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Finding the optimal probe state for
multiparameter quantum metrology using

conic programming

M| Check for updates

Masahito Hayashi ® **0< & Yingkai Ouyang ®*

The ultimate precision in quantum sensing could be achieved using optimal quantum probe states.
However, current quantum sensing protocols do not use probe states optimally. Indeed, the
calculation of optimal probe states remains an outstanding challenge. Here, we present an algorithm
that efficiently calculates a probe state for correlated and uncorrelated measurement strategies. The
algorithm involves a conic program, which minimizes a linear objective function subject to conic
constraints on a operator-valued variable. Our algorithm outputs a probe state that is a simple function
of the optimal variable. We prove that our algorithm finds the optimal probe state for channel
estimation problems, even in the multiparameter setting. For many noiseless quantum sensing
problems, we prove the optimality of maximally entangled probe states. We also analyze the
performance of 3D-field sensing using various probe states. Our work opens the door for a plethora of

applications in quantum metrology.

Quantum sensors promise to estimate parameters with unprecedented
precision using quantum resources. A canonical problem in quantum
sensing is that of channel estimation'™, where a quantum channel that
embeds physical parameters of interest acts on an initial probe state. The
quantum channel describes the dynamics of the quantum system embeds
the unknown physical parameters, and acts on the initial state, or probe
state, of the quantum system. With access to multiple queries of the
quantum channel, the objective is to estimate the embedded physical
parameters with maximum precision.

There are two main families of measurement strategies, namely
correlated strategies and uncorrelated strategies. In correlated strategies,
one may perform measurements across multiple copies of evolved probe
states. After each batch of correlated measurements, we can update our
choice of probe states and correlated measurement strategies on sub-
sequent batches of evolved probe states. In uncorrelated strategies, one
may only perform measurements on individual copies of evolved probe
states.

Regardless of the choice of measurement strategy, the most important
question in channel estimation is: What is the best probe state to use?
Without knowledge of the optimal probe state, a channel estimation pro-
tocol will invariably be suboptimal. Suboptimal channel estimation proto-
cols in turn impedes us from realizing the maximum potential of quantum
Sensors.

Unfortunately, there is no systematic way to find the best probe state
efficiently. Typical approaches in the optimization of the probe state in
channel estimation entail a two-step optimization process. First, for a fixed
probe state, one can solve a minimization problem with optimal value equal
to a precision bound that corresponds to a particular type of measurement
strategy. Second, we further optimize these precision bounds by changing
the probe state. The main difficulty is that the ultimate precision achievable
in channel estimation is a non-trivial function of the input probe state, and
need not have a convex structure. Hence, the numerical optimization of
such a function will be inefficient; such a function has no guarantee of fast
convergence, and its optimization would require a forbiddingly enormous
computational cost.

In this Article, we resolve the fundamental question of how to find the
optimal probe state efficiently. Namely, we present a simple and efficient
algorithm that always finds the optimal probe state for channel estimation
estimation problems in the multi-parameter setting. The algorithm involves
a conic program, which minimizes a linear objective function subject to
conic constraints on a operator-valued variable. Our algorithm then outputs
a probe state that is a simple function of the optimal variable. We prove that
our algorithm finds the optimal probe state for channel estimation pro-
blems, even in the multiparameter setting. Using our framework, we
unraveled numerous situations where the maximally entangled state is
optimal. We furthermore study numerically 3D-field sensing in the
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presence of collective amplitude damping, and give theoretical justifications
for our numerical findings.

This article makes it possible to determine the optimal quantum sen-
sing strategies for any quantum sensing problem that can be written as a
channel estimation problem. This opens the door to investigate a plethora of
quantum sensing problems, where the unknown parameter is embedded in
the underlying quantum channel, for instance, in many quantum imaging
problems”. In the following, we will refer to the Supplementary Information
for details and proofs.

The question of using the optimal probe state in the single-parameter
setting has been studied in various works'**™"". Here, ref. 6 was the first study
to consider the optimal channel estimation error in the single-parameter
case. ref. 1 considers numerically finding the optimal probe states, and
an explicit algorithm to find the optimal probe state was given in ref.
[, Appendix F]. ref. 7 provides analytical bounds for the channel estimation
error. References. '*'" derived a semidefinite programming (SDP) form for
the optimal precision in channel estimation. Namely,'"’, focuses on finding
optimal input state for multiple copies of channels while here we consider
only a single channel. The references*”'” also consider the question of
finding optimal probe states for estimating multiple parameters embedded
in a quantum channel. For probe states without ancilla assistance, ref. 9
numerically finds the optimal two-qubit probe state with the Holevo-
Nagaoka (HN) bound when the channel models 3D-field sensing with
independent and identical amplitude (i.i.d.) damping on the two qubits.
ref. 8 considers uncorrelated measurements with unitary quantum channels
and error-correctible noisy channels. This leaves open the questions of how
to evaluate the optimal probe state and corresponding bounds for the
general problem of quantum channel estimation with correlated or
uncorrelated measurement strategies. ref. 12 finds the optimal probe state
for channel estimation problems on one and two qubits.

In the channel estimation problem where we estimate the parameters
embedded in the quantum channel, the set of parameters is continuous. If
we discretize the channel estimation problem, we would obtain the problem
of discriminating a discrete set of quantum channels™*™". Recently, the
channel discrimination problem was formulated as a convex program, and
this formulation made it possible to determine the optimal strategy to dis-
criminate a pair of quantum channels'®. However, it is unclear how to extend
this result to the continuous parameter setting that we require in the channel
estimation problem.

Results

Quantum state estimation

In quantum state estimation, we are given copies of an unknown state Pe,
from the set of quantum states {pg: 0= (', ..., &) € B} parametrized by a
continuous set ® € R?, and our aim is to construct an estimator 6 that
estimates the true parameter 6.

We describe a measurement using a set of positive operators
IT = {I1, : x € X} labeled by a set X, where the completeness condition
> exIL, = Tholds. By Born’s rule, a measurement IT on a quantum state pg
gives the classical label x and the state IT,p,/Tr(I1 p,) with probability
Po(x) = Tr(I1,py). Given a function f of the classical label x, we denote
E[f(x)|I1] as the expectation of f{x), with probability distribution obtained
according to Born’s rule.

