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Abstract

Assuming a modular version of Schanuel’s conjecture and the modular Zilber—Pink
conjecture, we show that the existence of generic solutions of certain families of
equations involving the modular j function can be reduced to the problem of finding a
Zariski dense set of solutions. By imposing some conditions on the field of definition
of the variety, we are also able to obtain versions of this result without relying on these
conjectures, and even a result including the derivatives of j.

Mathematics Subject Classification 11F03 - 11J89 - 03C60

1 Introduction

In this paper we study the strong part of the Existential Closedness Problem (strong
EC for short) for the modular j function. The strong EC problem asks to find minimal
geometric conditions that an algebraic variety V C C?" should satisfy to ensure that
for every finitely generated field K over which V is defined, there exists a point
(z1, ..., 2zn) in H" such that (zy, ..., zn, j(21), ..., j(zn)) is a point of V which is
generic over K. The results of [4] and [6] inform what the conditions of strong EC
should be: in technical terms, it is expected that broadness and freeness is the minimal
set of conditions (see §3.1 for definitions and Conjecture 3.5 for a precise statement).

When approaching the strong EC problem, the first immediate obstacle is the EC
problem, which simply asks to find geometric conditions that an algebraic variety
V C C?" should satisfy to ensure that V has a Zariski dense set of points in the graph
of the j function. When V has such a Zariski dense set of points, we say that V satisfies
(EC). Following from the previous paragraph, it is expected that if V' is free and broad,
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then V satisfies (EC) (see Conjecture 3.5). It was proven in [14, Theorem 1.1] that if
V C C?" is a variety such that the projection  : V — C” onto the first n coordinates
is dominant, then V satisfies (EC). This is a partial solution to the EC problem, since
asking that the projection 7 is dominant is a stronger hypothesis than the notion of
broadness.

Regarding strong EC, it was shown in [14, Theorem 1.2] that if one assumes a
modular version of Schanuel’s conjecture, then any plane irreducible curve V. C
C? which is not a horizontal or a vertical line has a generic point over any given
finitely generated field over which it is defined. On the other hand, [5, Theorem 1.1]
provides a version of this without assuming the modular Schanuel conjecture, but
instead assuming that V is in some precise sense “generic” with respect to the j
function.

The main results of this paper extend [14, Theorem 1.2] and [5, Theorem 1.1]
to higher dimensions. Our first main result shows that under a modular version of
Schanuel’s conjecture (which we call MSCD, see Conjecture 2.3) and the modular
Zilber-Pink conjecture (MZP, see Conjecture 3.10) the strong EC problem can be
reduced to the EC problem.

Theorem 1.1 Let K C C be a finitely generated field, and let V. C C** be a broad
and free variety defined over K satisfying (EC). Then MSCD and MZP imply that V
has a point of the form (z1, ..., Zn, j(21), ..., j(zn)), With (21, ..., 2,) € H", which
is generic over K.

This addresses the second question posed in [14, §1], and as such, this paper can be
seen as a continuation of the work done there. We will also show some general cases
in which we can remove the dependence on MZP, see Theorem 4.24. In particular, this
has consequences on the dynamical behaviour of the j function, see Corollary 4.26.

Using that the Ax—Schanuel theorem for j ([29]) implies weak forms of both MSCD
and MZP, we are able to remove the dependency on these conjectures from Theorem
1.1 by instead imposing conditions on the field of definition of V, conditions we
are calling “having no C-factors” (see §5 for the definition). Here C; is a specific
countable algebraically closed subfield of C which is built by solving systems of
equations involving the j function, and the condition of “having no C j-factors” ensures
that V is sufficiently generic so that the weak forms of MSCD and MZP suffice. A
version of this condition already appeared in the hypotheses of [5, Theorem 1.1]. We
now state our second main result.

Theorem 1.2 Let V C C?" be a broad and free variety with no C j-factors and satisfy-
ing (EC). Then for every finitely generated field K containing the field of definition of V,
thereisapointin'V ofthe form (z1, ..., Zn, j(21), - - -, J(zZ0)), With (21, ..., zp) € H",
which is generic over K.

We will also prove a version of Theorem 1.2 which includes the derivatives of j,
see Theorem 6.5.

The EC problem for j is still open, but certain partial results have been achieved
(we already mentioned [14, Theorem 1.1]). One of the main results of [6] proves an
approximate solution to the EC problem. Their approach is referred to as a blurring
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of the j-function (definition can be found in §4.4). Using this, we will deduce the
following in §5.2.

Theorem 1.3 Let V. C C?* be a broad and free variety with no C j-factors. Then for
every finitely generated field K C C containing the field of definition of V, there are
matrices g1, ..., & in GLEL (Q) such that V has a point of the form

(Zla -esZns j(glzl)v R} .](gl’lzl’l))a

with (z1, ..., zn) € H", which is generic over K.

1.1 Summary of the proof of Theorem 1.1

In order to reduce Strong EC to EC under MSCD and MZP, there are two main technical
steps.

(a) MSCD gives a lower bound for transcendence degree, but this inequality is only
measured over QQ, whereas strong EC requires one to measure transcendence degree
over an arbitrary finitely generated field, that is, we need a modular Schanuel-
inequality with parameters. This is resolved by using the results on the existence
of “convenient generators” of [5, §5], which in turn is based upon the results of
[4] on differential existential closedness. See §4.2 for details.

(b) Under MSCD, a pointin V of the form (z1, ..., zn, j(21), - - . , j(2,)) Which is not
generic in V will produce what is known as an atypical intersection. MZP speaks
precisely about such atypical components, giving us sufficient control over their
behaviour.

1.2 Strong EC for exp

The motivation for the EC and strong EC problems for j originates in the study of anal-
ogous problems stated for the complex exponential function exp : C — C*, which
where first considered in Zilber’s work on pseudo-exponentiation [31], with further
details and results in [21] and [8]. Zilber’s work gives a model-theoretic approach to
the study of the algebraic properties of the complex exponential function, and his ideas
have since been expanded to many other settings.

With this in mind, the motivation for Theorem 1.1 is not simply a restating of
Zilber’s conjectures on exp for the case of j, but our aim is also to give a general
strategy for reducing strong EC problems to EC problems, even though there is no nice
model-theoretic “pseudo-;” structure like pseudo-exponentiation (yet). The methods
presented here are expected to work in more general situations, such as in the case of
Shimura varieties for which some cases of (EC) have been shown in [16].

The original name of the EC problem in the case of exp was Exponential Algebraic
Closedness (EAC). Instead of requiring the variety V to be broad and free, EAC
requires the varieties V € C" x ((CX)" to be rotund, and additively and multiplicatively
free, see [21, §3.7] for definitions. The original name for the Zilber—Pink conjecture
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in the context of the exponential function was the conjecture on the intersection with
tori (CIT).

The result below is a direct analogue of Theorem 1.1 for exp, and we reference
[21, Theorem 1.5] as a source. We point out however that the original formulation of
[21, Theorem 1.5] does not require the variety V' to be additively and multiplicatively
free, although these conditions are necessary for the theorem to hold. Without them,
we cannot even expect the variety to intersect the graph of exp. For example, if we
define a variety V C C? x ((CX)2 by the following two equations: X; — X, = 0 on

C? (which prevents V from being additively free) and Y; — ¥» = 1 on ((CX)Z, then
V cannot have point in the graph of any function. Not only that, if we slightly modify
V to be defined by the equations X| — X» = 0 and X; = Y1, it can be checked that
V has an infinite intersection with the graph of exp (one for every fixed point of exp),
but every point in this intersection has transcendence degree at most 1, so they are not
genericin V.

Theorem 1.4 ([21, Theorem 1.5]) Let K C C be a finitely generated field, and let V C
C" x ((Cx)n be an algebraic variety which is rotund, additively free, multiplicatively
free, defined over K, and satisfying (EAC). Then Schanuel’s conjecture and CIT imply
that V has a point of the form (z, exp(z)) which is generic over K.

Since our methods for proving Theorem 1.1 are expected to easily generalise to give
a proof of Theorem 1.4, and many aspects of the such a proof can already be found in
[8] and [21], we will not present a proof of this result here. We remark that Theorem
1.4 only considers complex algebraic varieties, not a general model of the first-order
theory of pseudo-exponentiation, and as such it falls short of the full ambition of [21,
Theorem 1.5].

On the other hand, we expect that by imposing conditions on the base field of V
(analogous to our notion of “having no C;-factors”) one can proceed like in the proof
of Theorem 1.2 to remove the dependence on Schanuel’s conjecture and CIT from
Theorem 1.4. Although not phrased in this way, many aspects of such a result can be
recovered from [8, Proposition 11.5], with some extra details provided by [5, Theorem
5.6].

Naturally, given the similarities between the results for exp and j one should ask:
when can one expect to obtain analogous results with other functions? The key ingre-
dient in obtaining the existence of the “convenient generators” mentioned in §1.1 is
the Ax—Schanuel theorem. As we will see, this theorem is also essential for obtaining
uniform weak forms of Zilber—Pink, which are then used in proving Theorem 1.2. We
therefore expect that the methods used here can be extended to other situations where
one has such a result. Ax—Schanuel theorems have been been obtained in many situ-
ations: the exponential map of a (semi-) abelian variety in [7] and [20], uniformizers
of any Fuchsian group of the first kind in [9] (and more), the uniformisation map of
a Shimura variety in [24], variations of mixed Hodge structures in [10, 18], among
many others.
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1.3

§2

§3:

§4:

§5:

§6

Structure of the paper

: We set up the basic notation and give some background on the algebraic aspects

of the modular j function.

We go over the technical details of broadness, freeness, the (EC) condition, and
the uniform and weak versions of Zilber—Pink.

We first lay down the necessary groundwork for handling transcendence inequal-
ities over different fields (using the convenient generators alluded to earlier), we
then deal with the possible presence of special solutions (using uniform André—
Oort), and we prove Theorem 1.1. After that, we give a few cases of Theorem
1.1 were we can remove the dependence on MZP, without imposing conditions
on the field of definition of V. We also prove Theorem 4.15 in §4.4, which is a
version of Theorem 1.1 for a blurring of the j function.

We prove Theorem 1.2. This proof, combined with the technicalities explained
in the proof of Theorem 4.15, produce Theorem 1.3 in §5.2.

: We give an analogue of Theorem 1.2 including the derivatives of j.

2 Background

2.1

Basic notation

e If L is any subfield of C, then L denotes the algebraic closure of L in C.
e Givensets A, Bwedefine A\ B:={ae€ A:a¢ B}.
e Tuples of elements will be denoted with boldface letters; that is, if x1, ..., x,, are

2.2

We

elements of a set X, then we write X := (x1, ..., x;;) for the ordered tuple. We will
also sometimes use x to denote the (unordered) set {x, ..., x;; }, which should not
lead to confusion.

Suppose X is a non-empty subset of C". If f denotes a function defined on X and
x is an element of X, then we write f(X) to mean (f(x1), ..., f(xn)).

Given a subfield L of C and a subset A € C", we say that a subset Z € C" is the
L-Zariski closure of A if Z is the smallest Zariski closed set containing A that is
defined over L.

The term algebraic variety for us will just mean a Zariski closed set, not necessarily
irreducible. We also identify complex algebraic varieties V with the set of their
C-points V (C).

The j-function

denote by H the complex upper-half plane {z € C : Im(z) > 0}. The group

GL;|r (R) of 2 by 2 matrices with coefficients in R and positive determinant, acts on H

via

the formula

__az+b for o — [ ¢ b
gZ'_cZ-i-d &= c d)’
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This action can be extended to a continuous action of GL;r (R) on the Riemann sphere
C := CU{oo}. Given a subring R of R we define M2+ (R) as the set of 2 by 2 matrices
with coefficients in R and positive determinant. We put

G = GLj (Q) = M; (D),
which is a subgroup of GL;r (R). The modular group is defined as
I:=SLy(Z) = {g € M5 (Z) : det(g) = 1}.

The modular j function is defined as the unique holomorphic function j : H — C
that satisfies

j(gz) = j(z) forevery g in I" and every z in H,

and has a Fourier expansion of the form

o0
j@) = 6]_1 + 744 + Zaqu with ¢ := exp(27iz) and a; € C. 2.1
k=1

This function allows us to identify ['\H ~ C. The quotient space Y (1) := I'\H is
known to be a (coarse) moduli space for one-dimensional complex tori, or equivalently,
elliptic curves over C. If I'z is a point in Y (1) and E; denotes an elliptic curve in the
corresponding isomorphism class, then j(z) is simply the j-invariant of the curve E,.

It is well-known ([23]) that j satisfies the following algebraic differential equation
(and none of lower order):

i3 ("\?  j%— 1968 + 2654208
0:’7/_5(L/> / s ()2 22)

J J2(j —1728)2
2.3 Modular polynomials

Let {®n (X, YV)}¥_; € Z[X, Y]denote the family of modular polynomials associated
with j (see [22, Chap. 5, Sect. 2] for the definition and main properties of this family).
We recall that ® (X, Y) is irreducible in C[X, Y], ®(X,Y) = X — Y, and for
N > 2, dy (X, Y) is symmetric of total degree > 2N. Also, the action of G on H can
be traced by using modular polynomials in the following way: for every g in G we
define g as the unique matrix of the form rg with » € Q and r > 0, so that the entries
of g are all integers and relatively prime. Then, for every x and y in H the following
statements are equivalent:

M1): &y (j(x), j(y)) =0
(M2): There exists g in G with gx = y and det (3) = N.
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Definition A finite set A C C is said to be modularly independent if for every pair of
distinct numbers a, b in A and every positive integer N, we have that &y (a, b) # 0.
Otherwise, we say that A is modularly dependent.

An element w is said to be modularly dependent over A if there is a € A such that
the set {a, w} is modularly dependent.
Definition Given a subset A C C, the Hecke orbit of A is defined as

He(A) :={z € C:3a € AaN € N(®y(z,a) =0)}.

Remark 2.1 Let d be a positive integer. As explained in [14, §7.3], combining isogeny

estimates of Masser—Wiistholz and Pellarin, with gonality estimates for modular
curves, we obtain that for every z € C we have that the set

He,(2) :={w € He(2) : [Q(z, w) : Q(2)] = d}
is finite. This immediately gives that if A C C is a finite set, then
Hey(A) :={w € He(A) : [Q(A, w) : Q(A)] < d}
is also finite.

