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Abstract

Reconfigurable intelligent surfaces (RISs) have emerged as propitious solution to config-
ure random wireless channel into suitable propagation environment by adjusting a large
number of low-cost passive reflecting elements. It is considered that narrowband down-
link millimeter wave (mmWave) multiple-input multiple-output (MIMO) communication
is aided by deploying an RIS. Large antenna arrays are used to counter the huge prop-
agation loss suffered by the mmWave signals. Hybrid precoding in which precoding is
performed in digital and analog domains is employed to reduce the number of costly and
power-consuming radio frequency (RF) chains. Passive beamforming at RIS is designed
together with precoder and combiner through joint optimization problem to minimize the
mean square error between the transmit signal and the estimate of signal at the receiver.
The optimization problem is solved by an iterative procedure in which solution to the non-
convex reflecting coefficients design problem is approximated by extracting the phases of
the solution to unconstrained problem without unit amplitude constraint of the reflect-
ing elements. It is shown that the proposed design principle also applies to the wideband
channel. Simulation results show that the proposed design delivers performance better
than existing state-of-the-art solutions, but at lower complexity.

1 INTRODUCTION

Millimeter wave (mmWave) communication offers large pris-
tine bandwidth that provides the future wireless communication
technology a key to unleash the potential of achieving very high
data rates in order of tens of gigabits-dper-second [1–5]. The
small wavelengths of mmWave signals make them vulnerable to
huge path loss [6, 7]. However, we can employ massive multiple-
input multiple-output (MIMO) to harvest large array gain and
reimburse the loss. It is challenging to have a reliable commu-
nication in mmWave as shadowing affects the average received
power so severely [8] that no link existing between the transmit-
ter and the user can be a common phenomenon, especially in
the dense urban areas [9]. In such low-received power scenar-
ios, the reconfigurable intelligent surface (RIS) can function as
centralized beamformer to increase channel gains [8]. RIS can
create virtual line of sight (LoS) path between the base station
(BS) and the receiver to elude the impeding objects between the
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BS and the receiver [8, 10] by re-radiating signal in the shape of
a beam toward the receiver [11].

An RIS is a metasurface consisting of a number of ele-
ments capable of reflecting the incident signal without the need
for RF processing, decoding, encoding, or retransmission [10,
12, 13]. Controlling the way electromagnetic wave behaves by
introducing changes in the phases only (nearly-passive RIS)
or amplitudes and phases (active RIS) of the incident signals,
RIS can engender a programmable, highly deterministic radio
environments from highly probabilistic wireless environment
[14–17]. Such radio channel makes the transfer and processing
of information between transmitters and receivers more reliable
[15, 18]. Most of the RISs considered in the literature are capable
of introducing only the phase changes to the impinging waves.
The RISs have been envisaged to be operated by evaluating the
phase shift coefficients at the BS based on the channel state
information (CSI), and controlling the RIS through a smart con-
troller such as a field programmable gate array (FPGA) [19]. The
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proper design of phase response of RIS can achieve useful signal
enhancement and/or interference suppression to produce high-
quality passive beamforming [20]. Thus, design of phase shift
coefficients of RIS is also called passive beamforming design.

Ning et al. [21] consider an RIS-aided point-to-point MIMO,
and propose to design passive beamforming by sum-path-gain
maximization (SPGM) with the view to maximize the sum
of gains of different channel paths, or effectively the channel
power. The SPGM problem is solved by alternating direction of
method of multipliers (ADMM), and singular value decomposi-
tion (SVD) is performed on the equivalent channel subsequently
to construct transmit precoder. Wang et al. [22] seek to jointly
optimize the transmitter precoding vector and RIS phase-shifts
by maximizing the received signal power in an mmWave MIMO
environment assisted by multiple RISs. An optimal closed-form
solution is obtained for single RIS case, whereas near-optimal
analytical solution is derived for multi-RIS case by assuming
near-orthogonality of different steering vectors. In [23], authors
jointly design the precoder at the access point (AP) and the
phases of the RIS elements to maximize the weighted sum-
rate in an RIS-aided multiple user multiple-input single-output
(MU-MISO) downlink system by designing a solution based on
fractional programming. Pan et al. [19] and Zhang et al. [24] also
aim to maximize weighted sum-rate of all users through joint
optimization. The authors in [19] consider a multi-cell MIMO
with multi-antenna users, while [24] considers cell free MIMO
with multi-antenna users and multiple RISs. The problem is
solved by alternating optimization in both [19] and [24]. Frac-
tional programming is used in [24] to split the problem into
multiple subproblems which are solved alternately. Reference
[19] optimizes the phase-shifts of RIS through majorization-
minimization algorithm and complex circle manifold method.
Zhao et al. [25] jointly optimize the precoding at the AP and
discrete phase shifts of the RIS with the aim of minimiz-
ing AP’s transmit power constrained to the outage probability
for the users. Liu et al. [26] decouple the joint symbol-level
precoding and reflection coefficients design problem in MU-
MISO systems, and solves the symbol-level precoding and the
reflection coefficients design subproblems by using algorithms
based on gradient-projection and Riemannian conjugate gra-
dient, respectively. Zhang et al. [27] and Wang et al. [9] both
consider joint optimization of active and passive beamform-
ing in point-to-point MIMO aided by a single RIS. Reference
[27] alternately optimizes the transmit covariance matrix and
the phase-shift coefficients of the RIS. Reference [9] exploits
the structure of mmWave channel and reconstructs the com-
plex joint optimization problem into a simpler problem which
is solved by a manifold optimization algorithm. The authors
adopt manifold based optimization method [28] to generate
hybrid precoder. Similarly, Hong et al. [29] and Wang et al. [30]
also adopt joint design of hybrid precoder at the transmitter
and passive beamforming at the RIS. By exploiting sparse-
scattering structure and large dimension of mmWave channels,
[29] proposes the method of RIS design which is based on
asymptotically maximizing the eigenvalue associated with the
dominant transmit–receive path pair at the RIS. In [30], the
structure of effective mmWave channel is leveraged to simplify

joint optimization of transmit precoding and passive beam-
forming to develop passive beamforming method based on
manipulating the singular values of the effective channel. The
passive beamforming proposed in [30], in fact, extends the
method proposed in [9] by also considering the direct channel
between the transmitter and the receiver. Moreover, the pas-
sive beamforming in [30] is designed to operate in wideband
MIMO-OFDM channel, unlike [9] which only works in narrow-
band channel. Ning et al. [31] model RIS phase shift design in
multi-RIS-aided multi-user mmWave/TeraHertz MIMO broad-
cast channel as a log determinant maximization problem, and
propose phase iterative evolution (PIE) and water-filling seg-
ment matching (WSM) methods as solutions. PIE uses iterative
coordinate ascent algorithm to solve the optimization problem
where each iteration only updates phase-shift for one element
of RIS with other elements being fixed, whereas WSM uses
the asymptotic orthogonality of the array response vectors
of mmWave/THz channel to develop a low-complexity solu-
tion. A joint hybrid precoding, hybrid combining and passive
beamforming optimization problem is devised under max-min
fairness criteria with total transmit power constraint in [32].
A sequential optimization technique is adopted to solve the
joint optimization problem in which RIS phase-shift coeffi-
cients constrained to only taking finite equi-spaced quantized
values of angles optimized by the alternating direction method
of multipliers (ADMM).

In this article, point-to-point mmWave MIMO is considered
in which the link between the BS and the user is blocked by
an obstacle. To establish a link between the BS and the user,
an RIS is deployed. The RIS elements only provide phase alter-
ations to the incoming signal, so the RIS phase shift coefficients
are constrained to have unit amplitudes. An iterative procedure
is developed in which phase shift coefficients of the RIS are
jointly designed with the precoder and the combiner. The devel-
oped design principle is applicable to both the narrowband and
wideband scenarios. The contributions made in this article can
be summarized as

(i) Considering the narrowband channel, RIS phase shift
matrix is designed with the aim to minimize the mean
square error (MSE) between the transmit signal and the
estimate of the transmit signal at the receiver. The prob-
lem reduces to a quadratic problem in RIS phase shift
vector which is equal to the diagonal of RIS phase shift
matrix. The problem is in terms of precoding and com-
bining matrices, which depends on RIS phase shift matrix.
Thus, the problem can be solved to jointly determine RIS
phase shift matrix, precoder and combiner. An iterative
procedure is developed in which the solutions for each is
computed in every iteration.

