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Hameomorphism groups of positive genus surfaces

Cheuk Yu Mak and Ibrahim Trifa

Abstract. In their 2021 and 2022 papers, Cristofaro-Gardiner, Humiliere, Mak, Seyfaddini, and
Smith defined links spectral invariants on connected compact surfaces and used them to show
various results on the algebraic structure of the group of area-preserving homeomorphisms of
surfaces, particularly in cases where the surfaces have genus zero. We show that on surfaces
with higher genus, for a certain class of links, the invariants will satisfy a local quasimorph-
ism property. Subsequently, we generalize their results to surfaces of any genus. This extension
includes the non-simplicity of (i) the group of hameomorphisms of a closed surface, and (ii) the
kernel of the Calabi homomorphism inside the group of hameomorphisms of a surface with non-
empty boundary. Moreover, we prove that the Calabi homomorphism extends (non-canonically)
to the C9-closure of the set of Hamiltonian diffeomorphisms of any surface. The local quasi-
morphism property is a consequence of a quantitative Kiinneth formula for a connected sum in
Heegaard—Floer homology, inspired by the results of Ozsvath and Szabd.

1. Introduction

Let X be a compact connected orientable surface (possibly with boundary) equipped
with an area from w. In the 1980s, Fathi defined the mass-flow homomorphism [13],

Homeoy (X, w) — R,

from the identity component of the group of area-preserving homeomorphisms sup-
ported in the interior of 3 to R. Whether its kernel is a simple group was an open ques-
tion for a long time and has recently been resolved negatively using techniques from
symplectic geometry. The case of the sphere was answered by [10] using periodic
Floer homology, building on the work of [11, 16]. The case of positive genus surfaces
was answered by [8] using Lagrangian Floer theory, borrowing ideas from [19,21,25].

Symplectic geometry enters the picture because w is a symplectic form and the
kernel of the mass-flow homomorphism can be identified with the C° closure of the
group Ham(X) of Hamiltonian diffeomorphisms supported in the interior of X. The
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Hofer metric on Ham(X), a bi-invariant and non-degenerate metric, enables us to
define two natural normal subgroups of Ham(X), namely, the group of hameomorph-
isms Hameo(X) and the group of finite energy homeomorphisms FHomeo(X) (see
Section 2.1 for the precise definitions, and also [10,20] for more discussions). Indeed,
the authors of [8] show that the subgroup Hameo(X) is always a proper normal sub-
group.

Since then, the method has been pushed further to answer more refined questions
about the algebraic structure of Ham(X), especially when ¥ has genus 0, using a
property called the quasimorphism property. The goal of this paper is to generalize
the results of [9] to all surfaces even though we no longer have the quasimorphism
property for positive genus surfaces.

1.1. Link spectral invariants and known results for genus zero surfaces

Link spectral invariants are introduced in [8] as the main tool to study Ham(X). Given
a Lagrangian link (i.e., a union of disjoint circles) L = L; U --- U Ly satisfying cer-
tain monotonicity conditions on a closed surface (X, w), we can associate a spectral
invariant ¢, : C®(S! x £, R) — R which satisfies several useful properties (Propos-
ition 13).

In particular, the homotopy invariance permits defining ¢z, (¢) for ¢ € Ham(X) by
the formula

cL({@ }reo.1) = cL(H)
for a mean normalized Hamiltonian function H. The homogenization pp of ¢ is

defined by
. cr(e”)
(o) = lim 27

n—o00 n
In the case of ¥ = S?2, we have the following theorem.
Theorem 1 ([8, Theorem 7.7]). cr : I:IEFn(SZ) — R is a quasimorphism with defect

D < ]%/\, where A is the monotonicity constant of L. Moreover, [11, descends to a
homogeneous quasimorphism on Ham(S?), with defect bounded by 2D.

The fact that ;g is a quasimorphism and that we can quantify its defect is the
key ingredient to prove the following results (the definition of Cal will be recalled in
Section 2.1).

(1) The Calabi homomorphism Cal : Hameo(D?) — R can be extended to
Ham(D?) = Homeo(D?, w) ([9, Theorem 1.9]).

(2) Ker(Cal) N Hameo(D?) is not simple ([9, Theorem 1.3]).
(3) Hameo(S?) is not simple ([9, Theorem 1.3]).
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1.2. Main results for positive genus surfaces

The purpose of this paper is to generalize (1) and (2) to any compact oriented surface
¥ (of any genus) with non-empty boundary.

Theorem 2. The Calabi homomorphism Hameo(X) — R can be extended to Ham(X).
Theorem 3. Ker(Cal) N Hameo(X) is not simple.

We also generalize (3) to any connected closed oriented surface (X, w).
Theorem 4. Hameo(X, w) is not simple.

Theorems 3 and 4 together answer a question in [20, Problem 4] for all surfaces.

There is a fundamental difference between the genus O and positive genus case:
cr and p g, are never quasimorphisms for positive genus surfaces for any L (cf. Pro-
position 17). To remedy this, we need to prove a local version of the quasimorphism
property when 3 has positive genus and combine it with the fragmentation technique.
This requires a slightly different class of Lagrangian links (see Definition 14) than
those in [8]. We define the spectral invariants ¢z, for this new class of links show that
they satisfy all the usual spectral invariant properties listed in Proposition 13, as well
as the following local quasimorphism property.

Theorem 5. Let L be an admissible link with k contractible components, with mono-

tonicity constant A (see Definition 14). Let D C X be a disk that does not intersect

the non-contractible components of L, and denote by Hamp (X) the Hamiltonian

diffeomorphisms supported in D. Then, the restriction of ¢y, to Hamp (X) is a quasi-
k+1 A

morphism with defect bounded by g

The construction of ¢z and the proof of its local quasimorphism property rely
on the following Kiinneth formula for connected sums in Heegaard—Floer homology,
similar to the stabilization result of [21], which is proved by identifying moduli spaces
of holomorphic maps under degeneration.

Theorem 6. Consider two transverse n-monotone admissible Lagrangian links L
and K with k components on a closed surface (X, w). Let (E, wg) denote the two-
dimensional torus, and o be a non-contractible circle on E. Let o’ be a small Hamilto-
nian deformation of « such that « and o' are transverse. Then, for an appropriate
choice of almost complex structure, there is an isomorphism of filtered chain com-
plexes

CF*(SymL,SymK) ® CF*(a, ') = CF*(Sym(L U ), Sym(K U &),

where the left-hand side is computed considering the links L and K in (¥, w), a
and o’ in (E,wg), while on the right-hand side, L U a and K U o’ are links in the
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connected sum (S#HE, ') (where we perform the connected sum between a point
01 € X away from the links L and K, and a point 0, € E away from the isotopy
between o and o’ ).

If we forget the filtration, Theorem 6 is an identification of generators and differ-
entials so it does not depend on the symplectic form. To guarantee that the filtration
also agrees, the symplectic form @’ on Z#E is chosen such that it is equal to
away from a neighbourhood B(o;) of o7 which does not intersect L U K, equal
to wg over the support K, of the Hamiltonian isotopy from « to o, and satisfies
o' (Z#HE) = w(X) (so we need to assume that wg (Ky) < w(B(o1)) for o’ to exist).

Structure of the paper. We collect some preliminaries in Section 2. The new class of
Lagrangian links and the proof of their local quasimorphism property (Theorem 5) are
given in Section 3. Section 4 is devoted to the proof of the main results, Theorems 2, 3,
and 4. Theorem 6 is proved in Section 5.

2. Preliminaries

2.1. Subgroups of Ham(X)
Let ¥ be a compact connected surface equipped with an area form w. We start by
introducing some conventions and notations, closely following [8].

* Given a Hamiltonian H : S' x ¥ — R, the Hamiltonian diffeomorphism ¢, is
the time 1 flow of the Hamiltonian vector field Xz, defined by ¢y @ = dH;.

* Given two Hamiltonians H and K, we define the composition by (H#K);(x) :=
Hi(x) + K (7)1 (X))

*  We denote by Ham(X) the group of Hamiltonian diffeomorphisms of X supported
in the interior of X (it is often denoted Ham, (X) in the literature).

» Ham(X) denotes its closure for the C? distance inside Homeo, ().

e The Hofer norm of a Hamiltonian is || H ||pof := fol osc H,dt = fol (max H; —
min H;)dt.

*  The Hofer norm of a Hamiltonian diffeomorphismis [|¢|[nor:=1infy ,_, L 1 H || Hof-
» The Hofer distance on Ham(X) is dg (¢, ¥) := |0 ¥ || Hot-

We define some subgroups of Ham(X) (cf. [10,20]).
Definition 7. We call ¢ € Ham(Z, o) a finite energy homeomorphism if there exists

a sequence of smooth Hamiltonians H; such that

1 C()
* ¢Hi ? QD,

» there exists C = 0 such that for every i, | H; ||gor < C.
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Definition 8. We call ¢ € Ham(X, ) a hameomorphism if there exists an isotopy
(¥")¢ef0,1] in Ham(X) from Id to ¢ and a sequence of smooth Hamiltonians H; sup-
ported in a compact subset K of the interior of % such that

co
* ¢y — ¥’ uniformly inz € [0, 1],

* (H;) is a Cauchy sequence for the Hofer norm.

We denote the group of finite energy homeomorphisms by FHomeo(X, w), and
the group of hameomorphisms by Hameo(X, w). When X has non-empty boundary,
one can define the Calabi invariant Cal : Ham(X) — R as follows: let ¢ € Ham(X),
and H; be a Hamiltonian supported in the interior of ¥ such that ¢ = ¢ br. Then,

1
Cal((p)=/ /Hta)dt.
0o Jz

This definition does not depend on the choice of the Hamiltonian H;, and Cal is a
group homomorphism.

As shown in [8], Cal can be extended canonically to a group homomorphism
Hameo(X) — R by the formula Cal(¢) = lim; o Cal((p}qi ), where we consider any
sequence (Hj;) as in the definition of a hameomorphism.

The purpose of this paper is to study the algebraic structure of Ham(X) and its
subgroups for a general surface X.

Here is what was known before this paper.

(1) Ham(Z) is not simple since FHomeo(X) is a proper normal subgroup ([8]).

(2) Hameo(S?) is not simple ([9]).

(3) FHomeo(S?) is not simple since Hameo(S?) is a proper normal subgroup
([4D).

(4) When X has non-empty boundary:

(a) Hameo(X) is not simple since it contains the kernel of the (extended)
Calabi homomorphism ([8]);

(b) FHomeo(X) is not simple, since either Hameo(X) is a proper normal
subgroup, or they coincide and by the previous point they are not simple

([8D;
(c) Hameo(D?) N Ker(Cal) is not simple ([9]).

(5) All normal subgroups of Ham(X) contain the commutator subgroup, which is
perfect and simple ([9, Section 6]).

We will extend this picture with a generalization of (2), (3), and (4)(c), respect-
ively.

*  When X is closed, Hameo(X) is not simple (Theorem 4).
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*  When X is closed, FHomeo(X) is not simple, since either Hameo(X) is a proper
normal subgroup, or they coincide and by the previous point they are not simple.

*  When X has non-empty boundary, Hameo(X) N Ker(Cal) is not simple (The-
orem 3).

2.2. Spectral invariants and quasimorphisms

Let (M, w) be a closed symplectic manifold and L. C M a monotone Lagrangian, i.e.,
Olmym,L) = Tl|y(m,L)

for some constant T > 0, where u is the Maslov homomorphism. Then, by [17], for a
Lagrangian L’ Hamiltonian isotopic to L, and a Hamiltonian H such that ¢ 11{ (L) rh
L’, the Floer cohomology HF*(L, L', H) is well defined.

We follow the convention in [8, Section 6] and define the Floer cohomology
HF*(L,L', H) as a vector space over A := C[[T]][T!]. In particular, there is an
action filtration on the Floer complex. We define CF, (L, L', H) to be the subcom-
plex of CF(L, L’, H) generated by capped Hamiltonian chords of action less than or
equal to A. The inclusion of this subcomplex gives rise to a map

i,: HFy(L,L',H) — HF(L,L', H).

We assume that either L’ = L or L’ th L. In the former case, there is the PSS
isomorphism QH(L) — HF(L, L, H). In the latter case, there is the continuation
isomorphism HF(L,L’,0) — HF(L,L’, H). By an abuse of notation, we denote
QH(L)by HF (L, L,0) and the isomorphism (in either case) by k. Given a homology
classa € HF*(L, L’,0) \ {0}, one can define a spectral invariant

cr.(a, H) = inf{)L | k(a) € Imi;t}.

This spectral invariant satisfies a homotopy invariance property, which enables us to
define ¢z 1/ on Ham(M, w), the universal cover of Ham(M, w). When L = L’ and
a = er is the unit of Q H*(L), we will simply denote

cL(H) :=cp,p(eL, H).

