () (= s +1). (5b)

The following Lemma (which follows straightforwardly from Definition 2) will be
central to the derivation of our addition theorems.

Lemma 1.
a m 1 = m
5o Y1 (0,9) = =5 [0 +8 |Y7'(6,9), (62)
d i _
357 09) = %sin() [Sa - 56}51@"(9, ) — is cos ;Y7 (8, ). (6b)
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The well-known usual addition theorem [5,12,15,16] for SWSH depends on the Euler
angles a, B, v, defined below.

Definition 3. The Euler angles «, B, <y are given in terms of angles (6, ¢) and (6',¢") as fol-
lows [15]:

cota = cosf cot(¢p — ¢') — cott’ sinfcsc(p — ¢'), (7a)
cos B = cosfcost +sinbsin® cos(¢p — ¢'), (7b)
coty = cos 0’ cot(¢p — ¢') — cotOsin 6 csc(p — ¢'). (7¢)

Remark 3. The definitions in (7) are, strictly speaking, valid only when ¢ — ¢’ is not a multiple of 7.
In the coincidence limit ' — 0, ¢’ — ¢, taking the appropriate limit of (7) givesx = p =y = 0.

We are now in a position to state the usual addition theorem for SWSH.

Theorem 2. The addition theorem for spin-weighted spherical harmonics is the following [15]:

s a x/nl 4l 2041 oy s
(C1 Y 0,900 ) = | e Y (), ®)

m=—{

Remark 4. The addition theorem (8) is valid only when the spins s, s’ differ by an integer, and
¢ > max{|s|, |s'|}. We have written (8) in an alternative, but equivalent, form to that displayed
in [15]. The proof of Theorem 2 in [15] is presented only for integer spins, but the result is equally
valid for half-integer spins and can be straightforwardedly derived using, for example, Definition 1
and the properties of the Wigner D-functions [15,30]. The addition theorem takes a slightly different
form in some references [5,12] due to differences in the definition of the SWSH.

To take the coincidence limit ¢’ = 6, ¢’ = ¢ in the addition theorem, we require the
coincidence limit of the SWSH:

Lemma 2. We have [15]

20+1

SYF(O, 0) = (—1)555/7111 ?,

where 6 ¢ is the usual Kronecker delta:

1 ifs’ =s,
555,:{ f (10)

’ 0 otherwise.
Corollary 1. The coincidence limit 6' = 6, ¢' = ¢ of the addition theorem (8) is

2041

14
Y SY['(0,9)0 Y] (6,9) = = —dsq (11)
m=—+{

Our purpose in this note is to derive generalizations of Theorem 2 and Corollary 1
which involve a derivative of either (or both) of the SWSH in the sum.

4. Further Addition Theorems

We now summarize our results, which will be derived in the following section. To
the best of our knowledge, these have not previously appeared explicitly in the literature.
These results are valid under the same conditions on the quantum numbers s, s’ and / as



Universe 2024, 10, 461 50f12

for the original addition theorem, namely the spins s, s’ can only differ by an integer, and it
must be the case that £ > max{|s|, |s|}.

Proposition 1.

1o
SO ERAONI REICES

m=—/
1 /2¢0+1 . /
=3V i {W—s><€+s+1>e‘l<s+”"‘s+1Y[S (B,7) =/ (£+5)(€ =5+ 1)e %y (g, 7)} (12a)
¢
(=1 Y msY7'(0,9)s Y7 (0, ¢')
m=—/
= —% 254; L {\/(z —s)(L+s+1)e T2 Y5 (B,9)sing
—l-\/(E +s)({—s+1) e*i(sfl)“s_lY[S/(,B,'y) sinf + 2s efis"‘sY[Sl(,B,'y) cos@}, (12b)
a M / /
[[ Y€ 94)][89’5/ 14 (9/4))]

2t s { J(Cts+1)(0—s)(0+s +1)e iDL y=s=1(p )

5t

Yl+s+1)(l+s)(l—s"+1) e*i(sﬂ)“sﬂY[S,H (B

\/£+s (—s+1)(—s)(l+5 +1)e D4y <-1(g,)

) (s H )+ (s + 1) e Dy (B ), (12¢)

4

1) 3 m Y (60,)a Y] (0, ¢")