2.4 Special points
A point w in C is said to be special (also known as a singular modulus) if there is
z in H such that [Q(z) : Q] = 2 and j(z) = w. Under the moduli interpretation of

J, special points are those that correspond to elliptic curves endowed with complex
multiplication. We set

S:={zeH:[Qk) :Q]=2}.

A theorem of Schneider [30] says that tr.deg.QQ(z, j(z)) = 0ifand only if z is in X.
We say that a point w in C” is special if every coordinate of w is special.

2.5 The modular Schanuel conjecture

Given a subset A of H, we define dimg(A) as the number of distinct G-orbits in
G-A={ga:ge€G,aecA}

(which may be infinite). Equivalently, dimg (A) is the cardinality of the quotient set

G\(G - A). Given another subset C of C, we define dimg(A|C) as the number of

distinct G-orbits in (G - A) \ (G - C). In plain words, dimg (A|C) counts the number
of orbits generated by elements of A that do not contain elements of C.
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We now present two modular versions of Schanuel’s conjecture. Both follow from
the Grothendieck—André generalised period conjecture applied to powers of the mod-
ular curve (see [5, §6.3] and references therein).

Conjecture 2.2 (Modular Schanuel conjecture (MSC)) For every z1, ..., 2, in H:
tr.deg.qQ (z, j(2)) > dimg(z|Z).

Conjecture 2.3 (Modular Schanuel conjecture with derivatives (MSCD)) For every
Zly.eey 2p in H:

tr.deg.qQ (z. j(@). j'(2). j (@) = 3dimg (2|D).

Clearly MSC follows from MSCD. Also, in view of the differential equation 2.2,
MSCD only needs to involve up to the second derivative of j. We also point out that
MSCD is somewhat incomplete as it does not say anything about the transcendence
degree of Q(z, j(2), j'(z), j"(z)) over Q when z € . In fact, a stronger conjecture
is implied by the generalised period conjecture (see [5, Conjecture 6.13]) which does
account for points in . However, in the proofs of our main results we will show that
we can move away from points that have coordinates in X, and for this reason, MSCD
will suffice for us.

Remark 2.4 Using the equivalence between (M1) and (M2) in §2.3, it is easy to see
that MSC can be restated equivalently using a more geometric language (see also [26,
§15]): For every algebraic variety V C C?" defined over Q for which there exists
(z, j(z)) € V,if dim V < n then dimg(z|X) < n.

This way of thinking about MSC leads one naturally to a counterpart problem for
MSC, that is, the question of determining which subvarieties V < C?" intersect the
graph of the j-function. This gives rise to the existential closedness problem, which
we discuss next.

3 Existential closedness and the Zilber-Pink conjecture

In this section we define the notions of broad and free, we define the existential
closedness conjecture for the j function, we recall the modular Zilber—Pink conjecture,
and we give some partial results.

To do all this, we need to distinguish a family of subvarieties that will be called
special. For this, it will be important to differentiate the first n coordinates of C2n
from the last n coordinates because we want to think of C** as a product C" x C”
where the left factor has special subvarieties coming from the action of G, whereas
on the second factor the special subvarieties are defined by modular polynomials. So
as to avoid confusion, we prefer to change the name of the second factor to Y(1)", as
in this case we are thinking of C as the modular curve Y(1). This way, we view C2"
as C" x Y(1)". This is purely done for purposes of notation.

We will always think of the subvarieties of C" x Y(1)" as being defined over the
ring of polynomials C[ X1, ..., X,, Y,..., ¥,].
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We will denote by ¢ : C" x Y(1)" — C" and wy : C" x Y(1)" — Y(1)" the
corresponding projections.

3.1 Broad and free varieties

Given a matrix g = <Ccl fl) in GL,(C), we define the polynomial M,(X,Y) =

(l)/(cX—l—d)—(aX—{—b) and the rational function gX := %. Note that M, (X, gX) =

Definition A Mobius subvariety of C" is a variety defined by finitely many equations
of the form My, , (X;, Xi) with g; ; in GL2(C) non-scalar and 7, k in {1, ..., n} not
necessarily different.

Example 3.1 ' The variety V = {(x1, x2, x3) € C3:x; —2x2 +3x3 = 0} is not a
Mabius subvariety of C3 but it contains infinitely many Mébius subvarieties. Indeed,
for every integer m define g, = <3m0— ! (1)) and h,, = <2m0— ! ?) Then V

contains Mg, (X1, X2) N My, (X1, X3), which is a M&bius subvariety when m > 2.

Definition A special subvariety of Y(1)" is an irreducible component of an algebraic
set defined by equations of the following forms:

(@) dy(Y;, Yr) =0, for some N € N, and
(b) Yi = 7, where t € Cis a special point.

We allow the set of equations to be empty, so Y (1)" is itself a special variety. A special
subvariety without constant coordinates is called a basic special subvariety.

Since every special point can be obtained as the solutions of ® (X, X) = 0 for
some N € N, the condition ¥; = t in the previous definition follows from the
condition @y (Y;, Yx) = 0 by choosing i = k, but we have opted for this presentation
as it makes it easy to compare it with the definition of weakly special variety in the
following paragraph.

A subvariety of Y(1)" is called weakly special if it is an irreducible component of
an algebraic set defined by equations of the following forms:

(i) ®dn(Y;, Yr) =0, forsome N € N,
(ii) Yy = d, for some constant d € C.

As it turns out, every special variety has a Zariski dense set of special points (see e.g.
[25, 1.4 Aside]), and so a weakly special subvariety is special if and only if it contains
a special point.

If S is a special subvariety of Y (1)", then a (weakly) special subvariety of S is a
(weakly) special subvariety of Y(1)” that is contained in S.

If T is a proper positive dimensional weakly special subvariety of Y (1)”, there are
m € {l,...,n}, a basic special subvariety S € Y(1)", and a point p € Y(1)"™"
such that (up to re-indexing of the coordinates) 7' can be written as S x {p}. We

! We thanks Sebastian Herrero for providing this example.
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define the basic complexity of T to be the maximal positive integer N for which the
modular polynomial @y is required to define S. We denote this number by A (T)
(which represents the complexity of the basic special part of 7'). This definition differs
slightly from [19, Definition 3.8], where the complexity is only defined for special
varieties, and the complexity also depends on the constant special coordinates that the
variety may have.

We remark that if S and T are (weakly) special subvarieties of Y(1)", then the
irreducible components of S N T (if there are any) are again (weakly) special suvbari-
eties of Y(1)". In fact, by Hilbert’s basis theorem the irreducible components of any
non-empty intersection of (weakly) special subvarieties is again a (weakly) special
subvariety.

Definition Given an irreducible constructible set X, we denote by spcl(X) the special
closure of X, that is, the smallest special subvariety containing X . Similarly, we denote
by wspcl(X) the weakly special closure of X.

Following [1], we also make the following definition.

Definition Given a tuple ¢ = (cy, ..., ¢;y) of complex numbers, we say that a sub-
variety S of Y(1)" is c-special if S is weakly special and the values of each of the
constant coordinates of S (if there are any) is either an element of He(c), or a special
point.

Definition We will say that an irreducible constructible set V. € C" x Y(1)" is
modularly free if wy (V) is not contained in a proper special subvariety of Y (1)".
We will also say that V is free if V is modularly free, no coordinate of V is constant,
and rc (V) is not contained in any Mobius subvariety of C” which is only defined by
elements of G.
We say that a constructible subset V. € C" x Y(1)" is free if every irreducible
component of V is free.

Now we introduce some notation for coordinate projections. Let n and ¢ denote
positive integers with £ < n, and leti = (i1, ...,i;) denote a point in N¢ with
1 <ij < ... < iy < n.Define the projection map pr; : C* — C* by

pri (1, .o, X)) > (Xip, e, Xip)-

In particular we distinguish between the natural number n and the tuplen = (1, ..., n).
We also use the notation n \ i to denote the tuple of entries of n that do not appear in i.

Remark 3.2 If T is a (weakly) special subvariety of Y(1)", then for any choice of
indices 1 <ij < --- < iy < n we have that pr;(T) is a (weakly) special subvariety of
Y(1)E.

Define Pri : C" x Y(1)" — C¢ x Y(1)* by
Pri(x,y) := (pri(x), pri(y)).
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Definition An algebraic set V. € C" x Y(1)" is said to be broad if for any i =
(i1,..., i) in N with 1 <i; < ... < iy <n we have dim Pri(V) > £. In particular,
if V is broad then dim V > n.

We say V is strongly broad if the strict inequality dim Prij(V) > ¢ holds for
every i.

For example, if ¢ (V) is Zariski dense in C", then V is broad.

3.2 Existential closedness

Here we will define the (EC) condition, give a conjecture for the EC problem for j
(see Conjecture 3.5), and review some known results.
Given an integer n > 1 we denote the graph of j : H" — C” as

El={G, ...z, j@), -, jzn)) 121, ..o 20 € HL

Definition We say that an algebraic variety V € C" x Y(1)" satisfies the Existential
Closedness condition (EC) if the set V N E? is Zariski dense in V.

We recall the following result which gives examples of varieties satisfying (EC).

Theorem 3.3 ([14, Theorem 1.1]) Let V. C C" x Y(1)" be an irreducible algebraic
variety. If mc (V) is Zariski dense in C", then V satisfies (EC).

We also recall the following statement (although it falls short from giving examples
of varieties satisfying (EC) as it does not prove Zariski density).

Theorem 3.4 ([17, Theorem 3.31]) Let L € C" be a subvariety defined by equations
of the form Mg(X,Y) = 0, with g € GLy(R). Let W C Y(1)" be a subvariety,
and assume that L x W is a free and broad subvariety of C* x Y(1)". Then j(L) is
Euclidean dense in W.

These theorems and the main results of [4] give evidence for the following conjec-
ture (cf [6, Conjecture 1.2]).

Conjecture 3.5 Let n be a positive integer and let V. C C" x Y(1)" be a broad and
free variety such that V. N (H" x Y(1)") is Zariski dense in V. Then V N E’; # 0.

The reader may be wondering why, in light of Theorem 3.3, Conjecture 3.5 does
not ask for the stronger condition of V N E;’ being Zariski dense in V. In fact, as we
will see in Lemma 3.8, Conjecture 3.5 already implies the this stronger condition.

Conjecture 3.5 can be thought of as a version of Hilbert’s Nullstellensatz for systems
of algebraic equations involving the j-function (cf [12] for the discussion in the case
of the exponential function). The examples of [14, §3] show that if V has constant
coordinates or is contained in a proper subvariety of the form M x Y (1)", with M a
Mobius subvariety, then it can happen that V N E;’ is empty.

We also point out that the condition of V N (H" x Y (1)) being Zariski dense in V
is needed, as otherwise the subvariety of C> x Y(1)? defined by the single equation
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X1 =i X, is free and broad, but cannot have points in the graph of the j function since
there is no point z in H for which iz is also in H. One could alternatively resolve this
issue by extending the domain of j to the lower half-plane using Schwarz reflection.

Remark 3.6 Let V € C" x Y(1)" be a broad and free variety. If dim V = n, then by
[29, Theorem 1.1]if U is a component of V ﬂE;? (assuming there are any), then U has
dimension zero unless wy(U) € T, for some proper special subvariety T C Y (1)".
So for a generic V, we can only expect the intersection V N E;’ to be at most countable.

The following result is an approximate version of Conjecture 3.5 using what is
known as a blurring of the j function.

Theorem 3.7 ([6, Theorem 1.9]) Let V € C" x Y(1)" be an irreducible variety which
is broad and free. Then the set of points in V of the form

(Zla LR ] Zna J(g]zl)a LR ] J(gnzl’l))s
suchthatzy, ..., z, € Handg, ..., gn € G,isEuclideandensein VN(H" x Y(1)").
We finish this subsection by recalling a useful trick.

Lemma 3.8 (cf [2, Proposition 4.34]) Suppose Conjecture 3.5 holds. Let V. C C" x
Y (1)" be a broad and free irreducible variety. Then V satisfies (EC).

Proof Let py, ..., py be polynomials in C[ X1, ..., X,, Y1, ..., Y,] defining V. Let
f be a polynomial in C[ X1, ..., X,, Y1, ..., Y,] that does not vanish identically on
V and let

W={xyeV:f(xy =0}.

To prove the lemma it suffices to show that E;‘ N (VAW) # @. By Conjecture 3.5 this
is clear if W = J, hence we can assume that f vanishes at least at one point of V. We
now define the following subvariety? of C"*+! x Y (1)"*!:

PLOXL, ooy Xy Y1 oo vy Vi) =0
V/ —
P (X15 ooy Xy Y1y ooy Vi) =0
Yn+1 S X1, oo X Y1, e y) — 1 =0
Choose 1 <ij <---<ig<n+1landseti= (iq,...,i¢). Then
dim Pry(V \ W) ifip Zn+1,
dimPri(V') = { dimPrg,,_;, p(V\W)+1 if¢>2andig=n+1,
2 if¢=1andi; =n+1.

2 This is the standard Rabinowitsch trick used in the proof of Nullstellensatz.
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Now, since V is irreducible, the set V \ W is dense in V. Hence, for any subtuple k of
n we have, by continuity of Prj, that dim Prx (V\W) = dim Prx (V). Since V is broad,
we conclude that V' is also broad.

We will now prove that V' is free. Since V has no constant coordinates, and f is
non-constant, we see that no coordinate is constant on V’. Also, since V is free, it
is clear that V' is not contained in a variety of the form M x Y(1)"t! where M is
a proper Mébius subvariety of C"+!. Moreover, if V is contained in a variety of the
form C"*! x T where T is a proper special subvariety of Y(1)"*!, then at least one
of the polynomials defining 7" must be of the from &y (y;, y,+1) withi € {1, ..., n}
and N > 1. This implies that ®n(y;, 1/f) =0on V \ W, hence V \ W is contained
in the variety Z defined by the polynomial f?®y(y;, 1/f) where d is the degree of
®y in the Y variable. This implies that V C Z. Since ® (X, Y) has leading term +£1
as a polynomial in Y, it follows that f has no zeroes on Z. But this implies that f has
no zeroes on V, which is a contradiction. This proves that V' is free.

