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MULTIPLICATIVE RELATIONS AMONG DIFFERENCES
OF SINGULAR MODULI

VAHAGN ASLANYAN, SEBASTIAN ETEROVIC, AND GUY FOWLER

To Jonathan Pila

ABSTRACT. Let n € Z~o. We prove that there exist a finite set V' and
finitely many algebraic curves Th,...,7T, with the following property:
if (x1,...,2n,y) is an (n + 1)-tuple of pairwise distinct singular mod-
uli such that [T (zs —y)* = 1 for some ai,...,an € Z\ {0}, then
(z1,...,@n,y) € VUTL U...UTy. Further, the curves Ti,..., Ty may
be determined explicitly for a given n.

1. INTRODUCTION

Let H denote the complex upper half plane. The modular group SLs(Z)
acts on H by fractional linear transformations. The modular j-function
j: H — C is the unique holomorphic function H — C which is invariant
under this action of SLa(Z), has a simple pole at 00, and satisfies j(i) = 1728
and j(p) = 0, where p = exp(27i/3).

A singular modulus is a complex number j(7) for some 7 € H such that
[Q(7) : Q] = 2. For example, 0 and 1728 are both singular moduli. Equival-
ently, a singular modulus is the j-invariant of an elliptic curve with complex
multiplication. Singular moduli are algebraic integers and generate the ring
class fields of imaginary quadratic fields. By Schneider’s theorem [32, Ilc],
if 7 € H is such that both 7,5(7) € Q, then j(7) is a singular modulus.

In this paper, we consider multiplicative relations among differences x —y
of singular moduli z, y. Since 0 is a singular modulus, every singular modulus
is equal to the difference of two singular moduli. Our aim is to generalise
the following theorem.

Theorem 1.1. Letn € Z~qg. Let y be a singular modulus. Then there exist
only finitely many n-tuples (x1,...,xy) of pairwise distinct singular moduli
X1y...,Tpy such thaty & {x1,...,x,} and there exist ay,...,a, € Z\ {0} for
which
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2 VAHAGN ASLANYAN, SEBASTIAN ETEROVIC, AND GUY FOWLER

Theorem 1.1 was proved by Pila and Tsimerman [27] for y = 0 and by
the third author [13] for y not in the real interval (0,1728). In Section 3, we
prove the remaining case where y is in the real interval (0, 1728).

This paper addresses the case where y is allowed to vary over all singular

moduli. That is, we consider (n+1)-tuples (x1, ..., zy,y) of pairwise distinct
singular moduli 1, ...,z,,y such that
n
(1.1) H(xi—y)ai =1 for some ay,...,a, € Z\ {0}.
i=1

In this setting, one must account for the following situation.

Definition 1.2 ([6, p. 1052]). A function f: H — C is called a j-map if
either there exists a singular modulus z such that f(z) = z for every z € H,
or there exists g € GL3 (Q) such that f(z) = j(gz) for every z € H. Here
GLj (Q) acts on H by fractional linear transformations.

Definition 1.3. Let n € Z~qg. Let fi1,..., fn, f be pairwise distinct j-maps,
at least one of which is non-constant. The set

{1 Fa(2), 1(2)) - 2 € H

is called a multiplicative special curve in C**! if there exist a1,...,a, €
Z\ {0} such that, for all z € H,

n
[TUi=) - r2) = 1.
i=1

Note that a multiplicative special curve is always an algebraic curve (see
Proposition 5.3). Clearly, any multiplicative special curve contains infinitely
many (n+1)-tuples (x1,...,z,,y) of pairwise distinct singular moduli satis-
fying (1.1). If N € Z~¢ is not a perfect square, then the modular polynomial
dy € Z[X,Y] gives rise to a multiplicative special curve, as we explain in
Section 1.1. Thus one cannot hope to show, for an arbitrary n € Z~q, that
there exist only finitely many such (n + 1)-tuples (z1, ..., Zn,y).

Instead, we prove that the multiplicative special curves arising from the
modular polynomials are the only multiplicative special curves. In particu-
lar, for a given n, there are only finitely many multiplicative special curves
in C"*! and these may be determined effectively.

Theorem 1.4. Let n € Z~g. Then there are only finitely many multiplicat-
ive special curves in C*1 and these may be determined effectively. If n <5,
then there are no multiplicative special curves in C*H1.

We then prove that, for every n € Z~g, the finitely many multiplicative
special curves in C"*! account for all but finitely many of the (n -+ 1)-tuples
(z1,...,2Tn,y) of pairwise distinct singular moduli satisfying (1.1).

Theorem 1.5. Let n € Z~o. Then there exist only finitely many (n + 1)-
tuples (x1,...,2Tn,y) of pairwise distinct singular moduli x1, ..., Ty, y such
that

n
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for some a,...,a, € Z\ {0} and (z1,...,2n,y) does not belong to one of
the finitely many multiplicative special curves in C*H1,

Since there are no multiplicative special curves in C**! for n < 5, one
immediately obtains the following corollary.

Corollary 1.6. Let n € {1,...,5}. There exist only finitely many (n + 1)-

tuples (1, ...,2Tn,y) of pairwise distinct singular moduli x1, ..., Ty, y such
that

n

[[@i-y» =1

i=1

for some ai,...,an € Z\ {0}.

The proof of Theorem 1.5 uses o-minimality and is ineffective. Recently,
Li [21] has proved that the difference of two singular moduli is never a unit
(in the ring of algebraic integers). Hence, there are no distinct singular
moduli z, y such that (z —y)* =1 for some a € Z\ {0}.

1.1. Modular polynomials and multiplicative special curves. For
background on modular polynomials, see [10, §11]. For N € Z~, let

0 d
There exists [10, (11.15)] a polynomial ®x € Z[X, Y| with the property that

N (X,j(2) = ] (X —ilg2)

geC(N)

C(N) = { (a b) € My(Z) : ad = Nya > 0,0 < b < d,ged(a,b,d) = 1}.

for all z € H. The polynomial ® is called the Nth modular polynomial.

For N > 1, let Fy € Z[X] be defined by Fy(X) = ®n (X, X). Then Fy is
a non-constant polynomial (the explicit formula in [10, Proposition 13.8] in
fact implies that deg Fiy > 2N). The roots of Fiy are all singular moduli (see
Corollary 2.4). If N is not a perfect square, then, by [10, Theorem 11.18],
the polynomial Fy has leading coefficient +1.

Suppose then that N € Z~1 is such that the leading coefficient of Fy is
+1 (e.g. take N not a perfect square). Write ay,...,ax for the distinct
roots of Fiy and a; for their multiplicities. Write g1, ..., g; for the elements
of C(N). Since

l
Fy(j(2) = [](i() — i(g:2))
i=1
for all z € H, one thus obtains (doubling the exponents to eliminate a
potential factor of —1) that

k l
[1G ) — ) =T]G(2) - (gi2))?
i=1 i=1
for all z € H, and hence, for all z € H,
k l

(12) [16G) - a® [[Gi=) - dlgiz) > = 1.

i=1 =1
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In particular, the set

{(051,. . .,ak,j(g1z),.. 'Hj(glz)vj(z)) HEAS H}

is a multiplicative special curve in CF+1,

Further examples of multiplicative special curves may be generated by
multiplying together integer powers of relations of the form (1.2) coming
from different Fiy. In this case, one must also consider polynomials Fy with
leading coefficient not equal to 41, because these leading coeflficients may
cancel with one another. For example, —2 is the leading coefficient of both
F, and Fig. Theorem 4.1 will show that all the multiplicative special curves
arise from the polynomials F in this way.

Example 1.7. The modular polynomial ®» is
Do(X,Y) = — X224+ X3 + V3 4 1488(X?Y + XY?)
— 162000(X?% 4+ Y?) +40773375XY
+ 8748000000(X + Y) — 157464000000000.
Thus,
Fy(X) =Po(X, X)
= — X' +2978X3 + 40449375X 2 + 17496000000
— 157464000000000
= — (X — 1728)(X + 3375)%(X — 8000).

Note that 1728, —3375, 8000 are singular moduli of discriminant —4, —7, —8
respectively. The discriminant of a singular modulus j(7) is b? — 4ac, where
a,b,c € Z, not all zero, are such that ar? + b7 + ¢ = 0 and ged(a, b, c) = 1.

Observe that
(3.6 9 )

encx e = (x 529 (x -3 G)) (-1 (*5))

Hence, for all z € H,
— (j(2) — 1728)(j () + 3375)*(j(2) — 8000)

e -e) (5 -3()) (10 -5 (5

The set

{(1728, 3375, 8000,j(2z),j(§) ,j(z ; 1),j(z)) o H}

Thus,

is thus a multiplicative special curve in C”.
For an example of a 7-tuple of singular moduli lying on this curve, take

~ —1+/163i
-0
Then
j(z) = —262537412640768000 = —218 . 33 . 53 . 233 . 293
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which we denote by k, is a singular modulus of discriminant —163. In this
case, j(22),7(2/2),j((2+1)/2) are the three singular moduli of discriminant
—652. These are respectively the roots r, s, § of the irreducible polynomial

X3 — 68925893036109279891085639286946000X 2
+ 102561728837719322645921325412908000000X
— 18095625621665522953693950872675200892692248000000000,

where r € R and s, 5 are complex conjugate with s € H. In this case, (1.3)
yields that

(1.4) —(k —1728)(k + 3375)%*(k — 8000) = (k — r)(k — s)(k — 5).