Given a measurement IT and an estimator @ that depends on the
classical label x, we denote IT = (II, 9) as an estimator. When the true
parameter 6 is equal to 6, we define the mean-square error (MSE) matrix for
the estimator IT as

d i N .
Vol = > 1l [(@x) — ) ) — 0.

ij=1

In multiparameter quantum metrology, the objective is to find an optimal
estimator [T = (I1, §) that minimizes TrGV p[IT], where a weight matrix G, a
size d positive semidefinite matrix, quantifies the relative importance of the
different parameters.

In the neighborhood of the true parameter 6, we define D; := % Pole,>
andp = Po,- Our estimator II is unbiased at 6, = fifforalli=1, ..., d, the
expectation of our estimator equals the true value of the parameter 6, when

0 = 6, that is

E, {éi(x)ﬂ'l] = Z @i(x)Tr [pel'lx] =6. (1)

xeX

Our estimator is globally unbiased if (1) holds for all 8 € ©. Since globally
unbiased estimators need not exist, we consider estimators that are unbiased
in the neighborhood of the true parameter 6. Taking partial derivatives on
both sides of (1), we get

8 ~d ~i .
2 E, [9 (x)m] =Y d@r, =4, @)
ot/ xeX

The estimator IT is locally unbiased if (1) holds for all i =
where 6, = 6, and when (2) holds for alli,j=1,...,d.

For any weight matrix G = Z ij=18ijl) (jls the fundamental precision
limit" is

1,...,dforafixed 6

CylG] := min Tr [GV,,[H]}

:lu.at

where ‘L.u. at @ indicates our minimization over all possible estimators under
the locally unbiasedness condition. Since this minimum is attained by IT
satisfying (1) when we impose only the condition (2), it suffices to consider
ColG] as a minimization with only the condition (2).

Cramer-Rao (CR) type bounds" describe any lower bound to the
weighted trace of the MSE matrix. The fundamental precision limit C[G] is
one such lower bound which is tight, and hence refered to as the tight CR
bound”. Operationally, we may attain the tight CR bound using an
uncorrelated measurement strategy in the asymptotic setting. The Holevo-
Nagaoka (HN) bound™* is a CR bound that describes the ultimate pre-
cision using correlated measurement strategies, and the HN bound can be
strictly smaller than the tight CR bound".

We may efficiently approximate the tight CR bound using a semi-
definite program (SDP)", with the precision of the approximation
increasing with the complexity of the SDP. Other CR-type bounds are
significantly more efficient to evaluate as simple SDPs, such as the Nagaoka-
Hayashi (NH) bound, the HN bound, and the symmetric logarithmic
derivative (SLD) bound. Recently, ref. 19 clarifies the relationship between
these disparate CR-type bounds under a common conic proramming fra-
mework. For these conic programs, the optimization variable is an operator
that can correspond to an estimator IT = (IT, §). Namely, the operator

d i d N
X(1,6) =Y (|o> +> é’(x>|i>> <<0| + > (il (x)) ®TI,
i=1 i=1

xeX

acts on vectors in R ® H, where R = R*! is spanned by basis vectors
[0),1),...,|d) and H is the Hilbert space for II.

The objective function of these conic programs is equal to the trace of
the weighted MSE matrix TrGV[I1], and can be written as a function of
X(I1, 6). Namely,

TrGV 5[I1] = Tr(G ® p)X(I1, ). (3)
Next, note that the completeness condition > IT, = I, using X(TI, 6)
implies that

Tre (10) (0] ® I,)X(IL, 0) = I,,, (4)

where Try, denotes the partial trace on system R. Hence, we may interpret
(4) as a rewriting of the completeness condition y _ _,IT, = I;,. Next, we
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Fig. 1| Biconvex function f(x, y) = x> + y* + 4xy + 2x. The function f{x, y) is convex
in x treating y as constant, and also convex in y treating x as constant. Minimizing f(x, y)
on the convex set {(x, y): £ + y* < 2} is not a convex optimization; there are two distinct
local minima, each with a different value. Numerical methods that minimize iteratively
in the variable x and y need not find the global minima. The local minima found
depends on the optimization algorithm’s initial starting point.

note that the condition (2) for a locally unbiased estimator guarantees

Tr<%(|0)(i| + 10D ® Dj)X(“’ 6)=0y ©

Hence, (5) reformulates the locally unbiased condition.

The operator X(I1, @) has a tensor product structure; namely, X(I1, é)
is an element of a cone generated by separable states on R ® H. This cone
S' is a separable cone, which is the convex hull of operators that are a tensor
product of a real positive semidefinite matrix on R and a complex positive
semidefinite operators on H with bounded norm. Hence, we consider the
minimization

S = )I(Iég}{Tr(G ® p)X|(4),(5) hold.},

which equals the tight CR type bound”. Minimization of Tr(G ® p)X
subject to (4), (5) and over suitable cones that contain S ! can give conic
programs with optimal value equal to the NH bound, the HN bound and the
SLD bound.

Consider B as the vector space spanned by the tensor product of real
symmetric matrices on R and bounded complex Hermitian matrices on .
That is,

d d
B:= { Z|k)<f| Q Xy jlXy; € Bo(H), Xy = Xj,k}-,
=

k=0

where B, (H) denotes the set of self-adjoint (Hermitian) matrices on H with
bounded norm. We extend the space B to

d d
BM:{ E]HM@XM&me&ﬂﬂXM:@ﬂ?.
j=0 k=0

Based on the spaces 3 and 3" we define cones over which we optimize X. For
instance, we consider the cone

S = {X e B|(v|X|v) 20 forall |v) € C' @ H).

