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1 | INTRODUCTION

The following table depicts the beautiful analogy between classical Galois theory and differential
Galois theory over the rational function field C(x). An excellent introduction to these topics can
be found in [19].

Classical Galois theory Differential Galois theory
1 Univariate polynomials over C(x) Linear differential equations over C(x)
2 Galois extension of C(x) and their Galois groups Picard-Vessiot extensions of C(x) and
their differential Galois groups

3 A finite Galois extensions L of C(x) corresponds to a Schlesinger’s density theorem: Let S be a
ramified cover p : X — P!(C). If S is the finite set of finite subset of P!(C) and x,, € C not in
ramification points and x, € C isnot in S, then the S. The differential Galois group of a
Galois group of L/C(x) can be identified with the regular singular linear differential
image of 77; (P'(C) \ S, x,) under its action on equation with singularities in S can be
pH(xp). identified with the Zariski closure of

the image of 77; (P1(C) \ S, x,) under its
action on the local solution space at x,,.

(Continues)
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Classical Galois theory Differential Galois theory
4 For x, € C and S a finite subset of P}(C) not containing  For x, € C and S a finite subset of P}(C)
X,, the Galois G group of the maximal algebraic not containing x,, the differential
extension of C(x) with ramification inside S is the Galois group G of the family of all
profinite completion of 7z, (P}(C) \ S, x,), that is, G is regular singular differential
the free profinite group on a set of cardinality |S| — 1. equations with singularities inside S is

the proalgebraic completion of
m,(PY(C)\ S, x,), that is, G is the free
proalgebraic group on a set of
cardinality |S| — 1.

5 Douady’s Theorem: The absolute Galois group of C(x) ?
is the free profinite group on a set of cardinality |C]|.

The main goal of this article is to fill in the above question mark. On the face of it, it may seem
that the appropriate differential analog of Douady’s theorem is “The absolute differential Galois
group of C(x) is the free proalgebraic group on a set of cardinality |C|.” This is, in fact, a true state-
ment [2]. However, Douady arrived at 5via 3 and 4. In this sense, an appropriate differential analog
of Douady’s theorem should only be concerned with regular singular differential equations. Our
main result is the following differential analog of Douady’s theorem.

Theorem A (Theorem 4.4). The differential Galois group of the family of all regular singular
differential equations over C(x) is the free proalgebraic group on a set of cardinality |C|.

At first glance, it might seem that 5 should follow from 4 rather immediately. However, in gen-
eral, the projective limit of free profinite groups need not be a free profinite group ([17, Ex. 9.1.14]).
The question, when a projective limit of free profinite groups is itself free, has attracted some
attention but does not seem to be fully understood ([17, Thm. 3.5.15 and Open Question 9.5.2]).

To get from 4 to 5 in the proof of Douady’s theorem (see [19, Sec. 3.4] or [10] for the original
reference), one uses a compactness argument and that 7, (P!(C) \ S, x,) has more or less canon-
ical generators. Another ingredient of the proof is that in the free profinite group on a set with
r elements, any subset of r topological generators is a basis. As we will show (Example 2.3), the
corresponding statement fails for free proalgebraic groups. Therefore, genuinely, new ideas are
needed in the differential case.

Recall that a point x, is a regular singular point for a given linear differential equation on the
Riemann sphere, if the growth of the solutions is polynomially bounded in any sector centered at
X,- The differential equation is regular singular if all points are regular singular. Regular singular
differential equations include many classical examples such as the hypergeometric differential
equation and play a distinguished role in the theory of linear differential equations of a complex
variable. For example, Hilbert’s 21st problem is concerned with the monodromy groups of regular
singular differential equations.

For a finite subset X of C, it is an immediate consequence of the Riemann-Hilbert corre-
spondence, that the differential Galois group of the family of all regular singular differential
equations with singularities in X U {oo}, is the free proalgebraic group on a set of cardinality | X]|.
We generalize this result from finite subsets of C to arbitrary subsets of C. Indeed, the case X = C
is exactly Theorem A.
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A key step in our proof is to show that for a subset X of C and a point x, € C \ X, two pro-
jective systems of free groups indexed by the finite subsets Y of X are isomorphic (Lemma 3.2).
The first projective system consists of the fundamental groups 7,(C \ Y, X)) and the transition
maps 7,(C \ Y',x,) = 7y(C \ Y, x,) for Y C Y’ are obtained from the inclusion C\ Y’ CC\Y
of topological spaces. The second projective system consists of the free groups F(Y) on Y and
the transition maps F(Y') — F(Y) are given by sending y’ to y’ in case y’ € Y and to 1 other-
wise. Applying the proalgebraic completion functor F - F28 (described in detail in Section 2.1
below) that associates to an abstract group F a proalgebraic group F?g, to an isomorphism
between the above two projective systems, one obtains an isomorphims of proalgebraic groups
between li(_mY 7, (C\ Y, xy)¥8 and l(iEY F(Y)2. The latter group is shown to be isomorphic
to the free proalgebraic group on X, whereas the first group is isomorphic to the differential
Galois group of the family of all regular singular differential equations with singularities in
X U {oo}. This yields the desired result for X a proper subset of C. The above argument cannot
be applied to the case X = C of prime interest, as it requires a base point x, not in X. To circum-
vent this difficulty, we use a characterization of free proalgebraic groups in terms of embedding
problems.

We conclude the introduction with an outline of the article. In Section 2, we recall the definition
of free proalgebraic groups and the required results concerning differential Galois theory and the
Riemann-Hilbert correspondence. We then study projective systems of abstract free groups in
Section 3. Finally, in the last section, the previous results are applied to prove Theorem A.