We recall the definition of a quasimorphism.

Definition 9. Let G be a group. A quasimorphism on G is a map 4 : G — R that
satisfies
aD =2 0,Vg,h € G, |u(gh) —p(g) —uh)| < D.

The infimal value of D such that this property holds is called the defect of .
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Moreover, u is a homogeneous quasimorphism if it also satisfies

VneZ,VgeG, u(g")=nug).

When (M, w) = (CP",wps) and L is a monotone Lagrangian submanifold with
HF(L) #0, ¢, is a quasimorphism on Ham(M, w). This is a consequence of the same
result for the Hamiltonian spectral invariant ¢ (cf. [12]), and the inequality ¢y < ¢
(cf. [17, Proposition 4]).

Proposition 10 (Homogenization). Let i : G — R be a quasimorphism. Then,

A(g) == lim “&")

n—oo n

is well defined, and it is a homogeneous quasimorphism, called the homogenization
of U.

Now, we explain the construction of spectral invariants for Lagrangian links as
defined in [8].

Consider a closed symplectic surface (X, ), with a compatible complex structure
j - A Lagrangian link on ¥ is a disjoint union L = L U -+ U Ly of smooth simple
curves in X.

Definition 11. Denote by Bj, 1 < j < s, the connected components of X \ L. Let k;
be the number of boundary components of Bj, and A; the w-area of B;. Let n = 0.
We say that L is n-monotone if

A= Zf}(kj - 1) + Aj

does not depend on . A is called the monotonicity constant of L.

A Lagrangian link L on a compact surface ¢ with non-empty boundary is called
n-monotone if there exists a symplectic embedding of ¥ into a closed surface X such
that L is n-monotone inside X.

Remark 12. The constant A is equal to the area of the disks bounded by contractible
components of the link. Therefore, if L has m components bounding pairwise disjoint
disks, then A < % X Area(X).

Let L = L; U-.-U Ly be a Lagrangian link on the closed surface X. Denote by
Sym L the image of Ly x --- X Ly in the symmetric product Sym* () := =¥ /&y,
where &y, is the permutation group permuting the factors. Suppose L is n-monotone
and L' is Hamiltonian isotopic to L. Let H : S! x ¥ — R be a Hamiltonian and
SymF (H) : S xSym* () — R be given by Sym* (H);(x1. . ...xx) := Zle H(x;).
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We recall in Section 5.1 how from such a link one can define a Floer cohomology',
HF(L.L'.H) := HF*(SymL,Sym L', Sym* (H)). 2.1)

It was shownin [8] that H F*(Sym L,Sym L/, Symk (H)) isisomorphicto H*(Sym L)
as a vector space (without filtration) so it is non-zero. Moreover, they show that Lag-
rangian spectral invariants Csym, 1, sym L’ (@5 Sym¥ (H)) are well defined. Therefore, one
can define link spectral invariants

cL = %Csymé = %CsymL,SymL(eSymL’ ).
Proposition 13. This invariant inherits all the properties of Lagrangian spectral
invariants.
* (Spectrality) cp (H) lies in the action spectrum Spec(H, L).
* (Hofer-Lipschitz) |cp.(H) — cL(K)| < |H — K| nof-
*  (Monotonicity) If H < K, then cp (H) < cp(K).
* (Lagrangian control) If H;|r, = si(t) for each i, then

k
cL(H) = %Z/si(t)dt.

i=1

Moreover,

k k
1 1
- in Hydt < cp(H) < H,dt.
P2 e < vttty < 233 [ ot

* (Triangle inequality) c, (H#K) < cp(H) + cL(K).

* (Homotopy invariance) If H, K are mean normalized, ¢}I = ¢11( and (¢}1),e[0’1]
is homotopic to (¢%):e[o0,1] relative to endpoints, then c (H) = cp(K).

o (Shift) cL(H + s(t)) = c(H) + [ s(t)dt.

The homotopy invariance permits to define ¢z ({¢” }1¢[0,1]) for {¢” }sef0,1] € Ham(X)
by the formula ¢z ({¢% }sef0,1]) = cL(H) for a mean normalized H .
Moreover, ¢, is a quasimorphism when ¥ = S? (i.e., Theorem 1). It is proved
using the fact that SymX (§2) = CP* (cf. [12]).

I'The function Sym* (H) is not smooth along the diagonal of Sym* (X) but it turns out that
any smooth Hamiltonian that agrees with Symk (H) outside a sufficiently small neighbourhood
of the diagonal will give the same Floer cohomology up to canonical isomorphisms as a filtered
vector space. Therefore, HF*(Sym L, Sym L', Sym* (H)) is defined to be the filtered vector
space.
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3. Construction of the new invariants

Let (¥, w) be a compact surface of genus g. We suppose that ¥ has area 1. We
introduce the following class of links, which is slightly different from the ones in [8]
(cf. [5, 6] for the study of this class of links in the cylindrical setting).

Definition 14. A Lagrangianlink L=L{ U---U Ly Uy U---U g is called admiss-
ible if the following statements hold:

e thecircles Ly,...,Lg,a1,..., g are all disjoint,
* «op,...,0g are non-contractible,

» there exists a decomposition of 3 as a connected sum of a genus zero surface X
and g tori such that each ¢; lives in a different torus and L; lives in X,

e Ly:=L{U---ULg C Xy is n-monotone for some n = 0, with respect to a
symplectic form wg on Xy which coincides with w outside a small neighbourhood
of the connected sum region away from the link such that w(X¢) = 1.

We define the monotonicity constant of L as the monotonicity constant of L, (see
Definition 11). See Figure 1.

Remark 15 (A remark about the links considered in [8]). The links considered in [8]
satisfy a planarity assumption, which, in particular, implies that they have at least 2g
non-contractible components. This hypothesis was needed in their paper to show that
the Heegaard—Floer homology of the link was non-vanishing. However, in our case,
we only allow links to have the same number of non-contractible components as the
genus of the surface; otherwise, the statement and proof of Theorem 6 would be much
more complicated. The Heegaard—Floer chain complex for our admissible links is still
defined in the same way as in [8], and applying Theorem 6 proves that its homology
does not vanish.

Remark 16 (A remark on the third bullet of Definition 14). Suppose that L = L U
<+ ULg Uag U---U g satisfies the first two bullets of Definition 14. Let B be the
image of H{(0X) — H(X), V be the image of H{(o; U---Uag) — H;(X) and /;
be the image of H;(L;) — H1(X). Topologically, if V' is a g dimensional subspace
which intersects B only at 0 and /; C B for all i, then there is a decomposition of X
as a connected sum of a genus zero surface X and g tori such that the third bullet of
Definition 14 is satisfied.

To see this, for simplicity, we first assume that there is no L; and ¥ is closed (so
B = 0). Then, V is a Lagrangian subspace with respect to the intersection form €2 on
Hi(2).Leta;:=[a;]€ H1(X). Wecan complete {a;} toabasis {ai,...,aq,b1,...,bg}
of H,(X;Z) such that Q(a;,b;) = 1and Q(a;,b;) =0ifi # j, and Q(b;,bj) = 0 for
all i, j. We can find circles 8; C X,i = 1, ..., g such that the geometric intersection
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Figure 1. An admissible link.

number between any two circles in {¢;, B, } agrees with the homological intersection
number. The regular neighbourhood of «; U B; gives the splitting of the i'" torus
in the connected sum decomposition. The case when X has boundary components
can be proved by first embedding it to a closed surface by capping off the boundary
components by disks (and choosing §; to avoid the capping disks). The case when
there is L; can be reduced to the case with no L; by running the argument above,
for the positive genus components, in the complement of U; L; (in particular, L; are
allowed to be non-contractible separating circles).

We assume that ¥ is closed. Then, given an admissible link L, there exists a
decomposition of ¥ as a connected sum ¥ = S2#E1#---#Eg, where the E; are
copies of the 2-torus such that L, := L; U---U Ly C S? is n-monotone, and for
all 1 <i < g, a; C Eg. (Here, we inflate the symplectic form near the connected
sum point in S? so that S? has area 1. This choice of symplectic form makes Ly n-
monotone by the fourth bullet of Definition 14, and it is compatible with the one in
Theorem 6.)

The authors of [8] show that HF*(L,, L) is well defined and non-zero.

By applying Theorem 6 g times, we get that HF*(L, L) is non-zero, and there-
fore, for a non-degenerate Hamiltonian H, HF*(L, L, H) is also non-zero. As a
result, one can define spectral invariants

CLH) i= Tcom(Sym ¥ ()
for non-degenerate H and then extend them to all Hamiltonians by continuity (i.e.,
the Hofer—Lipschitz property in Proposition 13).
If ¥ has non-empty boundary, then one can embed X, into a closed surface X
such that L remains admissible in X. Indeed, by the definition of n-monotonicity for
surfaces with boundary, there exists an embedding into a closed surface 3 such that
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L is still p-monotone inside . Then, one can define the link spectral invariant for X
by restricting ¢z, to Ham(Xo) C Ham(X).

The fact that this invariant satisfies all the properties listed in Proposition 13,
as in [8], is a straightforward consequence of the properties of Lagrangian spectral
invariants (see [14], for instance).

Before proving the local quasimorphism property 5, we will show the following
proposition.

Proposition 17. Let 3 be a surface of genus g > 0. Let L =L U---U L U U
-+ U ag be a monotone admissible Lagrangian link on X, where ay, ..., og are the
non-contractible components of L. Then, c is not a quasimorphism.

Proof. 1t is enough to show that there exists a sequence of Hamiltonians (H}), such
that yr (Hy) := cp(Hy) + cL (H,) is not bounded. We pick a non-contractible circle
in ¥ that intersects L at a single point in «;. Such a circle always exists, take, for
instance, 1 as in Remark 16. Then, we pick a small neighbourhood U of this circle,
diffeomorphic to the annulus 4 = S! x (=1, 1) (we denote by ¥ : U — A such
a diffeomorphism) such that U N L = U N «; is connected and sent to a vertical
{60} x (—1,1) by . Let H : (—1,1) — R be a smooth function such that

* H is compactly supported,

* H admits a single local maximum at 0 and no other critical point in the interior of
its support,

e H(O) =1

We define K, on A by K,,(0,t) = nH(t), and H, on X by
s H,(x)=K,(¥(x))ifx e U,

* H,(x)=0ifx¢U.

Now, we compute the sequence (yr(Hy)), for this choice of Hamiltonians.

We know that ¢z (H,) lies in ﬁ Spec(Sym(H,)). In order to compute this
spectrum, we consider the critical points of the action that are in the same connec-
ted component as a chosen reference path in J(Sym(L), Sym(L)) (see Section 5.1
for a definition of the Heegaard—Floer complex and the action functional). We pick
X1 €Ly,...,xx € Lg,y1 €ay,...,yg € ag fixed by the flow of H,, and take the
constant path ¢ := {x1,..., Xk, Y1,..., yg} in Sym(L) as the reference path.

Then, the only critical points of the action that are in the same connected com-
ponent as ¢ in #(Sym L, Sym L) are symmetric products of points fixed by H,. They
all have zero action except when we choose in «; the point y; for which H, is max-
imal. For any choice of x; € L;,1 <i < k,and y] € ;,2 < i < g, the critical point
{x],... ,x,’c, Vi - .,yig} has action 7.
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Hence, Spec(Sym(H,)) = {0, n}. Similarly, Spec(Sym(H,)) = {—n, 0} because
H, = —H,. Therefore, y (H,) € {—#,0, #}.

Since y, is non-negative, we can rule out _knTg' Moreover, by the energy-capacity
inequality [15, Lemma 6], which also holds for monotone Lagrangians in a com-
pact manifold by [17], we have that y; is non-zero on Hamiltonians that do not fix
Sym(L). Therefore, y; (H}) is non-zero.

Finally, we get that y (H,) = #, which is unbounded as 7 goes to infinity. m

Remark 18. We expect that ¢y, is not a quasimorphism for the links defined in [8].
Indeed, their links can be related to ours by a series of handleslide moves to reduce
the number of non-contractible components, and we expect that the proof of the
handleslide invariance of Heegaard—Floer homology in [21, Section 9] could also be
adapted to show that handleslide moves preserve the spectral invariants up to homo-
genization (cf. (3.1)).

We now prove that this invariant satisfies Theorem 5.

Proof of Theorem 5. We consider an admissible link L =L; U---U Ly Ua; U---U
o, and a disk D that does not intersect o := ¢y U --+ U atg. Then, one can find
a decomposition of ¥ as a connected sum ¥ = § Z#El#---#Eg such that L, :=
LiU---ULg C S?is np-monotone forall 1 <i < g,o; C Eg,and D C S2.

