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✐♥♣✉t ❡❧❡♠❡♥t ✇❡✐❣❤ts✳ ❲❡ ❛❝❤✐❡✈❡ t❤✐s ✉s✐♥❣ st❛♥❞❛r❞ ❞✐s❝r❡t❡ ❧♦❣ ❛s✲
s✉♠♣t✐♦♥s ❛♥❞ t❤❡ s❤♦rt❡st ✐♥t❡❣❡r s♦❧✉t✐♦♥ ✭❙■❙✮ ❛ss✉♠♣t✐♦♥✳ ❖✉r s❤✉✤❡
❛r❣✉♠❡♥t ❤❛s ♣r♦✈❡r ❛♥❞ ✈❡r✐✜❡r ❝♦♠♣❧❡①✐t② ❧✐♥❡❛r ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ s❤✉❢✲
✢❡❞ s❡t✱ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♠♣❧❡①✐t② ❧♦❣❛r✐t❤♠✐❝ ❜♦t❤ ✐♥ t❤❡ s❤✉✤❡❞
s❡t s✐③❡ ❛♥❞ s❡❝✉r✐t② ♣❛r❛♠❡t❡r✳

❑❡②✇♦r❞s✿ ❙❤✉✤❡ ❛r❣✉♠❡♥t ➲ ❡❧❡❝tr♦♥✐❝ ✈♦t✐♥❣ ➲ ③❡r♦✲❦♥♦✇❧❡❞❣❡✳

✶ ■♥tr♦❞✉❝t✐♦♥

▼✐①✲♥❡t✇♦r❦s ❛r❡ ♣r♦t♦❝♦❧s ✉s❡❞ t♦ ❤✐❞❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♠❡ss❛❣❡ s❡♥❞❡rs ❛♥❞
t❤❡✐r ♠❡ss❛❣❡s✳ ❆t t❤❡ ❤❡❛rt ♦❢ ♠❛♥② ✇✐❞❡❧② ✉s❡❞ ♠✐①✲♥❡t✇♦r❦s ❛r❡ s❤✉✤❡ ❛r❣✉✲
♠❡♥ts t❤❛t ♣r♦✈❡ t❤❛t ❛ s❡t ♦❢ ♦✉t♣✉t ❝✐♣❤❡rt❡①ts ❛r❡ ❛ r❡r❛♥❞♦♠✐③❡❞ ♣❡r♠✉t❛t✐♦♥
♦❢ ❣✐✈❡♥ ✐♥♣✉t ❝✐♣❤❡rt❡①ts✳ ❙❤✉✤❡ ❛r❣✉♠❡♥ts ❛r❡ ❛♥ ❡ss❡♥t✐❛❧ t♦♦❧ ❢♦r ♣r❡s❡r✈✲
✐♥❣ ❛♥♦♥②♠✐t② ✐♥ ❝r②♣t♦❣r❛♣❤✐❝ ♣r♦t♦❝♦❧s s✉❝❤ ❛s ❡❧❡❝tr♦♥✐❝ ✈♦t✐♥❣ s②st❡♠s ❬✶❪✱
❛♥♦♥②♠♦✉s ♠❡ss❛❣✐♥❣ s②st❡♠s ❬✷✽❪✱ ❛♥♦♥②♠♦✉s ❝r②♣t♦❝✉rr❡♥❝✐❡s ❬✶✺❪✱ ❛♥❞ s✐♥❣❧❡
s❡❝r❡t ❧❡❛❞❡r ❡❧❡❝t✐♦♥s ❬✼❪✳

❙❤✉✤❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s✱ s✉❝❤ ❛s ◆❡✛✬s ♣❡r✲
♠✉t❛t✐♦♥ ♦❢ r♦♦ts ♠❡t❤♦❞ ❬✷✹✱✹❪✱ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐❝❡s ❬✶✼❪✱ ❛♥❞ r❡r❛♥❞♦♠✐③❛❜❧❡
❈❈❆✲s❡❝✉r❡ ❝r②♣t♦s②st❡♠s ❬✶✹❪✳ ❘❡❝❡♥t t❡❝❤♥✐q✉❡s s✉❝❤ ❛s ❇✉❧❧❡t♣r♦♦❢s ❬✶✵✱✶✷❪✱
❍♦✛♠❛♥ ❡t ❛❧✳ ❬✷✷❪✱ ❛♥❞ ❈✉r❞❧❡♣r♦♦❢s ❬✷✼❪ ❛❝❤✐❡✈❡ s❤✉✤❡ ❛r❣✉♠❡♥ts ✇✐t❤ ❧♦❣✲
❛r✐t❤♠✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♠♣❧❡①✐t② ❛♥❞ ❧✐♥❡❛r ♣r♦✈❡r ❛♥❞ ✈❡r✐✜❡r ❝♦♠♣❧❡①✐t②✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦♥❝r❡t❡ ❝♦♠♣❧❡①✐t② ♦❢ ❇✉❧❧❡t♣r♦♦❢s ❛♥❞ ❍♦✛♠❛♥ ❡t ❛❧✳ ❞❡♣❡♥❞
♦♥ ✇❤✐❝❤ s♦rt✐♥❣ ❝✐r❝✉✐t ✐s ✐♠♣❧❡♠❡♥t❡❞✱ ✇❤✐❧❡ ❈✉r❞❧❡♣r♦♦❢s s❤✉✤❡s ♣✉❜❧✐❝ ❦❡②s
(gi, g

xi

i )ni=1 ✐♥t♦ (grπ(i), (g
r
π(i))

xπ(i))ni=1✱ ❢♦r s♦♠❡ r❛♥❞♦♠❧② s❛♠♣❧❡❞ r✱ ❛♥❞ ❛s s✉❝❤

❞♦ ♥♦t s❤✉✤❡ ❝✐♣❤❡rt❡①ts✳ ❙❡❡ ❬✷✶❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❦♥♦✇♥ t❡❝❤♥✐q✉❡s✳
❆ r❡❝❡♥t ✇♦r❦ ❜② ❋❧❡✐s❝❤❤❛❝❦❡r ❛♥❞ ❙✐♠❦✐♥ ❬✶✻❪ ✉s❡s ❛ ♥♦✈❡❧ t❡❝❤♥✐q✉❡ t♦

♣r♦✈❡ ❛ s❤✉✤❡ ♦❢ ❝♦♠♠✐t♠❡♥ts ❜② ♣❡r❢♦r♠✐♥❣ ❛ s❤✉✤❡ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ v
s❤✉✤❡s✱ t❤❡♥ ❧❡tt✐♥❣ t❤❡ ✈❡r✐✜❡r ♦♣❡♥ ❛♥② v− 1 ♦❢ t❤❡♠✳ ❚❤❡ t❡❝❤♥✐q✉❡ ❧❡❛❞s t♦
✈❡r② ❡✣❝✐❡♥t s❤✉✤❡s ❜❛s❡❞ ♦♥ ♠♦st❧② s②♠♠❡tr✐❝ ♣r✐♠✐t✐✈❡s ✇✐t❤♦✉t ❛♥② s❡t✉♣



❛ss✉♠♣t✐♦♥s✱ ❜✉t ✇✐t❤ ❛ ♥♦t✐❝❡❛❜❧❡ s♦✉♥❞♥❡ss ❡rr♦r✳ ❲❤✐❧❡ ♥♦t✐❝❡❛❜❧❡ s♦✉♥❞♥❡ss
❡rr♦r ✐s ♥♦t ✐❞❡❛❧ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥ ❝❛s❡s ✇❤❡r❡ ❞❡t❡❝t❡❞
❝❤❡❛t✐♥❣ ♣r♦✈❡rs ❛r❡ ❤❡❛✈✐❧② ♣❡♥❛❧✐③❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡✐r s❤✉✤❡ ❝❛♥ ❛❝❤✐❡✈❡ ♥❡❣✲
❧✐❣✐❜❧❡ s♦✉♥❞♥❡ss ❜② r❡♣❡t✐t✐♦♥✱ ❛❧t❤♦✉❣❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡❝♦♠❡s ❧✐♥❡❛r ✐♥ t❤❡
s❡❝✉r✐t② ♣❛r❛♠❡t❡r✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ t♦ ❛s❦ ✐s ✇❤❡t❤❡r ♦r ♥♦t ♦♥❡ ❝❛♥ ❛❝❤✐❡✈❡ s❤✉✤❡ ❛r❣✉✲
♠❡♥ts ✉♥❞❡r st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ ❋❧❡✐s❝❤❤❛❝❦❡r ❛♥❞
❙✐♠❦✐♥ ❬✶✻❪ ✐❢ ✇❡ ❛❧❧♦✇ ♥♦t✐❝❡❛❜❧❡ s♦✉♥❞♥❡ss ❡rr♦r✱ ❜✉t ❝❛♥ st✐❧❧ ❤❛✈❡ ❧♦❣❛r✐t❤♠✐❝
♣r♦♦❢ s✐③❡ ✐❢ ✇❡ r❡q✉✐r❡ ♥❡❣❧✐❣✐❜❧❡ s♦✉♥❞♥❡ss✳

✶✳✶ ❖✉r ❈♦♥tr✐❜✉t✐♦♥s

❲❡ ♣r♦♣♦s❡ ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥✲❡✣❝✐❡♥t s❤✉✤❡ ❛r❣✉♠❡♥ts ✉s✐♥❣ ❛
s✐♠♣❧❡ r❛♥❞♦♠ s✉❜s❡t ❝❤❡❝❦✐♥❣ ♠❡t❤♦❞✳ ■♥ t❤❡ ❜❛s✐❝ ✈❡rs✐♦♥✱ t❤❡ ✈❡r✐✜❡r ❝❤♦♦s❡s
❛ r❛♥❞♦♠ ♥♦♥✲❡♠♣t② s✉❜s❡t ♦❢ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts ✭r❡s♣✳✱ ❝✐♣❤❡rt❡①ts✮ ❛s ❛ ❝❤❛❧✲
❧❡♥❣❡✱ ❛♥❞ t❤❡ ♣r♦✈❡r ♣r♦✈❡s ❦♥♦✇❧❡❞❣❡ ♦❢ ❛ s❡t ♦❢ ♦✉t♣✉t ❝♦♠♠✐t♠❡♥ts ✭r❡s♣✳✱ ❝✐✲
♣❤❡rt❡①ts✮ ❛♥❞ ✐ts r❛♥❞♦♠✐③❡rs t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts ✭r❡s♣✳✱
❝✐♣❤❡rt❡①ts✮✳ ❆ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ✐♥ ♦✉r ♣r♦t♦❝♦❧ ✇✐❧❧ ❢❛✐❧ t♦ ❛♥s✇❡r t❤✐s ❝❤❛❧❧❡♥❣❡
✇✐t❤ s♦♠❡ ♥♦t✐❝❡❛❜❧❡ ♣r♦❜❛❜✐❧✐t② δ✱ t❤✉s ❜② r❡♣❡❛t✐♥❣ t❤❡ ♣r♦t♦❝♦❧ ❛ s♠❛❧❧ ♥✉♠✲
❜❡r ♦❢ t✐♠❡s✱ ❛ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ❝❛♥ ♦♥❧② s✉❝❝❡❡❞ ✇✐t❤ ❛ ♥❡❣❧✐❣✐❜❧❡ ❝❤❛♥❝❡✳ ❲❡ ❛r❡
✉s✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡ r❡♣❡❛t❡❞ ❛♣♣❧✐❝❛t✐♦♥s ✈❡r② ❝❤❡❛♣ ❜② ❜❛t❝❤✐♥❣✳
❲❡ ♦❜t❛✐♥ t✇♦ ✈❡rs✐♦♥s ♦❢ ❛ ♣✉❜❧✐❝✲❝♦✐♥ ③❡r♦✲❦♥♦✇❧❡❞❣❡ s❤✉✤❡ ❛r❣✉♠❡♥t ❡✐t❤❡r
❢♦r ❝♦♠♠✐t♠❡♥ts ♦r ❝✐♣❤❡rt❡①ts ✉s✐♥❣ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s✳

✕ ❚❤❡ ♣r♦t♦❝♦❧ Π lite
scs ❛ss✉♠❡s t❤❛t ✐t ✐s ❤❛r❞ t♦ ✜♥❞ ❛♥② ♥♦♥✲tr✐✈✐❛❧ ❧✐♥❡❛r

r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts✳ Π lite
scs ❛❝❤✐❡✈❡s ❡①❝❡❧❧❡♥t ❡✣❝✐❡♥❝②

✉♥❞❡r t❤❡ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ✭❉▲✮ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ r❛♥❞♦♠ ♦r❛❝❧❡ ♠♦❞❡❧
✭❘❖▼✮✳

✕ ❚❤❡ ♣r♦t♦❝♦❧ Πscs ✐s s♦♠❡✇❤❛t ❧❡ss ❡✣❝✐❡♥t✱ ❜✉t ❞♦❡s ♥♦t ♠❛❦❡ ❛♥② ❛s✲
s✉♠♣t✐♦♥ ❛❜♦✉t t❤❡ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts✳ ❍♦✇❡✈❡r✱ ✐t ❛❞❞✐t✐♦♥❛❧❧② r❡q✉✐r❡s
t❤❡ ❙❤♦rt ■♥t❡❣❡r ❙♦❧✉t✐♦♥ ✭❙■❙✮ ❛ss✉♠♣t✐♦♥✳

❲❡ ❤❛✈❡ ♠✐♥✐♠❛❧ s❡t✉♣ ❛ss✉♠♣t✐♦♥s✱ ❛s ✇❡ ♦♥❧② r❡q✉✐r❡ ❛ P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t
❦❡② ❛s ❈❘❙✳ ❙❡❡ ❚❛❜❧❡ ✶ ❢♦r ❝♦♠♣❛r✐s♦♥s ♦❢ ♦✉r s❝❤❡♠❡ t♦ s♦♠❡ r❡❝❡♥t s❤✉✤❡
❛r❣✉♠❡♥ts✳

✶✳✷ ❚❡❝❤♥✐❝❛❧ ❖✈❡r✈✐❡✇

▼❛♥② ♣r❡✈✐♦✉s s❤✉✤❡ ❛r❣✉♠❡♥ts ❝♦♠♠✐t t♦ s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♣❡r♠✉t❛✲
t✐♦♥✱ t❤❡♥ ♣r♦✈❡ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ❛ ♣❡r♠✉t❛t✐♦♥✱ ❛♥❞ t❤❛t t❤❡ s❤✉✤❡❞ ❝♦♠♠✐t✲
♠❡♥ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♠♠✐t♠❡♥ts ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣❡r♠✉t❛t✐♦♥
✐♥s✐❞❡ t❤❡ ❝♦♠♠✐t♠❡♥t✳ ❲❡ t❛❦❡ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t❤❛t ❞♦❡s ♥♦t tr②
t♦ ✐♥❝❧✉❞❡ s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s ❛ ♣❡r♠✉t❛t✐♦♥✳ ❚❤❡ ♣r♦✈❡r ❤❛s t♦
s❤♦✇ ❢♦r ❛ r❛♥❞♦♠❧② ❝❤♦s❡♥ s✉❜s❡t ♦❢ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts✱ t❤❛t ✐t ❦♥♦✇s ❛ ❝♦rr❡✲
s♣♦♥❞✐♥❣ s✉❜s❡t ♦❢ ♦✉t♣✉t ❝♦♠♠✐t♠❡♥ts✳ ❲❡ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥

✷



Pr♦✈❡r ❱❡r✐✜❡r ❉❡❝r②♣t ❈♦♠♠✉♥✐❝❛t✳ ❈❘❙ s✐③❡ ❈❘❙ ❆ss✉♠♣t✐♦♥

❬✶✵❪ O(N)
❡①♣✳

O(N)
❡①♣✳

N ❡①♣✳ 2N +O(logN)
×G

2N ×G ❯♥✐❢♦r♠ ❘❖▼✱ ❉▲

❬✷✷❪ 30N ❡①♣✳ 10N ❡①♣✳ N ❡①♣✳ 2N +O(logN)
×G

N ×G ❯♥✐❢♦r♠ ❑❡r♥❡❧✲▼❉❍

❬✷✼❪✯ 30N ❡①♣✳ 5N ❡①♣✳ ✲ ✯ 2N + 10 logN
×G

N ×G ❯♥✐❢♦r♠ ❉❉❍

❬✶✹❪ 72N ❡①♣✳✱
5N ♣❛✐r✳

22N ♣❛✐r✳ 2N ❡①♣✳✱
46N ♣❛✐r✳

12N × G1✱
11N × G2✱
4N ×GT

2m × G1✱
2m×G2

❯♥✐❢♦r♠ ❋❛❧s✐✜❛❜❧❡

❬✷❪ 11N ❡①♣✳ 7N ❡①♣✳✱
3N ♣❛✐r✳

N ❡①♣✳ 4N ×G1✱ 3N ×
G2

5N × G1✱
N ×G2

❱❡r✐✜❛❜❧❡ ❆●▼

Πlite
scs 12Nλ + 2

❡①♣✳
2N + 2
❡①♣✳

N ❡①♣✳ 2N +
2 log(Nλ) +
2×G

(N + 1)×
G

❯♥✐❢♦r♠ ❘❖▼✱ ❉▲✱
❚r✉st❡❞ ✐♥♣✉t
❝✐♣❤❡rt❡①ts

Πscs 35Nλ +
5N ❡①♣✳

26N ❡①♣✳ N ❡①♣✳ 2N +
28 log(Nλ/2)×
G

2×G ❯♥✐❢♦r♠ ❘❖▼✱ ❉▲✱ ❙■❙

❚❛❜❧❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦✉r s❤✉✤❡ ❛r❣✉♠❡♥t ❛❣❛✐♥st st❛t❡✲♦❢✲t❤❡✲❛rt✳ ❊①♣✳ st❛♥❞s ❢♦r ❡①♣♦♥❡♥t✐✲
❛t✐♦♥s✱ ♣❛✐r✳ ❢♦r ♣❛✐r✐♥❣s✱ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉t ❝✐♣❤❡rt❡①ts✱ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠✐①❡rs✱ ❛♥❞ λ
✐s t❤❡ s❡❝✉r✐t② ♣❛r❛♠❡t❡r✳ ❈♦♥st❛♥t t❡r♠s ❛r❡ ♥❡❣❧❡❝t❡❞✱ s❤✉✤✐♥❣ ✐s ✐♥❝❧✉❞❡❞ t♦ ♣r♦✈❡r✬s ❡✣❝✐❡♥❝②✱
❛♥❞ s❤✉✤❡❞ ❝✐♣❤❡rt❡①ts ❛r❡ ✐♥❝❧✉❞❡❞ t♦ ♣r♦♦❢ s✐③❡✳
✭✯✮ ◆♦t❡ t❤❛t ❈✉r❞❧❡♣r♦♦❢s ❬✷✼❪ ❞♦❡s ♥♦t s❤✉✤❡ ❝✐♣❤❡rt❡①ts✱ s♦ N ❞❡♣✐❝ts t❤❡ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐❝ ❦❡②s
✐t s❤✉✤❡s❀ ❤❡r❡✱ ♥♦ ❞❡❝r②♣t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳

❝♦♥str✉❝t✐♥❣ ❛ ♣r♦♦❢ ♦❢ s❤✉✤❡ ❢♦r P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥ts✱ ❜✉t ❧❛t❡r s❤♦✇ t❤❛t ✐t
❝❛♥ ❜❡ ♠♦❞✐✜❡❞ t♦ ❛ ♣r♦♦❢ ♦❢ s❤✉✤❡ ❢♦r ❊❧●❛♠❛❧ ❝✐♣❤❡rt❡①ts✳

❙✉❜s❡t✲❝❤❡❝❦✐♥❣ ✐❞❡❛

❉❡♥♦t❡ ❛ P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t t♦ ❛ ♠❡ss❛❣❡ w ❜② [w] = hrgw ❢♦r s♦♠❡ r❛♥❞♦♠✲
♥❡ss r ❛♥❞ ❣r♦✉♣ ❣❡♥❡r❛t♦rs g ❛♥❞ h✳ ▲❡t {[wj ]}Nj=1 ❜❡ ❛ s❡t ♦❢ ✐♥♣✉t ❝♦♠♠✐t♠❡♥ts

❛♥❞ {[ŵj ]}Nj=1 ❛ s❡t ♦❢ s❤✉✤❡❞ ♦✉t♣✉t ❝♦♠♠✐t♠❡♥ts ✭✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♣❡r♠✉✲
t❛t✐♦♥ π ❛♥❞ ❛ ✈❡❝t♦r r ♦❢ r❛♥❞♦♠✐③❡rs s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i✱ [wi] = [ŵπ(i)]h

rπ(i) ✱
✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r ❦♥♦✇s t❤❡ π ❛♥❞ r✮✳

❋✐rst✱ ✇❡ ♥♦t❡ t❤❛t ♦♥❡ ❝❛♥ tr❡❛t t❤❡ ❝♦♠♠✐t♠❡♥ts {[wj ]}Nj=1 ❛s ❛ ♣✉❜❧✐❝ ❦❡②
❢♦r ❛ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥t✱ ❛ss✉♠✐♥❣ t❤❛t ♥♦❜♦❞② ❦♥♦✇s ❛♥② ♥♦♥tr✐✈✐❛❧
❧✐♥❡❛r ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ❛❞✈❡rs❛r②
❝❛♥♥♦t ❡✣❝✐❡♥t❧② ✜♥❞ ❛ ♥♦♥✲③❡r♦ a ∈ Z

N
q s✉❝❤ t❤❛t

∏N
j=1[wj ]

aj = 1✳ ✺ ❚❤✐s
♠❛❦❡s ✐t ❡❛s② t♦ ❛♣♣❧② ❡✣❝✐❡♥t ♣r♦♦❢ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s ❇✉❧❧❡t♣r♦♦❢s t♦ ♣r♦❞✉❝ts
♦❢ ❝♦♠♠✐t♠❡♥ts✱ ❜❡❝❛✉s❡ ♣r♦❞✉❝ts ♦❢ ❝♦♠♠✐t♠❡♥ts ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ P❡❞❡rs❡♥
♠✉❧t✐❝♦♠♠✐t♠❡♥ts ✐♥ t❤✐s ♣❡rs♣❡❝t✐✈❡✳ ❲❡ ✇✐❧❧ ❡①♣❛♥❞ ♠♦r❡ ♦♥ t❤✐s ❧❛t❡r ♦♥✳

▲❡t I ⊆ [1, N ] ❜❡ ❛ s✉❜s❡t ❝❤♦s❡♥ r❛♥❞♦♠❧② ❜② t❤❡ ✈❡r✐✜❡r ❛♥❞ ❧❡t e ∈ {0, 1}N
❞❡♥♦t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ I✳ ■❢ t❤❡r❡ ❡①✐sts r ❛♥❞ ❛ ♣❡r♠✉t❛t✐♦♥ π s✉❝❤

✺ ❇r❛♥❞s ❬✾❪ ❝❛❧❧❡❞ ✐t t❤❡ ❋✐♥❞❘❡♣ ❛ss✉♠♣t✐♦♥ ❛♥❞ ✐ts ❦♥♦✇♥ t♦ ❜❡ t✐❣❤t❧② ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ❛ss✉♠♣t✐♦♥✳

✸



t❤❛t [wi] = hrπ(i) [ŵπ(i)]✱ t❤❡♥ ❢♦r t❤❡ s✉❜s❡t I✱

∏

i∈I

[wi] =
∏

i∈I

hrπ(i) [ŵπ(i)] = h
∑

i∈I rπ(i)

N
∏

i=1

[ŵπ(i)]
eπ(i) .

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥t ✇✐t❤
t❤❡ ♣✉❜❧✐❝ ❦❡② h, [ŵ1], . . . , [ŵN ]✳

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐❢ t❤❡ ♣r♦✈❡r ❝❤❡❛ts✱ t❤❡r❡ ❡①✐sts ♠❛♥② s✉❜s❡ts I s✉❝❤
t❤❛t t❤❡ ♣r♦✈❡r ❞♦❡s ♥♦t ❦♥♦✇ ❛ r❛♥❞♦♠✐③❡r r ♦r ❛ ❜✐♥❛r② ✈❡❝t♦r e s❛t✐s❢②✐♥❣
∏

i∈I [wi] = hr
∏N

j=1[ŵj ]
ej ✳ ❲❡ ❧❡t t❤❡ ♣r♦✈❡r ♣r♦✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ r ❛♥❞ e ❢♦r

t❤✐s r❡❧❛t✐♦♥ ✉s✐♥❣ ❛♥ ❛❣❣r❡❣❛t❡❞ r❛♥❣❡ ♣r♦♦❢ ✭❡✳❣✳✱ ❇✉❧❧❡t♣r♦♦❢s✮✱ ✇❤✐❝❤ ♠❡❛♥s ❛
❝❤❡❛t✐♥❣ ♣r♦✈❡r ✇✐❧❧ ❢❛✐❧ ❢♦r s♦♠❡ ❝❤❛❧❧❡♥❣❡ s✉❜s❡ts I✳ ■♥ t❤❡ ♠♦st ❜❛s✐❝ ❝❛s❡✱ ❛s
✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❧❛t❡r✱ t❤❡ ♣r♦✈❡r ✇✐❧❧ ♥♦t ❦♥♦✇ ❛ s✉✐t❛❜❧❡ r ❛♥❞ e ❢♦r ❛t ❧❡❛st 1

4 ♦❢
s✉❜s❡ts✳ ❲❡ ❝❛♥ ♠❛❦❡ t❤❡ s♦✉♥❞♥❡ss ❡rr♦r ♥❡❣❧✐❣✐❜❧❡ ❜② r❡♣❡❛t✐♥❣ t❤❡ ♣r♦t♦❝♦❧
❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ t✐♠❡s✳

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ s♦✉♥❞♥❡ss ❡rr♦r ♦❢ t❤❡ ❜❛s✐❝ ♣r♦t♦❝♦❧ ❝❛♥ ❜❡ ❞❡❝r❡❛s❡❞✱
✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥s t❤❛t ✇❡ ♥❡❡❞ ✐♥ t❤❡ ♣r♦t♦❝♦❧✳ ❚❤❡ str❛t❡✲
❣✐❡s ✇❡ ❡①♣❧♦✐t ❛r❡ ❛s ❢♦❧❧♦✇s✳

✶✳ ❚❤❡ ♣r♦✈❡r ❛❞❞✐t✐♦♥❛❧❧② ♣r♦✈❡s t❤❛t t❤❡ s✐③❡ ♦❢ I ✐s ❡q✉❛❧ t♦
∑

j ej ✱ ✇❤✐❝❤
✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛❧❧❡♥❣❡ s✉❜s❡ts ❢♦r ✇❤✐❝❤ ❛ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ✇✐❧❧
❢❛✐❧✳

✷✳ ■♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ e ∈ {0, 1}N ✱ ✇❡ ❝❛♥ ✉s❡ s♦♠❡ ❧❛r❣❡r ❝❤❛❧❧❡♥❣❡ s❡t F ❢♦r
✇❤✐❝❤ t❤❡ ✈❡r✐✜❡r ❝❛♥ ❛❧s♦ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ♠❡ss❛❣❡s ✐♥ ❛ ♠✉❧t✐❝♦♠♠✐t✲
♠❡♥t ❜❡❧♦♥❣ t♦ t❤✐s s❡t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ✈❡r✐✜❡r ❝❛♥ s❛♠♣❧❡ ❛ r❛♥❞♦♠
✈❡❝t♦r e ❢r♦♠ F ❛♥❞ t❤❡ ♣r♦✈❡r s❤♦✇s ❦♥♦✇❧❡❞❣❡ ♦❢ ❤♦✇ t♦ ♦♣❡♥

∏N
i=1[wi]

ei

✐♥ t❤❡ ❜❛s✐s h, [ŵ1], . . . , [ŵN ] s✉❝❤ t❤❛t ❡✈❡r② ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❡ss❛❣❡ ✈❡❝t♦r
✐♥ t❤❛t ♠✉❧t✐❝♦♠♠✐t♠❡♥t ✐s ❛ ♠❡♠❜❡r ♦❢ F ✳

❖♥❡ ❝❛♥ ❛❧s♦ ✢✐♣ t❤❡ r♦❧❡s ♦❢ {[wi]}Ni=1 ❛♥❞ {[ŵj ]}Nj=1 ❛♥❞ ♦❜t❛✐♥ t❤❡ s②♠✲
♠❡tr✐❝❛❧ ❝❛s❡✳ ■♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ✢✐♣♣❡❞ ❝❛s❡✱ ❞✉❡ t♦ ✐t ❜❡✐♥❣ ♠♦r❡
r❡❛❧✐st✐❝ t❤❛t ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❉▲ r❡❧❛t✐♦♥s ✭♦r ❉▲❘❊▲s✱ ❛s ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡♠✮
❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ t❤❡ {[wi]}Ni=1✳ ■♥ ❛ ♠✐①✲♥❡t✱ ❛ ♠✐①❡r ✭❛ s❡r✈❡r t❤❛t s❤✉✤❡s
t❤❡ ❝✐♣❤❡rt❡①ts✮ r❡❝❡✐✈❡s {[wi]}Ni=1 ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♠✐①❡r ❛♥❞ ♣r♦❞✉❝❡s s✉✤❡❞
{[ŵj ]}Nj=1 ❛♥❞ ❛ ♣r♦♦❢ ♦❢ t❤❡ s❤✉✤❡✳ ■❢ t❤❡ ♣r❡✈✐♦✉s ♠✐①❡r ❞♦❡s ♥♦t ❝♦❧❧✉❞❡ ✇✐t❤
t❤❡ ❝✉rr❡♥t ♠✐①❡r✱ t❤❡♥ t❤❡ ❝✉rr❡♥t ♠✐①❡r ❞♦❡s ♥♦t ❦♥♦✇ ❛♥② ♥♦♥✲tr✐✈✐❛❧ ❉▲
r❡❧❛t✐♦♥s ❢♦r {[wi]}Ni=1✳ ❚❤❡ s❛♠❡ ✐s ♥♦t tr✉❡ ❢♦r {[ŵj ]}Nj=1✱ ✇❤✐❝❤ t❤❡ ♠✐①❡r ✐ts❡❧❢
❣❡♥❡r❛t❡s✳

■♥ t❤❡ ❜❛s✐❝ s✉❜s❡t✲❝❤❡❝❦✐♥❣ s❤✉✤❡ Π lite
scs ✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r ❦♥♦✇s

♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲ ❘❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t✳✻ ■❢ ❛ ♣r♦✈❡r ✐s ❛❜❧❡ t♦ ♣❛ss ✇✐t❤
❛t ❧❡❛st ❛ ❝❡rt❛✐♥ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ♣r♦❜❛❜✐❧✐t②✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❡①tr❛❝t ✈❛❧✉❡s
di,j s✉❝❤ t❤❛t [wi] = hr′i

∏N
j=1[ŵj ]

di,j ✳ ❲❡ ✇✐❧❧ t❤❡♥ s❤♦✇ t❤❛t ❛❧❧ r❡s♣♦♥s❡s ❤❛✈❡

t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡s❡ ✈❛❧✉❡s ❛♥❞ t❤❛t ✐❢ (di,j)
N
i,j=1 ✐s ♥♦t ❛ ♣❡r♠✉t❛t✐♦♥

♠❛tr✐①✱ t❤❡ s✉❝❝❡ss r❛t❡ ♦❢ t❤❡ ♣r♦✈❡r ✐s ♥❡❣❧✐❣✐❜❧❡✳

✻ ■❢ ♥♦♥✲tr✐✈✐❛❧ ❉▲❘❊▲s ❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❡❧❡♠❡♥ts✱ t❤❡r❡ ❛r❡ ❛tt❛❝❦s t❤❛t
s✉❝❝❡❡❞ ✇✐t❤ ♦✈❡r✇❤❡❧♠✐♥❣ ♣r♦❜❛❜✐❧✐t②✳

✹



❚❤❡ ❢✉❧❧ s✉❜s❡t✲❝❤❡❝❦✐♥❣ s❤✉✤❡ Πscs

❋♦r t❤❡ ♠♦r❡ r❡❛❧✐st✐❝ ❝❛s❡✱ ✇❡ ♠❛② ❢❛❝❡ ❛♥ ❛❞✈❡rs❛r② t❤❛t ❦♥♦✇s ❉▲ r❡❧❛t✐♦♥s
❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❡❧❡♠❡♥ts✳ ❚♦ ♦✈❡r❝♦♠❡ s✉❝❤ ❛♥ ❛❞✈❡rs❛r②✱ ♦✉r ❣❡♥❡r❛❧ str❛t❡❣②
✐s ❛s ❢♦❧❧♦✇s✳

✶✳ ❯s❡ r❛♥❣❡ ♣r♦♦❢s t♦ ❡♥s✉r❡ t❤❛t ✇✐t❤ ♦✈❡r✇❤❡❧♠✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❦♥♦✇♥
❉▲ r❡❧❛t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ ♥❛t✉r❡✱ ✇✐t❤ s♠❛❧❧ ❝♦♥st❛♥ts ✐♥ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳
❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤ ❉▲ r❡❧❛t✐♦♥s s♠❛❧❧✳ ✭◆♦t❡ t❤❛t t❤❡ r❛♥❣❡ ♣r♦♦❢s s❡r✈❡ ❛
❞✉❛❧ ♣✉r♣♦s❡✱ ❛s t❤❡② ❛r❡ ❛❞❞✐t✐♦♥❛❧❧② ✉s❡❞ ❢♦r t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t t♦ s❤♦✇
t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❡ss❛❣❡ ✈❡❝t♦r ❛r❡ ♠❡♠❜❡rs ♦❢ t❤❡ ❝❤❛❧❧❡♥❣❡ s❡t✳
❚❤✉s✱ ✐♥ ❛ s❡♥s❡✱ ✇❡ ❣❡t t❤✐s ✜rst ♣r♦♦❢ ✧❢♦r ❢r❡❡✧✳✮

✷✳ ❆s❦ t❤❡ ♣r♦✈❡r t♦ ♣❛ss t❤❡ ❜❛s✐❝ s✉❜s❡t ❝❤❡❝❦✐♥❣ ❛r❣✉♠❡♥t ❢♦r ✈❛r✐♦✉s r❡r❛♥✲
❞♦♠✐③❛t✐♦♥s {hai [wi]}Ni=1 ✐♥st❡❛❞ ♦❢ {[wi]}Ni=1✱ ✇❤❡r❡ t❤❡ ✈❛❧✉❡s {ai} ❛r❡ ❝❤♦✲
s❡♥ ❜② t❤❡ ✈❡r✐✜❡r✳ ■❢ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts✱ t❤❡♥ ❡✐t❤❡r t❤❡ ❡①tr❛❝t♦r ❝❛♥ ❡①✲
tr❛❝t ❛ ✈❛❧✐❞ ♣❡r♠✉t❛t✐♦♥ ❛♥❞ r❛♥❞♦♠♥❡ss ✈❛❧✉❡s ❢♦r t❤❡ s❤✉✤❡✱ ♦r t❤❡ ♣r♦✈❡r
❦♥♦✇s s♠❛❧❧ ❉▲ r❡❧❛t✐♦♥s ❢♦r ❛❧❧ s✉❝❤ ❣✐✈❡♥ r❡r❛♥❞♦♠✐③❛t✐♦♥s ♦❢ {[wi]}Ni=1✳