We denote R, = C4*!. The subscript C denotes that R is the
complexification of the real space R = R*™'. We define S(R ® H)ppr as
the set of self-adjoint operators on R ® H with positive partial transpose,
and define the cone S as S(R ® H)ppy N B'. Likewise, we define the set
S(R: ® H)j as the set of positive semi-definite self-adjoint operators on
R ® H,and define the cone S* as S(R . ® H), N B”. Then, fork=1,2,3,
4, we define the conic programs

S 1= Qi;]k{Tr(G ® p)X|(4), (5) hold.}. (6)

The relation S' ¢ §* ¢ S* € S* implies
$,28,28,>8,. ?)
In addition, we introduce a linear constraint to the operator X € B’ as

TeX(([j) (il — 1) (i) ® T) = 0 )

fori,j=1,2, ..., d and a trace-class self-adjoint operator T. We define the
subset of B” that corresponds to this linear constraint as By := {X €
B”|(8) holds .}. Next, given a density matrix p on H, we define S>(p) as
S(R¢ ® H)p N B;. We consider the minimization:

S; := min {Tr(G ® p)X|(4), (5) hold .}.
XeS(p)

The cones S', S?, S*, S* are independent of p, and only the cone S°(p)
depends on p. Since we have the relation S € S>(p) C S*, we have the
following relations

S,<S;<S,. ©9)

Since Sy depends on the model (p, (Dj) ),i.e., the probe state p and the partial
derivatives of the probe state D; for k = 1, 2, 3, 4, 5, we also write Sy as
Sklps (D]-)j] to emphasize the CR-type bounds’ dependence on p and D;.
Here S, ‘equals the Nagaoka-Hayashi bound (NH bound) studied in
references. 7, S, equals the SLD bound, and Ss equals the HN bound”. In
the single parameter (d = 1) case, the SLD bound is attainable, which implies
that

(10)

Channel estimation
In the channel estimation problem, we have a d-parameter channel family
{Ag}, where the quantum channel Ay that maps a probe state p on input
system is H 4 to output system is 1 also embeds the d parameters 6 to be
estimated. With copies of quantum states Ag(p), we perform either corre-
lated or uncorrelated measurements to obtain a probability distribution that
depends on the parameters, from which we construct the best estimator for
the parameters.

In channel estimation, we may purify the probe state p to a pure state on
H, ® H. Here, the Hilbert space H, isomorphic to H,,, is an ancillary
system that the quantum channel has no access. Measurement strategies
however may access the ancillary system. This setting follows the preceding
paper'’ which studies the optimization of the one-parameter case under the
assumption of the ancilla system’s availability. Consideration of measure-
ment strategies without access to this ancilla system is highly non-trivial, and
is beyond the scope of our current study. In channel estimation under this
setting, the CR-type bounds of interest are

_ J
Selpacl = Sk | (Mg ® 1)(pac), (ﬁ (A ® ’c)(PAc))

} (1)
j
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SBA
SAD
A Tlght 3?2 Optimization variable :
J»: Nagaoka-Hayashi ¥’ onsystem RBA
1
(V) ——Tr Y(]0)(0] ® I;)
Js: Holevo-Nagaoka " P4 ralY(10)(01 @ )]
Sha Purification gives corresponding

entangled probe state 04¢
Ji: SLD ——

Fig. 2 | Relationship between ]y, ]2, J5, J4 and their associated cones

Sya, S24, S54(T), S, The optimal values of these minimizations, are the tight
bound, the NH bound, the HN bound, and the SLD bound respectively. We pic-
torally illustrate that J; > J, > J5 > J,. From the optimal solution Y of any conic
program Ji, we can derive a corresponding p,(Y"), whose purification to system AC
yields the corresponding optimal probe state.

where 1 denotes an identity channel on system H .. The ultimate precision
bound using the optimal probe state is

Sp = minS;[p,c]
Pac

(12)

where the minimization is over all pure density operators on H, ® H,.

Direct solution of the optimization in (12) is challenging. Even if one
solves the inner optimization for S;[p,.], it is unclear if the subsequent
optimization in p, is a tractable optimization problem, such as a convex
problem. For example, even if a function f(x, y) is biconvex on a convex set,
which means that it is convex one variable while treating the other variable
as constant, the overall function need not be convex, and can have multiple
local minima (see Fig. 1 for an illustrative example).

In this Article, we bypass these difficulties. Namely, we construct conic
programs with optimal values equal to (12), which lets us find (12) using
only a single optimization program. Moreover, from the solution of our
conic program, we explicitly construct the optimal probe state (see Fig. 2).

Our formulation uses the isomorphism between the space H . and the
space H 4, and optimizes over cones on R ® Hy ® H 4 rather than cones
on Re @ Hy ® HC Namely, instead of c0n31der1ng the cones Sk, we
consider the cones S§,,, where we obtain S, by replacing H with H ® H,,
in the definition of S*.

Our first tool is the Choi matrix**Ty of a quantum channel Ag. The
idea is to rewrite Ag(p) in terms of the Choi matrix Ty and the input probe
state p. Here, the Choi matrix Ty of Agis an operator on H; ® H, and is
given by

Ty == (Mg @ DN,

where |I) := > ".|e ]| )e;) is an unnormalized maximally entangled state and
{ IeJ )} is an orthonormal basis of H 4. Then, it follows that

Ng(p) = Try[To(Ip ® p)], (13)

where I denotes the identity operator on H . When the parameter 6 is in
the neighborhood of the true parameter 8y, we denote the corresponding
Choi matrix Ty by T and its derivatives as F; := - 0 Tolo_ 8,

The objectwe function of our conic programs are all equal to
Tr[Y(G ® T)], where Y belongs to a conein R ® Hyz ® H,.

We describe the constraints of our conic program using the following
conditions.

(i) Given fixed Yon R ® Hy ® H,, there exists a state p4 on H, such
that

Trp[Y(10){0| ® I4p)] =I5 ® p,- (14)

(i) Forj,j =1,...,d,

STV + /) 0D © F)l =,

It turns out that condition (i) corresponds to the completeness con-
dition for measurements, and (ii) corresponds to the locally unbiased
condition. While the condition (ii) is a linear constraint, the condition (i) is
not a linear constraint. However, note that condition (i) is equivalent to the
following linear constraint.

() Let {|b)} be any orthonormal basis of Hj. For b # b', we have

Trgg[Y(10)(0] ® I, ® [b)(V'])] = O, (15)
Trpg[Y(10){0] ® I, ® |b)(b])] (16)
= Tryg[Y(10) (0| ® I, ® |6')(V])]
as operators on 7 4. Also,
TH{Y(10)(0] © T, ® [b){b])] = 1. (17)
Note that when we impose the condition (i), the operator
paY) = TrRB[Y(|0> 0l ® I45)] (18)

is a density matrix, where dp is the dimension of H 5. This matrix p4(Y) helps
us construct the optimal probe state.