(ii) In particular, the passive beamforming subproblem is
solved by extracting phases of the solution to uncon-
strained problem that ignores the unit modulus constraint
of the reflecting elements of RIS. An equivalent optimiza-
tion subproblem in RIS passive beamforming vector is
defined to determine the low complexity solution to the
unconstrained problem. The hybrid precoder is determined
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FIGURE 1 mmWave MIMO with RIS-aided communication.

from the fully digital precoder after the RIS phase shift
matrix is computed.

(iii) We then consider developing passive beamforming design
for wideband channel with the application of orthogonal
frequency division multiplexing (OFDM). The precoding
and combining matrices are different for each OFDM sub-
carrier but the RIS phase shift matrix remains the same for
all OFDM subcarriers. We show that the passive beam-
forming design method developed for the narrowband
channel can be used to minimize the MSE of the system
in wideband channel as well.

(iv) The complexity analysis of the proposed method is
performed and compared against existing algorithms. Sim-
ulation results are generated to compare with the existing
solutions. Comparison with the existing solutions shows
that the proposed method gives high-grade performance
which is better than state-of-the-art methods but entails
lower complexity. We also show that the proposed method
makes the condition of the channel better than the existing
methods.

1.1 Notations

𝐱 represents a vector, whereas 𝐗 represents a matrix; 𝐱i repre-
sents the ith element of 𝐱; 𝐗i, j represents the (i, j )th element
of 𝐗; 𝐗∶,m∶n is a submatrix of𝐗 with all rows and columns m to
n; ‖𝐱‖2 is the 𝓁2-norm of 𝐱; ‖𝐗‖F is the Frobenius norm of𝐗;
𝐓𝐫 [𝐗] is the trace of 𝐗; exp (𝐗) is a matrix whose (i, j )th entry
is exp

(
𝐗i, j

)
, where exp (.) is the exponential operator;𝐗−1,𝐗†

and𝐗H are the inverse, pseudoinverse and Hermitian transpose
of 𝐗, respectively; ⊙ is the Hadamard product of two matrices;
𝐝𝐢𝐚𝐠 (𝐗) is a row vector containing the diagonal elements of𝐗;
𝐃𝐈𝐀𝐆 (a1, … , an ) is an n × n diagonal matrix with a1, … , an as

the diagonal elements; 𝐃𝐈𝐀𝐆 (𝐱) is a diagonal matrix with the
elements of vector 𝐱 as its diagonal elements; 𝐈N is an N × N

identity matrix; ℝ+ denotes the set of positive real numbers; 
represents the standard big-O notation; 𝔼[.] is the expectation
operator;∼means ‘has the probability distribution of’; ≜ means
‘is defined as’;  (𝝁, 𝐂) represents complex Gaussian vector
with mean 𝝁 and covariance matrix 𝐂.

2 SYSTEM MODEL

We consider a downlink point-to-point mmWave MIMO with
Nt antennas at the BS and Nr antennas at the receiver, with
the communication between the BS and the MS enhanced by
an RIS with NI elements, as shown in Figure 1. We consider
uniform planar array (UPA) of the RIS elements, whereas the
uniform linear array (ULA) at the BS and the receiver. The pre-
coding is accomplished at the base station by a hybrid precoder
𝐅 which is a product of digital precoder 𝐅D, 𝐅D ∈ ℂMt×Ns and
analog precoder 𝐅R, 𝐅R ∈ ℂNt×Mt . At the receiver, combin-
ing is performed by a hybrid combiner 𝐖 =𝐖R𝐖D, where
𝐖R ∈ ℂNr×Mr and 𝐖D ∈ ℂMr×Ns . We consider Nt ≥ Nr ≥

Mt ≥ Mr ≥ Ns , where Mt and Mr are the number of RF chains
at the BS and the receiver, respectively, and Ns is the num-
ber of data streams. The channel between the BS and the RIS
is 𝐇

T
, 𝐇

T
∈ ℂNI×Nt , the channel between the RIS and the

receiver is 𝐇
R
, 𝐇

R
∈ ℂNr×NI , and the direct channel between

the BS and the receiver is 𝐇
D
∈ ℂNr×Nt . The chances of direct

link between the BS and the receiver not existing are very high
in mmWave communication. This is true especially in urban
or densely populated areas, where obstacles such as buildings,
trees, or other structures can obstruct the direct Line of Sight
(LoS) between BS and the receiver. Even though we assume
that the direct channel does not exist between the BS and

 17518636, 2025, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/cm

u2.12873 by <
Shibboleth>

-m
em

ber@
leeds.ac.uk, W

iley O
nline L

ibrary on [30/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4 of 16 GAUTAM ET AL.

the receiver, we consider 𝐇
D

is non-zero for the time-being,
for analysis purpose only. The signal impinging on the RIS is
reflected after introducing phase shift 𝝓i by ith element of the
RIS. The RIS phase shift matrix 𝚽 = 𝐃𝐈𝐀𝐆(𝝓1, 𝝓2, … , 𝝓NI

).
The equivalent channel between the BS and the receiver is given
by [9, 27]

𝐇 = 𝐇
D
+𝐇

R
𝚽𝐇

T
. (1)

The received signal is acted upon by the combiner 𝐖 to yield
the estimate of the transmit signal 𝐬 ∈ ℂNs×1,

𝐲 = 𝐖H𝐇𝐅𝐬 +𝐖H𝐧, (2)

where 𝐧 ∈ ℂNr×1 is noise vector such that 𝐧 ∼  (𝟎, 𝜎2
n𝐈Nr

).
The channel between the BS and the RIS, and the channel from
the RIS to the receiver are assumed narrowband and modeled
by multi-path geometric channel model. The channel from the
BS to the RIS and the channel from the RIS to the receiver are
given by

𝐇
T
=

√
Nt NI

LT

LT∑
𝓁=1

𝛼𝓁𝐚RIS

(
𝜙RIS ,r
𝓁

, 𝜃RIS ,r
𝓁

)
𝐚BS

(
𝜙BS
𝓁

)H

,

(3a)

𝐇
R
=

√
NI Nr

LR

LR∑
𝓁=1

𝛽𝓁𝐚R

(
𝜙R
𝓁

)
𝐚RIS

(
𝜙RIS ,t
𝓁

, 𝜃RIS ,t
𝓁

)H

, (3b)

where 𝐚RIS (𝜙RIS
𝓁
, 𝜃RIS
𝓁

), 𝐚BS (𝜙BS
𝓁

) and 𝐚R (𝜙R
𝓁

) are antenna
array response vectors of the RIS, the BS and the receiver,
respectively, while LT and LR represent the number of paths
in transmitter-RIS link and RIS-receiver link, respectively.
𝜙RIS ,r
𝓁

(𝜃RIS ,r
𝓁

), 𝜙BS
𝓁

, 𝜙RIS ,t
𝓁

(𝜃RIS ,t
𝓁

) and 𝜙R
𝓁

are the azimuth (ele-
vation) angles of arrival at the RIS, azimuth angles of departure
at the BS, azimuth (elevation) angles of departure at the RIS
and azimuth angles of arrival at the receiver, respectively. The
antenna array response vectors of ULA with N antennas and
UPA with Ny × Nz antennas are given by

𝐚(𝜙) =
1√
N

[
1 e j𝜁d (sin𝜙) … e j𝜁d ((N−1) sin𝜙)

]T

, (4a)

𝐚(𝜙, 𝜃) =
1√

NyNz

[
1 … e j𝜁d (y sin𝜙 sin 𝜃+z cos 𝜃) …

e j𝜁d
(

(Ny−1) sin𝜙 sin 𝜃+(Nz−1) cos 𝜃
)]T

,

(4b)

where 𝜁 =
2𝜋
𝜆
, 𝜆 being the carrier wavelength, and d is the

distance between antenna elements.