✸✳ ❙❤♦✇ t❤❛t ❛ ♣r♦✈❡r t❤❛t ❦♥♦✇s s♠❛❧❧ ❉▲ r❡❧❛t✐♦♥s ❢♦r ❛❧❧ ❣✐✈❡♥ r❡r❛♥❞♦♠✲
✐③❛t✐♦♥ ✈❛❧✉❡s ✇✐❧❧ ❜r❡❛❦ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❙■❙ ❛ss✉♠♣t✐♦♥✳

❋✐rst❧②✱ ♥♦t❡ t❤❛t ♥♦t ❛❧❧ ❦♥♦✇♥ ♥♦♥✲tr✐✈✐❛❧ ❉▲❘❊▲s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❛ ❝❤❡❛t✲
✐♥❣ ♣r♦✈❡r✳ ❉✉❡ t♦ ❛ ❝❧❡✈❡r ✉s❡ ♦❢ r❛♥❣❡ ♣r♦♦❢s✱ t❤❡ ♦♥❧② ✉s❡❢✉❧ ❉▲❘❊▲s ❢♦r t❤❡
♣r♦✈❡r ❛r❡ t❤♦s❡ ♦❢ t❤❡ ❢♦r♠

∏

[wi]
ai = 1✱ ✇❤❡r❡ ❛❧❧ t❤❡ ai ❛r❡ s♠❛❧❧❡r t❤❛♥ ❛ ❝❡r✲

t❛✐♥ ❜♦✉♥❞✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❜❛s✐❝ ❛tt❛❝❦ ✈❡❝t♦r t❤❛t ❛r✐s❡s ❢r♦♠ ❦♥♦✇♥ ❉▲❘❊▲s
✐s t❤❛t t❤❡ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ❝❛♥ ✉s❡ ♦♥❡ ♦r ♠♦r❡ s❤✉✤❡❞ ❡❧❡♠❡♥ts t♦ ♣❧❛② t❤❡ ♣❛rt
♦❢ ❛♥♦t❤❡r✱ ❛♥❞ ❤❡♥❝❡ s✉❜st✐t✉t❡ ❡❧❡♠❡♥ts ✐♥t♦ t❤❡ ♦✉t♣✉t s❤✉✤❡ ✉♥❞❡t❡❝t❡❞✳

❋♦r ❡①❛♠♣❧❡✱ s✉♣♣♦s❡ N = 3 ❛♥❞ s✉♣♣♦s❡ t❤❡ ♣r♦✈❡r ❦♥♦✇s t❤❛t [w1][w2]
2 =

[w3]✳ ❚❤❡♥ ❛ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ❝❛♥ s❡t [ŵ1] = [w1], [ŵ2] = [w2] ❛♥❞ [ŵ3] = [0]✳
❙✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ t❤❡ s❡t F = [0, 10] ❢♦r t❤❡ r❛♥❣❡ ♣r♦♦❢✳ ❚❤❡♥✱
✇❤❡♥ t❤❡ ✈❡r✐✜❡r s❡♥❞s ❛ ❝❤❛❧❧❡♥❣❡ I = {1, 2, 3} ✭✐✳❡✳✱ ❛s❦s ❢♦r t❤❡ ✈❛❧✉❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ [w1][w2][w3] ✐♥ t❤❡ ❜❛s✐s [ŵ1], [ŵ2], [ŵ3]✮✱ t❤❡ ♣r♦✈❡r ❝❛♥ s❛② t❤❛t
[w1][w2][w3] = [ŵ1]

2[ŵ2]
3[ŵ3]

0 ❛♥❞ ♣❛ss ✈❡r✐✜❝❛t✐♦♥ s✐♥❝❡ 2, 3, 0 ∈ [0, 10]✱ ❛♥❞
t❤✉s t❤❡ r❛♥❣❡ ❝❤❡❝❦ ♣❛ss❡s✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❛❞✈❡rs❛r② ✐♥st❡❛❞ ❦♥❡✇ ❛ r❡❧❛t✐♦♥
♦❢ t❤❡ ❢♦r♠ [w1][w2]

100 = [w3]✱ t❤❡♥ t❤❡ ❛❜♦✈❡ ❛tt❛❝❦ ✇♦✉❧❞ ♥♦t ✇♦r❦ s✐♥❝❡
t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ✇♦✉❧❞ ❜❡ [w1][w2][w3] = [ŵ1]

2[ŵ2]
101[ŵ3]

0 ❛♥❞
101 ̸∈ [0, 10]✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦rr❡❝t❡❞ s❝❤❡♠❡ ✇✐❧❧ ✇♦r❦ ❡✈❡♥ ✐❢ t❤❡ ❝❤❡❛t✐♥❣
♣r♦✈❡r ✐s ❛❧❧♦✇❡❞ t♦ ❦♥♦✇ s♦♠❡ ♥♦♥tr✐✈✐❛❧ ❉▲ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❡❧❡✲
♠❡♥ts✱ ♣r♦✈✐❞❡❞ t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts ❞❡s❝r✐❜✐♥❣ t❤❡ ❉▲ r❡❧❛t✐♦♥ ✐s
❧❛r❣❡ ❡♥♦✉❣❤ ✭✐✳❡✳✱ ♥♦t ✐♥ F ✮ s♦ ❛ r❛♥❣❡ ♣r♦♦❢ ✇✐❧❧ ❢❛✐❧✳

❙❡❝♦♥❞❧②✱ ♥♦t❡ t❤❛t t❤❡ s❝❤❡♠❡ ✇❡ ❤❛✈❡ ❝✉rr❡♥t❧② ❞❡s❝r✐❜❡❞✱ ❤❛s ♥♦t ♣❛✐❞
❛tt❡♥t✐♦♥ t♦ t❤❡ ❡①♣♦♥❡♥t ♦❢ h✳ ❍♦✇❡✈❡r✱ ✐♥ ❛ ❝♦rr❡❝t ❝❤❛❧❧❡♥❣❡✲r❡s♣♦♥s❡✱ t❤❡
❡①♣♦♥❡♥t ♦❢ t❤❡ h ♠✉st ❤❛✈❡ ❛ s♣❡❝✐✜❝ ✈❛❧✉❡✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✇✐❧❧ ❧❡t t❤❡
♣r♦✈❡r ♣r♦✈✐❞❡ v ❝♦♠♠✐t♠❡♥ts {Ck}vk=1 t♦ ❛❧❧ t❤❡ r❛♥❞♦♠✐③❡rs {ri}✳ ❋♦r ❡❛❝❤
r❡s♣♦♥s❡ t♦ t❤❡ ❝❤❛❧❧❡♥❣❡✱ t❤❡ ♣r♦✈❡r ♠✉st ❛❞❞✐t✐♦♥❛❧❧② s❤♦✇ t❤❛t ❤❡r r❡s♣♦♥s❡ ✐s
❝♦♥s✐st❡♥t t♦ t❤❡s❡ ❝♦♠♠✐t♠❡♥ts {Ck}vk=1✳ ■♥ ❡ss❡♥❝❡✱ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❡①tr❛❝t

❛ ♠❛tr✐① (di,j)
N
i,j=1 ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ✇✐❧❧ s❛t✐s❢② [wi] =

∏N
j=1(

[ŵj ]

h
r′
j
)di,j ✇❤❡r❡ t❤❡

✺



r′j ♠✉st ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝♦♠♠✐t♠❡♥t ♦❢ r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs {Ck}vk=1✳
❙✐♥❝❡ t❤❡ ❝♦♠♠✐t♠❡♥t ✐s ❜✐♥❞✐♥❣✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t r′j = rj ❢♦r 1 ≤ j ≤ N ✳

❍❡♥❝❡✱ ❛ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ♠✉st ♥♦t ♦♥❧② ❦♥♦✇ ❛ ♥♦♥✲tr✐✈✐❛❧ ❉▲❘❊▲ ❜❡t✇❡❡♥
t❤❡ ♠❡ss❛❣❡s✱ ❜✉t ❛❧s♦ ❛ ♥♦♥✲tr✐✈✐❛❧ ❉▲❘❊▲ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♠✐t♠❡♥ts t❤❛t
❝❛♥ ❜❡ ❞❡♥♦t❡❞ ❜② s♦♠❡ ♠❛tr✐① (di,j)

N
i,j=1✳ ▼♦r❡♦✈❡r✱ t❤❡ ♠❛tr✐① d ♠✉st ❝♦♥t❛✐♥

s♠❛❧❧ ❡❧❡♠❡♥ts✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤✐s ✐s ❜❡❝❛✉s❡ ✐♥ ♦r❞❡r t♦ ❞♦ t❤❡ s❛♠❡ ❛tt❛❝❦✱
t❤❡ s❛♠❡ ❉▲❘❊▲s t❤❛t ❤♦❧❞ ❜❡t✇❡❡♥ t❤❡ ♠❡ss❛❣❡s ♠✉st ♥♦✇ ❛❧s♦ ❤♦❧❞ ❜❡t✇❡❡♥
t❤❡ hri ✳ ❆ ♠♦r❡ ♣r❡❝✐s❡ r❡❛s♦♥✐♥❣ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ s❡❝✉r✐t② ♣r♦♦❢s✳ ❲❡ ❝❛♥
✉s❡ r❡r❛♥❞♦♠✐③❛t✐♦♥ ✇✐t❤ ♣✉❜❧✐❝ r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs t♦ ❞❡str♦② s♠❛❧❧ ♥♦♥✲
tr✐✈✐❛❧ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝♦♠♠✐t♠❡♥ts✳ ❚❤❛t ✐s✱ ✇❡ ✇♦✉❧❞
♣✉❜❧✐❝❧② r❛♥❞♦♠❧② s❛♠♣❧❡ a1, . . . , aN ✱ ❞❡♥♦t❡ [wi]

′ ← hai [wi] ❢♦r ❛❧❧ i✱ ❛♥❞ ❞♦ t❤❡
s❤✉✤❡ ♣r♦♦❢ ❜❡t✇❡❡♥ t❤❡ {[wi]

′}Ni=1 ❛♥❞ t❤❡ {[ŵj ]
′}Nj=1✳ ❆❢t❡r ❛❧❧✱ ❛s t❤❡ ❤♦♥❡st

♣r♦✈❡r ❦♥♦✇s t❤❡s❡ ai✱ s❤❡ ❝❛♥ ❛s ✇❡❧❧ ❞♦ t❤❡ ♥❡✇ ♣r♦♦❢ ❛s t❤❡ ♦❧❞ ♣r♦♦❢✳ ❍♦✇❡✈❡r✱
❛s t❤❡ ✈❛❧✉❡s a1, . . . , aN ❛r❡ s❡♥t ❛❢t❡r t❤❡ ❛❞✈❡rs❛r② ❤❛s ❝❤♦s❡♥ {[wi]}Ni=1 ❛♥❞
{[ŵi]}Ni=1✱ t❤❡ ❛❞✈❡rs❛r②✬s ❛❞✈❛♥t❛❣❡ ✇✐❧❧ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡✳

❍♦✇❡✈❡r✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❣♦♦❞ ♦♥❡ ♣✉❜❧✐❝ r❡r❛♥❞♦♠✐③❛t✐♦♥ ✐s ✐♥ ❣❡tt✐♥❣
r✐❞ ♦❢ s♠❛❧❧ ♥♦♥✲tr✐✈✐❛❧ ❉▲❘❊▲s✱ ✐s tr✐❝❦②✳ ❍❡r❡ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs ✇✐❧❧
❤❛✈❡ t♦ ❜❡ st✐❧❧ ❦♥♦✇♥ t♦ t❤❡ ♣r♦✈❡r✳ ❚❤✉s✱ t❤❡r❡ ✇✐❧❧ st✐❧❧ ❜❡ ♠❛♥② ♥♦♥tr✐✈✐❛❧
❉▲❘❊▲s t❤❛t ♠✐❣❤t ❜❡ ❦♥♦✇♥ t♦ t❤❡ ♣r♦✈❡r ✐❢ s❤❡ ❤❛♣♣❡♥s t♦ ❦♥♦✇ s♦♠❡ ♦♥ t❤❡
♦r✐❣✐♥❛❧ ❝♦♠♠✐t♠❡♥ts✳✼

❋♦rt✉♥❛t❡❧②✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡s❡ ❉▲❘❊▲s ✇✐❧❧ ❤❛✈❡
❛t ❧❡❛st s♦♠❡ ❝♦❡✣❝✐❡♥ts t❤❛t ❛r❡ ❧❛r❣❡ ✇❤✐❝❤ ✇✐❧❧ ❝❛✉s❡ t❤❡♠ t♦ ♥♦t ❜❡ ✉s❛❜❧❡
❛s ❛tt❛❝❦ ✈❡❝t♦rs✱ ❞✉❡ t♦ r❡❛s♦♥s t❤❛t ✇❡r❡ r♦✉❣❤❧② ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ❛♥❞ ✇✐❧❧
❜❡ ❡①♣❧❛✐♥❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ❧❛t❡r ♦♥✳ ❚❤❡ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❉▲❘❊▲s t❤❛t ♠✐❣❤t
❜❡ ✉s❛❜❧❡✱ t✉r♥ ♦✉t t♦ ❜❡ ❤❛r❞ t♦ ✜♥❞ ❞✉❡ t♦ ❧❛tt✐❝❡ ❛ss✉♠♣t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡
♣r❡❝✐s❡ ✈❛❧✉❡s ♦❢ ✏t♦♦ ❧❛r❣❡✑ ❛♥❞ ✇❤❛t t❤❡ ❧❛tt✐❝❡ ❛ss✉♠♣t✐♦♥ ❣✐✈❡s ✉s✱ ✐s ❞❡♣❡♥✲
❞❡♥t ♦♥ ❛ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✳ ❚❤✉s ✐t ♠✐❣❤t ❤❛♣♣❡♥ t❤❛t ✐❢ ✇❡ r❡r❛♥❞♦♠✐③❡
♦♥❧② ♦♥❝❡✱ t❤❡ ❛❞✈❡rs❛r② ♠✐❣❤t st✐❧❧ ♣❧❛✉s✐❜❧② ✜♥❞ ♠❡❞✐✉♠✲s✐③❡ ❉▲❘❊▲s t❤❛t ❛r❡
✉s❡❢✉❧ ❢♦r ❜r❡❛❦✐♥❣ t❤❡ s❝❤❡♠❡✳ ❚❤✉s ✐t ♠✐❣❤t ❜❡ ♥❡❝❡ss❛r② t♦ ✉s❡ s❡✈❡r❛❧ ♣✉❜❧✐❝
r❡r❛♥❞♦♠✐③❛t✐♦♥s✱ s❛② v t✐♠❡s✱ ✇✐t❤ r❡r❛♥❞♦♠✐③❛t✐♦♥ ✈❛❧✉❡s {ai,k}N,v

i=1,k=1✳ ❚❤❡
❝❤❛❧❧❡♥❣❡ I ✇✐❧❧ ❜❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥s ❛♥❞ t❤❡ ♣r♦✈❡r ❤❛s t♦
❛♥s✇❡r t❤❡♠ ❛❧❧ ✐♥ ❛ ❝♦♥s✐st❡♥t ✇❛②✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ✇✐❧❧ ❜❡
❛❜❧❡ t♦ ❝♦♠❡ ✉♣ ✇✐t❤ ❛ s♠❛❧❧ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ r❡❧❛t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✈❡❝t♦r
{ci}Ni=1✳ ❚♦ ❝❤❡❛t✱ t❤❡ {ci}Ni=1 ❤❛s t♦ ❜❡ ❛ ❉▲❘❊▲ ✐♥ ❛❧❧ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥s✱

t❤❛t ✐s✱ ❢♦r ❛❧❧ k ∈ [1, v]✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t❤❛t
∏N

i=1(h
ai,k [wi])

ci = 1✳

❚❤✐s t✉r♥s ♦✉t t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ c ❜❡✐♥❣ ❛ ✈❡❝t♦r ✇✐t❤ s♠❛❧❧ ❝♦❡✣❝✐❡♥ts
t❤❛t ❣✐✈❡s ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ 0 ✇✐t❤ v r❛♥❞♦♠ ✈❡❝t♦rs✱ ✇❤✐❝❤ ✇❡ s❤♦✇ t♦ ❜❡
❡q✉✐✈❛❧❡♥t t♦ s♦❧✈✐♥❣ ❛ ❙■❙✲♣r♦❜❧❡♠ ♦✈❡r ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡ ✜❡❧❞✳ ◆♦t❡ t❤❛t
t❤❡ s♦✉♥❞♥❡ss ♦❢ ❛ s✐♥❣❧❡ t❡st ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ✇❤❛t s❡t F ✇❡ ❝❛♥ ✉s❡ ❢♦r t❤❡ r❛♥❣❡
♣r♦♦❢ ❛♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡r❛♥❞♦♠✐③❛t✐♦♥s v t❤❛t ✇❡ ❞♦✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡
s✐③❡ ♦❢ t❤❡ ❣r♦✉♣ G ✐s ❛ ♣❛rt ♦❢ t❤❡ ❙■❙ ❛ss✉♠♣t✐♦♥✱ ❥✉st ♦♥❡ r❡r❛♥❞♦♠✐③❛t✐♦♥
✇✐❧❧ ❜❡ s✉✣❝✐❡♥t ❛s ❧♦♥❣ ❛s G ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳

✼ ❊ss❡♥t✐❛❧❧② ✜♥❞✐♥❣ ❛ ❉▲❘❊▲ t❤❛t ❤♦❧❞s ❜♦t❤ ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♠♠✐t♠❡♥ts ❛♥❞
t❤❡ r❡r❛♥❞♦♠✐③❡❞ ♦♥❡s✱ ✐s r❡❧❛t❡❞ t♦ s♦❧✈✐♥❣ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ N ✈❛r✐❛❜❧❡s ✇✐t❤
t✇♦ ❡q✉❛t✐♦♥s✳

✻



✷ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t λ ❞❡♥♦t❡ t❤❡ st❛t✐st✐❝❛❧ s❡❝✉r✐t② ♣❛r❛♠❡t❡r✳ ▲❡t F ❞❡♥♦t❡ ❛ ✜♥✐t❡ ✜❡❧❞✳ ❲❡
❞❡♥♦t❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ❢r♦♠ ❛ s❡t S ❜② x←✩ S✳ ▲❡t [1..N ] ❞❡♥♦t❡ {1, . . . , N}✳
❲❡ ✇r✐t❡ f(λ) ≤ negl(λ) ✐❢ f ✐s ❛ ♥❡❣❧✐❣✐❜❧❡ ❢✉♥❝t✐♦♥ ✐♥ λ✳ ❇② y ← A(x; r) ✇❡
❞❡♥♦t❡ t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ A t❛❦❡s ❛♥ ✐♥♣✉t x ❛♥❞ ✉s❡s r❛♥❞♦♠ ❝♦✐♥s r t♦ ♣r♦❞✉❝❡
❛♥ ♦✉t♣✉t y✳ ❲❡ ❞❡♥♦t❡ ❜② SN t❤❡ s❡t ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦♥ N ❡❧❡♠❡♥ts✳ ❋♦r ❛
♣r❡❞✐❝❛t❡ P ✱ ❧❡t ∃nxP (x) ❞❡♥♦t❡ t❤❛t t❤❡r❡ ❡①✐sts ❡①❛❝t❧② n ❞✐st✐♥❝t ✈❛❧✉❡s x
s✉❝❤ t❤❛t P (x) ❤♦❧❞s✳

❲❡ ❞❡♥♦t❡ ❛ ❝♦♠♠✐t♠❡♥t ♦❢ x ❜② [x]✱ ❛♥❞ ❛ ❝♦♠♠✐t♠❡♥t ♦❢ x ✇✐t❤ ❡①♣❧✐❝✐t
r❛♥❞♦♠♥❡ss r ❜② [x; r]✳ ❲❡ ✉s❡ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥ts✱ ✇❤❡r❡ [x1, . . . , xN ; r] =

hr
∏N

i=1 g
xi

i ✳ ❋♦r ❛ s❤✉✤❡ ❛r❣✉♠❡♥t✱ ✇❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ t✇♦ ❝♦♠♠✐tt❡❞
✈❡❝t♦rs {[w1], . . . , [wN ]} ❛♥❞ {[ŵ1], . . . , [ŵN ]} s♦ t❤❛t t❤❡ s❡❝♦♥❞ ✈❡❝t♦r ✐s ❛
♣❡r♠✉t❛t✐♦♥✲❛♥❞✲r❡r❛♥❞♦♠✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r ❦♥♦✇s
t❤❡ ♣❡r♠✉t❛t✐♦♥ π ❛♥❞ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥ ✈❡❝t♦r r✳ ❚❤✉s✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ P❡❞✲
❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥ts✱ [wi] = [ŵπ(i)]h

rπ(i) ❢♦r i ∈ [1..N ]

◆♦t❛t✐♦♥✿ ❢♦r ❛♥ ❡❧❡♠❡♥t a ♦❢ Zq✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ |a| t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r
t❤❛t ♠❡❛s✉r❡s t❤❡ ❞✐st❛♥❝❡ ♦❢ t❤✐s ❡❧❡♠❡♥t ❢r♦♠ 0✱ t❤❛t ✐s✱ ✐❢ a ∈ [0, q

2 )✱ |a| = a✱
✐❢ a ∈ [− q

2 , 0)✱ t❤❡♥ |a| = −a✳ ❋♦r ❛ ✈❡❝t♦r a = {ai}Ni=1✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ |a| :=
maxi(|ai|)✳ ❋♦r ❛♥② s❡t A✱ ❛♥❞ ❛♥ ❡❧❡♠❡♥t k✱ ✇❡ ❞❡♥♦t❡ ❜② k+A := {k+a|a ∈ A}
❛♥❞ k ·A := {k · a|a ∈ A}✳ ❆❧s♦ A−A := {a1 − a2|a1, a2 ∈ A}✳ ▲❡t Pp,f = {a ∈
Zq|∃a0, . . . , af ∈ {0, 1}, a =

∑

i=0 aip
i} ✇❤❡r❡ p ✐s ❛♥ ✐♥t❡❣❡r ❛♥❞ 3 < p < f+1

√

q
2 ✳

❋♦r ❛ D t❤❛t ✐s ❛ n × n sq✉❛r❡ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ✐♥ Zq ✇✐t❤ r♦✇s
D(1), . . . , D(n) ❛♥❞ E ⊂ Zq✱ ✇❡ ❞❡♥♦t❡

pD,E := Pr[⟨D(i),b⟩ ∈ E, ∀i ∈ [1, n]|b1, b2, . . . , bn $← E,b = (b1, . . . , bn)].

❲❡ ❞❡❢❡r t♦ ❆♣♣❡♥❞✐① ❆ ❢♦r ♠♦r❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❜❛s✐❝ ❝♦♥❝❡♣ts✳

✷✳✶ ❩❡r♦✲❑♥♦✇❧❡❞❣❡ ❆r❣✉♠❡♥t

▲❡t Pgen ❜❡ ❛ PP❚ ♣❛r❛♠❡t❡r ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ♦♥ ✐♥♣✉t 1λ ♦✉t♣✉ts
p ✭❡✳❣✳✱ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦r s♦♠❡ ♦t❤❡r s❡t✉♣ ♣❛r❛♠❡t❡rs✮✳ ❆ ③❡r♦✲
❦♥♦✇❧❡❞❣❡ ❛r❣✉♠❡♥t ♦❢ ❦♥♦✇❧❡❞❣❡ ❢♦r ❛ r❡❧❛t✐♦♥ R ✐s ❛ t✉♣❧❡ ♦❢ ❡✣❝✐❡♥t ❛❧❣♦✲
r✐t❤♠s (Pgen,P,V) t❤❛t s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ♦❢ ♣❡r❢❡❝t ❝♦♠♣❧❡t❡♥❡ss✱ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥✱ ❛♥❞ s♣❡❝✐❛❧ ❤♦♥❡st ✈❡r✐✜❡r ③❡r♦✲❦♥♦✇❧❡❞❣❡✱
❞❡✜♥❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳ ❚❤❡ ♣r♦✈❡r ❛❧❣♦r✐t❤♠ P ❛♥❞ ✈❡r✐✜❡r ❛❧❣♦r✐t❤♠ V

❛r❡ ✐♥t❡r❛❝t✐✈❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡✐r ♣r♦t♦❝♦❧ tr❛♥s❝r✐♣t ❜② tr ←
⟨P(p, x,w),V(x)⟩ ✇❤❡r❡ (x,w) ∈ R ❛♥❞ p ∈ Pgen(1λ)✳ ❲❡ ✇r✐t❡ ⟨P(p, x,w),V(x)⟩ =
1 t♦ ❞❡♥♦t❡ t❤❛t ✈❡r✐✜❡r ♦✉t♣✉ts 1 ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✳ ■♥t❡r❛❝t✐♦♥s ✇✐t❤
❛♥ ❛❞✈❡rs❛r② ❢♦❧❧♦✇ ❛ s✐♠✐❧❛r ♥♦t❛t✐♦♥✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✷ ❢♦r ♠♦r❡ ❞❡t❛✐❧ ♦❢ ❞❡❢✲
✐♥✐t✐♦♥s r❡❧❛t❡❞ t♦ ③❡r♦✲❦♥♦✇❧❡❞❣❡ ❛r❣✉♠❡♥ts ♦❢ ❦♥♦✇❧❡❞❣❡✳

❖✉r ❛r❣✉♠❡♥t ❜❡❝♦♠❡s ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ③❡r♦✲❦♥♦✇❧❡❞❣❡ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡
❋✐❛t✲❙❤❛♠✐r tr❛♥s❢♦r♠ ❬✻❪✳

✼



✷✳✷ P❡❞❡rs❡♥ ▼✉❧t✐❝♦♠♠✐t♠❡♥t

▲❡t G ❜❡ ❛ ❝②❝❧✐❝ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❣r♦✉♣ ♦❢ ♣r✐♠❡ ♦r❞❡r p ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡ ❧♦❣❛✲
r✐t❤♠ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s✳ ❆ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥t✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❊①t❡♥❞❡❞
P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t✱ ❝♦♥s✐sts ♦❢ ❛ ❦❡② ❣❡♥❡r❛t✐♦♥ KGen ❛♥❞ ❛ ❝♦♠♠✐t♠❡♥t ❛❧✲
❣♦r✐t❤♠ Com✳ ❑❡② ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ KGen(1λ, n) s❛♠♣❧❡s h, g1, . . . , gn ←✩ G

❛♥❞ ♦✉t♣✉ts ck = (h, g1, . . . , gn)✳ ❚❤❡ ❝♦♠♠✐t♠❡♥t ❛❧❣♦r✐t❤♠ Comck(m; r) t❛❦❡s
✐♥ ❛ ♠❡ss❛❣❡ m ∈ Z

n
p ❛♥❞ ❛ r❛♥❞♦♠♥❡ss r ←✩ Zp ❛♥❞ ♦✉t♣✉ts ❛ ❝♦♠♠✐t♠❡♥t

c = hrg1
m1 · . . . · gnmn ✳ ❚❤❡ ❝♦♠♠✐t♠❡♥t ✐s ♦♣❡♥❡❞ ❜② r❡✈❡❛❧✐♥❣ m ❛♥❞ r ✇❤✐❝❤

❛❧❧♦✇s t♦ ✈❡r✐❢② t❤❡ ❝♦♠♠✐t♠❡♥t✳
❲❡ ♦❜t❛✐♥ t❤❡ st❛♥❞❛r❞ P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t ✐❢ n = 1✳ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠✲

♠✐t♠❡♥t ✐s ♣❡r❢❡❝t❧② ❤✐❞✐♥❣✱ ✐✳❡✳✱ m ✐s ✐♥❢♦r♠❛t✐♦♥✲t❤❡♦r❡t✐❝❛❧❧② ❤✐❞❞❡♥✱ ❛♥❞ ✐❢
t❤❡ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ✐♥ G ✐t ✐s ❛❧s♦ ❜✐♥❞✐♥❣✱ ✐✳❡✳✱ ❛♥ ❡✣❝✐❡♥t
❛❞✈❡rs❛r② ❝❛♥♥♦t ♦♣❡♥ ❛ ❝♦♠♠✐t♠❡♥t t♦ t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s✳

✷✳✸ ❆ss✉♠♣t✐♦♥s

▲❡t GGen ❜❡ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛s ❛♥ ✐♥♣✉t t❤❡ s❡❝✉r✐t② ♣❛r❛♠❡t❡r 1λ ❛♥❞
♦✉t♣✉ts ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❣r♦✉♣ G✳

❉❡✜♥✐t✐♦♥ ✶ ✭◆♦❉▲❘❡❧ ❬✶✵❪✮✳ ❲❡ s❛② t❤❛t t❤❡ N ✲◆♦❉▲❘❡❧ ❛ss✉♠♣t✐♦♥
❤♦❧❞s r❡s♣❡❝t t♦ GGen ✐❢ ❢♦r ❛♥② PP❚ ❛❞✈❡rs❛r② A ❛♥❞ ❢♦r ❛❧❧ N ≥ 2 t❤❡r❡
❡①✐sts ❛ ♥❡❣❧✐❣✐❜❧❡ ❢✉♥❝t✐♦♥ µ(λ) s✉❝❤ t❤❛t

Pr

[

G← GGen(1λ), g1, . . . , gN ←✩ G,

a = (a1, . . . , aN )← A(G, g1, . . . , gN )
: a ̸= 0 ∧

N
∏

i=1

gai

i = 1.

]

= µ(λ).

❚❤❡ ❛❜♦✈❡ ✐s ❦♥♦✇♥ t♦ r❡❞✉❝❡ t♦ t❤❡ st❛♥❞❛r❞ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ❛ss✉♠♣t✐♦♥ ❬✾✱✶✵❪✳

✷✳✹ Pr♦♦❢ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t ♦♣❡♥✐♥❣✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ ❤♦✇ t♦ ❞♦ t❤❡ ♣r♦♦❢ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛ P❡❞❡rs❡♥ ♠✉❧t✐❝♦♠♠✐t♠❡♥t
✇✐t❤ ❛ ❧♦❣❛r✐t❤♠✐❝✲s✐③❡ ♣r♦♦❢ ✉s✐♥❣ t❤❡ ❝♦♠♣r❡ss❡❞ ❙✐❣♠❛ ♣r♦t♦❝♦❧ ❛♣♣r♦❛❝❤ ❬✺❪✳
❚❤❡ ❢✉❧❧ r❡❧❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

Rck,N
KoE =

{ (

x = c ∈ G,w = (e, {ei}Ni=1) ∈ Z
N+1
p

)

:
c = hege11 · . . . · geNN ∧ ck = (h, g1, . . . , gN ) ∈ G

N+1

}

.

✷✳✺ ■♥♥❡r ♣r♦❞✉❝t ❛r❣✉♠❡♥t

❆♥ ✐♥♥❡r ♣r♦❞✉❝t ❛r❣✉♠❡♥t ✐s ❛♥ ❛r❣✉♠❡♥t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✳

Rck,N
in✲prod :=

{
(

x = (c ∈ G, ĉ ∈ G, H ∈ G,b ∈ Z
N
p ),w =

(

x ∈ Z
N
p , δ ∈ Zp

))

:

c = hδ
∏N

i=1 g
xi

i ∧ ĉ = H
∑N

i=1 bixi .

}

,

✇❤❡r❡ ck = (h, g1, . . . , gN )✳ ❖♥❡ ❝❛♥ ✉s❡ ❦♥♦✇♥ s✐❣♠❛ ♣r♦t♦❝♦❧ t❤❡♦r② ❬✶✸❪ t♦
❞❡s❝r✐❜❡ ❛ s✐❣♠❛ ♣r♦t♦❝♦❧ ❢♦r t❤✐s ❧❛♥❣✉❛❣❡ ✇✐t❤ O(N) s✐③❡ ❧❛st ♠❡ss❛❣❡✱ t❤❡♥ ✉s❡
t❤❡ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡ t♦ ♠❛❦❡ t❤❡ ♣r♦♦❢ s✐③❡ O(logN)✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳✷
❢♦r t❤❡ ❢✉❧❧ ❛r❣✉♠❡♥t✳

✽



✷✳✻ ❙❡t ♣r♦♦❢s ❛♥❞ r❛♥❣❡ ♣r♦♦❢s

❆ s❡t✲♣r♦♦❢ s❤♦✇s t❤❛t ❝♦♠♠✐tt❡❞ ❡❧❡♠❡♥ts ❜❡❧♦♥❣ t♦ s♦♠❡ str✉❝t✉r❡❞ s❡t F ✳

RZq,N,F
set =

{

(

(h, g1, . . . , gN ∈ G, , τI , ), (r, e1, . . . , eN ∈ Zq)
)

:

hr
∏N

j=1 g
ej
j = τI ∧ ej ∈ F, ∀j ∈ [1, N ]

}

.