The author is grateful to the anonymous referee for helpful comments.

2 | PRELIMINARIES AND NOTATION

In this preparatory section, we recall the basic definitions and results concerning regular sin-
gular differential equations and differential Galois theory. We also review the definition of free
proalgebraic groups.

We use “=" or “~” to denote canonical isomorphisms and “~” to denote isomorphisms. (As the
implied isomorphism in Theorem A is not canonical, it seems worthwhile to make this distinc-
tion.) To be precise, A = B means that there exists an isomorphism between A and B, whereas
A ~ B means that a particular isomorphism between A and B has been specified.

2.1 | Free proalgebraic groups

Throughout this article, we work over the field C of complex numbers. We use the term “algebraic
group” in lieu of “affine group scheme of finite type over C.” Similarly, a “proalgebraic group” is
an “affine group scheme over C.” By a closed subgroup of a proalgebraic group, we mean a closed
subgroup scheme. Following [15, Def. 5.5], a morphism G — H of proalgebraic groups is called a
quotient map if it is faithfully flat. We use G » H to indicate quotient maps.

We begin by recalling the definition of free proalgebraic groups from [21]. Let I" be a proalgebraic
group and let X be a set. Amap ¢ : X — I'(C) converges to 1 if almost all elements of X map to 1in
any algebraic quotient of T, that is, for every algebraic group G and every quotientmap ¢ : I' » G,

¢
all but finitely many elements of X map to 1 under X 2, I¥(®) BAN G(C).
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The following definition is a special case of a more general notion of free proalgebraic groups
studied in [21]. Choosing C to be the formation of all algebraic groups and R = k = C, in the
notation of [21, Def. 2.18], yields the following.

Definition 2.1. Let X be a set. A proalgebraic group I'(X) together with a map ¢: X — I'(X)(C)
converging to one is called a free proalgebraic group on X if ¢ satisfies the following universal
property. For every proalgebraic group G and every map ¢ : X — G converging to 1, there exists
a unique morphism ¢ : I'(X) — G of proalgebraic groups such that

X ‘ rx)(©)

commutes.

As the pair (¢, I'(X)) is unique up to a unique isomorphism, we will usually speak of the free
proalgebraic group I'(X) on X.

The map ¢: X —» I'(X)(C) is injective. In fact, the induced map F(X) — I'(X)(C) from the
(abstract) free group F(X) on X to I'(X)(C) is injective ([22, Lem. 1.6]). We will therefore in the
sequel identify X with a subset of ['(X)(C) via t.

Remark 2.2. Toverify that ['(X) is the free proalgebraic group on X, it suffices to verify the universal
property of Definition 2.1 for G algebraic ([21, Rem. 2.19]).

For a proalgebraic group G and a subset X of G(C), we denote the smallest closed subgroup H
of G such that X C H(C) with (X). In other words, (X) is the closed subgroup of G generated by
X. By [21, Thm. 2.17], we have I'(X) = (X).

We next explain why the proof of Douady’s theorem (as presented in [10] or [19, Sec. 3.4]) does
not have a direct differential analog. This proof uses a result ([10, Prop. 1] or [19, Lem. 3.4.11])
attributed to Serre by Douady, stating that, any set of n elements that topologically gener-
ates a free profinite group of rank n is a basis. Equivalently, a surjective endomorphism of a
free profinite group of finite rank is an isomorphism. The proof of this result uses a counting
argument and therefore does not apply in our context, where finite groups are replaced by alge-
braic groups. In fact, as shown in the following example, Serre’s result does not hold in our
context.

Example 2.3. Let X = {x} be a set with one element . We will show that not every generator of
I'(X) is a basis, that is, there exists a quotient map I'(X) — I'(X) that is not an isomorphism.

The free proalgebraic on one element is of the form I'(X) = G, X D(C*). See [21, Ex. 2.22] or
[18, Cor. 16.26]. Here, G, is the additive group and, as in [8, Ch. IV, §1, Sec. 1], for any abelian
group M, D(M) denotes the diagonalizable proalgebraic group with character group M, that is,
DWM)(T) = Hom(M, T*) for any C-algebraT. The map ¢ : X — I'(X)(C)is givenby () = (1,id) €
C X Hom(C*, C*) = G,(C) X D(C*)(C).

As an abelian group, C* is isomorphic to (Q/Z) @ V, where V is a Q-vector space of dimen-
sion |C|. In particular, there exists an injective endomorphism % : C* — C* that is not an
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isomorphism. Dualizing 3, we find a quotient map D(C*) — D(C*) that is not an isomorphism.
This trivially extends to a quotient map I'(X) — I'(X) that is not an isomorphism.

We will need the notion of proalgebraic completion of an abstract group. See, for example, [4].
Note that the proalgebraic completion is sometimes also referred to as the proalgebraic hull (e.g.,
in [18]) or as the Hochschild-Mostow group (in honor of [13]).

Definition 2.4. Let F be an (abstract) group. The proalgebraic completion F¥ of F is a proalge-
braic group equipped with a morphism F — F2!2(C) of groups satisfying the following universal
property: If G is a proalgebraic and F — G(C) is a morphism of groups, then there exists a unique
morphism ¢ : F8 — G of proalgebraic groups such that

F F&(C)

commutes.

For X a finite (!) set and F(X) the (abstract) free group on X, it follows from the univer-
sal properties that F(X)¥8 ~ I'(X). The proalgebraic completion F2€ of F can be constructed
as the fundamental group of the neutral Tannakian category of all finite-dimensional C-linear
representations of F.