Let H be a Hamiltonian supported in D, and let H, be an e-perturbation of H in
small neighbourhoods of the link’s components so that H F (L, L, H,) is well defined
(cf. (2.1)). We can assume that H, is chosen such that it is supported away from the
connected sum neighbourhoods of the decomposition & = S?#E#---#E,.

Then, by applying Theorem 6 g times, we have that

g
CF*(L.L.H,) ~ CF*(Ly. Lo. He|52) ® Q) CF* (e ;. He| ;).
i=1

Then, we claim that this isomorphism maps representatives of k (esym(z)) in CF*(L,

L, H,) to tensor products of representatives of unit classes in CF*(L,, L. H¢|g2)

and CF*(;, o, Hg|E;). This is the content of Corollary 57, which we prove in Sec-

tion 5.5. It follows from the proof of Theorem 6 that this one-to-one correspondence

preserves the action (which is defined as the sum of the actions on the tensor product).
Since H, is e-small on E;, we get

Csym L (Sym* T8 (H)) = csym 1, (Sym* (H)),

where csym 1, is computed inside SymF (52). Since Ly is n-monotone inside S2, with

monotonicity constant A, applying Theorem 1 gives that the restriction of csym to

k+lk

Hamp (¥) is a quasimorphism with defect bounded by e
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We define the homogenized spectral invariant p;, by the formula

p(H) = lim cL(H™)

n—oo n

3.1

This is well defined by the triangle inequality and Fekete’s lemma.
Proposition 19. The invariant 11, satisfies the following properties.
*  (Hofer-Lipschitz) |pnp(H) — pp(K)| < |H — K||nor-

* (Lagrangian control) Suppose H is mean-normalized, H;|r; = si(t), H¢la;, =
57(t). Then,

1 kot
pi) = = (X [ e+
i=1

g 1
Z/O s (Z)dt).

Jj=1

Moreover,
1 k 1 g 1
_— min H,dt + / min H, dt)
k+g(§/; L ' ;0 o

k g 1
1
< H) < max H,dt + / max H dt).
pL(H) k+g(i§=1/0 X ]E:l , ke

* (Homotopy invariance) i1, descends to a map Ham(X) — R.
*  (Support control) If supp(¢) C X\ L, then nr(p) = — Cal(p).
* (Conjugacy invariance) (Yo ~1) = ur(e).

Proof. These are all straightforward consequences of the properties of ¢z (Proposi-
tion 13) and the definition of i p . n

The following might be of independent interest but we will not use it in the rest of
the paper.

Theorem 20. Suppose L and L' are two admissible n-monotone links with the same
number of components k + g, that share the same non-contractible components q.
Suppose k is even. Then, the homogenized spectral invariants jup, and g coincide.

Proof. Let % denote the pants product
HF*(L,L')® HF*(L'.L) > HF*(L.L).
Using Theorem 6, we can view it as a map

HF*(Ly,Lo) ® HF* (2, ) ® HF*(Lg, Loy) ® HF* (2, @)
— HF* (Lo, Ly) ® HF (2, ).
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Recall that L, and L, are two n-monotone links with k components in S2. We
want to first show that L, is Floer theoretically isomorphic to L (i.e., there exist
classes ag € HF*(Ly. Ly) and by € HF*(Ly, L) such that ag * by = esymL, €
HF*(Ly, Lo) and b * ao = egyn; € HF*(Lg, Lg)). As explained in [8, Remark
6.10] (see also [8, Section 7.2]), CF(L,. L) is the same as the Lagrangian Floer
cochain complex for the monotone Lagrangian Sym(L,) in CP* with respect to a
constant multiple of the Fubini study form. Also, as explained in [8, Lemma 5.14]

(see the second last paragraph of the proof), the potential functions of Sym(L,) and
1
X1 seees Xk

ates. Recall that the quantum multiplication ¢y * : Q H (CP*) — QH(C P¥) has k + 1
2mj

simple eigenvalues given by (k + 1)eﬁ for j =0, ..., k, which are the critial val-

ues of —1 + Zf-;l x; (cf. [27, Proposition 1.2]). By [27, Corollary 1.12], both

X1 5eees Xk

Sym(Lg) are both equal to + Zf-;l x; with respect to appropriate coordin-

Sym(L,) and Sym(Ly) split generate the monotone Fukaya category % (C Pk )41 at
the critical value k + 1. To show that Sym(L) is Floer theoretically isomorphic to
Sym(Ly), it suffices to show that they define isomorphic objects in ((CIP’k)k+1. By
[7, Theorem 5.6], we know that the Fukaya algebra of Sym(L) and Sym(Ly) are both
the Clifford algebra C /i, which is intrinsically formal [27, Corollary 6.4]. Since we
assumed that k is even, ¥ (CPP¥); ., is quasi-equivalent to the dg category of vector
spaces D?(A) [27, Corollary 6.5]. An object in D?(A) is the same as a chain complex
over A. Since A is a field, every chain complex is quasi-isomorphic to its homology.
Therefore, every object is isomorphic to a direct sum of copies of graded shifts of A.
Any object whose endomorphism algebra equals A is a graded shift of A. Since Clj
is the endomorphism algebra of k copies of A [27, Lemma 6.1]%, Sym(Ly) is a direct
sum of k copies of A as objects in D?(A), and so is Sym(Lyg). It implies that Sym(L,)
is isomorphic to Sym(Lg). As a result, there exist classes ag € HF*(Ly, Ly) and
bg € HF*(L, ’LO) such that ag * by = €SymL, € HF*(LO’LO)'

Let a be the image of ag ® eq in HF*(L, L") =~ HF*(Ly, Ly) ® HF*(2, @),
and b the image of by ® e, in HF*(L',L) =~ HF*(Ly, Ly) ® HF* (o, ).

Then, a * b is the image of (ag * bo) ® (g * €q) = esymL, ® €q, i€, a *x b =
esym L is the unit of HF*(L, L).

Then, by the subadditivity property of Lagrangian spectral invariants, we have for
any Hamiltonian H:

c(SymL,SymL, esymr, H)
<c¢(SymL,SymL’,a, H) + ¢(SymL’,Sym L, b, 0)
<c(SymL,SymL’,a,0) + c(SymL',Sym L', ey, /. H)
+c¢(SymL’',SymL,b,0),

’The paper [27] works over C but we work over the Novikov field.
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i.e.,

1
cL(H) < cp(H) + ——(c(Sym L.SymL'.a.0) + ¢(Sym L', Sym L. b, 0)).
B - g

k +
We get for all n > 0,

cL(H™) _ cp/ (H™) N ¢(SymL,SymL’,a,0) + c(SymL',Sym L, b,0)
n h n (k+g)n ’

and therefore, ug (H) < p/(H). Swapping the roles of L and L', we get the other
inequality, and finally, 1, = pp/. ]

Remark 21. The assumption that k is even in Theorem 20 is unnecessary. The assump-
tion is only used to show that L is Floer theoretically isomorphic to Ly. Indeed, by
generalizing the argument in [21, Section 9], one can give a geometric proof that L,
is Floer theoretically isomorphic to Lj, but this is beyond the scope of the paper so we
leave interested readers to investigate it.

Since the homogenized spectral invariants are conjugacy invariant, (Lz ue = 1 1/Ug’
when L U @, L’ U @’ are Hamiltonian isotopic, and therefore, we can write ,u[g,[;] =
M Lua, Where [L] (resp., [¢]) is the class of L (resp., «).

We fix a decomposition of X as a connected sum X = Xo#E 1 #---#Eg, where X
is a genus zero surface, and the E; are copies of the 2-torus. Recall that we modify
the symplectic form in a neighbourhood of the connected sum points so that ¥ has
area 1.

Letﬁ;ﬁ be the circle {#} x S' C S x S~ E;, andﬁ]zﬁ the circle S! x {0} C E;.

For 0 = (01,...,0g) € (S1)®,and g = (e1,...,85) € {1,2}g,letg§:= :3;:,191 U
- U ﬁ;f’eg. When the components of gfg do not intersect the connected sum regions,
this defines a Lagrangian link on X.

Proposition 22. (1) Let {it;},i € I be a family of homogenized spectral invariants
of the form {u,} associated to links whose respective monotonicity constant A; are
pairwise distinct. Then, the family {{;} is linearly independent.

(2) For fixed [L], the {M[L],@él} are linearly independent. See Figure 2.

Proof. The proof of the first bullet is identical to that of [8, Theorem 7.7 (ii)].
As for the second bullet, let Efz) be the vector space generated by the { K M%]}'

For1 <j < g, let E[L],Bﬁg be the subspace generated by the L1 1e5] that satisfy

¢j = ¢ and 0; = 6. We are going to show thatforevery j =1,...,g, we have

Ewy = @ Ewiee - (3.2)
£,0
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Figure 2. Two links o and f inducing independent invariants jiy and pg.

Let / and m be non-negative integers. Pick / different elements 61,...,6; in S L
and u; be an element of £ (16!, - We can pick m different elements 6;41, ..., 011m
J.0;

in S!, and let ;4 ; be an element of E (L1.82, - Let a; be real numbers such that
IO+

I+m

Z aipi =0.

i=1

We want to show that for all i, a; = 0.
Let V' be a small neighbourhood of ,3} p, that does not intersect the connected sum
points and the ,3} g, for 2 <i < [. Let H be a Hamiltonian supported in V" such that

Hl,%l =1.
Let Oy € S' —{0;....,0;} be such that B!, is away from the connected sum
J.90

points. For 0 < i </, let p; be the rotation of the torus defined by
pi(0.9) = (0 + 0; — 61, ¢).

We can assume that V' is small enough such that for any i = 0,...,/, p;(V) is a
neighbourhood of ,BJl o; that does not intersect the connected sum points and the ,3}1 9,
fors # i.Let H; :== H o p; !, which is supported in p; (V).

Then, by the Lagrangian control property, for0 <i </and 1 < p </, up(H;) =
#Si, p- Moreover, for [ + 1 < p <[ + m, since the p; stabilize the :3;2,01,’ we get
that u, (H;) does not depend on i.

Therefore, applying the equality Zf:'ln ain; = 0at H; for1 <i <1 gives

I+m
ai;

== Z appip(H)
k+g p=Il+1
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and at H
I+m

D appp(H) = 0.
p=Il+1
Thus, a; = 0 for 1 <i < /. Since the B! and B2 play symmetric roles, we can show
in the same way thata; = Ofor/ +1<i <[/ + m.
Therefore, we have (3.2) for all j, and hence, { l@],m%]} are linearly independent.
B |

We conclude this section with the following lemma. It will not be used anywhere
in the paper but might be of interest on its own. Let pppyx be the homogenized
periodic Floer spectral invariant of period k (see [10, 11, 16]).

Lemma 23. For any k, there is no constant C such that ppep i (H) < px(H) + C
forall H.

Proof. By contradiction, suppose such C exists. By Chen [6], upru i (H) = u 1k (H).

We consider H supported in a small neighbourhood of a component of L* such that
pyx (H)> C.Then, pppyk (H) > C by Chen. However, ppy,k is conjugation invari-
ant by any symplectomorphisms. By conjugating ¢z by a small flux translate such
that its support is disjoint from Lk , we get a contradiction. |

Remark 24. Lemma 23 uses the standing assumption that g > 1 essentially. If 3 were
a sphere, then [6] proved that there is a C > 0 such that ppryx (H) < ux(H) + C
for all H. a

4. Extending the Calabi homomorphism and simplicity

The proofs of Theorems 2, 3, and 4 will be given in the following three subsections,
respectively. The main idea is to replace the quasimorphism property (Theorem 1),
which no longer exists for positive genus surfaces, by Theorem 5 and the fragmenta-
tion technique. Some of the estimates are a bit more delicate than the ones in [9].

4.1. Proof of Theorem 2

We can now give a proof of Theorem 2, inspired by the proof of (1) found in [9].
Definition 25. A sequence of admissible Lagrangian links (L¥) is called equidistrib-
uted if the following statements hold:

« all the L* share the same non-contractible components oy, . .., 0,

. Lk has k contractible components L’f e L’,\f,

« the L¥ bound disjoint disks D¥, and diam(L¥) := max(diam D¥) —— 0.

k—o00
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Given such a sequence, we get a sequence of link spectral invariants ¢; x which
satisfies the Calabi property.

Proposition 26. For any smooth Hamiltonian H : S' x £ — R,
c e (H) = /S 1 /Z Hywdt + Og_ o0 (diam(L¥)).
In particular, for any smooth Hamiltonian diffeomorphism @,
¢ k(@) = O o0 (diam(LF)).