◆♦t❡ t❤❛t ✇❤✐❧❡ s❤♦✇✐♥❣ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ♠✉❧t✐❝♦♠♠✐t♠❡♥t ❜❡❧♦♥❣s t♦
s♦♠❡ ❛r❜✐tr❛r② s❡t ❝❛♥ ❜❡ q✉✐t❡ ❡①♣❡♥s✐✈❡✱ ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r t②♣❡s ♦❢ s❡ts✱ t❤❡
♣r♦♦❢s ❛r❡ ✈❡r② ❡✣❝✐❡♥t✳

❆ ♠♦r❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ♦❢ ❛ s❡t✲♣r♦♦❢ ✐s ❛ r❛♥❣❡ ♣r♦♦❢✱ ✐✳❡✳✱ t❤❡ ❝❛s❡ ✇❤❡♥
t❤❡ s❡t ✐s t❤❡ ✐♥t❡r✈❛❧ [0, 2K − 1] ❢♦r s♦♠❡ ✜①❡❞ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r K✳ ❖♥❡ ❡①❛♠♣❧❡
♦❢ ❤♦✇ t♦ ❞♦ ✐t ✐s ❇✉❧❧❡t♣r♦♦❢s ❬✶✵✱✶✷❪✳

❲❡ ♥♦t❡ t❤❛t ✇❤✐❧❡ F = [0, 2K−1] ✐s ♦♥❡ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡✛❡❝t✐✈❡ s❡t
♣r♦♦❢ ✉s✐♥❣ t❤❡ ❇✉❧❧❡t♣r♦♦❢s ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❇✉❧❧❡t♣r♦♦❢s ❝♦♥str✉❝t✐♦♥ ❛❝t✉❛❧❧②
❛❧❧♦✇s t♦ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❢♦r s♦♠❡✇❤❛t ♠♦r❡ ❣❡♥❡r❛❧ s❡ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ✐❞❡❛ ✐♥ ❇✉❧❧❡t♣r♦♦❢s ✐s t❤❛t ✇❡ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ r❡♣r❡s❡♥t ❛ ❝♦♠♠✐tt❡❞
✈❛❧✉❡ a ❛s a =

∑K−1
i=0 ai2

i ❛♥❞ t❤❡♥ s❤♦✇ t❤❛t t❤❡ ai ❛r❡ ❜✐ts✳ ❍♦✇❡✈❡r✱ t❤❡ s❛♠❡
✐❞❡❛ ❝♦✉❧❞ ❜❡ ✉s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ s❤♦✇ t❤❛t ♦♥❡ ❝❛♥ r❡♣r❡s❡♥t ❛ ❝♦♠♠✐tt❡❞
✈❛❧✉❡ a ❛s a =

∑v
i=0 aip

i ❢♦r s♦♠❡ ♣✉❜❧✐❝ ✈❛❧✉❡ p ❛♥❞ t❤❡♥ s❤♦✇ t❤❛t t❤❡ ai ❛r❡
❜✐ts✳

✸ ◆❡✇ s✉❜✲❛r❣✉♠❡♥ts ❛♥❞ ❛ss✉♠♣t✐♦♥s

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ♦✉r ♠❛✐♥ ❝♦♥str✉❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ t♦♦❧s t❤❛t ✇✐❧❧ ❜❡
✉s❡❞ ✐♥ t❤❡ ♠❛✐♥ ♣r♦t♦❝♦❧✳ ❉✉❡ t♦ s✐③❡ ❝♦♥str❛✐♥ts✱ ✇❡ ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ ♣r❡s❡♥t
t❤❡♠ ✐♥ t❤❡ ♠❛✐♥ ❜♦❞② ❛♥❞ t❤❡② ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐❝❡s ❛❧♦♥❣ ✇✐t❤ t❤❡
♥❡❝❡ss❛r② ♣r♦♦❢s✳

✸✳✶ ❙❤♦✇✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡s ❛♥❞ r❛♥❞♦♠♥❡ss ✐♥ t✇♦ ❝♦♠♠✐t♠❡♥ts
♠✉st ❜❡ t❤❡ s❛♠❡

▲❡t ✉s ❝❛❧❧ ❛ s❡t ♦❢ ❡❧❡♠❡♥ts h, {gj}Nj=1 ✐♥ s♦♠❡ ❣r♦✉♣ ❛ tr✉st❡❞ ❜❛s✐s ✐❢ ✇❡ ❛ss✉♠❡
t❤❛t ♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲❘❊▲s ❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ t❤❡♠✳ ✭❋♦r ❡①❛♠♣❧❡✱ t❤❡② ✇❡r❡
s❛♠♣❧❡❞ r❛♥❞♦♠❧② ❢r♦♠ ❛ ❣r♦✉♣ ✇❤❡r❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❛r❞♥❡ss ❛ss✉♠♣t✐♦♥ ✐s
❜❡❧✐❡✈❡❞ t♦ ❤♦❧❞✳✮ ❲❡ ❝❛❧❧ t❤❡ ❛❜♦✈❡ s❡t ♦❢ ❡❧❡♠❡♥ts ❛♥ ✉♥tr✉st❡❞ ❜❛s✐s ✐❢ ✇❡ ❞♦
♥♦t ❤❛✈❡ t❤✐s ❛ss✉♠♣t✐♦♥ ❛❜♦✉t t❤❡♠✳

●✐✈❡♥ ❛ tr✉st❡❞ ❜❛s✐s h̄, {gj}Nj=1 ❛♥❞ ❛♥ ✉♥tr✉st❡❞ ❜❛s✐s h, {wj}Nj=1 t❤❡ ❛r✲

❣✉♠❡♥t ΠN
samecom ♣r♦✈❡s t❤❛t ②♦✉ ❦♥♦✇ t❤❡ ✇✐t♥❡ss ✐♥ t❤❡ r❡❧❛t✐♦♥ RN

samecom

❣✐✈❡♥ ❜❡❧♦✇✳ ❚❤❡ ❢✉❧❧ ❛r❣✉♠❡♥t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳✸✳

RN
samecom =















(

(h, {wj}Nj=1, h̄, {gj}Nj=1 ∈ G, ρ, τ), (r, e1, . . . , eN ∈ Zq)
)

:

hr
N
∏

j=1

w
ej
j = ρ ∧ h̄r

N
∏

j=1

g
ej
j = τ















·

❚❤❡ r❡❧❛t✐♦♥ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❧✐♥❦✐♥❣ r❡❧❛t✐♦♥✱ s❡❡ ▲❡❣♦ ❙◆❆❘❑ ❬✶✶❪✳

✾



✸✳✷ ❙❤♦✇✐♥❣ t❤❛t ❝♦♠♠✐t♠❡♥t✬s r❛♥❞♦♠✐③❡r ✐s t❤❡ s❛♠❡ ✈❛❧✉❡ ✐♥ t❤❡
❡①♣♦♥❡♥t ♦❢ H

●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t λ✱ ❛ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ❣r♦✉♣ ❡❧❡♠❡♥t H✱ ❝♦♠♠✐t♠❡♥t ❦❡②
ĥ, g1, . . . , gN ✱ ❛♥❞ ❛ ✈❛❧✉❡ τI ✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ r, {ej}Nj=1✱ s✉❝❤ t❤❛t

ĥr
∏N

j=1 g
ej
j = τ ✱ ❛♥❞ Hr = λ✳ ❲❡ ❛ss✉♠❡ t❤❛t ♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲❘❊▲s ❛r❡ ❦♥♦✇♥

❜❡t✇❡❡♥ t❤❡ H, ĥ, {gi}Ni=1✳❚❤❡ r❡❧❛t✐♦♥ Rcomrand ✐s s❤♦✇♥ ❜❡❧♦✇✳ ◆♦t❡ t❤❛t ✐t ✐s
❡ss❡♥t✐❛❧❧② RN

samecom ✇✐t❤ {wj}Nj=1 = 1✳ ❚❤❡ ❢✉❧❧ ❛r❣✉♠❡♥t ❢♦r t❤✐s r❡❧❛t✐♦♥ ✐s
❣✐✈❡♥ ✐♥ ❋✐❣✳ ✽ ✐♥ ❆♣♣❡♥❞✐① ❇✳✹✳

RN
comrand =

{

(

(H, ĥ, g1, . . . , gN ∈ G, λ ∈ Zq, τ), (r, e1, . . . , eN ∈ Zq)
)

:

ĥr
∏N

j=1 g
ej
j = τ ∧Hr = λ

}

.

✸✳✸ ❙❤♦✇✐♥❣ t❤❛t t❤❡ ✭✇❡✐❣❤t❡❞✮ s✉♠ ♦❢ ❝♦♠♠✐tt❡❞ ❡❧❡♠❡♥ts ✐s ❡q✉❛❧
t♦ v

●✐✈❡♥ ❛ tr✉st❡❞ ❜❛s✐s ĥ, g1, . . . , gN ✱ ♣✉❜❧✐❝❧② ❦♥♦✇♥ ✐♥t❡❣❡rs a1, . . . , aN ✱ ♣✉❜❧✐❝
✈❛❧✉❡ v ❛♥❞ ❛ ❝♦♠♠✐t♠❡♥t ✐♥ t❤❛t ❜❛s✐s τI ✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ②♦✉ ❦♥♦✇
r, {ej}Nj=1 s✉❝❤ t❤❛t ĥr

∏N
j=1 g

ej
j = τI ❛♥❞ t❤❛t

∑N
j=1 ajej = v✳ ❚❤❡ r❡❧❛t✐♦♥

Rcomsum ✐s ❣✐✈❡♥ ❜❡❧♦✇✳ ❚❤❡ ❢✉❧❧ ❛r❣✉♠❡♥t ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✾ ✐♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳✺✳

RN
comsum =

{

(

(ĥ, g1, . . . , gN ∈ G, a1, . . . , aN , v ∈ Zq, τ), (r, e1, . . . , eN ∈ Zq)
)

:

ĥr
∏N

j=1 g
ej
j = τ ∧∑N

j=1 ajej = v

}

.

✸✳✹ ❙❤♦✇✐♥❣ t❤❛t t❤❡ ♠❡ss❛❣❡s ✐♥ s❡✈❡r❛❧ ❝♦♠♠✐t♠❡♥ts ❛r❡ t❤❡ s❛♠❡

❚❤✐s ✐s ❛ s❧✐❣❤t ✈❛r✐❛t✐♦♥ ♦❢ ❛ ♣r❡✈✐♦✉s ♣r✐♠✐t✐✈❡✳ ❍❡r❡✱ ✇❡ ❛r❡ ❣✐✈❡♥ v ❝♦♠♠✐t✲
♠❡♥ts {ρi}vi=1✱ vN + v ❜❛s✐s ❡❧❡♠❡♥ts {gi,j}v,Ni=1,j=1, {hi}vi=1 ✇❤❡r❡ ♥♦ ♥♦♥tr✐✈✐❛❧
❉▲❘❊▲ ✐s ❦♥♦✇♥ ❜❡t✇❡❡♥ t❤❡s❡✳ ❲❡ ❛r❡ ❛s❦❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦✈❡r ❦♥♦✇s
{ri}vi=1 ❛♥❞ {ej}Nj=1 s✉❝❤ t❤❛t ρi = hri

i

∏N
j=1 g

ej
i,j ✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r

❤❛s ❛❧r❡❛❞② s❤♦✇♥ t❤❛t s❤❡ ❦♥♦✇s ❤♦✇ t♦ ♦♣❡♥ t❤❡ ρi ✐♥ t❤❡s❡ r❡s♣❡❝t✐✈❡ ❜❛s❡s✱
✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❡❧❡♠❡♥ts ❛r❡ t❤❡ s❛♠❡✳ ◆♦t❡ t❤❛t ✐t ✐s ❡ss❡♥t✐❛❧❧②
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ RN

samecom✳ ❚❤❡ ♣r♦t♦❝♦❧ ❢♦r s❤♦✇✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ✐s
❞✐s❝✉ss❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✻✳

RN
samemes =







(

(h1, . . . , hv, g1,1, g1,2, . . . , gv,N ∈ G, ρ1, . . . , ρv),
(r1, . . . , rN , e1, . . . , eN ∈ Zq)

)

:

ρi = hri
i

∏N
j=1 g

ej
i,j , ∀i ∈ [1, v]







.

✸✳✺ ❆❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s

❉❡✜♥✐t✐♦♥ ✷ ✭❙❤♦rt❡st ■♥t❡❣❡r ❙♦❧✉t✐♦♥ ❬✸❪✮✳ ▲❡t a1, . . . ,av ∈ Z
N
q ❜❡ ✉♥✐✲

❢♦r♠❧② r❛♥❞♦♠❧② s❛♠♣❧❡❞✳ ❚❤❡ ❙■❙q,N,v,L✲❛ss✉♠♣t✐♦♥ st❛t❡s t❤❛t ✐t ✐s ❤❛r❞ ❢♦r ❛♥
❛❞✈❡rs❛r② t♦ ✜♥❞ ❛ ✈❡❝t♦r b = (b1, . . . , bN ) ∈ Z

N s✉❝❤ t❤❛t ⟨b,aj⟩ = 0 (mod q)
❢♦r ❛❧❧ j ∈ [1, v] ❛♥❞ |bi| ≤ L ❢♦r ❛❧❧ i ∈ [1, N ]✳

✶✵



❲❡ ♥♦t❡ ❤❡r❡ t❤❛t ✉s✉❛❧❧② ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥ t❤❡ ✜❡❧❞ s✐③❡ q ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧
✭✉s✉❛❧❧② q✉❛❞r❛t✐❝ ✐♥ t❤❡ s❡❝✉r✐t② ♣❛r❛♠❡t❡r✮ ❛♥❞ t❤✉s v ♥❡❡❞s t♦ ❜❡ ❛♣♣r♦①✐✲
♠❛t❡❧② t❤❡ s✐③❡ ♦❢ t❤❡ ❞❡s✐r❡❞ s❡❝✉r✐t② ♣❛r❛♠❡t❡r✳ ■♥ ♦✉r ❝❛s❡✱ ❤♦✇❡✈❡r✱ t❤❡ ✜❡❧❞
s✐③❡ ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❜✐❣✱ ❛♥❞ N ♠❛② ❜❡ ❧❛r❣❡✳ ❚❤❡ ❝❛s❡ ♦❢ ❛ ❜✐❣ q ❛♥❞ N ❤❛s
❜❡❡♥ st✉❞✐❡❞ ❜❡❢♦r❡✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ ❬✶✽✱✽❪✱ t❤❛t ❡✈❡♥ ✐❢ v = 1 ✭✐✳❡✳✱ 1✲
❞✐♠❡♥s✐♦♥❛❧ ❙■❙✮✱ ♦♥❡ ❝❛♥ s❤♦✇ ✐t t♦ ❜❡ ❛s ❣♦♦❞ ❛s ❝❧❛ss✐❝ ❧❛tt✐❝❡ ❛ss✉♠♣t✐♦♥s✱
♣r♦✈✐❞❡❞ t❤❛t q ≥ L ·

√
Nλ log λ ❛♥❞ N ≥ λ log q✳ ❚❤✉s ✐t s❡❡♠s ♣❧❛✉s✐❜❧❡ t❤❛t

❡✈❡♥ ✐♥ ♦✉r ❝❛s❡✱ ✐❢ ✇❡ ♣✐❝❦❡❞ ❛ ❧❛r❣❡✲❡♥♦✉❣❤ ♣r✐♠❡ q ❛♥❞ ❛ss✉♠❡ ❛ ❧❛r❣❡ N ✱
v = 1 ✇♦✉❧❞ s✉✣❝❡✳ ❍♦✇❡✈❡r✱ ♦✉r ❞❡s✐❣♥ ❛❧s♦ ❛❧❧♦✇s t♦ ❝❤♦♦s❡ ❛ ❧❛r❣❡r v ✇✐t❤♦✉t
♠✉❝❤ ❡①tr❛ ❝♦st✳ ❚❤✉s t❤❡ ❝❤♦✐❝❡ ♦❢ v ✐s ❛ ♠❛tt❡r ♦❢ ♣r❡❢❡r❡♥❝❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥
✇❤✐❝❤ ✈❡rs✐♦♥ ♦❢ ❙■❙✲✐♥✲❛✲❧❛r❣❡✲✜❡❧❞ ♦♥❡ ✉s❡s✳

❚♦ ❞❡s❝r✐❜❡ ♦✉r ✜♥❛❧ ❛ss✉♠♣t✐♦♥✱ ✇❡ ♠✉st ✜rst ❞❡✜♥❡ ✧s♠❛❧❧✧ ❞✐s❝r❡t❡ ❧♦❣❛✲
r✐t❤♠ r❡❧❛t✐♦♥s✳ ❚❤✉s✱ ✇❡ ❝♦♠❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸ ✭◆♦❇♦✉♥❞❡❞✲▲✲❉▲❘❡❧✮✳ ❋♦r ❛ s❡t ♦❢ ❡❧❡♠❡♥ts {gi,j}N,v
i=1,j=1 ✇❡

s❛② t❤❛t t❤❡ (N, v)✲◆♦❇♦✉♥❞❡❞✲▲✲❉▲❘❡❧ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛♥ ❛❞✈❡rs❛r② A ✐❢
t❤❡r❡ ❡①✐sts ❛ ♥❡❣❧✐❣✐❜❧❡ ❢✉♥❝t✐♦♥ µ(λ) s✉❝❤ t❤❛t

Pr









a = ({ai}Ni=1)← A(G, {gi,j}N,v
i=1,j=1) :

a ̸= 0 ∧ ∥a∥ ≤ L

∧
N
∏

i=1

gai

i,j = 1, ∀j ∈ [1, v]









= µ(λ).

◆♦t❡ t❤❛t t❤✐s ✐s ❛❝t✉❛❧❧② ♥♦t ②❡t ❛♥ ❛ss✉♠♣t✐♦♥✱ ❜✉t ❛ ♣r♦♣❡rt② ♦❢ ❛ s❡t✳ ❲❡
❛r❡ ♠❡r❡❧② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❧❛♥❣✉❛❣❡ s♦ t❤❛t ✇❡ ✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ s❛② ❧❛t❡r t❤❛t
❛ ❣✐✈❡♥ s❡t ❤❛s t❤✐s ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t G ❜❡ ❛ ❣r♦✉♣ ✇✐t❤ ♦r❞❡r q ❛♥❞ ❛ss✉♠❡ ❙■❙q,N,v,L ❤♦❧❞s✳
▲❡t t❤❡ s❡t {g1,1, . . . , gN,v} ⊂ G ❜❡ ♦❜t❛✐♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t g, h ∈ G ❜❡
❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♥♦ ❉▲❘❊▲s ❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ g ❛♥❞ h✳ ❚❤❡ ❛❞✈❡r✲
s❛r② A ♣✐❝❦s a′1, . . . , a

′
N , b1 . . . , bN ✳ ❚❤❡♥✱ c1,1, . . . , c1,N , c2,1 . . . , cv,N ❛r❡ ♣✐❝❦❡❞

✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❢r♦♠ [0, . . . , |G|−1]✳ ❲❡ s❡t gi,j ← ha′

i−ci,jgbi ✳ ❚❤❡♥ (N, v)✲
◆♦❇♦✉♥❞❡❞✲▲✲❉▲❘❡❧ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r A✳

◆♦t❡ t❤❛t ❤❡r❡ ✇❡ ❡ss❡♥t✐❛❧❧② ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r ♥♦t ♦♥❧② ❦♥♦✇s ❛❧❧ t❤❡
❝♦♠♠✐tt❡❞ ♠❡ss❛❣❡s ❛♥❞ r❛♥❞♦♠♥❡ss❡s✱ ❜✉t ❤❛s ♣✐❝❦❡❞ t❤❡♠ ❤❡rs❡❧❢✳ ■♥ ♣r❛❝t✐❝❡✱
t❤❡ ♣r♦✈❡r ❧✐❦❡❧② ❤❛s ♠✉❝❤ ❧❡ss ❦♥♦✇❧❡❞❣❡ ❛♥❞ ♣♦✇❡r ♦✈❡r t❤❡ s✐t✉❛t✐♦♥✱ t❤✉s s❤❡
✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ ✜♥❞ s❤♦rt ❉▲❘❊▲s✱ ✐❢ ♦✉r ❛ss✉♠♣t✐♦♥s ❤♦❧❞✳

✹ ❚❤❡ ♠❛✐♥ t❡❝❤♥✐q✉❡

✹✳✶ ❇❛s✐❝ s❤✉✤❡

■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✈❡r ❦♥♦✇s ♥♦ ❉▲ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✐♥♣✉t ❝✐♣❤❡rt❡①ts✱
t❤❡♥ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❜❛s✐❝ s❤✉✤❡ ❛r❣✉♠❡♥t Π lite

scs ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✳ ❚❤❡
❛r❣✉♠❡♥t ✐s ✈❡r② ❡✣❝✐❡♥t✱ ❛s ✇❡ ♠♦st❧② ♥❡❡❞ κ r❛♥❣❡ ♣r♦♦❢s t❤❛t ❝❛♥ ❜❡ ❜❛t❝❤❡❞✳
❯s✐♥❣ ❇✉❧❧❡t♣r♦♦❢s✱ t❤❡ ✈❡r✐✜❡r ♦♥❧② ♥❡❡❞s t♦ ♣❡r❢♦r♠ 2N + 1 ❡①♣♦♥❡♥t✐❛t✐♦♥s✳

✶✶



Pr♦✈❡r({[wi]}
N
i=1, {[ŵi]}

N
i=1, h,g, ❱❡r✐✜❡r({[wi]}

N
i=1,

w = {π, {ri}
N
i=1}) {[ŵi]}

N
i=1, h, g)

Pr♦✈❡✿
(

∏N
i=1[ŵi]

∏N
j=1[wj ]

,−
N
∑

i=1

ri
)

∈ R
(h),0
KoE

❘❡♣❡❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ κ t✐♠❡s ✐♥ ♣❛r❛❧❧❡❧✱ ❜❛t❝❤❡❞✿

(a1, a2 . . . , aN ) (a1, a2 . . . , aN )←✩ FN

Set : τI =
N
∏

i=1

[ŵi]
ai

r′ ←

N
∑

j=1

rjaπ−1(j), Pr♦✈❡✿
(

(h, [w1], . . . , [wN ], τI),

ej ← aπ−1(j), ∀j ∈ [1, N ] (r′, e1, . . . , eN )
)

∈ R
Zq ,N,F
set

❆❝❝❡♣t ✐❢ ❛❧❧ ♣r♦♦❢s ❣♦ t❤r♦✉❣❤

❋✐❣✳ ✶✿ ❚❤❡ ❜❛s✐❝ s❤✉✤❡ ❛r❣✉♠❡♥t Π lite
scs ✳

❚❤❡♦r❡♠ ✶✳ ▲❡t F ❜❡ {0, 1} ❛♥❞ T̂ = 3
4 ✳ ❙✉♣♣♦s❡ t❤❛t ✐t ✐s ❤❛r❞ ❢♦r t❤❡ ♣r♦✈❡r

t♦ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ ❉▲❘❊▲ ❜❡t✇❡❡♥ h, {[wi]}Ni=1✳ ❚❤❡♥ ✐❢ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts ✐♥

Π lite
scs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st (T̂ + ε)κ ❢♦r ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ε✱ t❤❡r❡ ❡①✐sts ❛♥

❡①tr❛❝t♦r t❤❛t ❡①tr❛❝ts ❛ ✈❛❧✐❞ ♣❡r♠✉t❛t✐♦♥ ❛♥❞ r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs✳

Pr♦♦❢ ✭❙❦❡t❝❤✮✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ t❤❡♦r❡♠ ❝❧❛✐♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❧❛✐♠
t❤❛t ♦♥❡ s✐♥❣❧❡ t❡st ❤❛s ❛ s✉❝❝❡ss ❝❤❛♥❝❡ t❤❛t ✐s T̂ + ε ❢♦r ❛ ♥♦♥✲♥❡❣❧✐❜❧❡ ε✳ ❚❤✉s✱
❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✇✐♥❞✐♥❣ ❡①♣❡r✐♠❡♥t✳

❋♦r ❛❧❧ t = 1, . . . , N ✱ ✇❡ ❛r❣✉❡ t❤❛t ✇✐t❤ ♣♦❧②♥♦♠✐❛❧❧② ♠❛♥② q✉❡r✐❡s ✇❡ ❝❛♥
♦❜t❛✐♥ t✇♦ ❝❤❛❧❧❡♥❣❡ ✈❡❝t♦rs a1,t, . . . , at,t, . . . , aN,t ❛♥❞ a1,t, . . . , at,t+1, . . . , aN,t

❢♦r ✇❤✐❝❤ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts✱ t❤❛t ♦♥❧② ❞✐✛❡r ❛t t❤❡ t✲t❤ ❝♦♦r❞✐♥❛t❡✳ ❚❤✐s ❢♦❧❧♦✇s
❢r♦♠ ▲❡♠♠❛ ✸ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❤❛✈❡ t❤❛t ✇❡ ❝❛♥ ♦❜t❛✐♥ t✇♦ ❝❤❛❧❧❡♥❣❡ ✈❡❝t♦rs t❤❛t
♦♥❧② ❞✐✛❡r ♦♥ t❤❡ tt❤ ♣♦s✐t✐♦♥✱ ❛♥❞ ❛s t❤❡ ❝❤❛❧❧❡♥❣❡ ❡❧❡♠❡♥ts ❛r❡ ❜✐ts✱ t❤❡② ❝❛♥
♦♥❧② ❞✐✛❡r ❜② 1✳ ❲❡ ❝❛♥ ❡①tr❛❝t ❢♦r ❜♦t❤ ♦❢ ❝❤❛❧❧❡♥❣❡s t❤❡ ✈❛❧✉❡s (r′t, {e′j,t}Nj=1)

❛♥❞ (r′′t , {e′′j,t}Nj=1) r❡s♣❡❝t✐✈❡❧② ❜② ✉s✐♥❣ t❤❡ ❡①tr❛❝t♦rs ♦❢ t❤❡ s❡t ♣r♦♦❢s✳

❚❤✉s
∏N

i=1[ŵi]
ai,t = hr′t

∏N
j=1[wj ]

e′j,t ❛♥❞ [ŵt]
∏N

i=1[ŵi]
ai,t = hr′′t

∏N
j=1[wj ]

e′′j,t .
❉❡♥♦t❡ dt,j := e′′j,t − e′j,t ❛♥❞ rt := r′′t − r′t✳ ❉✐✈✐❞✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜② t❤❡

✜rst ♦♥❡ ✇❡ ♦❜t❛✐♥ [ŵt] = hrt
∏N

j=1[wj ]
dt,j . ▲❡t D ❜❡ t❤❡ ♠❛tr✐① {dt,j}N,N

t=1,j=1✳
◆♦t❡ t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ♦❢ D ❛r❡ ❡✐t❤❡r −1, 0 ♦r 1✳

✶✷



◆♦✇✱ t❛❦❡ ❛♥② s✉❝❝❡ss❢✉❧ r❡s♣♦♥s❡ t♦ ❛ ❝❤❛❧❧❡♥❣❡ {ai}Ni=1✳ ❲❡ ❝❛♥ ❡①tr❛❝t

r, {ej}Nj=1 ❢r♦♠ ✐t s✉❝❤ t❤❛t
∏N

i=1[ŵi]
ai = hr

∏N
j=1[wj ]

ej . ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞
∏N

i=1[ŵi]
ai =

∏N
i=1(h

ri
∏N

j=1[wj ]
di,j )ai = h

∑N
i=1 airi

∏N
j=1[wj ]

∑N
i=1 aidi,j .

◆♦✇✱ ❜❡❝❛✉s❡ ✇❡ ❛ss✉♠❡❞ t❤❛t ♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲❘❊▲s ❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ t❤❡
[wj ] ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ j✱ ✇❡ ❤❛✈❡ t❤❛t ej =

∑N
i=1 aidi,j ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

ej ∈ F ✳ ❚❤✉s t❤❡ ♣r❡r❡q✉✐s✐t❡ ❢♦r ❛ s✉❝❝❡ss❢✉❧ ❛♥s✇❡r t♦ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣t✐♥❣ ✐s

t❤❛t
∑N

i=1 aidi,j ∈ F ✳ ❚❤✉s✱ ✐❢ t❤❡ ✈❡r✐✜❡r ❤❛♣♣❡♥s t♦ ♣✐❝❦ {ai}Ni=1 ✐♥ s✉❝❤ ❛ ✇❛②

t❤❛t
∑N

i=1 aidi,j ̸∈ F ✱ t❤❡♥ t❤❡ ✈❡r✐✜❡r ✇✐❧❧ ♥♦t ❛❝❝❡♣t✳ ❚❤✉s ✐t ♠✉st ❤♦❧❞ t❤❛t

T̂ ≤ pD,F ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ pD,F ✳
◆♦✇✱ ✐t ✇✐❧❧ s✉✣❝❡ t♦ s❤♦✇ t❤❛t ✐❢ D ✐s ♥♦t ❛ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①✱ ✇❡ ✇✐❧❧

❤❛✈❡ t❤❛t pD,F < T̂ ✳ ❲❡ ♥♦t❡ t❤❛t ❛s t❤❡ ✜rst st❡♣✱ ✐♥ t❤❡ ❑♦❊✲♣r♦♦❢✱ t❤❡ ♣r♦✈❡r

❤❛s t♦ s❤♦✇ t❤❛t s❤❡ ❦♥♦✇s ❛ R s✉❝❤ t❤❛t hR =
∏N

i=1[ŵi]∏
N
j=1[wj ]

✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

hR
∏N

j=1[wj ] =
∏N

i=1[ŵi] =
∏N

i=1(h
rt
∏N

j=1[wj ]
di,j ) = h

∑N
i=1 rt

∏N
j=1[wj ]

∑N
i=1 di,j ✳

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛❧❧ j ∈ [1, N ] ✇❡ ❤❛✈❡ t❤❛t
∑N

i=1 di,j = 1✳ ◆♦✇ t❤❡ r❡s✉❧t

❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✸✱ ❛s t❤❛t ❣✐✈❡s ✉s pD,F ≤ 3
4 < T̂ ✳ ⊓⊔

✹✳✷ ❈❤❛❧❧❡♥❣❡✲❘❡s♣♦♥s❡ s✉❜❛r❣✉♠❡♥t

❖✉r ❢✉❧❧ s❤✉✤❡ ❛r❣✉♠❡♥t ✇✐❧❧ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt ✖ t❤❡ ♠❛✐♥ ♣❛rt✱ ✇❤❡r❡
s♦♠❡ ♣r❡♣❛r❛t✐♦♥s ❛r❡ ❞♦♥❡ ❢♦r t❤❡ s✉❜❛r❣✉♠❡♥t ❈❤❛❧❘❡s♣✱ ✇❤✐❝❤ ✐s t❤❡♥ ❝❛❧❧❡❞
κ t✐♠❡s ✇✐t❤ t✇♦ ✈❛r✐❛t✐♦♥s✳ ❚❤❡ ❛r❣✉♠❡♥t ✇✐❧❧ ❡ss❡♥t✐❛❧❧② ❜❡ ❛ r❛♥❞♦♠ ❝❤❛❧❧❡♥❣❡
❢r♦♠ ❛ ❝❤❛❧❧❡♥❣❡ s❡t ❛♥❞ ❛ r❡s♣♦♥s❡✱ ✇✐t❤ t❤❡ r❡s♣♦♥s❡ ❜❡✐♥❣ ♠♦st❧② ♣r♦♦❢s ♦❢
❞✐✛❡r❡♥t t②♣❡s✳ ❚❤❡ ❛r❣✉♠❡♥t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❡①tr❛❝t ❛ ✉♥✐q✉❡ r❡s♣♦♥s❡✳ ❲❡ ✇✐❧❧
r✉♥ t❤❡ ❛r❣✉♠❡♥t ❢♦r t✇♦ ❞✐✛❡r❡♥t ❝❤❛❧❧❡♥❣❡ s❡ts✳

▲❡♠♠❛ ✶✳ ❈♦♥s✐❞❡r t❤❡ ΠChalResp ❛r❣✉♠❡♥t ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✱ ❛♥❞ ❛ss✉♠❡
t❤❛t ♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲❖● r❡❧❛t✐♦♥s ❛r❡ ❦♥♦✇♥ ❜❡t✇❡❡♥ H,h, g, ck ❛♥❞ t❤❡ {ckk}vk=1✳

▲❡t t❤❡r❡ ❛❧s♦ ❜❡ ❛ ❡①tr❛❝t♦r ✇❤♦ ✐s ❣✐✈❡♥ {r′t,k}
v,N
k=1,t=1, {δk}vk=1 s✉❝❤ t❤❛t

t❤❡s❡ s❛t✐s❢② Ck = hδk
∏N

t=1 g
r′t,k
t ✳ ❉❡♥♦t❡ [ŵt,k]

′ := [ŵt]

h
r′
t,k

✳ ▲❡t t❤❡ ✜rst ♠❡ss❛❣❡

♦❢ t❤❡ ❱❡r✐✜❡r ❜❡ s♦♠❡ (b1, . . . , bN ) ✇❤❡r❡ ❡❛❝❤ bi ∈ F ✳ ❆ss✉♠❡ t❤❛t t❤❡ ❱❡r✐✜❡r

❛❝❝❡♣ts✳ ❚❤❡♥ t❤❡ ❡①tr❛❝t♦r ❝❛♥ ❡①tr❛❝t {ej}Nj=1✱ ✇❤✐❝❤ s❛t✐s❢②
∏N

j=1[w
′

j,k]
e′j =

∏N
t=1 [ŵt,k]

′bt ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ej ∈ F ❢♦r ❛❧❧ j ❛♥❞
∑N

j=1 ej =
∑N

t=1 bt✳

Pr♦♦❢✳ ✭❙❦❡t❝❤✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts t❤❡ ❛r❣✉♠❡♥tΠChalResp✳ ❋✐rst❧②✱
t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts t❤❡ ❛r❣✉♠❡♥ts ΠN

comrand✱ ✐✳❡✳✱ ❢♦r k ∈ [1, v] t❤❡ ♣r♦✈❡r ♣r♦✲

✈✐❞❡s ❛❝❝❡♣t✐♥❣ ❛r❣✉♠❡♥ts ❢♦r t❤❡ r❡❧❛t✐♦♥ (H, ĥk, g1,k, . . . , gN,k, λI,k, τI,k) ∈
RN

comrand✳ ❚❤✉s ✇❡ ❝❛♥ ❡①tr❛❝t r
′
k ❛♥❞ (e1,1, . . . , ev,N ) s✉❝❤ t❤❛t τI,k = ĥk

r′k ∏

j=1 g
ej,k
j,k

❢♦r ❛❧❧ k ❛♥❞ Hr′k = λI,k✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡ t❤❡ ✈❡r✐✜❡r ❛❝❝❝❡♣ts ΠN
samemes✱ ❢♦r

(ĥ1, . . . , ĥv, g1,1 . . . , gN,v, τI,1, . . . , τI,k), ✇❡ ❝❛♥ ❡①tr❛❝t r′′k ❛♥❞ (e′1, . . . , e
′
N ) s✉❝❤

t❤❛t τI,k = ĥk
r′′k ∏N

j=1 g
e′j
j,k ❢♦r ❛❧❧ k ∈ [1, v]✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ ✇❡ ❤❛✈❡ t❤❛t ✐❢ ❢♦r

s♦♠❡ ej,k ̸= ej ♦r r
′
k ̸= r′′k ✱ t❤❡♥ ✇❡ ❤❛✈❡ ❜r♦❦❡♥ t❤❡ ❉▲❖●✲❛ss✉♠♣t✐♦♥ ❢♦r t❤❡

gj,k✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❛t τI,k = ĥk
r′k ∏N

j=1 g
e′j
j,k ❢♦r ❛❧❧ k ❛♥❞ Hr′k = λI,k✳

✶✸



◆❡①t✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛❧❧ k✱ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts Πck,N
in✲prod ✇❡♥t t❤r♦✉❣❤✱ ✐✳❡✳✱

❢♦r (Ck, λI,k, H, (b1, . . . , bN )) ∈ Rck,N
in✲prod ❢♦r k ∈ [1, v]✱ ✇❡ ❝❛♥ ❡①tr❛❝t δk′ ❛♥❞

Rt,k s✉❝❤ t❤❛t Ck = hδ′k
∏N

t=1 g
R′

t,k

t ✱ ❛♥❞ λI,k = H
∑N

t=1 btR
′

t,k ✳ ❖✉r ❡①tr❛❝t♦r

❦♥♦✇s t❤❡ ✈❛❧✉❡s {r′t,k}
v,N
k=1,t=1, {δk}vk=1 s✉❝❤ t❤❛t Ck = hδk

∏N
t=1 g

r′t,k
t ✳ ❉✉❡ t♦

t❤❡ ♥♦♥tr✐✈✐❛❧ ❉▲❖● ♣r♦♣❡rt② ♦❢ (h, {gt}Nt=1) ✇❡ ❤❛✈❡ t❤❛t R′
t,k = r′t,k ❛♥❞

δk = δ′k ❢♦r ❛❧❧ k ❛♥❞ t✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❛t Hr′k = λI,k = H
∑N

t=1 btr
′

t,k ❛♥❞ t❤✉s

r′k =

N
∑

t=1

btr
′
t,k. ✭✶✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t t❤❡ ΠN
samecom ❛r❣✉♠❡♥t ❢♦r t❤❡ r❡❧❛t✐♦♥

(h, {[w′

j,k]}Nj=1, ĥ, {gj,k}Nj=1,

N
∏

t=1

[ŵt]
bt , τI,k) ∈ RN

samecom

✐s ❛❝❝❡♣t❡❞✳ ❚❤✉s ✇❡ ❝❛♥ ❡①tr❛❝t t❤❡ r̄k ❛♥❞ ¯dk,j s✉❝❤ t❤❛t

hr̄k

N
∏

j=1

[w
′

j,k]
¯dk,j =

N
∏

t=1

[ŵt]
bt

❛♥❞

ĥr̄k

N
∏

j=1

g
¯dk,j

j,k = τI,k.