The prime factorisation of the two sides of (1.4) is given by
—212.3%2.59.76.112.13% . 172 . 192 - 317 - 37 - 101 - 103% - 1272
157 - 163 - 229% - 277 - 2832 - 317.

1.2. Multiplicative properties of differences of singular moduli. The
study of the multiplicative properties of differences of singular moduli goes
back at least as far as Berwick [3], who in 1927 determined the factorisations
of z and = — 1728 for all singular moduli = such that [Q(x) : Q] < 3.

The differences of singular moduli are highly divisible numbers, in the
sense that they tend to have relatively small prime factors. For example,

(—1+V163i\  —1+/67i
(=) -1
Example 1.7 gives another illustration of this tendency. This observation
led Gross and Zagier [15] to prove a formula for the prime ideal factorisa-
tions of differences of singular moduli, subject to some restrictions on the
discriminants of the singular moduli considered. A version of their result
for arbitrary discriminants has since been proved by Lauter and Viray [20].

Recent work on multiplicative relations among singular moduli, for ex-
ample the proof of Theorem 1.1 by Pila and Tsimerman [27] and the third
author [13], has been motivated by connections to the Zilber—Pink conjec-
ture on atypical intersections.

Effective results on multiplicative relations among singular moduli in low
dimensions have also been studied extensively [4, 7, 12, 14, 31] as special
cases of the André—QOort conjecture for C", which was proved ineffectively
by Pila [24]. In particular, for n < 3, explicit bounds on multiplicatively
dependent n-tuples of pairwise distinct singular moduli are known [4, 31].

For differences of singular moduli, the most general effective result we
are aware of is Li’s result [21] that the difference of two singular moduli is
never an algebraic unit. Li’s result generalised Bilu, Habegger, and Kiihne’s
theorem [5] that no singular modulus is a unit. Work on this topic was
prompted by a question of Masser, answered affirmatively by Habegger [16],
as to whether only finitely many singular moduli are algebraic units.

):—215-37-53-72-13-139-331.

1.3. Structure of this paper. In Section 2, we give some of the basic
results we will need for this paper. Section 3 completes the proof of The-
orem 1.1. The proof of Theorem 1.4 is in Section 4. Section 5 contains the
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, Im 2

Rez

FIGURE 1. The fundamental domain 3§

functional transcendence results which are required for the proof of The-
orem 1.5, which is then carried out in Section 6. Finally, the connection to
the Zilber—Pink conjecture is considered in Section 7.

ACKNOWLEDGEMENTS. The authors would like to thank Gabriel Dill for
helpful comments.

2. PRELIMINARIES

2.1. The fundamental domain. The group SLy(Z) is generated by the
matrices corresponding to the transformations 7': z — 2z 4+ 1 and S: z —
—1/z. Let §; be the fundamental domain for the action of SLy(Z) on H
given by

11 1
{zeH:Reze [—5,5),\2/\21, and if |z| = 1, then Rez € {—5,0}}.

This is a hyperbolic triangle with corners at p, —p,ico. The j-function re-
stricts to a bijection j: §; — C.
The j-function has a series expansion

o0
§(z) = €72 4 744 + Z c(n)e?n iz

n=1

where the coefficients ¢(n) € Z. It follows immediately that the j-function
is real valued on §; only along the boundary of §; and on the imaginary
axis. Further, the image under j of the set {z € §; : |z| = 1} is the real
interval [0, 1728].
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Proposition 2.1. Let zy € §;. If Rezy # —1/2, then the SLy(Z)-orbit of
zp 18 equal to

-1
{zo+k:k€Z}U{7+k:k€Z}
0

-1
U {w € H: w € Orbit(zg) and Imw < Im—}.
20

If Rezg = —1/2, then the SLa(Z)-orbit of zy is equal to

{z0+k:keZ}U{;01+k:keZ}U{ 1+k:keZ}

20 +

—1
U {w € H: w € Orbit(zp) and Imw < Im—}.
20
Proof. First, we claim that the following algorithm applied to a point z € H
will output the unique point in §; N Orbit(z).
(1) If z € §j, then output z. Otherwise proceed to step (2).
(2) Replace z with z + k, where k € Z is such that Re(z + k) €
[-1/2,1/2).
(3) If z € §;, then output z. Otherwise proceed to step (4).
(4) Replace z with —1/z. Return to step (1).

Clearly, if this algorithm terminates, then it outputs the unique point
in §; in the same SLy(Z)-orbit as the initial input. We claim that this
algorithm always terminates. To prove this, note that S: z — —1/z sends

z to
Rez Imz.

EERNF
In particular, if |z| < 1, then the imaginary part of —1/z is strictly larger
than Im z. Now every application of step (4) is performed on some z with
|z] < 1. And if |2] = 1, then applying (4) immediately yields a point in §;.
Hence, it suffices to prove that, given z € H with Rez € [-1/2,1/2),
there are only finitely many v € SLa(Z) with Reyz € [-1/2,1/2) and

Im~z > Imz. Write
_fa b
T=\e d)-
az+b 1

cz+d ez + dJ?
and so Im vz > Im z implies that

Then

Im z,

Im~z =Im

lcz 4 d|? < 1.
Hence,
(cRez+d)* 4 (cIm 2)? < 1.

Hence, there are only finitely many possibilities for ¢, and for each such c,
only finitely many possibilities for d. So we may assume that c, d are fixed.
We now show that, for the pair (¢, d), there exists a unique pair (a,b)

such that
a b
(C d) S SLQ(Z)
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a b 11
Re(<c d> z) < [‘5’5)‘
Suppose a,b,a’,b’ are such that
a b a v
(DL estan

So ad — bc = 1 and d’d — V/c = 1. Hence, by Bézout’s Lemma, there exists
k € Z such that

and

(a',b") = (a+ ke, b+ kd).
Thus,

c d cz+d ez +d '
In particular, there is a unique k € Z (and hence a unique pair (a’, b)) such

that . -
a b
Re(<c d) Z) < [‘5’5)‘
Thus, the algorithm always terminates. We may now complete the proof

of the proposition. Let zy € §;. The proposition amounts to classifying all
the w € Orbit(zp) such that

(a' b’)z_ (a+ ke)z + (b+ kd) _az—l—b+k

Imw > Im —.
20

Suppose first that Re zg # —1/2. Let wg € Orbit(zg) be such that
—1
w0¢{20+k:k€Z}U{7+k:k€Z}.
0

We claim that Imwy < Im(—1/z9). Applying the above algorithm to wg, we
must obtain zg after finitely many steps. The last transformation applied is
either z +— —1/z or z — z + k for some k € Z \ {0}. Recall that z — —1/z
is its own inverse.

If the last transformation applied is z — —1/z, then the algorithm applied
to wp must pass through —1/zp. By assumption on wy, this must happen
after an application of z — —1/z, which must have strictly increased the
imaginary part.

If the last transformation applied is z — z + k with & # 0, then the
transformation prior to that must have been z — —1/z. We thus must have
that )

= I .
20—k |20 —k|? o

Imwy <Im

Then
|20 — k| > [20] 2 1,
since Re zg € (—1/2,1/2) and k # 0. Hence,
1 -1
Imwy < —2111120 =Im — < Imz.
|20l 20

Now let zg € §; be such that Rezg = —1/2. Let wy € Orbit(zy) be such
that

wogé{zo—i—k:kGZ}U{;Ol—|—k::k:€Z}U{ZO__il—|—/€:k€Z}.
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We claim that Imwy < Im(—1/2p). To show this, we repeat the above
argument. The only place where Rez # —1/2 was used was to obtain the
inequality
‘ZO — k’ > ’ZO‘
If £ # —1, then this inequality still holds and the above argument works.
So assume k = —1. Then, by the assumption that
-1
w0¢{20+1+k.kez},
there must have been an application of z — —1/z prior to passing through
—1/(z0 + 1) and this application must have strictly increased the imaginary
part. Hence,

-1
Imwy < 2Imz0:Im—§Imzo.

|20 + 1] 20
This completes the proof. O

2.2. Singular moduli. Let 7 € H be such that [Q(7) : Q] = 2. So
at?> +br+c=0
for some (a,b,c) € Z3\ {(0,0,0)} with ged(a,b,c) = 1. The discriminant of
the singular modulus j(7) is defined to be
b? — 4ac.

This depends only on the value of j(7) and not on the choice of 7. For
a singular modulus z, write A(x) for the discriminant of x. The singular
moduli of a given discriminant A form a complete set of Q-conjugates [10,
Proposition 13.2].

Lemma 2.2. Suppose that z € H is such that gz = z for some g € Ma(Z)
such that det g > 0 and \g # Ids for every A € Q*. Then j(z) is a singular
modulus and |A(j§(2))] < 4det g.

Proof. Let N = det g. Write
_fa b
9= \e d)-

So ad — bc = N. Since z is a fixed point, we have that
az+b
cz+d

Thus,
2?4 (d—a)z —b=0.
Ifb=c=d—a=0,then N = a® and g = alds, which is excluded. So some

coefficient of this quadratic equation is non-zero. Hence, j(z) is a singular
modulus. Let h = ged(c¢, —b, (d — a)). Then

age) = (0) + 7

Since bc = ad — N, we have that
. 1
A@(2)) = 35 ((a+ d)* — 4N).
In particular, [A(j(2))| < 4N. O
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Proposition 2.3. Suppose that z € H is such that

j(z) = j(gz)
for some g € My(Z) such that det g > 0 and \g ¢ SLo(Z) for every A € Q*.
Then j(z) is a singular modulus and |A(j(2))| < 4detg.