Proof. We fix a point xf‘ in each of the disks le. Then, one can find smooth Hamilto-
nians G¥ such that

. Gf EH,(xlk) on le,
. Gg‘ = H; onq;,
¢ 1G¥ = Hylloo < diam(L¥) supg 1,z [ dHi I

Then, using the Hofer-Lipschitz property and Lagrangian control (Proposition 13),
we get

ch(H)_/;l/;Htwdt

< |CLk(H) —CLk(Gk)| +

e e (GF) - / / GFwdt +‘ / /E (G* — H))wdt

< ||H - Gk [l #0r + —Z/ Gk(xk)dt / /Gka)dt

+ makadt+ Gk—H o
k+g2/ G¥ldr + | ot

< 2diam(L¥) sup IIde||+ Z/ Gk(xk)dt—/ / GFwdt

w0 ()

LetA:= Area(Dk) We have +1 <A< k? so diam(L¥) = £ for some positive

constant C, and therefore, 1 = Ok_mo(dlam(L )). Moreover,
ko, k k
k+g2/ Gk (xFydr - / /G wdt
1
=|— Gkwdt — Gk wdt
‘(k+g)A ;1/5 /D e /s/z ‘e
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Gka)dt / / Gka)dt
'((k-i'g)A )/SI/UDk s1Js\UDk)

‘(k+g)A ‘” “ 157 =\(UDK)
1
< |l————— =1+ 1-kA ) (|H| oo + ||H — G¥|| oo
('(k y ' )(n oo + 1 o)

o(;)
=0(=-). L
k
Since the invariants ¢, « satisfy all the properties listed in Proposition 13, the same
proof as in [8, Proposition 3.4] shows the following proposition.

Proposition 27. The map f;« := c;x + Cal : Ham(X) — R is uniformly continuous

with respect to the C° topology of Ham(X), and therefore, it extends continuously to
Ham(X).

Now, we define the following relation on the space of real valued sequences RN:
we say that x ~ y if limx — y = 0. This is an equivalence relation, and the quotient
RN/ ~ is a real vector space. Then, we can define a map

f :Ham(X) - RN/ ~,
= (fpi(@), fr2(0),...).

We claim that f is a group homomorphism, that is, for every ¢, ¥ in Ham(X),

Jrre(oy) — fre(e) — fre () — 0.

Since the spectral invariants satisfy the triangle inequality, and since Cal is a group
homomorphism, we have the following inequality for every ¢, ¥ in Ham(X) and &
in N,

Fue @) = fre(@) — fre (W) < 0.

This inequality still holds for the extension of f;« to Ham(X). We also have,

using the triangle inequality,

Sy @V) = fur @) = W) = frr @) — fr(@) = frx @) — fra(o™)
> —(fx (@) + furlg™).

Hence, the following property is enough to show that f is a group homomorph-
ism.

Proposition 28. For all ¢ € Ham(X), y;x (@) := f1x(@) + frr(p™") goes to zero
when k goes to infinity. B B B
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Proof. Fix ¢ € Ham(X). Using a standard fragmentation result (see, for instance, [1]
or [26] for a more quantitative version), one can find ¢y, ..., ¢, supported in disks
Dy,...,D;, such that ¢ = ¢ 0---0¢,. Foreach 1 <i < n, we pick a smooth ;
sending D; to a disk that does not intersect o 1= oy U --- U, .

Then, we have, using the triangle inequality,

0<ype(p) <Y ye(en)
<) @iV + v W) + v @)
< Wi Vi) + 2700 ().

Since for all i, ¥ ¢, !is supported in a disk away from o, we can apply Theorem 5

and Remark 12 to get that y, « (Y@ ¥; < ,ﬁ%k < k(];c_:-lg)’ and hence, this term
goes to zero.

As for the other terms, since the ; are smooth, the Calabi property (Proposi-
tion 26) implies that y, « (¥;) goes to Cal(y;) + Cal(y; ') = 0. Thus, yx(¢) goes to
zero for any ¢, and hence, f is a group homomorphism. |

For ¢ smooth, we have f(¢) = (Cal(p), Cal(p), ...) since f;«(¢p) converges to
Cal(p). Let A denote the vector (1,1,1,...) in RN/ ~. Using Zorn’s lemma, we
complete this vector into a base (a; = A, as,as,...) of RN/ ~. Now, let s be the
following map:

Then, s o f is a group homomorphism from Ham(X) to R that extends Cal. This
completes the proof of Theorem 2.

4.2. Proof of Theorem 3

We now give a proof of Theorem 3. Once again, it is inspired by the proof of (2) found
in [9].

We start by fixing an equidistributed sequence of links Lk = L’l‘ Uu-.--u Lg U
o1 U -+ U ag such that diam(LF) = O(ﬁ). We define

N((LF)gen) := {¢ € Hameo(Z, ) | \/%(fék (¢) — Cal(p)) is bounded}.

We claim the following proposition.

Proposition 29. The set N ((Lk )keN) is a normal subgroup of Hameo(X, w).
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Proof. Letop, ¥ € N((LF)ken), and 6 € Hameo(X). Then, by the triangle inequality
and the fact that Cal is a homomorphism,

—Vky (@) < Vk(fpr(o¥) — Cal(py) — VE(fx (9) — Cal(g))
— Vk(fyr () — Cal(y)) < 0.
Moreover, we have that
Vi(f (@™ = Cal(p™) = vy x(9) — VE(f1x (9) — Cal(p)),
and the triangle inequality also implies that

iy (0) < Vk(frx (@) = fre(090™") < Vhy« (6).

Therefore, the following lemma proves ¢, ¢!, and 86~ are in N((L*)ken).
which concludes the proof of the proposition. |

Lemma 30. For all ¢ € Ham(X), (\/EVLk (9)) is bounded.

Proof. Writing ¢ = ¢1,...,¢nN, where each ¢; is supported in a disk D;, and choosing
some V; displacing D; away from o, we get as in the proof of Proposition 28 that

N
\/];)/Lk () < ‘/zZ(VLk (Vi Wil) + ZVLk (¥i))

i=1

fz(k(];cilg) O(%))
_ k+1
" Vkk + g)

where we used the Calabi property (Proposition 26), with diam(&k )= O(JLE). This

N + O(1),

shows that vky 1k (@) is bounded for every ¢. ]

Remark 31. We see in this proof that the terms y, x (;) are of higher order than the
other ones. If we manage to show that for smooth elements, ky 1k 1s bounded, then it

would be the case for all ¢ € Ham(X), and we could define an even smaller normal
subgroup by considering ky; « instead of \/E)/Lk.

It remains to show that for a certain choice of (LX), this subgroup is proper. The
proof is similar to the one in [9] in the case of the disk. There are three steps.
+  We show that N((L*)gen) N Ker(Cal) contains all the smooth elements.

*  We construct a hameomorphism 7', and choose an equidistributed sequence (Lk)
such that 7' does not belong to N((L*)xen)-
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* From this T we can construct another hameomorphism with the same property
that lies in Ker(Cal).

Lemma 32. The subgroup N ((Lk )ren ) NKer(Cal) contains all the smooth elements.
Proof. Ttis a corollary of the Calabi property (Proposition 26). |

Now, we construct the hameomorphism and the sequence of links. Fix g disjoint
and homologically independent circles o, ..., ag. Let D be a disk of area 1/2 in
3 away from o, and pick a point z in its interior. We fix a symplectomorphism
@ :(D\ {z0}. w) = (S! x (0, J%T], rdr A db).

We define an autonomous Hamiltonian H on X \ {z¢} (not on X!) as follows:

e H = 0outside d~1(S! x (0, ﬁ;]) C X\ {z0};
s H(O,r) = h(mr?) is radial;

e h:(0, 1] — [0, +00) is decreasing, h(r) < r~% with equality on (0, %] for some

2+7<(1<1

Then, ¢!}  defines a Hamiltonian diffeomorphism on X \ {zo} which acts as a rotation
around the origin inside D \ {z¢}. Therefore, it extends continuously to a homeo-
morphism 7 that fixes zg. We claim the following proposition.

Proposition 33. We have T € Hameo(X).

Proof. We have to find a sequence of Hamiltonians (K}), supported in a compact
subset of the interior of ¥ such that

C()
. i x. — T

e (¢ Kn) is Cauchy for the C? distance, uniformly in ¢ € [0, 1];
» the sequence (K},) is Cauchy for the Hofer norm.
Let D, := {zo} U ®~1(S! x (0, ﬁ)) C 3. It has area

We start with a sequence of smooth Hamiltonians (H},) such that

211/(1 .

e H, coincides with H outside of D,;
e H,~2"in Dy;
* || Hps1 — Hullwot < 2.
To construct such a sequence, we flatten H inside D,,.
Since H,, coincides with H outside of D,,, we have that qSH o T~1 = 1d outside

of D,,, and therefore, ¢H C—> T.

We will now construct a sequence (Kj) such that qb}(n = d)}ln, (K,) is Cauchy for
the Hofer norm, and (¢;<n) is Cauchy for the C° distance uniformly in .

We will use a lemma from [9, Lemma 4.5].
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Lemma 34. Let A be a Euclidean 2-disk equipped with an area form w of total area
A. Suppose D C A is diffeomorphic to D? and that Area(D) < % some integer N > 0.
Let F be a smooth Hamiltonian supported in the interior of D. Then, we have

I ] or
N

du(p}.1d) < +24,

where dg denotes the Hofer distance on Ham, (A, w).

Let b be a real number such that 1 < b < % Let N = 2% and 4, = (N +
1)2_%. If n = ny, where ny is large enough, A < %, and we can define A, := {zo} U
O1(S! x (0, -2—)). It is a disk of area A,. H,,; — H, is supported inside D,,,

AR
which has area 2~ a < ‘}1\,—", so we can apply the lemma and get that
Hyi1—H,
@l -, 1) < et = Fnler

Therefore, there exists G, supported in A, such that ¢f, = ¢ 111n+1_ H, = PuL ©
.., and [|Gyllior < 27710=001 4 (albn) 4 1)2=7,

By definition of b, the series Y o o 1GnlHor is summable. Since G, is supported
inside Ay, dco(9l;, 1d) < diam A, = 0Q2®~@"), 50 Y00, dco(gl; .1d) is also
summable, uniformly in ¢.

Then, we define (K},) recursively by

e K, = H,forn <no;
* Kut+1 = K,#G, forn = ny.

We get that gz = ¢y for n < ng, and for n > no,

1T _ a1 41 1
¢Kn - ¢Hn0¢Gn0 ¢anl
— ¢l g7l Hl gl Bl
Hno Hno Hn0+] Hn—l Hp
= ¢, -
Moreover, the summability of 372, (G llnor and 352, dco(¢g, . 1d) implies
that (K, ) is Cauchy for the Hofer norm, and (qb;(n) is Cauchy for the C° distance

uniformly in ¢.
This concludes the proof that 7 € Hameo(X). [

We now construct an equidistributed sequence of admissible links as follows.
. . SN _ 1 i i+l
Fix an integer k > 1. For 0<i < |5~ |, denote by 4; the annulus § x(m, «/ﬁ) C
D\ {zo}.
Let us assume that Lll‘ is the circle S1 x {, / %} It bounds a disk of area ﬁ

Fori = 1, each annulus A; has area %((i +1)?2-i?)= 2’k—+1 hence, we can fit inside
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A; 2i + 1 disjoint circles LK LK ¥ that bound disjoint disks of area ﬁ

2+1’ o (i+1
and of diameter bounded by -5 N where C is a constant that does not depend on k.

. . . (1412
The union of all the annuli covers a disk of area 2T

k=LK 141)
k

. The remaining area in

which is enough to fit k — /3 +1)2 disjoint circles L* ,
g (1551 +1D* disj L 1y

., Li that bound disjoint disks of area ﬁ and of diameter bounded by %, where

>is

C’ is a constant that does not depend on k.

Let LK := L]f U---u Lﬁ Uog U---Uag (see Figure 3). Then, (LX) is an equidis-
tributed sequence of monotone Lagrangian links, and moreover, we have the following
statement.

Proposition 35. For this choice of equidistributed sequence, T ¢ N (LX) ken).
Proof. We want to show that vk ( f 1« (T) — Cal(T)) is unbounded.
First, we observe that N
Cal(T) = lim Cal(¢y ) = lim Cal(¢} ) = lim / Hyo = / Ho
n—o00 n n—>o00 n n—>oo Js b
and
_ . 1 _ . 1 _ .
ka (1) = nlggo ka (¢Kn) = nll)n;o ka (¢Hn) = nll)ngo Cpk (Hp).

Since H,, coincides with H outside of D, for n sufficiently large, H,, coincides with
H on L¥, and therefore, c k(Hy) = ci(H). Thus, f,x(T) = c x(H).

We start by estimating ch(H). Since H is supported inside S x (0, ﬁ;], and
by Lagrangian control, we have

. (14K 1+1)2
c,k(H) < —— max H
o) < ; na
1)

W‘ I

max H + Z 2i + l)maxH)
i=1
14 )

<
i) - e m(7)
<!