= —\/zi—;l{isinGSinG’ {\/(e —8)(L+s+1)(£—8)(0+s +1)e CFVe Ly s =1(p )

=) s+ D)+ (0 +1)e Ly~ (B, )

ST —s+ D)= ) (45 + 1) e Dy -1(p, )

+y/ (48) (=5 + 1)(E+5) (£~ +1)e 6Dy s+1(p, v)}

!/

- SE sin 0 cos 0’ [\/(6 —s)(l+s+1) e_i(s+1)“5+1Y[S/ (B,v)+ \/(f +s)({—s+1) e_i(s_l)“s_le_s/(ﬁ, 'y)}

+ %cos@sin o' {\/(ﬁ —s)(L+s' +1) e_is“sY[s/_l(ﬁ, v) + \/(5 +8)(l—5 +1) e_is“sY[s/H(ﬁ, 'y)}

- ss’efis"‘sY[S/ (B, ) cos O cos 8’ }, (12d)

£ 9
(1 L | 0,0)| )

m=—/



Universe 2024, 10, 461

6 of 12

G

—s)(l+s+1)(L—s)(l+5 +1) efi(s+l)as+1Y[s’fl(’B’,Y)

—\/(£+s) —s+1)(L—5)(0+5 +1)e Uyl (g )

=) s+ D)L+ (L + 1) e CH Y1 (B, )

- \/(z F8) (0 —s+1)(£+5) (0 —s' +1)e Ve y s +1(g, 'y)} sin 6’

—25’[\/(5—S)(HS+1)e‘i(5+”"‘s+1Y[S'(ﬁ,7)—\/(£+s)(£—s+1) Sy (B, 7)}c059/}. (12¢)

m=—/{
{

Z m SYZ[(Q,QD)S/

m=—{

Z m*s Yy (0,4)s Y]

m=—{

2041

Lro
¥ [rree]or

£ [gmos]g

Remark 5. The addition theorems (12) all involve one derivative of an SWSH. Similar theorems
involving two or more derivatives acting on the same SWSH can be deduced from the above, together
with the differential equation governing the SWSH [6,10,15,16,20]

1o 11, .. ,
{cmatolind®n) - g [~ 2iscos0, ~] Ly7(0,9) = it 17 0.0), (19

s

and noting that 94 [sY[" (0, ¢)] = imsY]"(6, ).

Taking the coincidence limit 6’ = 6, ¢’ = ¢ in each of the results in (12) gives the
following, respectively, using (9):

Corollary 2.

(00) = =2 VI st D) by = JE= ) Do), )

20+1
Y (6, 4) = 8; {\/(ﬂ—s)(€+s+1)(5s+lls/+\/(E—s’)(€+s/+1)(5slsl+1}sin9
2041
BT 8 05,5 COS O, (14b)

*(0, ¢)} - % [2 (62 - 52) bey

s =D)L —5)(+5+1)(C+5+2) 5y

s D=5+ D)+ +2) 801, (14)

"(6,9)

1 2 2 .2 2 2
m{[z@ =) 5in®0 4705”0 4oy

1
+ = sin%6

4

{\/(5 —s)(l+s+1)(L+5)l -5 +1)bs 11961

+\/(€+s)(£—s+1)(€—s’)(€+s’+1)} Os—1,6/+1

- %sin@cos@ [(ZS/ +1) \/(6 =)+ +1)ds911+ (25 + 1)\/(€ —s)(l+s+1) 5s+1,s/] }, (14d)

m=—{

£ J
X ] (0,977 0.9)

2041
T { [_ZS

bosr =\ (L= = 1)(L =)L+ + 1)(E+5 +2) 6y
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(=5 —1)(E—s)(L+s+1) (0 +5+2) 55+2,5,] sin 6

oy W(f —8) (s +1) Gugy — /(=) (L4 +1) 55,5,“] cos@}. (14e)

Finally, if we also set the spins equal, s’ = s, the results in Corollary 2 reduce further,
giving the following, respectively:

Corollary 3.
_f .| 6.9) =0, (15)

ifm Y70, 9)* = —@ cosd, (15b)

i[ %sﬁ” (6,9) T 268;1 (zz . ) (150)

f(} m? | Y6, ¢) = 2”1 [(624—6—52) sin0 +2s% cos? 0|, (15d)

i [ sY7' (6, 4’)] (0, ¢) = —%%1)5 sin 6. (15e)

When s = 0, the results (15) reduce to those found in, for example, App. C of [27] (see
also ([30] §5.10)).