Since V' is broad and free, Conjecture 3.5 implies that there exists a point of the
form (z, j(z)) in V' with z € H**!, and so Pry(z, j(z)) € (V\W). This completes
the proof of the lemma. O

3.3 Atypical intersections and Zilber-Pink

Definition Suppose that V and W are subvarieties of a smooth algebraic variety Z.
Let X be an irreducible component of the intersection V N W. We say that X is an
atypical component of VNW (in Z) if

dimX > dimV +dim W — dim Z.

We say that the intersection V N W is atypical (in Z) if it has an atypical component.
Otherwise, we say that VNW is typical (in Z),i.e. VNW istypicalin Z ifdim VNW =
dim V + dim W — dim Z.

If Z = Y(1)", we say that X is an atypical component of V if there exists a special
subvariety T of Y(1)” such that X is an atypical component of V N T. We remark that
in this case, since dim 7 > dim spcl(X), it is also true that X is an atypical component
of V N spcl(X).

We say that X is a strongly atypical component of V if X is an atypical component
of V and no coordinate is constant on X.

An atypical (resp. strongly atypical) component of V is said to be maximal (in V)
if it is not properly contained in another atypical (resp. strongly atypical) component
of V.

Given a tuple ¢ = (cy, ..., ¢;y) of complex numbers, an atypical component X of
V is said to be c-atypical is X is an atypical component of the intersection V N T,
where T is a c-special subvariety.

Example 3.9 Let T be a proper special subvariety of Y(1)"”. Then T is an atypical
component of itself, since

dm7 =dim7TNT >dim7T +dimT — n.
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On the other hand, although Y (1)" is a special variety, it is not atypical in itself.

Conjecture 3.10 (Modular Zilber—Pink) For every positive integer n, any subvariety
of Y(1)" has only finitely many maximal atypical components.

From now on, we will abbreviate this conjecture as MZP. This conjecture is some-
times presented in terms of optimal varieties, which we discuss next.

Definition Let V be a subvariety of Y(1)". Given a subvariety X C V, we define the
defect of X tobe

def(X) := dim spcl(X) — dim X.

We say that X is optimal in V is for every subvariety W C V satisfying X C W we
have that def (X) < def(W). We let Opt(V') denote the set of all optimal subvarieties
of V. Observe that always V € Opt(V). We think of Opt(V) as a cycle in Y(1)".

Remark 3.11 A maximal atypical component of V is optimal in V. However, optimal
subvarieties need not be maximal atypical.

On the other hand, if X is a proper subvariety of V which is optimal in V,
then def(X) < def(V) which implies that dim V N spcl(X) > dim X > dim V +
dim spcl(X) — dim spcl(V), so the intersection V N spcl(X) is atypical.

Asshownin[19,Lemma?2.7], MZP is equivalent to the statement that any subvariety
of Y(1)" contains only finitely many optimal subvarieties, i.e. Opt(V) is a finite set.

Definition Let S be a constructible set (resp. an algebraic variety) in CV, where N is
some positive integer. A parametric family of constructible subsets (resp. subvarieties)
of S is a constructible set V C S x Q, where @ C C™ is another constructible set,
which we denote as an indexed collection V = (Vy)qep, Where for each ¢ € Q the
set

Vq:=1{s€S:(s,q €V}

is a constructible subset (resp. subvariety) of 5.3

Example 3.12 An important example for us of a parametric family is given by the
following construction. Let W be an algebraic subvariety of C" x Y (1)"; we want to
define the family of subvarieties of W obtained by intersecting W with all Mobius
subvareities of C" defined by elements of GL;(C).

Given a function f : D — GL2(C) defined on a non-empty subset D of
{1,....n} x{1,...,n},set

Wer = {1, ..., X0, Y1, ..., 90) € W f@, j)x; = xj forall (i, j) € D}.

3 In the terminology of model-theory, we can equivalently say that V. C § x Q is a definable family of
definable subsets of S, in the language of rings.

@ Springer



Generic solutions of equations involving...

Then, the collection of all such Wy forms a parametic family of subvarieties of W.
Indeed, put

0:= | ] ocLo©?”.

G#£DC(L,....n)2

Every function f : D — GL(C) can be represented as an element of GL,(C)?.
Since for every finite non-empty set A we have that GL,(C)# is a constructible subset
of C*™ where m = #A, we have that Q is a finite union of constructible sets, hence
it is constructible. Then choosing S = W and

V={(xy. )eWxQ:(xy) e Wy}
we have that (Wy) 7 is just the parametric family (V) reo associated to V.
Pila showed that MZP implies the following uniform version of itself.

Theorem 3.13 (Uniform MZP, see [27, §24.2]) Suppose that for every positive integer
n, MZP holds for all subvarieties of Y(1)". Let (Vq)qep be a parametric family of
subvarieties of Y(1)". Then there is a parametric family (Wp)pep of closed algebraic
subsets of Y(1)" such that for every q € Q there is p € P such that Opt(Vq) = Wp.

Corollary 3.14 Let (Vq)qeo be a parametric family of constructible subsets of Y (1)".
Then MZP implies that there is a finite collection . of proper special subvarieties
of Y(1)" such that for all @ € Q and all special subvarieties T, if X is an atypical
component of Vq N T, then there is Ty € ./ such that X < Ty.

Proof Let (Wp)pep be the parametric family given by applying Theorem 3.13 to
(Vg)qeo- Without loss of generality we may assume that for all p € P thereisq € Q
such that W, C V4. Since Vj is always in Opt(Vy), we may remove this trivial optimal
subvariety, and so we can assume that for every p € P, if W), C Vj, then Vj is not in
Wy.

Let T be a special subvariety of Y(1)" and suppose that q € Q is such that Vq N T
contains an atypical component X. Then 7" must be a proper subvariety of Y (1)". X is
contained in a maximal atypical component of Vq which, by Remark 3.11, is contained
in W), for some p € P.

For every p € P, if Z is in Wp, then Z is an optimal proper subvariety of Vy, for
some q € Q. By Remark 3.11 we know that

dim V Nspcl(Z) > dim V + dim spcl(Z) — n,

and so in particular spcl(Z) is a proper special subvariety of Y (1)”. We conclude then

that for every p € P there are finitely many proper special subvarieties 71 p, ..., Ty p
such that
m
Wp < | Tip. (3.1)
i=1
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We now use the compactness theorem from model theory. Let {7} }; .y be an enumer-
ation of all the proper special subvarieties of Y (1)”. If the conclusion of the corollary
were not true, then the following set of formulas (in the variables p and x)

m
pePArxeWnx¢|JT; (3.2)
i=0 meN

would be finitely satisfiable and hence it would form a type in the language of rings
with some extra constant symbols. As the family (Wp)pep only requires finitely many
parameters to be defined and every 7; in definable over Q, then (3.2) is a type in the
language of rings with only countably many added constant symbols. As C is Ro-
saturated, this type must be realised over C, but that would mean that there is p* € P
such that W)« is not contained in the union of all proper special subvarieties, which
contradicts (3.1). O

We will need the following “two-sorted” version of this result.

Corollary 3.15 Let (Uq)qep be a parametric family of subvarieties of C" x Y (1)".
Then MZP implies that there is a finite collection . of proper special subvarieties
of Y(1)" such that for all @ € Q and all special subvarieties T, if X is an atypical
component of Vq N (C" x T), then there is Ty € . such that X € C" x Th.

Proof We follow the proof of [8, Theorem 11.4]. Let U € Q x C" x Y(1)" be the

definable set such that foreachq € 0, Uqg = {(x,y) e C" x Y(1)" : (q,Xx,y) € U}.
Given k € {0, ..., dim U} define

u® = {(q, x.y) € U : dim(Uy N g (y)) = k} .

By definability of dimensions, the U (&) are all constructible subsets of U . Furthermore,
define

yo . gk yykth ...y ydnl)
Givenq € Qlet Vg := [(x,y) € C" x Y(1)" : (q, x,y) € VP}.

For each k € {0, ..., dim U} let .%% be the finite collection of special subvarieties
obtained by applying Corollary 3.14 to the family (rry (Vq(k))) o Set
qe

dim U

7= J
k=0

Let T C Y(1)" be a special subvariety, and suppose that X is an atypical component
of Ug N (C" x T). Let kg = dim X — dim 7y (X), by the fibre-dimension theorem
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there is a Zariski open subset X’ C X such that for every (x,y) € X’ we have that
dim X’ N 75! (y) = ko. In particular dim X’ = dim X. Also V¢ € Uy, so

dim X > dim Uq + dim T — n > dim V* + dim T — n.

Lety € my(X'), thendim X'Nmy Ly) = ko. By construction dim VékO)ﬂn; Y(y) > ko,
so by the fibre-dimension theorem we get

dimmy(X) = dim 7y (X') > dimwy (V(;k(’)) +dim T —n.

Then there is a special subvariety Top C Y (1)" with A(Ty) < N suchthatry(X") C Tp
and

dim 7y (X') < dim 7y (Vq(kﬂ) n To) +dim T N Ty — dim Tp.

This shows that X’ C C" x Tp, and since C" x Ty is Zariski closed, then X C C" x Ty.
By the definition of Vq(k(’), the dimension of the fibres of the restriction of wy to

VékO) N (C" x Tp) is at least kg. By fibre-dimension theorem we get:
dim X — ko < dim V% 0 (C" x Ty) — ko + dim T N Ty — dim Ty.

Since Vq(k(’) C Uy, this completes the proof. i

3.4 Weak MZP

Although MZP is open, Pila and Tsimerman ([29, §7]) showed that, as a consequence of
the Ax—Schanuel theorem for j, one can obtain a weak form of MZP which states that
the atypical components of an algebraic subvariety of Y(1)", are contained in finitely
many parametric families of proper weakly special subvarieties. For the proofs of our
main results, we will need the following version of the weak form of MZP which
allows for parametric families of algebraic varieties and is “two-sorted” like Corollary
3.15.

Proposition 3.16 Given a parametric family (Uq)qe o of constructible subsets of C" x
Y (1), there is a positive integer N such that for every q € Q, for every weakly special
subvariety T C Y(1)" and for every atypical component X of UqN(C" x T), there is a
properweakly special subvariety Ty C Y (1)" with Ap(Ty) < N suchthat X € C"x Ty
and

dim X < dim Uq N (C" x Tp) + dim T' N Ty — dim Tp.
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In this section we will present a few technical results centred around the weak form
of MZP, which build up to prove Proposition 3.16. We begin with a result of Aslanyan
showing the following uniform version of weak MZP.*

Theorem 3.17 (Weak MZP, [3, Theorem 5.2]) Let S be a special subvariety of Y (1)".
Given a parametric family (Uq)qep of constructible subsets of S, there is a finite
collection .7 of proper special subvarieties of S such that for every q in Q and for
every strongly atypical component X of Uq in S, there is T € ./ such that X C T.

Corollary 3.18 Let S be a special subvariety of Y(1)". Given a parametric family
(Uq)qeo of constructible subsets of S, there is a finite collection .7 of proper special
subvarieties of S such that for every q in Q and for every strongly atypical component
X of Uy, there is Ty € 7 satisfying the following conditions:

(a) X C Ty,
(b) X is a typical component of U Nspcl(X) = (Uq N Tp) N (spel(X) N Ty) in To, that
is:
dim X < dim Uq N Ty + dim spcl(X) — dim Tp,

and
(c) the intersection Uq N Ty is atypical in S:

dim Uq N Tp > dim U, + dim Ty — dim S.

Proof We will first show that there is a family . satisfying conditions (a) and (b).

We proceed by induction on the dimension of S. When dim § = 0, then § is a just a

point and there is nothing to prove as Uy = S for all ¢ € Q, so no Uq contains an

atypical component. Now assume that dim S > 0. Let .7 be the finite collection of

proper special subvarieties of S obtained by applying Theorem 3.17 to (Ug)qeo-
Suppose that X is a strongly atypical component of Ug, then

dim X > dim Uq + dim spcl(X) — dim §.
Choose T} € .#; such that X C Tj. If
dim X > dim Uq N T7 + dim spcl(X) N 77 — dim T7,

then X is a strongly atypical component of (UqNT1) N (T NTy) in T1. Since dim 77 <
dim S we can apply the induction hypothesis on 77 to the family (Uq N Tl)q co 0
obtain a finite collection % of proper special subvarieties of 7 (which in turn are
special subvarieties of S) such that there is Ty € % satisfying that X C T and the
intersection (Uq N Tp) N (spel(X) N Tp) is typical in Tp.

Therefore, the collection . obtained by taking the union of .#7 with the finite
collections obtained by the induction hypothesis applied to (Uq N TO)q 0 for every
Ty € .7 satisfies conditions (a) and (b).

4 That Ax-Schanuel implies a uniform version of a weak form of the Zilber—Pink conjecture holds in very
general contexts, see [15, Propositon 2.20] and [28].
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We now check that .¥ satisfies (c). Suppose that X is a strongly atypical component
of Ugq,andlet Ty € . be an element satisfying (a) and (b). Observe that spcl(X)NTp =
spcl(X). From (b) we get that

dim X — dim spcl(X) < dim Uq N Tp — dim Tp.
Combining this with the fact that X is an atypical component of Ugq gives
dim Uq — dim § < dim X — dim spcl(X) < dim Uq N Tp — dim T,
from which we get
dim Uq N Ty > dim Ugq + dim Ty — dim S,
thus confirming (c). ]
Corollary 3.19 Let (Sq)qeo be a parametric family of proper weakly special subvari-
eties of a special subvariety S of Y (1)". Then there are only finitely many members of
this family which are basic special subvarieties.
Proof Let . be the finite family of proper special subvarieties of S obtained by

applying Corollary 3.18 to the family (Sq)qep- Suppose q € Q is such that Sq is a
proper basic special subvariety of S. Then

dim §q N §q = dim S > dim Sq + dim Sq — dim §,

which shows that Sq is a strongly atypical component of itself in S. There is Ty € .~/
such that §; € Tp and

dim §q < dim Sq N Ty + dim S¢ — dim Ty.

From this we obtain that 0 < dim Sq N Ty — dim Ty, and so we obtain that 7o = Sg.
Since . is a finite set, the result is proven. O

We can now get the following result with the same proof used in Corollary 3.15.