2.2 | Differential Galois theory

Introductions to this topic can be found in [5, 14, 20], and [18]. We recall the basic definitions and
results, introducing our notation for the subsequent sections along the way.

We fix a differential field K with derivation § : K — K. We assume that the field of constants
K% ={a € K| §(a) = 0} of K is the field C of complex numbers. We are mainly interested in the
case when K = C(x) is the rational function field in one variable x and § = %. We consider a
family 7 = (6(y) = A;);¢; of linear differential equations indexed by some set I, where A; €
K">"i js a square matrix for every i € I.

Definition 2.5. A differential field extension L/K with L° = C is a Picard-Vessiot extension for F
if there exist matrices Y; € GL,, (L) such that §(Y;) = A;Y; fori € I and L is generated as a field
extension of K by all entries of all Y;’s.

1

The K-subalgebra R of L generated by all of entries of all Y;’s and D)

’s is a K-6-subalgebra

of L and called a Picard-Vessiot ring for F.

For a given family F, a Picard-Vessiot extension exists and is unique up to a K-§-isomorphism.
The differential Galois group G(L /K) of the Picard—Vessiot extension L /K, or of the family F, is the
functor T w Aut(R ® T/K ® T), from the category of C-algebras to the category groups, where
T is considered as a constant differential ring and the automorphisms are required to commute
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with the derivation. The functor G(L/K) can be represented by a C-algebra, that is, G(L/K) is a
proalgebraic group.

A Picard-Vessiot extension L/K is of finite type if it is the Picard-Vessiot extension for a single
differential equation. This is the case if and only of G(L/K) is algebraic.

Since L is the field of fractions of R, any ¢g € G(L/K)(C) extends uniquely to a K-5-
automorphism of L. For a closed subgroup H of G = G(L/K), we set

L' ={aeL|h(a)=aV heHC).

Theorem 2.6 (The differential Galois correspondence). Let L /K be a Picard-Vessiot extension. The
assignment M — G(L/M) defines an inclusion reversing bijection between the set of intermediate
differential fields of L /K and the set of closed subgroups of G(L/K). The inverse is given by H + L.

If M corresponds to H under this bijection, then M /K is Picard-Vessiot if and only if H is normal
in G(L/K). Moreover, if this is the case, the restriction morphism G(L/K) - G(M /K) is a quotient
map with kernel G(L/M). In particular, G(M /K) ~ G(L/K)/G(L/M).

An alternative definition of the differential Galois group of a family of linear differential equa-
tions can be given via the Tannakian formalism. See [7, 9] for general background on Tannakian
categories and [20, Appendix B] for a discussion of Tannakian categories in the context of differ-
ential Galois theory. Roughly, a tensor category over C is a C-linear category C together with a
functor ® : C X C — C, referred to as the tensor product, satisfying a rather long list of natural
axioms, familiar from the tensor product of vector spaces. A neutral fiber functor on C is a C-
linear exact faithful tensor functor w from C to the category of finite-dimensional C-vector spaces.
If such a functor exists, C is called a neutral Tannakian category. The fundamental group Aut®(w)
of the neutral Tannakian category C is the functor T - Aut®(w;) from the category of C-algebras
to the category of groups that associates to a C-algebra T the group of tensor automorphisms of the
tensor functor wg, where wy, is the composition of w with the base change functor from C-vector
spaces to R-modules.

The main Tannakian reconstruction theorem states that @‘X’(w) is an affine group scheme
and that w induces and equivalence of tensor categories between C and the category of
finite-dimensional C-linear representations of Aut®(w), with the usual tensor product of repre-
sentations.

The first step to apply the Tannakian machinery in the context of differential Galois theory is
to define the “category of differential equations.” This is formalized through the notion of a dif-
ferential module. A differential module over K is a finite-dimensional K-vector space M equipped
with an additive map 6 : M — M such that d(am) = §(a)m + ad(m) foralla € Kandm € M. A
morphism of differential modules over K is a K-linear map that commutes with 9.

To a linear differential equation 8(y) = Ay with A € K™, one associates the differential
module M, by setting M, = K" and 3(§) = §(§) — A€ for all £ € K". Conversely, if (M, d) is
a differential module with basis e = (e, ..., ¢,), we can write d(e) = e(—A) for a unique matrix
A = Ay, € K™ With the abbreviation e§ = §1e; + - + §,e,, we have d(ef) = ed(§) + d(e)§ =
e(6(%) —_Aé’ ) so that M is isomorphic to M 4. Via the choice of the basis e, we can thus associate
to M the differential equation 8(y) = Ay. A different choice of basis leads to a Gauge equivalent
differential equation.

For a differential module M over K, one sets M° = {m € M| d(m) = 0}. This is a C-subspace
of M. If e is a K-basis of M and A € K> is such that d(e) = e(6(§) — A§) for all £ € K", then
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M? can be identified with the C-space of all solutions of §(y) = Ay in K". More generally, if L is
a differential field extension of K, then M ® L is a differential module over L and (M ® L)a
identifies with the space of all solutions of 6(y) = Ay in L".

The category of all differential modules over K is a neutral Tannakian category over C. The
tensor product of two differential modules M; and M, is M; ®x M, with 0 determined by
o(m; @ m,) = d(m;) @ m, + m; @ d(m,). A neutral fiber functor w is given by w(M) = (M Q¢
L)%, where L/K is a Picard-Vessiot extension for the family of all linear differential equations over
K.IfF = (8(y) = Ajy)ier is a family of differential equations over K and M = (M );¢; is the cor-
responding family of differential modules, then the differential Galois group of F is isomorphic
to the fundamental group of the neutral Tannakian category ((M)) generated by M.