3 PROBLEM STATEMENT

We determine the phase shift matrix for the RIS 𝚽 and the
precoder in two different stages. We assume that the channel

matrices 𝐇
R

, 𝐇
T

and 𝐇
D

are known. We first determine 𝚽 and
then compute the hybrid precoder once 𝚽 is fixed. For the sake
of simplicity, we consider fully digital precoder 𝐅

FD
and fully

digital combiner 𝐖
FD

at both the transmitter and the receiver
to determine the phase shift matrix for the RIS.

3.1 Passive beamforming problem

In this section, we define the problem for RIS phase-shift
matrix, also known as passive beamforming matrix, determina-
tion. We consider the MSE between the transmit signal 𝐬 and
the combined received signal 𝐲 at the receiver,

MSE = 𝔼
[‖𝐬 − 𝐲‖2

2

]
. (5)

We minimize MSE to determine 𝚽. Since 𝔼[𝐬𝐬H ] = 𝐈Ns
, the

MSE can be written after substituting the expression for 𝐲 as

MSE = 𝐓𝐫
[
𝐈 −𝐖H

FD
𝐇𝐅

FD
− 𝐅H

FD
𝐇H𝐖

FD

+𝐖H
FD
𝐇𝐅

FD
𝐅H

FD
𝐇H𝐖

FD
+ 𝜎2

n𝐖
H
FD
𝐖

FD

]
.

(6)

Similar to [19] which converts the weighted minimum mean
square error (WMMSE) problem in terms of passive beam-
forming vector, we also express the MMSE problem in terms
of passive beamforming vector by substituting 𝐇 = 𝐇

R
𝚽𝐇

T
in the expression for MSE and simplifying as

MSE = 𝝓𝐂𝝓H − 𝝓𝐭 − 𝐭H𝝓H + Ns + 𝜎
2
n w + u,where (7a)

𝐂1 ≜ 𝐇
T
𝐅

FD
𝐅H

FD
𝐇H

T
, (7b)

𝐂2 ≜ 𝐇H
R
𝐖

FD
𝐖H

FD
𝐇

R
, (7c)

𝐭 ≜ 𝐝𝐢𝐚𝐠
(
𝐇

T
𝐅

FD
𝐖H

FD
𝐇

R
−𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
𝐖H

FD
𝐇

R

)
,

(7d)

𝐂 ≜ 𝐂1 ⊙𝐂T
2 , (7e)

𝝓 ≜ 𝐝𝐢𝐚𝐠(𝚽), 𝝓 ∈ ℂ1×NI . (7f)

w ≜ 𝐓𝐫
[
𝐖H

FD
𝐖

FD

]
, and (7g)

u ≜ 𝐓𝐫
[
𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
−𝐖H

FD
𝐇

D
𝐅

FD

−𝐅H
FD
𝐇H

D
𝐖

FD

]
.

(7h)

Instead of 𝚽 itself, the expression for MSE is now in terms of
row vector 𝝓. The problem of determining optimal 𝝓 and hence
𝚽, can be stated as

𝝓⋆ = arg min
𝝓

𝝓𝐂𝝓H − 𝝓𝐭 − 𝐭H𝝓H +
(
Ns + 𝜎

2
n w + u

)
, (8a)

s.t. |𝝓
i
| = 1, ∀i = 1, … ,NI . (8b)
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MSE = 𝐓𝐫
[
𝐈 −𝐖H

FD
𝐇

D
𝐅

FD
−𝐖H

FD
𝐇

R
𝚽𝐇

T
𝐅

FD
− 𝐅H

FD
𝐇H

T
𝚽H𝐇H

R
𝐖

FD
− 𝐅H

FD
𝐇H

D
𝐖

FD
+𝐖H

FD
𝐇

R
𝚽𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

T
𝚽H𝐇H

R

𝐖
FD
+𝐖H

FD
𝐇

R
𝚽𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
+𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

T
𝚽H𝐇H

R
𝐖

FD
+𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
+ 𝜎2

n𝐖
H
FD
𝐖

FD

]
= 𝐓𝐫

[
𝚽
(
𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

T

)
𝚽H

(
𝐇H

R
𝐖

FD
𝐖H

FD
𝐇

R

)
+ 𝚽

(
𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
𝐖H

FD
𝐇

R

)
− 𝚽

(
𝐇

T
𝐅

FD
𝐖H

FD
𝐇

R

)
−(

𝐇H
R
𝐖

FD
𝐅H

FD
𝐇H

T

)
𝚽H +

(
𝐇H

R
𝐖

FD
𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

T

)
𝚽H

]
+ 𝐓𝐫

[
𝐈 +𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
−𝐖H

FD
𝐇

D
𝐅

FD
−

𝐅H
FD
𝐇H

D
𝐖

FD
+ 𝜎2

n𝐖
H
FD
𝐖

FD

]
= 𝐓𝐫

[
𝚽
(
𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

T

)
𝚽H

(
𝐇H

R
𝐖

FD
𝐖H

FD
𝐇

R

)
− 𝚽

(
𝐇

T
𝐅

FD
𝐖H

FD
𝐇

R
−𝐇

T
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
𝐖H

FD
𝐇

R

)
−(

𝐇H
R
𝐖

FD
𝐅H

FD
𝐇H

T
−𝐇H

R
𝐖

FD
𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

T

)
𝚽H

]
+ 𝐓𝐫

[
𝐈 +𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
−𝐖H

FD
𝐇

D
𝐅

FD
−

𝐅H
FD
𝐇H

D
𝐖

FD
+ 𝜎2

n𝐖
H
FD
𝐖

FD

]
a
= 𝝓

(
𝐂1 ⊙𝐂T

2

)
𝝓H − 𝝓𝐭 − 𝐭H𝝓H + 𝐓𝐫

[
𝐈 + 𝜎2

n𝐖
H
FD
𝐖

FD

]
+ 𝐓𝐫

[
𝐖H

FD
𝐇

D
𝐅

FD
𝐅H

FD
𝐇H

D
𝐖

FD
𝐖H

FD
𝐇

D
𝐅

FD
− 𝐅H

FD
𝐇H

D
𝐖

FD

]
The reasons behind (a) are matrix identities 𝐓𝐫

[
𝚽𝐂1𝚽

H𝐂2
]
= 𝝓

(
𝐂1 ⊙𝐂T

2

)
𝝓H and 𝐓𝐫[𝚽𝐓] = 𝝓𝐝𝐢𝐚𝐠(𝐓) for

the diagonal matrix 𝚽 [33], where 𝝓 is a row vector corresponding to the diagonal of diagonal matrix 𝚽.

The solution to the problem (8) is difficult because the con-
straint (8b) is non-convex, and there is no known optimal
solution to the problem (8). The problem similar to (8) can
be solved by performing optimization on the complex circle
manifold, similar to the algorithm proposed in [34]. How-
ever, we develop our own algorithm to solve the problem (8)
which not only produces better performance but also entails
low complexity.