Theorem 3.20 (Two-sorted weak MZP) Given a parametric family (Uq)qeo of alge-
braic subvarieties of C" x Y(1)", there is a finite collection . of proper special
subvarieties of Y (1)" such that for every q € Q, every proper special subvariety T of
Y(1)" and every atypical irreducible component X of Uq N (C" x T) satisfying that
7y (X) has no constant coordinates, there is Ty in . such that X C C" x T.

Although Theorem 3.17 and Corollaries 3.18 and 3.19 only speak about strongly

atypical intersections, one can get the following result about general atypical intersec-
tions.
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Proposition 3.21 ([1, Proposition 3.4]) Let S be a special subvariety of Y(1)". Given
a parametric family (Ug)qe of constructible subsets of S, there is a positive integer
N such that for every q € Q and for every weakly special subvariety T of S, if X is an
atypical component of Uq N T in S, then there is a proper weakly special subvariety
Ty of S satisfying the following conditions:

(@ Ap(To) = N,
(b) X C Ty,
(c) X is a typical component of (Uqg N Tp) N (T N Tp) in Tp:

dim X < dim Uq N Ty + dim wspcl(X) — dim Ty,

and
(d) the intersection Uq N Tp is atypical in S:

dim Uq N Ty > dim Ugq + dim Ty — dim §.

Proof The proof requires a few more calculations than the proof given in [1]. We
proceed by induction on n, the case n = 0 being trivial. Let . be the finite family
of special subvarieties given by Corollary 3.18 applied to (Ug)qep- Let N.o be the
maximal complexity of the elements of .7

Suppose that for some q € Q and some weakly special subvariety 7 C S, the
intersection Uq N T contains an atypical component X. We may assume that T =
wspel(X).

If X is strongly atypical (i.e. has no constant coordinates), then spcl(X) = wspcl(X)
and so we know that there is Ty € . satisfying (b), (¢) and (d). By construction,
Ap(Ty) < N, which verifies (a).

Assume now that X is not strongly atypical. Leti = (iy, ..., i,;) be the tuple of all
of the coordinates which are constant on X, let ¢ € Y(1)” be such that pr;(X) = {c},
and define

Se =8 ﬂpr;](c),

that is, S is the fibre in S over ¢. As explained in [1, Proposition 3.4], S, is an
irreducible variety, so it is weakly special. Observe that as T is the weakly special
closure of X, then T C S.. When i is not all of n, let k = n\i. We consider now the
possible cases.

Suppose that

dim Uq N Se > dim Uq 4 dim S, — dim S.

Ifdim X < dim UqNSc+dim T’ —dim S, then we can let T be S¢, since Ap(Se) = 0.
In particular, this would be the case if X happens to be a single point, in which case
i=n.

If instead dim X > dimUq N S + dim T — dim S, then i # n. Consider the
projection pr : Y(1)" — Y(1)"7™. Since we have that X € T C S, then
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dim X = dimpri(X), dim 7T = dimpr (7) and dim Uq N S¢ = dim pry (Uq N Se).
Also, since S¢ € S, then dim S¢ = dim pry (S¢) < dimpry (S). Let X be the irre-
ducible component of pry (Ugq N S¢) N pry (T') containing pry (X), and observe that
pr (T') is a weakly special subvariety of pry (S). Thus

dim X; > dim pr (X) = dim X
> dim Uq NS¢ +dim 7' — dim S¢
= dim pr, (Uq N S¢) + dim pry (T') — dim pry (Se),

showing that X is atypical in pry (Ugq N S¢) N pr (7). We also remark that by con-
struction X is in fact strongly atypical, and so pry (S¢) must in fact be a basic special
subvariety of pry (S). The collection (prk (SC))c Y1y is a parametric family of weakly
special subvarieties of pry (S). By definability of dimensions, we may consider the
parametric subfamily of those elements which are properly contained in pry (S) (if
there are any), and so by Corollary 3.19 among the whole family (prk(Sc))CGY (1yn We
will find only finitely many basic special subvarieties. Specifically we can find a finite
set C C Y(1)™ such that every basic special subvariety found in (prk(Sc)) n
be realised as S, for some ¢ € C.

We can apply the induction hypothesis to the family (prk(Uq al Sc))q co of con-
structible subsets of pry (S¢). In this way we find a natural number Ny ¢ and a proper
weakly special subvariety 77 of pry (S¢) such that

(i) Ap(T1) < Nk,

(i) X; €T,
(iii) dim X < dim pry (Ugq N Sc) N T1 + dim wspel(X 1) — dim 77, and
(iv) dimpr (Uq N Se) N T > dim pry (Ug N S¢) + dim 77 — dim pry (Se).

cey(ym €4

Let Ty := pry Y(T1) N Se. Then Ty is a weakly special subvariety of S with the
property that A, (To) = Ap(T1) < Nk, dim Ty = dim 77 and X C Tp. Observe that
since X1 C pry(T) and pry (T) is weakly special, then wspcl(X1) € pry(T). Also,
one can readily check that pry (Uq N Tp) = pry(Ug N S¢) N T1. So using (iii) we get:

dim X = dim pr (X) < dim X;
< dimpry (Uqg N S¢) N T1 + dim wspcl(X1) — dim Ty
< dimpr (Uqg N Tp) +dim T — dim Ty
=dim Uq N Tp + dim T — dim 7o,

and using (iv) we get

dim Uq N Ty = dim pry (Uq N Tp)
=dim pr (Uq N Se) N Ty
> dim pr (Ug N S¢) + dim 77 — dim pry (S¢)
> dim Uq N S¢ + dim Ty — dim pry (Se)
> dim Ugq + dim Ty — dim S.
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Thus, we can set Ny = max {Nk,c leeC }, and in this case Ty satisfies the conditions
of the proposition.
Suppose now that

dim(Uq N S¢) = dim Ugq + dim S¢ — dim §.
AsT C S¢,dim T = dim pry(7) and dim(Uq N S¢) = dim pry (Uq N S¢). Then

dimpr(X) = dim X > dim Uq +dim T — dim §
= dim pry (Uq N S¢) + dim pry (T') — dim pry (Se).

This seems to puts us right back in the previous case, and the argument can still be
carried through with a few subtleties, so we will just focus on those. Let X be the
irreducible component of pry (Ugq N S¢) Npry (T') containing pry (X ), and observe that
X is strongly atypical. As before, we get a finite set C C Y (1) such that every basic
special subvariety found in (prk (SC))c ey (1yn €an be realised as S for some ¢ € C.
Let .%k ¢ be the finite family of special subvarieties of pry (S) given by Corollary 3.18
applied to (prk(Uq N Sc))q co 82 family in Sc. Then there is 77 € .%k ¢ such that

i X1 cT
(ii) dim X < dim pr (Uq N S¢) N T1 + dim wspel(X1) — dim 77, and
(iii) dimpr(Ug N S¢) N T1 > dim pry (Uq N Se) + dim 77 — dim pry (Se).

Let N g be the maximal basic complexity of elements of # ¢ forall ¢ € C.
Define Ty := pry Y(T1) N Se, which is a proper weakly special subvariety of S
satisfying A, (To) = Ap(T1) < Ny, X C To,

dim X = dim pr (X) < dim X,
< dimpr (Ugq N Tp) + dim pry (T) — dim Ty
=dimUq N Ty + dim T — dim Tp,

and

dimUqNTy =dimUgqg N Sc N Ty
=dimpr (Uq N Se) N Ty
> dim pry (Ugq N Se) + dim 71 — dim pry (Se)
= dim Ugq N S¢ + dim Ty — dim pry (S¢)
> dim Ugq + dim Ty — dim S.

Since there are finitely many tuples k to consider, by taking the maximum of the
N g, the Nx and N &, we get the desired N. This completes the proof. O

Now one can prove Proposition 3.16 using the same method of proof as in Corollary
3.15. We leave the details to the reader.
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4 Strong existential closedness

Let V € C™ be an irreducible constructible set and K C C a subfield over which V
is defined. We say that a point v € V is generic in V over K if

tr.deg.x K(v) =dim V.

Lemma4.1 Let V. C C™ be an irreducible subvariety, and let K C C be a subfield
over which V is defined. Suppose that no coordinate is constant on V. If v € V is
generic in 'V over K, then every coordinate of v is transcendental over K.

Proof Say that V defined in the ring of polynomials C[X1, ..., X,,]. Since no coor-

dinate is constant on V/, then for every ¢ € C and for every i € {1, ..., m} we have
that V N {X; = c} is a proper subvariety of V. So, givenv € V,if c € K and v; = ¢,
for some i € {1, ..., m}, then we have that

tr.deg.x K(v) <dimV N{X; =c} <dimV,

which prevents v from being generic in V over K. O

Definition We say that a variety V € C" x Y(1)" satisfies the strong existential
closedness property (SEC for short) if for every finitely generated field K C C over
which V can be defined, there exists (z, j(z)) € V such that (z, j(z)) is generic in V
over K.

Conjecture 4.2 For every positive integer n, every algebraic variety V contained in
C" x Y(1)" which is broad and free, if V. N (H" x Y(1)") is Zariski dense in 'V, then
V satisfies (SEC).

The condition in Theorem 3.3 that 7zc (V') be Zariski dense in Y (1)” implies broad-
ness but not freeness, and yet, (EC) still holds on V. That is, even if V is contained in
a subvariety of the form C" x T, with T a special subvariety of Y(1)", V will satisfy
(EC) as long as wr¢ (V) is Zariski dense in C". However, if V is not free then it may
not have points in V N E;’ which are generic, as shown in the next example.

Example 4.3 Let D denote the diagonal of Y(1)?, and let V = C2? x D (so V is
defined over Q). By Theorem 3.3 V N E? is Zariski dense in V. However, every point
(z1, 22, j(z1), j(z2)) € V satisfies that j(z1) = j(z2), and so for this point there
exists y € SLo(Z) such that yz; = zp. Therefore

tr.deg.oQ(z1, 22, j(z1), j(z2)) <2 <3 =dim V.

The next proposition shows that in Conjecture 4.2 we may assume dim V = n.

Proposition 4.4 (cf [2, Lemma 4.30]) Fix a positive integer n. Assume that every
subvariety of C* x Y (1)" which is free, broad and has dimension n satisfies (SEC).
Then every subvariety V.C C" x Y(1)" which is free and broad satisfies (SEC).
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Proof Let V. C C" x Y(1)" be an subvariety which is free and broad. Let k :=
dim V —n. We proceed by induction on k. The case k = 0 is given by the assumption,
so we assume that k > 0.

Let K be a finitely generated field over which V is definable. Choose (a,b) € V
to be generic over K. Let py, ..., pn, 41, --.,qn—1 € C be algebraically independent
over K (a, b) and choose ¢, € C such that

n n
> piai +)_ qibi = 1. .1
i=1 i=1

Set K1 := K(p, q) (so K| is also finitely generated) and let V| be the K| -Zariski
closure of (a, b). Clearly V; is and dim V; < dim V. We now check the remaining
conditions to apply the induction hypothesis on V7.

(a) We first show that dim V| = dim V — 1. Observe that

tr.deg.x K (a,b) + tr.deg.K(a,b)K(a, b,p,q) =tr.deg.xK(a,b,p,q)
=tr.deg.x K| + tr.deg.Kl Ki(a,b),

and since by construction

tr.deg.x K(a,b) =dimV
tr.deg.xapK(@, b, p,q =2n—1
trdeg.x K1 >2n—1

we conclude that dim V| = tr.deg.Kl Ki(a,b) =dimV — 1.

(b) We now show that Vj is free. Since V is free, we know that (a, b) is not contained
in any variety of the form M x T, where M is a Mobius subvariety of C" defined
over Q and T is a proper special subvariety of Y(1)". If V| had a constant
coordinate, then that would imply that some coordinate of (a, b) is in K1, but
since (a, b) already satisfies (4.1) and is generic in Vj over K1, then we would
have that dim V| < dim V — 1. Therefore V] is free.

(c) Next we show that Vj is broad. Leti = (i}, ...,i;) besuchthat 1 <i; <--- <
i < nand ¢ < n. Consider the projection Prj(V{). We have that

dim Prj (V1) = tr.deg. g, K (prj(a), prj(b)).
Proceeding as we did in (a), we have that

tr.deg. x K (prj(a), pri(b)) + tr.deg.K(pri(a)’pri(b))K(pri(a), pri(b), p, q)
=tr.deg.x K| + tr.deg.K1 K (prj(a), pri(b)),

@ Springer



Generic solutions of equations involving...

and

tr.deg. x K (pr;(a), pr;(b)) = dim Pri(V)
tr.deg.K(pri(a)’pri(b))K(pri(a), prl(b), p, q) Z 2n —1
tr.deg.x K1 = 2n.

By [2, Lemma 4.31] we have that one of the two following cases must hold:

() ai,...,an, by, ..., b, € K(pr;(a), pr;(b)). Then dim Pr;j(V) = dim V, so
dimPriy(V)) >n—1> ¢
(i) tr.deg.x, Ki(pr;(a), pry(b)) = tr.deg.x K (pr;(a), prj(b)). Since V is broad,
dim Prj(V1) = dim Prj(V) > ¢£.

We can now apply the induction hypothesis and deduce that there is (z, j(z)) €
vin E’; such that (z, j(z)) is generic in Vj over K. In particular (z, j(z)) satisfies
(4.1), but since the coefficients of this equation are transcendental over K, then

dimV > tr.deg.x K (z, j(z)) > tr.deg.KlKl(z, j(z)) = dim Vq,

so (z, j(z)) is generic in V over K. ]

4.1 j-derivations

As mentioned in §1.1, an obstacle towards proving Theorem 1.1 is that MSCD only

gives a lower bound for the transcendence degree over Q. Since we are looking for

generic points over an arbitrary finitely generated field K, we would like to have an

inequality for the transcendence degree over K. This is done in §4.2. Before that, we

need to give a quick review of j-derivations (see [5, §3.1] and [13, §5] for details).
A function 9 : C — C s called a j-derivation if it satisfies the following axioms:

(1) Foralla,b € C,d(a + b) = d(a) + 9(b).

(2) Foralla,b € C, d(ab) = ad(b) + bd(a).

(3) Forallz e Hand alln € N, 8 (j™(2)) = j“V(2)3(z), where j™ denotes the

n-th derivative of j.
C has non-trivial j-derivations (in fact, it has continuum many C-linearly independent
Jj-derivations).