2.3 | Regular singular differential equations

For background on regular singular differential equations and the Riemann-Hilbert correspon-
dence, see [18, Part 3], [20, Chapters 5 and 6], [16, Part I], and [1, Part III].

We first treat the local definitions. Consider a differential module (M, d) over the field C((t))
of formal Laurent series in t equipped with the usual derivation § = %. Let C[[t]] € C((¢)) be the
differential subring of formal power series. A C[[t]]-lattice in M is a C[[¢]]-submodule N of M
such that there exists a C[[¢]]-basis of N that is also a C((t))-basis of M.

The differential module M is called regular if there exists a C[[t]]-lattice N in M such that
0(N) C N. The differential module M is called regular singular if there exists a C[[¢]]-lattice N in
M such that td(N) C N. So, a regular differential module is regular singular.

We now consider the global picture. Let (M, d) be differential module over C(x). Here, as
throughout the paper, the rational function field C(x) is considered as a differential field via the
derivation § = %.

Let P1(C) = C U {oo} denote the Riemann sphere. For every point p € P1(C), we have a “local”
differential field C(x), = C((¢)). For p € C, thisis C(x), = C((x — p)) = C((¢)), the field of formal

Laurent series in t = x — p with derivation % = 7 (xd_p). For p = oo, this is C(x), = c((x™1) =
C((1)), the field of formal Laurent series in ¢ = x~! with derivation % = d:_] .

Note that (C(x), %) is a differential subfield of (C((x — p)), d(xd_ o)

a differential module M,, = M ®,) C(x), over C(x), for every p € C. For p = o0, it is not true

that (C(x), ix) is a differential subfield of (C((x~1)), d:_] ). However, (C(x), —xzdd—x) is a differen-

tial subfield of (C((x~1)), d:—l ). So, we can base change the differential module (M, —x?3) over

(C(x), —xzj—x) to a differential module M, over C(x),,. This awkwardness at infinity is one of
the reasons why some authors prefer to work with connections, rather than differential mod-
ules. This way one can avoid the a priori choice of a derivation on C(x). However, since the
module Qc(,/c of differentials of C(x) over C is one dimensional, these two approaches are
equivalent.

A point p € PY(C) is a singularity of M if the differential module M p OVer C((t)) is not reg-
ular. A point p € P1(C) is regular singular for M if the differential module M p over C((1)) is
regular singular. Finally, M is called regular singular if every point p € P!(C) is regular singular
for M.

Consider a differential equation §(y) = Ay with A € C(x)™". A point p € P(C)is asingularity
of 6(y) = Ay ifitisasingularity of the associated differential module M 4. Note that this definition

) for p € C. Thus, we obtain
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is at odds with the common terminology, referring to the poles of A as the singularities of §(y) =
Ay.If p € Cisasingularity of §(y) = Ay, then p must be a pole of A. However, the converse is not
true. A pole of A that is not a singularity of §(y) = Ay is sometimes called an apparent singularity.
The differential equation 6(y) = Ay is called regular singular if the associated differential module
M , is regular singular.

Fix a proper subset X of C C P!(C). As X is assumed to be a proper subset of C, we can choose a
“base point” x, € C with x, & X. Let RegSing(C(x), X) denote the category of all regular singular
differential modules over C(x) with singularities contained in X U {co}. This is a Tannakian cate-
gory over C. A fiber functor wy , : RegSing(C(x),X) — Vecc, with values in the category Vec
of finite-dimensional C-vector spaces, is given by

Wy, (M, 3)) = (M ®c () My, ),

where M, is the differential field of germs of meromorphic functions at x,. We denote with
Aut® (wx x,) the proalgebraic group of tensor automorphisms of wy . .

Now assume that X is finite. Let ,(C \ X, x,)) be the topological fundamental group of the
Riemann sphere with the points X U {0} removed, with base point X,. Then, the local solu-
tion space (M ®cy) .MXO)a is naturally equipped with the monodromy action of 7;(C \ X, x,).
We denote with Rep(7;(C \ X, x,)) the category of finite-dimensional C-linear representations of
m,(C\ X, xp). The following theorem is sometimes referred to as the (global) Riemann-Hilbert
correspondence. The essential surjectivity of the functor in the theorem is also known as the
solution of the (weak form of the) Riemann-Hilbert problem.

Theorem 2.7 (Riemann-Hilbert correspondence). Let X C C be finite. Then the functor
RegSing(C(x), X) — Rep(7;(C\ X, X)), (M, 8) w (M ®c(yy My, )’
is an equivalence of Tannakian categories.
From Theorem 2.7, we immediately obtain the following.

Corollary 2.8. For X C C finite, we have M@’(wx,x()) ~ m,(C\ X, xo)*. In particular, the dif-
ferential Galois group of the family of all regular singular differential equations over C(x) with
singularities in X U {oo} is isomorphic to the free proalgebraic group on X.

Proof. As m;(C\ X, x,)¥2 is the proalgebraic group of tensor automorphisms of the forget-
ful functor Rep(r,(C \ X, x,)) — Vec., Theorem 2.7 yields an isomorphism 7;(C \ X, x,)¥8 —
Aut® (wx x,)- The last statement follows because the differential Galois group of the family of all
regular singular differential equations with singularities in X U {oo} is isomorphic to M‘X’(a)x’x(})
and the group 7;(C \ X, x,)) is free on |X| generators. O

We stress the fact that the morphism of groups 7,(C\ X, x,) — &‘X’(wx,x())(@) is canon-
ical. If X’ is a subset of the finite set X C C, then RegSing(C(x),X’) is a subcategory of
RegSing(C(x), X) and WX x, is the restriction of wx x, tO RegSing(C(x), X"). We thus have a mor-
phism M@’(a)X’xO) - M‘X’(a)xf’xg) of proalgebraic groups. As C\ X C C\ X’, we also have a
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morphism 7, (C \ X, x,) = 7;(C \ X/, x,) of groups. The diagram

nl(C X, xO) - M®(COX’XU)(C)

| |

ﬂl(C \X’7x0) A_lH@(wx/,x“)(C)
commutes and so also the diagram

T (C N X, Xp)8 —— Aut®(wy )

T

T (CN X', xo)¥8 —=> Aut®(CUX/,x0)

commutes.