Our new conic programs are the minimization of the objective function
Tr[Y(G ® T)] subject to the linear constraints (i’) and (ii) along with
appropriate conic constraints. Namely, we define

Ji := min {Tr[Y(G ® T)]|Y satisfies (i'), (ii).}

veSt,

fork=1,2,3,4. For k =5, we define S}, (T) := S(R¢c ® H5)p N By, and
define the conic program

min {Tr[Y(G ® T)]|Y satisfies(i’), (ii).}.
YeS(T)

J 5=
Wealso use Ji[ T, (F;) ] to denote J, when we need to clarify the dependence

of Ji with the channel’ model (T, (F ) ).
The main result of our paper is the following theorem.

Theorem 1. For k =1, 2, 3, 4, 5, we have ], = Sk.

The proof of Theorem 1 involves drawing connections between the
optimization in S, and the optimization in J;. Theorem 1 allows calculation
of precision bounds for channel estimation optimized over probe states as
given by S, using the conic programs that correspond to Ji. Since the cones
considered in J; are analogous to the cones considered in S;'°, we know how
to solve Ji numerically. Furthermore for k = 2, 3, 4, 5, we can solve J via
semidefinite programming (SDP). The calculation of ] is more challenging,
because it requires the minimization over a certain separable cone on R - ®
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(Hp ® H,) [ref. 19, Sec. IV]. Namely, J; expresses the ultimate precision
when no correlated measurement is allowed. When correlated measure-
ments are allowed across several output states, the bound J5 expresses the
ultimate precision. In the single parameter case, i.e., d = 1, the SLD bound is
attainable, because (10) implies Jy =L =J3=Js =]

The following algorithm calculates the optimal probe state given the
optimal solution Y* of J;.

Algorithm 1. Find the optimal probe state for J.

1. Take as input the matrix Y*, where Y* is the optimal solution of ;.
Here, Y* is a matrix on the system R ® Hy ® H,.

2. Obtain the matrix Z* = Y*(|0)(0| ® I,5)/dp, where |0) is a state on
R, I 4p is the identity matrix on system H ® H 4, and dj is the dimension
of Hj.

3. Take the partial trace of Z' over system R ® H . That is, obtain the
matrix p} = Trps[Z*]. )

4. Write the spectral decomposition of p} as pj = >4, 5;1¢;) (¢,
where d, denotes the dimension of H, 5,20 and {¢;j=1,...,ds} isan
orthonormal basis of H 4.

5. Write the purification of p3 as |y,.) = Zf;‘l V519 @ Ulg,),
where U is any unitary map from H, to H. The optimal probe state
is pic = [Wac)(Vacl-

Most operationally significant are the conic programs Js and J;, which
help us find the optimal probe state using correlated and uncorrelated
measurements respectively.

There are many situations where the maximally entangled probe state
| D) (®|onH 4 ® H is the optimal probe state to use in channel estimation.
In Section II D, we explore this possibility. Namely, we prove that J, =
S,[|®)(@]] if and only if a particular operator-valued dual variable of J, is
proportional to the identity operator. Furthermore, we prove that J; =
S5[|®)(@|] if and only if a particular operator-valued dual variable of Js is
proportional to the identity operator. These theoretical results allow us to
find situations when the maximally entangled state is the optimal probe state
for both the SLD bound and the HN bound.

Using this theory, we prove in the Supplemental Information that for
channel estimation with a single embedded parameter, and where the
channel is a depolarizing channel on a single qubit, the maximally entangled
state is the optimal probe state, and furthermore, the tight bound, the NH
bound, the SLD bound and the HN bound are all equivalent. When the
channel applies generalized Paulis randomly on an input qudit probe state
according an apriori determined probability distribution, and the channel
estimation task is to estimate this probability distribution, we prove that the
optimal probe state under the SLD bound is the maximally entangled state.

We also consider a quantum channel that is the mixture of unitary
evolution according to the spin-j representation of SU(2) unitary evolution
according to the spin-j representation of SU(2) and replacement by a
completely mixed state. We also give equal weights to each of the three
parameters that we estimate. We derive the analytical form for SLD bound.
Furthermore, we prove that under purely SU(2) unitary evolution with zero
noise, all the precision bounds Jj, ..., s are equivalent, and the maximally
entangled state is the optimal probe state for all the precision bounds.

In Section IT G, we revisit the problem of quantum field sensing” in the
multiparameter setting. In the noiseless setting, this is equivalent to the
channel estimation problem for noisy SU(2) channels. Instead of a depo-
larizing type of channel, we consider noise introduced by collective ampli-
tude damping [ref. 30, Eq. (7)]. The channel that we consider differs from’ in
two ways. First, we consider collective amplitude damping while’ considers
iid. amplitude damping. Second, we model the channel using a master
equation, considering collective amplitude damping that occurs during the
SU(2) evolution, whereas the channel in’ considers i.i.d. amplitude damping
that occur after the unitary evolution.

Using MatLab computer code, we numerically determine the optimal
probe state for the NH bound, the HN bound, and the SLD bound, and
numerically evaluate the corresponding precision bounds. We numerically

ascertain that in the noiseless setting, the maximally entangled state on the
symmetric subspace is the optimal probe state.

When there is non-vanishing noise, we numerically ascertain that the
SLD precision bound cannot be optimal. We furthermore prove this by
calculating expectations of commutators of the symmetric logarithmic
derivatives of different angular momentum generators.

To maximize the accessibility of our work, in Supplemental Informa-
tion E, we formulate the mathematical optimization problems that corre-
spond to ], /3, J4, J5 as semidefinite programs to be used with the CVX
package and provide the corresponding MatLab code. The outputs of these
semidefinite programs are inputs to Algorithm 1 that calculates the optimal
probe state.

On the efficiency of evaluating conic programs

Next we discuss the efficiency of evaluating the various bounds Ji. The conic
programs J; have the same structure as Sy, and hence algorithms used to
solve Sy can solve J. When k=2, ..., 5, the optimizations for J; are efficiently
solvable by SDPs.

When k = 1, the conic programing J; is challenging to solve. This is
because optimizing J; involves a minimization over a separable cone, and
such an minimization is as hard as the problem of deciding whether a given
quantum state is entangled or separable, which is NP-hard™. Such a conic
programming cannot be directly solved using SDP, and its optimization is
much harder than using SDP to solve in /5, J3, J4, Js. -

In ref. 19, we discuss how one can approximate J; using SDP. For this
we can choose a covering of a hypersphere in R, and use a semidefinite
program with number of variables that scales as the number of points in the
covering of the hypersphere, and approximation error that depends on the
covering radius of the covering.