3.2 Hybrid precoding problem

A careful look at the optimization problem (8) shows that 𝚽
or 𝝓 depends on 𝐅

FD
and 𝐖

FD
. If there is a knowledge about

channel matrix 𝐇, the fully digital precoder for point-to-point
MIMO can be calculated as

𝐅
FD
= 𝐕∶,1∶Ns

𝚪
FD
, and (9a)

𝚪
FD
= 𝐃𝐈𝐀𝐆

(√
p

1
,
√

p
2
, … ,

√
p

Ns

)
, (9b)

where 𝚪
FD

is the power loading matrix,𝐇 = 𝐔𝚺𝐕H is the SVD
of channel matrix𝐇, and p

i
, ∀i = 1, 2, … ,Ns is the power along

the ith data stream. The optimal 𝚪
FD

is computed by the water-

filling solution, whereas 𝚪
FD
=

P

Ns

𝐈Ns
in case of equal power

distribution, P being the maximum total transmit power. On the
other hand, the fully digital combiner at the receiver is given by
the MMSE combiner,

𝐖
FD
=
(
𝐇𝐅

FD
𝐅H

FD
𝐇H + 𝜎2

n𝐈Nr

)−1
𝐇𝐅

FD
. (10)

The hybrid precoder is computed by minimizing the Euclidean
distance from its fully digital counterpart, 𝐅

FD
. The hybrid

precoding problem [35] is stated as

arg min
𝐅R,𝐅D

‖‖‖𝐅FD
− 𝐅R𝐅D

‖‖‖2

F
, (11a)

s.t. ‖𝐅R𝐅D‖2
F = Ns , (11b)

|||𝐅Ri, j

||| = 1, ∀i, j . (11c)

We determine 𝐅R and 𝐅D in two separate stages; 𝐅R is deter-
mined first, followed by computation of 𝐅D for fixed 𝐅R. In
[36], we show that two-stage hybrid precoder can be determined
by first solving analog precoding subproblem,

arg max
𝐅R

𝐓𝐫
[
𝐅H

R 𝐅FD
𝐅H

FD
𝐅R
]
, (12a)

s.t. |||𝐅Ri, j

||| = 1, ∀i, j , (12b)

𝐅H
R 𝐅R = Nt 𝐈Mt

. (12c)

After 𝐅R is evaluated, 𝐅D is computed as [36],

𝐅D = 𝛽
F
𝐅†R𝐅FD

, where (13a)

𝛽
F
=

√
Ns‖𝐅†R𝐅FD

‖
F

, (13b)

where 𝛽
F

is the normalization factor arising due to the power
constraint (11b). We can also compute 𝐅D as the matrix con-
taining right singular vectors corresponding to the leading Ns
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6 of 16 GAUTAM ET AL.

eigenvalues of the matrix 𝐇𝐅R. The hybrid combining problem
is similar to hybrid precoding problem (11) but devoid of the
power constraint as in (11b). Thus, the only difference in the
solution of hybrid combiner from hybrid precoder is that the
digital combiner does not have a normalization factor.

4 PROPOSED SOLUTION

We solve 𝚽 by solving the problem given by (8). The objective
function (8a) is dependent on the values of𝐅FD and𝐖FD which
are given by Equations (9a) and (10), and can be computed if 𝐇
is known. Hence, 𝐅FD and 𝐖FD are themselves dependent on
𝚽 as the value of 𝐇 is determined by 𝚽.

4.1 Passive beamforming subproblem

There is no known optimal solution to the problem (8) to the
best of authors’ knowledge. Problem (8) can be modeled as a
Boolean quadratic programming problem. Boolean quadratic
program is computationally difficult as it belongs to the class
of NP-hard problems [37]. We can, however, translate such
problems into a semidefinite programming problem [37] after
semidefinite relaxation [38]. But the solution is still computa-
tionally demanding. In pursuit of simpler solution, we determine
the optimal 𝝓 by extracting the phases of the vector 𝝓

uc
, the opti-

mal solution to the problem (8) without taking the constraint
(8b) into account. Each element of 𝝓

uc
is not constrained to sat-

isfy unit modulus constraint. Taking derivative of the objective
function (8a) and equating it to zero gives the solution for 𝝓

uc
.

But it is in terms of 𝐂−1, and for 𝐂−1 to exist, 𝐂 should be full-
rank which cannot be guaranteed. To get around this problem,
we consider another optimization problem,

𝝓⋆ = arg min
𝝓

𝝓(𝐂 + 𝜇𝐈)𝝓H − 𝝓𝐭 − 𝐭H𝝓H , (14a)

s.t. |𝝓
i
| = 1, ∀i, (14b)

where 𝜇 ∈ ℝ+. The unconstrained optimal solution to the
problem (14), 𝝓uc is obtained by taking derivative of the
objective function (14a) with respect to 𝝓 and equating to 0,

𝝓uc = 𝐭H (𝐂 + 𝜇𝐈)−1
, (15)

where 𝐂 + 𝜇𝐈 is always a full-rank matrix. Let us simplify the
objective function (14a) as

𝝓(𝐂 + 𝜇𝐈)𝝓H − 𝝓𝐭 − 𝐭H𝝓H

= 𝝓𝐂𝝓H + 𝜇𝝓𝝓H − 𝝓𝐭 − 𝐭H𝝓H

= 𝝓𝐂𝝓H + 𝜇

NI∑
i=1

|𝝓i |2 − 𝝓𝐭 − 𝐭H𝝓H

= 𝝓𝐂𝝓H + 𝜇NI − 𝝓𝐭 − 𝐭
H𝝓H .

ALGORITHM 1 MMSE-based passive beamforming design method.

Require: 𝐇
T
, 𝐇

R
,Ns ,NI , P .

1: Choose initial value of 𝝓(0) randomly such that |||𝝓(0)
i

||| = 1 so that

𝚽(0) = 𝐝𝐢𝐚𝐠
(
𝝓(0)) and 𝐇(0) = 𝐇

R
𝚽(0)𝐇

T
.

2: Set 𝜖 = 10−4, a very small value, and set k ← 1.

3: repeat

4: Compute 𝐅
(k)
FD , using (9).

5: Compute 𝐖
(k)
FD using (10).

6: Compute 𝝓(k) using (17). Set 𝚽(k) = 𝐃𝐈𝐀𝐆
(
𝝓(k)).

7: Set 𝐇(k) = 𝐇
R
𝚽(k)𝐇

T
.

8: Compute MSE(k) using (6).

9: Compute 𝛿(k) =
|||MSE(k) − MSE(k−1)|||.

10: Set k ← k + 1.

11: until 𝛿(k) < 𝜖

12: 𝚽 = 𝚽(k), 𝐇 = 𝐇k.

13: Compute 𝐅
(k)
FD using (9) and compute 𝐖

FD
using (10).

14: return 𝚽,𝐇, 𝐅
FD
,𝐖

FD
.

The objective functions (8a) and (14a) are equivalent when

𝜇 =
1

NI

(
Ns + 𝜎

2
n w + u

)
. (16)

Thus, we determine 𝝓 by normalizing each element of 𝝓uc to
have unit amplitude as

𝝓 = exp
(

j∠
(
𝐭H (𝐂 + 𝜇𝐈)−1

))
, (17)

where 𝜇 is given by (16). The phase-shifts rendered by the
RIS elements are not continuous but discrete which can be
characterized by B quantization bits. Thus, the continuous
phase values need to be quantized to realize them practically.
The quantized phase 𝜙q can be obtained by quantizing the
unquantized phase value 𝜙uq to B values of precision as [39]

𝜙q =
2𝜋n

2B
, (18a)

where n = arg min
m∈ {0,…,2B−1}

||||𝜙uq −
2𝜋m

2B

||||. (18b)

4.2 Passive beamforming solution based on
iterative method

Once 𝝓 is calculated, 𝐇 is known and both 𝐅
FD

and 𝐖
FD

can
be computed. An iterative procedure is developed where 𝝓 is
initialized with a random value, so that there is an initial value
of 𝐇. At each iteration, the SVD of 𝐇 is performed, and the
leading Ns right singular vectors serve as the solution for 𝐅

FD
,

as in (9a).𝐖
FD

is computed using (10), as𝐇 and𝐅
FD

are known.
Finally, 𝝓 is determined using (17). This procedure is repeated
until convergence is reached. The summary of the algorithm to
determine 𝝓 is presented in Algorithm 1.
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GAUTAM ET AL. 7 of 16

4.3 Hybrid precoding solution

We define 𝐅̄R ≜
1√
Nt

𝐅R and rewrite the optimization problem

(12) in terms of 𝐅̄R as

max
𝐅̄R

𝐓𝐫
[
𝐅̄H

R

(
𝐅

FD
𝐅H

FD

)
𝐅̄R
]
, (19a)

s.t. |||𝐅̄Ri, j

||| = 1√
Nt

, ∀i, j , (19b)

𝐅̄H
R 𝐅̄R = 𝐈Mt

. (19c)

We compute 𝐅R as 𝐅R =
√

Nt 𝐅̄R after solving the problem
(19). We use the iterative SVD-based procedure proposed in
[40] to solve the problem (19). For the sake of completion, we
describe the method in full. The trace 𝐓𝐫

[
𝐅̄H

R

(
𝐅

FD
𝐅H

FD

)
𝐅̄R
]

is always real and positive because 𝐅
FD
𝐅H

FD
is a Hermitian

positive-semidefinite matrix. The objective function (19a) can

be equivalently substituted by |||𝐓𝐫 [𝐅̄H
R

(
𝐅

FD
𝐅H

FD

)
𝐅̄R
]|||.