?w‘ I

14K B4

() = 2(3) 2 o)+ e o(i)
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ro=x
e

Figure 3. The sequence Lk .

Using that 4 is decreasing, and comparing the sums with integrals, we get

1 B
(k + 1)4 et 2 (2., 241 .
cpi(H) € ———— + 3k +—/ h(ro)dr + E min H
= k Vi J & — k4

1
k+1\° 2 1 2
< (%) ket 4 3! +T[1 > rl‘z“] +/ Ho
k a ﬁ =\ Ao
2

<1+ L kot p3ret 4 ka1 +/ Ho.
k 2a — 1 T\ Ag
Therefore, for k = 8,

V(i (T) = Cal(T)) = V(e px (H) — Vi /E How)

a 1
<(4+2 Vi | H
(+k+2a_1) «/_AO w
1
5 1
< (4+ 25 —)k“_; — \/E/k h(r)dr
k 2a — 1 0
<4421 2 Yeob - VB e
h k= 2a—1 1-
a 2 1 i —8a?+8a—1 a i
<444 — ke < (2T A ad
(+k+2a—1 l—a) ((2a—1)(1—a)+k)
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Since %+ﬁ <a<l, % + % <0 for k large enough, and Vk(fi(T) -

Cal(T)) goes to —oo. ]

In a similar fashion, we also compute a lower bound for ¢, x (H) — [s, Hw (when
k is large enough) that we will need in the following section:

ch(H) —/EHa)

. (1% 1+1)2
> min H — How
k+g Z Lk =

i=1
JE
1 L %K)

min H + 2i +1 mlnH /Ha)
k+g(L Z( ) )

i=1

B
1 1 (i + 1)
“ () ZQ’“”( ))- [ e

B4 B4

() (@) 2 2 0(0) - e ()

k (k +1)° . 2 /‘2 )
— | H — 3k - = h(r?)d
/z COkJrg( k Vk 4 (r)dr

14511
Z maxH / Ha)) _& / How.
=1 k+g )

Once again, we used that / is decreasing and compared the first sum with an integral.

Doing the same for the second sum, we obtain

ch(H)—[ Ho
1
1 k+1 2 1 2
= 1+g(( : )ka 1 3ka_1—7|:1 3 rl_za] + Ha)—/Ha))
& k a ﬁ S\ Ao p)
1
—%/04h(r)dr

[

g 1N .y -1 2 ~1 / g/4 -
>(1=8) (14 =) ko' 3k =2 g1 | He)-E oy
( k)(( +k) 2a—1 W) TR Sy T
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L 11—« %

> (1- 13- _2 k“_l—/kh(r)dr -
2a — 1 0 k|ll—« 0

a—1

(_ 2 2 )ka—l _ 1 ka—l) _ 4 g

(-8 (( -2 g
( k)( 2a — 1 l—a (1-w)k
g 2 U Npat _ 472
>(1-2)(-2- - .
( k)( 2a —1 l—a) (1 -k

Now, it remains to construct a hameomorphism in Ker(Cal). Choose a smooth
Hamiltonian diffeomorphism 6 such that Cal(d) = Cal(T). Then, T’ := T~ ! ¢
Hameo(X) N Ker(Cal). Since 6 is smooth, by Lemma 32, 6 € N(X), and therefore,
T ¢ N((L")en)-

Hence, N ((Lk)keN) N Ker(Cal) is a proper normal subgroup of Hameo(X) N
Ker(Cal), which concludes the proof of Theorem 3.

=0q

We give more precision on the subgroups we defined.
Note that since the Hamiltonian H we constructed in this section is radial, we
have H*™ = nH, and therefore,

_ ch(H#")

Then, by Theorem 20, ¢, x (H) only depends on k, @ and the monotonicity con-

stant of the link. Therefore, for any other equidistributed sequence of links (L’k)
having the same non-contractible components ¢, and the same monotonicity constant,
we have that 7" ¢ N k.

Since we fixed an arbitrary ¢ at the start of the proof, and since we could modify
the definition of (L¥) to change its monotonicity constant while keeping similar
inequalities for ¢, x (H ), we get the following proposition.

Proposition 36. Let (L) be an equidistributed sequence of admissible links, sat-
isfying diam(L’*) = O(\/LE). Then, N((L'®)ren) is a proper normal subgroup of
Hameo(X) N Ker(Cal).

Moreover, taking the intersection of those subgroups over all such sequences of
links, we get an even smaller proper normal subgroup N, which contains all smooth
elements.

Remark 37. We need the assumption on the diameter to ensure that N (L™ )ken) is
a normal subgroup (Proposition 29).

4.3. Proof of Theorem 4

This time we consider a connected, closed, oriented surface (X, w).
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Fix an equidistributed sequence of admissible links (Lk ) with

diam(LF) = O (i)

vk
Fix a such that % + ﬁi < a < 1. Then, for k¢ large enough,
1 a 2
-4 — —— — > 0.
1—a 22ko  2aq —1

Fix such a kg, then for N large enough,

2 1 1 a 2
= - yoNU=a(_- 4= > 0.
2a —1 1—a+ (l—a 22ko 2a—1)

Fix such an integer, and define gx := €22k —C 22k=N.
Assume that B B

N((LX)ken) := {(p € Hameo(X), (2K gk () is bounded}.

Remark 38. As in [9], the definition of the gi’s is more involved for closed surfaces
than when there is boundary. This is because we want them to be C°-continuous so
that they extend to Homeo(X). When there is boundary, we can subtract the Calabi
homomorphism to the spectral invariant, however, this homomorphism is not defined
on closed surfaces, therefore, we need to take differences of spectral invariants, whose
indices are chosen to make the computations work.

Proposition 39. The set N((L¥)xen) is a normal subgroup of Hameo(X).

Proof. Let ¢, ¥ € N((LF)ren), and 6 € Hameo(X). Using the triangle inequality,
we have

V22 (@) < gik(9¥) — gk (9) — 8k () < ¥ o2k (9),
gk(p™) =y 22 (9) = ¥ 22e-n (@) — 8k ()
and
—(y 22 (0) + ¥ 226-n (0)) < ge(0p07") — gr(p) < Y 22 (0) + ¥ 22k (0).
Therefore, Lemma 30 implies that ¢, ¢! and ¢#~! are in N(X). ]

We claim that for a certain choice of link, N((L*)xen) is a proper subgroup of
Hameo(X).

In fact, once again Proposition 26 shows that it contains all the smooth elements.

We define a hameomorphism 7" and a sequence of links (L*) as in the previous

section, with the parameter % + —L_ < a < 1 we fixed earlier.

242
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We claim that 7 ¢ N((L*)ken).
Let k be a sufficiently large integer. Then, by the estimates of the previous section,
we have

2K gi(T)
=2k (CL22k (H) — € 22k=N (H))

zzk((c‘Lzzk(H)—/;Hw)+(/EHCU_CL221€—N(H)))
. g 2 1 2k\a—1 42 1g
(R
of 1 a 2 2k—Nya—1
+2 (l—a_4_22k_N_2a—1)(2 )

2 1 1 a 2
> ok@a-D [ _ o _ _ N(1-a) —4— _
2a — 1 1—a+ 1—a 22k=N 24 —1

—k@a=3g( _p_ 2 __1 _2—kﬂ
2a—1 1-—a | —

By definition of N, for k > ko + &,

2 1 1 a 2
B L . 2N(1—“)(——4——— )>0,
2a — 1 1—a+ 1—a 22k=N  2gq —1

and therefore, 2% g4 (T') goes to infinity, which concludes the proof of Theorem 4.
Using the same argument as in the previous section, we also get the following
proposition.

Proposition 40. Let (L’k) be an equidistributed sequence of admissible links sat-
isfying diam(L'*) = O(ﬁ) Then, N((L'®)xen) is a proper normal subgroup of
Hameo(X). Moreover, taking the intersection of those subgroups over all such sequen-
ces of links, we get an even smaller proper normal subgroup N, which contains all
smooth elements.

5. The Kiinneth formula for connected sums
This section is devoted to the proof of Theorem 6.

5.1. Heegaard-Floer homology

Let us start by discussing how we define Heegaard Floer homology. Indeed, we decided
to use the original construction, which computes Lagrangian Floer homology in the
symmetric product. Alternatively, one could work in a cylindrical setting and define
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Heegaard—Floer homology by counting pseudo-holomorphic curves in the 4-manifold
¥ x [0, 1] x R. We believe that this cylindrical reformulation (formulated by Lipshitz
in [18]) could be used to prove the statements of this paper since similar results are
proved in [18] and [22] in the cylindrical setting. Indeed, a cylindrical reformulation
of the Lagrangian link spectral invariants is considered in [5, 6] so it is likely that
the cylindrical approach together with our arguments in the previous sections can be
combined to obtain Theorems 2, 3, and 4. However, since our main results are inspired
by [8,9,21], which are all using the symmetric product setting, we will do the same.
This setting is the following.

Consider a closed symplectic surface (X, @), with a compatible complex structure
j.-LetL =L, U---U Lg be a Lagrangian link in ¥. Denote by Sym L the image of
Ly X -+ x Ly in the symmetric product Sym* () := =k /&y

Denote by 7 the projection ¥k Symk (X). The symmetric product is naturally
endowed with a singular symplectic form Sym(w) := 74 (w®¥), which is smooth
away from the diagonal A := w({(x1,...,xx).3i # j,x; = x;}). Itis also endowed
with a complex structure Symk (j) := 7+ j ®* making it a smooth complex manifold.

Since the circles composing L are disjoint, Sym L does not intersect A. Let V' be a
neighbourhood of A that does not intersect Sym L. By the result in [24, Section 7], one
can find a smooth symplectic form wy on Sym* (X) which agrees with Sym(w) away
from V, and is compatible with Symk (7). Then, Sym L is a Lagrangian submanifold
inside (Symk(E), wy).

Let (L, K) be a pair of Lagrangian links with k components. Let H : S! x ¥ — R
be a smooth Hamiltonian. Then, one can define a Hamiltonian Sym* (H) on Sym* (X)
by the formula Sym* (H); ({x1.....xx}) := Hy(x1) + -+ + H; (x¢).

Let V be a neighbourhood of A that does not intersect Sym (g%, (L)), Sym(¢k (K))
fort € [-1,1].

Definition 41. An almost complex structures J over Symk (X) is V-nearly symmetric
if it agrees with Symk (j) over V, and tames Sym(w) outside of V.

If Sym L and Sym K are both monotone Lagrangian submanifolds that are Hamilto-
nian isotopic and Sym(g }1 (L)) h Sym K, then given a path of V-nearly symmetric
almost complex structures (J;);e[o,1], one can define the Lagrangian Floer cohomo-

logy
HF*(Sym L, Sym K, Sym* (H))

in the standard way (cf. [8, Section 6]). One can show that this construction will not
depend on the choice of V' and J;.

In order to clarify some notations, we will recall briefly how HF*(L, K, H) is
constructed for two Hamiltonian isotopic monotone Lagrangians L and K inside a
closed monotone symplectic manifold (M, w), and a smooth Hamiltonian H .



Hameomorphism groups of positive genus surfaces 375

We define the space (L, K) of smooth paths y : [0, 1] - M with y(0) € L and
y(1) € K.

Fix ¢ in (L, K), and let 13; (L, K) be the universal cover of the connected com-
ponent of ¢ (with base point ¢).

Given a Hamiltonian H, we can define an action functional on 13; (L, K), by

Ay ([y, w]) == —/w*w+/H(t,y(t))dt.

Here, w is a homotopy from y to £ in P (L, K).

By the definition of 13; (L, K), two cappings [y, w] and [y’, w’] agree in ﬁ; (L,K)
if y =y’ and w and w’ coincide in the set 75 (¢, y) of homotopy classes of cappings
from ¢ to y with boundary in L and K.

Definition 42. Two cappings [y, w] and [y’, w'] are defined to be equivalent if y = y’

and w and w’ have the same image in %

Let CF} (L, K, H; ) be the C-vector space generated by the equivalent classes
of critical points of the action functional Az . It is naturally a C[T*!]-module where
T acts by adjoining the smallest positive area disk class in 7, (¢, {) to the capping.
The Lagrangian Floer complex is

CF*(L.K.H):=  CF*(L.K.H:{),
teno(P(L,K))
CF*(L,K,H;{) = CF}(L,K, H:{) ®cpr+1; CITNT™].

One can also think of CF*(L, K, H) as a C[[T]][T ~!]-vector space generated by
the critical points of the circle-valued action functional on (L, K) induced by Ag.
These critical points are trajectories of ¢}, from L to K, and are in one-to-one cor-
respondence with ¢ }1 (L) N K. This complex is graded by the Maslov index, and the
Novikov parameter carries a grading given by the minimal Maslov number of L.