Definition Let A C C be any set. We define the set jcl(A) by the property: x € jcl(A)
if and only if d(x) = O for every j-derivation d with A C ker 9. If A = jcl(A), then
we say that A is jcl-closed.

Every jcl-closed subset of C is an algebraically closed subfield. Furthermore, jcl
has a corresponding well-defined notion of dimension,> which we denote dim/, defined

5 In technical terms, jclis a pregeometry.
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in the following way. For any subsets A, B € C, dim/ (A|B) > n if and only if there

exist ay,...,a, € jcl(A) and j-derivations 91, ..., d, such that B C ker d; for
i=1,...,nand
1 ifi =k
% (ar) = {O otherwise

foreveryi,k=1,...,n.
We define C; := jcl(9); thisis a countable algebraically closed subfield of C which
is jcl-closed.

Remark 4.5 By definition, C; is contained in the kernel of every j-derivation, so for
every finite set A € C we have that dim’ (A) = dim/ (A|C}).

Lemma 4.6 Let C C Cbe jcl-closed. For every z € H, the following statements hold:

(a) z € C implies j(z), j'(2), j"(z) € C.
) j(z) € Cimplies z € C.

Proof Follows from [13, Proposition 5.8] and the fact that j'(z) = 0 implies that z is
algebraic O

The Ax—Schanuel theorem for j [29, Theorem 1.3] has the following consequence:

Proposition 4.7 ([13, Proposition 6.2]) Let C be a jcl-closed subfield of C, then for
every 71, ..., Zn € H we have that

tr.deg.cC (z, j(2), j'(2), j" (2)) = 3dimg (z|C) + dim’ (z|C).

4.2 Convenient tuples

In this section we use the results of [5] to show that MSCD implies the existence of
“convenient generators” for any finitely generated field. We will use J to denote the
triple of function (j, j/, j”), so thatif zy, ..., z, are elements of H, then:

J(@) = (G@)s ey j@n), J' @), @)y J7 @0, s 7 (@)

Definition We will say thata tuplet = (¢1, . .., t,,) of elements of H \ X is convenient
for j if

tr.deg.oQ(t, J(t)) = 3dimg(t) + dim/ (t).
We remark that since the coordinates of t are not in X, then dimg (t) = dimg (t|X).

The convenience of such a tuple of elements is manifested in the following two
lemmas, which show that we can obtain MSCD-type inequalities over fields generated
by a convenient tuple.

6 Due to the differential equation of j (2.2), it is enough to only consider the derivatives up to ;.
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Lemma 4.8 Assume MSCD holds. Suppose that ty, ..., t, € H\ X is a convenient
tuple for j and set F = Q (t, J (t)). Then for any z1, ..., z, € H we have

tr.deg.p F (z, J(z)) > 3dimg (z|Z, t) + dim’ (z|t), and “4.2)
tr.deg.p F (z, j(z)) > dimg (z|X, t) + dim’ (z]t) . “4.3)

Proof Using the addition formula, we first get that:
tr.deg.QQ (z,t, J(z), J (t) = tr.deg.QF + tr.deg. F(z, J(z)). “4.4)
Similarly we get
dimg (z, t|X) = dimg (t|X) + dimg (z]t, X) 4.5)

and also ‘ _ ‘
dim’ (z, t) = dim’ (t) + dim’ (z|t). (4.6)

Combining MSCD with (4.4), (4.5) and (4.6), we obtain (4.2). Inequality (4.3) now
follows directly from (4.2). O

Remark 4.9 Suppose that t1,...,t, € H\ X are such that j(t),..., j(t,) € @
Then under MSC we get tr.deg.qQ(t, j(t)) = tr.deg.qQ(t) = dimg (t|X). So for any
21, ..., 2n € H we can repeat the arguments in the proof of Lemma 4.8 to get:

tr.deg. g Q2 t, j(2), j(1) = dimg 2/, 1).

Lemma 4.10 Assume MSCD holds. Let t1, ..., t, € H\ X be a convenient tuple for
Jj. Then for any z1, ..., z, € H we have

tr.deg.gQ(z. t, J (z), J (1)) > 3dimg (2, t|T) + dim/ (t), and
tr.deg.Q(z. t, j(z), j(t) > dimg(z, t|X) + dim/ ().

Proof Set F = Q (t, J (t)). We proceed by contradiction, if z, ..., z, € H are such
tr.deg.QQ(z, t, j(z), j(t)) <dimg(z, t|X) + dim/ (t),
then we also get that
tr.deg.gQ(z. t, J (z), J (1)) < 3dimg (z, t|2) + dim/ (t).
Then using that t is convenient for j, Lemma 4.8, (4.4) and (4.5), we get:

3dimg(z|X, t) + tr.deg.o F = 3dimg(z, t|Z) + dim/ (t)
> tr.deg.Q@(z, t, J(z), J(t))
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= tr.deg.o F + tr.deg.p F(z, J(2))
> tr.deg.qF + 3dim(z|Z, t) + dim/ (z]t).

As dim/ (z|t) > 0, this gives a contradiction. O

In the rest of the subsection we address the question of existence of convenient
tuples, and furthermore finding a convenient tuple which contains the generators of a
specific finitely generated field. We start by recalling the following result.

Theorem 4.11 ([5, Theorem 5.1]) Let F be a subfield of C such that tr.deg.cj Fis
finite. Then there exist ty, ..., t,, € H\ C; such that:

(Al): F CCj(t, J V), and
(A2): tr.deg.c,C; (t, J (1)) = 3dimg (t|C;) + dim/ (t).

Assuming MSCD, we now refine this result to show that convenient tuples exist.

Lemma4.12 Let K C C be a finitely generated subfield. Then MSCD implies that
there exist ty, ..., ty, € H\ X such that:

(cl): K CQ(t, J V),

(c2): tis convenient for j.

Furthermore, we can assume that dimg (t|X) = m.

Proof By Theorem 4.11 there exist t; := (¢1, ..., %) € (H\Cj)k such that

(@) K CCj(t1,J (t1)), '
(b) tr.deg.c,Cj (t1, J (t1)) = 3dimg (t11C;) + dim/ (ty).

As tr.deg. C; C; (ty, J (t1)) is finite, then there is a finitely generated field F* € C such
that tr.deg. C; C (t1, J (t1)) =tr.deg.p F (t1, J (t1)). As K is finitely generated, if L
denotes the comp051tum of F and K NCj, then L has finite transcendence degree over
Q, so by [5, Theorem 6.18], MSCD implies that there exist tp = (fg41,...,4n) €
(H N C;)"~* such that

() L €Q(t2, J (),
(ii) tr.deg.gQ (t2, J (t2)) = 3dimg (t2] X).

The paragraph immediately following [5, Theorem 6.18] shows that the coordinates
of t; may be chosen outside of X. Let t = (t1, t2). By construction, the elements of
t; share no G-orbits with element of t;. Condition (c1) is satisfied by (a) and (i). As
F is contained in L, then condition (c2) is satisfied by (ii) and (b).

The “furthermore” part follows from Schneider’s theorem and the equivalence
between (M1) and (M2) in §2.3. O

4.3 Proof of Theorem 1.1

We first set up some notation that will be kept through the rest of this subsection.
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Let V C C" x Y(1)" be abroad and free variety. Let K C C be a finitely generated
subfield such that V is defined over K and let ¢y, ..., , € H\ X be given by Lemma
4.12 (which assumes MSCD) applied to K (m may be zero, which happens when
K C @). We assume that dimg (t|X) = m. Set F := Q(t, j(t)).

Choose (x,y) € V generic over F. By Lemma 4.1 and the freeness of V we know
that no coordinate of (x,y) is in F. Let W € C"t x Y(1)"*™ be the Q-Zariski
closure of the point (x, t,y, j(t)).

Lemma 4.13 dim W = dim V + m + dim/ (t).

Proof.

dim W = tr.deg.qQ(x, t,y, j(t))
= tr.deg.qQ(t, j () + tr.deg.q, j1) QX t.y, j(t)
= dimg (t|X) + dim/ (t) + dim V.. O

We are now ready to prove the first main result.

Proof of Theorem 1.1 By Proposition 4.4, we can reduce to the case dim V = n. The
case n = 1 was proven in [14, Theorem 1.2], so now we assume thatn > 1.

Consider the parametric family (Wg)qep of subvarieties of W defined in Example
3.12. Let . be the finite collection of proper special subvarieties of Y(1)" given by
Corollary 3.15 applied to the parametric family (ny(Wq))q co Let N be the integer
given by applying Proposition 3.16 to the family (Wq)qeco. Without loss of generality
we may assume that A, (7) < N forall T € ..

Let Wi € W be a Zariski open subset such that for all (a, b) € W; we have that
b ¢ Ty for all Ty € .&7.

Observe that we can choose (z, j(z)) € V such that (j(z), j(t)) ¢ To for all
Ty € . This is because every equation defining Ty either gives a modular depen-
dence between two coordinates of j(z), or it gives a modular dependence between
a coordinate of j(z) and a coordinate of j(t). As V is free, satisfies (EC), and . is
finite, we can find the desired point. This way we get that (z, t, j(z), j(t)) € W.

We will show that dimg (z, t|X) = n + m. For this we proceed by contradiction,
so suppose that dimg(z, t|X) < n + m. Let T be the special closure of the point
(j(z), j(t)). Observe that dim T = dimg (z, t| X).

Since dimg(z, t|X) < n + m and dimg (t|X) = m, then that at least one of the
following happen:

(a) Thereisi € {1,...,n}, ke {l,...,m},and g € G such that gz; = t.
(b) There are i, k € {1, ..., n} (possibly equal) and g € G such that gz; = z.

Let M C C"*™ be a proper subvariety defined by Mobius relations defined over Q
and/or setting some coordinates to be a constant in X, satisfying (z, t) € M. In other
words, M is a Mobius variety witnessing the relations found in (a) and (b). Thus
W N (M x Y(1)"*™) is an element of the family (Wq)qeo, call it Wy;. We remark
that W)y, is defined over @
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We now claim that dim Wj; < dim W. Indeed, if the dimensions were equal, then
Wy = W and so V C Prij(Wy). An equation defining M coming from either (a) or
(b) would then immediately contradicts freeness of V.

Now let X be the irreducible component of Wy N (C"t"™ x T) containing
(z,t, j(z), j(t)). Observe that X is defined over Q. Then by Lemma 4.10 (which
assumes MSCD) we get

dim X > tr.deg.qQ(z, t, j(2), j(t)) > dimg(z, t|X) + dim/ (t).
On the other hand, using that dim Wj; < dim W and Lemma 4.13 we get:

dim Wy +dim C"" x T —dim C"™ x Y(1)"™ < dim W +dim T — n
= dim T + dim/ (t)
< dimg (z, t|T) + dim’ (t)
< dim X.

This shows that X is an atypical component of Wy, N(C" " x T'). But then by Corollary
3.15 there must be Ty € . such that X € C"™™ x Ty, which is a contradiction since
(j(@), () ¢ To.

We have thus shown that dimg(z, t|¥) = n + m, which proves the theorem by
Lemma 4.8. O

Remark 4.14 1In the proof of Theorem 1.1, if we somehow knew beforehand that the
coordinates of j(z) are all transcendental over QQ, then we would not need to invoke
MZP, because as X is defined over @, then any coordinate that is constant on X must
equal an element of Q. So if we know that the coordinates of j(z) are all transcendental
over QQ, then we would know that X does not have constant coordinates, hence X is
strongly atypical and we can apply Theorem 3.20.

4.4 Blurring

We will now give an analogue of Theorem 1.1 for the the so-called blurring of j by
G (see [6] for more details).

Theorem 4.15 Let V- C C?* be a broad and free irreducible variety with. Then MSCD
and MZP imply that for every finitely generated field K C C, thereare gy, ..., g, € G
such that V has a point of the form

(Zl’ ey Z)’la J(glzl)’ LR ] ](gnzn)),

with (z1, ..., zn) € H", which is generic over K7

To prove Theorem 4.15, proceed in exactly the same way as in the proof of Theorem
1.1 (recall that Theorem 3.7 already ensures the existence of a Zariski dense set of

7 In fact, using [6, Theorem 3.1] g1, ..., gn may be chosen to be upper-triangular.
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solutions). The key (trivial) observation is that for all z, w € Hand all g,h € G
we have that j(z) and j(w) are modularly dependent if and only if j(gz) and j(hw)
are modularly dependent. This manifests in the different ingredients of the proof as
follows.

(a) MSCD implies that for every g1, ..., g» € G and every zy, ..., 2z, € H" we have

tr.deg.gQ(z1, ..., zn, j(8121), - -+, j(8nzn)) = dimg (21, ..., 2n] X).

(b) One can restate the inequalities of §4.2 in a straightforward way. This is because
for any field F, forall z,...,z, € Hand all gy, ..., g, € G we have that

tr.deg. p F(z1, ..., 20, j(21), ..., j(Z0))
= tr'deg‘FF(Zl’ sy Z)’ls j(glzl)’ ceey ](gnZn))

So, for example, we can restate Lemma 4.10 as: let #,...,5, € H\ X be a
convenient tuple for j, then forall zy,...,z, € Handall g1, ..., g, € G we have
that:

tr.deg.qQ(z t, j(g121). ... j(gnzn), j (1) = dimg (z, t|T) + dim (t).

(c) Corollary 3.15 still applies as stated.

4.5 Special solutions
In this subsection we show that for a variety V as in Theorem 1.1, the set
Vs = {(a, j(B)) € V : j(a), j(B) are special points}

cannot be Zariski dense in V. We show this in Proposition 4.16. The proof relies on the
results of [25] (Pila’s proof of the André—Oort conjecture for powers of the modular
curve).

Let X denote a subvariety of Y(1)" defined over a finitely generated field F'. Let
Kx denote the set of all subfields of F over which X is definable. Define

Sp(X):=min{[K : F]| K € Kx}.
Definition Given a special point 7 € X, there is a unique quadratic polynomial ax* +
bx + c,witha, b, c € Z, gcd(a,b,c) = 1 and a > 0, such that at? + bt +c=0.
Let D, = b? —4dac. If t = (11, ..., 1,) € ", we define
disc(t) := max {D,l, ey D,n} .