❚❤✉s

ĥr̄k

N
∏

j=1

g
¯dk,j

j,k = τI,k = ĥk
r′k

N
∏

j=1

g
e′j
j,k

❢♦r ❛❧❧ k✳ ❍❡♥❝❡ r̄k = r′k ❛♥❞ e′j =
¯dk,j ❢♦r ❛❧❧ k✳ ❚❤✉s

hr′k

N
∏

j=1

[w
′

j,k]
e′j =

N
∏

t=1

[ŵt]
bt .

❲❡ ❤❛✈❡ t❤❛t r′k =
∑N

t=1 btr
′
t,k ❛♥❞ t❤✉s t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

h
∑N

t=1 btr
′

t,k

N
∏

j=1

[w
′

j,k]
e′j =

N
∏

t=1

[ŵt]
bt

♦r
N
∏

j=1

[w
′

j,k]
e′j =

N
∏

t=1

(

[ŵt]

hr′
t,k

)bt

=
N
∏

t=1

[ŵt,k]
′bt .

❲❡ ❤❛✈❡ t❤✉s s❤♦✇♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠✳ ◆♦✇ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡
ei ∈ F ✳

✶✹



❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t t❤❡ r❛♥❣❡ ♣r♦♦❢s ❛r❡ ❛❝❝❡♣t❡❞✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱

(

(ĥ1, g1,1, . . . , gN,1, τI,1)
)

∈ RZ1,N,F
set .

❚❤✉s ✇❡ ❝❛♥ ❡①tr❛❝t {r̂}, {d′j}Nj=1 s✉❝❤ t❤❛t

ĥ1
r̂

N
∏

j=1

g
d′

j

j,1 = τI,1 ∧ d′j ∈ F .

❲❡ ❤❛✈❡ t❤❛t

ĥ1
r̂

N
∏

j=1

g
d′

j

j,1 = τI,1 = ĥr1

N
∏

j=1

g
e′j
j,1

❚❤✉s e′j = d′j ✇❤❡r❡ dj ∈ F ✳ ❍❡♥❝❡ t❤❡ s❡❝♦♥❞ ❝❧❛✐♠ ✐s ♣r♦✈❡♥✳

❆❧s♦✱ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts ΠN
comsum✱ ✐✳❡✳✱

(ĥ1, (g1,1, . . . , gN,1), (1, . . . , 1),

N
∑

t=1

bt, τI,1) ∈ RN
comsum .

❚❤✉s ✇❡ ❝❛♥ ❡①tr❛❝t r̄′ ❛♥❞ d̄′j s✉❝❤ t❤❛t τI,1 = ĥ1
r̄i

′
∏N

j=1 g
d̄′

j

j,1 ❛♥❞
∑

j d̄
′
j =

∑N
t=1 bt✳ ❇② ♣r❡✈✐♦✉s ❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡ t❤❛t

ĥ1
r̂

N
∏

j=1

g
d′

j

j,1 = τI,1 = ĥ1
r̄i

′
N
∏

j=1

g
d̄′

j

j,1,

t❤✉s ✇❡ ❤❛✈❡ t❤❛t d′j = d̄′j ✳ ❚❤✉s ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t

∑

j

d′j =

N
∑

t=1

bt.

✹✳✸ ▼❛✐♥ ❜♦❞② ♦❢ t❤❡ s❤✉✤❡ ❛r❣✉♠❡♥t

❲❡ ✇✐❧❧ ♥♦✇ ❞❡s❝r✐❜❡ ♦✉r ❢✉❧❧ ❝♦♥str✉❝t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ ❡①♣❧❛✐♥✐♥❣ ✇❤② ✇❡ ❛r❡
✉s✐♥❣ ❡❛❝❤ ♣❛rt✳ ❊ss❡♥t✐❛❧❧② ♦✉r ❝♦♥str✉❝t✐♦♥ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s✐♠♣❧❡
✈❡rs✐♦♥✳ ❲❡ ✜rst ❤❛✈❡ t♦ ❞♦ s♦♠❡ ♣r❡♣❛r❛t✐♦♥s✱ ❛♥❞ t❤❡♥ ✇❡ ✇✐❧❧ r✉♥ t✇♦ s❡ts
♦❢ t❤❡ ❈❤❛❧❘❡s♣ ♣r♦t♦❝♦❧ κ t✐♠❡s ✉s✐♥❣ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❝❤❛❧❧❡♥❣❡ s❡ts✳ ❋♦r
♣r❡♣❛r❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♠✐t♠❡♥t ❦❡②s ♦♥ v ♣❛r❛❧❧❡❧
♣✉❜❧✐❝ r❡r❛♥❞♦♠✐③❛t✐♦♥s✳ ✽

✽ ❚❤❡ ♥✉♠❜❡r v ❤❡r❡ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ♦✉r ❙■❙✲❛ss✉♠♣t✐♦♥✳ ❊ss❡♥t✐❛❧❧②✱ ✐❢ ❛ ❝❤❡❛t✐♥❣
♣r♦✈❡r ✇❛♥ts t♦ ✉s❡ s♦♠❡ ❦♥♦✇♥ ❞✐s❝r❡t❡ ♥♦♥✲tr✐✈✐❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉ts✱
t❤❡ r❡❧❛t✐♦♥ ❤❛s t♦ ❜❡ ✧s❤♦rt✧ ❛♥❞ s❛♠❡ ❛❝r♦ss ❡✈❡r② r❡r❛♥❞♦♠✐③❛t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t
❡✛❡❝t✐✈❡❧② ✉s✐♥❣ ✐t ✇♦✉❧❞ ❜r❡❛❦ t❤❡ ❙■❙✲❛ss✉♠♣t✐♦♥✳ ❲❡ ✇✐❧❧ ❡①♣❛♥❞ ♦♥ t❤✐s ♠♦r❡
❢♦r♠❛❧❧② ❧❛t❡r✳

✶✺



Pr♦✈❡r({[w
′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1, {[ŵi]}

N
i=1, ❱❡r✐✜❡r({[w

′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1

h, g, ck,Zq, F, v, {Ck}
v
k=1, {ĥk}

v
k=1, {gi,k}

N,v
i=1,k=1) {[ŵi]}

N
i=1, h, g,Zq, F, v, {Ck}

v
k=1,

w = {π, {ri}
N
i=1, {r

′

i,k}
N,v
i=1,k=1, {δk}

v
k=1}) {ĥk}

v
k=1, {gi,k}

N,v
i=1,k=1)

(b1, . . . , bN ) (b1, . . . , bN )←✩ F

❇♦t❤ :

ρI =

N
∏

i=1

[ŵi]
bi ,

ej ← bπ(j), j = 1, . . . , N

✐♥ ♣❛r❛❧❧❡❧✱ ❢♦r k ∈ [1, v] :

rk ←
N
∑

i=1

bir
′

i,k

λI,k ← Hrk

τI,k ← ĥk
rk

N
∏

j=1

g
ej
j

{τI,k}
v
k=1, {λI,k}

v
k=1

Pr♦✈❡✿
(

(h, {[w
′

j,k]}
N
j=1, ĥ, {gj,k}

N
j=1, ρI , τI,k),

(rk, e1 . . . , eN )
)

∈ RN
samecom ❢♦r k ∈ [1, v]

Pr♦✈❡✿
(

(ĥ1, . . . , ĥv, g1,1 . . . , gN,v, τI,1, . . . , τI,k),

(r1, . . . , rv, e1 . . . , eN )
)

∈ RN
samemes

Pr♦✈❡✿
(

(H, ĥk, g1,k, . . . , gN,k, λI,k, τI,k),

(rk, e1, . . . , eN ∈ Zq)
)

∈ RN
comrand ❢♦r k ∈ [1, v]

Pr♦✈❡✿
(

(Ck, λI,k, H, (b1, . . . , bN )),

(r
′

i,k, δk)
)

∈ Rck,N
in✲prod ❢♦r k ∈ [1, v]

Pr♦✈❡✿
(

(ĥ1, g1,1, . . . , gN,1, τI),

(r1, e1, . . . , eN )
)

∈ R
Zq ,N,F
set

Pr♦✈❡✿
(

(ĥ1, (g1,1, . . . , gN ), (1, . . . , 1),

N
∑

i=1

bi, τI),

(r1, e1, . . . , eN )
)

∈ RN
comsum

❆❝❝❡♣t ✐❢ ❛❧❧ ♣r♦♦❢s ❣♦ t❤r♦✉❣❤✳

❋✐❣✳ ✷✿ ❖♥❡ r♦✉♥❞ ♦❢ t❤❡ s❤✉✤✐♥❣ ❛r❣✉♠❡♥t ❈❤❛❧❘❡s♣ ✭✇✐t❤♦✉t t❤❡ r❛♥❞♦♠ ♦r❛❝❧❡✱
❧✐♥❡❛r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ r❛♥❞♦♠ ❡❧❡♠❡♥ts✮✳

◆❡①t✱ t❤❡ ❱❡r✐✜❡r ♣✐❝❦s r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs {ai,1}Ni=1, . . . , {ai,v}Ni=1 ❛♥❞
❛ ♥✉♠❜❡r ♦❢ r❛♥❞♦♠ tr✉st❡❞ ❜❛s❡s s❡♥❞s t❤❡♠ t♦ t❤❡ ♣r♦✈❡r✳ ❚❤❡ Pr♦✈❡r ❛♥❞

✶✻



❱❡r✐✜❡r ❜♦t❤ ❝♦♠♣✉t❡ [w
′

i,k] ← hai,k [wi]✳ ❚❤❡ ♣r♦✈❡r ❛❧s♦ ❝♦♠♣✉t❡s ri,k ← ri −
aπ−1(i),k ❢♦r i = 1, . . . , N, k = 1, . . . , v ❛♥❞ ❝♦♠♠✐ts t♦ t❤❡s❡ ✇✐t❤ ❝♦♠♠✐t♠❡♥ts

C1, . . . , Cv ✇❤✐❝❤ s❤❡ s❡♥❞s t♦ t❤❡ ❱❡r✐✜❡r✳ ❚❤❡ Pr♦✈❡r s❤♦✇s t❤❛t
∏N

j=1[w
′

j,k] =
∏N

t=1 [ŵt,k]
′ ❢♦r ❛❧❧ k ✇❤❡r❡ [ŵt,k]

′ := [ŵt]

h
r′
t,k

✳ ❚❤❡ [w
′

i,k] ❛♥❞ t❤❡ [ŵt,k]
′ ✇✐❧❧ ❜❡

♦✉r ♠❛✐♥ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡✐r ♣r♦❞✉❝ts ❛r❡ t❤❡ s❛♠❡ ✇✐❧❧ ❜❡ ❛♥
✐♠♣♦rt❛♥t t♦♦❧ ❛s ✐t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ s❤♦✇ t❤❛t ✐♥ t❤❡ ❡①tr❛❝t❡❞ ♠❛tr✐①✱ t❤❡ s✉♠
♦❢ ❛❧❧ r♦✇s ✇✐❧❧ ❜❡ 1✳ ❚❤❡ ♣♦✐♥t ♦❢ t❤❡ ❝♦♠♠✐t♠❡♥ts Ci ✐s t❤❛t t❤❡② ✇✐❧❧ ❤❡❧♣ ✉s
t♦ ❛r❣✉❡ ❛❜♦✉t [ŵt,k]

′ ❛♥❞ [wt,k]
′ ✐♥st❡❛❞ ♦❢ [ŵt] ❛♥❞ [wt]✳

❆❢t❡r t❤❛t t❤❡② ✇✐❧❧ ❞♦ t✇♦ t②♣❡s ♦❢ ❈❤❛❧❘❡s♣ ♣r♦t♦❝♦❧s✱ ♦♥❡ ✇❤❡r❡ t❤❡ ❝❤❛❧✲
❧❡♥❣❡ s❡t ✇✐❧❧ ❜❡ ❛♥ ✐♥t❡r✈❛❧ ❛♥❞ ❛♥♦t❤❡r ✇❤❡r❡ ✐t ✇✐❧❧ ❜❡ Pp,f ✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤❡
t✇♦ t②♣❡s ♦❢ t❡sts ✐s t❤❛t ✐t ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ❡①tr❛❝t ❢r♦♠ t❤❡ ✐♥t❡r✈❛❧✱ ❤♦✇❡✈❡r✱
t❤❡ Pp,f ✇✐❧❧ ❣✐✈❡ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t r❡s✉❧ts✳

❋✐♥❡✲t✉♥✐♥❣ t❤❡ ❈❤❛❧❘❡s♣ ♣r♦t♦❝♦❧

❚❤❡ ♣r♦✈❡r ✇✐❧❧ s❡♥❞ N r❛♥❞♦♠ ❡❧❡♠❡♥ts {bi}N
i=1

❢r♦♠ t❤❡ ❝❤❛❧❧❡♥❣❡ s❡t F ✳ ■♥ t❤❡
s✐♠♣❧❡r ✈❡rs✐♦♥✱ t❤❡ ♣r♦✈❡r ✇♦✉❧❞ s❤♦✇ t❤❛t s❤❡ ❦♥♦✇s ❤♦✇ t♦ ♦♣❡♥ t❤❡ ♣r♦❞✉❝t
ρI =

∏N
i=1[ŵi]

bi ✐♥ t❤❡ ❜❛s✐s h, {[wi]}N
i=1

✳ ❍♦✇❡✈❡r✱ ❤❡r❡ ✇❡ ✇✐❧❧ ✇❛♥t t♦ ❞♦ ❛❧❧ ♦✉r
s✉❜♣r♦♦❢s ♦♥ ❛ tr✉st❡❞ ❜❛s✐s✱ ❜❡❝❛✉s❡ ❛ ♥✉♠❜❡r ♦❢ t❤❡♠ s✐♠♣❧② ✇♦✉❧❞ ♥♦t ✇♦r❦
♦♥ ❛♥ ✉♥tr✉st❡❞ ❜❛s✐s✳ ❚❤✉s✱ ❛t t❤❡ ✜rst st❡♣✱ ✇❡ ✇❛♥t t♦ ♠♦✈❡ t♦ t❤❛t tr✉st❡❞
❜❛s✐s (ĥ, {gj,k}Nj=1)✳ ❆♥ ❤♦♥❡st ♣r♦✈❡r ✇♦✉❧❞ ❦♥♦✇ ej = bπ(j) ❛♥❞ r❛♥❞♦♠✐③❡rs

rk =
∑N

i=1 bir
′

i,k s✉❝❤ t❤❛t hrk
∏

N
j=1

[w
′

j,k] = ρI ✳ ■♥st❡❛❞ ♦❢ s❤♦✇✐♥❣ t❤❛t✱ s❤❡

✇✐❧❧ ♣r♦❞✉❝❡ τI,k = ĥk
rk ∏N

j=1 g
ej
j ✱ s❤♦✇ ✉s✐♥❣ t❤❡ ΠN

samecom ❛r❣✉♠❡♥t t❤❛t t❤❡

✈❛❧✉❡s ♦❢ τI,k ✇❤❡♥ ♦♣❡♥❡❞ ✐♥ ❜❛s✐s ĥ, {gj,k}Nj=1 ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ✈❛❧✉❡s ✇❤❡♥

ρ ♦♣❡♥❡❞ ✐♥ t❤❡ ❜❛s✐s h, {[w′

j,k]}Nj=1 ✇♦✉❧❞ ❜❡ ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞ ✇♦r❦✐♥❣ ✇✐t❤
τI,k ❛♥❞ t❤❡ tr✉st❡❞ ❜❛s✐s✳

❋♦r t❤❡ ❙■❙✲❛r❣✉♠❡♥ts t♦ ✇♦r❦✱ t❤❡ r❡s♣♦♥s❡ t♦ t❤❡ ❝❤❛❧❧❡♥❣❡ {bi}N
i=1

♠✉st
❜❡ t❤❡ s❛♠❡ ✐♥ ❡✈❡r② ♣✉❜❧✐❝ r❡r❛♥❞♦♠✐③❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ✉s✐♥❣ t❤❡
❛r❣✉♠❡♥t ΠN

samemes✳
❆ ❝❤❡❛t✐♥❣ ♣r♦✈❡r ♠✐❣❤t ❜❡ t❡♠♣t❡❞ t♦ ♣✐❝❦ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs r′i,k

✐♥ ❛ ❞✐s❤♦♥❡st ✇❛②✳ ❘❡♠❡♠❜❡r t❤❛t ❜❡❝❛✉s❡ ❛ ♣r♦✈❡r ♠✐❣❤t ❦♥♦✇ t❤❡ ❝♦♥t❡♥ts ♦❢
t❤❡ ♠❡ss❛❣❡s✱ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡❝r❡t r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs ❛r❡ ❛ ❝r✉❝✐❛❧ ♣❛rt
♦❢ t❤❡ ♣r♦t♦❝♦❧✳ ❚❤❡ ❛r❣✉♠❡♥ts ΠN

comrand ❛♥❞ ΠN
in✲prod ❢♦r❝❡ t❤❡ r❡r❛♥❞♦♠✐③❛t✐♦♥

❢❛❝t♦rs t♦ ❜❡ ❡①❛❝t❧② ✇❤❛t ✐s ✐♥ t❤❡ ❝♦♠♠✐t♠❡♥ts Ck✳
◆♦✇ t❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❡t t❤❛t ✇❡ ♠❛② r✉♥ t❤❡ ❛❝t✉❛❧ r❛♥❣❡ ♣r♦♦❢ ♦♥ t❤❡

❝❤❛❧❧❡♥❣❡ ✈❛❧✉❡ τI ❛♥❞ t❤❡ ❜❛s✐s (ĥ1, g1,1, . . . , gN,1, τI)✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛❝t✉✲
❛❧❧② ❤❛✈❡ t♦ r✉♥ ✐t ♦♥ v ♣❛r❛❧❧❡❧ r❡r❛♥❞♦♠✐③❛t✐♦♥s ❜❡❝❛✉s❡ ✐t ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧②
♣r♦✈❡♥ t❤❛t t❤❡ ❝♦♠♠✐tt❡❞ ✈❛❧✉❡s ✇✐❧❧ ❜❡ s❛♠❡ ❢♦r ❛❧❧ ♦❢ t❤❡♠✱ t❤✉s ✇❡ ♦♥❧② ♥❡❡❞
t♦ ❞♦ t❤✐s ❢♦r ♦♥❡ ♦❢ t❤❡♠✳

❋✐♥❛❧❧②✱ t❤❡ Πcomsum ❛r❣✉♠❡♥t ♠❛❦❡s ✐t s✉r❡ t❤❛t
∑N

i=1 bi =
∑N

i=1 ei✱ ✇❤✐❝❤
✇✐❧❧ ❛❧❧♦✇ ✉s t♦ s❤♦✇ t❤❛t ✐♥ t❤❡ ❡①tr❛❝t❡❞ ♠❛tr✐①✱ ❛❧❧ ❝♦❧✉♠♥s ♠✉st s✉♠ t♦ 1✳
❚❤❡ ❢❛❝t t❤❛t ❜♦t❤ ❛❧❧ r♦✇s ❛♥❞ ❛❧❧ ❝♦❧✉♠♥s ♠✉st s✉♠ t♦ 1 ✇✐❧❧ ❜❡ ❛♥ ✐♠♣♦rt❛♥t
♣❛rt ♦❢ t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ❡①tr❛❝t❡❞ ♠❛tr✐① ♠✉st ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①✳

✶✼



❚❤❡♦r❡♠ ✷✳ ▲❡t p, 2K+1 < N ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ SISq,N,v,(N+1)·(
∑f

i=0 pi) ❤♦❧❞s✳

■❢ p ✐s ♦❞❞✱ t❤❡♥ ❧❡t 2K ≤ p
2 ✳ ■❢ p ✐s ❡✈❡♥✱ t❤❡♥ ❧❡t 2K ≤ p − 2✳ ▲❡t T =

min{2K , ( 85 )
f}✳ ❚❤❡ ♣r♦t♦❝♦❧ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸ ❤❛s ( 1

T + ϵ1)
κ + ϵ2✲✇✐t♥❡ss✲

❡①t❡♥❞❡❞✲❡♠✉❧❛t✐♦♥ ✇❤❡r❡ ϵ1 ❛♥❞ ϵ2 ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳

Pr♦♦❢ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✳
❖♥❡ ❝❛♥ ♣✐❝❦ p ❛♥❞ f ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ❙■❙✲❜♦✉♥❞ ❛♥❞ ❣❡t t❤❡ r❡s♣❡❝t✐✈❡

s♦✉♥❞♥❡ss ❡rr♦r ♦❢ ♦♥❡ r♦✉♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❛t✳
❋♦r ❡①❛♠♣❧❡✱ ✐❢ (N + 1)226✲❙■❙ ❤♦❧❞s✱ t❤❡♥ ♦♥❡ ❝❛♥ t❛❦❡ p = 18✱ K = 4✱

f = 6✱ ❝❤❡❝❦ t❤❛t (N + 1)
∑

i=0 18
i ≤ (N + 1)226 ❛♥❞ ♦❜t❛✐♥ t❤❛t ♦♥❡ r♦✉♥❞

♦❢ ❈❤❛❧❘❡s♣ ❤❛s ❛ s♦✉♥❞♥❡ss ❡rr♦r ♦❢ ≈ 1
16 ✳ ❚❤✉s t❤❡♥✱ ♦♥❡ ❝❛♥ t❛❦❡ κ = 1λ

4 ✳
■❢ (N + 1)255✲❙■❙ ❤♦❧❞s✱ t❤❡♥ ♦♥❡ ❝❛♥ t❛❦❡ p = 66✱ K = 6✱ f = 9✱ ❝❤❡❝❦ t❤❛t
(N + 1)

∑

i=0 66
i ≤ (N + 1)255 ❛♥❞ ♦❜t❛✐♥ t❤❛t ♦♥❡ r♦✉♥❞ ♦❢ ❈❤❛❧❘❡s♣ ❤❛s

❛ s♦✉♥❞♥❡ss ❡rr♦r ♦❢ ≈ 1
64 ✳ ❚❤✉s t❤❡♥✱ ♦♥❡ ❝❛♥ t❛❦❡ κ = 1λ

6 ✳ ❚♦ s✐♠♣❧✐❢② t❤❡
❛♥❛❧②s✐s ♦❢ ❡✣❝✐❡♥❝②✱ ✇❡ t❛❦❡ κ t♦ ❜❡ λ/4✳

❋✐♥❛❧❧②✱ ❜② t❤❡ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❍❱❩❑ ♦❢ t❤❡ s✉❜✲❛r❣✉♠❡♥ts✱ ✇❡ ♦❜t❛✐♥
s❡❝✉r✐t② ♦❢ t❤❡ ❢✉❧❧ s❤✉✤❡ ❛r❣✉♠❡♥t✳

❚❤❡♦r❡♠ ✸✳ ▲❡t κ = λ/4✳ ❚❤❡♥ t❤❡ s❤✉✤❡ ❛r❣✉♠❡♥t ✐♥ ❋✐❣✳ ✸ ✐s ♣❡r❢❡❝t❧②
❝♦♠♣❧❡t❡✱ (2−λ)✲❲❊❊ ❛♥❞ s♣❡❝✐❛❧ ❤♦♥❡st✲✈❡r✐✜❡r ③❡r♦✲❦♥♦✇❧❡❞❣❡✳

✹✳✹ ❊❧●❛♠❛❧ s❤✉✤❡

❙✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦✈❡r ✐♥st❡❛❞ ✇❛♥ts t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛♥ ❊❧●❛♠❛❧
s❤✉✤❡✳ ▲❡t RN,g,h

Elg ❜❡ t❤❡ s❤✉✤❡ r❡❧❛t✐♦♥ ❢♦r ❊❧❣❛♠❛❧ ❝✐♣❤❡rt❡①ts ❞❡✜♥❡s ❛s

RN,g,h
Elg =

{
(

(C = {(ci,1, ci,2)}Ni=1, Ĉ = {(ĉi,1, ĉi,2)}Ni=1), (π, {ri}Ni=1)
)

: π ∈ S∧
ci,1 = ĉπ(i),1 · grπ(i) ∧ ci,2 = ĉπ(i),2 · hrπ(i) ❢♦r i = 1, . . . , N

}

.

❲❡ ✇✐❧❧ ✐♥ t❤❡ ❛♣♣❡♥❞✐① s❤♦✇ t❤❛t ✉s✐♥❣ ❛♥ ❡①tr❛ r❛♥❞♦♠ ❝❤❛❧❧❡♥❣❡ η ❛♥❞
s❡tt✐♥❣ [wi] := ci,1c

η
i,2 ❛♥❞ [ŵi] := ĉi,1ĉ

η
i,2✱ ❛♥❞ t❤❡ ♥❡✇ ĥ ❛s ghη✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛

♣r♦♦❢✲♦❢✲s❤✉✤❡ ♦❢ ❝✐♣❤❡rt❡①ts ✇✐t❤ ♣r❛❝t✐❝❛❧❧② ♥♦ ❡①tr❛ ❝♦sts✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱
s❡❡ ❆♣♣❡♥❞✐① ❈✳✷✳

❚❤❡♦r❡♠ ✹✳ ▲❡t v ≥ 2✳ ▲❡t κ ≥ 2✳ ■❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s❤✉✤❡ ❛r❣✉♠❡♥t ❢♦r

❝♦♠♠✐t♠❡♥ts ❤❛s α✲❲❊❊✱ t❤❡♥ t❤❡ ❛r❣✉♠❡♥t ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✵ ✐s ❛ (α+ N2

q )✲
❲❊❊ ♣r♦♦❢✲♦❢✲s❤✉✤❡ ❢♦r ❊❧●❛♠❛❧ ❝✐♣❤❡rt❡①ts✳

✹✳✺ ❊✣❝✐❡♥❝②

❲❡ ❞✐s❝✉ss t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s✉❜✲❛r❣✉♠❡♥ts✱ ♦♥❡ r♦✉♥❞ ♦❢ t❤❡ s❤✉✤❡ ❛r❣✉♠❡♥t
✭✇✐t❤ ♥♦t✐❝❡❛❜❧❡ s♦✉♥❞♥❡ss ❡rr♦r✮✱ ❛♥❞ t❤❡ ❢✉❧❧ s❤✉✤❡ ❛r❣✉♠❡♥t ✭✇✐t❤ ♥❡❣❧✐❣✐❜❧❡
s♦✉♥❞♥❡ss ❡rr♦r✮ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳ ❋♦r ❛ s❤✉✤❡ ❛r❣✉♠❡♥t t❤❛t ❛❝❤✐❡✈❡s ♥♦t✐❝❡❛❜❧❡
s♦✉♥❞♥❡ss ✇✐t❤ s♦✉♥❞♥❡ss ❡rr♦r 1/16✱ ♦♥❡ ❝❛♥ t❛❦❡ Πscs ✇✐t❤ v = κ = 1✳ ❇❛s❡❞
♦♥ t❤❡ ❞✐s❝✉ss✐♦♥ ❢♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✷✱ t♦ ❛❝❤✐❡✈❡ ♥❡❣❧✐❣✐❜❧❡ s♦✉♥❞♥❡ss ✇✐t❤
s♦✉♥❞♥❡ss ❡rr♦r 2−λ ✇❡ ❝❛♥ t❛❦❡ v = 1 ❛♥❞ κ = λ/4 ❛ss✉♠✐♥❣ N ✐s ❧❛r❣❡✳

✶✽



Pr♦✈❡r({[wi]}
N
i=1, {[ŵi]}

N
i=1, h, g, ❱❡r✐✜❡r({[wi]}

N
i=1,

Zq,K, v,w = {π, {ri}
N
i=1}) {[ŵi]}

N
i=1, h, g,Zq,K, v)

(a1,1, a1,2 . . . , aN,v) (a1,1, a1,2 . . . , aN,v)←✩ Zq

H, {gi}
N
i=1, {ĥi}

N
i=1, {gi,k}

N,v
i=1,k=1 H, {gi}

N
i=1, {ĥi}

N
i=1, {gi,k}

N,v
i=1,k=1 ←✩ G

❇♦t❤ ❢♦r i ∈ [1, N ], k ∈ [1, v] :

[w
′

i,k]← hai,k [wi], ckk ← (ĥk, {gi,k}
N
i=1), ck← (h, {gi}

N
i=1)

ri,k ← ri − aπ−1(i),k ❢♦r i = 1, . . . , N

δ1, . . . , δk ←✩ Zq

Ck ← hδk

N
∏

i=1

g
ri,k
i

C1, . . . , Cv

Pr♦✈❡✿
(

(Ck,

∏N
t=1[ŵt]

(
∏N

j=1[wj ])h
∑

N
j=1 aj,k

, h, (1, . . . , 1)),

(ri,k, δk)
)

∈ Rck,N
in✲prod ❢♦r k ∈ [1, v]

❘❡♣❡❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ κ t✐♠❡s ✐♥ ♣❛r❛❧❧❡❧✱ ❜❛t❝❤❡❞✿

ChalResp(({[w
′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1, {[ŵi]}

N
i=1, h, g, ck,

Zq, [0, 2
K − 1], v, {Ck}

v
k=1, {ckk}

v
k=1)

(π, {ri}
N
i=1, {ri,k}

N,v
i=1,k=1, {δk}

v
k=1))

ChalResp(({[w
′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1, {[ŵi]}

N
i=1, h, g, ck

Zq, Pp,f , v, {Ck}
v
k=1, {ckk}

v
k=1),

(π, {ri}
N
i=1, {ri,k}

N,v
i=1,k=1, {δk}

v
k=1))

❆❝❝❡♣t ✐❢ ❛❧❧ ♣r♦♦❢s ❣♦ t❤r♦✉❣❤

❋✐❣✳ ✸✿ ❚❤❡ ❢✉❧❧ s❤✉✤❡ ❛r❣✉♠❡♥t Πscs✳

❍♦✇❡✈❡r✱ t♦ ❞✐r❡❝t❧② ✉s❡ ❚❤❡♦r❡♠ ✹ ✇❡ ✇✐❧❧ ❝♦♥s❡r✈❛t✐✈❡❧② t❛❦❡ v = 2 ❛♥❞ κ =
λ/4✳ ❲❡ ❧❡❛✈❡ ❛s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❤♦✇ t♦ ♣r♦✈❡ s♦✉♥❞♥❡ss ❢♦r s♠❛❧❧❡r ✈❛❧✉❡s ♦❢
v ❛♥❞ κ✳

◆♦t❡ t❤❛t t❤❡ ♣r♦✈❡r ❛♥❞ ✈❡r✐✜❡r ❝♦♠♣❧❡①✐t② ✐s ❞♦♠✐♥❛t❡❞ ❜② ♠✉❧t✐✲❡①♣♦♥❡♥t✐❛t✐♦♥s
♦❢ ✇✐❞t❤ N ✭♦r ♠♦r❡✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦♣t✐♠✐③❡❞ ✉s✐♥❣ P✐♣♣❡♥❣❡r✬s ❛❧❣♦r✐t❤♠ ❬✷✺❪
t♦ ❣❡t ❛ logN s♣❡❡❞✉♣✳ ❱❡r✐✜❡r✬s ❝♦♠♣❧❡①✐t② ✐s ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ♣r♦✈❡r✬s
❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ ❜❛t❝❤✐♥❣ t❡❝❤♥✐q✉❡s ♦♥ r❡♣❡t✐t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✳ ❆❞❞✐✲
t✐♦♥❛❧❧②✱ r❛♥❞♦♠ ✐♥t❡❣❡rs ❛♥❞ ❣r♦✉♣ ❡❧❡♠❡♥ts s❡♥t ❜② t❤❡ ✈❡r✐✜❡r ❝❛♥ ❜❡ r❡♣❧❛❝❡❞
❜② ❛ s✐♥❣❧❡ r❛♥❞♦♠ s❡❡❞ t❤❛t ✐s t❤❡♥ ❢❡❞ t♦ ❛ ♣s❡✉❞♦r❛♥❞♦♠ ❣❡♥❡r❛t♦r✳

✶✾



❆r❣✉♠❡♥t Pr♦✈❡r ✭❡①♣✮ ❱❡r✐✜❡r ✭❡①♣✮ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❈❘❙ s✐③❡

ΠN
KoE 3Nv 2N 2 log(Nv)×G (N + 1)×G

ΠN
samecom 6Nv 2N 2 log(Nv)×G (N + 1)×G

ΠN
samemes 3Nv 2N 2 log(Nv)×G (Nv+N+1)×G

ΠN
comrand 3Nv 2N 2 log(Nv)×G (N + 1)×G

Πin✲prod 3Nv 2N 2 log(Nv)×G (N + 1)×G

Π
Zq ,N,F
set ❬✶✵❪ 12Nv 2N 2 log(Nv)×G (N + 1)×G

ΠN
comsum 8Nv 2N 2 log(Nv)×G (N + 1)×G

❈❤❛❧❘❡s♣ 35Nv +N 12N 14 log(Nv)×G (Nv+N+1)×G

❇❛s✐❝ s❤✉✤❡
Πlite

scs

12Nκ+ 1 ❡①♣✳ 2N + 2 ❡①♣✳ 2N + 2 log(Nκ) +
2×G

(N + 1)×G

❋✉❧❧ s❤✉✤❡
Πscs

70Nvκ+N(v+3)
❡①♣✳

26N ❡①♣✳ 2N+28 log(Nvκ)×
G

2×G

❚❛❜❧❡ ✷✿ ❊✣❝✐❡♥❝② ♦❢ ♦✉r s❤✉✤❡ ❛r❣✉♠❡♥t ❛♥❞ v r✉♥s ♦❢ t❤❡ s✉❜✲❛r❣✉♠❡♥ts✳
❊①♣✳ st❛♥❞s ❢♦r ❡①♣♦♥❡♥t✐❛t✐♦♥s✱ ♣❛✐r✳ ❢♦r ♣❛✐r✐♥❣s✱ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉t
❝✐♣❤❡rt❡①ts✱ ❛♥❞ κ ✐s t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥s ♦❢ ❈❤❛❧❘❡s♣✳ ❈♦♥st❛♥t t❡r♠s ❛r❡
♥❡❣❧❡❝t❡❞✱ s❤✉✤✐♥❣ ✐s ✐♥❝❧✉❞❡❞ t♦ ♣r♦✈❡r✬s ❡✣❝✐❡♥❝②✱ ❛♥❞ s❤✉✤❡❞ ❝✐♣❤❡rt❡①ts ❛r❡
✐♥❝❧✉❞❡❞ t♦ ♣r♦♦❢ s✐③❡✳

✺ ❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥✱ ❙✐♥❣❛♣♦r❡ ✉♥✲
❞❡r ✐ts ❙tr❛t❡❣✐❝ ❈❛♣❛❜✐❧✐t② ❘❡s❡❛r❝❤ ❈❡♥tr❡s ❋✉♥❞✐♥❣ ■♥✐t✐❛t✐✈❡✳ ❆♥② ♦♣✐♥✐♦♥s✱
✜♥❞✐♥❣s ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ♦r r❡❝♦♠♠❡♥❞❛t✐♦♥s ❡①♣r❡ss❡❞ ✐♥ t❤✐s ♠❛t❡r✐❛❧ ❛r❡ t❤♦s❡
♦❢ t❤❡ ❛✉t❤♦r✭s✮ ❛♥❞ ❞♦ ♥♦t r❡✢❡❝t t❤❡ ✈✐❡✇s ♦❢ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥✱
❙✐♥❣❛♣♦r❡✳

❆✉t❤♦r ❚♦♦♠❛s ❑r✐♣s ✇❛s ♣❛rt❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❊st♦♥✐❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥✲
❝✐❧✱ ❊❚❆●✱ t❤r♦✉❣❤ ❣r❛♥t P❘● ✾✹✻✳
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❬✷✾❪ ❩✐♣♣❡❧✱ ❘✳✿ Pr♦❜❛❜✐❧✐st✐❝ ❛❧❣♦r✐t❤♠s ❢♦r s♣❛rs❡ ♣♦❧②♥♦♠✐❛❧s✳ ■♥✿ ❙②♠❜♦❧✐❝
❛♥❞ ❆❧❣❡❜r❛✐❝ ❈♦♠♣✉t❛t✐♦♥✿ ❊❯❘❖❙▼✬✼✾✱ ❆♥ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠
♦♥ ❙②♠❜♦❧✐❝ ❛♥❞ ❆❧❣❡❜r❛✐❝ ▼❛♥✐♣✉❧❛t✐♦♥✱ ▼❛rs❡✐❧❧❡✱ ❋r❛♥❝❡✱ ❏✉♥❡ ✶✾✼✾ ✷✳
♣♣✳ ✷✶✻✕✷✷✻✳ ❙♣r✐♥❣❡r ✭✶✾✼✾✮

✷✸



❆ ❖♠✐tt❡❞ Pr❡❧✐♠✐♥❛r✐❡s

❆✳✶ ❙❝❤✇❛rt③✲❩✐♣♣❡❧ ▲❡♠♠❛

▲❡♠♠❛ ✷ ✭❙❝❤✇❛rt③✲❩✐♣♣❡❧ ❧❡♠♠❛ ❬✷✻✱✷✾❪✮✳ ▲❡t f(X1, . . . , Xn) ❜❡ ❛ ♥♦♥✲
③❡r♦ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ F ❛♥❞ ❧❡t S ⊆ F✳ ❚❤❡♥✱

Pr[f(x1, . . . , xn) = 0 : x1, . . . , xn ←✩ S] ≤ d

|S| .