Proof. Since

J(z) = i(92),
there exists v € SLa(Z) such that
vz = gz.
In particular, z is a fixed point for the action of the integer matrix v~ 1g on
H. Apply Lemma 2.2 to v~ lg. O

Corollary 2.4. Let x € C be a root of the polynomial Fy for some N € Zi~1.
Then z is a singular modulus and |A(x)| < AN. Further, if N € Z~1, then
every singular modulus of discriminant —4N is a root of Fi.

Proof. Suppose N € Z~1 and x € C are such that Fy(x) = 0. Recall that
Fn(i() = [ (i) —i(g2).
geC(N)

The j-function is surjective, so there exists zp € H and g € C(N) such that
j(z0) = j(gz0) = x. Then, by Proposition 2.3, we have that z is a singular
modulus and |A(x)| < 4N.

For the second part, note that for N € Z~ 1,

<é ](\),) € C(N).

Since the j-function is invariant under z — —1/z, we have that
1
j(VNi) = j(N\/Ni)

So Fy(j(v/Ni)) = 0. Clearly, j(v/Ni) is a singular modulus of discriminant
—4N. Recall that the singular moduli of discriminant —4 N are all conjugate
over Q. Thus, every singular modulus of discriminant —4N is a root of Fly,
since F'y has coefficients in Z. O

Corollary 2.5. Let Ny,..., N € Z~1 be pairwise distinct. Let by, ... b, €
Z\ {0}. Then

k
H FN, (X)bl
i=1

18 a non-constant rational function of X.

Proof. Each Fy,(X) is a non-constant polynomial in X. Hence, the rational
function

k
H F, (X)bl
=1

is not constantly zero. Without loss of generality, we may assume that
Ni > Ni,...,Ng_1 and by > 0. By Corollary 2.4, the polynomial Fy;,(X)
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vanishes at a singular modulus of discriminant —4/Ny, if and only if ¢ = k.
Thus the rational function

k
H Fy; (X)bl
i=1

vanishes at every singular modulus of discriminant —4N; in particular, the
function is non-constant. O

Proposition 2.6. Suppose that g1, g2 € Ma(Z) are such that det gy, det g2 >
0 and g1 # Avyge for every A € Q* and v € SLo(Z). If z € H is such
that j(g1z) = j(g22), then j(z) is a singular modulus and |A(j(2))] <
4max{det(g;), det(g)}>.

Proof. Since j(g1z) = j(g22), there exists v € SLy(Z) such that yg1z = goz.
Hence, z is a fixed point for the action of g = 92_1791 € GL3 (Q) on H.
Multiplying the entries of g by det(g2), we may assume that g € Mo(Z) and
det g < max{det(g1),det(g2)}?. Since g1 # Ay go for every A € Q% and
7' € SLy(Z), g is not a rational scalar multiple of Idy. The desired result
thus follows from Lemma 2.2. O

Since the restriction j: §; — C of the j-function to the fundamental
domain is bijective, the map

—b+ A2

a,b,c) — (7)

(a,b,¢) = j »

is a bijection between the set
T = {(a,b, c) € Z? : A =b* — 4ac, ged(a,b,c) =1,
and either —a<b§a<cor0§b§a:c}

and the singular moduli of discriminant A. Observe that, for each discrim-
inant A, there is a unique triple (a,b,c¢) € Ta with a = 1. This triple is
given by (1,k, (k? — A)/4), where k = 0 if A is even and k = 1 if A is odd.
The corresponding singular modulus has preimage

—k 4 |A]/%
which has imaginary part strictly greater than the preimage of any other

singular modulus of discriminant A and of any singular modulus of discrim-
inant A" with |A'| < |A].

Proposition 2.7. For every ¢ > 0, there exist an ineffective constant
c1(e) > 0 and an effective constant ca(e) > 0, such that if x is a singu-
lar modulus of discriminant A, then

Q) : @] 2 ex(e)| A2
and

[Q(z) : Q] < cale)|A[M2He.

Proof. The ineffective lower bound is due to Siegel [33]. The upper bound
is [23, Proposition 2.2]. O
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For a € Q, write H(«) for the absolute multiplicative height of o and
h(c) for the absolute logarithmic height (see e.g. [8, §1.5]).

Proposition 2.8 ([24, Proposition 5.7]). Let = be a singular modulus of
discriminant A. Let T € §; be such that j(1) = x. Then

HRet), HImT) < 2|A|.

Proposition 2.9 ([17, Lemma 4.3]). For every € > 0, there exists an inef-
fective constant c¢(€) > 0 such that if x is a singular modulus of discriminant
A, then

h(z) < c(e)|Al.

2.3. Properties of j-maps. Let f be a non-constant j-map. Then [6,
Proposition 7.1] there exist r,s € Q such that » > 0 and 0 < s < 1 such
that f(z) = j(rz + s) for all z € H. Two non-constant j-maps are equal if
and only if the corresponding pairs (r, s) are equal.

Recall that, for N € Z~, we define

C(N) = { <8 Z) € Ms(Z) :ad = N,a > 0,0 < b < d,ged(a,b,d) = 1}'

Proposition 2.10. Let g € GL] (Q). Then there exist a unique N € Zsg
and a unique g' € C(N) such that j(gz) = j(g'z) for all z € H.

Proof. Let g € GL3 (Q). Then there exist r,s € Q with 7 > 0and 0 < s < 1
such that f(z) = j(rz + s) for all z € H. Further, the pair (r,s) is unique.

Let A € Q¢ be such that
r s a b
(0 1) -0 3)

for some a,b,d € Z with ged(a,b,d) = 1. Since 0 < s < 1, we have that
0<b<d Let N=ad Then

(6 ) <,

i =i( (5 1)?)

and

for all z € H.
Suppose

a v
(6 o) ecan
(54) i3+ )
oY i, 2
Na*Ta) = \a* T
for all z € H. Then, by the uniqueness of the representation of a j-map in
terms of r and s, we would have that
a d b v

g:Jand&:J

were also such that

Hence,
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and either b =1 = 0 or

b d

vood
So one matrix is just the rescaling of the other. Since the entries of each of
the two matrices are coprime integers and a,a’ > 0, the two matrices are in

fact identical and M = N. O

Proposition 2.11. Let N € Z~g.
(1) For every v € SLo(Z) and g € C(N), there exists h € C(N) such
that j(gvz) = j(hz).
(2) For every v € SLa(Z) and g,h € C(N), if g # h, then j(gvz) #
J(hyz).
(3) For every g,h € C(N), there exists v € SLo(Z) such that j(gyz) =
j(hz).
Proof. Let v € SLa(Z) and g € C(N). The entries of g are coprime integers
and det g = N. Since v € SLy(Z), the entries of gy are coprime integers and
det gy = N. Write gv as
(¢ 9
c d

for a,b,c,d € Z with ged(a,b,c,d) =1 and N = ad — be. Let pu = ged(a, c)
and m,n € Z be such that u = ma + nc. Then

m n a b\ _[(p mb + nd
—c/p a/p) \c d)  \0O —bc/p+ad/p)’
—_——

€SLa(2)

which is upper triangular with coprime integer entries and has determinant
N.
Let p = mb+ nd and ¢ = N/u. Then

. . (fa b (P . ((n pH+Ekgq
s =3( (5 5)=)=3((6 1)) =9((5 "))
for all z € H, where k € Z is the unique integer such that 0 < p + kq < gq.

This proves (1), since
p p+kq
(0 q ) e C(N).

Given Proposition 2.10, (2) follows immediately by making the change of

variables w = v~ !z.

Now we prove (3). Let

To(N) = { <i Z) € SLo(Z) : ¢ = 0 mod N}.

(N 0
ov=1% 1)
Observe that o € C(N). By [10, Lemma 11.11], the map
g+ on'SLa(Z)g N SLy(Z)

Let
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gives a bijection between the elements g € C(IN) and the right cosets of
To(N) in SLy(Z). In particular, for every g € C(N), the set oy'SL2(Z)g N
SL2(Z) is non-empty.

Let g,h € C(N). Let 71 € 05'SL2(Z)h N SLy(Z) and 2 € oxy'SLa(Z)g N
SL2(Z). Let 11,721 € SLa(Z) be such that

Y1 =on' 1k
and
Y2 =0y 72,19
Then
(g7 ' nz) = jlgg  vatonoy i ha)
= j(5171,1h2)
= j(hz)
for all z € H. So we may take v = 72_171 in (3). O

3. COMPLETING THE PROOF OF THEOREM 1.1

Definition 3.1. Let n € Z~¢ and 21, ..., z, € C* be pairwise distinct. The
set {x1,...,x,} is multiplicatively dependent if there exist ay,...,a, € Z,
not all zero, such that

=1
The set {z1,...,z,} is minimally multiplicatively dependent if {z1,...,x,}
is multiplicatively dependent and no non-empty proper subset of {x1,...,x,}

is multiplicatively dependent.

Theorem 3.2. Let y € C be such that y ¢ (0,1728). Let n € Zyo.
Then there exist only finitely many n-tuples (z1,...,2,) of singular moduli
Xly..., Ty Such thatxy, ..., vy, y are pairwise distinct and {x1—y, ..., xn—y}
1s minimally multiplicatively dependent.

We do not need to assume that y is a singular modulus in Theorem 3.2,
because the same proof works for all y outside the real interval (0, 1728).