For every y € SL,(Z) we have that disc(y t) = disc(t), so it makes sense to define:

disc(j (7)) := disc(T).
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Definition A basic special subvariety 7 C Y(1)" is defined by certain modular poly-
nomials in the ring C[Y7, ..., Y,]. Suppose that I < i; < --- < iy < n denote some
indices such that, for every s € {1, ..., s}, the variable Y; does not appear in any
the polynomials defining 7. In particular this implies that pr;(7) = Y (1)¢. Following
[25], given y € Y(1)¢ we call T N pr_l(y) the translate of T by y, and denote it as
tr(T,y).

We remark that tr(7', y) is a weakly special subvariety, and if every coordinate of
y is a special point, then tr(7', y) is a special subvariety.

Proposition 4.16 Let V. C C" x Y(1)" be an irreducible variety which is modularly
free and defined over Q. Suppose that the dimension of the generic fibre of ¢ [y is
less than n. Then Vs is not Zariski dense in V.

Proof Given a € C", let
Va = {b ceY(1)":(a,b) € V}.

In this way we obtain a parametric family (Va)aenc(v) of subvarieties of Y(1)".

Let F C Q be a finitely generated field such that V is definable over F. For every
(a,b) € V, V, is definable over the field F(a). If (a,b) € Vyx, then since every
coordinate of a defines a degree 2 extension of QQ, we get that dg(Va) < 2"[F : Q.

By [25, Theorem 13.2] (uniform André-Oort) there is a finite collection . of basic
special subvarieties of Y (1)” such that for every T € .% there is a constant C > 0
(depending only on 2, V and T') such that, ifi = (i1, ..., i¢) denotes indices as in the
definition above, then for every a € C" and for every 7 € HE, if So(Va) <2'[F : Q]
and tr(7', j(t)) is a maximal special subvariety of V,, then

disc(z) < C and dq(tr(T, j(r))) <C.

We remark that by [25, Proposition 13.1], all the maximal special subvarieties of V,
are of the form tr(7', j(t)).

As explained in [25, §5.6], there are finitely many values of j(t) subject to
disc(t) < C. Therefore, there is a finite collection .#* of special subvarieties of
Y (1)" such that for every (a,b) € Vx, the maximal special subvarieties of V, are
elements of .*.

By hypothesis and the fibre-dimension theorem there is a Zariski open subset V' C
V such that for all (a, b) € V' we have

dimV Nzs'(a) = dim V — dim e (V) < dim V = n.
This means that (Va)aexc (v’ is a family of proper subvarieties of Y (1)". Therefore

the elements of .#’* corresponding to the family (Va)aer(v’) are proper special sub-
varieties of Y(1)". As V is free, the intersection

VN U CxT
Tes™*
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is contained in a proper subvariety of V. O

Remark 4.17 1If V. C C" x Y(1)" is not definable over @, then it is immediate by
Galois-theoretic reasons that V (@) cannot be Zariski dense in V. Since the elements

of Vy are all elements of V (@), then Vy is also not Zariski dense in V in this case.

Example 4.18 The condition on the dimension of the fibres in Proposition 4.16 is
necessary. For example, consider the variety V € C? x Y (1)? of dimension 3 defined
by the single equation X| = X%. It is clear that V is modularly free, dim ¢ (V) =
1 > 0, and V is defined over @

Let 7 be any element of ¥ with positive real part (of which there are infinitely
many), and observe that then 7> € H. Since 7> ¢ R and Q(r?) < Q(r), then
1 < [Q(t?) : Q] < [Q(7) : Q] = 2, thus showing that t> € X. Therefore, given any
two singular moduli b1, b € Y(1), we have that (z2, 1, by, by) € Vs. Since special
points are Zariski dense in Y(1)? and X = X% defines a curve in C2, the Zariski
closure of Vy is equal to V.

Lemma4.19 Let V C Y(1)* x Q be a parametric family of irreducible subvarieties
of Y(1)", and let d be a positive integer. Let t € (H \ X)" be a convenient tuple for j,
and suppose that V is definable over F = Q(t, J (t)). Then there is a finite collection
of j(t)-special subvarieties . such that for every q € Q with [F(q) : F] <d, if V4
is a j(t)-special subvariety, then V4 € .7

Proof Using definability of dimensions as we did in the proof of Corollary 3.15, we
may first restrict to the subfamily Q" € Q such that for all ¢ € Q' we have that Vg
is a proper subvariety of Y(1)"”. So we will assume now that V € Y(1)" x Q is a
parametric family of proper irreducible subvarieties of Y (1)".

Let T be a basic special subvariety of Y(1)", and suppose that some translate
tr(T,y) is equal to Vg, for some q € Q. Then since tr(7', y) is definable over Q(y),
then sois V. On the other hand, V is definable over F'(q), and so by [14, Lemma 7.1]
there is a positive integer d’ depending only on d and F such that if [F(q) : F] < d
and q is algebraic over Q(jj (t)), then [Q(j(t), q) : Q(j(t))] < d'. Soiftr(T,y) = Vq
and [F(q) : F] <d, then [Q(j(1),y) : Q(j(t)] < d".

By Remark 2.1 and [25, Theorem 13.2] we have that the set

B ={ceHe(j(t) U j(): [QU®),c): Q1] < d'}

is finite. Indeed, by [14, Lemma 7.1] we can find a positive integer d” depending only
ond’ and j(t) such thatif c € BN j(X), then [Q(c) : Q] < d”, and so [25, Theorem
13.2] applies. Otherwise ¢ € He,» (j(t)), and so Remark 2.1 applies directly.

This shows that, for a given basic special variety T, there are only finitely many
tuples y which satisfy the following three conditions

(1) tr(T,y) is a j(t)-special subvariety,
(ii) tr(T,y) = V4 for some q € Q, and
(iii) [F(q): F]<d.
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We also have that when tr(7',y) = Vjq,
dim Vg Ntr(T,y) > dim Vg + tr(T,y) — n,

so the intersection is atypical. By [1, Thoerem 4.2] there is a finite collection . of
basic special subvarieties such that for every q € Q, every maximal j(t)-atypical
component of Vj is a translate of some 7" € .. This finishes the proof. O

A straightforward adaptation of the proof of Proposition 4.16 gives now the fol-
lowing.

Proposition 4.20 Suppose that t1,...,t,, € H\ X define a convenient tuple for j,
and set F := Q(t, J(t)). Let V. C C" x Y(1)" be an irreducible variety which is
modularly free and defined over F. Suppose that the dimension of the generic fibre of
e [y is less than n. Then the set

Ver = {(a, j(B)) : dimg(a| X Ut) = dimg(B|X Ut) = 0}

is not Zariski dense in V.

4.6 Results which do not require MZP

In this subsection we review some cases of Theorem 1.1 which do not depend on MZP.
We recall that the case n = 1 (i.e. plane curves) was proven in [14, Theorem 1.2], and
does not rely on MZP. We will show that the same is true for n = 2. First we need the
following lemma.

Lemma4.21 Let V C C x Y(1) be a free irreducible curve. Let t1, . o lm € H be a
convenient tuple for j and set F = Q(t, J(t)). If V is definable over F, then MSCD
implies that the set

A(V):={(z.j(@) eV :j) e F}

is not Zariski dense in V.

Proof By freeness and irreducibility of V we have that dim 7y (V) = 1, and so the
standard fibres of the restriction wy [y have dimension 0, so there is a non-empty
Zariski open subset U C V such that if (z, j(z)) € U N A(V), thenz € F.
Similarly we have that dimw¢c (V) = 1. Let d € N be the degree of the restriction
e [v. Suppose (z, j(z)) e UNA(V), thenas z € F,Lemma 4.8 implies that z is in
the same G-orbit of some element of ¥ U t. Using Proposition 4.16 we can shrink U
if necessary, and so without loss of generality we may assume that z ¢ X, therefore
it must be that z is in the G-orbit of some element of t. This implies that z € F, and
so we get that [F(j(z)) : F] < d. Since j(z) is modularly dependent over j(t), this
means that there are only finitely many possible values for j(z) by Remark 2.1. This
finishes the proof. O
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Theorem 4.22 Let V C C? x Y(1)? be a broad and free variety. If V satisfies (EC),
then MSCD implies that V satisfies (SEC).

Proof By Proposition 4.4 we may assume that dim V = 2. Lett;,...,t, € H\ X be
a convenient tuple for j, set F = Q(t, J(t)), and assume that V is definable over F.

By the fibre-dimension theorem, Proposition 4.20 and Lemma 4.21 we can first find
a non-empty Zariski open subset U C V satisfying the following three conditions:

(a) Ifi = (1) or (2), then forall (a, b) € Prj(U) we have that dim Pri_l((a, h)NV =
dim V — dim Prj(V).

(b) If (z1, 22, j(z1), j(z2)) € UﬂEf,then thereisi € {1, 2} suchthatz; ¢ ¥ UGt.

(c) Ifi = (1) or (2) and dim Prj(V) = 1, then for all (z1, z2, j(z1), j(z2)) € UﬁE?

we have that pr;(j(z1), j(z2)) ¢ F.

Claim 4.23 The set
AWy = {12, i@, j@) € VNED: j) € For j(z) € F

is not Zariski dense in V.

Proof Proceed by contradiction, so suppose that A(V') is Zariski dense in V. Then for
some i € {1, 2} we have that the subset

A (V) = {(z1,22, j(z1), j(z2)) € A(V) : j(zi) € F)

is also Zariski dense in V. Without loss of generality, we assume that A, (V') is Zariski
densein V. Then we can choose (z1, 22, j(z1), j(z2)) € UNA2(V). Also, since A2(V)
is Zariski dense in V, then Pi(2)(A2(V)) is Zariski dense in Pr(2) (V). By broadness of
V we know that dim Pr(2)(V) > 1, and using condition (c) in the definition of U we
conclude that dim Pr()(V) = 2. Thus generic fibres of the restriction Pr() [v have
dimension 0.

By condition (b) in the definition of U, we have that either z; ¢ ¥ U Gt or
z2 ¢ X U Gt (or both). We now show that both cases imply that z; is transcendental
over F. If zo ¢ X U Gt, then by Lemma 4.8 we get that tr.deg.p F(z2, j(z2)) > 1,
and since we are assuming that j(zo) € F, we conclude that zo ¢ F. On the other
hand, if 71 ¢ ¥ U Gt, then by Lemma 4.8 (which assumes MSCD) we get that
tr.deg.» F(z1, j(z1)) > 1. By condition (a) in the definition of U, we know that the
fibre in V above (z2, j(z2)) has dimension 0, and so tr.deg. » F (z2, j(z2)) # 0, which
as before gives that z, ¢ F.

We will now show that we can reduce to the case where both z; and z; are transcen-
dental over F'. For this we will separate into cases depending on the value of dim ¢ (V)
(whichis atleast 1, by freeness). We first consider the case dim r¢c (V) = 1. By the free-
ness of V there is a Zariski open subset O C ¢ (V) such that for every (x1, x2) € O
we have that if x, ¢ F, then x; ¢ F. Therefore, we may shrink U if necessary to
ensure that both z1, 7o ¢ F.
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Now suppose that dim ¢ (V) = 2 = dim V (the following paragraph is just an
adapation of an argument present in the proof of [14, Proposition 7.4]). We may then
shrink U so that for all (x1, x2, y1, y2) € U we have that (see e.g. the definition of
triangular varieties in [14, §5])

tr.deg. p F(x1, x2, y1, y2) = tr.deg. p F (x1, x2).
By Lemma 4.8 we get that
tr.deg. p F (21, 22) = tr.deg. p F (21, 22, j(21), j(22)) = dimg(z1, 22| 2, ©).
From this we deduce that
tr.deg. » F(z1, 22) = dimg (21, 22| 2, t).

If z; € F, then this equality implies that z; € ¥ U Gt. There is a positive integer d1,
which depends only on the equations defining V/, such that for all (x1, x2, y1, y2) € U
we have [F(x1,x2,y1) @ F(x1,x2)] < dj. Then in particular [F(z1, z2, j(z1)) :
F(z1,z2)] < d;,butsince z is transcendental over F,we get[F' (z1, j(z1)) : F(z1)] <
di. We can now find another positive integer D1 depending only on V and F such that,
if z; € X, then [Q(z1, j(z1)) : Q(z1)] < D; (observe that F N @is a number field).
On the other hand, if z; € Gt, let us say that z € Gt;, then F N Q(#;, j(¢;)) is a finite
extension of Q(#;, j(#)). So, similarly as to the case z; € ¥, we get a positive integer
D, depending only on V and F such that, z; € Gt; for some i € {1,,...,m}, then
[Q(z1, ti, j(z1), j () : Qz1, 1, j(t;))] < D,. In either case, we may use Remark
2.1 and [14, Lemma 2.1] to conclude that there are only finitely many possible values
for j(z1). By shrinking U, we may avoid these values.

So from now on, we assume that z1, 7o ¢ F. Since Jj(z2) € F and V is free, then
(z1, z2, j(z1), j(z2)) is not generic in V over F. By Lemma 4.8 we have that

2=dimV > tr.deg.,F(z1, 22, j(z1), j(z2)) = dimg(z1, 22| 2, 1),

so we must have that z; € G - 2. Let d € N be the degree of the restriction Proy [y,
then

[F(z1, 22, j(z1), j(22)) : F(z2, j(z2))] = d.
Since z1 € G - 72 and z» is transcendental over F, then by [14, Lemma 7.1]

[F(z1, 22, j(z1), j(22)) © F(z2, j(22))] = [F (22, j(21), j(22)) : F(j(22))]

=[F(j(z1), j(z2) : F(j(z2))]
<d.

By Remark 2.1 we conclude that there are only finitely many modular poly-
nomials ®i,..., Py such that if (z1,22,j(z1),j(z2)) € U N Ay(V), then
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]_[,1:;1 ®r(j(z1), j(z2)) = 0. Since V is free, we may shrink U to avoid these finitely
many modular polynomials, while still preserving Zariski openness. This contradicts
the density of A(V). O

By the Claim and (EC) we can find (z1, 22, j(z1), j(z2)) € U satisfying
j(z1), j(zo) ¢ F are Zariski dense in V. By Remark 4.14, this finishes the
proof. O

In higher dimensions, inspired by the results in [11], we get the following theorem.

Theorem 4.24 Let V C C" x Y(1)" be variety such that V projects dominantly both
to C" and Y(1)". Then MSCD implies that V has (SEC).