❆✳✷ ❩❡r♦✲❑♥♦✇❧❡❞❣❡ ❆r❣✉♠❡♥t

▲❡t Pgen ❜❡ ❛ PP❚ ♣❛r❛♠❡t❡r ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ♦♥ ✐♥♣✉t 1λ ♦✉t♣✉ts
p ✭❡✳❣✳✱ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ♦r s♦♠❡ ♦t❤❡r s❡t✉♣ ♣❛r❛♠❡t❡rs✮✳ ❆ ③❡r♦✲
❦♥♦✇❧❡❞❣❡ ❛r❣✉♠❡♥t ♦❢ ❦♥♦✇❧❡❞❣❡ ❢♦r ❛ r❡❧❛t✐♦♥ R ✐s ❛ t✉♣❧❡ ♦❢ ❡✣❝✐❡♥t ❛❧✲
❣♦r✐t❤♠s (Pgen,P,V) t❤❛t s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ♦❢ ♣❡r❢❡❝t ❝♦♠♣❧❡t❡♥❡ss✱ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥✱ ❛♥❞ ♣❡r❢❡❝t s♣❡❝✐❛❧ ❤♦♥❡st ✈❡r✐✜❡r ③❡r♦✲
❦♥♦✇❧❡❞❣❡✱ ❞❡✜♥❡❞ ❜❡❧♦✇✳ Pr♦✈❡r ❛❧❣♦r✐t❤♠ P ❛♥❞ ✈❡r✐✜❡r ❛❧❣♦r✐t❤♠ V ❛r❡ ✐♥t❡r✲
❛❝t✐✈❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡✐r ♣r♦t♦❝♦❧ tr❛♥s❝r✐♣t ❜② tr← ⟨P(p, x,w),V(x)⟩
✇❤❡r❡ (x,w) ∈ R ❛♥❞ p ∈ Pgen(1λ)✳ ❲❡ ✇r✐t❡ ⟨P(p, x,w),V(x)⟩ = 1 t♦ ❞❡♥♦t❡
t❤❛t ✈❡r✐✜❡r ♦✉t♣✉ts 1 ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥✳ ■♥t❡r❛❝t✐♦♥s ✇✐t❤ ❛♥ ❛❞✈❡r✲
s❛r② ❢♦❧❧♦✇ ❛ s✐♠✐❧❛r ♥♦t❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹ ✭P❡r❢❡❝t ❝♦♠♣❧❡t❡♥❡ss✮✳ ❆♥ ❛r❣✉♠❡♥t ✐s ♣❡r❢❡❝t❧② ❝♦♠♣❧❡t❡ ✐❢
❢♦r ❛♥② (x,w) ∈ R✱

Pr
[

p← Pgen(1λ) : ⟨P(p, x,w),V(p, x)⟩ = 1
]

= 1.

❉❡✜♥✐t✐♦♥ ✺ ✭❲✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥✮✳ ❆♥ ❛r❣✉♠❡♥t ❤❛s ✇✐t♥❡ss✲
❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥ ✇✐t❤ ❦♥♦✇❧❡❞❣❡ ❡rr♦r κ✱ ❞❡♥♦t❡❞ κ✲❲❊❊✱ ✐❢ t❤❡r❡ ❡①✐sts ❛
PP❚ ❡①tr❛❝t♦r Ext s✉❝❤ t❤❛t ❢♦r ❛♥② PP❚ A✱ |εwe0 − εwe1 | ≤ κ(1λ)✱ ✇❤❡r❡

εwe0 = Pr
[

p← Pgen(1λ), (x, state)← A(p), tr← ⟨A(state),V(p, x)⟩ : A(state, tr) = 1
]

,

εwe1 = Pr

[

p← Pgen(1λ), (x, state)← A(p), (tr,w)← ExtA(state)(p, x) :
A(state, tr) = 1 ∧ ✐❢ tr ✐s ❛❝❝❡♣t✐♥❣ t❤❡♥ (x,w) ∈ R

]

.

❉❡✜♥✐t✐♦♥ ✻✳ ❆♥ ❛r❣✉♠❡♥t ❤❛s s♣❡❝✐❛❧ ❤♦♥❡st✲✈❡r✐✜❡r ③❡r♦✲❦♥♦✇❧❡❞❣❡ ✭❙❍❱❩❑✮
✐❢ t❤❡r❡ ❡①✐sts PP❚ s✐♠✉❧❛t♦r Sim s✉❝❤ t❤❛t ❢♦r ❛♥② ❛❞✈❡rs❛r② A✱ |εzk0 − εzk1 | ≤
negl(λ)✱ ✇❤❡r❡

εzk0 = Pr

[

p← Pgen(1λ), (x,w, r, state)← A(p), tr← ⟨P(p, x,w),V(p, x; r)⟩ :
(x,w) ∈ R ∧A(tr, state) = 1

]

,

εzk1 = Pr

[

p← Pgen(1λ), (x,w, r, state)← A(p), tr← Sim(p, x, r) :
(x,w) ∈ R ∧A(tr, state) = 1

]

.

◆♦t❡ t❤❛t ✇❡ ❛❧❧♦✇ A t♦ ❝❤♦♦s❡ r❛♥❞♦♠ ❝♦✐♥s r ♦❢ t❤❡ ✈❡r✐✜❡r✳

✷✹



▼♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t ❛♥ ❛r❣✉♠❡♥t ✐s ♣✉❜❧✐❝ ❝♦✐♥ ✐❢ ❛❧❧ ♦❢ ✈❡r✐✜❡r✬s ♠❡ss❛❣❡s
❛r❡ ✉♥✐❢♦r♠❧② r❛♥❞♦♠ ❜✐t✲str✐♥❣s✳ ❚❤✐s ✐s ✉s❡❢✉❧ s✐♥❝❡ ✐t ❛❧❧♦✇s t♦ ♠❛❦❡ t❤❡
❛r❣✉♠❡♥t ♥♦♥✲✐♥t❡r❛❝t✐✈❡ ✇✐t❤ t❤❡ ❋✐❛t✲❙❤❛♠✐r ❤❡✉r✐st✐❝✳

◆♦t❡ t❤❛t ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥✲
❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦r❡ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❦♥♦✇❧❡❞❣❡ s♦✉♥❞♥❡ss ❛♥❞ s♣❡❝✐❛❧
s♦✉♥❞♥❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ▲✐♥❞❡❧❧ ❬✷✸❪ s❤♦✇❡❞ t❤❛t ✐❢ ❛♥ ❛r❣✉♠❡♥t ✐s ❦♥♦✇❧❡❞❣❡
s♦✉♥❞ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❦♥♦✇❧❡❞❣❡ ❡rr♦r✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✲
✉❧❛t♦r ❢♦r t❤❡ ❛r❣✉♠❡♥t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ●r♦t❤ ❬✷✵❪ s❤♦✇❡❞ t❤❛t ✇✐t♥❡ss✲❡①t❡♥❞❡❞
❡♠✉❧❛t✐♦♥ ✐s ✐♠♣❧✐❡❞ ❜② s♣❡❝✐❛❧ s♦✉♥❞♥❡ss✳

❆✳✸ ❈♦♠♣r❡ss❡❞ ❙✐❣♠❛ Pr♦t♦❝♦❧s

❲❡ ❝❛♥ ✉s❡ ❝♦♠♣r❡ss❡❞ s✐❣♠❛ ♣r♦t♦❝♦❧ t❤❡♦r② ❬✺❪ t♦ tr❛♥s❢♦r♠ ❛ s✐❣♠❛ ♣r♦t♦❝♦❧
✇✐t❤ O(N) s✐③❡ ❧❛st ♠❡ss❛❣❡ t♦ ♦♥❡ ✇✐t❤ O(logN) s✐③❡✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t ✐♥
♠❛♥② ❙✐❣♠❛ ♣r♦t♦❝♦❧s t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❡q✉❛t✐♦♥ ❛♣♣❧✐❡s s♦♠❡ ❧✐♥❡❛r ♠❛♣ t♦ t❤❡
❧❛st ♠❡ss❛❣❡ z✳ ❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ s❡♥❞✐♥❣ z✱ t❤❡ ♣r♦✈❡r ❝❛♥ ♣r♦✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢
z ✇❤✐❝❤ s❛t✐s✜❡s ✈❡r✐✜❝❛t✐♦♥✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(logN) ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦♠♣❧❡①✐t② ✉s✐♥❣ t❤❡ r❡❝✉rs✐♦♥ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❇✉❧❧❡t♣r♦♦❢s ❬✶✵❪✳

▲❡t ck = (h, g1, . . . , gn) ❜❡ ❛ P❡❞❡rs❡♥ ❝♦♠♠✐t♠❡♥t ❦❡②✳ ▲❡t M : ZN
p → Zp

❜❡ ❛ ❧✐♥❡❛r ♠❛♣✳ ❲❡ ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥ ❢♦r ❧✐♥❡❛r ♠❛♣s ❛s ❢♦❧❧♦✇s✿

Rck,N
Lin =

{

(

(c,M), e ∈ Z
N
p

)

: c = hM(e)
N
∏

i=1

geii

}

.

▲✐♥❡❛r ♠❛♣ ❛r❣✉♠❡♥t ♦❢ ❬✺❪✳

▲❡t ML : Z
N/2
p → Zp ❛♥❞ MR : Z

N/2
p → Zp ❜❡ t❤❡ ❧✐♥❡❛r ♠❛♣s ML(X) =

M(X∥0N/2) ❛♥❞MR(X) =M(0N/2∥X)✳ ❈❧❡❛r❧②✱ ❢♦r ❛♥② x,y ∈ Z
N/2
p ✱ ✐t ❤♦❧❞s

t❤❛tML(x) +MR(y) =M(x∥y)✳
■♥ ❋✐❣✳ ✹✱ ✇❡ r❡❝❛❧❧ t❤❡ ❧✐♥❡❛r ♠❛♣ ❛r❣✉♠❡♥t ♦❢ ❬✺❪ ✇✐t❤ ♣r♦♦❢ s✐③❡ ♦❢ O(logN)✳

❚❤❡ ❛r❣✉♠❡♥t ✐s ♥♦t ③❡r♦✲❦♥♦✇❧❡❞❣❡ ✭♦r ❡✈❡♥ ❤♦♥❡st ✈❡r✐✜❡r ③❡r♦✲❦♥♦✇❧❡❞❣❡✮✱
❜✉t ✐t ❤❛s ❦♥♦✇❧❡❞❣❡ s♦✉♥❞♥❡ss ❛♥❞ ❧♦❣❛r✐t❤♠✐❝ ♣r♦♦❢ s✐③❡✳ ■♥ ♦✉r ❝❛s❡✱ ③❡r♦✲
❦♥♦✇❧❡❞❣❡ ✐s ♥♦t ✐♠♣♦rt❛♥t s✐♥❝❡ t❤❡ ❧❛st ♠❡ss❛❣❡ z ✐s ♣✉❜❧✐❝ ✐♥ ❛ ❙✐❣♠❛ ♣r♦t♦❝♦❧✳

❇ ❋✉❧❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❙✉❜✲❛r❣✉♠❡♥ts

❇✳✶ ❑♥♦✇❧❡❞❣❡ ♦❢ ❝♦♠♠✐tt❡❞ ♠❡ss❛❣❡ ❛r❣✉♠❡♥t

❚❤❡ ❛r❣✉♠❡♥t ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺ ♣r♦✈❡s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♠❡ss❛❣❡ ❛♥❞ r❛♥❞♦♠✲
♥❡ss ✉s❡❞ ✐♥ ❛ ❝♦♠♠✐t♠❡♥t✱ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s r❡❧❛t✐♦♥ Rck,N

KoE ✳

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ❛r❣✉♠❡♥tΠck,N
KoE ✐s ♣❡r❢❡❝t❧② ❝♦♠♣❧❡t❡✱ s♣❡❝✐❛❧ s♦✉♥❞✱

❛♥❞ ♣❡r❢❡❝t❧② ❙❍❱❩❑✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✐♠✉❧❛t♦r ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

✷✺



Pr♦✈❡r
(

(c,M), e
)

❱❡r✐✜❡r(c,M)

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ■❢ |e| = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

e = e ❈❤❡❝❦ hM(e)ge1
?
= c

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ■❢ |e| > 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

eL ← (e1, . . . , eN/2)

eR ← (e(N/2)+1, . . . , eN )

u← hMR(eL)

N/2
∏

i=1

g
eL,i

(N/2)+i

v ← hML(eR)

N/2
∏

i=1

g
eR,i

i
u, v

x x←✩ Zq

ex ← eL + x · eR

❇♦t❤✿ c′ ← u · cx · vx
2

Mc(X)← c · ML(X) +MR(X)

ckx ← (gx1 g(N/2)+1, ..., g
x
N/2gN )

❘❡❝✉s✐✈❡❧② ♣r♦✈❡ ((c′,Mc), ec) ∈ R
ckx,N/2
Lin

❋✐❣✳ ✹✿ ❆r❣✉♠❡♥t Πck,N
Lin ❢♦r r❡❧❛t✐♦♥ Rck,N

Lin ✳

Pr♦✈❡r(ck, c,w = (e, {ei}
N
i=1)) ❱❡r✐✜❡r(ck, c)

(r, r)←✩ Z
N+1
q

a← hr
N
∏

i=1

grii
a

x x←✩ Zq

z ← e · x+ r

z← e · x+ r z, z ❈❤❡❝❦ hz
N
∏

i=1

gzii
?
= cx · a

❋✐❣✳ ✺✿ ❆r❣✉♠❡♥t Πck,N
KoE ❢♦r r❡❧❛t✐♦♥ Rck,N

KoE ✳

✷✻



SimKoE(ck = (h,g), c)

(c, z, z)←✩ Z
N+2
q

a← (hz
N
∏

i=1

gzii )/cx

❘❡t✉r♥ (a, c, z, z)

❇✳✷ ■♥♥❡r ♣r♦❞✉❝t ❛r❣✉♠❡♥t

❚❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❛r❣✉♠❡♥t ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳

❚❤❡♦r❡♠ ✺✳ ❆r❣✉♠❡♥t ✐♥ ❋✐❣✳ ✻ ❢♦r t❤❡ r❡❧❛t♦✐♥ Rck,N
in✲prod ✐s ❝♦♠♣❧❡t❡✱ s♣❡❝✐❛❧❧②

s♦✉♥❞✱ ❛♥❞ s♣❡❝✐❛❧ ❤♦♥❡st ✈❡r✐✜❡r ③❡r♦✲❦♥♦✇❧❡❞❣❡✳

Pr♦♦❢✳ ✭P❡r❢❡❝t ❝♦♠♣❧❡t❡♥❡ss✮✳ ❚❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❡q✉❛t✐♦♥ hz
∏N

i=1 g
zi
i =

acy ✐s t❤❡ s❛♠❡ ❛s ✐♥ ΠKoE ✳ ■❢ t❤❡ ♣r♦✈❡r ✐s ❤♦♥❡st✱ t❤❡ ♦t❤❡r ❡q✉❛❧✐t② ✐s ❛❧s♦
❡❛s② t♦ ♣r♦✈❡✿

âĉy = H
∑N

i=1 biri ·
(

H
∑N

i=1 bixi
)y

= H
∑N

i=1 bi(ri+yxi) = H
∑N

i=1 bizi .

✭❙♣❡❝✐❛❧ ❙♦✉♥❞♥❡ss✮✳ ▲❡t (a, â, y, z, z) ❛♥❞ (a, â, y′, z′, z′) ❜❡ t✇♦ ❛❝❝❡♣t✐♥❣
tr❛♥s❝r✐♣ts ❢♦r y ̸= y′✳ ❚❤❛t ✐s

hz
N
∏

i=1

gzii = acy, hz′

N
∏

i=1

g
z′

i

i = acy
′

❛♥❞
H

∑N
i=1 bizi = âĉy, H

∑N
i=1 biz

′

i = âĉy
′

.

❚❤❡♥ ❜② ❞✐✈✐❞✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥

hz−z′

N
∏

i=1

g
zi−z′

i

i = cy−y′

, H
∑N

i=1 bi(zi−z′

i) = ĉy−y′

.

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

h
z−z′

y−y′

N
∏

i=1

g
zi−z′i
y−y′

i = c, H
∑N

i=1 bi(
zi−z′i
y−y′ )

= ĉ.

❍❡♥❝❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①tr❛❝t ❛ ✇✐t♥❡ss δ = z−z′

y−y′ ✱ xi =
zi−z′

i

y−y′ ❢♦r i = 1, . . . , N ✳

✭P❡r❢❡❝t ❙❍❱❩❑✮✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ s✐♠✉❧❛t♦r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t y ←✩ Zp✳

❚❤❡ s✐♠✉❧❛t♦r ♣✐❝❦s z ←✩ Z
N
p ❛♥❞ z ←✩ Zp✳ ■t t❤❡♥ s❡ts a ←

(

hz
∏N

i=1 g
zi
i

)

/cy

❛♥❞ â←
(

H
∑N

i=1 bizi
)

/ĉy✳
❊❧❡♠❡♥ts z✱ z ❛r❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② r❛♥❞♦♠❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❥✉st ❛s ✐♥

t❤❡ r❡❛❧ ♣r♦t♦❝♦❧✳ ◆♦✇ t❤❡r❡ ❛r❡ ✉♥✐q✉❡ a, â t❤❛t ♣❛ss t❤❡ ✈❡r✐✜❝❛t✐♦♥✳ ❚❤✉s✱
s✐♠✉❧❛t❡❞ ♣r♦♦❢ ✐s ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ t❤❡ r❡❛❧ ♣r♦♦❢✳ ⊓⊔

✷✼



Pr♦✈❡r
(

(c, ĉ, H,b), (x, δ)
)

❱❡r✐✜❡r(c, ĉ, H,b)

r←✩ Z
N
p , r ←✩ Zp

a← hr
N
∏

i=1

grii , â← H
∑N

i=1 biri a, â

y y ←✩ Zq

z← yx+ r, z ← ye+ r z, z hz
N
∏

i=1

gzii
?
= acy

H
∑N

i=1 bizi ?
= âĉy

❋✐❣✳ ✻✿ ❆r❣✉♠❡♥t Πck,N
in✲prod ❢♦r r❡❧❛t✐♦♥ Rck,N

in✲prod✳

Pr♦✈❡r ❱❡r✐✜❡r

((h, {wj}
N
j=1, h̄, {gj}

N
j=1, ρ, τ), (h, {wj}

N
j=1, h̄, {gj}

N
j=1, ρ, τ)

w = (e1, . . . , eN , r))

r←✩ Z
N+1
p ;

a1 ← hrN+1

N
∏

j=1

w
rj
j ;

a2 ← hrN+1

N
∏

i=1

g
rj
j ; a1, a2

c c←✩ Z
∗

q

z← r+ c ·w z hzN+1

N
∏

i=1

wzi
j

?
= a1 · ρ

c

h̄zN+1

N
∏

i=1

gzij
?
= a2 · τ

c

❋✐❣✳ ✼✿ ❚❤❡ ❛r❣✉♠❡♥t ΠN
samecom ❢♦r r❡❧❛t✐♦♥ RN

samecom s❤♦✇✐♥❣ t❤❛t t✇♦ ❝♦♠♠✐t♠❡♥ts
❛r❡ ❡q✉❛❧✳

✷✽



❇✳✸ ❙❛♠❡✲▼❡ss❛❣❡ ❆r❣✉♠❡♥t

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ❛r❣✉♠❡♥t ΠN
samecom ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✼ ✐s ♣❡r❢❡❝t❧② ❝♦♠✲

♣❧❡t❡✱ ❤❛s ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❦♥♦✇❧❡❞❣❡ ❡rr♦r ❛♥❞ ✐s ❛
♣❡r❢❡❝t ❙❍❱❩❑ ❛r❣✉♠❡♥t ♦❢ t❤❡ r❡❧❛t✐♦♥ RN

samecom✳

Pr♦♦❢✳ P❡r❢❡❝t ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ ❛r❣✉♠❡♥t ✐s tr✐✈✐❛❧✳
✭P❡r❢❡❝t ❙❍❱❩❑✮✳ P❡r❢❡❝t ❙❍❱❩❑ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣❡r❢❡❝t ❙❍❱❩❑ ♦❢ ΠKoE ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❧❡t SimKoE ❜❡ t❤❡ s✐♠✉❧❛t♦r ❢♦r ΠKoE ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳
❚❤❡♥ t❤❡ s✐♠✉❧❛t♦r ❢♦r ΠN

samecom ✇♦r❦s ❛s ❢♦❧❧♦✇s✿

Simsamecom(ck = (h,w, h̄,g), ρ, τ)

z←✩ Z
N+1
q

c←✩ Z
∗

q

a1 ← (hzN+1

N
∏

i=1

wzi
j )/ρc

a2 ← (h̄zN+1

N
∏

i=1

gzij )/τ c

❘❡t✉r♥ (a1, a2, c, z)

❚❤❡ ♦✉t♣✉t ♦❢ Simsamecom ❤❛s ✐❞❡♥t✐❝❛❧ ❞✐str✐❜✉t✐♦♥ t♦ ΠN
samecom✳

✭❲✐t♥❡ss ❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥✮✳ ❇② r❡✇✐♥❞✐♥❣✱ ❛♥ ❡①tr❛❝t♦r ❝❛♥ ♦❜t❛✐♥ t✇♦
❛❝❝❡♣t✐♥❣ tr❛♥s❝r✐♣ts (a1, a2, c, z) ❛♥❞ (a1, a2, c

′, z′)✱ ✇❤❡r❡ z = r + c · w✱ z′ =

r′ + c′ ·w✱ ❛♥❞ c ̸= c′✳ ❍❡♥❝❡ t❤❡ ❡①tr❛❝t♦r ♦❜t❛✐♥s w = z−z
′

c−c′ ✳ ⊓⊔

❇✳✹ ❙❛♠❡ ❘❛♥❞♦♠♥❡ss ❆r❣✉♠❡♥t

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ RN
comrand ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ RN

samecom ✇✐t❤
{wj}Nj=1 = 1✳ ❍❡♥❝❡✱ ✇❡ ♦♠✐t t❤❡ s❡❝✉r✐t② ♣r♦♦❢ ❢♦r ΠN

comrand✱ ❛♥❞ s❤♦✇ ✐t
✐♥ ❋✐❣✳ ✽ ❢♦r ❝♦♠♣❧❡t❡♥❡ss s❛❦❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❛r❣✉♠❡♥t ΠN
comrand ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✽ ✐s ♣❡r❢❡❝t❧② ❝♦♠♣❧❡t❡✱

❤❛s ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❦♥♦✇❧❡❞❣❡ ❡rr♦r ❛♥❞ ✐s ❛ ♣❡r❢❡❝t
❙❍❱❩❑ ❛r❣✉♠❡♥t ♦❢ t❤❡ r❡❧❛t✐♦♥ RN

comrand✳

❇✳✺ ❲❡✐❣❤t❡❞ ❙✉♠ ❆r❣✉♠❡♥t

Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t ĥ, g1, . . . , gN , Ĥ, Ĝ ∈ G ❜❡ s✉❝❤ t❤❛t ✜♥❞✐♥❣ ❛♥② ♥♦♥tr✐✈✐❛❧
❉▲❘❊▲s ❜❡t✇❡❡♥ t❤❡♠ ✐s ❤❛r❞✳ ▲❡tΠN

samecom ❛♥❞ ΠN
KoE ❤❛✈❡ ✇✐t♥❡ss✲❡①t❡♥❞❡❞

❡♠✉❧❛t✐♦♥ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❦♥♦✇❧❡❞❣❡ ❡rr♦r ❛♥❞ ❜❡ s♣❡❝✐❛❧ ❤♦♥❡st✲✈❡r✐✜❡r ③❡r♦✲
❦♥♦✇❧❡❞❣❡✳ ❚❤❡♥ t❤❡ ❛r❣✉♠❡♥t ΠN

comsum ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✾ ✐s ❛❧s♦ ❙❍❱❩❑ ❛♥❞
❤❛s ✇✐t♥❡ss✲❡①t❡♥❞❡❞ ❡♠✉❧❛t✐♦♥ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❦♥♦✇❧❡❞❣❡ ❡rr♦r✳

Pr♦♦❢✳ ▲❡t ✉s ❡①tr❛❝t t❤❡ ✈❛❧✉❡s (r′, e′1, . . . , e
′
N ) ❢r♦♠ t❤❡ RN

samecom ♣r♦t♦❝♦❧ ❛♥❞
t❤❡ ✈❛❧✉❡ r′′ ❢r♦♠ t❤❡ ❑♦❊ ♣r♦t♦❝♦❧✳ ❲❡ t❤✉s ❤❛✈❡ t❤❛t

σ

Ĝv
= Ĥr′′

✷✾



Pr♦✈❡r ❱❡r✐✜❡r

((H, h̄, {gj}
N
j=1, ρ, τ), (H, h̄, {gj}

N
j=1, ρ, τ)

w = (e1, . . . , eN , r))

r←✩ Z
N+1
p ;

a1 ← HrN+1 ;

a2 ← hrN+1

N
∏

i=1

g
rj
j ; a1, a2

c c←✩ Z
∗

q

z← r+ c ·w z HzN+1 ?
= a1 · ρ

c

h̄zN+1

N
∏

i=1

gzij
?
= a2 · τ

c

❋✐❣✳ ✽✿ ❚❤❡ ❛r❣✉♠❡♥t ΠN
comrand ❢♦r r❡❧❛t✐♦♥ RN

comrand s❤♦✇✐♥❣ t❤❛t t❤❡ r❛♥❞♦♠♥❡ss ♦❢
❛ ❝♦♠♠✐t♠❡♥t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ ❛ ❣✐✈❡♥ ✈❛❧✉❡✳

Pr♦✈❡r((ĥ, g1, . . . , gN ∈ G, a1, . . . , aN , ❱❡r✐✜❡r(((ĥ, g1, . . . , gN ∈ G,

a1, . . . , aN , v ∈ Zq, τ, Ĥ, Ĝ))

v ∈ Zq, τ, Ĥ, Ĝ),w = {r, e1, . . . , eN ∈ Zq})

σ ← Ĥr
N
∏

j=1

(Ĝaj )ej σ

Pr♦✈❡✿
(

(Ĥ, Ĝa1 , . . . , ĜaN , ĥ, g1, . . . , gN , σ, τ),

(r, e1, . . . , eN ∈ Zq)
)

∈ RN
samecom

Pr♦✈❡✿
(

(Ĥ,
σ

Ĝv
), (r)

)

∈ RKoE

❆❝❝❡♣t ✐❢ t❤❡ ♣r♦♦❢s ❣♦ t❤r♦✉❣❤

❋✐❣✳ ✾✿ ❚❤❡ ❛r❣✉♠❡♥t s❤♦✇✐♥❣ t❤❛t t❤❡ ✭✇❡✐❣❤t❡❞✮ s✉♠ ♦❢ ❝♦♠♠✐t♠❡♥ts ✐s ❡q✉❛❧ t♦ ❛
❣✐✈❡♥ ✈❛❧✉❡✳
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❛♥❞

σ = Ĥr′
N
∏

j=1

(Ĝaj )e
′

j = Ĥr′Ĝ
∑N

j=1 ajej .

❚❤✉s ✇❡ ❣❡t t❤❛t

Ĥr′′Ĝv = Ĥr′Ĝ
∑N

j=1 ajej .

❇② t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♥♦ ♥♦♥tr✐✈✐❛❧ ❉▲❖● r❡❧❛t✐♦♥s ❛r❡ ❦♥♦✇♥✱ ✇❡ ❤❛✈❡ t❤❛t
r′′ = r′ ❛♥❞ v =

∑N
j=1 ajej ✳ ⊓⊔

❇✳✻ ❆r❣✉♠❡♥t s❤♦✇✐♥❣ s❛♠❡ ♠❡ss❛❣❡ ✐♥ s❡✈❡r❛❧ ❝♦♠♠✐t♠❡♥ts

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✱ RN
samemes ✐s ❛ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ RN

samecom ✇❤❡r❡ 2
❝♦♠♠✐t♠❡♥ts ❜❡❝♦♠❡s v ❝♦♠♠✐t♠❡♥ts✳ ❍❡♥❝❡✱ ✇❡ ♦♠✐t t❤❡ ❛r❣✉♠❡♥t ❞❡♣✐❝t✐♦♥
❛♥❞ t❤❡ s❡❝✉r✐t② ♣r♦♦❢ ❢♦r ΠN

samemes✳

❈ ❆❞❞✐t✐♦♥❛❧ ▲❡♠♠❛s ❛♥❞ Pr♦♦❢s

❈✳✶ ❋✉❧❧ ♣r♦♦❢s ❛♥❞ ♠✐ss✐♥❣ ♣r♦♦❢s ❢r♦♠ t❤❡ ♠❛✐♥ ❜♦❞②

▲❡♠♠❛ ✸✳ ▲❡t F ⊂ Zq ❤❛✈❡ ♣♦❧②♥♦♠✐❛❧ s✐③❡✱ ❛♥❞ ❧❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ▲❡t
P ❜❡ ❛ ♣r♦t♦❝♦❧ ❜❡t✇❡❡♥ ♣r♦✈❡r P ❛♥❞ ✈❡r✐✜❡r V ✇❤❡r❡ t❤❡ ✜rst ♠❡ss❛❣❡ ♦❢ V ✐s ❛
r❛♥❞♦♠❧② ❝❤♦s❡♥ ❝❤❛❧❧❡♥❣❡ (a1, . . . , ak) ∈ F k✳ ▲❡t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t V ❛❝❝❡♣ts
❜❡ ❛t ❧❡❛st 1

|F | + ε ✇❤❡r❡ ε ✐s ♥♦♥✲♥❡❣❧✐❣✐❜❧❡✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛ ❣✐✈❡♥ ❝❤❛❧❧❡♥❣❡

(a1, . . . , ak) t❤❡ ✈❡r✐✜❡r ❡✐t❤❡r ❛❝❝❡♣ts ♦r r❡❥❡❝ts ✐♥ ❡①♣❡❝t❡❞ t✐♠❡ t✳ ❚❤❡♥ t❤❡r❡

✐s ❛♥ ❛❧❣♦r✐t❤♠ E ′ t❤❛t ❢♦r ❛♥② t ∈ [1, k]✱ r✉♥s ✐♥ ❡①♣❡❝t❡❞ t✐♠❡ |F |2

ε t t❤❛t ✜♥❞s
t✇♦ ❝❤❛❧❧❡♥❣❡s (a1, . . . , ak) ❛♥❞ (a′1, . . . , a

′
k) ✇❤❡r❡ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts ❢♦r ❜♦t❤ ♦❢

t❤❡♠ ❛♥❞ ✇❤❡r❡ (a1, . . . , ak) ❛♥❞ (a′1, . . . , a
′
k) ❞✐✛❡r ♦♥❧② ❛t ♣♦s✐t✐♦♥ t✳

Pr♦♦❢✳ ❚❤❡ str❛t❡❣② ♦❢ E ′ ✇♦✉❧❞ ❜❡ s✐♠♣❧② ♣✐❝❦✐♥❣ (a1, . . . , at−1, at+1, . . . , ak) ❛t
r❛♥❞♦♠✱ ❛♥❞ t❤❡♥ t❡st✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ✐♥ F t♦ s❡❡ ✇❤❡t❤❡r t❤❡r❡ ❛r❡ ❛t ❧❡❛st
t✇♦ ♣♦ss✐❜❧❡ ❛❝❝❡♣t✐♥❣ ✈❛❧✉❡s ❢♦r ai✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ E ′ ✇♦✉❧❞ ♣✐❝❦ ❛ ♥❡✇
s❡t (a1, . . . , at−1, at+1, . . . , ak) ❛t r❛♥❞♦♠✱ ❛♥❞ r❡♣❡❛t✱ ✉♥t✐❧ t❤❡ ❞❡s✐r❡❞ ♦❜❥❡❝t ✐s
♦❜t❛✐♥❡❞✳ ▲❡t ✉s ♥♦✇ ❛♥❛❧②③❡ t❤❡ ❡①♣❡❝t❡❞ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳

▲❡t ✉s ✜① t❤❡ r❛♥❞♦♠ ❝♦✐♥ ✉s❡❞ ❜② P ❛♥❞ V ❛❢t❡r (a1, . . . , ak) ✐s ❝❤♦s❡♥✳ ❚❤❡♥✱
❢♦r ❛♥② (a1, . . . , ak)✱ t❤❡ ✈❡r✐✜❡r ❛❝❝❡♣ts ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❡✐t❤❡r 0 ♦r 1✳

▲❡t ✉s ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ (k−1)✲t✉♣❧❡s ♦❢ ❡❧❡♠❡♥ts (a1, . . . , at−1, at+1, . . . , ak)
❢r♦♠ F ✇❤❡r❡ t❤❡r❡ ❡①✐st ❡①❛❝t❧② r ✈❛❧✉❡s ❢♦r at s✉❝❤ t❤❛t ✐♥ P✱ (a1, . . . , at−1, at, at+1, . . . , ak)
✐s ❛♥ ❛❝❝❡♣t✐♥❣ ❛r❣✉♠❡♥t✱ ❜② vr✳ ❚❤❛t ✐s✱

vr := |{(a1, . . . , at−1, at+1, . . . , ak) ∈ F k−1 : (∃rat s✳t✳ (a1, . . . , ak) ✐s ❛❝❝❡♣t❡❞)}|.