Since such an approximation is numerically expensive, one can con-
sider an alternative approximation of solving J;, by employing the concept of
symmetric extension. The symmetric extension was orginally introduced to
consider the membership problem for separability’””’. We consider the
systems ‘Cd+1®” ® H, CH! @ H®" and define

S!i= (X € BCH™" H)|Tr, X = Tr, X, X 20)

~1

S, = {X e BC™' /H®)|Tr, X = Tr.X,X 20},

n

. ) ®

where Tr;: expresses the partial trace except for the j-th system on cH®"
or H®". The minimizer X of §; has a symmetric extension X , that belongs
to S! and S, and satisfies Tr;-X «n = X4 Due to the condition

n

Tr- X, , = X, € §,, we have the following lower bounds of S,

Sy, == min{Tr(G ® p)Tr,X|Tr,. satisfies (4), (5).} (19)
' XeS!

SL,n := min{Tr(G ® p)Tr,- X|Tr. satisfies (4), (5).}, (20)
Xe

n

which both can be calculated by SDP. Since an element X of S} or 3:‘
satisfies Tr; X € S?, we have

Sl 2 SlArH»l 2Sl.yl 2527 Sl 2 §1An+l ZS1,;1 2 SZ'

Also,” showed that for any non-separable state p, there exists an integer
n such that p does not belong to S; .. Since the speed of the convergence was
studied in™”, we have

S, = lim S, , = lim §, .
n—o0 ’ n—o0 7
Hence the approximate calculation of J; by SDP follows similarly.
While we have SDP formulations that approximate ], because of the
intrinsic hardness of exactly solving J;, we should expect these SDP
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formulations to be numerically expensive to evaluate. Hence, we defer the
numerical approximation of J; in the field sensing application for
future work.

Optimality of the maximally entangled input state
There are many situations where the maximally entangled probe state is the
optimal probe state for channel estimation. Here, we explore this possibility.

Denoting the maximally entangled state as |®)(®|, fork=1,2,3,4,5
we have

LT, ()] <ST, (F), 10)(@]. 1)
This is because |®)(®| might be a suboptimal probe state. If the above
inequalities are equalities, then |®)(P| would be an optimal probe
state. Here, we derive necessary and sufficient conditions for the
above inequalities to be equalities when k = 4, 5, addressing the
optimality of |®)(®| for the SLD bound and the HN bound respec-
tively. The proof for k = 4 and 5 crucially uses a particular inner
product structure of the optimal values of S, and Ss, which are
characterized by SLD Fisher information matrix, and RLD Fisher
information matrix over an extended space [ref. 22, Theorem 4] and
[ref. 36, Proposition 1] respectively. Since the optimal values of Sy, ...,
S3 are not known to have such a inner product structure, it is chal-
lenging to obtain similar results pertaining to the optimality of
maximally entangled states for channel estimation for Jy, ..., J3.

The key idea is that the normalized Choi state Ty := 4T and its
denvatlves Fiy:= diF . can be written as Ty = A9(|®3 (®|) and
Fiy= 36 A9(|®)((D|) We use the rescaled optimization variable Yy: = d, Y
to rewrite the constraints (i) and (ii) as

(i-N) Given fixed Yyon Hy ® Hy ® H,, there exists a state py on H , such
that

Trp[Yn(10)0l ® Iyp)] = I ® dypy- (22)
(i-N) Forj,j =1,...,d,
1 ., .,
ETr[YN((|0)<] [+ 1) (0 ® FN,j)] = 5j,j’~
We rewrite (i-N) as the following linear constraint.
(I-N) Let{|b) }g‘;l be any orthonormal basis of H. Forbe {1, ...,dg — 1} and

b €{2,...,dz — 1} with b > b’ we have the operator constraints

Trgg[Yx(10)(0] ® I, ® [B) (V)] = 0, (23)
TrpglYn(10)(0] ® I, ® (16)(b] — b+ 1)(b + 1])] = (29)
Walso have the scalar constraint
TH{Y (10} (0] ® I, ® [1){1)] = d, (25)
Using constraints (-N) and (ii-N), we rewrite Ji for k = 1, 2, 3, 4 as
Je = m1n {Tr[Y (G ® Ty)]|Yy satisfies (i — N), (ii — N).}, (26)
YyeS; BA
and rewrite /5 as
Js = min (Ti[Yy(G ® Ty)]|Yy satisfies (i’ — N), (ii — N).}. 27)

YeS;,(Ty)

Since Ty = Try[(T @ I)(Iz ® |D)(D|)], by replacing the system H -
by H 4, we can rewrite S,[|®)(D]] as

SIPH@|] = min {Tr[Y (G ® Ty)]|Yy satisfies (i”), (ii — N).}
YyESha
= STy (F),
(28)
S;[lo) (@] = v en;Sh%T ){TT[YN(G ® Ty)]IYy satisfies (i7), (ii — N).}

STy, (Fy))
(29)

for k = 1, 2, 3, 4, where the condition (i) is defined as
(i)
Trp[Yn(10)(0] ® Ip)] = Lyp- (30)
Now the conic programs Ji have constraints (*-N) and (ii) while the
conic programs S;[|®)(®P|] have constraints (ii) and (ii-N). Therefore, the
difference between tlle constraints (’-N) and (i”) characterizes the differ-
ence between Jy and S [|D)(®@[].
Using the representation of S, [|®)(®|] as the quantum model
STy (F;n).], we elaborate on the equivalence of Jx and Sc[|D) (@]] for

k=4,5in sulésequent subsections. This helps us determine when |®) (D] is
the optimal probe state for both the SLD bound and the HN bound.

Equality condition for k = 4. Denoting X o Y := (XY + YX) as the
symmetric product between operators X and Y, the SLD equations for
quantum state estimation model (p, (Dj)j) aregivenas p o L; = D;. Here, we

interpret L;as a self-adjoint operator-valued solution to an SLD equation,
and we call ; as an SLD operator.