To define the differential, we fix a path of w-compatible almost complex structures
J: on M. Then, given two Hamiltonian trajectories y and y’ from L to K, and a
homotopy class f of Maslov index 1, we define the space M 7,.8(y.y") of smooth
maps ¥ : R x [0, 1] — M satisfying the following:

. %—'; + J;(%—’; — Xg (1)) = 0 (where (s,t) € R x [0, 1]);
* u has finite energy;

* u(R,0)c Landu(R,1) C K;

© [ul=48

e uisasymptotic to y ats = —o0, and to y’ at s = 400.
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Denote by M, g(y,y’) the quotient of this moduli space by the action of R by trans-
lation, and by m>(y, ) the set of homotopy classes of Floer trajectories between y
and y’. The differential is then given by

Ny’ w] = S #My,p(n )y wHBl.
[y, w#B]eCrit(Agr)

5.2. Identification of the vector spaces

Let L and K be two transverse Lagrangian links with k components on a closed
Riemann surface (X, w, j). Let (E, wg, jg) denote the two-dimensional torus with
complex structure jg and Kéhler form wg. Let o be a non-contractible circle on E
and o’ be a small Hamiltonian deformation of « such that o and &’ are transverse. Let
01 € X\ (L UK), and 0, be a point in E away from the isotopy between « and o',

We denote by X#7 E the connected sum of ¥ and E along the points o7 and o3,
which we construct in the following way.

Pick small real numbers r; and r,, and fix conformal identifications ®; : B, (o1) \
{01} = [0,00) x S! and @, : B, (02) \ {02} = [0,00) x S (where B, (z) denotes
the closed ball of radius r centred at z). Let £(27) := X \ (&7 ((2T, o0) x SH) U
{o1}) and EQ2T) := E \ (®;1((2T, 00) x S1) U {02}). Then, T#r E is the union of
¥ (2T) and E(2T) modulo the identification of the cylinders [0,27] x S! C Z(2T)
and [0,27] x S! C E(2T) via the involution (,0) ~ (2T — ¢, ). We denote the res-
ulting complex structure on X#7 E by j’(T'), which agrees with j over X \ B, (01),
agrees with jg over E \ By, (02) and agrees with the standard complex structure over
the tube [0,27] x S*.

We assume the Hamiltonian isotopy from « to ¢’ is small enough such that the
area of its support is less than w(B;, (01)). In this case, we can equip X#7 E with a
symplectic form ’(T") which agrees with w over X \ By, (01), agrees with wg over
the support of the Hamiltonian isotopy from « to «’, is compatible with j/(T), and

o' (T)(ZH#rE) = 0(2).

Let W := {07} x Sym*"!(Z) c Sym* (). Let o be a point that lies in the same
connected component of ¥ \ (L U K) as o1, but away from B, (01).

Foranyz € ¥\ (L U K) and ¢ € H,(Sym*(2), Sym(L) U Sym(K)), we denote
by n(¢) the intersection number of ¢ with {z} x Sym*™1(X) ¢ Sym* (). Simil-
arly, for z/ € S#7E \ (LU K U U ') and ¢’ € Hy(Sym*+! (S#7 E), Sym(L U
a) U Sym(K U «')), we denote by n’,(¢’) the intersection number of ¢’ with {z'} x
Sym* (S#rE) C Sym*t (S#r E). Forzg € E \ (@ Ua’), and ¢ in Ho(E,a U '),
we denote by nfE (¢E) the intersection number of g with zg.
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In order to prove Theorem 6, we start by establishing an isomorphism of vector
spaces between the Floer complexes. We will show that there is a one-to-one corres-
pondence between generators.

Given an intersection point x = {x, ..., xx} € Sym*(X) between Sym L and
Sym K, and an intersection point ¢ € E between « and ', we get an intersection point
x x {c} € Sym*(T \ By, (01)) x Sym'(E \ B,(02)) C Sym*T1(Z#r E) between
Sym(L U ) and Sym(K U o).

Since « and o’ do not intersect L and K, any intersection point between Sym(L U
@) and Sym(K U «’) can be decomposed in a single way as x X {c} where x €
Sym(L) N Sym(K) and ¢ € o N o, and therefore, there is a one-to-one correspond-
ence between (Sym(L) N Sym(K)) x (¢ Na’) and Sym(L U &) N Sym(K U «’).

Now, we need to consider the cappings. In fact, recall that a generator of the Floer
complex is an equivalence class of an intersection point x together with a capping w
(cf. Definition 42).

For each connected component of #(Sym L, Sym K) that contains an intersec-
tion point of Sym L and Sym K, we choose the reference path ¢ for that connected
component to be a constant path at one of the intersection points that are contained
in that component. On E, since we assumed that ¢’ is a Hamiltonian perturbation of
o, we can assume that all intersection points between them are in the same connec-
ted component of P («, ’). We choose as a reference path {g to be a constant path
equal to an intersection point between « and «’. For every ¢ chosen above, we define
¢’ := ¢ x ¢g, and choose it as a reference path in Sym* 1 (S#7 E). We will compare
the cappings with respect to these reference paths in Proposition 47. The following
definition and lemmas are preparation for the proof of Proposition 47.

Definition 43. Let L and K be two Lagrangian links on £ away from a point z. Let
x be a path between Sym L and Sym K. A class ¢ in 7, (x, x) is said to be periodic if
nz(¢) = 0. The set of periodic classes will be denoted by I, (z).

Then, we show the following lemma (which is a generalization of [21, Proposi-
tion 2.15], which corresponds to the case k = g).

Lemma 44. Let (X, z) be a pointed surface. Let L and K be two Lagrangian links
on X, away from z, with k components. Then, for any path x from Sym L to Sym K,

72(x, X) = m5(Sym* (2)) @ M, (2).

Proof. The set w5 (x, x) is the fundamental group of #(Sym L, Sym K) based at the
point x. The evaluation at both ends of the path gives rise to a fibration

Q Symk(E) — P(Sym L,Sym K) - Sym L x Sym K.
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The corresponding long exact sequence gives
0 — 72(Sym* (%)) — m1(P(Sym L, Sym K)) — 71 (Sym L x Sym K)
i) 1 (Symk(E)).
One can rewrite it as a short exact sequence
0 — 7, (Sym* (X)) — m2(x, x) — Ker(f) — 0.

Since k > g, we have either nz(Symk(E)) ~ 7 or nz(Symk(E)) = 0, and hence,
nz(Symk (X)) = 0 happens only when k = g = 1 (cf. [3, Theorem 5.4]). When
Ty (Symk(E)) =~ 7, the map w2 (x, x) =7 gives a splitting of the short exact se-
quence, and (X, X) = nz(Symk(E)) @ Ker(f). When nz(Symk(E)) = 0, we also
have 5 (x, x) = 75 (Symk (X)) @ Ker(f). Since n, gives a splitting of the sequence,
Ker( /) can be identified with Ker(n,) = I1,(z), which shows that

7a(x, x) = 7 (Sym* () @ M, (2). "

Lemma45. Given an intersection point x ={x1,...,xx} € Sym* () between Sym L
and Sym K, all cappings are of the form [x, nS#w], where S is a generator of
nz(Symk(E)) whose intersection number with W is ng,(S) = 1, w is a capping
Sfrom x to ¢ that does not intersect W, and n is an integer.

Proof. We can construct a representative of the generator S as follows. Let p, ...,
Pk—> € 2\ {o1}. Let rx : & — CP! be a topological 2-to-1 branched covering such
that oy is not a critical point. We can define a continuous map u : CP! — Symk (%)
by u(z) = (7151 (2), p1, ..., Pk—2), Where 71)51 (z) is understood to be two copies of
the critical points when z is a critical value of wx. Note that u intersects W exactly at
the point u(7rx (01)) and it can be checked that the intersection is transversal. Let i be
the same as u but equip the domain with the opposite orientation. We have ny, (1) =1
and ng, (u) = —1.

Let w be a capping from ¢ to x which intersects W transversely. For each inter-
section point ¢ between w and W, we can choose pi,..., pr—» and 'y such that
the corresponding u intersects W at the same point ¢. By applying a connected sum
with u or u depending on the sign of the intersection point, we obtain another capping
from ¢ to x with one less intersection point with W. Continuing this procedure, we
will obtain a capping w, from ¢ to x that does not intersect W.

Then, 72 (x, &) = wy#m, (£, £). By the previous lemma, 75 (£, £) 2 7, (Sym* (2)) &
IT¢ (01). Therefore,

ma(x,§) 2 mo(Sym* (X)) @ (wy#I1¢ (01)).

and elements of IT¢ (o1)#wy do not intersect W. ]
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Given an intersection point ¢ € E between « and «’, since E is aspherical, all
cappings from ¢ to g do not intersect 0,. Moreover, since @ and «’ are Hamilto-
nian isotopic to each other, any two cappings would have the same areas, and hence,
descend to a unique equivalence class.

Lemma 46. Given an intersection point x X {c} between Sym(L U «) and Sym(K U
«’), a capping w from x to C that does not intersect W, and wg from c to (g that does
not intersect 02, W X WE is a capping from x x {c} to ¢ such that nl,(w x wg) = 0.
Moreover, all cappings from x x {c} to ¢’ are of the form [x x {c}, nS'#(w x wg)]
for some integer n and cappings w and wg as above, and where S’ is a generator of
1o (Sym* 1 (Z#7 E)) with nl (S") = 1.

Proof. The first part of the lemma is straightforward. The proof of the second part is
identical to that of the previous lemma. ]

Proposition 47. The linear map defined by
®:CF*(SymL,SymK)® CF*(a,a') - CF*(Sym(L U ), Sym(K U o)),

[x,nS#w] @ [c, wg] = [x x {c},nS#(w x wg)]
is an isomorphism of vector spaces.

Proof. We already know there is a one-to-one correspondence between (Sym(L) N
Sym(K)) x (¢ Ne’) and Sym(L U &) N Sym(K U «'), and according to the previous
lemma, the mapping ¥ : 2 (x, &) x ma(c, {g) — ma(x x {c}, ¢') is also a one-to-
one correspondence. It remains to show that this mapping descends to a one-to-one
correspondence between equivalence classes of cappings

m2(x,§)/ Ker(Sym(w)) x 72 (¢, §g)/ Ker(wg) — ma(x x {c}.{')/ Ker(Sym(w'(T))).

First, note that in the torus, 72 (c, {g)/ Ker(wg ) is trivial (see the paragraph before
Lemma 46).

Then, recall that w’(T") is chosen such that it agrees with @ over X \ B;, (01),
agrees with wg over the support of the Hamiltonian isotopy from « to «’, is compat-
ible with j/(T) and o'(T)(Z#7r E) = w(X). These conditions guarantee that for all
w and wg, we have Sym(w'(T))(¥(w, wg)) = Sym(w)(w) + wg (wg). It implies
the result. ]

To show that it is an isomorphism of chain complexes, we need to show that it
preserves the differential, i.e., that for all such x and ¢, d(x x {¢}) = ®((Ix) ® ¢ +
x ® (dc)).?

3More precisely, we need to identify the differentials of the capped intersection points, but
the identification of the cappings is straightforward so we focus on the intersection points.
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In order to do this, we compare the moduli space M (x, y) of Maslov index 1 Floer
trajectories from x to some y in Symk(E) to M(x x {c},y x {c}), and M(c, ') to
M(x x {c}, x x{c'}).

In fact, we will show that these moduli spaces can be identified when considering
a complex structure on X#7 E = X#FE that stretches sufficiently the connected sum
tube.

This is a generalization of a statement in [21] which only considers the case of
links with ¢ components (where g is the genus of X), and circles « and «’ with a
single intersection point. The proof of this statement still works in our setting. We
will recall the main steps of this proof and emphasize where one has to be careful
when generalizing.

Before discussing the moduli spaces of Floer trajectories, which are pseudo-holo-
morphic disks, we have to fix paths of almost complex structures on each manifold.

We fix a path of V-nearly symmetric almost complex structures (J;)se[o,1] On
SymX (), for some neighbourhood V of A U Sym*~1(2) x {07} C Sym*(Z).

Recall that j/(T) is the complex structure on X#7 E that coincides with j on X\
B, (01), with jg on E \ B,,(02), and is the standard cylindrical complex structure
on the connected sum tube [0,27] x S! between ¥ and E.

k+1

Then, the symmetric product Sym* ™" (X#r E) endowed with the complex struc-

ture Symk *1(j’(T)) admits an open subset holomorphically identified with
Sym*(Z — By, (01)) x Sym'(E — By, (02)).