❲❡ ♥♦✇ ♥♦t❡ t❤❛t
∑|F |

r=0 vr = F k−1 ❛♥❞ t❤❛t

∑|F |
r=0 rvr
|F |k =

1

|F | + ε,
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❛s ✇❡ ❛r❡ s✐♠♣❧② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝❝❡♣t✐♥❣ ✐♥♣✉ts ✐♥ t❤❡ ♥✉♠❡r❛t♦r✳

❙✉♣♣♦s❡ t❤❛t

∑|F |
r=2 vr

∑|F |
r=0 vr

< ε
|F | ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

1

|F |+ε =

∑|F |
r=0 rvr
|F |k ≤ 0 · v0 + 1 · v1

|F |k +

∑|F |
r=2 |F |vr
|F |k <

|F |k−1

|F |k +|F | ε|F | =
1

|F |+ε,

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡

∑|F |
r=2 vr

∑|F |
r=0 vr

≥ ε
|F |

❲❡ t❤✉s ♥♦t❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤♦♦s✐♥❣ s✉❝❤ ❛ s❡t (a1, . . . , at−1, at+1, . . . , ak)✱
s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ❛t ❧❡❛st 2 ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r at s✉❝❤ t❤❛t (a1, . . . , ak) ✐s ❛❝✲

❝❡♣t❡❞✱ ✐s

∑|F |
r=2 vr

∑|F |
r=0 vr

≥ ε
|F | ✳ ❚❤✉s✱ E ′ ✇♦✉❧❞ ♦❜t❛✐♥ s✉❝❤ ❛ ♣❛✐r ♦❢ ✈❛❧✉❡s a,a′ ✐♥

❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ tr✐❡s |F |
ε ✇✐t❤ ❡❛❝❤ tr② t❛❦✐♥❣ |F |t t✐♠❡✱ ❣✐✈✐♥❣ ✉s t❤❡ r❡s✉❧t✳

❇❡❢♦r❡ r❡st❛t✐♥❣ ❚❤❡♦r❡♠ ✷ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❡❧♣❢✉❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳ ▲❡t a, b ∈ Pp,f − Pp,f ✳ ▲❡t (|c|+ |d|) · (
∑f

i=0 p
i) ≤ q✳ ▲❡t p ❜❡ ❡✈❡♥✳

▲❡t ac = bd✳ ▲❡t |c|, |d| < p− 1✳ ▲❡t c, d ̸= 0✳ ❚❤❡♥ a = ±b✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❲✳❧✳♦✳❣✱ ❧❡t a, b > 0✱ ❛♥❞ a > b✳ ▲❡t

a =
∑l

i=0 aip
i ❛♥❞ b =

∑l′

i=0 bip
i ✇❤❡r❡ al = bl′ = 1 ❛♥❞ ❛❧❧ ai ❛♥❞ bi ❛r❡ ✐♥

{−1, 0, 1}✳ ▲❡t ✉s s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ ❝❛s❡s ✖ ❡✐t❤❡r l = l′ ♦r ♥♦t✳
❋✐rst✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ l = l′✳ ■❢ l = 0✱ t❤❡♥ a = 1 ❛♥❞

b = 1 ❛♥❞ t❤✉s ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t l > 0✳ ❲❡
❤❛✈❡ t❤❛t ac = bd✱ t❤✉s cpl +

∑l−1
i=0 caip

i = dpl +
∑l−1

i=0 dbip
i✱ ✐✳❡ pl(d − c) =

∑l−1
i=0(cai − dbi)p

i✳ ■❢ d− c > 1✱ t❤❡♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t
∑l−1

i=0(cai − dbi)p
i < 2pl

✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ♥♦t❡ t❤❛t

∑l−1
i=0(cai − dbi)p

i ≤ ∑l−1
i=0 |c| + |d|)pi ≤ (2p −

4)
∑l−1

i=0 p
i✳ ■❢ l = 1✱ t❤❡♥ (2p− 4)

∑l−1
i=0 p

i = 2p− 4 < 2p✳

❖t❤❡r✇✐s❡ ✇❡ ♥♦t❡ t❤❛t (2p − 4)
∑l−1

i=0 p
i =

∑l
i=1 2p

i −
∑l−1

i=0 4p
i = 2pl −

2
∑l−1

i=1 2p
i − 4 < 2pl✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ d− c > 1 ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

■❢ d− c = 1✱ t❤❡♥ ♥♦t❡ t❤❛t c ̸= ±d (mod p)✱ ❜❡❝❛✉s❡ c ❛♥❞ d ❤❛✈❡ ❞✐✛❡r❡♥t
♣❛r✐t✐❡s✳ ❚❤✉s ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❡❝♦♥❞ ❝❧❛✉s❡ ♦❢ ▲❡♠♠❛ ✻✱ ❛♥❞ ♦❜t❛✐♥ t❤❛t
a = b = 0✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ l > l′✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t a
b > p−2✳

❉❡♥♦t❡ ❜② a′ := pl −
∑l−1

i=0 p
i ❛♥❞ ❜② b′ :=

∑l−1
i=0 p

i✳ ❈❧❡❛r❧② a′ ≤ a ❛♥❞ b′ ≥ b✳

❚❤✉s a
b ≥ a′

b′ ✳ ◆♦✇

a′

b′
=

pl −
∑l−1

i=0 p
i

∑l−1
i=0 p

i
=

pl − pl−1
p−1

pl−1
p−1

=
pl(p− 1)

pl − 1
− 1 >

pl(p− 1)

pl
− 1 = p− 2.

❚❤✉s a
b > p− 2✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✉s t❤❡ r❡s✉❧t ❤♦❧❞s✳
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❍❡r❡ ✇❡ r❡st❛t❡ ❚❤❡♦r❡♠ ✷ ❛❣❛✐♥ ❛♥❞ ♣r♦✈❡ ✐t✳

❚❤❡♦r❡♠ ✻✳ ▲❡t p, 2K+1 < N ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ SISq,N,v,(N+1)·(
∑f

i=0 pi) ❤♦❧❞s✳

■❢ p ✐s ♦❞❞✱ t❤❡♥ ❧❡t 2K ≤ p
2 ✳ ■❢ p ✐s ❡✈❡♥✱ t❤❡♥ ❧❡t 2K ≤ p − 2✳ ▲❡t T =

min{2K , ( 85 )
f}✳ ❚❤❡ ♣r♦t♦❝♦❧ ❞❡♣✐❝t❡❞ ✐♥ ✸ ❤❛s ( 1

T + ϵ1)
κ + ϵ2✲✇✐t♥❡ss✲❡①t❡♥❞❡❞✲

❡♠✉❧❛t✐♦♥ ✇❤❡r❡ ϵ1 ❛♥❞ ϵ2 ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ (N + 1) · (∑f
i=0 p

i)✲❙■❙✲❛ss✉♠♣t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r t❤❡

{[w′

j,k]}
N,v
j=1,k=1 t❤❡ ◆♦❇♦✉♥❞❡❞✲(N + 1) · (∑f

i=0 p
i)−DLRel ❤♦❧❞s✳ ❙✉♣♣♦s❡

t❤❛t t❤❡r❡ ✐s ❛ ♣r♦✈❡r ✇❤♦ ❤❛s s✉❝❝❡ss r❛t❡ ♠♦r❡ t❤❛♥ ( 1
T + ε)κ ✇❤❡r❡ ε ✐s ♥♦♥✲

♥❡❣❧✐❣✐❜❧❡✳ ❇② s♦✉♥❞♥❡ss ❛♠♣❧✐✜❝❛t✐♦♥ ♣r✐♥❝✐♣❧❡s✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t②
t♦ ♣❛ss ❜♦t❤ t❤❡ ❈❤❛❧❘❡s♣ ♣r♦t♦❝♦❧s✱ ❢♦r r❛♥❞♦♠❧② ♣✐❝❦❡❞ ❝❤❛❧❧❡♥❣❡s✱ ✐s ❛t ❧❡❛st
1
T + ε✳

◆♦✇✱ t❤✉s ❜♦t❤ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❈❤❛❧❘❡s♣ ♣r♦t♦❝♦❧s ♠✉st ❛❧s♦ ❤❛✈❡ ❛t ❧❡❛st 1
T +

ε ❝❤❛♥❝❡ ♦❢ ♣❛ss✐♥❣✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❈❤❛❧❘❡s♣ ✇✐t❤ t❤❡ ❝❤❛❧❧❡♥❣❡ s❡t [0, 2K−1]✳
◆♦✇ ❢♦r ❡✈❡r② i ∈ [1, N ] ✇❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐① ❛t r❛♥❞♦♠ {bi,j}j∈[1,N ]\{i}

❢r♦♠ t❤❡ ❡❧❡♠❡♥ts ♦❢ [0, 2K − 1]✳ ◆♦✇ ❢♦r bi,i t❤❡r❡ ❛r❡ ✐♥ ❡①♣❡❝t❛t✐♦♥✱ 1
1
T
+ε

✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦✈❡r ✐s s✉❝❝❡ss❢✉❧ ❢♦r t❤❡ ❝❤❛❧❧❡♥❣❡ {bi,j}Nj=1✳ ❚❤✉s ❢♦r

❡✈❡r② ❝♦♥s❡❝✉t✐✈❡ T ✈❛❧✉❡s✱ ❛t ❧❡❛st ✇✐t❤ ❛ ❝❤❛♥❝❡ εT 2✱ t❤❡r❡ ❛r❡ t✇♦ ✈❛❧✉❡s
❢♦r bi,i ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦♦❢ ✐s s✉❝❝❡ss❢✉❧✳ ▲❡t t❤♦s❡ ✈❛❧✉❡s ❜❡ bi,i ❛♥❞ bi,i +
ai✱ ✇✳❧✳♦✳❣ ai > 0✳ ▲❡t t❤❡ r❡s♣♦♥s❡s ✇❡ ❡①tr❛❝t t♦ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s✱ ❛s ♣❡r
▲❡♠♠❛ ✶ ❜❡ {d′i,j}Nj=1 ❛♥❞ {d′′i,j}Nj=1✱ ✇✐t❤ ❛❧❧ d′i,j , d

′′
i,j ∈ [0, 2K − 1]✳ ❲❡ ❣❡t t❤❛t

∏N
j=1[w

′

j,k]
d′

i,j =
∏N

t=1 [ŵt,k]
′bi,t ❛♥❞

∏N
j=1[w

′

j,k]
d′

i,j = [ŵ
′

i,k]
ai
∏N

t=1 [ŵt,k]
′bi,t ❛♥❞

✇❤❡r❡
∑N

t=1 bi,t =
∑N

j=1 d
′
i,j ❛♥❞ ai +

∑N
t=1 bi,t =

∑N
j=1 d

′′
i,j ✳ ❉❡❞✉❝t✐♥❣ t❤♦s❡

❡q✉❛t✐♦♥s ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❞❡♥♦t✐♥❣ di,j := d′′i,j − d′i,j ✱ ✇❡ ❤❛✈❡ t❤❛t

[ŵ
′

i,k]
ai =

N
∏

j=1

[w
′

j,k]
di,j . ✭✷✮

■❢ ❢♦r s♦♠❡ i✱ gcd(ai, {di,j}Nj=1) = Ai ̸= 1 ♦✈❡r Z✱ t❤❡♥ ❧❡t ✉s ❞✐✈✐❞❡ ❛❧❧ t❤♦s❡ ❡❧❡✲

♠❡♥ts ✇✐t❤ t❤❛t ❝♦♠♠♦♥ ❞✐✈✐s♦rAi✳ ❚❤✉s ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t gcd(ai, {di,j}Nj=1) =

1✳ ◆♦t❡ t❤❛t t❤✉s t❤❡ ✧♦r✐❣✐♥❛❧✧ ❡①tr❛❝t❡❞ ✈❛❧✉❡s ✇✐❧❧ ❜❡ aiAi ❛♥❞ {Aidi,j}Nj=1

❆♥❛❧♦❣♦✉s❧②✱ ❢r♦♠ t❤❡ ❈❤❛❧❘❡s♣ ❢♦r t❤❡ ♦t❤❡r ❡①tr❛❝t✐♦♥ ♣r✐♥❝✐♣❧❡s ✇❡ ❛r❡
❛❜❧❡ t♦ ❡①tr❛❝t { ¯di,j}N,N

i=1,j=1 ❛♥❞ āi s✉❝❤ t❤❛t

[ŵ
′

i,k]
āi =

N
∏

j=1

[w
′

j,k]
¯di,j ✭✸✮

✇❤❡r❡ āi, ¯di,j ∈ Pp,f − Pp,f ✳
❆♥❛❧♦❣♦✉s❧②✱ ✐❢ ❢♦r s♦♠❡ i✱ gcd(āi, { ¯di,j}Nj=1) = Āi ̸= 1 ♦✈❡r Z✱ t❤❡♥ ❧❡t ✉s

❞✐✈✐❞❡ ❛❧❧ t❤♦s❡ ❡❧❡♠❡♥ts ✇✐t❤ t❤❛t ❝♦♠♠♦♥ ❞✐✈✐s♦r Āi✱ t❤✉s ✇❡ ✇✐❧❧ ❛ss✉♠❡ ❢r♦♠
♥♦✇ ♦♥ t❤❛t gcd(āi, { ¯di,j}Nj=1) = 1✳ ▲✐❦❡✇✐s❡✱ ♥♦t❡ ❤❡r❡ ❛s ✇❡❧❧ t❤❛t t❤❡ ✧♦r✐❣✐♥❛❧✧

✈❛❧✉❡s ✐♥ t❤❡ s❡t Pp,f − Pp,f ✇✐❧❧ ❜❡ Āiāi✱ {Āi
¯di,j}Nj=1✳

✸✸



▲❡t ai = αi · ci ❛♥❞ āi = αi · c̄i ✇❤❡r❡ αi ✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r
♦❢ ai ❛♥❞ āi✳ ❚❤❡♥ ci ❛♥❞ c̄i ❛r❡ ❝♦♣r✐♠❡ ❛♥❞ āici = c̄iai✳

◆♦✇ t❛❦❡ t❤❡ ❡q✉❛t✐♦♥s ✷ ❛♥❞ ✸ t♦ t❤❡ ♣♦✇❡rs c̄i ❛♥❞ ci r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✇✐❧❧
♦❜t❛✐♥ t❤❛t

N
∏

j=1

[w
′

j,k]
¯di,jci = [ŵ

′

i,k]
āici = [ŵ

′

i,k]
c̄iai =

N
∏

j=1

[w
′

j,k]
di,j c̄i

❛♥❞ ❤❡♥❝❡
∏N

j=1[w
′

j,k]
¯di,jci−di,j c̄i = 1✳ ❇❡❝❛✉s❡ | ¯di,jci−di,j c̄i| ≤ 2K+1(

∑f
i=0 p

i) ≤
(N + 1) · (

∑f
i=0 p

i)✱ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t ¯di,jci − di,j c̄i = 0 ❢♦r ❛❧❧ i ❛♥❞ j✳

◆♦✇✱ ❜❡❝❛✉s❡ ¯di,jci = di,j c̄i ❛♥❞ ci ❛♥❞ c̄i ❛r❡ ❝♦♣r✐♠❡✱ ✐t ❢♦❧❧♦✇s t❤❛t c̄i ♠✉st
❞✐✈✐❞❡ ¯di,j ❛♥❞ ci ♠✉st ❞✐✈✐❞❡ di,j ✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❡❛♥s t❤❛t gcd(ai, {di,j}Nj=1) =

ci ❛♥❞ gcd(āi, { ¯di,j}Nj=1) = c̄i✳ ❍❡♥❝❡ ci = 1 = c̄i ❢♦r ❛❧❧ i✳ ❚❤✐s ♠❡❛♥s t❤❛t

❛❝t✉❛❧❧② ai = αi = āi ❛♥❞ ❛❧s♦ di,j = ¯di,j ❢♦r ❛❧❧ i, j✳

❲❡ ❤❛✈❡ t❤❛t aiAi ∈ [1, p − 2] ❛♥❞ āiĀi ∈ Pp,f − Pp,f ✳ ◆♦t❡ t❤❛t ❛❧s♦ ai ∈
[1, p− 2]✳ ❲❡ ♥♦✇ ✇❛♥t t♦ s❤♦✇ t❤❛t ai = 1✳ ◆♦✇✱ ✐❢ Āi = 1✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t
ai ∈ [1, p−2]∩Pp,f −Pp,f = {1} ❛♥❞ t❤✉s ai = 1✳ ❍♦✇❡✈❡r✱ s✉♣♣♦s❡ t❤❛t Āi ̸= 1✳
❈♦♥s✐❞❡r s♦♠❡ di,j ̸= 0 ✇❤✐❝❤ ♠✉st ❡①✐st✱ ♦t❤❡r✇✐s❡ gcd(aiAi, {di,j}Nj=1) = aiAi

❛♥❞ t❤✉s ai = 1✳ ❲✳❧✳♦✳❣ ❧❡t ✐t ❜❡ di,1✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❛t ai, di,1 ∈ [−2K +
1, 2K − 1] ⊆ [−p

2 ,
p
2 ) ❛♥❞ aiĀi, di,1Āi ∈ Pp,f − Pp,f .

❲❡ ❤❛✈❡ t❤❛t ai

di,1
= aiĀi

di,1Āi
. ❉❡♥♦t❡ x1 := aiĀi ❛♥❞ x2 := di,1Āi ✇❡ ❣❡t t❤❛t

aix2 = di,1x1 ✇✐t❤ x1, x2 ∈ Pp,f − Pp,f ✳ ❲❡ ❤❛✈❡ t❤❛t ai, di,1 ̸= 0✳ ❚❤✉s✱ ✐❢ p ✐s
♦❞❞✱ t❤❡♥ ❜② ▲❡♠♠❛ ✾✱ ❛♥❞ ✐❢ p ✐s ❡✈❡♥ t❤❡♥ ❜② ▲❡♠♠❛ ✹✱ ✇❡ ❣❡t t❤❛t |ai| =
|di,1|✳ ◆♦t❡ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❝❛♥ ❜❡ ♠❛❞❡ ❢♦r ❛♥② ♥♦♥③❡r♦ di,j ✳
❍❡♥❝❡✱ ❛❧❧ ♥♦♥③❡r♦ di,j ❞✐✈✐❞❡ ai✳ ❍♦✇❡✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥ gcd(ai, {di,j}Nj=1) = 1✳
❚❤✉s ✐t ❢♦❧❧♦✇s t❤❛t |ai| = 1✱ ❛♥❞ ❜❡❝❛✉s❡ ✇❡ ❝❤♦s❡ ✐t s♦ t❤❛t ai > 0✱ ai = 1✳
❆❞❞✐t✐♦♥❛❧❧②✱ ❛❧❧ di,j ∈ {−1, 0, 1}✳

❋r♦♠ t❤❡ ❧❛st ❝❧❛✐♠ ♦❢ ▲❡♠♠❛ ✶✱ ✇❡ ❛❧s♦ ❣❡t t❤❛t ❢♦r ❛♥② ❡①tr❛❝t❡❞ ❡q✉❛t✐♦♥✱
t❤❡ s✉♠s ♦❢ t❤❡ ❡①♣♦♥❡♥ts ♠✉st ♠❛t❝❤ ♦♥ ❜♦t❤ s✐❞❡s✳ ❋r♦♠ t❤❡r❡ ♦♥ ✐t ✐s ♥♦t
❞✐✣❝✉❧t t♦ ♦❜t❛✐♥ t❤❛t

∑

j di,j = ai✳ ❇❡❝❛✉s❡ ai = 1✱
∑

j di,j = 1 ❢♦r ❛❧❧ i✳

❚❤✉s ai = 1 ❢♦r ❛❧❧ i✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ❢♦❧❧♦✇s t❤❛t di,j = ¯di,j ❛♥❞ t❤✉s ❛❧❧
di,j ∈ [−2K + 1, 2K − 1] ∩ Pp,f − Pp,f ✳

❚❤✉s ✇❡ ❣❡t t❤❛t

[ŵi,k]
′ =

N
∏

j=1

[w
′

j,k]
di,j ✭✹✮

❢♦r ❛❧❧ i, k✳

❋r♦♠ t❤❡ ✜rst ♣r♦♦❢ ♦❢ t❤❡Rck,N
in✲prod✱ ✇❡ ❝❛♥ ❣❡t t❤❛t

∏N
i=1[ŵ

′

i,k] =
∏N

j=1[w
′

j,k]✳
❚❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ ✐t ✈❛❧✉❡s δ′k ❛♥❞ r′′i,k s✉❝❤ t❤❛t Ck =

hδ′k
∏N

i=1 g
r′′i,k
i ❛♥❞ t❤❛t

∏N
t=1[ŵt]

(
∏

N
j=1[wj ])h

∑N
j=1

aj,k
= h

∑N
i=1 r′′i,k ✳ ❲❡ ♥♦t❡ t❤❛t t❤❡s❡ ✈❛❧✲

✉❡s ❡①tr❛❝t❡❞ ❢r♦♠ Ck ♠✉st ❜❡ t❤❡ s❛♠❡ ✈❛❧✉❡s t❤❛t ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ✐t ✐♥ ♦t❤❡r
♣❛rts ♦❢ t❤❡ ♣r♦♦❢✱ t❤✉s ✇❡ ♠✉st ❤❛✈❡ t❤❛t [ŵ

′

i,k] =
[ŵi]

h
r′′
i,k

✳ ❆❧s♦ [w
′

j,k] = [wj ]h
aj,k ✳

✸✹



◆♦✇ ✇❤❡♥ ✇❡ r❡♦r❣❛♥✐③❡
∏N

t=1[ŵt]

(
∏

N
j=1[wj ])h

∑N
j=1

aj,k
= h

∑N
i=1 r′′i,k ✱ t❤❡♥

∏N
i=1[ŵ

′

i,k] =

∏N
j=1[w

′

j,k] ❢♦❧❧♦✇s✳
◆♦t❡ ♥♦✇ t❤❛t

N
∏

j=1

[wj,k]
′ =

N
∏

t=1

[ŵt,k]
′ =

N
∏

t=1

(

N
∏

j=1

[w
′

j,k]
dt,j ) =

N
∏

j=1

[wj,k]
′
∑N

t=1 dt,j .

❚❤✉s ✐t ♠✉st ❛❧s♦ ❤♦❧❞ ❢♦r ❛❧❧ j t❤❛t

N
∑

t=1

dt,j = 1.

Pr❡✈✐♦✉s❧② ✇❡ ❤❛❞ t❤❛t ❢♦r ❛❧❧ t✱

N
∑

j=1

dt,j = 1.

◆♦✇✱ s✉♣♣♦s❡ t❤❛t t❤❡ ❈❤❛❧❘❡s♣ ✇✐t❤ t❤❡ ❝❤❛❧❧❡♥❣❡ s❡t [0, 2K −1] ♦♥❡ ❣❡ts ❛
❝❤❛❧❧❡♥❣❡ (b1, . . . , bN ) ✇❤❡r❡ ❛❧❧ bi ∈ [0, 2K − 1]✱ ❛♥❞ s✉❝❝❡ss❢✉❧❧② ❛♥s✇❡rs ✐t ✇✐t❤
s♦♠❡ (e1, . . . , eN ) ✇❤❡r❡ ❛❧❧ ej ∈ [0, 2K − 1]✳ ❚❤✉s

N
∏

i=1

[wj,k]
′ej =

N
∏

i=1

[ŵi,k]
′bi =

N
∏

i=1

(

N
∏

j=1

([w
′

j,k])
di,j )bi =

N
∏

i=1

[wj,k]
′
∑N

i=1 bidi,j .

❲❡ ❤❛✈❡ t❤❛t

|ej −
N
∑

i=1

bidi,j | ≤ |ej |+
N
∑

i=1

|bi||di,j | ≤ 2K +

N
∑

i=1

2K · 1 ≤ (N + 1)2K .

❇❡❝❛✉s❡ (N +1)2K ≤ N · pf+1 t❤❡ ◆♦❇♦✉♥❞❡❞✲N · pf+1−DLRel ♣r♦♣❡rt②✱

✐t ♠✉st ❤♦❧❞ t❤❛t ❢♦r ❛❧❧ j✱ ej =
∑N

i=1 bidi,j ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
∑N

i=1 bidi,j ∈
[0, 2K − 1] ❚❤✉s✱ ✐❢ ❢♦r ❛ r❛♥❞♦♠❧② ❝❤♦s❡♥ (b1, . . . , bN ) ✐t ❤❛♣♣❡♥s t❤❛t ❢♦r s♦♠❡

j✱
∑N

i=1 bidi,j ̸∈ [0, 2K − 1]✱ t❤❡♥ t❤❡ ♣r♦✈❡r ✐s ✉♥❛❜❧❡ t♦ ❛♥s✇❡r t❤✐s ❝❤❛❧❧❡♥❣❡✳
❆♥❛❧♦❣♦✉s❧②✱ ❢♦r t❤❡ ❝❤❛❧❧❡♥❣❡ s❡t Pp,f ✱ ♦♥❡ ❞♦❡s t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛♥❞ ♦❜t❛✐♥s
t❤❛t ✐❢ ❢♦r s♦♠❡ r❛♥❞♦♠❧② ❝❤♦s❡♥ (b̄1, . . . , b̄N ) ✇❤❡r❡ ❛❧❧ b̄i ∈ Pp,f ✱ ✐❢ ❢♦r s♦♠❡ j✱
∑N

i=1 b̄idi,j ̸∈ Pp,f ✱ t❤❡♥ t❤❡ ♣r♦✈❡r ✐s ✉♥❛❜❧❡ t♦ ❛♥s✇❡r t❤✐s ❝❤❛❧❧❡♥❣❡✳ ✭■♥ t❤✐s

❝❛s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ |ēj −
∑N

i=1 b̄idi,j | ✐♥ t❤❡ ❡①♣♦♥❡♥t ✇✐❧❧ ❛♥❛❧♦❣♦✉s❧② ❜❡

✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② (N + 1)
∑f

i=0 p
i✮

❉❡♥♦t❡ D := {di,j}N,N
i=1,j=1✳ ❲❡ ❤❛✈❡ t❤❛t ❛❧❧ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ D ♠✉st

s✉♠ t♦ 1✳ ◆♦✇ ❝♦♥s✐❞❡r ❚❤❡♦r❡♠ ✽✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s s♦♠❡ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢
D t❤❛t ✐s ♥♦t ❛ ✉♥✐t ✈❡❝t♦r✳ ■♥ t❤❛t ❝❛s❡✱ ✐❢ b1, . . . , bn ❛r❡ r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠
Pp,f ✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛❧❧ t❤❡

∑N
i=1 b̄idi,j ̸∈ Pp,f ✐s ❛t ♠♦st ( 58 )

f ✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦✈❡r ♣❛ss✐♥❣ ✐s ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② ( 58 )

f > 1
T
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✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥✳ ❚❤✉s ❛❧❧ ❝♦❧✉♠♥s ♦❢ D ♠✉st ❜❡ ✉♥✐t ✈❡❝t♦rs✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡❝❛✉s❡ ❡❛❝❤ r♦✇ ♠✉st s✉♠ t♦ 1✱ t❤❡s❡ ✈❛❧✉❡s 1 ♠✉st ❜❡
✐♥ s❡♣❛r❛t❡ r♦✇s✳ ❚❤✉s D ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①✳ ❚❤✉s ✇❡ ❤❛✈❡ s✉❝❝❡ss❢✉❧❧②
❡①tr❛❝t❡❞ t❤❡ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐①✳ ▲❡t ✐t ❞❡s❝r✐❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ π′ s✉❝❤ t❤❛t
Dπ′(j),j = 1 ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ❡♥tr✐❡s ❛r❡ ③❡r♦❡s✳ ◆♦✇ ❧❡t ✉s ❛❧s♦ ❡①tr❛❝t t❤❡
r❡r❛♥❞♦♠✐③❛t✐♦♥ ❢❛❝t♦rs✳

P❧✉❣❣✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ✹ ✇❡ ♦❜t❛✐♥ t❤❛t

[ŵi,k]
′ =

N
∏

j=1

[w
′

j,k]
di,j = (

∏

i ̸=π′(j)

[w
′

j,k]
0)[w

′

π′−1(i),k]
1 = [w

′

π′−1(i),k] ✭✺✮

❚❛❦✐♥❣ π′−1(i) =: j✱ ✇❡ ❤❛✈❡ t❤❛t [w
′

j,k] = [ŵπ′(j),k]
′ ❢♦r ❛❧❧ j, k✳ ❲❡ ❤❛✈❡ ❜②

❞❡✜♥✐t✐♦♥ t❤❛t [w
′

j,k] = haj,k [wj ]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❞❡♥♦t❡❞ [ŵt,k]
′ := [ŵt]

h
r′
t,k

✳

❚❤✉s t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

[ŵπ′(j)]h
−r′

π′(j),kh−aj,k = [wj ].

❲❡ ♥♦t❡ t❤❛t ❢r♦♠ t❤✐s ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛ ✜①❡❞ j✱ ❢♦r ❛❧❧ k✱ t❤❡ ✈❛❧✉❡
r′π′(j),k+aj,k ✐s t❤❡ s❛♠❡✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤✐s ✈❛❧✉❡ ❜② r′j ✳ ❚❤✉s ✇❡ ❤❛✈❡ ❡①tr❛❝t❡❞

{rj}Nj=1 ❛♥❞ ❛ π′ s✉❝❤ t❤❛t

[ŵπ′(j)] = hr′j [wj ].

s✉❝❤ t❤❛t Dπ′(j),j = 1 ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ❡♥tr✐❡s ❛r❡ ③❡r♦❡s✳ P❧✉❣❣✐♥❣ t❤✐s ✐♥t♦ t❤❡
❡q✉❛t✐♦♥ ✹ ✇❡ ♦❜t❛✐♥ t❤❛t

[ŵi,k]
′ =

N
∏

j=1

[w
′

j,k]
di,j = (

∏

i ̸=π′(j)

[w
′

j,k]
0)[w

′

π′−1(i),k]
1 = [w

′

π′−1(i),k] ✭✻✮

❚❛❦✐♥❣ π′−1(i) =: j✱ ✇❡ ❤❛✈❡ t❤❛t [w
′

j,k] = [ŵπ′(j),k]
′ ❢♦r ❛❧❧ j, k✳ ❲❡ ❤❛✈❡ ❜②

❞❡✜♥✐t✐♦♥ t❤❛t [w
′

j,k] = haj,k [wj ]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❞❡♥♦t❡❞ [ŵt,k]
′ := [ŵt]

h
r′
t,k

✳

❚❤✉s t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

[ŵπ′(j)]h
−r′

π′(j),kh−aj,k = [wj ].

❲❡ ♥♦t❡ t❤❛t ❢r♦♠ t❤✐s ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛ ✜①❡❞ j✱ ❢♦r ❛❧❧ k✱ t❤❡ ✈❛❧✉❡
r′π′(j),k+aj,k ✐s t❤❡ s❛♠❡✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤✐s ✈❛❧✉❡ ❜② r′j ✳ ❚❤✉s ✇❡ ❤❛✈❡ ❡①tr❛❝t❡❞

{rj}Nj=1 ❛♥❞ ❛ π′ s✉❝❤ t❤❛t

[ŵπ′(j)] = hr′j [wj ].

❲❡ t❤✉s ❤❛✈❡ s✉❝❝❡ss❢✉❧❧② ❡①tr❛❝t❡❞ ❛ ♣❡r♠✉t❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤ r❡r❛♥❞♦♠✐③❛t✐♦♥
❢❛❝t♦rs✳ ⊓⊔
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Pr♦✈❡r({ci}
N
i=1, {ĉi}

N
i=1, h, g, ❱❡r✐✜❡r({ci}

N
i=1,

Zq,K, v,w = {π, {ri}
N
i=1}) {ĉi}

N
i=1, h, g,Zq,K, v)

(a1,1, a1,2 . . . , aN,v) (a1,1, a1,2 . . . , aN,v)←✩ Zq

H H ←✩ G

ri,k ← ri − aπ−1(i),k

❢♦r i = 1, . . . , N

ck = (h, g1 . . . , gN ) g1 . . . , gN ←✩ G

δ1, . . . , δk ←✩ Zq

Ck ← hδk

N
∏

i=1

g
ri,k
i

C1, . . . , Cv

η η ←✩ Zq

❇♦t❤✿[wi]← ci,1c
η
i,2, [ŵi]← ĉi,1ĉ

η
i,2, ∀i ∈ [1, N ], ĥ← ghη

Pr♦✈❡✿
(

(Ck,

∏N
t=1[ŵt]

(
∏N

j=1[wj ])ĥ
∑

N
j=1 aj,k

, ĥ, (1, . . . , 1)),

(ri,k, δk)
)

∈ Rck,N
in✲prod ❢♦r k ∈ [1, v]

ĥ1, . . . , ĥv, g1,1 . . . , gN,v ĥ1, . . . , ĥv, g1,1 . . . , gN,v ←✩ G

❇♦t❤ ❢♦r i = 1, . . . , N, k = 1, . . . , v :

[w
′

i,k]← ĥai,k [wi],

❘❡♣❡❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ κ t✐♠❡s ✐♥ ♣❛r❛❧❧❡❧✱ ❜❛t❝❤❡❞✿

ChalResp
(

({[w
′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1, {[ŵi]}

N
i=1, ĥ, g, ck,

Zq, [0, 2
K − 1], v, {Ck}

v
k=1, {ĥk}

v
k=1, {gi,k}

N,v
i=1,k=1)

(π, {ri}
N
i=1, {ri,k}

N,v
i=1,k=1, {δk}

v
k=1)

)

ChalResp
(

({[w
′

i,k]}
N,v
i=1,k=1, {ai,k}

N,v
i=1,k=1, {[ŵi]}

N
i=1, ĥ, g, ck,

Zq, Pp,f , v, {Ck}
v
k=1, {ĥk}

v
k=1, {gi,k}

N,v
i=1,k=1)

(π, {ri}
N
i=1, {ri,k}

N,v
i=1,k=1, {δk}

v
k=1)

)

❆❝❝❡♣t ✐❢ ❛❧❧ ♣r♦♦❢s ❣♦ t❤r♦✉❣❤

❋✐❣✳ ✶✵✿ ❚❤❡ s❤✉✤✐♥❣ ♣r♦t♦❝♦❧ ❢♦r ❊❧●❛♠❛❧✳
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❈✳✷ Pr♦♦❢ ♦❢ ❊❧●❛♠❛❧ s❤✉✤❡

❚❤❡ ♣r♦t♦❝♦❧ ❢♦r ♣r♦✈✐♥❣ ❛♥ ❊❧●❛♠❛❧ s❤✉✤❡ ✇✐❧❧ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✼✳ ▲❡t p, 2K+1 < N ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ SISq,N,v,(N+1)·(
∑f

i=0 pi) ❤♦❧❞s✳

■❢ p ✐s ♦❞❞✱ t❤❡♥ ❧❡t 2K ≤ p
2 ✳ ■❢ p ✐s ❡✈❡♥✱ t❤❡♥ ❧❡t 2K ≤ p − 2✳ ▲❡t T =

min{2K , ( 85 )
f}✳ ▲❡t v ≥ 2✳ ❚❤❡ ♣r♦t♦❝♦❧ ✐♥ ✶✵ ✐s ( 1

T + ε)κ + ε2✲s♦✉♥❞✳

Pr♦♦❢✳ ❋✐① ❛ ✈❛❧✉❡ η✳ ❲❡ ❝❛rr② ♦✉t t❤❡ ♣r♦♦❢ s✐♠✐❧❛r❧② t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s
t❤❡♦r❡♠✳ ❉❡♥♦t❡ ✇✐t❤ t❤❡ s✉❜s❝r✐♣t η t❤❡ ❡①tr❛❝t❡❞ ✈❛❧✉❡s ✐♥ t❤❡ ❡①tr❛❝t✐♦♥
✇❤❡r❡ η ✇❛s ✉s❡❞✳ ❲❡ s❡❡ t❤✉s t❤❛t ✇❡ ❛❜❧❡ t♦ ❡①tr❛❝t ✈❛❧✉❡s (r′i)η, (r

′
t,k)η, (δk)η

❛♥❞ (π′)η s✉❝❤ t❤❛t✱ ❛♠♦♥❣ ♦t❤❡r t❤✐♥❣s

[ŵπ′
η(j)]η = hr′j,η [wj ]η

❛♥❞
r′j,η = aj,k + rπ(j),k,η

❛♥❞

Ck = hδ′k,η

N
∏

t=1

g
r′t,k,η

t .