Proof. Let f(z) = j(z) —y. Then the only zero of f in §; is at the unique
7 € §; such that j(7) = y. Since y ¢ (0,1728), this point 7 does not lie on
the arc of the circle |z| = 1 strictly between i and p. So

-1
Im — <Imr,
T

and, by Proposition 2.1, f(7 + s) # 0 for all s € (0,1). Thus, f satisfies
the “divisor condition” of [13, Definition 1.3|, and hence [13, Theorem 1.6]
implies the desired result. O

Theorem 3.3. Let y be a singular modulus. Let n € Z~o. There exist
only finitely many n-tuples (x1,...,x,) such that xi,..., T,y are pairwise
distinct singular moduli and {x1—vy, ..., x,—y} is minimally multiplicatively
dependent.
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Proof. By Theorem 3.2, we may assume that y € (0,1728). Let A = A(y).
Note that |A| > 4, since 0, 1728 are the only singular moduli with discrim-
inant in the set {—3, —4}. In particular, y has the Q-conjugate

/ .(—l<:+|A1/2i)7

Yy =7 B
where kK =0 if A is even and k =1 if A is odd. Since
A2 o1
5 )
we have that y' ¢ (0,1728). Thus, Theorem 3.2 holds for y’, and so The-
orem 3.2 for y follows since y,y’ are conjugate over Q. O

Theorem 1.1 seems stronger than Theorem 3.3, since the former does not
require the multiplicative dependence to be minimal, only that all the expo-
nents are non-zero. In fact, we may deduce Theorem 1.1 from Theorem 3.3
by the following formal argument.

Proposition 3.4. Let S € C*. Let n € Z~y. Suppose, for every k €
{1,...,n} there are only finitely many k-tuples (sy,...,s;) € S* such that

S1y. .., Sk are pairwise distinct and {s1, ..., Sk} is minimally multiplicatively
dependent. Then there are only finitely many n-tuples (s1,...,s,) € 8™ such
that s1,...,s, are pairwise distinct and

n

HS?’ =1

i=1

for some ay,...,a, € Z\ {0}.

Proof. Let (s1,...,8,) € 8" be such that s1,..., s, are pairwise distinct and
n
Hs?i =1
i=1

for some ai,...,an, € Z\ {0}. The set {s1,...,sp} is thus multiplicatively

dependent. For eachi € {1,...,n}, there exists [13, Lemma 5.9] a minimally
multiplicatively dependent subset S; C S such that s; € S;. In particular,
S1,...,Sn all belong to the set consisting of, for each k € {1,...,n}, all
the coordinates of tuples (s}, ..., s,) € S* such that s},..., s} are pairwise
distinct and the set {s],...,s}} is minimally multiplicatively dependent.
By assumption, this set is finite and hence there are only finitely many
possibilities for (s1,...,Sy). O

Proof of Theorem 1.1. Apply Proposition 3.4 to Theorem 3.3 with

S = {z — y : z is a singular modulus and = # y}.

4. MULTIPLICATIVE SPECIAL CURVES

In this section, we prove Theorem 1.4. To do this, we first prove the
following result.
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Theorem 4.1. Let n € Z~q. Suppose that T C C"t! is a multiplicative
special curve. Then there exist k € {1,...,n}, by,..., by € Z\ {0}, and
pairwise distinct Ni,..., N € Z~1 such that, after reordering the first n
coordinates,

T = {(041,... ,am,j(glz)7...,j(glz),j(z)) HEAS H}7

where
(1) a1,...,0uy are pairwise distinct and such that
k
{ai,...,an} ={a € C: « is either a zero or a pole of HFNi(X)bi};
i=1

(2) g1,--.,91 € GLI (Q) are pairwise distinct and such that

k
{g1,-- o} = J o).
i=1

This follows immediately from the following result, which we will prove
in Section 4.2. Throughout this paper, by a change of variables we mean
replacing a variable z by gz for some g € GL] (Q).

Theorem 4.2. Let n € Z~q. Let f1,..., fn, [ be pairwise distinct j-maps,
at least one of which is non-constant. Suppose that ay,...,a, € Z\ {0} and
c € C* are such that

n

(4.1) [[(h() - £z =

i=1
for all z € H. Then, after a change of variables, f(z) = j(z) and there exist
ke {l,...,n}, Ni,...,Ni € Zs1 pairwise distinct, and by, ..., by € Z\ {0}
such that

{fi: fi is non-constant} = {j(gz) : g € C(N;),i=1,...,k},
and, for all z € H,

k: .
11 (fitz) = f)" =11 ( (j(g2) — j(z)))bl

i€{l,..,n} S.t. =1 geC(Ny)
fi mon-constant
and
k
II () = fe) =c]][ FrnGiz)™"
ie{l,...n} s.t. i=1

fi constant

4.1. Functional independence modulo constants. Before proving The-
orem 4.2, we first prove some propositions using ideas from [13, §2]. These
will allow us to show that if

(4.2) {(1(2), -5 fn(2), f(2)) - 2 € H}

is a multiplicative special curve, then we must be in the situation that some
fi is non-constant, f is non-constant, and some f; is constant.
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Definition 4.3. Functions fi,..., f: H — C are called multiplicatively
independent modulo constants if, whenever aq,...,a, € Z are not all zero,
the function F': H — C defined by

F(z) = [ fite)
=1

is non-constant.

Proposition 4.4. Let n € Z~g. Let f be a non-constant j-map. Let
a1, ...,an € C be pairwise distinct. Then the functions hi(z) = f(2) — a;
are multiplicatively independent modulo constants.

Proof. By changing variables, we may assume that f(z) = j(z). The result
is then immediate since j is a transcendental function. U

Thus, a multiplicative special curve as in (4.2) must have at least one of
fi, ..., fn non-constant.

Proposition 4.5. Let n € Z~g. Let fi1,...,f, be pairwise distinct non-
constant j-maps. Let o be a singular modulus. Then the functions h;(z) =
fi(z2) — a are multiplicatively independent modulo constants.

Proof. Suppose, for contradiction, that ¢ € C* and ay,...,a, € Z\ {0} are
such that

n
(4.3) [[h(2) - ) =c

i=1
for all z € H. If [Q(z2) : Q] = 2, then fi(2) is a singular modulus and so
fi(2) € Q. Hence, c € Q. Let K = Q(a,c).

We may write fi(z) = j(riz + s;) for some r;,s; € Q with r; > 0, s; €
[0,1), and the pairs (r;,s;) all distinct. Re-indexing and making a change
of variables, we may assume that fi(z) = j(z) and r; > 1 for ¢ > 2.

For k € Z~q, let z; = v/—k. Then j(z;) is a singular modulus of dis-
criminant —4k and every preimage under j of every singular modulus of
discriminant —4k has imaginary part < vk with equality precisely at the
preimages of j(zy) itself which have the form zj + [ for [ € Z.

For i > 1, we thus have that f;(z) is a singular modulus with discrimin-
ant not equal to —4k. Also, the f;(zy) are all pairwise distinct, by Proposi-
tion 2.1, and, if k£ is large enough, not equal to a. One thus has that

n

(i(zx) = o) [ [ (@i —a)™ = e

=2

for some singular moduli xo, ..., z, of discriminants not equal to 4k.
For all k large enough, Proposition 2.7 implies that the tuple

(j(Zk),xg, Ce. ,xn)

has some Galois conjugate over K of the form

(B,2h,...,2.),
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where 8 # j(zx). Note that

Thus,

(7(26) — @) T[ (o — @) = (5 — o) [Jaf — )"
i=2 i=2
The only singular moduli of discriminant —4k in this relation are j(z;) and
B, and they are distinct. Hence, at least the terms (j(zx) — «) and (8 — «)
in the above relation do not cancel.
Grouping the terms where z; = 2}, which we then cancel if a; = a, we
obtain, for some m € {2,...,2n}, an m-tuple

(j(zk)aﬁvyla s 7ymf2)

of singular moduli such that j(2x), 3,91, .., ym—2, are pairwise distinct
and
m—2
() = )1 (8 = ) [ (i — )2 =1
i=1

for some ey, ..., ey, € Z\ {0}. Further, the tuples that arise in this way for
different k are all distinct, since the j(z) are all distinct.

By the pigeonhole principle, there is thus some m € {2,...,2n} for which
there exist infinitely many m-tuples (w1, ..., wy,,) of singular moduli such
that w1, ..., w,, a are pairwise distinct and

m
H(wi —a)li=1
i=1

for some by,...,by € Z\ {0}. This contradicts Theorem 1.1 and so we are
done. O

Hence a multiplicative special curve as in (4.2) must have f non-constant.

Proposition 4.6. Let n € Z~g. Let fi,..., fu, f be pairwise distinct, non-
constant j-maps. Then the functions hy, ..., h,: H — C defined by h;(z) =
fi(z) = f(2) are multiplicatively independent modulo constants.

Proof. We will find some z € H where precisely one of the functions h;
vanishes. By a change of variables, we may assume that f(z) = j(z) and
fi(z) = j(riz + s;) for some 1, s; € Q such that ; > 0 and 0 < s; < 1. Note
that (r;,s;) # (1,0) since f; # f. We may and do assume that the pairs
(r4,s;) are strictly increasing when ordered lexicographically.
Suppose first that r; > 1. Let
s n \/4ry —s%i

20— ——
27"1 27“1

)

so that
-1

— = 2.
r120 + S1
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Observe that |riz0+s1| = /1 > 1. If 1y > 1, then r129+s1 € §;. If ry =1,
then s; > 0 and zp is on the left hand side of the lower boundary of §; and
r120 + $1 is the reflection of zp in the imaginary axis.