The use of SLD operators is natural when we discuss S,[|®)(P].
Namely, using the SLD operators, we can define the SLD Flsher information
matrix s pas g p := Y;:1i) (jITr[LpL;]. Wedefine L' := Z - (ISLD)”L
as a linear combination ofl SLD operators that depend on the zth row of the
inverse SLD Fisher information matrix. These operators L' satisfy the con-
straint TrD; L= 6’

Since the operators L;and L' depend on the quantum state estimation
model (p, (D;) ), we also denote L; and L'as Lp, (D])j] and L;[p, (D])j]
respectively. We also denote Jsip as Jiplp; (D ) ]

Interpreting S;[|®)(®D]|] as a quantum state ‘estimation problem on the
normalized Choi state Ty and its derivatives F;y, we denote the linear
combination of corresponding SLD operators as Ll = LTy, (F N) ], and
define the vector of such operators as L = (L} ), For a vector of Hermltlan
matrices Z = (Z/ );» we define the operator

Wan(Ty, 2) =Y G Z'T\Z.
1<ij<d

Then we have the following theorem.
Theorem 2. The following conditions are equivalent.

(Al) Jy= S4[|®)(®|_1~
(A2) TrgWg(Ty,L,) is proportional to the identity operator I4.

In the Supplemental Information Bl, we show that W (Ty,Z)
corresponds to the operator-valued dual variable of the condition (i-N) in
the conic program Jj.
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Equality condition for k = 5. The constraints for J; are more complicated
than for Ji for k = 1, 2, 3, 4, and hence it makes sense to write the dual
variables of J5 in as simple a form as possible. For this goal, in this
subsection, given the weight matrix G, we choose the new parameter
6 := /Go. By using the estimator 6 of the parameter 6, the new para-
meter’s estimator 0 is given as V/GO. Hence, by using the covariance
matrix V [H] of the parameter 6, the covariance matrix V7 [I1] of the new
parameter 6 is given as ~/GV[[T]/G. That is, we have
TrGV,[I1] = TrV,[I1].

In other words, under the new parameter 6, the weight matrix is given as the
identity matrix I so that the analysis on the weight matrix I can recover the
case with a general weight matrix G. Therefore, without loss of generality, we
can assume that the weight matrix is the identity matrix I.

Given a vector of Hermitian operators 7= z', Zd) we denote
H(Z) as a block matrix Z, where the components of H(Z) are glven as
()" ZZZJ That is, (Z) = Zl<z]<d|l (jl® (Zl) 7 = (Zl
liy ® (Z) )(Z1 (il ® Z"). Then, we deﬁne Z, as the optimal solution of
the minimization of a linear function of H(Z) sub]ect to linear constraints on
Z', namely,

—

Z, = argmin{Trl'[(Z)(I ® TN)|TrDjZi = 8;},
Z

Based on Z,, we define the operator V% := TrZ (Z)' T, and define Cs: =
— ImVi|ImV+| ™, where |A| := v/ ATA and the inverse [ImV:|™" acts only
on the support of [ImVx|.

Next, we define

d
Wi Ty, Z) := (Z Z’TNZZ> -

i=1

> VeicizTz!

1<ij<d

which corresponds to a dual operator-valued variable for the condition
(T-N).

Theorem 3. The following conditions are equivalent.

(B1) J5 = S;[|0)(®]].
(B2) TrgWyn(Ty,Z,) is proportional to the identity operator I4.

Examples: one-parameter case. Consider the qubit depolarizing
channel

Ao p(p) = (1 = P)p =+ PPrix 5
where p_. » = (|0) (O| +[1)(1])/2. The channel A, is given as
Fep(p) = UeAOP(P)Ue> where Uy := exp(ifio;) and o, = [0)(1| + [1)(0|
is a bit-flip operator. Then, the following theorem holds.

Theorem 4. When G is 1, we have the following relation

T[T, @ 00 ), (4Ta, @ ) (D D)

p. Moreover, the precision bounds for correlated and uncorrelated mea-
surement strategies are identical, and we furthermore have their precise
analytical form.

We prove Theorem 4 in the Supplemental Information. The proofis an
application of Theorem 2.

Examples: generalized Pauli channel

We consider the generalized Pauli channel on the qudit system
H = H, = Hp, which is spanned by {|a)},c7,. We define the operators
W(a, b) for a, b € Z, as the following unitary matrices on H;

X(@) =Y _li+a)(jl, Z®) =Y o"[j){jl,

32
JELy JE€Zy (32)

W(a, b) := X(a)Z(b), (33)

where w := exp(27i/d). We introduce a distribution family pg over 7.
Then, we define the family of channels {Ag} as

Agp) == pyla,b)W(a, b)pW(a, b)".

34
(a,b)eZ? (34)

We denote the Fisher information of the distribution family {Pg}. Then,
as shown in”"**, we have the following theorem.

Theorem 5. We have the following relations:

T4 (4 ® 000D, (8 @ 1) AD (1Y)

= 5,[(Ag @ DD D, (Z A9 @ 1) (D D), 10} (@)
= TrG]gl.

(35)

Theorem 5 shows that the channel estimation problem of estimating a
noisy generalized Pauli channel with noise parameters p, has the maximally
entangled state as the optimal probe state with respect to the SLD
precision bound.

We prove Theorem 5 in the Supplemental Information. The proof is
again an application of Theorem 2.

Examples: Spin j representation of SU(2)

Next, we consider spin j representation of SU(2) over the Hilbert space H;.
Here, 01, 03, and o3 jare defined as the spin j representations of the gen-
erators of SU(2) on'H;. We set 4 and H; to be ;. Define the depolarizing
channel

Do p(p) == (1 = P)p + PPrix >

where py,i, p denotes the maxlmally mixed state on H . Here, the channel Ay
is given as Ag ,(p) 1= Uglg ,(p) Ug, where U, := exp(i Zk_ 6*a,).
Then, the following theorem holds.