◆♦✇ ❧❡t✬s r❡✇✐♥❞ ✉♥t✐❧ ❜❡❢♦r❡ η ✐s ❝❤♦s❡♥✳ ❲❡ ❤❛✈❡ t❤❛t t❤❡ Ck ❞♦ ♥♦t ❝❤❛♥❣❡✳
❚❤✉s ✇❡ ❤❛✈❡ t❤❛t r′t,k,η = r′t,k,η′ ❛♥❞ δ′k,η = δ′k,η′ ❢♦r ❛❧❧ η, η′✳ ▲❡t ✉s ❞❡♥♦t❡
r′t,k,η =: r′t,k✳

❲❡ ❤❛✈❡ t❤❛t t❤❡ ai,k ✇❡r❡ r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠ Zq✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t N2

q
✐s ♥❡❣❧✐❣✐❜❧② s♠❛❧❧✳ ❚❤✉s✱ ❢♦r ❛❧❧ k✱ ✇✐t❤ ♦✈❡r✇❤❡❧♠✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ t❤❡r❡ ❞♦ ♥♦t
❡①✐st s✉❝❤ i1, j1, i2, j2 ✇❤❡r❡ i1 ̸= j1 ❛♥❞ i2 ̸= j2 ❜✉t ai1,k − aj1,k = ai2,k − aj2,k✳

❲❡ ♥♦✇ ❤❛✈❡ t❤❛t

r′j,η = aj,1 + rπη(j),1 = · · · = aj,v + rπη(j),v.

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ❢♦r s♦♠❡ η1, η2✱ t❤❡ ❡①tr❛❝t❡❞ ♣❡r♠✉t❛t✐♦♥s ❛r❡ ♥♦t ❡q✉❛❧✳
✱ ✐✳❡ t❤❡r❡ ✐s ❛ u s✉❝❤ t❤❛t πη1(u) ̸= πη2(u)✳ ▲❡t v ❜❡ s✉❝❤ ❛♥ ❡❧❡♠❡♥t t❤❛t
πη2(v) = πη1(u)✱ ❜② ♦✉r ❛ss✉♠♣t✐♦♥ u ̸= v✳

❲❡ ❤❛✈❡ t❤❛t
au,1 + rπη1

(u),1 = au,2 + rπη1
(u),2,

✐✳❡

au,1 − au,2 = rπη1 (u),2
− rπη1 (u),1

= rπη2 (v),2
− rπη2 (v),1

= av,1 − av,2,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❤♦❧❞s ❜❡❝❛✉s❡

av,1 + rπη2 (v),1
= av,2 + rπη2 (v),2

= rv,η2 .

❲❡ ❤❛✈❡ ♥♦✇ ♦❜t❛✐♥❡❞ t❤❛t au,1 − au,2 = av,1 − av,2✱ ✇❤❡r❡ u ̸= v✱ ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t t❤✐s ❤❛♣♣❡♥s ♦♥❧② ✇✐t❤ ❛ ♥❡❣❧✐❣✐❜❧❡ ♣r♦❜❛❜✐❧✐t②✳
❚❤✉s ✇❡ ❤❛✈❡ t❤❛t πη1 = πη2 ❢♦r ❛❧❧ η✳ ❲❡ ✇✐❧❧ t❤✉s ❞❡♥♦t❡ r′j,η =: r′j ✳

✸✽



❋r♦♠ t❤❡ ❲❊❊✲♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♠✐t♠❡♥ts✲♣r♦♦❢ ✇❡ ❤❛✈❡ t❤❛t ci = ĉπ(i)ĥ
r′π(i) ✳

❚❤❡r❡❢♦r❡✱

ci,1 · cηi,2 = ĉπ(i),1 · ĉηπ(i),2 · g
r′π(i) · hηr′π(i) ,

♦r ❡q✉✐✈❛❧❡♥t❧②

ĉπ(i),1 · gr
′

π(i)

ci,1
·
(

ĉπ(i),2h
r′π(i)

ci,2

)η

= 1.

❲❡ s❛✇ t❤❛t π ❛♥❞ {r′i} ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ η✳ ❚❤✉s ❜② ❙❝❤✇❛r③✲❩✐♣♣❡❧ ♦✈❡r η ✇❡

❤❛✈❡ t❤❛t
ĉπ(i),1·g

r′
π(i)

ci,1
= 1 ❛♥❞

ĉπ(i),2h
r′
π(i)

ci,2
= 1✱ ❤❡♥❝❡ t❤❡ ❝❧❛✐♠ ❛❧s♦ ❤♦❧❞s ❢♦r

❊❧●❛♠❛❧✲s❤✉✤❡s✳

❈✳✸ ◆❡❝❡ss❛r② ❧❡♠♠❛s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽

■t t✉r♥s ♦✉t t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽ ✐s r❛t❤❡r ✐♥✈♦❧✈❡❞ ❛♥❞ ✐♥❝❧✉❞❡s ♠❛♥②
s♣❡❝✐❛❧ ❝❛s❡s✳ ❚❤✉s ✇❡ st❛rt ❜② ♣r♦✈✐♥❣ s♦♠❡ ❧❡♠♠❛s ❡ss❡♥t✐❛❧ t♦ t❤❡ ♣r♦♦❢✳
▼♦r❡♦✈❡r✱ ✐t s❡❡♠s ❧✐❦❡❧② t❤❛t t❤❡ ❚❤❡♦r❡♠ ❝❛♥ ❜❡ str❡♥❣t❤❡♥❡❞ ✐♥ ❛ ✇❛② t❤❛t
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r✱ ❜✉t ✇❡ ✇✐❧❧ ❧❡❛✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r ❢✉t✉r❡ ✇♦r❦✳

▲❡♠♠❛ ✺✳ ▲❡t D ❜❡ ❛ n × n sq✉❛r❡ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ✐♥ Zq ✇✐t❤ r♦✇s
D(1), . . . , D(n)✳ ▲❡t E ⊂ Zq ❜❡ ❛ s❡t✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t②

pD,E := Pr[⟨D(i),b⟩ ∈ E, ∀i ∈ [1, n]|b1, b2, . . . , bn $← E,b = (b1, . . . , bn)].

▲❡t a ❜❡ t❤❡ ❧❛r❣❡st ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ D✳ ▲❡t E ❜❡ ❛♥ ✐♥t❡r✈❛❧

[0,m− 1] ✇✐t❤ ma < q✳ ▲❡t m ❜❡ ❡✈❡♥✳ ❚❤❡♥ pD,E ≤ ⌈
m
a ⌉
m ✳

Pr♦♦❢✳ ▲❡t t❤❡ r♦✇ ✇❤❡r❡ ❛♥ ❡❧❡♠❡♥t ✇✐t❤ t❤❡ ❧❛r❣❡st ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s st♦r❡❞ ❜❡
✇✳❧✳♦✳❣D(1)✳ ▲❡t ♦♥❡ s✉❝❤ ❡❧❡♠❡♥t✱ ✇✳❧✳♦✳❣✱ ❜❡ d1,n✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t②
t❤❛t ⟨D(1),b⟩ ∈ [0,m− 1]✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ✐s ❡q✉❛❧ t♦

q−1
∑

j=0

Pr[

n−1
∑

i=1

d1,ibi = j] · Pr[
n
∑

i=1

d1,ibi ∈ [0,m− 1]|
n−1
∑

i=1

d1,ibi = j]. ✭✼✮

▲❡t ✉s tr② t♦ ✉♣♣❡r✲❜♦✉♥❞ Pr[
∑n

i=1 d1,ibi ∈ [0,m−1]|∑n−1
i=1 d1,ibi = j]✳ ❲❡ ♥♦t❡

t❤❛t ✐❢ t❤❡ b1, . . . , bn−1 ❤❛✈❡ ❜❡❡♥ ✜①❡❞✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ f(bn) =
∑n

i=1 d1,ibi =
j + d1,nbn ✐s ✐♥❥❡❝t✐✈❡ ❢♦r bn ∈ [0,m − 1] ❜❡❝❛✉s❡ ma < q✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡
♣r♦❜❛❜✐❧✐t②

Pr
bn∈[0,m−1]

[j + d1,nbn ∈ [0,m− 1]] =
(j + [0,m− 1]d1,n) ∩ [0,m− 1]

(j + [0,m− 1]d1,n)
.

❲❡ s❡❡ t❤❛t ✐♥ t❤❡ s❡t (j + [0,m− 1]d1,n✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❡❛❝❤ t✇♦ ❝♦♥s❡❝✲
✉t✐✈❡ ❡❧❡♠❡♥ts ✐s d1,n✳ ❚❤✉s✱ t❤❡ s✐③❡ ♦❢ (j+ [0,m− 1]d1,n)∩ [0,m− 1] ❝❛♥ ❜❡ ❛t

✸✾



♠♦st
⌈

m
a

⌉

✳ ❋r♦♠ t❤✐s ✐t ❢♦❧❧♦✇s t❤❛t Prbn∈[0,m−1][j+ d1,nbn ∈ [0,m− 1]] ≤ ⌈
m
a ⌉
m ✳

❚❤✉s t❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥ ❊q✉❛t✐♦♥ ✽ ✐s ♥♦ ❜✐❣❣❡r t❤❛♥

q−1
∑

j=0

Pr[

n−1
∑

i=1

d1,ibi = j] ·
⌈

m
a

⌉

m
=

⌈

m
a

⌉

m
.

❚❤✉s t❤❡ r❡s✉❧t ✐s ♣r♦✈❡♥✳

▲❡♠♠❛ ✻✳ ✶✳ ▲❡t α ∈ [2, p − 2] (mod p) ✇✐t❤ (|α| + 1) · (
∑f

i=0 p
i) < q✳ ❚❤❡♥

✐❢ αc = d ❛♥❞ c, d ∈ Pp,f − Pp,f ✱ t❤❡♥ c = d = 0✳

✷✳ ▲❡t α, β ∈ Zq ❜❡ s✉❝❤ t❤❛t (|α|+ |β|) · (∑f
i=0 p

i) ≤ q✱ ❛♥❞ ✇❤❡r❡ α ̸= β, p−β
(mod p)✱ ❛♥❞ ✇❤❡r❡ α, β ̸= 0 (mod p)✳ ❚❤❡♥ ✐❢ αc = βd ❛♥❞ c, d ∈ Pp,f −
Pp,f ✱ t❤❡♥ c = d = 0✳

Pr♦♦❢✳ ✶✳ ❲❡ ♥♦t❡ t❤❛t Pp,f − Pp,f = {b ∈ Zq|∃b0, . . . , bf ∈ {−1, 0, 1}, b =
∑f

i=0 bip
i}✳ ▲❡t c =

∑f
i=0 cip

i ❛♥❞ d =
∑f

i=0 dip
i ✇❤❡r❡ ❛❧❧ ci ❛♥❞ di ❛r❡ ✐♥

{−1, 0, 1}✳ ❲❡ ❤❛✈❡ t❤✉s t❤❛t α
∑f

i=0 cip
i =

∑f
i=0 dip

i✱ ✐✳❡

f
∑

i=0

(αci − di)p
i = 0.

▲❡t j ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① ✇❤❡r❡ ❡✐t❤❡r ♦❢ ci ♦r di ✐s ♥♦♥③❡r♦✳ ❚❤✉s t❤❡
❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

f
∑

i=j

(αci − di)p
i = 0.

▲❡t ✉s ♥♦✇ ♠♦✈❡ t❤✐s ❡q✉❛t✐♦♥ ❢r♦♠ Zq t♦ Z✳ ❚❤✉s✱ ✉s✐♥❣ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡
t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ✐♥ [− q+1

2 , q+1
2 )✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t❤❛t ❢♦r s♦♠❡ ✐♥t❡❣❡r v ✇❡

✇♦✉❧❞ ❤❛✈❡
f
∑

i=j

(αci − di)p
i = vq

♦✈❡r t❤❡ ✐♥t❡❣❡rs✱ ✇❤❡r❡ α, cj , . . . , cf , dj , . . . , df ∈ [− q+1
2 , q+1

2 ). ❲❡ ♥♦t❡ t❤❛t

f
∑

i=j

(αci − di)p
i ≤

f
∑

i=j

(|α||ci|+ |di|)pi ≤
f
∑

i=j

(|α|+ 1)pi ≤ (|α|+ 1)|pf | < q

❛♥❞ ❛♥❛❧♦❣♦✉s❧② t❤❛t
∑f

i=j(αci − di)p
i > −q✳ ❚❤✉s ✐t ♠✉st ❜❡ t❤❛t v = 0

❛♥❞ ✇❡ ❤❛✈❡ t❤❛t
∑f

i=j(αci − di)p
i = 0 ❤♦❧❞s ♦✈❡r Z✳

❖✈❡r Z ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ♠♦❞✉❧♦ pj+1✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❛t
(αcj − dj)p

j = 0 (mod pj+1)✳ ❋r♦♠ t❤✐s ❢♦❧❧♦✇s t❤❛t αcj − dj = 0 (mod p)✳
▲❡t α = pα1+α2 ✇✐t❤ α2 ∈ [2, p−2]✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s α2cj−dj =
0 (mod p)✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥✐♥❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r t❤❡ ♣❛✐r (cj , dj) ✇❡ s❡❡
t❤❛t t❤❡ ♦♥❧② ❝❛s❡ ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t α2cj − dj = 0 (mod p)✱ ✐s ✇❤❡♥
cj = dj = 0✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t ❡✐t❤❡r cj ♦r dj
✐s ♥♦♥③❡r♦✳ ❚❤✉s✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❡ ❝❧❛✐♠ ✐s ♣r♦✈❡♥✳

✹✵



✷✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❧❛st ❝❛s❡✱ ✇❡ r❡❛❝❤ t❤❡ ❡q✉❛t✐♦♥ αcj − βdj = 0 (mod p)✳
❆♥❛❧②③✐♥❣ t❤❡ ♥✐♥❡ ❝❛s❡s✱ ✇❡ s❡❡ t❤❛t t❤✐s ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✇❤❡♥ cj = dj = 0✳
❚❤❡ r❡s✉❧t ❛❣❛✐♥ ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✼✳ ▲❡t α ∈ [2, p− 2] (mod p) ✇✐t❤ (|α|+ 1) · (
∑f

i=0 p
i) < q✳ ❚❤❡♥✱ ❢♦r

❛♥② k ∈ Zq✱ |(k + αPp,f ) ∩ Pp,f | ≤ 1✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st ❛t ❧❡❛st t✇♦ x1, x2 ∈ (k +
αPp,f )∩Pp,f ✳ ❚❤✉s t❤❡r❡ ♠✉st ❡①✐st a1, a2, b1, b2 ∈ Pp,f ✱ s✉❝❤ t❤❛t x1 = k+αa1 =
b1 ❛♥❞ x2 = k+ αa2 = b2✳ ❚❤✉s ✐t ♠✉st ❜❡ t❤❛t x1 − x2 = α(a1 − a2) = b1 − b2✳
❉❡♥♦t❡ a1 − a2 =: c, b1 − b2 =: d✳ ❲❡ ❤❛✈❡ t❤❛t c, d ∈ Pp,f − Pp,f ❛♥❞ αc = d✳
❇② t❤❡ ✜rst ❝❧❛✐♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✐t ♠✉st ❤♦❧❞ t❤❛t c = d = 0 ❛♥❞ t❤✉s
a1 = a2 ❛♥❞ b1 = b2✱ ❤❡♥❝❡ x1 = x2✳ ❍❡♥❝❡ t❤❡ ❝❧❛✐♠ ✐s ♣r♦✈❡♥✳

▲❡♠♠❛ ✽✳ ▲❡t D ❜❡ ❛ n × n sq✉❛r❡ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ✐♥ Zq ✇✐t❤ r♦✇s
D(1), . . . , D(n)✳ ▲❡t E = Pp,f ❜❡ ❛ s❡t✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t②

pD,E := Pr[⟨D(i),b⟩ ∈ E, ∀i ∈ [1, n]|b1, b2, . . . , bn $← E,b = (b1, . . . , bn)].

❙✉♣♣♦s❡ t❤❛t ✐♥ D t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t ✇✐t❤ ✈❛❧✉❡ α s✉❝❤ t❤❛t (|α|+1)·(
∑f

i=0 p
i) <

q ❛♥❞ α ∈ [2, p− 2] (mod p)✳ ❚❤❡♥ pD,E ≤ 1
|E| ✳

Pr♦♦❢✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t t❤❡ ❡❧❡♠❡♥t α ❜❡ t❤❡ ❧❛st ❡❧❡♠❡♥t ✐♥ t❤❡
✜rst r♦✇✱ ✐✳❡ d1,n✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ⟨D(i),b⟩ ∈ Pp,f ✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ✐s ❡q✉❛❧
t♦

q−1
∑

j=0

Pr[

n−1
∑

i=1

d1,ibi = j] · Pr[
n
∑

i=1

d1,ibi ∈ Pp,f |
n−1
∑

i=1

d1,ibi = j]. ✭✽✮

▲❡t ✉s tr② t♦ ❜♦✉♥❞ Pr[
∑n

i=1 d1,ibi ∈ Pp,f |
∑n−1

i=1 d1,ibi = j]✳
❲❡ ♥♦t❡ t❤❛t ✐❢ t❤❡ b1, . . . , bn−1 ❤❛✈❡ ❜❡❡♥ ✜①❡❞✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡

❢✉♥❝t✐♦♥ f(bn) =
∑n

i=1 d1,ibi = k + d1,nbn ✇❤❡r❡ k =
∑n−1

i=1 d1,ibi✳ ❲❡ ✜rst ♥♦t❡
t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ♠✉st ❜❡ ✐♥❥❡❝t✐✈❡ ❜❡❝❛✉s❡ ✐❢ ❢♦r s♦♠❡ ❞✐✛❡r❡♥t bn, b

′
n ✐t ❤❡❧❞

t❤❛t f(bn) = f(b′n) t❤❡♥ 0 = f(bn)−f(b′n) = k+d1,nbn−k−d1,nb′n = α(bn−b′n)✳
❇❡❝❛✉s❡ α, bn − b′n ̸= 0✱ ❛♥❞ |α||bn − b′n| < q✱ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✳

❚❤✐s ♠❡❛♥s t❤❛t

Pr
bn∈Pp,f

[j + d1,nbn ∈ Pp,f ] =
(j + αPp,f ) ∩ Pp,f

|Pp,f |
≤ 1

|Pp,f |
.

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ▲❡♠♠❛ ✼✳
❍❡♥❝❡ t❤❡ ❝❧❛✐♠ ✐s ♣r♦✈❡♥✳

▲❡♠♠❛ ✾✳ ▲❡t a1, a2 ∈ [−m,m] ❛♥❞ ❧❡t x1, x2 ∈ Pp,f ✳ ▲❡t a1, a2 ̸= 0✳ ▲❡t

2m + 1 ≤ p✳ ▲❡t p · (∑f
i=0 p

i) ≤ q✳ ▲❡t a1x1 = a2x2✳ ▲❡t x1, x2 ̸= 0✳ ❚❤❡♥
a1 = ±a2✳

✹✶



Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❛t ❜② t❤❡ s❡❝♦♥❞ ❝❧❛✉s❡ ♦❢ ▲❡♠♠❛ ✻✱ ✐❢ (|a1|+|a2|)·(
∑f

i=0 p
i) <

q ❛♥❞ a1 ̸= a2, p − a2 (mod p)✱ ❛♥❞ a1, a2 ̸= 0 (mod p)✱ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t
x1 = x2 = 0✳ ❚❤✉s ✐t ♠✉st ❜❡ t❤❛t s♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t s❛t✐s✜❡❞✳ ❲❡
✜rst ♥♦t❡ t❤❛t

(|a1|+ |a2|) · (
f
∑

i=0

pi) ≤ 2m(

f
∑

i=0

pi) < p · (
f
∑

i=0

pi) ≤ q,

t❤✉s t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❚❤✉s ✇❡ ♠✉st ❤❛✈❡ t❤❛t a1 = ±a2 (mod p)✳
❲❡ ✜rst ♥♦t❡ t❤❛t ✐❢ a1 = a2 (mod p) ♦r a1 = p− a2 (mod p)✱ t❤❡♥✱ ❜❡❝❛✉s❡

p > 2m + 1✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡s❡ ❝❛s❡s ♠❡❛♥ t❤❛t a1 = a2 ♦r a1 = −a2✱ ✐✳❡
a1 = ±a2✳

▲❡♠♠❛ ✶✵✳ ❬✶✾❪

✕
∑⌊n

4 ⌋
i=0

(

n
4i

)

= 1
2 (2

n−1 + 2
n
2 cos nπ

4 )

✕
∑⌊n−1

4 ⌋
i=0

(

n
4i+1

)

= 1
2 (2

n−1 + 2
n
2 sin nπ

4 )

✕
∑⌊n−2

4 ⌋
i=0

(

n
4i+2

)

= 1
2 (2

n−1 − 2
n
2 cos nπ

4 )

✕
∑⌊n−3

4 ⌋
i=0

(

n
4i+3

)

= 1
2 (2

n−1 − 2
n
2 sin nπ

4 )

▲❡♠♠❛ ✶✶✳ ▲❡t p, k < n ✇✐t❤ p ≥ 4 ❛♥❞ k ∈ [0, p − 1]✳ ❉❡♥♦t❡ s✉♠ vn,p,k :=
(

n
k

)

+
(

n
k+p

)

+
(

n
k+2p

)

+ . . .
(

n
k+⌊n−k

p
⌋p

)

✳ ❚❤❡♥ vn,p,k ≤ 1
2 (2

n−1 + 2
n
2 )✳

Pr♦♦❢✳ ❲❡ ♥♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✶✵✱ ✇❡ ❤❛✈❡ t❤❛t vn,4,k ≤ 1
2 (2

n−1+2
n
2 d) ❢♦r ❛♥②

n ❛♥❞ k ✇❤❡r❡ k < p < n✳
❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t ❢♦r ❛♥② n ❛♥❞ k ❛♥❞ p > 4✱ t❤❡r❡ ❡①✐sts ❛ k′ ∈ [0, p−1]

s✉❝❤ t❤❛t vn,4,k′ ≥ vn,p,k✳
▲❡t p > 4✳ ▲❡t t❤❡ ❧❛r❣❡st ❛♠♦♥❣ t❤❡

(

n
k+ip

)

❜❡
(

n
k+jp

)

✳ ❈❤♦♦s❡ k′ t♦ ❜❡

s♠❛❧❧❡st s✉❝❤ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r j′ s✉❝❤
t❤❛t k + jp = k′ + j′4✳

◆♦✇ vn,p,k =
∑K

i=−J

(

n
k+(j+i)p

)

❢♦r s♦♠❡ ♥♦♥♥❡❣❛t✐✈❡ J ❛♥❞ K ✇❤❡r❡ k +

(j − J)p ≥ 0 ❛♥❞ k + (j +K)p ≤ n✳ ❇❡❝❛✉s❡ k + jp = k′ + j′4 ❛♥❞ p > 4 ❛♥❞
J,K ≤ 0✱ ✇❡ ❤❛✈❡ t❤❛t

k + jp− pJ ≤ k′ + j′4− 4J

❛♥❞

k + jp+ pK ≥ k′ + j′4 + 4K

❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡s❡ ❛s k′ + (j′ − J)4 > k + (j − J)p ❛♥❞ k′ + (j′ + K)4 <
k + (j +K)p✳

❲❡ ♥♦t❡ t❤❛t {k′ + (j′ + i)4}Ki=−J ✐s ❛ s✉❜s❡t ♦❢ {k′ + 4i}⌊
n−k′

4 ⌋
i=0 ❜❡❝❛✉s❡

k′ + (j′ − J)4 ≥ k + jp − pJ ≥ 0 ❛♥❞ k′ + (j′ + N)4 ≤ k + jp + pK ≤ n ❛♥❞

{k′ + 4i}⌊
n−k′

4 ⌋
i=0 ✐s t❤❡ s❡t ♦❢ ❛❧❧ ✐♥t❡❣❡rs a ∈ [0, n] s✉❝❤ t❤❛t a = k′ (mod 4)✳

✹✷



❚❤✉s

vn,4,k′ =

⌊n−k′

4 ⌋
∑

i=0

(

n

k′ + 4i

)

≥
K
∑

i=−J

(

n

k′ + (j′ + i)4

)

.

◆♦✇✱ ❢♦r ❛♥② i ∈ [−J,K]✱✇❡ ✇✐❧❧ s❤♦✇ t❤❛t
(

n
k′+(j′+i)4

)

≥
(

n
k+(j+i)p

)

✳

❋♦r t❤✐s✱ ♥♦t❡ t❤❛t ✐❢ k+jp ≥ n
2 , ❛♥❞ ✐❢ i > 0✱ t❤❡♥ k+(j+ i)p = k+jp+ ip =

k′+j′4+ ip > k′+j′4+4p = k′+(j′+ i)4✳ ❇❡❝❛✉s❡ t❤❡ ❜✐♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ f(x) =
(

n
x

)

✐s ❞❡❝r❡❛s✐♥❣ ✇❤❡♥ x ≥ n
2 ✱ ✇❡ ❤❛✈❡ t❤❛t ✐♥ t❤❛t ❝❛s❡

(

n
k′+(j′+i)4

)

≥
(

n
k+(j+i)p

)

✳

❆♥❛❧♦❣♦✉s❧②✱ ✐❢ k + jp ≤ n
2 , ❛♥❞ ✐❢ i < 0✱ ✇❡ ❧✐❦❡✇✐s❡ ❣❡t t❤❛t k + (j + i)p <

k′ + (j′ + i)4 ❛♥❞ ❜❡❝❛✉s❡ f(x) =
(

n
x

)

✐s ✐♥❝r❡❛s✐♥❣ ✇❤❡♥ x ≤ n
2 ✱ ✇❡ ❤❛✈❡ t❤❛t ✐♥

t❤❛t ❝❛s❡
(

n
k′+(j′+i)4

)

≥
(

n
k+(j+i)p

)

✳

◆♦✇✱ ✐❢ k+ jp < n
2 , ❛♥❞ ✐❢ i > 0✱ t❤❡♥ ✇❡ ♠✉st ❤❛✈❡ t❤❛t k+ (j + i)p > n

2 ✳ ■❢
✇❡ ❤❛❞ t❤❛t k + (j + i)p ≤ n

2 ✱ t❤❡♥✱ ❜❡❝❛✉s❡ t❤❡ ❜✐♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣
❢♦r x ≤ n

2 ✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t❤❛t
(

n
k+(j+i)p

)

>
(

n
k+jp

)

✇❤✐❝❤ ✇♦✉❧❞ ❝♦♥tr❛❞✐❝t t❤❡

♠❛①✐♠❛❧✐t② ♦❢
(

n
k+jp

)

✳

◆♦✇✱ ❢♦r k′ + (j′ + i)4✱ t❤❡r❡ ❛r❡ t✇♦ ♦♣t✐♦♥s✳ ❊✐t❤❡r k′ + (j′ + i)4 ≤ n
2 ♦r

k′+(j′+i)4 > n
2 ✳ ■❢ k

′+(j′+i)4 ≤ n
2 ✱ t❤❡♥

(

n
k′+(j′+i)4

)

≥
(

n
k+jp

)

≥
(

n
k+(j+i)p

)

✳ ❚❤❡

✜rst ♦❢ t❤❡s❡ ❡q✉❛❧✐t✐❡s ❝♦♠❡s ❢r♦♠ t❤❡ ✐♥❝r❡❛s✐♥❣♥❡ss ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ❢✉♥❝t✐♦♥
❢♦r ❛❧❧ ✈❛❧✉❡s ♥♦t ❣r❡❛t❡r t❤❛♥ n

2 ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡
♠❛①✐♠❛❧✐t② ♦❢

(

n
k+jp

)

✳

■❢ k′ + (j′ + i)4 > n
2 ✱ t❤❡♥✱ ❜❡❝❛✉s❡ k + (j + i)p < k′ + (j′ + i)4✱ ❜♦t❤ ♦❢

t❤❡ ✈❛❧✉❡s ❛r❡ ❣r❡❛t❡r t❤❛♥ n
2 ❛♥❞ t❤❡ ❜✐♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ❢♦r ✈❛❧✉❡s

❣r❡❛t❡r t❤❛♥ n
2 ✱ ✇❡ ❤❛✈❡ t❤❛t

(

n
k′+(j′+i)4

)

≥
(

n
k+(j+i)p

)

✳

❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ k + jp > n
2 , ❛♥❞ ✐❢ i < 0 ✐s ❛♥❛❧♦❣♦✉s✳ ❚❤✉s ❢♦r

❛❧❧ j✱
(

n
k′+(j′+i)4

)

≥
(

n
k+(j+i)p

)

✳

❚❤✉s ✇❡ ❣❡t t❤❛t

vn,p,k =

K
∑

i=−J

(

n

k + (j + i)p

)

≤
K
∑

i=−J

(

n

k′ + (j′ + i)4

)

≤ vn,4,k′ ≤ 1

2
(2n−1 + 2

n
2 ).

❍❡♥❝❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✶✷✳ ▲❡t ❛ ✈❡❝t♦r d ♦❢ ❧❡♥❣t❤ N ✇✐t❤ ❡❧❡♠❡♥ts ❢r♦♠ Zq ❝♦♥t❛✐♥ k + 1
❡❧❡♠❡♥ts 1✱ k ❡❧❡♠❡♥ts −1 ❛♥❞ ❧❡t t❤❡ r❡st ♦❢ t❤❡ ❡❧❡♠❡♥ts ❜❡ 0✳ ❈♦♥s✐❞❡r t❤❡
♣r♦❜❛❜✐❧✐t②

Jk,t := Pr[⟨d,b⟩ = t|b1, b2, . . . , bN $← {0, 1},b = (b1, . . . , bn)].

❚❤❡♥ ❢♦r ❛♥② t ∈ [−k, k]✱ ✇❡ ❤❛✈❡ t❤❛t Jk,t =
(2k+1

t+k )
22k+1 ✳

Pr♦♦❢✳ ❲❡ ❞♦ t❤✐s ✐♥❞✉❝t✐✈❡❧② ♦✈❡r k✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ d t❤❛t ❛r❡
③❡r♦ ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❲✳❧✳♦✳❣✱ ❧❡t d = (1,−1, 1,−1, . . . , 1, 0, . . . , 0)✳ ▲❡t ✉s t❤✉s
♦♥❧② ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r dk ❢♦r♠❡❞ ♦✉t ♦❢ t❤❡ ✜rst 2k+1 ❡❧❡♠❡♥ts ♦❢ d✳ ▲❡t Ik,t
❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜✐♥❛r② ✈❡❝t♦rs b ♦❢ ❧❡♥❣t❤ 2k + 1 s✉❝❤ t❤❛t ⟨b,dk⟩ = t✳ ❇②

❞❡✜♥✐t✐♦♥✱ ❝❧❡❛r❧② Jk,t =
Ik,t

22k+1 ✳

✹✸



◆♦✇ ❧❡t ✉s ❞♦ t❤❡ ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r t❤❡ ❜❛s❡ ❝❛s❡✱ ✐❢ k = 0✱ t❤❡♥
d0 = (1)✳ ❚❤❡r❡ ✐s ♦♥❡ ✈❡❝t♦r b = (0) ❢♦r ✇❤✐❝❤ ⟨b,dk⟩ = 0 ❛♥❞ ♦♥❡ ✈❡❝t♦r
b = (1) ❢♦r ✇❤✐❝❤ ⟨b,dk⟩ = 1✳ ❚❤✉s I0,0 = I0,1 = 1 ❛♥❞ J0,0 = J0,1 = 1

2 ✳ ◆♦✇ ❧❡t
✉s ❞♦ t❤❡ st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ st❛t❡♠❡♥t ❤♦❧❞s ❢♦r k✱ ❧❡t ✉s
s❤♦✇ t❤❛t ✐t ❤♦❧❞s ❢♦r k+1✳ ❲❡ ♥♦t✐❝❡ t❤❛t ♠♦✈✐♥❣ ❢r♦♠ k t♦ k+1 ✐s ❡q✉✐✈❛❧❡♥t
t♦ ❝♦♥❝❛t❡♥❛t✐♥❣ (−1, 1) t♦ t❤❡ ✈❡❝t♦r dk✳ ❲❡ t❤✉s ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❛❧✉❡s
Ik+1,t ✐♥ t❡r♠s ♦❢ Ik,t✳ ❈♦♥s✐❞❡r ♥♦✇ ❤♦✇ ✇❡ ❝❛♥ ♦❜t❛✐♥ Ik+1,t ✇❤❡♥ t❤❡ ✜rst
2k − 1 ✈❛❧✉❡s ♦❢ b ❤❛✈❡ ❜❡❡♥ ✜①❡❞✳ ▲❡t ✉s ❞❡♥♦t❡ t❤♦s❡ ✈❛❧✉❡s ✇✐t❤ bk✳ ▲❡t t❤❡
❧❛st t✇♦ ❡❧❡♠❡♥ts ♦❢ b ❜❡ b2k ❛♥❞ b2k+1✳ ❚❤❡r❡ ❛r❡ ❢♦✉r ❝❛s❡s ❤♦✇ ✐t ❝❛♥ ❤❛♣♣❡♥
t❤❛t t❤❡ s✉♠ ✐s t✿ ❡✐t❤❡r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ⟨bk,dk⟩ = t− 1 ❛♥❞ b2k = 0 ❛♥❞
b2k+1 = 1❀ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ⟨bk,dk⟩ = t ❛♥❞ b2k = 0 ❛♥❞ b2k+1 = 0❀ t❤❡
s❝❛❧❛r ♣r♦❞✉❝t ♦❢ ⟨bk,dk⟩ = t ❛♥❞ b2k = 1 ❛♥❞ b2k+1 = 1❀ ♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t
♦❢ ⟨bk,dk⟩ = t+ 1 ❛♥❞ b2k = 1 ❛♥❞ b2k+1 = 0✳ ❚❤✉s ✇❡ ❣❡t t❤❛t

Ik+1,t = Ik+1,t−1 + 2Ik+1,t + Ik+1,t+1.