We initialize 𝐅̄
(0)
R with a valid, but random initial value.

We define a new matrix 𝐀(k) ≜ 𝐅̄
(k−1)H

R

(
𝐅

FD
𝐅H

FD

)
, where k is

the iteration index starting from 1. At the kth iteration, we
determine the solution to the problem,

arg max
𝐃(k)

|𝐓𝐫(𝐀(k)𝐃(k) )|
s.t . 𝐃(k)H𝐃(k) = 𝐈Mt

.

(20)

The optimal solution to the problem (17) is 𝐃(k) = 𝐕
(k)
t 𝐔(k)H

,

where 𝐀(k) = 𝐔(k)𝐒(k)𝐕
(k)H

t is the truncated SVD of 𝐀(k). 𝐅̄
(k)
R

is approximated by extracting phase of each element of the
matrix 𝐃(k), and enforcing each element to have an amplitude

of
1√
Nt

.

We update the iteration index and determine the new value of
𝐀(k). This procedure is repeated until we reach the convergence,
or perform a fixed number of iterations. Finally, 𝐅R is computed
as 𝐅R =

√
Nt 𝐅̄R. Once we have computed 𝐅R, the digital pre-

coder 𝐅D is determined using (13). The outline of the proposed
algorithm is presented in Algorithm 2.

5 EXTENSION TO WIDEBAND
CHANNEL

5.1 Passive beamforming for wideband
channel

The proposed solution for passive beamforming can also be
applied in wideband scenario by considering transmission over
frequency selective channels using MIMO-OFDM. The hybrid
precoder (combiner) in wideband MIMO-OFDM system con-
stitutes of different digital precoders (combiners) for each of
the subcarriers and an analog precoder (combiner) shared by

ALGORITHM 2 SVD-based iterative trace maximization method.

Require: 𝐅
FD
,Mt .

1: Initialize 𝐅̄
(0)
R =

1√
Nt

exp ( j𝚯), where 𝚯 is Nt × Mt matrix and 𝚯i, j are

random phase angles, and set k = 1.

2: repeat

3: Compute 𝐀(k) = 𝐅̄
(k−1)H

R

(
𝐅

FD
𝐅H

FD

)
.

4: Compute truncated SVD: 𝐀(k) = 𝐔(k)𝐒(k)𝐕
(k)H

t .

5: Compute 𝐃(k) = 𝐕
(k)
t 𝐔(k)H

.

6: Compute 𝐅̄
(k)
R =

1√
Nt

exp
(

j∠
(
𝐃(k))).

7: k ← k + 1.

8: until convergence, or k ≥ itermax , where itermax is the maximum of
number of iterations.

9: Compute 𝐅R =
√

Nt 𝐅̄
(k)
R .

10: Calculate 𝐅D, using (13).

11: return 𝐅 = 𝐅R𝐅D.

all the subcarriers [41]. Digital precoding precedes inverse fast
fourier transform (IFFT), which is followed by analog precod-
ing at the transmitter side. On the other hand, analog combining
is succeeded by fast fourier transform (FFT) followed by digital
combining at the receiver side. We consider that Sc subcarriers
are used in MIMO-OFDM transmission. The mth subcarrier for
the RIS-receiver link [42] is

𝐇
R

[m] =

√
NI Nr

LR

LR∑
𝓁=1

𝛽𝓁𝐚R (𝜙R
𝓁

)𝐚RIS (𝜙RIS ,t
𝓁

, 𝜃RIS ,t
𝓁

)H

e
− j

2𝜋

Sc
(𝓁−1)m

, m = 0, … , Sc − 1, (21)

where LR represents the number of delay taps in time-domain
RIS-receiver channel impulse response. We consider that the
signal traveling through each of the paths in the channel expe-
riences distinct delay, so we can think of each of the taps
representing a separate path in the link [43]. The subcarriers

for the transmitter-RIS link, denoted as
{
𝐇

T
[m]
}Sc−1

m=0
, can be

obtained in a similar manner. The effective mth subcarrier for
the transmitter–receiver link is given by [27]

𝐇[m] = 𝐇
R

[m]𝚽𝐇
T
[m], m = 0, … , Sc − 1. (22)

We suggest referring to [27] for more details. RIS, devoid
of RF chains, is only capable of frequency-flat passive beam-
forming [27]. Thus, the RIS reflection coefficients, unlike
precoder/combiner, should be designed to serve all the
subcarriers in the wideband MIMO-OFDM. Following the
developments made for narrowband channel, the MSE for
wideband MIMO-OFDM can be written as the sum of MSEs
for all subcarriers,

MSE =

Sc−1∑
m=0

𝐓𝐫
[
𝐈 −𝐖

FD
[m]H𝐇

R
[m]𝚽𝐇

T
[m]𝐅

FD
[m]

−𝐅
FD

[m]H𝐇
T
[m]H𝚽H𝐇

R
[m]H𝐖

FD
[m]
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8 of 16 GAUTAM ET AL.

+𝐖
FD

[m]H𝐇
R

[m]𝚽𝐇
T
[m]𝐅

FD
[m]𝐅

FD
[m]H

𝐇
T
[m]H𝚽H𝐇

R
[m]H𝐖

FD
[m]
]
. (23)

Similar to the case in narrowband channel, it can be simplified
as

MSE =

Sc−1∑
m=0

𝝓𝐂[m]𝝓H − 𝝓𝐭[m] − 𝐭H [m]𝝓H

+
(
ScNs + 𝜎

2
n w[m] + u[m]

)
,

(24)

where

𝐭[m] ≜ 𝐝𝐢𝐚𝐠
(
𝐇

T
[m]𝐅

FD
[m]𝐖H

FD
[m]𝐇

R
[m]
)
, (25a)

𝐂[m] ≜
(
𝐇

T
[m]𝐅

FD
[m]𝐅H

FD
[m]𝐇H

T
[m]
)
⊙(

𝐇H
R

[m]𝐖
FD

[m]𝐖H
FD

[m]𝐇
R

[m]
)T
,

(25b)

w[m] ≜ 𝐓𝐫
[
𝐖

FD
[m]H𝐖

FD
[m]
]

(25c)

u[m] ≜ 𝐓𝐫
[
𝐖

FD
[m]H𝐇

D
[m]𝐅

FD
[m]𝐅

FD
[m]H

𝐇
D

[m]H𝐖
FD

[m] −𝐖
FD

[m]H𝐇
D

[m]𝐅
FD

[m]

−𝐅
FD

[m]H𝐇
D

[m]H𝐖
FD

[m]
]
.

(25d)

Thus, passive beamforming problem can be written as

𝝓⋆ = arg min
𝝓

𝝓

Sc−1∑
m=0

𝐂[m]𝝓H − 𝝓

Sc−1∑
m=0

𝐭[m]−

Sc−1∑
m=0

𝐭[m]H𝝓H +

(
ScNs +

Sc−1∑
m=0

𝜎2
n w[m] + u[m]

)
s.t. |𝝓

i
| = 1, ∀i = 1, … ,NI .