Fix Ry > ry and Ry > r,. We choose a path of almost complex structures J/(7')
on Sym**!(Z#7 E) satisfying the following conditions:

* J{(T)=J;x jg onSym* (S — B, (1)) x Sym' (E — Bg,(02)):

* J{(T)=Ji, x jg onSym*(Z — By, (01)) x Sym' (BR,(02) — Br,(02)), where
Jtr 1s V-nearly symmetric for all  and connects J; to Symk (j) as r, the normal
parameter to 05, goes from R to r;;

e JI(T)= Symft1(j/(T)) on the rest of Sym* ™! (Z#7 E).

In particular, J;(T') is V'-nearly symmetric for some neighbourhood V' of the

diagonal A’ C Sym* T (Z#r E).

Letx,y € Sym(L) N Sym(K),and ¢,¢’ € a N’
Given ¢ € m>(x, y), there is a single class ¢/ € m2(x % {c},y x {c}) such that for

any z € ¥\ (L U K), n;(¢) = n,(¢.). Similarly, for any g € m2(c, ¢’), there is a

single class ¢ . € ma(x x {c},x x {¢’}) such that forany zg € E \ (@ Ua’),

nf (pp) =n}, (¢ ).

Then, Theorem 6 is a consequence of the following statement.
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Theorem 48. Let ¢ € ma(x, y) and g € ma(c, ¢’) be two classes of Maslov index
L. Then, for sufficiently large T, My, o(x,y) >~ My (7)o (x x{c}, y x {c}) and
Mo (€ €)= Myrry,g, (X x{ch x x{c}).

Remark 49. The isomorphisms above are identifications between deformation the-
ories, and therefore, 1(¢;) = u(¢) = 1, and u(¢% ) = u(pe) = 1.

The proof of this theorem consists of two steps.

* Given a pseudo-holomorphic disk in Symk (X), we construct a corresponding disk
in Symk t1(Z#r E) by gluing spheres.

* By a Gromov compactness argument, we show that all Maslov index 1 pseudo-
holomorphic disks in Symk +1(Z#7 E) can be constructed in this way.

These two steps will be addressed in the next two subsections, respectively.

5.3. Gluing

Let u be a pseudo-holomorphic disk in M, 4 (c, ¢’). Then, u does not intersect
03, and therefore, x x u defines a trajectory in Symk TL(Z#r E) between x x {c}
and x x {c’}, which is J/(T)-holomorphic. Moreover, for any zg € E \ (¢ U o),
ny, (u) = nfE(<pE), SOX XU E MJI/(T),(p/EJ (x x {c}, x x{c'}).

Let u be a pseudo-holomorphic disk in My, ,(x, y). When ng, (¢) = 0, we can
construct ¥’ := u x {c}, and as before it lives in M) (x X {c}, y x{c}).

However, when n := ng,(¢) # 0, we need to glue n spheres to the disk u to
construct a disk in Symk +1 (Z#7 E). We follow the construction of [21], which was
done in the case k = g, but still works in this more general case. We will only give an
outline of the proof without going into the more technical details, which are exactly
the same as in [21, Sections 10.2 and 10.3].

Suppose that u meets W = {01} x Sym*~!(Z) transversally in n distinct points
q1s.-..qn. We identify R x [0, 1] with D \ {z%i}, where D denotes the unit disk in
C. Then, u extends continuously to D by setting u(—i) = x,u(i) = y.

We fix constants 0 < r; < Rj such that

u(D) N (By, (01) x Sym* =1 (T — B, (01))) C By, (01) x Sym*~1(Z — B, (01)).

There exists € > 0 such that for every 1 < i < n, Bg(gq;) is mapped by u into this
subset.

We fix conformal identifications By, (01) — o1 = [0, 00) x S, and Be(q;) =
[0,00) x S1.

We will use Sobolev spaces with weight function 7!, where

* §is apositive constant;
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o 11:D—{q1,...,q9n} — [0, 00) is supported inside the B.(g;);
s 11(s,9) = s fors > lineach B(g;) = [0,00) x S
Then, for each i there exists w; € Symk_l(E), and (#;, 6;) € R x S! such that

the restriction of u to Bg(g;) — {g;i} = [0, 00) x S differs by a Lf s map from the
smooth map

ag; 6;; 1 [0,00) x ST — SymF~1(2) x [0,00) x ST € Sym* (D)

defined by
ati,el‘,w,'(ss (P) = (wi9s + [i,(P + 91‘),

where we cut off s + #; if it is negative ([21, Section 10.2]).

Given T > 0, we define X;(T) := 7 '([0,T]) and X1(o0) = D —{q1,--.,qn}-

Let 42 : R — [0, 1] be a smooth, increasing function such that () = 0 fort < 0
and h(t) = 1fort > 1.

We can define a map i : X;(c0) — Sym* () which agrees with u away from
the B:(gi), by

aT(S, (P) = h(S - T)at,',ei,wl' (S’ ‘/’) + (1 - I’l(S - T))M(S, §0)

over Be(qi) \ {gi} = [0, 00) x S, and extends smoothly over g; (where the convex
combination is to be interpreted using the exponential map).

We also fix a constant §y > 0, and define 7o : R x [0, 1] = D — R supported away
from the B.(g;), and such that 7o (s, ) = |s| for sufficiently large s.*

Then, according to [21, Lemma 10.6], for the Sobolev norm with weight eforotdtr
there are constants ¥ > 0, So > 0 and C > 0 such that for all § > Sy

3 - kS
||3J,us||ng30(A0-las) < Ce ™.

Now, we consider spheres in Sym?(E). Let v be a holomorphic map from S?2
to Sym*~!(Z) x Sym?(E), constant on the first factor, and such that ng,([v]) = 1.
Denote by M(S2 — Sym* 1 (2) x Sym?(E)) the moduli space of such maps, modulo
holomorphic reparametrization. According to [21, Lemma 10.7], we have the follow-
ing lemma.

Lemma 50. For such a map v, there exists a unique pair (w, c) in Symk_1 (X)x E
such that (w, {c,0,}) € Im(v).”

4In [21], they use (s,¢) € [0, 1] x R and require that 7o equals |¢| for sufficiently large ¢, but
we follow the more standard convention that (s, ) € R x [0, 1].

3In [21], they use the notation (w, ) instead of (w, c). We use y to denote an intersection
point between Sym L and Sym K so we use ¢ here.
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The map [v] — (w, ¢) is then a one-to-one correspondence between M(S? —
Symk_l(E) x Sym?(E)) and Symk_l(E) x E.

We fix v as above, and normalize it so that v(0) = w x {c, 02} (Where we view
S2 as C U {oo}).

We will only be interested in the case that ¢ € o N «’. The intuitive reason is that
we are going to glue u x {c} : D — Sym* (X) x E and n many v : 2 — Sym*~1(2) x
Sym?(E) together (one v for each ¢;), so ¢ has to be an intersection point between &
and o’ for u x {c} to satisfy the Lagrangian boundary conditions (cf. the degeneration
(5.1), where the Gromov limit lives). Therefore, we assume from now on that ¢ # o5.

We identify a neighbourhood of v(0) with

Sym*"!(£) x By, (02) x (E — B, (02)) C Sym*™" () x Sym?(E)

for some 0 < rp < R5.

Fix & > 0 such that B.(0) is sent by v to this neighbourhood. Fix conformal iden-
tifications [0, 00) x S! = B,(0) — {0} and [0, 00) x S! = B,,(02) — {02}

Then, there are unique w € Sym*~1(2), ¢ € E, (1, 0) € [0, 00) x S such that v
restricted to [0, 00) x St = B,(0) — {0} differs by a Lf s map from the map

bt,0,w,y) (8. 9) = (W, s +1,0 +¢,c),

where L? ; is defined with a weight function €’ 7, with 7, : % — {0} — R* defined
in a similar fashion as ;.
For S > 0, let S?(S) := 7;'([0, S]). We define a map®

vs : 52 = {0} — Sym*~! (%) x Sym*(E —{02}),
which agrees with v over $2(S), and such that over [0, 00) x S = B;(0) — {0},
vs(s,9) = h(s = S)b,0,w,0)(s.9) + (1 = h(s — S))v(s, ).

In [21, Definition 10.8], the authors define a normalization condition on holo-
morphic spheres called being “centred”. They show that the moduli space of centred
maps M"(S? — Symk_l(Z) x Sym?(E)) is diffeomorphic to Symk_l(Z) x R x
S x E through the assignment v — (w, 1, 6, ¢).

Denote by v(y 1,6,¢) the pre-image of (w, ¢, 8, ¢) by this diffeomorphism.

Using the conformal identifications B, (01) — 01 = [0, 00) x S1 and B, (02) —
05 2 [0,00) x S, one can think of Z#7 E as the union of X (27) and E(27T) modulo

®In [21], the domain of v is §2 — {co} which we believe is a typo.
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the identification of the cylinders [0,27] x S! € £(27T) and [0,27] x S! C E(2T)
via the involution (¢, 0) ~ 2T —t, 6).

Let X»(T) := | J'_, S*(T); and X; U7 X, be the union of X;(7") and X»(T)
glued at their common boundary. We have that

X1 Ur Xp = D2.

There exists some constant ¢ > 0 such that for any real numbers S and T such that
0 < § < T —t, given the pseudo-holomorphic disk u € M, ,(x,y) we fixed earlier,
and the intersection point ¢ € o N’ C E, one can define a map

Pe,S.T): D =~ X, Ur X5 — Sym* ! (S#7E),

which agrees with i1 g x {c} over X1(T) and with v(y, —, 6,.¢),s on S*(T); C Xo(T).
Following [21, Lemma 10.9], if S is sufficiently large, then for large 7 this map
is smooth, and for an appropriate Sobolev norm there are some positive constants C
and a such that
187y Pe (. S.T)|| < Ce™@5.

One can show ([21, Proposition 10.12]) that when T is sufficiently large, the lin-
earization of 9 JI(T) for the spliced map from X; Ur X, admits a right inverse whose
norm is bounded independent of 7.

Then, applying the inverse theorem function ([21, Proposition 10.14]), there is
an & > 0 such that for sufficiently large T, there is a unique holomorphic curve y. (1)
which lies in an e-neighbourhood of ¥, (u, S, T') (measured in the appropriate Sobolev
norm).

This ye (u) lives in M /(1) o1 (x X {c}, y X {c}).

5.4. Gromov compactness

In this section, we need to show that every map in M TI(T). 0l (x x{c},y x{c}) and
M T(T) 0l (x x {c}, x x {c'}) can be attained by the construction of the previous
section. Once again, the argument is similar to the one in [21].

Letx’,y" € Symk t1(Z#7 E) be two critical points of the action functional (i.e.,
intersection points of the Lagrangians Sym(L U «) N Sym(K U «’)). Let ¢’ be a
Maslov index 1 class in 2 (x’, y').

Then, according to [21, Proposition 10.15], any sequence ur € M /(1) o/ x',y)
with T going to infinity has, up to passing to a subsequence, a Gromov limit U
mapping to

k+1
Sym*t1(z v E) = | Sym* 17 (Z) x Sym' (E). (5.1)
i=0
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We can think of the wedge sum X Vv E as the degeneration of the connected sum
Y#r E when the neck length 7' goes to infinity. The limit 1, is analyzed in Lem-
mas 54 and 52.

Remark 51. An alternative way to think of this Gromov compactness is to consider
the relative Hilbert scheme Hilb* (1) of a Lefschetz fibration 7 : E — D over a
disk D, where generic fibres are smooth and the singular fibre is ¥ Vv E. The relative
Hilbert scheme is smooth [23, Proposition 3.7] and one can equip Hilka(n) with
a one-parameter family of almost complex structures such that the projection to D
are pseudo-holomorphic, they are fibrewise V -nearly symmetric, and they agree with
J/(T') over some fibres such that 7 — oo corresponds to degenerating to the central
fibre. The central fibre of Hilb**! () has a canonical ‘cycle map’ to Sym**1(Z v E)
(cf. [23, Section 1.5.1]) and u is the same as applying Gromov compactness inside
Hilb*+1 () and then applying the cycle map to Sym* (= v E).

Lemma 52 (cf. [21, Proposition 10.16]). If (x’, y’) is of the form (x x {c}, y x {c}),
then U o consists of a main component of the form u x {c}, where u is a Maslov index 1
trajectory from x to y in Symk (%), together with possibly some sphere components of
the form {w} x v, where w € Sym* ' () and v is a holomorphic sphere in Sym?(E)
with Chern number 2 (i.e., a sphere in the ruling).

Proof. Since the ur are Floer trajectories between x’” and y’, uso consists of a (pos-
sibly) broken Floer trajectory between x’ and y’, as well as sphere bubbles and disk
bubbles. Let u_ be the components of U in Symf*17(2) x Sym’ (E). By projec-
tion to factors, we can write it as ul = (uZ;’, uLs).