Theorem 6. When the weight matrix G is chosen to be I, we have the
following relations

= 5[0, ® DD D, (H 10, ® AU 10N (a1
= 2P, T4 (g ® DD, (580, © 1) IDUD)r 25
8(1 )2 P L P
— p ~
=54 [0, ® 0IDUD. (A0 @ ) (DU OV
fork=1,2,3,4,5. 4j2+4j_1
Theorem 4 shows that the maximally entangled state is the optimal 9 (1— .421’)
oS : _ 2j+1
probe state for estimating 6 for the channel I'y;, that performs a rotation = 86+ D) .
about the Pauli-X axis after applying a depolarizing channel with papameter
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In particular, for p = 0, we have

T4 (R0 ® DD, (500 @ 1) (D TN 2]
=11 [(Rgp ® DD, (800 & )UDID)1 5]

= 51[ (a0 ® DD, (5 800 ® 1) IDMD)_ 2, 19) (@]
9
TG+ 1)
(37)

Theorem 6 shows that the channel estimation problem of estimating
the coefficients of the SU(2) generators that act on a partially depolarized
state has the maximally entangled state as the optimal probe state with
respect to the SLD precision bound. Furthermore, we have the precise
analytical form of the corresponding SLD precision bound for all noise
parameters p, and all spin values j.

We prove Theorem 6 in the Supplemental Information. The proof is
again an application of Theorem 2.

The paper” studied a similar but different problem in the n-copy
setting of the estimation of SU(D). That paper maximized the trace of SLD
Fisher information matrix by varying the input state.

Application to field sensing

Model for field sensing. The canonical example that is widely con-
sidered in quantum metrology is ‘field sensing’, where a classical field
interacts with an ensemble of qubits. When a 3D classical field interacts
identically with n qubits, we can write the interaction Hamiltonian as

Hy = 0,E' + 0,E* + 0,F°
where 0 = (0, 0,, 05) is a real vector that is proportional to the 3D field that

we wish to estimate, and E', E>, E® are angular momentum operators defined
on n-qubits, given by

E' = %(r(ll + -~+T§")),
B = %<T§1)+---+r§"’>,
B =1 (Tgl) +- T(”))

=10)(1] 4+ |1)(0], 75 = |0) (0] — |1)(1] are Pauli matrices that apply the
bit-flip and phase-flip on a qubit, 7, = i;73, and 7" represents an n-qubit
Pauli matrix that applies 7; on the kth qubit, and identity operations
everywhere else.

Amplitude damping operators A;, which model energy loss, apply
0} (1| on the jth qubit and the identity operator on other qubits. These
operators arise because of a linear interaction between individual qubits and
a Markovian zero-temperature bath”’. Namely,

A, =% @ |0)(1] ® 1%,

The collective amplitude damping operator, also considered in [ref. 30, Eq.
(7)], models collective energy loss, specifically because of a collective linear
interaction between all n qubits and a Markovian zero-temperature bath,
and is given by A Z] 14,

We model the evolutlon of an initial probe state using the master
equation

dp

== Ly, (p), (38)

where t denotes time, and the operator £, can be written as a linear operator,
which is

~ T ~
Lo,(p) = SGIAp+pAA). (9
For a non-negative evolution time s, let p; denote the solution to the
master equation (38). In particular, we can write p, = e*“»(p,). This means

that we can write p, as the Taylor series

—i(Hgp — pHy) + A,p

00 k£ ki~
=g 3T

!
p k!

In our application, we set the evolution time as s = 1. Hence, the channel that
we consider in our channel estimation problem is

(p)

Ag,(p) = e“r(p) = : (40)

Using Ag,, we can calculate the corresponding Choi matrix Tg,, and its
derivatives about the true paramater 6, are

3
iy = 5g Loylo=s,

forj=1,2,3.

Numerical results. Here, we set the true parameter as 8, = (0, 0, 0) and
the number of qubits as n = 2, 3, 4, 5. We investigate our channel esti-
mation problem when y varies from 0 to 1. In our calculations, we set the
weight matrix G as the identity matrix L.

We numerically evaluate the channel estimation precision bounds J;,,,
Jap J5,p0 where

]ky = ]k[T904y7 (Fl,yv F2,y7 F3,y)]'

The precision bounds /5,5, /4, J,, are given by the optimal values of semi-
definite programs with corresponding optimal solutions given by Y, ,, Yy,
Ys,,, respectively. Using the optimal solutions Y5y, Yy ), Y5, we calculate the
corresponding probe states on H, given by ps(Y2,), pa(Ys,), pa(Ys,)
respectively.

Let us denote |®) as the maximally entangled state on the symmetric
subspace, and consider the precision bounds that correspond to using | D) as
the input probe state for the channel estimation problem. These precision
bounds are

s =,

9
Ag, , @ 1c(|D) (D)), (0A9y®tc(|® (@Dl,_ go)v }
=123

We also numerically evaluate S i S;y;,“7 s 'y - When we have no access

to an ancillary system H ., we may consider using the 3D-GHZ state"'
o ) A 1R+ ) [+ ) 4| — 0)®"

N )
where | +) =122 and | +i) = , and N is the appropriate nor-

malization factor. We denote the corresponding precision bounds for using
the 3D-GHZ state without ancillary assistance as

|V/3DGHZ> =

10)4 +i|1)
2

0
Si,[;)/ = S| Ag, (P3pGrz); ﬁAGy(p?yDGHZ)lB:QO

S3D SSD S3D

We also numerically calculate S5 ), S, 7,
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Fig. 3 | Plots of multiparameter Cramér-Rao bounds against increasing levels of
noise . We numerically calculate the CR-bounds for field sensing when 6, = 6, = 0;
= 0 for fixed number of qubits n = 2, 3, 4, 5. Here, Ji: = Ji,,, denote the CR-bounds
using the optimal probe state with ancilla assistance. In contrast, P := Sf(y;n denote
the CR-bounds using the maximally entangled probe state on the symmetric sub-
space. We also use 4; := Sig for the CR-type bounds using the 3D-GHZ state that

0.0 0.2 0.4 'Y 0.6 0.8 1.0

do not require ancilla resistance. The vertical axis represents the CR-type lower
bound on the sum of the variances of estimates on the three field components, which
corresponds to a weight matrix G equal to the identity matrix. The horizontal axis
denotes the amount of amplitude damping noise .

3.5 y=1 A;
4
3.0 AN Ay
AN == As
25 S
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1.0 ST T Ja
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Fig. 4 | Plots of multiparameter Cramér-Rao bounds against increasing number
of qubits. We represent the data in Fig. 3 differently, plotting the CR-bounds for

fixed values of y. The horizontal axis denotes the number of qubits # in the 3D-field
sensing problem. The vertical axis is the sum of variances of estimates on the three
field components corresponding to using the optimal probe state on the symmetric

subspace (Ji), the maximally entangled state on the symmetric subspace (Py), and the
3D-GHZ state without ancilla assistance (Ay). This plot shows the advantage of using
the optimal probe state.