(26)

The passive beamforming problem for wideband channel is
similar to the problem in narrowband channel (8), and can be
solved by similar iterative method as in narrowband scenario.
Using the results from narrowband case, 𝐖

FD
[m] and 𝐅

FD
[m]

are calculated during each iteration as

𝐖
FD

[m] =
(
𝐇[m]𝐅

FD
[m]𝐅

FD
[m]H𝐇[m]H + 𝜎2

n𝐈Nr

)−1

𝐇[m]𝐅
FD

[m], ∀m = 0, 1, … , Sc − 1,
(27)

𝐅
FD

[m] = 𝐕[m]∶,1∶Ns
𝚪[𝐦], ∀m = 0, 1, … , Sc − 1, (28)

where 𝐕[m]∶,1∶Ns
is the matrix containing the leading Ns singu-

lar values of𝐇[m], and 𝚪[𝐦] is the power loading matrix for the
mth subcarrier. 𝝓 is calculated as

𝝓 = exp
⎛⎜⎜⎝ j∠

⎛⎜⎜⎝
(

Sc−1∑
m=0

𝐭[m]H
)(

Sc−1∑
m=0

𝐂[m] + 𝜇𝐈

)−1⎞⎟⎟⎠
⎞⎟⎟⎠, (29)

where

𝜇 =
1

NI

(
ScNs +

Sc−1∑
m=0

𝜎2
n w[m] + u[m]

)
. (30)

5.2 Hybrid precoding for wideband channel

The hybrid precoding problem for mmWave MIMO-OFDM
can be written as [44, 45]

min
𝐅R,𝐅FD [m]

Sc−1∑
m=0

‖‖‖𝐅FD
[m] − 𝐅R𝐅D[m]‖‖‖2

F

s.t. ‖‖𝐅R𝐅D[m]‖‖2
F
= Ns ,|||𝐅Ri, j

||| = 1, ∀i, j ,

(31)

where 𝐅
FD

[m] is the fully digital precoder for the mth subcarrier
and the 𝐅D[m] is the digital precoder of the hybrid precoder for
the mth subcarrier. The analog precoding subproblem for the
wideband channel can be written in terms of 𝐅̄R similar to the
narrowband case [36].

max
𝐅̄R

𝐓𝐫

[
𝐅̄H

R

(
Sc−1∑
m=0

𝐅
FD

[m]𝐅
FD

[m]H
)
𝐅̄R

]
s.t. (19b) and (19c).

(32)

We can solve for 𝐅R =
√

Nt 𝐅̄R by solving (30) using Algo-
rithm 2, where 𝐀k is computed during each kth iteration

as 𝐀k = 𝐅̄
(k−1)H

R

(∑Sc−1
m=0 𝐅FD

[m]𝐅
FD

[m]H
)

. After determining

𝐅R, the digital precoder for mth subcarrier can be determined as
𝐅D[m] = 𝐅†R𝐅FD

[m].

6 COMPLEXITY ANALYSIS OF THE
PROPOSED METHOD

In this section, the computational complexity of the pro-
posed method is evaluated. The complexity of the proposed
method is calculated for narrowband channel, followed by the
wideband channel.

6.1 Complexity analysis of the proposed
method in narrowband channel

The complexity of computing the RIS phase-shift matrix and
the hybrid precoder are computed separately.

(i) Computation of RIS phase-shift matrix 𝚽:
∙ Computation of 𝐅

FD
: The evaluation of SVD of the Nr ×

Nt channel matrix governs the complexity, entailing a
complexity of (N 2

t Nr ).
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GAUTAM ET AL. 9 of 16

∙ Computation of 𝐖
FD

: The major complexity in computa-
tion comes from inverse operation of an Nr × Nr matrix
which is 

(
N 3

r

)
.

∙ Computation of 𝝓: The inverse of an NI × NI matrix that
involves a complexity of 

(
N 3

I

)
contributes mainly to

the complexity.
∙ Computation of channel matrix 𝐇: The computation of 𝐇

requires a multiplication between the Nr × NI matrix
𝐇

R
, the NI × NI matrix 𝚽 and the NI × Nt matrix 𝐇

T

which has a complexity of 
(
Nr N 2

I
+ Nr NI Nt

)
.

Each of these operations are repeated N
PP

it times, so

the total complexity of computing is N
PP

it (NI
3 + N 3

r +

N 2
t Nr + Nr N 2

I
+ Nr NI Nt ).

(ii) Computation of hybrid precoder: 𝐅
FD

needs to be computed

from 𝐇 which entails a complexity of (N 2
t Nr + Nr

2
Nt ).

Computing 𝐅
FD
𝐅H

FD
has a complexity of (N 2

t Ns ). It can
be deduced that the computation of analog part of the pre-
coder from 𝐅

FD
comes with a complexity of (N 2

t Nr +

Nr
2
Nt + N 2

t Ns ) + N
HP

iter (N 2
t Mt + 2Nt M 2

t ), where N
HP

iter
is the number of iterations performed [40]. The majority of
complexity in the computation of digital precoder comes
from pseudo inverse operation which is (N 2

t Mt ).

6.2 Complexity analysis of the proposed
method in wideband channel

The complexity can be easily computed from the complexity of
the narrowband counterpart.

(i) Computation of RIS phase-shift matrix 𝚽: The computation
of 𝐅

FD
[m], 𝐖

FD
[m] and 𝐇[m] should be performed for

Sc subcarriers. Thus, the complexity of computing phase-
shift matrix 𝚽 is N

PP

it (N 3
I
+ Sc (N

3
r + N 2

t Nr + Nr N 2
I
+

Nr NI Nt )).
(ii) Computation of hybrid precoder: The complexity in comput-

ing analog precoder is Sc(N 2
t Nr + Nr

2
Nt + N 2

t Ns ) +

N
HP

iter (N 2
t Mt + 2Nt M 2

t ). The digital precoder requires a
complexity of Sc(N 2

t Mt ).

Tables 1 and 2 summarize the complexities of the pro-
posed passive beamforming algorithm along with various
existing passive beamforming methods in narrowband channel
and wideband channel, respectively. N

TSVD

it
, N

AO

it
, N

SPGM

it
and

N
TSVD-MO

it in Tables 1 and 2 represent the number of iterations
required for passive beamforming algorithms in [9, 21, 27] and
[30], respectively. On the other hand, N

WMMSE

itin
(N

WMMSE

ito
) is the

number of inner (outer) iterations needed for the algorithm in
[19]. The complexities of [19, 27] and [21] have been sourced
from [9].

7 PERFORMANCE ANALYSIS

A point-to-point mmWave MIMO is considered in which
BS, RIS and UE are placed at (x

B
, 0, z

B
), (0, y

R
, z

R
) and

TABLE 1 Comparison of computational complexity of different passive
beamforming algorithms in narrowband channel.

Algorithm Complexity

Proposed
MMSE-PP

N
PP

it

(

NI
3 + N 3

r + N 2
t Nr + Nr N 2

I
+ Nr NI Nt

)
T-SVD [9] 

(
N

TSVD

it NI + Nt N 2
r

)
AO [27] 

(
Nr Nt (NI + Nr ) N

AO

it
+
(
3N 3

r + 2N 2
r Nt + N 2

t

)
NI

)
SPGM [21] 

(
N

SPGM

it N 3
I

)
WMMSE [19] N

WMMSE

ito

(

N 3
r + N 3

s + N 3
t + N 3

I
+ N

WMMSE

itin
N 2

I

)
AMEV [29]  (Nt Nr NI )

TSVD-MO
[30]


(

N
TSVD-MO

it
NI + Nt N 2

r

)

TABLE 2 Comparison of computational complexity of different passive
beamforming algorithms in wideband channel.

Algorithm Complexity

Proposed MMSE-PP N
PP

it

(
N 3

I
+ Sc

(
N 3

r + N 2
t Nr + Nr N 2

I
+ Nr NI Nt

))
SPGM [21] 

(
N

SPGM

it
N 3

I

)
AMEV [29]  (Sc Nt Nr NI )

TSVD-MO [30] 
(

N
TSVD-MO

it
NI + Sc Nt N 2

r

)

(x
Rx
, y

Rx
, z

Rx
), respectively, where x

B
= 2 m, z

B
= 10 m, y

R
=

148 m, z
R
= 10 m, x

Rx
= 5 m, y

Rx
= 150 m, z

Rx
= 1.8 m.