Proof The proof below is a small adaptation of the one given in [11]. The domination
conditions on V imply that V is free, broad and satisfies (EC) (by Theorem 3.3). By
(the proof of) Proposition 4.4, it suffices to consider the case where dim V = n.

We keep the notation used earlier, so K, t and F are as in §4.3. Using the fibre
dimension theorem, let V* be the Zariski open subset of V such that for all (x,y) € V
we have that

tr.deg.p F(x,y) = tr.deg. p F(y) = tr.deg. p F(X).
Take (z, j(z)) € Vp and assume that
tr.deg.p F(z, j(z)) <n.

Then by MSCD we know that dimg(z| X, t) < n, and so we can choose a Mobius
variety M C C” defined over Q(t), and a proper j (t)-special subvariety 7' of Y (1)"
such that (z, j(z)) e M x T anddim M = dim T = dimg (z| X, t).

As usual, consider the definable family (V,)4eco of Example 3.12 and let Vyy :=
VN (M xY(1)"). Observe that by MSCD and the double domination assumption we
get

tr.deg.p F(z, j(z)) = tr.deg.p F(j(z)) = tr.deg. F(j(z)) = dimg(z| 2, t). (4.7)

As (z, j(z)) € Vi, then dim Vy; > dim M.

By (4.7), T is in fact the F-Zariski closure of j(z). So T is contained in the
irreducible component of Zariski closure of 7wy (V)s) containing j(z).

Similarly, (4.7) shows that M is the F-Zariski closure of z. So M is contained
in the irreducible component of the Zariski closure of 7¢(V)ys) containing z. But by
definition of Vj; we also have that ¢ (V) must be contained in M, so M is in fact
the Zariski closure of w¢ (V). Since z is generic in M over F, it is also generic
in ¢ (Vy), so by the fibre dimension theorem the dimension of Vy; N 7w ! (z) must
be equal to dim Vj; — dim n(al (Var). By hypothesis dim n(El(z) =0,sodim Vy =
ne! (Vi) = dim M.

This shows that dim 7y (Vy) < dim M = dim T, and as we already showed that
T is contained in 7y (Vyy), then dim 7c(Vys) = dim T, and T must be equal to the
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irreducible component of Zariski closure of wy(Vy) containing j(z). As V is free,
then dim Vy; < dimV = n, so

dimzy(Vy)NT =dim T > dimwy(Vy) +dim T — n.

This shows that T is a j(t)-atypical component of my(Vy) N T. As V is free and
satisfies (EC), to complete the proof it suffices to show that there are only finitely
many possible options for 7.

Consider the parametric family {U;};¢; of the Zariski closures of irreducible com-
ponents of the members of (ny(Vq))q o’ Let d be a positive integer so that for every
q € Q which is defined over Q(j(t)), we have that the irreducible components of
7y (V) are defined over a field L satisfying [L : F] < d. Then there is an integer
d’, which only depends on d and the family {U;};; with the following property: for
every j(t)-special subvariety S of Y(1)", if S equals U;, where U; is an irreducible
component of some 7y (Vq) with q € Q definable over Q(jj(t)), then for any value c
of a constant coordinate of § we have that

[QU®), j(E),0): QG®), j(EN] =d.

So by Lemma 4.19 this shows that there are only finitely many possible values that
can appear as constant coordinates in S. Therefore there are only finitely many options
for T. O

Remark 4.25 We observe that one can also get a notion of “convenient tuples for exp”
in analogy to our notion of convenient tuples for j (see [5, §5.2]). Using this, one
can then strengthen the main result of [11] by removing the requirement of V being
definable over Q, and instead allowing any finitely generated field of definition like
we have done in Theorem 4.24.

In [14] it was shown that despite the fact that the composition of j with itself is not
defined on all of HI, we are still able to find solutions to certain equations involving
the iterates of j. More precisely, given a positive integer n we define inductively

Jri=Jj and  juy1:=jo j.
The domains of these iterates are defined as
Hy:=H and H,4;:={zeH,: j() € H},
so that the natural domain of j, is Hj,.
If perhaps unnatural at first, the motivation behind the results of [14] concerning
iterates of j was to show that there is some ground to stand on if one wants to consider
a dynamical system using j. While there is a lot of work on the dynamical aspects of

meromorphic functions on C, the same is not true about holomorphic functions whose
natural domain is (under the Riemann mapping theorem) the unit disc.
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The following result is a generalisation of [14, Theorem 1.4], and in particular,
it shows that (under MSCD) for every positive integer n there is z € H, satisfying
Z = jn(z) and

tr'deg‘QQ(Zv j(z)’ j2(Z)» LRI jn—l (Z)) =n.
Corollary 4.26 Let Z  C"*! be anirreducible hypersurface defined by an irreducible
polynomial p € C[X, Y1, ..., Y,] satisfying g—)’;, ;7":1 % 0. Then MSCD implies that
for every every finitely generated field K over which Z can be defined, there is z € H,
such that (z, j(2), j2(2), ..., ju(2)) is generic in Z over K.

Proof As explained in [14, §8], finding a point of the form (z, j(z), j2(2), ..., ju(2))
in Z can be done by finding points in V N E;’ where V. C C" x Y(1)" is defined as

Xo= Y

X3= Y
V= :

Xy =Y,

p(le-"anv Yn) =

Under the conditions ;71”" # 0 and g—§ # 0 we have that dim ¢ (V) = dimzy(V) =
n. So by Theorem 4.24 we get that V has a point (z, j(z)) which is generic over K.
Since z2 = j(z1), .-, 2n = j(zn—1), then we also obtain a point in Z of the desired
form which is generic over K. O

5 Unconditional results

One would like to find varieties V € C" x Y(1)" having generic points in the graph
of the j-function without having to rely on MSCD or MZP. As we mentioned in the
introduction, a few unconditional results have already been obtained: see [5, Theorem
1.1 and §6.2].

Definition A broad algebraic variety V' C C" x Y (1)" is said to have no Cj-factors if
for every choice of indices 1 <ij < ... < iy < n we have that either dim Pr;(V) > k,
or dim Prj(V) = k and Pr;j(V) is not definable over C;.

In particular, if V. € C" x Y(1)" is an irreducible variety of dimension n with no
Cj-factors, then V is not definable over C;.

The condition of having no C;-factors aims at giving a precise notion of what it
would mean for a variety to be sufficiently generic with respect to the j-function. In
particular, if (V,)4ep is an algebraic family of free and broad subvarieties of C" x
Y (1)" such that for every choice of indices 1 < i; < ... < iy < n we have that the
family of projections (Prj(V;))4e0 is either generically of dimension larger than & or
non-constant in g, then this family contains varieties with no Cj-factors (because C;
is countable).
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It should be observed that the condition of having no C-factors is stronger than
simply saying that V is not defined over C;. Indeed, we cannot expect to prove Theorem
1.2 unconditionally under this weaker assumption. For example, suppose that V1, Vo C
C x Y(1) are two different free plane curves, with V| defined over C; and V; not
definable over C;. Then the variety V = Vi x Vo C C? x Y(1)? can be easily
checked to be free, broad, and not definable over C;. If somehow we could prove
Theorem 1.2 for this V, then in particular we would have proven Theorem 1.1 for V;
unconditionally, thus eliminating the need for MSCD.

5.1 Proof of Theorem 1.2

The proof is inspired by [8, Proposition 11.5]. We will set up very similar notation to
the one used in §4.3. Let V. C C" x Y(1)" be a broad and free variety. Let K C C be
a finitely generated subfield such that V is defined over K. Let t1, ..., 1, € H\ C;
be given by Theorem 4.11 applied to K. We assume that dimg (t|C;) = m.

Choose (x,y) € V generic over C;(t, j(t)) (which is possible since C;(t, j(t)) is
a countable field). By the freeness of V and Lemma 4.1 we know that no coordinate
of (x,y) is in Cj(t, j(t)). Let W € C"™ x Y(1)"*™ be the C;-Zariski closure of
the point (x, t,y, j(t)).

Lemma 5.1 W is broad, free and dim W = dimV + m + dim/ (t). Furthermore, if
dim/ (t) > O, then W is strongly broad.

Proof The calculation of the dimension of W is done in the same way as in Lemma
4.13.

As V is free, then the coordinates of x are all in distinct G-orbits and the coordinates
of y are modularly independent. On the other hand, as (x, y) is generic over C; (t, j(t)),
then the coordinates of x define different G-orbits than the coordinates of t. Similarly,
every coordinates of y is modularly independent from every coordinate of j(t). Since
W is defined over C;, then W cannot have constant coordinates as every coordinate
of (x,t,y, j(t)) is transcendental over C;. By construction of t, the coordinates of t
are all in distinct G-orbits which implies that the coordinates of j(t) are modularly
independent. Therefore W is free.

Choosel <ij <---<ip<n<ky <---<kg <n+mand set

1,K) = (1, ... ie ks o k).

Write

Pri(x, t,y, j(t) = (xi, t, yi, j(t)).
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Observe that Pr i) (W) is defined over C;, and since (x, t, y, j(t)) is (by construction)
generic in W over Cj, then by Proposition 4.7 we get

dim Prj(W) = tr.deg.c, C; (X, tk. Vi, j (t))
= tr.deg.c, Cj(t, j(tk)) + tr.deg.c; . ;) Cj (Xi» . Vi J (t))

> dimg (t|C;) + dim’ (t) + dim Pri(V)
>s+ 4.

Therefore W is broad. From the last inequality we also get that if dim/(t) > 0, then
W is strongly broad. O

Proof of Theorem 1.2 By Proposition 4.4 we will assume that dim V' = n. We then
know that V is not definable over C;, so V(C}) is contained in a proper subvariety of
V. In particular, there is a Zariski open subset Vy C V such thatif (z, j(z)) € VoNE",

then some of the coordinates of j(z) are notin C;. Also, K ¢ Cj, so dim/ (t) > 1.

The case n = 1 was proven in [5, Theorem 1.1], so now we assume that n > 1.
Consider the parametric family of subvarieties (Wq)qep of W defined in Example
3.12 and let . be the finite collection of special subvarieties of Y(1)"*™ given by
Theorem 3.20 applied to this family. Let N be the integer given by Proposition 3.16
applied to (Wg)qeo-

Let Wy € W be a Zariski open subset defined over C; such that the points (a, b)
of W) satisfy all of the following conditions:

(a) The point b does not lie in any 7' € .. As W is free, this condition defines a
Zariski open subset of W.

(b) The coordinate of b do not satisfy any of the modular relations @1, ..., Dy. As
W is free, this condition defines a Zariski open subset of W.
(c) Forevery 1 <ij <--- <iy <n,and lettingi= (i, ..., ig), we have that

dim (W NPl ((a, b))) — dim W — dim Prj(W).

By the fibre-dimension theorem and the fact there are only finitely many tuples
i to consider, this defines a Zariski open subset of W.

By the construction of W, there is a Zariski opens subset V1 € V such that if (x, y) is
any point of Vp, then (x, t,y, j(t)) is a point in Wj.

Choose (z, j(z)) € Vo N Vy, so that (z,t, j(z), j(t)) € Wy. We will show
that dimg(z, t|C;) = n + m. For this we proceed by contradiction, so suppose
that dimg (z, t|Cj) < n + m. Let T be the weakly special subvariety of Y (1)"*"
of minimal dimension defined over C; for which (j(z), j(t)) € T. Observe that
dim(T) = dimg(z, t|C}).

Let M C C"™™ be a subvariety of minimal dimension defined by Mobius relations
defined over QQ and/or setting some coordinates to be a constant in C; satisfying
(z,t) € M. Then W N (M x Y(1)"*™) is an element of the family (Wq)qeo- call it
Wy We remark that Wy, is defined over C;.
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Now let X be the irreducible component of Wy, N (C*"*" x T) containing
(z,t, j(z), j(t)). Observe that X is defined over C;. Then by Proposition 4.7 we
get

dim X > tr.deg.cj Cj(z,t, j(z), j(t) > dimg(z, t|C;) + dim/ (zU t). 5.1
On the other hand, as W is free, then dim Wjy; < dim W, so using Lemma 5.1 we have

dim Wy + dim C""" x T —dim C*™ x Y(1)"™ < dim W +dimT —n —m
= dim/(t) + dim T
= dim/ (t) + dimg(z, t|C})
< dim X.
5.2)
This shows that X is an atypical component of Wy, N (C" T x T) in C"" x Y (1)" "™,
If 7y (X) has no constant coordinates, then there exists 7y € . such that X C
Wy N (C" x Tp). However, this would contradict condition (a) in the definition of
Wo.

So my(X) has some constant coordinates. Then, as X is defined over C;, those
constant coordinates must be given by elements of C;. Since no element of j(t) is in
C;, the constant coordinates of 7y (X) must be found among the coordinates of j(z).
Let1 <i; < --- < iy < n denote all the coordinates of j(z) which are in C;. Since
(z, j(z)) € Vp, then £ < n.

By Proposition 3.16 we know that there is a weakly special subvariety Ty C
Y (1)"*™ such that A,(Tp) < N, X € C""" x Ty, and

dim X < dim Wy; N (C"™ x Ty) +dim T N Ty — dim Tp. (5.3)

By condition (b) in the definition of Wy we know that A(7p) = 0, which means that
Tpy is completely defined by setting certain coordinates to be constant. As the constant
coordinates of y (X) are in C}, then Tj is defined over C;, and dim Ty > n +m — £.
But T is, by definition, the smallest weakly special subvariety of Y (1) which is
defined over C; and contains the point (j(z), j(t)). So T N Tp = T. Combining (5.1)
and (5.3) we get

dim’ (t) + dim Ty < dim Wy, N (C"" x Tp). (5.4)
Set ® := WNPr, ! (Pri(z, t, j(z,t))). By the fibre dimension theorem, condition
(c) of the definition of W and the fact that W is strongly broad (Lemma 5.1) we know

that
dim ® < dim W — dim Pry(W) < n + m + dim/ (t) — ¢. (5.5)

Observe that Wy, N (C" x Ty) = WN (M x Tp) € O, so combining (5.4) and (5.5)
gives

dmTy <n+m—4¢

which is a contradiction.
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We deduce from this that dimg(z, t|C;) = n +m. By [5, Lemma 5.2] this implies
that (z, j(z)) is generic in V over C;(t, j(t)). O

With this we can get the following “generic” version of Corollary 4.26.