❇② t❤❡ ♣r❡♠✐s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✱ ✇❡ ❤❛✈❡ t❤❛t

Ik+1,t =

(

2k + 1

t+ k − 1

)

+

(

2k + 1

t+ k

)

+

(

2k + 1

t+ k

)

+

(

2k + 1

t+ k + 1

)

=

(

2k + 2

t+ k

)

+

(

2k + 2

t+ k + 1

)

=

(

2k + 3

t+ k + 1

)

.

❚❤✉s ✇❡ ❤❛✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t Ik,t =
(

2k+1
t+k

)

✳ ❋r♦♠ ❤❡r❡ ✐t ❢♦❧❧♦✇s t❤❛t Jk,t =

Ik,t

22k+1 =
(2k+1

t+k )
22k+1 ✳

▲❡♠♠❛ ✶✸✳ ▲❡t ❛ ✈❡❝t♦r d ♦❢ ❧❡♥❣t❤ N ✇✐t❤ ❡❧❡♠❡♥ts ❢r♦♠ Zq ❝♦♥t❛✐♥ k + 1
❡❧❡♠❡♥ts 1✱ k ❡❧❡♠❡♥ts −1 ❛♥❞ ❧❡t t❤❡ r❡st ♦❢ t❤❡ ❡❧❡♠❡♥ts ❜❡ 0✳ ❈♦♥s✐❞❡r t❤❡
♣r♦❜❛❜✐❧✐t②

pk,{0,1} := Pr[⟨d,b⟩ ∈ {0, 1}|b1, b2, . . . , bN $← {0, 1},b = (b1, . . . , bn)].

❚❤❡♥✱ ❢♦r ❛♥② ✐♥t❡❣❡r k ≥ 1✱ pk,{0,1} ≤ 3
4 ✳

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ❜② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✶✷✱ ✇❡ ❤❛✈❡ t❤❛t pk,{0,1} =
(2k+1

k )+(2k+1
k+1 )

22k+1 =
(2k+2

k+1 )
22k+1 ✳ ❋♦r k = 1✱ ✇❡ ❤❛✈❡ t❤❛t pk,{0,1} =

(42)
23 = 6

8 = 3
4 ✳ ◆♦✇ ✇❡

✇✐❧❧ s❤♦✇ t❤❛t ❢♦r ❛♥② k ≥ 0✱ ✇❡ ❤❛✈❡ t❤❛t pk,{0,1} > pk+1,{0,1}✳ ❋♦r t❤❛t✱ ✜rst

♥♦t❡ t❤❛t
(2k+2

k+1 )
(2k+4

k+2 )
= (k+2)(k+2)

(2k+3)(2k+4) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t✳

◆♦✇✱

pk,{0,1}

pk+1,{0,1}
=

(2k+2
k+1 )

22k+1

(2k+4
k+2 )

22k+3

=
4(k + 2)(k + 2)

(2k + 3)(2k + 4)
=

4k2 + 16k + 16

4k2 + 10k + 12
> 1.

❚❤✉s pk,{0,1} > pk+1,{0,1} ❛♥❞ t❤✉s ❢♦r ❛❧❧ k ≥ 1✱ ✇❡ ❤❛✈❡ pk,{0,1} ≤ 3
4 ✳

✹✹



▲❡♠♠❛ ✶✹✳ ▲❡t d ❜❡ ❛ ✈❡❝t♦r ♦❢ ❧❡♥❣t❤ n ♦✈❡r Zq✳ ▲❡t ❛❧❧ di ∈ d ❜❡ ✐♥ {−1, 0, 1}✳
▲❡t t❤❡ ♥✉♠❜❡r ♦❢ ♦♥❡s ✐♥ d ❜❡ k + 1 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐♥✉s ♦♥❡s ✐♥ d ❜❡ k✳
▲❡t (2k + 1)

∑f
i=0 p

i < q
2 ✳ ❉❡✜♥❡

pd,E := Pr[⟨d,b⟩ ∈ Pp,f |b1, b2, . . . , bn $← Pp,f ,b = (b1, . . . , bn)].

❚❤❡♥

pd,E ≤ (
1

2
+

1

2k+1
)f+1

Pr♦♦❢✳ ❋✐① t❤❡ d ❛♥❞ ❞❡♥♦t❡ ⟨d,b⟩ ❜② gb✳
❇❡❝❛✉s❡

|⟨d,b⟩| ≤
2k+1
∑

i=0

bi ≤ (2k + 1)

f
∑

i=0

pi <
q

2

✇❡ ❝❛♥ ❝♦♥s✐❞❡r gb ❛s ❛♥ ✐♥t❡❣❡r ✐♥ [−q
2 , q

2 )✳

❲❡ ❝❛♥ ✇r✐t❡ gb =
∑F

i=0 gip
i ✐♥ p✲❛r② ✇❤❡r❡ g0, . . . , gF ∈ [⌊−p

2 ⌋, ⌊
p
2⌋) ❛♥❞

F ≥ f ✳ ◆♦t❡ t❤❛t t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✉♥✐q✉❡✱ ❛s ✇❡ ❝❛♥ ✜rst ❝♦♥s✐❞❡r gb
♠♦❞✉❧♦ p t♦ ♦❜t❛✐♥ g0✱ t❤❡♥ ❝♦♥s✐❞❡r gb− g0 ♠♦❞✉❧♦ p2 t♦ ♦❜t❛✐♥ pg1 ❛♥❞ s♦ ♦♥✳

❲❡ ♥♦t✐❝❡ t❤❛t gb ∈ Pp,f ✐✛ g0, . . . , gf ∈ {0, 1} ❛♥❞ gf+1, . . . gF = 0✳ ❯♥✲
❢♦rt✉♥❛t❡❧② ✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r t❤❡s❡ ❝❛s❡s ✐♥❞❡♣❡♥❞❡♥t❧② ❛s t❤❡r❡ ♠✐❣❤t ❜❡ ❛♥
♦✈❡r✢♦✇ t❡r♠ ❢r♦♠ s♦♠❡ ❧♦✇❡r t❡r♠s ♠✐❣❤t ✐♥✢✉❡♥❝❡ ❤✐❣❤❡r t❡r♠s✳ ❍♦✇❡✈❡r✱ ✇❡
s❤❛❧❧ s❡❡ t❤❛t t❤✐s ✇✐❧❧ ♥♦t ♠❛❦❡ t❤❡ r❡s✉❧t ♣❛rt✐❝✉❧❛r❧② ✇♦rs❡✳

◆❛♠❡❧②✱ ✐❢ bj =
∑f

i=0 bi,jp
i ✇❤❡r❡ bi,j ∈ {0, 1}✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❛t

F
∑

i=0

gip
i = ⟨d,b⟩ =

n
∑

j=1

djbj =
n
∑

j=1

dj

f
∑

i=0

bi,jp
i =

f
∑

i=0

pi
n
∑

j=1

djbi,j .

❚❤✐s ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♠❡❛♥ t❤❛t gb ∈ Pp,f ✐✛
∑n

j=1 djbi,j ∈ {0, 1} ❢♦r ❛❧❧
i ∈ [0, f ]✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ dj t❤❛t ❛r❡ ♥♦♥③❡r♦ ✐s ❣r❡❛t❡r t❤❛♥ p✱ t❤❡♥ ✐t ♠✐❣❤t
❤❛♣♣❡♥ t❤❛t ❢♦r s♦♠❡ i✱

∑n
j=1 djbi,j ≥ p ❛♥❞ t❤✉s ✐t ✇✐❧❧ ❜♦t❤ ❣✐✈❡ ❛♥ ♦✈❡r✢♦✇

t❡r♠ t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ pi+1 ❛♥❞ t❤❛t ❢♦r t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ pi ✐t s✉✣❝❡s ✇❤❡♥
t❤❡ s✉♠ ♦❢ t❤❡ djbi,j ✭♣❧✉s ❛ ♣♦ss✐❜❧❡ ♦✈❡r✢♦✇ ♦r ✉♥❞❡r✢♦✇ t❡r♠ ❢r♦♠ t❤❡ ❧♦✇❡r
✈❛❧✉❡s✮ ✐s ❡q✉❛❧ t♦ 0 ♦r 1 (mod p)✳

❚❤✉s✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋♦r s♦♠❡ ✜①❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ✈❡❝t♦r b✱ ❞❡✜♥❡
✐t❡r❛t✐✈❡❧②✿

N
∑

j=1

b0,jdj =: pcb,0 + c′b,0

✇❤❡r❡ c′b,0 ∈ [⌊−p
2 ⌋, ⌊

p
2⌋)✱ ❛♥❞ ❢♦r i ∈ [1, F ]✿

cb,i−1 +

N
∑

j=1

bi,jdj =: pcb,i + c′b,i

✇❤❡r❡ c′b,i ∈ [⌊−p
2 ⌋, ⌊

p
2⌋)✳

✹✺



❆❧s♦ ❞❡✜♥❡ cb,−1 = 0✳
❲❡ ♥♦t❡ t❤❛t t❤✉s ❞❡✜♥❡❞ cb,i ❛♥❞ c′b,i ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ b✱ ❛s d ❤❛s ❜❡❡♥

❛ss✉♠❡❞ t♦ ❜❡ ✜①❡❞✳
❚❤✉s ✇❡ ❝❛♥ s❛② t❤❛t ⟨d,b⟩ ∈ Pp,f ✐❢ ❛♥❞ ♦♥❧② c′b,i ∈ {0, 1} ❢♦r ❛❧❧ i ∈ [0, f ]

❛♥❞ c′b,i = 0 ❢♦r ❛❧❧ i > f ✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ♥♦✇ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ ✜rst ♦❢ t❤❡s❡
r❡q✉✐r❡♠❡♥ts ✖ c′b,i ∈ {0, 1} ❢♦r ❛❧❧ i ∈ [0, f ]✳

❲❡ ♥♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ cb,i−1 +
∑n

j=1 bi,jdj ∈ {0, 1} (mod p) ❢♦r
❛❧❧ i ∈ [0, f ]✳

◆♦t❡ t❤❛t✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❡❧❡♠❡♥ts bi,j ❛r❡ ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠
❢r♦♠ {0, 1}✱ t❤❡ ♣r♦❜❛❜✐❧✐t② Pr[c′b,i ∈ {0, 1} (mod p)|cb,i−1 = w] ✐s ✇❡❧❧✲❞❡✜♥❡❞
❢♦r ❡✈❡r② w ∈ Zq ✇❤❡r❡ Pr[cb,i−1 = w] > 0✳

❋♦r t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❣✐✈❡♥ ❢r♦♠ ❤❡r❡ ♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ✐s ❣✐✈❡♥
❢♦r ♣✐❝❦✐♥❣ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts bi,j ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❢r♦♠ {0, 1}✳

❲❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛❧❧ w ∈ Zq t❤❛t

Pr[c′b,i ∈ {0, 1} (mod p)|cb,i−1 = w] = Pr[w +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)]

▲❡t vi ❜❡ ❞❡✜♥❡❞ ❛s s✉❝❤ t❤❛t t❤❡ ✈❛❧✉❡ Pr[vi +
∑n

j=1 bi,jdj ∈ {0, 1} (mod p)] ✐s
♠❛①✐♠❛❧ ❢♦r vi ∈ [0, p− 1].

◆♦✇ ❜② t❤❛t ❞❡✜♥✐t✐♦♥

Pr[cb,i−1 +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)] ≤ Pr[vi +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)].

❲❡ ♥♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✶✷✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
∑n

j=1 bi,jdj = t ✐❢ k + 1 ♦❢
t❤❡ dj ❛r❡ ❡q✉❛❧ t♦ 1✱ k ❛r❡ ❡q✉❛❧ t♦ −1 ❛♥❞ t❤❡ bi,j ❛r❡ r❛♥❞♦♠ ❜✐ts✱ ✐s ❡q✉❛❧ t♦
(2k+1

k+t )
22k+1 ✳ ❋r♦♠ ❤❡r❡ ✇❡ ❤❛✈❡ ❞✐r❡❝t❧② t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t vi+

∑n
j=1 bi,jdj = t

✐❢ k + 1 ♦❢ t❤❡ dj ❛r❡ ❡q✉❛❧ t♦ 1✱ k ❛r❡ ❡q✉❛❧ t♦ −1 ❛♥❞ t❤❡ bi,j ❛r❡ r❛♥❞♦♠ ❜✐ts✱

✐s ❡q✉❛❧ t♦
( 2k+1
k+t−vi

)
22k+1 ✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♦♥❧② ✈❛❧✉❡s ❢♦r t ❢♦r ✇❤✐❝❤ t❤✐s ✈❛❧✉❡ ✐s

♥♦♥③❡r♦ ❛r❡ [vi − k, vi + k + 1]✱ t❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❧♦♦❦ ❛t t❤❡♠✳
❚❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s t t❤❛t ✇❡ ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ❛r❡ t❤❡ ✈❛❧✉❡s ✇❤❡r❡

t ∈ {0, 1} (mod p)✳ ■♥ [vi − k − 1, 2k + 1] ❧❡t t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ t❤❛t ✐s ❡q✉❛❧ t♦
0 (mod p) ❜❡ v′i ❛♥❞ ❧❡t t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ✐♥ [vi − k − 1, 2k + 1] t❤❛t ✐s ❡q✉❛❧ t♦
0 (mod p) ❜❡ v′′i ✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❛t

Pr[v +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)] =

∑

v′′
i −v′

i
p

j=0

(

2k+1
k−vi+v′

i+jp

)

+
(

2k+1
k−vi+v′

i+jp+1

)

22k+1
.

✭❋♦r ❡❞❣❡ ❝❛s❡s ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ k − vi + v′i + jp ❛♥❞ k − vi + v′i + jp + 1 ✐s ✐♥
[0, 2k+ 1] ❛♥❞ t❤❡ ♦t❤❡r ✐s ♥♦t✱ r❡❝❛❧❧ t❤❛t

(

2k+1
−1

)

=
(

2k+1
2k+2

)

= 0 ❛♥❞ t❤✉s ✐t ❞♦❡s
♥♦t ♠❛tt❡r ✇❤❡t❤❡r ✇❡ ✐♥❝❧✉❞❡ t❤❡♠ ♦r ♥♦t✱ ✇❡ ❝❤♦♦s❡ t♦ ✐♥❝❧✉❞❡ t❤❡♠ t♦ ♠❛❦❡
t❤❡ ❡q✉❛t✐♦♥ ♥✐❝❡r✳ ✮

✹✻



❆❞❞✐t✐♦♥❛❧❧②✱
(

2k+1
k−vi+v′

i+jp

)

+
(

2k+1
k−vi+v′

i+jp+1

)

=
(

2k+2
k−vi+v′

i+jp+1

)

✳

❍❡♥❝❡

Pr[vi +
n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)] ≤
∑

v′′
i −v′

i
p

j=0

(

2k+2
k−vi+v′

i+jp+1

)

22k+1
.

❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ✉♣♣❡r✲❜♦✉♥❞ ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❢r♦♠ ▲❡♠♠❛ ✶✶ ❛♥❞

♦❜t❛✐♥ t❤❛t ✐t ✐s ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜②
1
2 (2

2k+1+2k+1)

22k+1 = 1
2 + 1

2k+1 .
❑♥♦✇✐♥❣ t❤✐s✱ ✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ❡♥t✐r❡ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✉s

Pr[

f
∧

i=0

c′b,i ∈ {0, 1} (mod p)] =

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1
cb,i=wi]>0

Pr[

f
∧

i=0

c′b,i ∈ {0, 1} (mod p)|
f−1
∧

i=−1

cb,i = wi] Pr[

f−1
∧

i=−1

cb,i = wi] =

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1
cb,i=wi]>0

Pr[

f
∧

i=0

wi−1 +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)] Pr[

f−1
∧

i=−1

cb,i = wi] ≤

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1

cb,i=wi]>0

Pr[

f
∧

i=0

vi +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)] Pr[

f−1
∧

i=−1

cb,i = wi] ≤

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1
cb,i=wi]>0

(

f
∏

i=0

Pr[vi +

n
∑

j=1

bi,jdj ∈ {0, 1} (mod p)]) Pr[

f−1
∧

i=−1

cb,i = wi] ≤

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1
cb,i=wi]>0

(

f
∏

i=0

(
1

2
+

1

2k+1
)) Pr[

f−1
∧

i=−1

cb,i = wi] =

(
1

2
+

1

2k+1
)f+1

n
∑

w−1,w0,...,wf−1∈Zq

Pr[
f−1∧

i=−1
cb,i=wi]>0

Pr[

f−1
∧

i=−1

cb,i = wi] = (
1

2
+

1

2k+1
)f+1.

❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳
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▲❡♠♠❛ ✶✺✳ ▲❡t D ❜❡ ❛ n×n ♠❛tr✐① ♦✈❡r Zq ✇❤❡r❡ t❤❡ ♦♥❧② ❡❧❡♠❡♥ts ❛r❡ −1, 0
❛♥❞ 1 ❛♥❞ ❛❧❧ r♦✇s ❛♥❞ ❝♦❧✉♠♥s s✉♠ t♦ 1✳ ▲❡t p > 4✳ ▲❡t 2pf+1 ≤ q✳ ❆❞❞✐t✐♦♥❛❧❧②✱
❧❡t t❤❡r❡ ❜❡ ♥♦ r♦✇ ✇✐t❤ ♠♦r❡ t❤❛♥ 2 ❡❧❡♠❡♥ts 1✳ ❉❡♥♦t❡

pD,E := Pr[⟨D(i),b⟩ ∈ Pp,f , ∀i ∈ [1, n]|b1, b2, . . . , bn $← Pp,f ,b = (b1, . . . , bn)]

❛♥❞

pD,{0,1} := Pr[⟨D(i),b⟩ ∈ [0, 1], ∀i ∈ [1, n]|b1, b2, . . . , bn $← [0, 1],b = (b1, . . . , bn)].

❚❤❡♥
pD,E = pf+1

D,{0,1}.

Pr♦♦❢✳ ■♥ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t ✇❤❡r❡ ✇❡ r❛♥❞♦♠❧② ❝❤♦♦s❡ b1, b2, . . . , bn
$← Pp,f ,

❞❡♥♦t❡ bj =
∑f

k=0 bj,kp
k ✇❤❡r❡ ❛❧❧ bj,k ❛r❡ ❜✐ts✳ ❚❤✉s t❤❡ ✜rst ❡①♣❡r✐♠❡♥t ✐s t❤❡

s❛♠❡ ✇❤❡♥ ✇❡ ❝❤♦♦s❡ t❤❡ ❜✐ts s❡♣❛r❛t❡❧②✱ t❤❛t ✐s

Pr[⟨D(i),b⟩ ∈ Pp,f , ∀i ∈ [1, n]|b1, b2, . . . , bn $← Pp,f ,b = (b1, . . . , bn)] =

Pr[⟨D(i),b⟩ ∈ Pp,f , ∀i ∈ [1, n]|{bj,k}N,f
ij=1,k=0

$← {0, 1}, bj ←
f
∑

k=0

bj,kp
k,b = (b1, . . . , bn)]

▲❡t t❤❡ ♠❛tr✐① D ❜❡ {di,j}Ni,j=1✳ ❲❡ ♥♦t❡ t❤❛t ⟨D(i),b⟩ ∈ Pp,f , ∀i ∈ [1, n]

♠❡❛♥s t❤❛t ❢♦r ❛❧❧ i✱
∑N

j=1 di,jbj =
∑f

k=0 ck,ip
f ❛♥❞ ❛❧❧ ck,i ❛r❡ ❜✐ts✳

❲❡ ❤❛✈❡ t❤❛t

N
∑

j=1

di,jbj =

N
∑

j=1

di,j

f
∑

k=0

bj,kp
k =

f
∑

k=0

pk
N
∑

j=1

di,jbj,k.

❇❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤❛t ❛♥② r♦✇ ✐s ❡✐t❤❡r ❛ ✉♥✐t ✈❡❝t♦r ♦r t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts
❛r❡ t✇♦ ❡❧❡♠❡♥ts 1 ❛♥❞ ♦♥❡ ❡❧❡♠❡♥t −1✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛♥② i, k✱ −1 ≤
∑N

j=1 di,jbj,k ≤ 2✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ✧♦✈❡r✢♦✇✧ t♦ t❤❡ ♥❡①t
♣♦✇❡r ♦❢ p✱ ✐✳❡

N
∑

j=1

di,jbj =

f
∑

k=0

ck,ip
f , ∀k, i : ck,i ∈ {0, 1}

✐s ❡q✉✐✈❛❧❡♥t t♦
N
∑

j=1

di,jbj,k ∈ {0, 1}, ∀k, i.

❲❡ ♥♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t ✐❢ ✇❡ ✜① ❛ ✈❛❧✉❡ k✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❢♦r ❛❧❧
i✱ ✇❡ ❤❛✈❡ t❤❛t

∑N
j=1 di,jbj,k ∈ {0, 1}, ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Pr[⟨D(i),b⟩ ∈ [0, 1], ∀i ∈ [1, n]|b1, b2, . . . , bn $← [0, 1],b = (b1, . . . , bn)] = pD,{0,1}.

◆♦✇✱ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ f + 1 ✈❛❧✉❡s ♦❢ k ❛♥❞ ❢♦r ❛♥② ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ ♦❢ k
t❤❡ ♦✉t❝♦♠❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❛♥② ♦t❤❡r ✈❛❧✉❡ ♦❢ k✱ t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❛r❡
✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✉s t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

⊓⊔
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❚❤❡♦r❡♠ ✽✳ ▲❡t D ❜❡ ❛ n×n sq✉❛r❡ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ✐♥ Zq ✇✐t❤ ❝♦❧✉♠♥s
D(1), . . . , D(n) ✇❤❡r❡ ❡✈❡r② r♦✇ ❛♥❞ ❝♦❧✉♠♥ ♦❢ D s✉♠s t♦ 1✳ ▲❡t p > 4✳ ▲❡t
2pf+1 ≤ q✳ ▲❡t n

∑f
i=0 p

i < q
2 ✳ ▲❡t ❛❧❧ ✈❛❧✉❡s ✐♥ D ❤❛✈❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♥♦

❣r❡❛t❡r t❤❛♥ p− 2✳ ▲❡t D ❝♦♥t❛✐♥ ❛ ❝♦❧✉♠♥ t❤❛t ✐s ♥♦t ❛ ✉♥✐t ✈❡❝t♦r✳ ❚❤❡♥

pD,E := Pr[⟨D(i),b⟩ ∈ Pp,f , ∀i ∈ [1, n]|b1, b2, . . . , bn $← Pp,f ,b = (b1, . . . , bn)] ≤ (
5

8
)f+1.

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s♣❧✐t t❤❡ ♣r♦♦❢ ❞♦✇♥ t♦ ❛ ♥✉♠❜❡r ♦❢ ❝❛s❡s✳

✶✳ ❚❤❡ ♠❛tr✐① ❝♦♥t❛✐♥s ❛♥ ❡❧❡♠❡♥t ✇✐t❤ ❛♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ 1✳
✷✳ ❆❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① ❛r❡ ❡✐t❤❡r −1✱ 0 ♦r 1✳ ❚❤❡r❡ ✐s ❛ r♦✇ ✇✐t❤ ❛t

❧❡❛st 3 ❡❧❡♠❡♥ts 1✳
✸✳ ❆❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① ❛r❡ ❡✐t❤❡r −1✱ 0 ♦r 1✳ ■♥ ❡✈❡r② r♦✇ t❤❡r❡ ✐s ❛t

♠♦st 2 ❡❧❡♠❡♥ts 1✳

✶✳ ▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t ✭✇✳❧✳♦✳❣ d1,N ✮ ✇✐t❤
❛♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ 1 ❜✉t ♥♦ ❧❛r❣❡r t❤❛♥ p − 2✳ ❇② ▲❡♠♠❛ ✽✱ ✇❡
❤❛✈❡ t❤❛t

pD,E ≤
1

|Pp,f |
=

1

2f+1
< (

5

8
)f+1.

✷✳ ❇② ▲❡♠♠❛ ✶✹✱ ✇❡ ❤❛✈❡ t❤❛t k ≥ 3✳ ✭❚❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ❧❡♠♠❛ ❛r❡

s❛t✐s✜❡❞ ❜❡❝❛✉s❡ n ≥ 2k+1 ❛♥❞ t❤✉s (2k+1)
∑f

i=0 p
i < q

2 ✳✮ ■♥ t❤❛t r♦✇ ✇❡
❣❡t t❤❡ ❜♦✉♥❞ ( 12 + 1

2k+1 )
f ≤ ( 58 )

f+1✳
✸✳ ❚❤❡r❡ ❛r❡ ♥♦t ✈❡r② ♠❛♥② ❞✐st✐♥❝t ❝❛s❡s ❤❡r❡✳ ❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡

t❤❡r❡ ❛r❡ t✇♦ r♦✇s ✇✐t❤ 3 ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ✇❤❡r❡ t❤❡ s❡ts ♦❢ t❤❡ ✐♥❞✐❝❡s ♦❢
t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ❛r❡ ❞✐s❥♦✐♥t✳ ❇② ❛ s✐♠♣❧❡ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡
▲❡♠♠❛ ✶✹ t♦ ❜♦t❤ ♦❢ t❤❡s❡ r♦✇s ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ t❤✉s ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ♦❢
( 34 )

f ( 34 )
f = ( 9

16 )
f < ( 58 )

f ✇❤✐❝❤ s✉✣❝❡s ❢♦r ♦✉r ❝❧❛✐♠✳ ■❢ t❤❡r❡ ❛r❡ ♥♦ t✇♦ r♦✇s
✇✐t❤ 3 ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ✇❤❡r❡ t❤❡ s❡ts ♦❢ t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts
❛r❡ ❞✐s❥♦✐♥t✱ t❤❡r❡ ❛r❡✱ ♠♦❞✉❧♦ ♣❡r♠✉t❛t✐♦♥s ♦❢ r♦✇s✱ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢
♣♦ss✐❜❧❡ ♠❛tr✐❝❡s t❤❛t s❛t✐s❢② t❤✐s ♣r♦♣❡rt②✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡s❡ ♠❛tr✐❝❡s
❛♥❞ s❤♦✇ t❤❛t t❤❡ r❛t❡ ✐s ❛t ♠♦st 5

8 ❢♦r t❤❡ t❡st s❡t {0, 1}✳ ❯s✐♥❣ t❤❡ ❧❡♠♠❛
✶✺✱ t❤✐s ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ r❡s✉❧t✳
❲❡ ✇✐❧❧ ❝♦✉♥t t❤❡ ❝❛s❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ✇❤❛t ✐s t❤❡ ❧❛r❣❡st ♦✈❡r❧❛♣ ♦❢ ✐♥❞✐❝❡s
♦❢ ♥♦♥③❡r♦ ❝♦❡✣❝✐❡♥ts ♦❢ r♦✇s ♦❢ t❤r❡❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts✱ ❝❧❛ss✐❢②✐♥❣ t❤❡♠✱
❛♥❞ s❤♦✇✐♥❣ t❤❛t ✇❡ ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡ t❤❛t pD,E ≤ 5

8 ✳ ❋✐rst✱ ❝♦♥s✐❞❡r t❤❡
❝❛s❡ ✇❤❡♥ t❤❡ ❧❛r❣❡st ♦✈❡r❧❛♣ ♦❢ ✐♥❞✐❝❡s ♦❢ ♥♦♥③❡r♦ ❝♦❡✣❝✐❡♥ts ♦❢ r♦✇s ♦❢
t❤r❡❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ✐s ♦♥❡✳ ❚❤❡♥ ❝♦♥s✐❞❡r t✇♦ r♦✇s t❤❛t ♦✈❡r❧❛♣✳ ❚❤❡
s✉❜♠❛tr✐① ✇❤❡r❡ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ t❤♦s❡ t✇♦ r♦✇s ✇✐❧❧ ❜❡ ♠✉st ❜❡
✭♠♦❞✉❧♦ ♣❡r♠✉t❛t✐♦♥s✮ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✕

(

1 1 −1 0 0
0 0 1 1 −1

)

✕

(

1 1 −1 0 0
0 0 −1 1 1

)

✕

(

1 1 −1 0 0
0 1 0 1 −1

)

✹✾



✕

(

1 1 −1 0 0
0 −1 0 1 1

)

❋♦r ❛❧❧ t❤♦s❡ ❝❛s❡s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ ✸✷ ♣♦ss✐❜❧❡ ❝❛s❡s ❢♦r ❝❤❛❧❧❡♥❣❡
❜✐ts ❛♥❞ s❡❡ t❤❛t ❢♦r ❡❛❝❤ ♠❛tr✐①✱ ❛t ❧❡❛st ❢♦r 12 ❝❛s❡s✱ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t
✇✐t❤ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ r♦✇s ✇✐❧❧ ♥♦t ❜❡ ❛ ❜✐t✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛
♠❛tr✐① t❤❛t ❝♦♥t❛✐♥s ♦♥❡ ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❛s ❛ s✉❜♠❛tr✐①✱ ✇❡ ♠✉st ❤❛✈❡
t❤❛t pD,{0,1} ≤ 5

8 ✳
❙❡❝♦♥❞✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❧❛r❣❡st ♦✈❡r❧❛♣ ♦❢ ✐♥❞✐❝❡s ♦❢ ♥♦♥③❡r♦
❝♦❡✣❝✐❡♥ts ♦❢ r♦✇s ♦❢ t❤r❡❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ✐s t✇♦✳ ❚❤❡♥ ❝♦♥s✐❞❡r t✇♦ r♦✇s
t❤❛t ♦✈❡r❧❛♣✳ ❚❤❡ s✉❜♠❛tr✐① ✇❤❡r❡ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ t❤♦s❡ t✇♦ r♦✇s
✇✐❧❧ ❜❡ ♠✉st ❜❡ ✭♠♦❞✉❧♦ ♣❡r♠✉t❛t✐♦♥s✮ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✕

(

1 1 −1 0
1 1 0 −1

)

✕

(

1 1 −1 0
1 0 1 −1

)

✕

(

1 1 −1 0
1 0 −1 1

)

✕

(

1 1 −1 0
1 −1 0 1

)

✕

(

1 1 −1 0
−1 1 0 1

)

✕

(

1 1 −1 0
−1 0 1 1

)

❋♦r ❛❧❧ t❤♦s❡ ❝❛s❡s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛❧❧ t❤❡ 16 ♣♦ss✐❜❧❡ ❝❛s❡s ❢♦r ❝❤❛❧❧❡♥❣❡
❜✐ts ❛♥❞ s❡❡ t❤❛t ❢♦r ❡❛❝❤ ♠❛tr✐①✱ ❛t ❧❡❛st ❢♦r 6 ❝❛s❡s✱ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t
✇✐t❤ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ r♦✇s ✇✐❧❧ ♥♦t ❜❡ ❛ ❜✐t✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛
♠❛tr✐① t❤❛t ❝♦♥t❛✐♥s ♦♥❡ ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❛s ❛ s✉❜♠❛tr✐①✱ ✇❡ ♠✉st ❤❛✈❡
t❤❛t pD,{0,1} ≤ 5

8 ✳
❚❤✐r❞✱❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❧❛r❣❡st ♦✈❡r❧❛♣ ♦❢ ✐♥❞✐❝❡s ♦❢ ♥♦♥③❡r♦ ❝♦❡❢✲
✜❝✐❡♥ts ♦❢ r♦✇s ♦❢ t❤r❡❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ✐s t❤r❡❡✳ ❚❤❡♥ ❝♦♥s✐❞❡r t✇♦ r♦✇s
t❤❛t ♦✈❡r❧❛♣✳ ❚❤❡ s✉❜♠❛tr✐① ✇❤❡r❡ t❤❡ ♥♦♥③❡r♦ ❡❧❡♠❡♥ts ♦❢ t❤♦s❡ t✇♦ r♦✇s
✇✐❧❧ ❜❡ ♠✉st ❜❡ ✭♠♦❞✉❧♦ ♣❡r♠✉t❛t✐♦♥s✮ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✕

(

1 1 −1
1 −1 1

)

✕

(

1 1 −1
1 1 −1

)

❋♦r t❤❡ ✜rst ♦❢ t❤♦s❡ t✇♦ ❝❛s❡s✱ ✇❡ ❝❛♥ s❡❡ t❤❛t pD,{0,1} ♠✉st ❜❡ ♥♦ ❣r❡❛t❡r

t❤❛♥ 1
2 ✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 3

4 ✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱
t✉r♥s ♦✉t ♥♦t t♦ ❜❡ ❛♥ ✐ss✉❡✳ ❇❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ❝♦❧✉♠♥s
♠✉st ❛❧s♦ ❜❡ 1✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ t❤❛t ❛❧❧ t❤❡ r♦✇s ✇✐t❤ t❤r❡❡ ❡❧❡♠❡♥ts ❛r❡ t❤❡
s❛♠❡✳ ❙♦♠❡✇❤❡r❡ t❤❡r❡ ♠✉st ❜❡ ❛♥♦t❤❡r r♦✇ ✇✐t❤ t❤r❡❡ ❡❧❡♠❡♥ts t❤❛t ✐s ♥♦t
(

1 1 −1
)

❛♥❞ t❤✉s ♠✉st ❜❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ✜rst ❝❛s❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
❢♦r t❤❡ ✇❤♦❧❡ ♠❛tr✐①✱ ✇❡ ❣❡t t❤❡ ❜♦✉♥❞ 1

2 ✳
❚❤✉s ✇❡ ❤❛✈❡ ❡♥✉♠❡r❛t❡❞ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s ❛♥❞ s❡❡♥ t❤❛t ❢♦r ❛❧❧ ♦❢ t❤❡♠✱
✇❡ ❤❛✈❡ t❤❛t pD,{0,1} ≤ 5

8 ✱ ❛♥❞ t❤✉s✱ ❜② ▲❡♠♠❛✶✺✱ t❤✐s ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ r❡s✉❧t✳

✺✵


	Shuffle Arguments Based on Subset-Checking
	References