We assume that no direct link exists between the BS and the
receiver. It is assumed that the BS and the UE are both equipped
with ULA having Nt = 64 and Nr = 16 antennas, respectively,
whereas the RIS utilizes square UPA with NI = N

y

I
× N

z

I
ele-

ments. The number of RF chains at the BS and the UE are
taken to be equal to Ns . The values of Ns and NI are taken
as 4 and 100, respectively, unless they are varying parameters.
All the antenna elements are separated by a distance of half
wavelength. The noise power 𝜎2

n = 90 dBm. The number of
paths in the BS-RIS link and RIS-UE link is chosen to be L = 7
including the LOS path. The complex gain of the LOS path is
𝛼1(𝛽1) ∼  (0, 10−𝜅 ), where 𝜅 indicates the path loss given
by [46]

𝜅 = a + 10b log10(d̃ ) + 𝜉, (33)

in which 𝜉 ∼ (0, 𝜎2
𝜉

), d̃ = d̃
Tx−RIS

or d̃ = d̃
RIS−Rx

denotes the
distance between the transmitter and the RIS, or the distance
between the RIS and receiver, respectively. The complex gain
of NLOS path is 𝛼i (𝛽i ) ∼  (0, 10−(𝜅+𝜇

R
) ) where 𝜇

R
is the

Rician factor. The values a = 61.4, b = 2, and 𝜎𝜉 = 5.8 dB are
taken based on the results from real-world measurements [46],
while the value of 𝜇

R
is taken as 10. We take the number

of subcarriers Sc = 128 in wideband channel. The simulation
parameters are listed in Table 3.

The performance of the proposed method is compared
with sum-path gain maximization based passive beamform-
ing (SPGM) [21], asymptotic maximization of eigenvalue based
passive beamforming (AMEV) [29], and the high-performance
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10 of 16 GAUTAM ET AL.

TABLE 3 Parameters for simulations.

Parameters Values

Nt 64 ULA

Nr 16 ULA

NI 10 × 10 UPA

L 7

Ns 4

BS location:
(x

B
, y

B
, z

B
)

(2 m, 0 m, 10 m)

RIS location:
(x

R
, y

R
, z

R
)

(0 m, 148 m, 10 m)

Receiver location:
(x

Rx
, y

Rx
, z

Rx
)

(5 m, 150 m, 1.8 m)

𝜎2
n 90 dBm

LOS path gain: 𝛼1(𝛽1 ) ∼  (0, 10−𝜅 )

NLOS path gain:
𝛼i (𝛽i ), i = 2, … ,L

∼  (0, 10−(𝜅+𝜇) )

𝜅 a + 10b log10(d̃ ) + 𝜉

a 61.4

b 2

𝜇
R

10

𝜉 ∼ (0, 𝜎2
𝜉

)

𝜎𝜉 5.8 dB

d̃
Tx−RIS

√
(x

R
− x

B
)2 + (y

R
− y

B
)2 + (z

R
− z

B
)2

d̃
RIS−Rx

√
(x

Rx
− x

R
)2 + (y

Rx
− y

R
)2 + (z

Rx
− z

R
)2

Sc 128 (for wideband)

methods like alternating optimization based passive beamform-
ing (AO) [27], truncated SVD based passive beamforming
(T-SVD) [9] and truncated SVD based passive beamforming for
MIMO-OFDM (TSVD-MO) [30] in narrowband channel, and
with the SPGM, AMEV and TSVD-MO in wideband scenario.
It should be noted that T-SVD and TSVD-MO algorithms are
exactly the same in narrowband channel when there is no direct
channel between the transmitter and the receiver. In the figures,
Proposed Hybrid refers to the proposed RIS design method with
hybrid precoder, whereas Proposed Fully Digital alludes to the pro-
posed RIS design method with fully digital precoder. All other
compared methods use fully digital precoder except hybrid
T-SVD [9].

7.1 Convergence behavior

We plot the convergence behavior of the proposed method
in narrowband and wideband channels in Figures 2 and 3,
respectively, under different parameters. It can be seen that the
proposed method converges after few iterations in both narrow-
band and wideband channels, confirming the good convergence
behavior of the proposed method.

FIGURE 2 Convergence behavior of the proposed method in
narrowband channel, Ns = 4.

FIGURE 3 Convergence behavior of the proposed method in wideband
channel, Ns = 4.

7.2 Narrowband channel

In Figure 4, the spectral efficiency is plotted as a function of
transmit power. The figure shows the performances of the pro-
posed method and T-SVD with both the fully digital precoder
and the hybrid precoder. The figure clearly shows that the pro-
posed method performs better than T-SVD / TSVD-MO by
a good margin, and the performance gaps with SPGM and
AMEV are huge. The proposed method performs marginally
better than AO. It can be seen that performance similar to the
fully digital precoder can be achieved with the hybrid precoder.
When the spectral performance in Figure 5 is observed as NI

is varied, it can be seen that the spectral efficiency increases
with NI for all methods. The proposed method is clearly
ahead of SPGM, AMEV and T-SVD/TSVD-MO in spectral
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GAUTAM ET AL. 11 of 16

FIGURE 4 Spectral efficiency versus transmit power, NI = 100,
Mt = Ns = 4.

FIGURE 5 Spectral efficiency versus the number of RIS elements,
Pt = 30 dBm, Mt = Ns = 4.

performance. This proves that the spectral performance in the
proposed method is consistently very good for wide range
of number of RIS elements. The spectral performance of the
proposed method is slightly better than the AO. Another obser-
vation that can be made is that the difference in performances
of the proposed method with the fully digital precoder and the
hybrid precoder is not significant. This proves that the hybrid
precoder is able to emulate the performance of fully digital
precoder successfully even with the minimum number of RF
chains. It should be noted that the minimum number of RF
chains required to multiplex Ns data streams is Ns . Further-
more, we also show the spectral efficiency performance at lower
power in Figure 6. The proposed method (both the fully digital
and hybrid one) deliver excellent spectral performance even at
low power. AMEV, otherwise a bad performer, shows good per-

FIGURE 6 Spectral efficiency versus the number of RIS elements, Pt = 0
dBm, Mt = Ns = 2.

FIGURE 7 Bit error rate versus transmit power, NI = 100, Mt = Ns = 4.

formance at low power. However, hybrid T-SVD falls behind in
its spectral performance at low power.

The BER performance as a function of the transmit power in
Figure 7 and the BER performance as a function of the num-
ber of RIS elements in Figure 8 (high transmit power regime)
and Figure 9 (low transmit power regime) clearly show the
superiority of the proposed method over all other methods.
The existing state-of-the-art passive beamforming methods like
T-SVD, TSVD-MO and AO with very good spectral perfor-
mances, leave a lot to be desired when we look at their bit error
rate (BER) performances. Hybrid T-SVD performs pretty badly
in low power regime. Actually, the BER performance of the
proposed RIS design method with hybrid precoder (having min-
imum number of RF chains) outperforms the existing superior
methods with fully digital precoder by a good margin. The supe-
rior BER performance proves that the proposed method which
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12 of 16 GAUTAM ET AL.

FIGURE 8 Bit error rate versus the number of RIS elements, Pt = 30
dBm, Mt = Ns = 4.

FIGURE 9 Bit error rate versus the number of RIS elements, Pt = 0
dBm, Mt = Ns = 2.

designs 𝚽 by minimizing the MSE between the transmit signal
and the received signal is successful in achieving low MSE.

In Figure 10, the truncated condition number of the channel
between the BS and the UE is plotted. The condition number
of a channel is defined as

𝜁 =
𝜆max

𝜆min

, (34)

where 𝜆max and 𝜆min are the maximum and minimum singular
values of the channel, respectively. Since we transmit only Ns

streams over𝐇, we consider truncated condition number of the
channel. If 𝜆1, … , 𝜆Ns

are the Ns largest singular values of the
channel arranged in descending order, the truncated condition

FIGURE 10 Condition number of the channel versus the number of RIS
elements, Pt = 50 dBm, Ns = 4.

number of the channel is defined as [9]

𝜁tr =
𝜆1

𝜆Ns

. (35)

The truncated condition number in case of the AO-method is
the largest at lower values of NI but gets smaller with increas-
ing NI . It is still larger than those of SPGM and the proposed
method even at higher NI . The condition number of the chan-
nel with the proposed method has the lowest values, varying
between 13 at NI = 36 and 8 at NI = 256. The condition num-
ber of the channel in case of the proposed method exhibits
the least erratic plot across the wide range of NI values. The
channel with singular values that are spread less, or lower con-
dition number have large capacity at high SNR, in general.
The condition number closer to 1 is desirable as it makes the
channel well-conditioned [47]. Thus, Figure 10 attests that the
proposed method produces more well-conditioned channel in
comparison to other methods.