Since j(—1/z) = j(z), we have that fi(z0) = f(z0). If ; > r1, then, by
Proposition 2.1, Im ;29 +s; > Imr129+ s1 and hence j(r;z0+ 8;) # j(r120+
s1). If r; =1y for i > 2, then s1 < s; < 1 and j(r;z0 + s;) # j(r120 + s1) by
Proposition 2.1 again. Thus, f;(z0) = f(z0) if and only if i = 1 and we are
done.

Now suppose that 7 < 1. Let k € Z be such that 0 < kr; — s < ry. Let

k oS \/4r1—(kr1—51)2i

= _5 2’/“1 27’1 ’
so that )
) Tk =1r121 + S1.

Hence, fi(z1) = f(z1). Observe also that |21 + k| = 1/\/r1 and 2 + k €
§;\038; and so r1z1+s1 € S§;\0(SF;), where S denotes the transformation
z + —1/z. Thus, by Proposition 2.1, the points in the SLy(Z)-orbit of z;
with imaginary part > Imryz; + s are the elements of

{z1+m:meZU{riz1 +s1+1:1€Z}.

In particular, r;z1 +s; is not in the SLo(Z)-orbit of z; if i > 2, since (7, s;) #
(1,0). Hence, fi(z1) = f(21) if and only if i = 1. The proof is thus complete.
U

Therefore a multiplicative special curve as in (4.2) must have some f;
constant.

4.2. The shape of multiplicative special curves.

Proof of Theorem 4.2. Let n € Z~¢g. Let f1,..., fn, f be pairwise distinct j-
maps, at least one of which is non-constant. Suppose that aq,...,a, € Z\{0}
and ¢ € C* are such that

n

(4.4) [T = f) =
i=1

for all z € H.

By Proposition 4.5, the j-map f must be non-constant. Thus, by Pro-
position 4.4, at least one of the j-maps fi,..., f, must be non-constant.
By Proposition 4.6, at least one of the j-maps fi,..., f, is constant. After
relabelling, we thus have that

I I[-H"=c

i€l i€l

for all z € H, where the j-map f is non-constant and [y, Is are non-empty
index sets such that Iy U Iy = {1,...,n} and the j-map f; is constant if
1 € I; and non-constant if ¢ € I.

By a change of variables, we may write f(z) = j(z). For i € Iy, let
«; be the singular modulus such that f; = «;. Note that the a; must be
pairwise distinct, since the f; are. For i € I, there is, by Proposition 2.10, a
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unique N; € Z~¢ and g; € C(N;) such that f;(z) = j(g;z) and N; > 1 since
fi(z) # j(z). Rearrange to obtain that

(4.5) ¢TI0 —an™ =T]G(2) —i(giz)
i€l i€la

for all z € H, where

_1 al+...+an
LD
C

We will show that the right hand side of (4.5) must be a product of powers

of functions
IT Gk —ie2).
geC(N;)
Rewrite the right hand side of (4.5) by grouping factors with the same
N; to obtain that

(4.6) TG —an™ =TT T] G() — ilg2) =@

i€l i€l3 ge€S;

for all z € H, where I3 is a new index set and, for each i € I3, S; C C(M;) is
non-empty and the M; € Z~ are pairwise distinct and the a;(g) € Z \ {0}.
We will show that, for each i € I3, we have that S; = C'(M;) and the a;(g)
are equal for every g € C'(M;).

Suppose then that there is ig € I3 with the property that there exists
go € Si, and hy € C(M,;,) such that either hg ¢ S;, or hy € S;, but
aiy(ho) # aiy(go). By Proposition 2.11, there exists 7 € SLa(Z) such that
J7(9072) = j(hoz).

Since the function j(z) is invariant under the map z — vz, we obtain
from (4.6) that

(4.7) [T I — i@ =TT T] 6 - ilgr=)=@

i€l3 geS; i€l3 geS;

for all z € H. Now, by Proposition 2.11, the factor j(z) — j(hoz) appears
on the right hand side of (4.7) with exponent a;,(go), and either does not
appear on the left hand side (if hg ¢ S;,) or appears on the left hand side
with exponent equal to a;,(ho), which is not equal to a;,(go), otherwise.

The equation (4.7) thus implies that there exists [ € Z~( and non-constant
j-maps f1,..., fi, f with f(z) = j(z) and f1(z) = j(hoz) such that the func-
tions v; for i = 1,...,1 defined by v;(z) = fi(z) — f(z) are multiplicatively
dependent modulo constants. This though contradicts Proposition 4.6.

Therefore, in (4.6), we must have, for each ¢ € I3, that S; = C(M;) and
that the a;(g) are equal for every g € C(M;). The right hand side of (4.6)
may thus be rewritten to obtain that

(4.8) TG —a) =1] Il GG —i(g2)"
ieh i€l3 geC(M;)

for all z € H, for some b; € Z \ {0}, and pairwise distinct M; € Z~;. The
right hand side is thus equal to the function

1 £ (i)

i€l3
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the zeros and poles of which are thus equal to the «; on the left hand side
of (4.8). O

4.3. Determining the multiplicative special curves. We now complete
the proof of Theorem 1.4. Let n € Z-g. We will show that there are
only finitely many multiplicative special curves in C"*! and these may be
determined effectively.

Proof of Theorem 1.4. Suppose that
T'={(fi(2),..-, fa(2), f(2)) : 2 € H}

is a multiplicative special curve in C"*!. Then, by Theorem 4.1, we may
reorder the first n coordinates of T" in such a way that

T= {(ala--- ,am,j(g12),...,j(ng),j(Z)) HEAS H}7

where
(1) a1,..., 0, are pairwise distinct and such that
k
{ai,...,an} ={a € C: « is either a zero or a pole of HFNi(X)bi};
i=1

(2) g1,-..,91 € GL (Q) are pairwise distinct and such that

k
{g1,-- 9} = |J oV
=1

for some k € Z~g, b1,...,br € Z\ {0}, and pairwise distinct Ny,..., Ny €
Z~1. In particular,
m+1=n.

Also,
= f: HO(N;).
Since ([19, p. 53]) - 1
#o) = NI (1+).

p|N;
we have that #C(N;) > N; + 1.
Corollary 2.5 implies that

k
H FNi (X)bz
1=1

is non-constant. Hence, m > 1. Thus we must have that

k
> #C(N;) <n-1.
=1

So max{Ny,...,Nx} < n —2. Since Ni,..., Ny are pairwise distinct and

> 2, we must have that
k+1

d(i+1)<n-—1

1=2
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Thus

1

5k:(k+5) <n-—1,
and hence

1
In particular, there are only finitely many possibilities for k, N1, ..., N and
these may be computed.
Let k, N1,..., N be such a possible choice for a multiplicative special

curve in C"*!. Compute
k
1= #C(Vy).
i=1

The corresponding polynomials Fl, may also be computed [10, §13B]. Let
81, ..., be pairwise distinct and such that

{B1,..., 8-} ={B€C: Fn,(B) =0 for somei=1,...,k}.

Write e;,, for the multiplicity of 3, as a root of Fy,. Let d; be the leading
coefficient of Fy,. Note that d; € Z \ {0}. Let p1,...,p: be a complete list

of the prime factors of di,...,d. Let f;, be the exponent of p, occurring
in the prime factorisation of d;.
The choice k, N1,..., Ni then gives rise to a multiplicative special curve

in C"*1 if and only if there exist by, ...,b, € Z \ {0} such that

k
Z bifin =0
=1

for every v € {1,...,t} and

k
Z biei,u =0
i=1

for exactly n — [ choices of w € {1,...,r}. This condition may be checked
effectively. Consequently, there are only finitely many multiplicative special
curves in C"*! and these may be determined effectively.

Now suppose that n < 5. Then

1 3
E<-(v57-5) < —.
2 2
So k =1 is the only possibility. And
Np < 3.

So the only possible multiplicative special curves in C**! arise with k = 1
and Ny € {2,3}. If Ny = 2, then [ = 3 and so one needs m < 2, which is
impossible since F5 has three distinct roots (see Example 1.7). If N; = 3,
then [ = 4 and so one needs m < 1, but the polynomial

F3(X) = =X (X —8000)%(X + 32768)*(X — 54000)

has four distinct roots. Thus, there are no multiplicative special curves in
C"*l forn € {1,...,5}. O
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5. WEAKLY SPECIAL SUBVARIETIES AND AX-SCHANUEL

5.1. Weakly special subvarieties. For the proof of Theorem 1.5, we will
need the notion of (weakly) special subvarieties. Varieties and subvarieties
are always irreducible over C.

Definition 5.1. Let m,n € Z~g.

(1) A weakly special subvariety of C™ is an irreducible component of a
subvariety of C™ defined by equations of the form ®y(z;,xx) = 0
and x; = c for N € Z~g and ¢ € C.

(2) A special point of C™ is a point (21, ..., Zy,) € C™ such that z1, ...,z
are singular moduli.

(3) A special subvariety of C™ is a weakly special subvariety of C™
which contains a special point of C™. Equivalently, a weakly special
subvariety for which any constant coordinates are singular moduli.

(4) A weakly special subvariety of (C*)™ is a coset of a subtorus (i.e. a
coset of an irreducible algebraic subgroup of (C*)").

(5) A special point of (C*)" is a point (1,...,(,) € (C*)™ such that
C1y ...,y are roots of unity.

(6) A special subvariety of (C*)™ is a weakly special subvariety of (C*)"
which contains a special point of (C*)™.