Remark 6. The precise form of the addition theorems (12, 14) depends on the conventions used for
the definition of the SWSH. Howeuver, the final results in (15) are independent of the choice of phase
in the SWSH.

5. Derivation of New Addition Theorems

Our overall strategy in deriving the results in Proposition 1 is to apply appropriate
combinations of the operators 0, s0, 40’ and 40/ (Definition 2) to the original addition
theorem (8). We then employ the “raising and lowering” properties of these operators
(Proposition 1).

Derivation of (12a).

s : J m mx (gl 1/ (_1)5 . m =N \m mx (gl o/
0 L || @9) = 55 E (0700 + 370,07 @)

m=—/{ m=—/{

_1ys L
--&) m;g[\/(ﬁs)(€+s+1)s+1Yém(9,¢)\/(f+s)(€s+1)S_1Yg”(0,¢)}stg”*(9’,¢’)
1 e
- 2{¢ E=3) (s 1) 3 (a7 (0,907 0. 0)
{
s+ _2€<—1>s151Yz"<6,4>>m’1*<9’,¢'>}
Vs e e () - s e e B | e

O



Universe 2024, 10, 461 8 of 12

Derivation of (12b).

¢ o
(1 Ym0 @) =~ (-0 Y [

m=—{ m=—{

Y0, ¢>]sfyz"* ©,¢')

14
[ R ¢)]S,y;ﬂ*(9’ ¢)sind —s(—1)°cos® Y SYP(0,0)s Y™ (6, 9)

4
S L
m=—{ m=—{
4
Z {[\/ —$)(L+5+1) 1Y/ (6, 9) +\/€+s Y —s+1) 4176, ¢)}S/qu*(9’¢)}sin9
4
—s(=1)°cosf Y Y['(6,9)s Y] (0, 9")

m=—{

S

S

1 [
— 2{—\/(5 — s) (f +s+1) Z (_1)S+1s+1y}gn(QIQD)S’YZH*(G/, ‘P,)

m=—/{
14

~Jerse-s+1 ¥ (—1)“51Yf<6,¢)szé"*(9’,¢’)}sin9

m=—{

500 2 VY0, )0 Y (0, ¢))

m=—/{

1 /2¢+1 —i(s+1)a —s’
=5 i {\/(E—s)(é—l—s—i—l)e (s+1) s+1Y, (B, )

. / 26 1 !
(e Fs) (e —s+1)eieDe Ly (‘B,'y)}sinesﬂ 4;; e 50, Y (B,9) cosf.  (17)

O

Derivation of (12¢).

Sy LT [ore)]
1

_1ys ¢ . . %
= ( 4) ;g |:S8SY£”(9,¢) +s8syén(9,¢)} [Srﬁlsyem(el,(]b/) +s/5,5an(9/,¢,)}
_1ys ¢
_ 41) m_ze[\/(e —s)(l+s+1)s41Y/"(0,¢) — \/(£+s)(€ —s+1) SlYg”(e,gb)]
x W (=) (C 5 +1) g Y (0, 0)) — (L4 ) (=54 1) gy Y (0, 9))
/
_ _3 Zf[\/(f— (0 +s+1)(L—)(0+5 +1) (1) Y0, )91 YT (O, ¢)
=) (s + D)+ (=5 +1) (~) g Y7 (0, 0)g_1 VI (8,4
)=+ DL =)+ +1) (1) Y] (6,9)g 1 Y7 (6, ¢)
() (E—s+1)(0+5) (05 +1) (<1517 (6, ¢)g 1Y (8,9))
- —i 264;;1 {\/(e —S) (s 1)(0—s)(0+s +1)e iRy (p )

=) (s + (0 +5) (5 +1) e DY+ (g )

) (s + D) (E—s) (4 +1)e DRy S (p )
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+\/(£ F8) (0 —s+1)(L+8)(0—s +1)e Ve v sF1(g 4| (18)
O

Derivation of (12d).