The family of isomorphisms 7;(C \ X, x,)*¢ ~ M‘g(wx,xo), one for every finite subset X of
C not containing x,, can thus be seen as defining an isomorphism between two projective sys-
tems of proalgebraic groups. The projective limit on the right-hand side is LiEX M‘@(wx’x()) =
Aut® (W fxy},x,)» Whereas the projective limit l(iEX 7,(C \ X, x,)"2 on the left-hand side is a pro-
jective limit of free proalgebraic groups. The following section provides the necessary tools to show
that this limit itself is free.

3 | PROJECTIVE SYSTEMS OF FREE GROUPS

Let X be a set and consider the directed set Y of all finite subsets of X ordered by inclusion. For Y €
Y, let F(Y) denote the (abstract) free group on Y and for Y C Y’, define a map ¢y y» : F(Y') -
F(Y) by

o) = y' ify' ey,
PrYIENL iy ey,

The projective limit LiEYey F(Y) (in the category of groups) of the projective system
(F(Y)yey, (@y y')yoy) is in general not a free group: We have amap ¢ : X — l(iEYey F(Y), x —
(¢(X)y)yey given by

) x ifxey,
X =
PIYENL dxey,

and the induced map F(X) — l(iEYey F(Y) is injective. However, this map need not be sur-

jective. Intuitively, surjectivity fails because F(X) only contains words of finite length, while
l(iEYEy F(Y) may contain words of infinite length. For example, if X = {x;, x,, ...} is countably

lnflnlte, Write Y = {xl'y 1’ xl'Y PR xiy |Y|} Wlth iY,l < iY,2’ . < iY,|Y| . Then (.xl'Y 1xiyz xiY vl )Yey
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lies in {iEYey F(Y) but not in the image of F(X). In the nomenclature of [12], this limit is an
unrestricted free product. For more on projective limits of abstracts free groups, see [6] and [11].

However, when working with free profinite groups instead of abstract free groups, the above
construction leads to a free profinite group. See [17, Cor. 3.3.10 b)] or [19, Lem. 3.4.10]. As we shall
now explain, also in the case of free proalgebraic groups, the above construction leads to a free
proalgebraic group.

As above, let X be a set and let Y be the directed set of all finite subsets of X. For Y C Y, by the
universal property of I'(Y") (Definition 2.1), the map Pyyr - Y' — I(Y)(C) defined by

o) = y' ify' ey,
Pyt 1 ify ¢v,

extends to a morphism @y y/ : I'(Y") - I'(Y). Then, (T(Y))yey, @y .y )yoy) is a projective
system of free proalgebraic groups on finite sets. The projective limit is I'(X).

Lemma 3.1. lim I'(Y) = I'(X).
«—Yey

ifxevy,
Proof. ForY € Y we define i, : X — I'(Y)(C) by ty(x) = {)lc 1 x Then

t: X - lim I(Y)(C) = <lim I‘(Y))(C), x = (y())yey
vey ey

converges to 1 because every quotient map l(iEYEy I['(Y) » G to an algebraic group G factors
through some I'(Y). To verify the latter claim, note that the dual statement for the coordinate
rings is that a morphism of Hopf algebras from the finitely generated C-algebra C[G] to the direct
limit h—n>lyey C[T'(Y)] factors through some C[['(Y)].

To verify the universal property of ¢, according to Remark 2.2, it suffices to consider a map
@ : X — G(C) converging to 1, with G an algebraic group. Then, Y, = {x € X| ¢(x) # 1} is finite.
Define a morphism ¢ : I'(Y,) — G by () = ¢(y) for y € Y, and let ¢ be the composition
§: lim_ T(Y) > [(¥y) > G. Then $(u(x)) = p(x) for every x € X.

If ¢ : @Yey ['(Y) — G is another morphism such that ¢'(«(x)) = ¢(x) for all x € X, then
T w{ge€e QiEYey T(Y))XT)| ¢(g) = ¢'(g)} is a closed subgroup of l(iEYey I'(Y). It thus suf-
fices to show that ((X)) = @Yey ['(Y). The projections ((X)) — I'(Y) are quotient maps
because I'(Y) = (Y). But then also ((X)) — myey I'(Y) is a quotient map. Therefore, («(X)) =
lim _ T(Y). O

We now specialize to the case that X is a proper subset of C. In this case, besides the projec-
tive system ((F(Y))yey, (y’ y)yoy) from the beginning of this section, we can associate another
projective system of finite rank (abstract) free groups to X as follows. Fix x, € C with x, & X.
ForY ={y;,..,¥,} € Y, itis well known (and follows from Van Kampen’s theorem) that the fun-
damental group 7,(C \ Y, x,) of C \ Y with base point x, is isomorphic to the free group on n
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generators. A free set of generators is given by choosing, for each i =1, ..., n, a loop based at x,
that passes once around y; counterclockwise and does not enclose any other points of Y.
ForY,Y’ € Y with Y C Y/, the inclusion C \ Y’ C C\ Y gives rise to a morphism
Yyyr i m(C\Y',x0) » m(C\'Y,x)
of groups. In fact, ((7r;(C \ Y, xy))yey, Py y)ysoy) is a projective system of groups.
Lemma 3.2 The projective  systems  ((m(C\'Y,x)yey, @yy)yoy) and
((F Y)yey, ((pY,Y,)Y,QY) are isomorphic, that is, there exists a family (ay)ycy of isomorphisms

ay: F(Y) - m(C\Y,x,) such that

F(Y") > 1,(C Y, x,)