Corollary 5.2 Let Z  C"*! be an irreducible hypersurface defined by an irreducible
polynomial p € C[X,Y,...,Y,] satisfying 3—3"(, 38711 # 0. Suppose that Z is not
definable over Cj. Then for every every finitely generated field K over which Z can
be defined, there is z € H,, such that (z, j(2), j2(2), ..., ju(2)) is generic in Z over
K.

Proof Proceed just like in the proof of Corollary 4.26. As we are assuming that Z is not

definable over C, this will imply that the corresponding variety V' has no C ;-factors,
and so Theorem 1.2 applies. O

5.2 Proof of Theorem 1.3
The proof of Theorem 1.3 is done by a straightforward repetition of the proof of

Theorem 1.2, and taking into consideration the comments in §4.4, which manifest in
the proof of Theorem 1.3 as follows.

(a) Proposition 4.7 takes the following form: for every gi,...,g, € G and every
215 .., 2n € H" we have

tr.deg.cj Cj(Zl, o Zny j(ngl)’ ey j(gnzn))

> dimg(z1, ..., 2,1Cj) + dimj(Zl, cesZn)e
(b) Wecanuse[S5, Corollary 5.4] to obtain the following:if 7y, .. ., t,, € H\C; satisfies
tr.deg.cj Cj(t, J (b)) = 3dimg(t|C;) + dim/ (t)

(the existence of such tuples is guaranteed by Theorem 4.11), then setting F :=
C;(t, j(t)) we have that forall zy,...,z, € Handall g, ..., g, € G:

tI‘.ng.FF(Zl, ces Zns J(g121)5 - o5 J(8nzn)) = dimG(Z|Cj ut) + dimj(Z|t)-

(c) Theorem 3.20 still applies as stated.

6 Results with derivatives

As explained in [6] and [3] (among other sources), in conjunction with the EC problem
for j, one should also consider the EC problem for j and its derivatives. In this section
we will explain how the methods we have used can be adapted to study the strong EC
problem for j and its derivatives.
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6.1 Definitions

We start by setting up some notation. Define Yo(1) := Y(1) x C?. Let E} =
{(z, J(z)) :ze H'} CC" x Yo (1)".

Let n, £ be positive integers with £ < n andi = (i1, ..., i) in Nf with 1 < ij <
... <ig <n.Define PRj : C" x Yo(1)" — C* x Y,(1)¢ by

PR; : (X, Y0, ¥1,¥2) > (prj(x), pri(yo), pri(¥1), prj(y2))-

We will abuse slightly some notation we have already introduced define the maps
e @ C" x Yo(1)" — C" and iy : C" x Yo(1)" — Y(1)" as the coordinate
projections. Notice that 7y still maps onto Y (1)”, not to Y, (1)". These projections
will be used in a very similar way as to how ¢ and ry have been used in the previous
sections, which is why we have decided to keep the names.

Definition An algebraic set V. C C" x Y,(1)" is said to be J-broad if for any i =
(i1, ..., 1p) inNfwithl <ij <...<i; < n we have dim PR;j (V) > 3¢. In particular,
if V is J-broad then dim V > 3n.

We say V is strongly J-broad if the strict inequality dim PR;(V) > 3¢ holds for
every i.

Definition A subvariety T C Y, (1)" is called a special subvariety of Y,(1)" if there
i_s a Mobius subvariety M C C" defined over Q such that 7T is the Zariski closure over

Q of the set J(M N H"). We will say that T is weakly special if there is a Mobius
subvariety M C C”" such that T is the Zariski closure over C of the set J(M N H").

Definition We will say that an irreducible constructible set V. C C" x Y, (1)" is J-free
if no coordinate of V is constant, and V is not contained in any subvariety of the form
M x Y2(1)" or C" x T, where M C C" is a proper Mobius subvariety defined over
Q, and T C Y(1)" is a proper special subvariety.

A constructible subset V. C C" x Y(1)" is J-free if every irreducible component
of V is free.

Definition We say that an algebraic variety V € C" x Y, (1)" satisfies the Existential
Closedness condition for J, or (EC),, if the set V N E’J’ is Zariski dense in V.

We say that V satisfies the Strong Existential Closedness condition for J, or (SEC) ;,
if for every finitely generated field K C C over which V can be defined, there exists
(z, J(z)) € V such that (z, J(z)) is generic in V over K.

Conjecture 6.1 For every positive integer n, every algebraic variety V.C C" x Yo (1)"
which is J-broad and J-free, if V. N (H" x Yo(1)"*) is Zariski dense in V, then V
satisfies (EC) ;. Even more, such V satisfy (SEC) ;.

As explained in [2, §5.2], Conjecture 6.1 can be reduced to the case where dim V =
3n by doing an obvious adaptation of Proposition 4.4.

Before continuing to the results with derivatives, in the next few sections we will
go over the key ingredients that we need.

@ Springer



Generic solutions of equations involving...

6.2 Convenient tuples forJ

We could start this section by giving a natural definition of convenient generators for
J, following what we did in §4.2. However this definition would be exactly the same
as the definition of convenient generators for j. To see this we recall that [4, Theorem
1.2] and the results in [5, §5] already include the derivatives of j. This is manifested
in the fact that the various inequalities for j we showed in §4.2 were all proven by
first proving the statement with derivatives. So we already have all the transcendence
inequalities we need.

6.3 Weak Zilber-Pink with derivatives

Here we recall one of the main results of [3].

Definition Given a special subvariety S of Y, (1)" and a special subvariety 7 of Y(1)”,
we say that S is associated with T if iy (S) = T.

Definition Let V be an algebraic subvariety of Y, (1)". An atypical component of V
is an irreducible component X of the intersection between V and a special subvariety
T of Y,(1)" such that

dimX >dimV +dim 7T — 3n.

Furthermore, we say that X is a strongly atypical component of V if X is an atypical
component of V and no coordinate is constant on 7y (X).

For the definition of upper triangular D-special subvariety used in the following
theorem, see [3, §6.1]. In particular, we can choose S = Y (1)".

Theorem 6.2 (Uniform weak MZP with derivatives, see [3, Theorem 7.9]) Let S be an
upper-triangular D-special subvariety of Y2(1)". Given a parametric family (Vq)qeo
of algebraic subvarieties of Yo(1)", there is a finite collection .# of proper special
subvarieties of Y(1)" such that for every q € Q we have that for every strongly
atypical component X of V there is a special subvariety S of Yo(1)" such that X € S
and y (S) = T for some T € ..

Theorem 6.3 Given a parametric family (Uq)qep of constructible subsets of C" x
Y, (1), there is a finite collection ¥ of of proper special subvarieties of Y (1)" such
that for every q € Q we have that for every strongly atypical component X of Vy there
is a special subvariety S of Y2(1)" such that X C C" x S and wy(S) = T for some
Tes.

We can now go through the same sequence of steps as in §3.4 to obtain the following
analogue of Proposition 3.16.

Proposition 6.4 Given a parametric family (Uq)qeo of constructible subsets of C" x
Yo (1)", there is a positive integer N such that for every q € Q, for every weakly
special subvariety S C Y2(1)" and for every atypical component X of Uqg N (C" x §),
there is a proper weakly special subvariety Sy C Y2 (1)" with Ap(ry(So)) < N such
that X C C" x Sp.
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6.4 Main result
Here we present and prove an analogue of Theorem 1.2 which includes derivatives.

Definition Let L be an algebraically closed subfield of C. A J-broad algebraic variety
V € C" x Ya(1)" is said to have no L-factors if for every choice of indices 1 < i} <

. < ix < n we have that either dim PRj(V) > 3k, or dim PR;(V) = 3k and PR;(V)
is not definable over L.

Theorem 6.5 Let V C C" x Yo(1)" be a J-broad and J-free variety with no C;-
factors satisfying (EC) ;. Then for every finitely generated field K over which V can
be defined, there exists z € H" such that (z, J(z)) € V is generic over K.

We will set up very similar notation to the one used in §4.3. Let V. C C" x Y, (1)"
be a J-broad and J-free variety with no C;-factors. Let K C C be a finitely generated
subfield such that V' is defined over K. Let 11, ..., #,, € H\C; be given by Theorem
4.11 applied to K. By Lemma 4.6, we also assume that dimg (t|C;) = m.

Choose (x, Yo, y1,¥2) € V generic over Cj(t, J(t)). Let W € C"*™ x Y,(1)"*+"
be the Cj-Zariski closure of the point (x, t, yo, y1, y2, J (t)).

Lemma6.6 W is J-broad, J-free and dim W = 3dim V + 3 m + dim/ (t). Further-
more, if dim/ (t) > O, then W is strongly J-broad.

Proof Repeat the proof of Lemma 5.1. O

Proof of Theorem 6.5 We assume that dim V = 3n. We then know that V is not defin-
able over C, so V(C}) is contained in a proper subvariety of V. In particular, there is
a Zariski open subset Vy € V such thatif (z, j(z)) € Vy, then some of the coordinates
of j(z) are notin C;. Also, in this case K ¢ C; so dim/ (t) > 1.

Consider the parametric family of subvarieties (Wgq)qep of W such that for every
q € Q there is a Mobius subvariety Mq € C" such that Wy := W N (Mg X Y, (1)?).
Let .# be the finite collection of special subvarieties of Y,(1)"™" given by Theorem
6.3. Let N be given by Proposition 6.4 applied to (Wg)qeo-

Let Wo € W be a Zariski open subset defined over C; such that the points
(a, bo, by, by) of Wy satisfy all of the following conditions:

(a) The point by does not lie in any 7' € .. As W is free, this condition defines a
Zariski open subset of W.

(b) The coordinate of by do not satisfy any of the modular relations ®1, ..., ®y. As
W is free, this condition defines a Zariski open subset of W.
(c) Forevery 1 <ij <--- <iy <n,and lettingi= (i, ..., i¢), we have that

dim (W (PR} ((a, bo, by, b2))) = dim W — dim PRi(W).

By the fibre-dimension theorem and the fact there are only finitely many tuples i
to consider, this defines a Zariski open subset of W.
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By the construction of W, there is a Zariski open subset Vi < V such that if
(X, Y0, ¥1, Y2) is any point of Vi, then (X, t, yo, ¥1, Y2, J (t)) is a point in Wj.

Choose (z, J(z)) € Vo N Vi, so that (z,t, J(z), J(t)) € Wy. We will show
that dimg(z, t|C;) = n + m. For this we proceed by contradiction, so suppose
that dimg (z, t|C;) < n + m. Let S be the weakly special subvariety of Y, (1)
of minimal dimension defined over C; for which (J(z), J(t)) € T. Observe that
dim(T) = 3dimg(z, t|C}).

Let M C C** be the Mobius subvariety of smallest dimension defined by Mobius
relation over Q and/or setting some coordinates to be a constant in C;, which satisfies
(z,t) € M. Then W N (M x Y,(1)*™") is an element of the family (Wq)qeo- call it
War. We remark that Wy is defined over C;.

Now let X be the irreducible component of Wy N (C**" x §) containing
(z,t, J(z), J(t)). Observe that X is defined over C;. Then by Proposition 4.7 we
get

dim X > tr.deg.cj Cj(z,t,J(z), J(1)) > 3dimg(z, t|C;) + dim/ (z,t). 6.1)
On the other hand, as W is free, then dim Wy; < dim W, so using Lemma 5.1 we have

dim Wy +dim C"" x § —dim C"™" x Yo(1)"™ < dim W +dimT —n —m

= dim/(t) + dim §

= dim/ (t) + 3dimg(z, t|C;)

< dim X.

(6.2)

This shows that X is an atypical component of Wy, N(C* ™ x §) in C"™ x Y, (1),
If 7y (X) has no constant coordinates, then by 6.3 there exists a special subvariety
S C Y1) and Ty € . such that X € Wy N (C" x S) and 7y (S) = Tp.
However, this would contradict condition (a) in the definition of Wj.

So my(X) has some constant coordinates. Then, as X is defined over C;, those
constant coordinates must be given by elements of C;. Since no element of J(t) is
in C; (by Lemma 4.6), the constant coordinates of 7y (X) must be found among the
coordinates of J(z). Let 1 < i; < --- < iy < n denote all the coordinates of j(z)
whichare in C;. Recall that by Lemma 4.6, if some coordinate of (z, j(z), j'(z), j”(z))
isin Cj, then they all are. Since (z, J(z)) € Vj, then £ < n. We also remark that at
this point we have already proven the theorem for the case n = 1.

By Proposition 3.16 we know that there is a weakly special subvariety Sy C
Y2 (1) such that A, (ry(Sp)) < N, X € C"™ x Sy, and

dim X < dim Wy N (C"7 x So) +dim T N Sy — dim Sp. (6.3)

By condition (b) in the definition of Wy we know that A (my(Sp)) = 0, which
means that 7wy (Sp) is completely defined by setting certain coordinates to be constant.
As the constant coordinates of 7y (X) are in Cj, then Sy is defined over C;, and
dim Sy > 3(n + m — £) (again by Lemma 4.6). But S is, by definition, the smallest
weakly special subvariety of Y»(1)"*" which is defined over C; and contains the
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point (J(z), J(t)). So S N Sy = S. Combining (6.1) and (6.3) we get
dim/ (t) 4+ dim So < dim Wy, N (C"T™ x Sp). (6.4)

Set ® := WNPR; ! (PRj(z, t, j(z, t))). By the fibre dimension theorem, condition
(c) of the definition of Wy and the fact that W is strongly broad (Lemma 6.6) we know
that

dim® < dim W — dim PR;(W) < 3(n +m — ). (6.5)

Observe that Wy, N (C" x Sp) = WN (M x Sp) C O, so combining (6.4) and (6.5)
gives

dim So <3(n+m —20)

which is a contradiction.
We deduce from this that dimg(z, t|C;) = 3(n + m). By [5, Lemma 5.2] this
implies that (z, J(z)) is generic in V over C;(t, J(t)). O

We have not added here an analogue of Theorem 1.3 including derivatives because
[6, Theorem 1.8], which is the available result on EC for the blurring of J, requires one
to use a group larger than G to define the blurring. So the result we can obtain would
not be as close an approximation to Conjecture 6.1 as Theorem 1.3 is to Conjecture
4.2.
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