(7) A (weakly) special subvariety of C™ x (C*)" is a product M x T,
where M C C™ is a (weakly) special subvariety of C™ and T" C (C*)™
is a (weakly) special subvariety of (C*)™.

Note that a weakly special subvariety " C (C*)™ is defined by equations

of the form
e tin = ¢

for some ¢ € C* and aq,...,a, € Z not all zero. Also, T is a special
subvariety if and only if 7" may be defined by equations of this kind with the
additional property that every such c is a root of unity. See, for example,
[34, Remark 1.0.1].

It follows from the above description that special subvarieties of C™ and
(C*)™ are defined over Q. Special subvarieties of C™ have the following
useful properties.

Proposition 5.2 ([6, Proposition 2.1]). Let m € Zso. Let M C C™ be a
positive-dimensional special subvariety. Then M contains a Zariski-dense
union of special subvarieties of C™ of dimension 1.

Proposition 5.3 ([6, Proposition 2.3]). Let m € Zso. Let M C C™. Then
M is a special subvariety of dimension 1 if and only if there exist j-maps
fi,..., fn, at least one of which is non-constant, such that

M ={(fi(2),..., fu(2)) : z € H}.

In particular, a multiplicative special curve in C**! is a special subvariety
of C"*! of dimension 1 which is contained in a coset of a torus.

5.2. Ax—Schanuel. Now we state the functional transcendence result of
Pila and Tsimerman [27] which we will use in the proof of Theorem 1.5.
This result is a consequence of Ax’s theorem [2] for the exponential function
and Pila and Tsimerman’s [26] Ax—Schanuel theorem for the j-function.



24 VAHAGN ASLANYAN, SEBASTIAN ETEROVIC, AND GUY FOWLER

Let m,n € Z~y. Let
X =C"x (C)"
and
U=H"xC"
Define e: C — (C*) by e(t) = exp(2mit). Define 7: U — X by

71'(21, <y Amy tl) s 7tn) = (j(zl)a s 7j(zm)’ e(tl)a s 7e(tn))
We make the following definitions.

Definition 5.4. An algebraic subvariety of U is a complex-analytically ir-
reducible component of U NW for some algebraic subvariety W C C™ x C™.

Definition 5.5. A (weakly) special subvariety of U is a complex-analytically
irreducible component of 7=1(W) for W a (weakly) special subvariety of X
(as defined in Definition 5.1).

The result of Pila and Tsimerman we need is the following statement.

Theorem 5.6 (Weak Complex Ax [27, Theorem 3.3]). Let U C U be a
weakly special subvariety. Let X' = w(U’). Let V.C X' and W C U’ be
algebraic subvarieties and A C WNr~Y(V) a complez-analytically irreducible
component. Then

dim A = dimV 4+ dim W — dim X’,

unless A is contained in a proper weakly special subvariety of U'.

6. THE PROOF OF THEOREM 1.5

We will prove Theorem 1.5 by applying the so-called Pila—Zannier strategy
of o-minimal point counting. This strategy was proposed by Zannier and
was first used by Pila and Zannier [29] to give a new proof of the Manin—
Mumford conjecture. The approach used here is similar to that employed in
[13, 27]. For background on o-minimality and on the Pila-Zannier method,
see Pila’s book [25].

6.1. The counting theorem for semirational points. We will use an
extension, due to Habegger and Pila [18, Corollary 7.2], of the Pila—Wilkie
o-minimal counting theorem [28]. We will always work in the o-minimal
structure Ranexp; see [25, p. 77] for details of this structure. Definable
will mean definable with parameters in Rap exp. Complex numbers, when
considered as elements of definable sets, will be identified with their real
and imaginary parts. Throughout this section, constants ¢ = ¢(...) will be
positive and have only the indicated dependencies.

To state Habegger and Pila’s result, we need to define the k-height of a
real number. Let k € Z~¢. For y € R, define the k-height of y by

Hi(y) = min{ max{|ag|,...,|ak|} : ao,...,ar are coprime integers, not all
zero, such that azy® + ...+ ag = 0},

with the convention that min () = co. Note that y € R thus has Hy(y) < 0o
if and only if [Q(y) : Q] < k. For y = (y1,...,yn) € R", define

Hi(y) = max{Hy(y1), ..., Hi(yn)}.
The k-height is related to the multiplicative height in the following way.
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Proposition 6.1. Let d € Z~¢. There exists a constant c(d) > 0 with the
property that if « € Q is such that [Q(«) : Q] = d, then

Hy(o) < ¢(d)H ()%

@ = (g2

ft) =aqgt* + ...+ ag
is a minimal polynomial over Z of some o € Q. Then
Hy(a) < max{Jagl, . ., laal}
< c(d)M ()
= c(d)H ()",

Proof. Let

Suppose that

where the second inequality is [8, Lemma 1.6.7] and the final equality is [8,
Proposition 1.6.6]. Here M(f) denotes the Mahler measure of f. O

Habegger and Pila’s point counting result is the following.

Theorem 6.2 ([18, Corollary 7.2]). Let F C R x R™ x R"™ be a definable
family parametrised by R!. Let € > 0 and k € Zg. Let m: R™ x R* — R™
and mg: R™ x R™ — R"™ be the projection maps. Then there exists a constant
¢ =c(F,k,e) > 0 with the following property.
Let ¢ € Rl Write F, C R™ x R™ for the fibre of F over z. If T > 1 and
2 C{(y.2) € Fy: Hy(y) < T}

is such that #ma(X) > T, then there exists a continuous, definable function
B:10,1] — Fy such that:

(1) The composition m o 3: [0,1] — R™ is semialgebraic and its restric-

tion to (0,1) is real analytic.
(2) The composition w2 o 3: [0,1] — R™ is non-constant.

(3) ma(6(0)) € ma(X).
(4) The restriction of B to (0,1) is real analytic.

The constant ¢ = ¢(F, k,€) here is not effective. For (4), we use the fact
that Rap exp admits analytic cell decomposition [11, Theorem 8.8].

We will also require the following bound on the size of the exponents in
a multiplicative dependency.

Proposition 6.3. Let n € Zso. There exist constants c1(n),ca(n) > 0
with the following property. Let L be a number field and d = [L : Q]. If
ai,...,an € L™ are pairwise distinct and such that

n

i __
[[ef =1
=1

for some ay,...,an € Z\ {0}, then there exist by, ..., b, € Z\ {0} such that

n

bi _
[ =1
i=1



26 VAHAGN ASLANYAN, SEBASTIAN ETEROVIC, AND GUY FOWLER

and, for everyi € {1,...,n},
b5 < c1(n)(dmax{1, h(ar), ..., h(ay)})=™.

This will follow from the following bound, which covers the case where
the multiplicative dependency is minimal.

Lemma 6.4. Let n € Z~o. There exists an explicit constant c¢(n) > 0
with the following property. Let L be a number field and d = [L : Q]. If
a1, ..., 0n € L™ are pairwise distinct and the set {a1,...,an} is minimally
multiplicatively dependent, then there exist by, ... b, € Z\ {0} such that

n

b;
[[or =1
i=1

and
n

[bi] < c(n)d™ ' (1 +logd) [ ] h(cw).
k=1
ki
Proof. If n = 1, then oy is a root of unity of degree < d. Hence, a1 is a

primitive Nth root of unity for some N with ¢(N) < d, where ¢ denotes
Euler’s totient function. The desired result then follows from the elementary

bound
p(N) = \/f

For n > 2, this is a result of Yu [22, Corollary 3.2]. The version stated
in [22] has d" log d in place of the d"*1(1 + log d) here; the slight weakening
here allows one to state a uniform result for all d,n > 1 which still suffices
for our purposes. O

Proposition 6.3 follows from Lemma 6.4 via the following elementary
lemma.

Lemma 6.5. Let n € Z~y. Let v,w € Z"™. Suppose that, for some k €
{1,...,n — 1}, we have that

v=(v1,...,0,0,...,0),
where vy,...,v; 0, and that

w = (wi,...,wy)
with wi41 # 0. Let
A =1+ max{|vi],...,|vkl, |w1],. .., |wnl}.
Let
U =v+ Aw,
and write
w=(Uly..., Up).

Then uy,...,uxr1 # 0 and
lu;| < 2X\% fori=1,...,n.

Proof. For i = 1,...,k, if w; # 0, then |w;| > 1 and so A|w;| > |v;|. The
result follows immediately since m? + m < 2m? for all m € Z. O



MULTIPLICATIVE RELATIONS AMONG DIFFERENCES OF SINGULAR MODULI 27

Proof of Proposition 6.3. Let L be a number field and d = [L : Q]. Suppose
that aq,...,a, € L* are pairwise distinct and such that

for some ay,...,a, € Z\ {0}. The set
S={a,...,an}

is thus multiplicatively dependent, but not necessarily minimally multiplic-
atively dependent. For each i = 1,...,n though, there exists S; C S such
that «; € S; and S; is minimally multiplicatively dependent, see e.g. [13,
Lemma 5.9]. We will apply Lemma 6.4 to each set S;.

By Lemma 6.4, there exist constants c¢;(n), ca(n) > 0 such that, for each
i=1,...,n, there exist b;;, € Z\ {0} for k € S; with

and
|bi k| < c1(n)(dmax{l, h(a1),..., h(an)})CQ(").

Now let v; € Z™ be the vector with kth coordinate v; ;, equal to b; i, if k € S;
and 0 otherwise. Hence, for ¢ =1,...,n, we have that v;; # 0 and

n

Vik
H a " =1,
k=1

Let
p=1+max{|vig| : 3,k € {1,...,n}}.