l
15 Y mAY[(6,¢)0 Y7 (0, ¢)

m=—{

(1 % [ 0,0) [ e 0.4
= (—1)sm; {;sin()[sﬁ —Sﬁ]sygi(w) —iscosesyg"(e,@}

{
=/
{
=
x {; sin ¢/ [5,5’ - 5,5’} SYP(O,¢)) —is' cos 0y Y7 (0, ¢') }

= (~1)° Ze{;sine[\/(ﬁ—s)(f—l—s—l—l)sHan(G,q))+\/(E—Fs)(é—s—l—l)s_ll/g”(e,q))}

m=—

—iscos0:Y;" (6, (p)}

x{_;sinel{\/(g $)(£+5+1) 1 VP (0, 9) + L+ (=5 +1) o 1Y5”*(9'4’)}

+is’ cos 0’y Y[ (6, ¢) }

4
2 { s1n951n9’{\/(6—s)(€+s+1)(€—s’)(€+s’+1)(—1)S+1s+1Yli”(9,cp)sr+1Yg”*(9',(])’)

(=) (s +1)(C+5) (0 +1) (~1) 1 Y7 (6,9)y 1 Y[ (8, ¢)

() (=5 +1)(E =) (E 5 +1) (~15 17 (0, ¢)g 1 YI" (0,9))

) (s + 1)) (05 +1) (~1) 1Y (0, 0)0 1Y (0, )

!/

- SEsin@cos o' [\/(E —8)(L+s+1) (1) 1Y/ (6,¢9)

HEEE=s+1) () 00| 1 (¢4

+ %Cosf)sin()’ {\/(ﬁ =)0+ 4+1)g Y™, ¢)

+\/(€ +s)(0—s +1) s,lygf*(e’,w)} (—1)%Y7"(6,¢)
— 55’ (=1)°Y]"(6,¢)s Y[ (6',¢") cos 6 cos 9’}

- \/T{ 4 Sinfsin 0’ [\/@ —8)(L+s+1)(0—5)((+s +1)e TV Ly < ~1(p,9)

+\/(£ —8)(L+s+1)(L+5)(0—s +1)e TV Ly s+ (g )

() (=5 +1)(E =)L+ +1) e OV Y5 ~1(p, )

) (s + D)+ (s +1)e Dy (B, )
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!/

- SE sin @ cos 6’ [\/(6 —s)(L+s+1) e_i(s+1)as+1Yg_S/ (B:7)

R e ]

+ ;cosﬂsin o’ {\/(4 —s)(l+5 +1) efis“sY[SLl(ﬁ,’Y) + \/(4 +5)(l—s +1) e—isaSY[s’H (8,7)

- ss’e_is"‘sY[s/ (B, ) cos 0 cos b’ }
O

Derivation of (12e).

: d
_1)5 sz |:895an(9/ ¢):|S’an* (0/, (P/)

—i 3 [ e [ o)
- ;(1)5m_ﬁ£[55 Y™(0,9) + DY (6, 47)}{ sin 6’ [5,5’ 5,5’}5,1/;”(9’,4)’) is'cosQ’S/Yf(G’,q)’)}*
L méé[\/(fS)(€+S+1)s+1Y7(9,4>) s D e
x{[\/(e—s')(€+s’+1 1Y) ( +\/£+s —s'+1)g_ 1Yg1*(9’4>)} sin 6’
25/ cos 8/ Y™ (6, ¢') }
- m_ﬁ_[{ Vs T D= 1) (P O ) o1 Y09
) =5+ D)=+ +1) (~1) Y7 (0,4) g1 I (8,4
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6. Conclusions

In this paper, we have presented some new addition theorems for SWSH, generalizing
the well-known addition theorem (8) [5,12,15,16]. These new results, like the original
addition theorem, involve a sum over the azimuthal quantum number m, and the summand
involves two SWSH, with a single derivative acting on one (or both) of these. Since the
SWSH satisfy second-order differential Equation (13), similar addition theorems involving
two or more derivatives acting on a SWSH can easily be derived. The derivation of our new
results follows from a straightforward application of the raising and lowering operators 50
and ;0 (5) to the original addition theorem.

Our original motivation for deriving these results was to find the sums (15) which
we required for applications in quantum field theory on black hole space-times [28,29].
However, our main results (12) are much more general and we hope that by presenting
them here they will be useful to researchers in wider application areas.
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