To numerically compare the computational complexities of
the various methods, we plot the average runtimes as a function
of NI in Figure 11. All the algorithms are executed in MAT-
LAB2023a on a personal computer with Intel Core i7 2.8 GHz
processor and 16 GB RAM. It can be observed that the aver-
age runtime for the AO-method is the highest and that for
AMEV is the lowest. However, the lower complexity of AMEV
comes at the price of extremely poor spectral and BER perfor-
mances. The average runtimes of the SPGM and the proposed
method are also on the lower side. The average runtime for
SPGM are smaller compared to the proposed method at lower
values of NI but as NI increases the runtime for the proposed
method gets lower than SPGM. Thus, we can say the proposed
method is computationally-efficient, whereas the AO-method is
computationally grueling.
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GAUTAM ET AL. 13 of 16

FIGURE 11 Average run time versus the number of RIS elements,
Mt = Ns = 4.

FIGURE 12 Estimation error rate versus estimation error parameter 𝛿,
NI = 100, Mt = Ns = 4, Pt = 30 dBm.

7.3 Effect of channel estimation error

We have assumed the availability of perfect channel state infor-
mation (CSI). In this section, we investigate how the proposed
passive beamforming method performs when the CSI available
is imperfect. To this end, we assume that there is error in the
estimation of AoDs/AoAs and see how the spectral efficiency
performance of the proposed solution compares with the per-
formances of the existing passive beamforming algorithms. If
𝜓 represents the true value of AoD/AoA and 𝜓̂ the estimated
value, estimation error in AoD/AoA is given by 𝛿 = 𝜓 − 𝜓̂.
Similar to [9], the errors in estimation of AoD/AoA are mod-
eled as independent and identically distributed (i.i.d.) random
variables having the same uniform probability distribution as

FIGURE 13 Spectral efficiency versus transmit power, NI = 100,
Mt = Ns = 4.

FIGURE 14 Spectral efficiency versus the number of RIS elements,
Pt = 50 dBm, Mt = Ns = 4.

f (𝛿) =

{ 1

2𝜌
, if − 𝜌 ≤ 𝛿 ≤ 𝜌

0, otherwise
. (36)

The spectral efficiency of the proposed method in narrowband
channel is compared against the existing methods as a function
of estimation error parameter 𝜌 in Figure 12. The Figure 12
reveals that the proposed method has similar degradation in per-
formance with the increase in estimation error as the AO [27],
T-SVD [9], TSVD-MO [30] and AMEV [29] whereas SPGM
[21] suffers the worst performance loss. Thus, it can be said that
the proposed method offers considerable robustness against the
channel estimation errors which is comparable to the existing
high-performing methods.
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14 of 16 GAUTAM ET AL.

FIGURE 15 Bit error rate versus transmit power, NI = 100,
Mt = Ns = 4.

FIGURE 16 Average runtime versus the number of RIS elements,
Pt = 50 dBm, Mt = Ns = 4.

7.4 Wideband channel

The spectral efficiency is plotted as a function of transmit power
and number of RIS elements, respectively, in Figures 13 and 14,
whereas BER performance is plotted as a function of transmit
power in Figure 15. In Figure 16, average runtime of various
algorithms is plotted against the number of RIS elements.

The proposed method exhibits superior performance in
wideband scenario, similar to its performance in narrowband
channel. The spectral and BER performances in Figures 13 and
15, respectively, depict that the proposed method is clearly per-
forming very well and clearly ahead of the SPGM, AMEV and
TSVD-MO. The spectral efficiency plot against the number of
RIS elements in Figure 14 shows that the performance of the
proposed method is considerably better than that of TSVD-

TABLE 4 Comparison of proposed method with various passive
beamforming algorithms.

Algorithm Features

Proposed method

(in comparison)

T-SVD [9] - Obj: Maximize spectral
efficiency

- Good spectral performance
- Good BER performance
- Moderate complexity in

narrowband
- Does not work in wideband

- Obj: Minimize MSE between
Tx and Rx signals

- Better spectral performance
- Much better BER

performance
- Lower complexity in

narrowband
- Works in wideband

TSVD-MO
[30]

- Obj: Maximize spectral
efficiency

- Very good spectral
performance

- Good BER performance in
narrowband, poor in
wideband

- Moderate complexity in
narrowband, low in wideband

- Obj: Minimize MSE between
Tx and Rx signals

- Better spectral performance
- Much better BER

performance in both
narrowband & wideband

- Lower complexity in
narrowband, higher in
wideband

SPGM [21] - Obj: Maximize channel
power

- Poor spectral performance
- Poor BER performance
- Low complexity in both

narrowband and wideband

- Obj: Minimize MSE between
Tx & and Rx signals

- Much better spectral
performance

- Much better BER
performance

- Similar complexity in
narrowband, higher in
wideband

AMEV [29] - Obj: Maximize dominant
singular value of RIS-UE
channel

- Very poor spectral
performance

- Very poor BER performance
- Extremely low complexity in

both narrowband and
wideband

- Obj: Minimize MSE between
Tx and Rx signals

- Much better spectral
performance

- Much better BER
performance

- Higher complexity in both
narrowband and wideband

AO [27] - Obj: Maximize capacity
- Excellent spectral

performance
- Good BER performance
- Very high complexity in

narrowband
- Does not work in wideband

- Obj: Minimize MSE between
Tx and Rx signals

- Similar spectral performance
- Much better BER

performance
- Lower complexity in

narrowband
- Works in wideband

Obj = objective; Tx = transmit; Rx = receive.

MO. The spectral performance of the proposed method gets
better than the SPGM/AMEV as the number of RIS elements
grows. It establishes the proposed method’s ability to design the
RIS phase shift coefficients in such a way that the channel is
programmed to extract better performance. Although the aver-
age runtime of the proposed method is higher than those of the
compared algorithms, it still is on the lower side.

To provide a summary, we list various passive beamform-
ing methods with their attributes and compare the proposed
method against each of them in Table 4. The second column of
table lists the features of the respective beamforming method
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GAUTAM ET AL. 15 of 16

and the third column compares the proposed method against
each of the features of listed methods.

8 CONCLUSION

An mmWave narrowband downlink MIMO is considered which
is assisted by an RIS. The passive beamforming at the RIS, the
fully digital precoding at the BS and the fully digital combin-
ing at the receiver are jointly designed. The RIS phase shift
matrix is designed to minimize the MSE between the transmit
signal and the estimate of received signal in an iterative fashion.
The RIS passive beamforming vector is obtained by normaliz-
ing each element of the unconstrained solution vector of the
equivalent MMSE passive beamforming problem. The hybrid
precoder and combiner are constructed once the passive beam-
forming solution is obtained. The simulation results exhibit
that the proposed method produces spectral performances and
BER performances which are better than the existing solutions,
including the best of state-of-the-art methods. The proposed
method is extended for wideband MIMO-OFDM where it
echoes its excellent narrowband performance. The proposed
passive beamforming method achieves superior performance
with only modest computational complexity. The reasons for
the excellent performance of the proposed method are the
choice of MSE as the objective function to determine passive
beamforming and joint optimization. Provided a good algo-
rithm is employed to minimize MSE, it is bound to give good
results as the error between transmit signal and receive sig-
nal is reduced. Passive beamforming, in a way, is coupled with
transmit precoding and receive combining as it forms a part of
the equivalent channel. Thus, employing joint optimization of
the precoding, combining and passive beamforming in the pro-
posed method help in achieving overall good performance. The
proposed passive beamforming algorithm proves to be effective
at minimizing MSE and thus producing good spectral and BER
performances, as attested by the simulation results. The involve-
ment of a simple matrix inversion operation followed by phase
extraction in the proposed algorithm, coupled with the conver-
gence of joint optimization in few iterations help the proposed
method achieve low complexity.
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