Apply Lemma 6.5 inductively to vy, ..., v, to obtain a vector
w = (wy,...,w,) €Z"

which is a Z-linear combination of v1,...,v, and such that wy,...,w, # 0
and
lwi| < es(m)p®™ fori=1,...,n
for some constants cg(n),cs(n) > 0. In particular, there are constants
¢s(n), cg(n) > 0 such that
lwi| < es(n)(dmax{1, h(cv), ..., h(an)})®™ fori=1,...,n.

Since w is a Z-linear combination of vy, ..., v,, one has that

n

Ha;‘” =1,

i=1

as required. O
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6.2. Completing the proof of Theorem 1.5. Now we come to the proof
of Theorem 1.5. Fix n € Z~¢. In the proof, ¢, co,... will denote positive
constants which depend only on n. Any other dependencies among constants
will be explicitly indicated.

By Theorem 1.4, there are only finitely many multiplicative special curves
in C"*!. Since every multiplicative special curve is defined over Q, we may
fix some number field K over which all the multiplicative special curves in
C"*1! are defined.

Define the complexity A of an (n + 1)-tuple (z1,...,x,,y) of singular
moduli x1,...,2y,,y by

A = max{|A(z1)],...,|A(za)], [AY)]}-
Recall that e: C — C* is given by e(z) = exp(2miz). Let §. = {z € C:

0 < Rez < 1}, so that e restricted to §e is a bijection. The restrictions
j:§; = Cande: §o — C* are definable. Let

Y = {(21,...,zn,z,wl,...,wn,w,ul,...,un,rl,...,rn,s) € S?(RH) X F x R
n
Zriui =s,w =z, and w; = z; and e(u;) = j(z) — j(z) for i = 1,...,n}
i=1

and

7 = {(21,...,zn,z,r1,...,rn,s) € S;-"H x R J(uy, ..., u,) € F such that

(215 e ey 2y 2y 21y e e ey 2y 2y Ul v ooy Uy Ty e o v 5 Ty S) € Y}.
The sets Y, Z are both definable.
Suppose that (z1,...,2y,,y) is an (n+1)-tuple of pairwise distinct singular
moduli x1,...,z,,y such that
n
[[@i-y»=1
i=1

for some a; € Z\ {0}. Let A be the complexity of this tuple. Let
d=[Q(x1,...,xn,y) : Q.
By Proposition 6.3, we may assume that
la;| < c1(dmax{1l, h(z1),...,h(zyn),h(y)})

for i € {1,...,n}. Then apply Proposition 2.7 (with € = 1/4 say) to give an
upper bound on d and Proposition 2.9 to bound the logarithmic heights of
the singular moduli. One thereby obtains that, for i € {1,...,n},

la;| < cg A,
Let
(T1y e ey Ty Ty Vi ooy Up) ES?H X 2
be the preimage of
(T1y ey Ty Yy 1 — Yye ooy Ty — YY)

with respect to the map (j,e): S?H X FB — Ctl x (C*)". Note that
Ti,...,Tn, T are all quadratic, since they are the preimages for j of singular
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moduli. By Proposition 2.8, the real and imaginary parts of 71, ..., 7,, 7 all
have multiplicative height < 2A. Observe also that

n
Z a;V; € Z,
=1

since
n
H E(I/i)a’ =1
i=1
Let b=>"", a;v;. Then
n
bl < lail,
i=1
since vy, ..., v, all have real part in the interval [0, 1). In particular,
b < e5A%S.

The tuple (z1,...,z,,y) thus gives rise to the point
(Thye ey Ty Qly ey ap,b) € Z,

which is quadratic in the 7;, 7 coordinates and integral in the a;,b coordin-
ates. Further, the 2-height of this point is < ¢;A“® by Proposition 6.1.

Every Galois conjugate (2,...,2},y') of (z1,...,2,,y) over K satisfies
the multiplicative relation

n
[ =)™ =1,
i=1
where ay, .. ., a, are the same integers as before. The conjugate (z,...,2},y)
thus gives rise, in the same way as (z1,...,%n,y) did, to a point
(r4,...,70, 7 a1,...,an, V) € Z,

where the 7/, 7" are quadratic and of multiplicative height < 2A, the a; are
the same integers as before, and V' is an integer such that [b'| < c5A%.
Note that b is not necessarily the same as b. In particular, the point

(1], Th T a1, ..., an,b') also has 2-height < ¢;A. Further, the corres-
ponding points of Z arising from distinct K-conjugates of (z1,...,zy,y) are
always distinct in the %}”1 coordinates. By Proposition 2.7 with € = 1/4,
there are at least cgAY* distinct K-conjugates of (x1,...,2n,y), each of
which gives rise to a distinct point of Z in the above way.

View Y as a definable family of sets fibred over the (ry,...,r,) coordin-

ates. Each of the points
(11, 7o, T ay, ... an, V) € Z
described above is the projection of a point

/ / / / / / / / /
(Ths e e s Toy Ty Thy ooy Tis Ty Vg v ey Uny @1y .y ap,b) €Y.

Note that the Y-points arising in this way from distinct conjugates over K

of (x1,...,x,,y) are distinct in their (71,...,7),7") coordinates.

These points (74,..., 70, T T, ooy Ty T V], ..., U0, U') all lie on the fibre

Yiay,....an) Of Y over (ai,...,an). Let

71t Yiay,an) — g;_”rl X R and m2: Y(g, 4, = 3;?“ x §o xR
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be the projection maps
(Z1y ey Zny 2y Wy e v oy Wiy Wy ULy« o vy Uy S) > (21,03 2,y 2, S)
and
(Z1y e e vy 2y Zy W1y e e oy Wiy Wy ULy« vy Uy §) > (W1, ooy Wiy Wy UL« vy Up)

respectively. Observe that my is injective. Let ¥ C Y, . 4,) be the set
consisting of all the points arising in the way described above from the K-
conjugates of (z1,...,2Zy,y). Then 71(X) contains only algebraic points of
degree at most 2 and which have 2-height < ¢; A%, Also, #ma(X) > coAl/4.
Now let Cyp > 0 be the constant given by Theorem 6.2 applied to Y
with & = 2 and € = (8cg)~!. Note that cg depends only on n, which is fixed,
and Cgp depends only on Y, k, €, which are all fixed. In particular, Cgp is
independent of (z1,...,x,,y) and ai,...,a,. Let T = ¢;A%. Then m (%)
contains only algebraic points of degree < 2 and 2-height < T and

#WQ(Z) > 69A1/4.
In particular, if A > (¢c;Crp/cy)®, then
#71‘2(2) > CypT©
(here we assume without loss of generality that c7,cg > 1, so ¢ < ¢7).
Suppose then that A > (¢;Cyp/cg)®. Then Theorem 6.2 implies that
there exists a continuous, definable function §: [0,1] = Y(,, ,,) With the
following properties:
(1) The composition 7; o 8: [0,1] — S}”l x R is semialgebraic and its
restriction to (0,1) is real analytic.
(2) The composition m 0 5: [0, 1] — S}"‘H X &7 is non-constant.
(3) m2(8(0)) € ma(X).
(4) The restriction of 5 to (0,1) is real analytic.
Note that (2) implies that m o 8 composed with projection to the 3}”1
coordinates is non-constant. Since 7y is injective, we have that 3(0) € X,
i.e. (0) is a point of Y(,, 4, arising from a K-conjugate of (z1,...,2n,¥y).
Let Z(q,,...a,) be the fibre of Z over (a1,...,ay,). Then (m 0 8)([0,1]) C
Z(al,.‘.,an)- Let

U={(1, -, 2y 5, t) € L x € [ (G20) — 5(2) = e()}.
i=1
Note that Z(g, .. 4,) C U. Hence, by [1, Proposition 1], there exists an open
neighbourhood W C H"*! x C of 71(3(0)) such that

W (moep)([0,1]) cV CU,

where V' is a finite union of irreducible Nash subsets (see [1, §2.2]) of W, all
of which contain 1 (/5(0)).

We now use the characterisation of Nash subsets in [1, Remark 4]. Since
(m105)([0,1]) has non-constant projection to 3}‘“, by real analytic continu-
ation there must exist some complex-analytically irreducible component of
V' with non-constant projection to S;-LH. Every complex-analytically irredu-
cible component of V' contains 71(3(0)). Therefore, there exists a complex
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algebraic subvariety A C C"*2 and a complex-analytically irreducible com-
ponent B C (H"™! x C) N A such that B has non-constant projection to
H"* and m(8(0)) € B CU.

By the Ax—Schanuel result of Theorem 5.6, there thus exist weakly special
subvarieties W, ¢ H**! and W, C C such that

B Cc Wy x Wy CU.

Since the projection U — H"*! has discrete fibres, the weakly special sub-
variety Wo must just be a point. Hence, W5 is equal to the projection of
71(6(0)), which is {b'} for some b’ € Z.

The weakly special subvariety W; must be positive-dimensional, since B
has non-constant projection to H"*!. Also, W; contains the preimage of
some K-conjugate of (z1,...,%,,y), and so any constant coordinates of Wy
must be quadratic. Finally, note that

n
Wi C (o1 es2002) s [[(G20) = 3(2)% = 1}
i=1

By setting all free variables of Wj except one equal to the corresponding
coordinates of the preimage of the K-conjugate of (x1,...,x,,y) which W,
contains, we may and do assume that dimW; = 1. Now take the image
of Wi under j. One thus obtains j-maps fi,..., fa, f, which are not all
constant, and satisfy

n

(6.1) H(fz(z) — f(2))% =1 for all z € H.

i=1
Since j(W7) contains some K-conjugate (z,...,z,,y") of (z1,...,2n,y),
the j-maps fi,..., fn, f must be pairwise distinct. In particular, j(W7) is a
multiplicative special curve in C"*! which contains (2}, ...,z},v).