Py y i llﬁyyyl (2)
F(Y) — > m,(C\ Y, x,)

commutes foreveryY' DY,
Proof. ForY € Y andy € Y, we define a canonical generator at y to be an element of 7, (C \ Y, x;)

that is the homotopy class of a loop based at x,, that passes once counterclockwise around y, not
enclosing any other points of Y. The following graphics depict two canonical generators at y;.

Xo Xo
Note that 7;(C \ Y, x,,) contains only finitely many canonical generators at y. Thus, the set
By ={(9))yev| 9y € T (C\ 'Y, xy) is a canonical generator at y for every y € Y}

is finite. The map ¥y ys : m;(C\ Y’,x) = m,(C \ Y, x,) maps a canonical generatoraty’ € Y’ 2
Y either to a canonical generator at y’ (if y’ € Y)orto1ify’ ¢ Y.
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For Y,Y' € Y with Y C Y’, we can define a map Wy y/ : Bys — By, by Wy y/((gy)yreyr) =
Wy v (g )yey-

Then, ((By)ycy, (¥y.yr)y/oy ) is a projective system of finite sets. Thus, the corresponding pro-
Jective limit is nonempty ([17, Prop. 1.1.4]). Let ((g,),ey)yey be an element of l(iEYEy By For
Y € Y, define ay : F(Y) —» m(C\ Y, X,) by ay(y) = g, for y € Y. Then, ay is an isomorphism
and by construction diagram (2) commutes. O

4 | MAIN RESULT

Throughout Section 4, we will use the following notation. We fix a Picard-Vessiot extension
L/C(x) for the family all regular singular differential equations over C(x). For a subset X of
C, we denote with Ly C L the Picard-Vessiot extension of C(x) for the family of all regular
singular differential equations over C(x) with singularities in X U {oo}. So, L = L. We also set
I'y = G(Ly/C(x)). With this notation, our goal is to show that I'y = I'(X) for every subset X of C.

We first tackle the case of proper subsets of C. The following proposition generalizes
Corollary 2.8 from finite subsets of C to arbitrary proper subsets of C.

Proposition 4.1. Let X be a proper subset of C. Then, the differential Galois group Ty of the family
of all regular singular differential equations over C(x) with singularities contained in X U {oo} is
isomorphic to the free proalgebraic group I'(X) on X.

Proof. Fix abase point x, € C with x, € X. AsT'y is isomorphic to M(@(‘Ux,xo), it suffices to show
that Aut® (wx x,) is isomorphic to I'(X). (Note that the isomorphism between I'y and ﬂ‘g’(wx,x())
is arguably not canonical. It depends on an isomorphism between the fiber functor wy x, and the
fiber functor defined by Ly.)

As in Section 3, we consider the directed set Y of all finite subsets of X. Because the
category RegSing(C(x),X) is the union of the subcategories RegSing(C(x),Y), where Y runs
through all elements of Y, it is clear that yﬁyey M®(CUY,XO) ~ M®(wX,Xo)‘ The projective
systems (Aut®(wy  ))yey and (7,(C\ Y, X))y are canonically isomorphic by (1). So, also
; ® ~ i alg
lim o AutS(wy )= lim o7 (C\Y, x0)"%.

By Lemma 3.2, there exists an isomorphism between the projective systems (of abstract
groups) ((m (C\Y,x)yey @y y)ycy’) and ((F(Y))yey, @y y)ycy’). As the proal-
gebraic completion defines a functor from the category of groups to the category of
proalgebraic groups, we obtain an isomorphism between the projective systems (of proal-

. 1 1 .
gebraic groups) ((nl(C\Y,xo)alg)yey,(Gﬂif Y)ygy/) and ((F(Y)alg)yey’(¢;§,,)YQY'>~ This
. . . . . . . alg ~Ti alg
isomorphism in turn yields an isomorphism EEYey m(C\Y,xy)*8 = @yg F(Y)
between the corresponding projective limits. The latter limit is, by Lemma 3.1, isomorphic
to I'(X).

In summary, we have

Ty = Aut®(wy ) = lim Aut®(wy ) = lim 7,(C\'Y, x)Y8 = lim F(Y)"8 ~ lim T(Y) = I(X).
Yey Yey Yey Yey 0
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Note that Proposition 4.1 and its proof does not apply to the case X = C of prime interest,
because for X = C, we cannot choose a base point x, ¢ C \ X. To accomplish the case X = C,
we will use a characterization of free proalgebraic groups in terms embedding problems.

To this end, we need to recall some definitions from [21]. Let " be a proalgebraic group. An
embedding problem for T consists of two quotient mapsa : G » H and 8 : T - H of proalgebraic
groups. The embedding problem is algebraic if G (and therefore also H) is an algebraic group. The
embedding problem is trivial if « is an isomorphism. A solution of the embedding problem is a

quotient map ¢ : I' » G such that
r
3 Y\
v

G—>H
commutes. A family (¢;);; of solutions is independent if the induced map

[1¢:r-]JGc~>m

i€l iel

is a quotient map. Here, [];;(G - H) denotes the fiber product of |I|-copies of G over H.