Let Dy ; =Sym* () x {01} C Sym*¥ 17 () and Dg; =Sym Y (E) x {0y} C
Sym’ (E). We define the adjusted Maslov index fi(u) of ul_ relative to Dy ; x
Sym' (E) + Symk"'l_i (¥) x DE; as the Maslov index of u with respect to the log
canonical line bundle with a simple pole along Dy ; x Sym’ (E) + Sym*+17 (%) x
DEg ;. In other words, the adjusted Maslov index of uéo is its usual Maslov viewed
as a map to Sym*t!7(2) x Sym’ (E) subtracted by 2l ] (Dx; x Sym‘ (E) +
SymFt1=i(2) x D E.i)- The additivity of Maslov index under passing to a Gromov
limit implies that the sum of the adjusted Maslov indices of the components of 1,
is equal to the Maslov index of ¢’, which is 1. This is because Dy ; X Sym'(E) +
Symk+1_i(2) x Dg ; is precisely the locus, where Symk+1_i(2) x Sym’ (E) inter-
sects other irreducible components of Symk IV E).

Since Sym(L U ), Sym(K U o’) are contained in Sym* (£) x E C Sym* ! (T v
E), the broken Floer trajectory and disk bubbles are contained in Symk (X) x E. We

denote the spherical components of uéo by uéo s and the other components of uéo by

1
uoo,D‘
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Now, we analyze the adjusted Maslov indices of the spherical components of
Uoo. Recall from [2, Theorem 9.2] that the rank of 7,(Sym’ (X)) — H,(Sym’ (%))
is 1 when j > 2 or X has genus 0, and 0 otherwise. Moreover, the Chern num-
ber of a spherical class u is given by (j + 1 — g)[u] - [Sym’ /() x {o1}] (cf. [8,
Remark 4.18]). Therefore, its adjusted Maslov index relative to Symj () x {01} is
given by

2¢1 - [u] = 2[u] - [Sym’ ~1(Z) x {o1}] = 2(j — &)[u] - [Sym’ "' () x {o1}]. (5.2)

The adjusted Maslov index fi(u,) is the sum of the adjusted Maslov indices i (uZ;")+
fi(uE;"), where the two terms in the sum are, respectively, relative to Dy ; x Sym’ (E)
and Symk t1=i(2)x D E,i- For spherical components, they can be computed by the
formula (5.2).

Fori # 1, we define

Ns; = [uZ' Ds,;, Ng;:=[uE" Dg;.
Fori = 1, we define
b)) E
Ny := [uoo’,ls] -Dx 1, Ngp:= [uoo’,ls] “DEa

and
z,1 . E,1
Psi:=ugpl Dz, Pea:=[uypl-DEea.

The terms Px,; and Pg,; make sense because the Lagrangian boundary condition
splits as a product, and they are disjoint from the divisor Dy 1, D ;. Clearly, Ng o =
NEg,1 = 0 and Ny x4+1 = 0 because the spherical class is trivial. Note that Dy ; x
Sym(E) C Sym**17/(£) x Sym’ (E) and Sym*(£) x Dg ;11 C SymF~ () x
Sym’ T!(E) are, precisely, the locus where these two components of Sym*+!(Z v E)
meet each other. Therefore, we have

Nxi= NEg,it1
fori > 2, and
Ns 1+ Ps1=Ngp, Nso=Ng1+ Pg1= Pg,.

Recall that ¢’ is a Hamiltonian push-off of « such that the Hamiltonian isotopy
from o to o’ does not pass through o,. Therefore, any Floer trajectory between two
intersection points of @ and «’ does not pass through o, in E. Also, there is no non-
constant disk bubble in E so Pg 1 = 0. Therefore, Nx o = 0 and u, does not intersect
the component Sym**1(2) ¢ Sym* (T v E) at all.
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The total sum of the adjusted Maslov indices of the components of 1, is given
by

k+1 _
Aul,) + Y b))

i=2

k+1 k+1
~ ~ %, ~  E, ~ i ~ i
= fi(uly p) + Aus) + Blugs) + Y B + Y fus)
i=2 i=2
k+1

= (u(ub, p) —2Pg1) +2(k —g)Np 1 + 0+ Y 2(k +1—i —g)Ng,
i=2

k+1
+ Y 2( = )Ne,i
=2
k
= (b, p) —2Ps1 +2(k —g)Ng 1+ Y 2(k +1—i—g)Ng; +2Ng,
=2
k
+ ZZiNE,i+1
i=2

k
= u(ul, p) —2Ps1 +2(k —g)Ng1 +2(Ns1 + Pg1) + ) _2(k +1—g)Ng,
i=2
k
= pulyp) +2(k —g + DNs + Y 2(k +1—g)Nx,.
i=2

As we said earlier, this total sum has to be 1. By regularity, each Floer trajectory
component of uéo p contributes at least 1 to the Maslov index. Any non-constant disk
bubble in uéo p contributes at least 2 to the Maslov index. Since k > g, we have
(k — g + 1) > 0. Therefore, the sum is 1 only if Ny ; = 0 for all i, and u;o,D consists
of a single component. It implies that Ps ; = NEg ».

By genericity, we can assume that the component uéo’ p intersects Dy 1 X E trans-
versely. Therefore, ugo intersects Symk_l(E) x DE  transversely. Note that every
component of u2, projects to a constant in Symk ~1(Z) because N x,2 = 0. Since the
domain has genus 0, the bubbling is modelled on a tree, and hence, no component
of u2, can be a multiple cover of an underlying holomorphic sphere. It implies that
the sphere components of U, are of the form {w} x v, where w € Symk_l(E) and
v is a holomorphic sphere in Sym?(E) with Chern number 2. The Floer trajectory
component of e, is u L, which goes between x x {c} and y x {c}. Therefore, it is of
the form u x {c}, where u is a Maslov index 1 trajectory from x to y in Sym*(Z). m
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Remark 53. The bubbling analysis in the proof of Lemma 52 provides the details of
the phrase ‘by a dimension count’ in the proof of [21, Proposition 10.16] and at the
same time confirms that we can generalize it to all k > g.

Lemma 54. If (x', y') is of the form (x x {c}, x X {c'}), then us consists of a single
component and it is of a product form {x} x u, where u is a Maslov index 1 trajectory
fromctoc inE.

Proof. The proof is the same as Lemma 52. The only difference is that when (x', y’)
is of the form (x x {c}, x x {¢’}), the Floer trajectory uéo’D is of the form {x} x u,
where u is a Maslov index 1 trajectory from ¢ to ¢’. Therefore, we have Py ; = 0,
and hence, there are no sphere bubbles. |

Lemma 55. If (x', y') is of the form (x x {c},y x {c'}), where x # y and ¢ # ¢,
then M y; (1) o (X', y") is empty for large T.

Proof. We need to show that there is no possible uo,. The proof is the same as
Lemma 52 again. More precisely, the reasoning for Ny ; = 0 for all i, and uéo D
consists of a single component of Maslov index 1 can be applied without any change.
Since x # y and ¢ # ¢/, there is no regular Maslov 1 Floer trajectory connecting x’
and y’. Therefore, there is no possible U . |

Now, we show that for sufficiently large 7', any map in M /(1) o (x X {c}, y X {c})
is attained by the construction of the previous section.

We proceed by contradiction: suppose that there is a sequence (7},,) going to infin-
ity, and a sequence of disks ur,, € Mj;(T,,),o (X X {c}, y X {c}) that are not attained
by the gluing construction.

By what precedes, we can extract a subsequence converging to a bubbletree u .,
consisting of a disk u x {c} and n spheres {w;} X v;.

Then, the authors of [21] show that for sufficiently large m, ur,, is in an &-
neighbourhood of the nearly holomorphic map ¥, (u, S, T;,) for some 0 < S < Tp, — ¢
(for the suitable Sobolev distance).

But we showed in the previous section that there was a single J/(7") holomorphic
curve in such a neighbourhood, namely, the curve y.(u, T, ). Therefore, for large m,

uTm = )/C(u7 Tm),

which contradicts our assumption.
Hence, by contradiction for large 7', we have

Mo (X. ) = Mgy (x X {c} y x{c}).

This concludes the proof of Theorem 48.
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5.5. Continuation maps

In this section, we study how the isomorphism of Theorem 6 behaves with respect to
continuation maps.

We consider an admissible link L' = L U « with k + 1 components on a surface
¥/, where « is non-contractible, and a disk D that does not intersect «. Then, one
can find a decomposition of ¥’ as a connected sum X’ = Z#FE such that L C X is
n-monotone, « C E,and D C 3.

Let H',i = 0, 1 be two Hamiltonians supported in D, and let H ; be an e-pertur-
bation of H' in small neighbourhoods of the link’s components so that HF*(L/,
L', HY) is well defined (cf. (2.1)). We can assume that H! is chosen such that it is
supported away from the connected sum neighbourhood of the decomposition ¥/ =
S#E, and that H? and H_! coincide away from D. Let J; (resp., Jg, resp., J,(T)) be
a family of complex structures on X (resp., E, resp., X’) as in the proof of Theorem 6.
Let H,s € R be a smooth family of Hamiltonians satisfying HS = H? for s <0
and H} = H 81 for s > 1, supported away from the connected sum neighbourhood. We
also assume that H is equal to HY = H_} outside D, and (H?, J;(T)) is regular, by
perturbing H; away from the connected sum region, for 0 < s < 1.

Lemma 56. The following diagram commutes:

CF*(L',L',H?) — CF*(L,L, H?|x) ® CF*(a,a, H?|E)

| |

CF*(L',L'H}) —— CF*(L,L,H}|5x) ® CF*(a,a, H}|E)

where the horizontal arrows come from the isomorphism of Theorem 6, and the ver-
tical arrows are the continuation maps induced by H, and the tensor product of the
continuation maps induced by the restriction of H; to the different components of the
connected sum.

Proof. The proof is analogous to that of Theorem 6, we only need to identify the
moduli spaces of curves involved in the definition of the continuation map. Denote
by L; (resp., ;) the image of L (resp., o) by ® Hi- Note that by definition of Hé,
oo = ap. Let x; be an intersection point between Sym L and Sym L;, and ¢; be an
intersection point between « and «;. We need to show that M J;(T)(xo x {co}, x1 X
{c1}) is in one-to-one correspondence with M j, (xg, X1) x M. (co, c1).

We recall the definition of those moduli spaces: M j,. (co, ¢1) consists of the strips
u :R x [0, 1] — E that are Jg-holomorphic, have finite energy, have Maslov index 0,
satisfy the boundary condition u (R, 0) C «, u(s, 1) C ®gs (), and are asymptotic to
coats = —ooand ¢y ats = +00. My (7)(xo X {co}, x1 X {c1}) (resp., My, (xo,x1))
is defined in a similar fashion on Sym**! () (resp., Sym* ().
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Since we constructed H; to be a constant homotopy on E, the moduli spaces
M (co,c1) are empty when ¢ # ¢;, and they consist of a single point (the constant
strip) when c¢o = ¢1. Therefore, we only have to show that M j/(7)(xo X {co}, x1 X
{c1}) is empty whenever ¢y # ¢1, and can be identified with Mz, (x¢, x1) when co =
c1. The former is once again proved in the same way as Lemma 52. The latter is
proved exactly as in Theorem 48. |

Corollary 57. The following diagram commutes:

QH*(L/,L') — 5 QH*(L.L) ® QH*(a. )

PSSz/l lPSSE ®PSSE
HF*(L'.L'.H}) s HF*(L.L H}!|s) ® HF*(a. o, H}|)

where the horizontal arrows come from the isomorphism of Theorem 6, and the ver-
tical arrows are PSS isomorphisms. In particular, we have

J1(PSSxr(er)) = PSSy ® PSSE(fo(er)) = PSSy @ PSSE(eL ® eq).

Proof. There is a canonical isomorphism between QH* (L', L'y and HF*(L', L', H?)
when H? is C? small. Therefore, the commutativity follows from Lemma 56. Finally,
Joley) = ep ® ey follows from the fact that the unit with respect to quantum mul-
tiplication is the same as the Morse theoretical unit, so ey is sent to ey, ® ey by
Kiinneth theorem. |

Remark 58. We could also get Corollary 57 by showing that the isomorphism of
Theorem 6 preserves the product structure, that is that the following diagram com-
mutes:

CF*(Lg, L}) ® CF*(Ly, Ly) — CF*(Lg,L;) ® CF*(ag, 1) ® CF*(Ly, Ly) ® CF*(ay, 2)

|

CF*(Ly,Ly) ® CF*(Ly, Ly) ® CF* (a0, 1) ® CF* (o1, 2)

l

CF*(Lg. L) CF*(Lg, Ly) ® CF*(atg, 2)

We believe that this can be proved once again by identifying moduli spaces of triangles
involved in the definition of the product structure, as in Theorem 48.
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