Thus, j(W7) is one of the finitely many multiplicative special curves in
C"*! given by Theorem 1.4. In particular, j(W7) is defined over K. Thus,
(T1,...,2n,y) € j(W7), since j(W1) contains a K-conjugate of (z1,...,%n,y).

We have therefore shown that, for (x1,...,2,,y) an (n+ 1)-tuple of pair-

wise distinct singular moduli x1, ..., z,,y of complexity A such that
n
[[@i-y»=1
i=1

for some ay,...,a, € Z\ {0}, if A > (czCup/co)®, then (x1,...,7n,y)
belongs to one of the finitely many multiplicative special curves in C"*+1.
Hence, the complexity of every such (n + 1)-tuple which does not lie on a
multiplicative special curve in C**! is < (c7:Crp/ 09)8. In particular, there
are only finitely many such (n 4 1)-tuples. This completes the proof of
Theorem 1.5. Corollary 1.6 follows immediately.

7. THE ZILBER—PINK CONNECTION
Let m,n € Z~y. Let
X =C™ x (C)™

Recall the definition of a special subvariety of X, ,, from Definition 5.1.
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Definition 7.1. Let V C X, , be a subvariety. A subvariety W C V is
called an atypical component of V' in X, ,, if there exists a special subvariety
T C Xy, n such that W is an irreducible component of V' N7 and

dimW > dimV 4+ dim T — dim X, ,.

An atypical component W of V' in X, ,, is a maximal atypical component of
V in X, ,, if there does not exist any atypical component W' of V in Xmn
such that W C W".

The Zilber—Pink conjecture was formulated independently in different
contexts by Zilber [35], Pink [30], and Bombieri, Masser, and Zannier [9].
The conjecture is wide open; see [25, Part IV] for more details. In our
context, the Zilber—Pink conjecture is the following statement.

Conjecture 7.2 (Zilber-Pink conjecture). Let V C X, be a subvariety.
Then there are only finitely many maximal atypical components of V in
Xmon-

In the remainder of this section, we show that, in light of Theorem 1.4,
Theorem 1.5 would follow from Conjecture 7.2. For n € Z-g, we define
Vn C X?’L+1,n by

V, = {(wl,...,wn,w,tl,...,tn) c Xn+17n it =w; —w for i = 17_._777/}_
Note that dim X, 1, =2n+1 and dimV,, =n + 1.
Proposition 7.3. Let n € Zsq. Suppose that x1,...,ZTn,y are singular
moduli such that x; # vy fori € {1,...,n} and

n

[[@i-y*=1

i=1
for some a1, ..., a, € Z which are not all zero. Then
{(leu"'axn7y7$1 _yuvxn_y)}

is an atypical component of Vy, in Xpi1n.

Proof. Let
0= (1, Ty Yy XL — Yy ooy Ty — Y).
Observe that o € V,. Since x1, ..., Zy,y are singular moduli, the set

{(561, S 73371,’3/)}

is a special subvariety of C"*! of dimension 0. Write M for this special
subvariety. Since z; # y and

the point
(T1 =y, 20— y)
is contained in a special subvariety 7' C (C*)" of dimension at most n — 1.
Hence, M x T is a special subvariety of X,, 11, of dimension < n — 1. Thus,
dimV, +dim(M xT) —dim X411, < (n+1)+(n—1)— (2n+1) <0.

Thus, {c} C V,,N (M x T) is an atypical component of V,, in X;,41,. O
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Proposition 7.4. Let n € Z~g. Suppose that x1,...,Tn,y are pairwise
distinct singular moduli such that the set {x1 —vy,...,z, — y} is minimally
multiplicatively dependent. Then either (z1,...,%n,y) lies on a multiplicat-

ive special curve in C**t1 or

{(xlv" 5Ty Yy L1 — Y, -5 T _y)}
is a mazimal atypical component of Vi, in Xpi1p.

Proof. Suppose that z1,...,x,,y are pairwise distinct singular moduli such
that the set {x1 —y,..., 2, — y} is minimally multiplicatively dependent.
Let
g = (xlv"'amrhy?xl Y,y Tn _y)

Then, by Proposition 7.3, {¢} is an atypical component of V;, in X, 41 .

Suppose then that {o} is not a maximal atypical component of V,, in
Xn+1n- Then there exist special subvarieties M C C"*! and T C (C*)"
and an irreducible component W C V,, N (M x T') such that dimW > 0,
o€ W, and

dimW > dimV,, + dim(M x T') — dim X, 41 .

In order to intersect V,, atypically, both M, T must be proper subvarieties.
If T was defined by two independent multiplicative conditions, then two
independent multiplicative relations would hold on the set

{r1—vy,...,xn —y},

and thus some proper subset would be multiplicatively dependent, a contra-
diction. So T' must be defined by one independent multiplicative condition.
Hence, for M x T to intersect V,, atypically, one must have that

(al—,B,...,an—B)GT

for every (ai,...,an,B3) € M. Thus, by Proposition 5.3, if My C M is a
special subvariety of C**! such that dim My = 1 and no two coordinates of
My are identically equal, then Mj is a multiplicative special curve in C**+1.

Suppose that dim M > 1. Since (z1,...,%n,y) € M and z1,...,2,,y
are pairwise distinct, the locus in M where some two coordinates are equal
is a Zariski-closed proper subset of M. Thus, by Proposition 5.2, M must
contain infinitely many multiplicative special curves in C"*!. However, there
are only finitely many multiplicative special curves in C**! by Theorem 1.4.
So we must have that dim M = 1, and so M itself is a multiplicative special
curve in C"*!. Since (x1,...,2,,y) € M, the proof is complete. O

Proposition 7.5. Assume Conjecture 7.2. Then Theorem 1.4 implies The-
orem 1.5.

Proof. Fix n € Z~o. We will show that there exists a constant C' > 0 with
the following property. Suppose that (x1,...,2,,y) is an (n + 1)-tuple of
pairwise distinct singular moduli 1, ..., z,,y such that

n
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for some ay,...,a, € Z\ {0}. Then either |A(y)| < C or (z1,...,zy,y) lies
on a multiplicative special curve in C"*!'. By Theorem 1.1, this suffices to
prove Theorem 1.5.

Suppose then that (x1,...,z,,y) is an (n + 1)-tuple of pairwise distinct

singular moduli 1, ..., z,,y such that
n
[[@i-y =1
i=1

for some ay,...,a, € Z\ {0}. For every k € {1,...,n}, there exists, by [13,
Lemma 5.9], a set I, C {1,...,n} such that k € I} and the set
{.7}1' —y:i €] k}
is minimally multiplicatively dependent. If, writing Iy = {i1,...,im, }, we
have that
{(xil"' : 7ximk)yaxi1 7y7"',ximk 7y)}

is a maximal atypical component of V}, in X}  for some k, then, by Conjec-
ture 7.2 applied to Vi, there are only finitely many possibilities for y and we
are done. Hence, by Proposition 7.4, we may assume that (z;,,... s T, Y)
lies on a multiplicative special curve M, in C™ ! for every k.

Suppose that I NIy # O for some k # k. Let i € Iy N Iy. If the
corresponding coordinates (i.e. the coordinate where z; appears) of both
My, and M} are fixed coordinates, then clearly these fixed coordinates must
both be equal to x;.

Suppose that precisely one of the corresponding coordinates of M} and
M is a fixed coordinate. Without loss of generality, assume that M} has
the constant coordinate. Then x; must be equal to the constant coordinate
of Mj. Since Mj is a multiplicative special curve in C"™*! this means
that z; is a singular modulus of bounded discriminant. Also, there exists
a g € C(N) for some bounded N such that the corresponding coordinate
of My is given by j(gz) and the final coordinate of My, is given by j(z).
Hence, there is z € H such that

Jj(2) =y and j(g2) = z.
In particular, the discriminant of y must be bounded. Hence, we may assume
that the corresponding coordinates of My and My, are either both constant
coordinates or both non-constant coordinates.
Suppose the corresponding coordinates of both M} and M, are non-
constant. So there are g € C(N) and ¢’ € C(M) for some bounded M, N
such that there exist w, z € H such that

y=j(z) =j(w)
and
z; = j(92) = j(g'w).
Since j(z) = j(w), there exists v € SLo(Z) such that w = vz. Hence,
j(g92) = j(g'vz).
In particular, either g = ¢’ or, by Proposition 2.6, y is a singular modulus

of bounded discriminant. In the latter case we are done, so we may assume
that g = ¢'.
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Thus, provided |A(y)]| is larger than some suitable constant C, there ex-
ist j-maps fi,..., fn, not all constant, such that fi,..., fn,j are pairwise
distinct,

(@1, an,y) €{(f1(2), ..., fn(2),5(2)) : z € H}
and, for every k € {1,...,n} and i € I, there exist a;,; € Z\ {0} such that

[1(i2) — (=)™ =1

i€},
for all z € H. Since k € I} always, we may use Lemma 6.5 to find by, ...,b, €
Z \ {0} such that

(fiz) =j(2)" =1

1

n

(2

for all z € H. Thus, the set
{(fl(z)a s ,fn(Z),j(Z)) HEAS H}

is a multiplicative special curve in C"*! which contains (z1,...,2,,y). O
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