The rank rank(T') of a proalgebraic group I is defined as the smallest cardinal x such that I' can
be written as a projective limit of algebraic groups over an directed set of cardinality x. See [21,
Prop. 3.1] for other characterizations of the rank.

The following theorem provides a characterization of free proalgebraic groups in terms of
algebraic embedding problems.

Theorem 4.2. Let T be a proalgebraic group with rank(T') < |C|. Then, T is isomorphic to the free
proalgebraic group on a set of cardinality |C| if and only if every nontrivial algebraic embedding
problem for T has |C| independent solutions.

Proof. First assume that T is isomorphic to I'(X), where X is a set of cardinality |C|. Since
rank(I'(X)) = |X| = |C| by [21, Cor. 3.12], we find rank([') = |C|. Thus, the claim follows from
Theorem 3.42 (applied with C the formation of all algebraic groups) paired with Definition 3.25 of
[21].

Conversely, assume that every nontrivial algebraic embedding problem for I" has |C| inde-
pendent solutions. We claim that rank(I") = |C|. Consider the embedding problem o : G, — 1,
B : I' » 1for T, where G, is the additive group. By assumption, there exist solutions (¢, ),cc such
that the induced morphism I' — GL‘C' is a quotient map. The rank of G(IICI is |C| ([21, Ex. 3.3]) and
the rank can only decrease when passing to a quotient ([21, Lem. 3.5]). So, rank(T’) > |C| and con-
sequently rank(T") = |C|. Our assumption on I' therefore implies that I satisfies condition (vii) of
[21, Thm. 3.24]. Thus, the claim follows again from [21, Thm. 3.42]. O

The following lemma is our crutch to go from proper subsets of C to all of C.
Lemma 4.3. Let T be a proalgebraic group with rank(T') < |C| and let X be a set of cardinality |C|.

Assume that every quotient map T - H to an algebraic group H can be factored asT - I'(X) » H.
Then, T is isomorphic to T'(X).
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Proof. Let
r
j B
v \ 3)
a
G—H

be an nontrivial algebraic embedding problem for I'. By assumption, §: T - H factors as

B B’
B: T —>T(X) H _ The embedding problem
IN0¢)

| X

V a

G——H

) Bo ¢
has |C| independent solutions (¢! ),cx (Theorem 4.2). Then, ¢x: T I'X) G isasolu-
. Bo IT¢x

tion of (3). Moreover, as [iex o T I(X) [1iex(G > H) i5 5 quotient map, the
family (¢, ),y is independent. Thus, I is isomorphic to I'(X) by Theorem 4.2. O

We are now prepared to prove our main result.

Theorem 4.4. The differential Galois group of the family of all regular singular differential
equations over C(x) is isomorphic to the free proalgebraic group on a set of cardinality |C]|.

Proof. LetT = I = G(L/C(x)) be the differential Galois group of the family of all regular singular
differential equations. By [3, Lem. 3.3], the rank of T is the smallest cardinal number x such that
L/C(x) is a Picard-Vessiot extension for a family of differential equations of cardinality x. Since
the family of all differential equations over C(x) has cardinality |C|, we have rank(T") < |C|.

To apply Lemma 4.3, let us fix a set X of cardinality |C|. Let H be an algebraic group and
B : T » H aquotient map. By the differential Galois correspondence (Theorem 2.6), the extension
Lker(®) /C(x) is a Picard-Vessiot extensions with differential Galois group H. Since H is algebraic,
Lker(®) /C(x) is a Picard-Vessiot extension of finite type. Therefore, there exists a finite family 7
of regular singular differential equations over C(x) such that the Picard-Vessiot extension Ly of
C(x) for F (inside L) contains L¥¢'®)_ Let Y C C be the finite set of (finite) singularities of the
differential equations contained in 7. Let Xz be a proper subset of C with |[Xz| =Cand Y C X,
(e.g., Xg = C\ {x,} with x, € Y). Then,

cx)cLk*® L, cLy C Ly,
and so, the quotient map §: I' » H factors as f: T » FXﬁ »> H. As 1“X[3 = I'(Xg) by Propo-

sition 4.1 and I'(X) = T'(X) because |Xz| = |X|, we see that the condition of Lemma 4.3 is
satisfied. O

Combining Proposition 4.1 and Theorem 4.4, we obtain the following.
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Corollary 4.5. Let X be a subset of C. Then, the differential Galois group of the family of all regular
singular differential equations with singularities in X U {oo} is isomorphic to the free proalgebraic
group on X.

4.1 | Open questions

It seems natural to wonder if Corollary 4.5 remains valid when C is replaced with an algebraically
closed field of characteristic zero. Our proof uses transcendental tools, such as the fundamen-
tal group, and therefore does not generalize. Even when X is finite, it seems to be unknown if
Corollary 4.5 is true for an algebraically closed field of characteristic zero in place of C.

ACKNOWLEDGMENTS
This work was supported by the NSF grants DMS-1760212, DMS-1760413, DMS-1760448 and the
Lise Meitner grant M 2582-N32 of the Austrian Science Fund FWF grant M 2582-N32.

JOURNAL INFORMATION

The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES

1. Y. André, F. Baldassarri, and M. Cailotto, De Rham cohomology of differential modules on algebraic varieties,
2nd ed., Progress in Mathematics, vol. 189, Birkhduser/Springer, Cham, 2020.

2. A.Bachmayr, D. Harbater, J. Hartmann, and M. Wibmer, The differential Galois group of the rational function
field, Adv. Math. 381, 2021, Paper No. 107605, 27 pp.

3. A.Bachmayr, D. Harbater, J. Hartmann, and M. Wibmer, Free differential Galois groups, Trans. Amer. Math.
Soc. 374 (2021), no. 6, 4293-4308.

4. H. Bass, A. Lubotzky, A. R. Magid, and S. Mozes, The proalgebraic completion of rigid groups, Proceedings of
the Conference on Geometric and Combinatorial Group Theory, Part IT (Haifa, 2000), vol. 95, 2002, pp. 19-58.

5. T. Crespo and Z. Hajto, Algebraic groups and differential Galois theory, Graduate Studies in Mathematics,
vol. 122, American Mathematical Society, Providence, RI, 2011.

6. G.R. Conner and C. Kent, Inverse limits of finite rank free groups, J. Group Theory 15 (2012), no. 6, 823-829.

7. P. Deligne, Catégories tannakiennes, The Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87, Birkhduser
Boston, Boston, MA, 1990, pp. 111-195.

8. M. Demazure and P. Gabriel, Groupes algébriques. Tome I: géométrie algébrique, généralités, groupes commutat-
ifs, Masson & Cie, Editeur, Paris; North-Holland Publishing Co., Amsterdam, 1970. Avec un appendice Corps
de classes local par Michiel Hazewinkel.

9. P. Deligne and J. S. Milne, Tannakian categories, Hodge cycles, motives, and Shimura varieties, Lecture Notes
in Mathematics, vol. 900, Springer, Berlin, 1982, pp. 101-228.

10. A. Douady, Détermination d’un groupe de Galois, C. R. Acad. Sci. Paris 258 (1964), 5305-5308.

11. K. Eda and J. Nakamura, The classification of the inverse limits of sequences of free groups of finite rank, Bull.
London Math. Soc. 45 (2013), no. 4, 671-676.

12. G. Higman, Unrestricted free products, and varieties of topological groups, J. London Math. Soc. 27 (1952), 73-81.

13. G. Hochschild and G. D. Mostow, Representations and representative functions of Lie groups, Ann. of Math. (2)
66 (1957), 495-542.

85US0| 7 SUOWIWIOD aA1ee.D) 3|qeal|dde ay) Aq peusenob afe Sao1e YO 8sN JO S3|N. 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWB)W0D" A8 IM"ARRIq jBU1[UO//:SANY) SUOIIPUOD pUe SWie 1 8U1 89S *[SZ0zZ/T0/20] Uo Akiqiauljuo A8|IM ‘891 Aq ZZ0ET SWIA/ZTTT OT/I0p/W00" A8 1M AleJq 1 BU 1 UO"0SYRWPUO|//:Sdny Wwiouy pepeojumod ‘. ‘20z ‘02TZ697T



REGULAR SINGULAR DIFFERENTIAL EQUATIONS AND FREE PROALGEBRAIC GROUPS 2583

15

16.

17.

18.

19.

20.

21.
22.

A. R. Magid, Lectures on differential Galois theory, University Lecture Series, vol. 7, American Mathematical
Society, Providence, RI, 1994.

J. S. Milne, The theory of group schemes of finite type over a field, Algebraic groups, Cambridge Studies in
Advanced Mathematics, vol. 170, Cambridge University Press, Cambridge, 2017.

C. Mitschi and D. Sauzin, Divergent series, summability and resurgence. I, monodromy and resurgence, Lecture
Notes in Mathematics, vol. 2153, Springer, Switzerland, 2016.

L. Ribes and P. Zalesskii, Profinite groups, 2nd ed., Results in Mathematics and Related Areas, 3rd Series, A
Series of Modern Surveys in Mathematics, vol. 40 Springer, Berlin, 2010.

J. Sauloy, Differential Galois theory through Riemann-Hilbert correspondence, Graduate Studies in Mathe-
matics, vol. 177, American Mathematical Society, Providence, RI, 2016. An elementary introduction, With a
foreword by Jean-Pierre Ramis.

T. Szamuely, Galois groups and fundamental groups, Cambridge Studies in Advanced Mathematics, vol. 117,
Cambridge University Press, Cambridge, 2009.

M. van der Put and M. F. Singer, Galois theory of linear differential equations, Fundamental Principles of
Mathematical Sciences, vol. 328, Springer, Berlin, 2003.

M. Wibmer, Free proalgebraic groups, Epijournal Géom. Algébrique 4 (2020) Art. 1, 36.

M. Wibmer, Subgroups of free proalgebraic groups and Matzat’s conjecture for function fields, Israel J. Math. 253
(2023), no. 2, 841-863.

85US0| 7 SUOWIWIOD aA1ee.D) 3|qeal|dde ay) Aq peusenob afe Sao1e YO 8sN JO S3|N. 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWB)W0D" A8 IM"ARRIq jBU1[UO//:SANY) SUOIIPUOD pUe SWie 1 8U1 89S *[SZ0zZ/T0/20] Uo Akiqiauljuo A8|IM ‘891 Aq ZZ0ET SWIA/ZTTT OT/I0p/W00" A8 1M AleJq 1 BU 1 UO"0SYRWPUO|//:Sdny Wwiouy pepeojumod ‘. ‘20z ‘02TZ697T



	Regular singular differential equations and free proalgebraic groups
	Abstract
	1 | INTRODUCTION
	2 | PRELIMINARIES AND NOTATION
	2.1 | Free proalgebraic groups
	2.2 | Differential Galois theory
	2.3 | Regular singular differential equations

	3 | PROJECTIVE SYSTEMS OF FREE GROUPS
	4 | MAIN RESULT
	4.1 | Open questions

	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	REFERENCES