We numerically find that when y = 0, we have

9

Joo=Jso=Js0 =50 =Sis =50 = M E2)

In fact, the analysis in Subsection II F showed that the same equality when
the input state is limited to a state on the symmetric subspace. Our
numerical analysis suggests that the support of the optimal input state is
limited to the symmetric subspace.

Furthermore, when we solve the semidefinite programs corresponding
t0 J2» Jap J5,,» e find that the corresponding optimal solutions Y5, Yy,

Y5, have corresponding density matrices p4(Y2,,), pa(Y4,), pa(Ys,) thatare
very close to the completely mixed state.
When y > 0 we numerically find that
SP>8" >, SP>87" ), SP>STT s (41)
In Fig. 3, for different fixed values of n = 2, 3, 4, 5, we plot the precision
bounds Siz, S;y;" and Ji,,, on the vertical axis and y € [0, 1] on the horizontal
axies. In Fig. 4, for fixed y = 0.5 or y = 1, we plot the precision bounds Ay, P
and J; on the vertical axis, and the number of qubits 7 on the horizontal axis.
In this way, we confirm the suboptimality of the maximally entangled
state by our numerical evaluation of p4(Y) using the optimal solution Y for
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the conic programs J,,, /4, and J5,, for y. In particular, while ps(Y>,),
pa(Yy,), and p,(Ys,) are still a diagonal matrices when y > 0, they are not
completely mixed states. Hence, their purifications cannot be the maximally
entangled state. We can furthermore see the suboptimality of the maximally
entangled state because S y;" 2]y, fork=2,4,5wheny > 0. Curiously, from
Fig. 3, the maximally entangled state on the symmetric subspace is none-
theless still quite close to optimal.

Motivating the above analysis, we prove the following theorem. When
the support of the input state is limited to the symmetric subspace in the
channel Ag, we denote the obtained channel by ASym Using this limitation
for the inputs, we define Tp ' , and F’ ym in the same way.

Theorem 7. For y > 0, we have

]4{ Ty <F;~};'m>j:1,23}

s
=S [AZZT‘;®:C(|®><®|) (Hamrecion@pl,, ) }
j=123

Since the relation J [Ty . (F; y)J 2 3] ]4[T6 N (FSYm s 3] holds,
the above theorem means that the maximally entangled state on the sym-

metric subspace is not the optimal input state.

Discussion

We have unraveled the connection between the two-stage optimizations S
and our conic programs Ji. The conic programs J; are efficient to solve.
While the two-stage optimizations S, need not be efficient to solve, the conic
programs J are efficient to solve. Using the optimal solutions of J;, one easily
finds the corresponding optimal probe state for the channel estimation
problem. We illustrate the power of our conic programs with theoretical
analysis on the scenario when the maximally entangled state is the optimal
probe state, and also with numerical analysis for the often studied field
sensing problem using quantum probe states.

Applications of theoretical findings extend far beyond the examples we
explored. Indeed, any problem where we estimate multiple incompatible
parameters embedded within a quantum channel using entangled probe
states stands to benefit from our theory. This encompasses for example a
plethora of applications in quantum imaging’.

Recently, it was shown that field sensing using quantum probe states in
the face of a linear rate of errors can approach the Heisenberg limit if we use
finite rounds of quantum error correction”” on appropriate permutation-
invariant codes*™’. However, the corresponding question of what can be
done using entangled probe states remains an interesting open problem.

Methods

We first give the main ideas of how to prove Theorem 1.
See the Supplementary Information for full details.

Equivalence of (i) and (i’)

Condition (i) is not linear, and hence we like to show its equivalence to the
set of linear constraints (i°). Since (i) = (i) is trivial, we show (i’) = (i). Now
assume that () holds. We denote Trp[Trg[Y(]0)(0]| ® I,p)]I, ®
[b) (b])] = Trgp[Y(]0)(0] ® I, ® |b)(b])] by pa(Y). Then, (17) guarantees
that p4(Y) is a state. Also, (15) and (16) imply (14). Hence, we obtain (i), and
this completes the proof.

Equality between the objective functions of S, and J,

There are two optimization variables in S, namely the probe state p,cand
an optimization variable X on R ® Hy ® H. In contrast, the conic
program Jj has only a single optimization variable Y on R ® Hy ® H,.
Here, we clarify the connection between the optimization variable X and the
optimization variable Y.

Note that the output state that corresponds to our input state p,c at the
true parameter value 0 is

(Ne®1c)(pac)lo=s, = Tral(T ® I)Ip ® pyc)ls (42)
and its derivatives are
0
ﬁ(l\a@lc)(PAcNe:eﬂ = Tru[(F; ® Ic)Up ® pac)l- (43)

Here, the joint system H; ® H is accessible for our measurement for our
estimation. Then, we write the CR-type bound Si[p,-] of channel
estimation problem in (11) as

gk[PAc] = ST, (T @ I)Ip ® pac)l; (TrA[(Fj ®Ic)Ip ® PAc)])j]
(44)

with k = 1,2, 3, 4, 5. We call the pair (T, (F;) ) as the channel model. In
particular, we denote S[p o] by Sy[ T, (F; ) P AC{I when we need to clarify the
dependence of the channel model.

In the optimization of (44), we can write the objective function as

Tr[G @ Try[(T ® Io)(I5 ® pac)IX]
=TiG® (TR o) ® puc))y ® X)]
=Tr[(G ® T)Trc[(Igp ® pac)Ts ® X)]].

Identifying Y as Tro[(Izg @ psc)I4 ® X)), we see that we can write the
objective function of (44) as Tr[(G ® T)Y], which is precisely the objective
function of our conic programs Jj.

Sketch of the proof of Theorem 1
Now we sketch Theorem 1’s proof. First we can establish an upper bound on
Ji in terms of S, in the following lemma.

Lemma 8. For k=1, 2, 3, 4, 5, we have

Ji<S,. (45)

To prove Lemma 8, we show that given any solution pscand X to S, we
can also construct a corresponding solution Y for J; with the same value for
the objective function. We prove the inequality opposite to (45), based on
the discussion in Section II A, we rewrite the constraints for the com-
pleteness condition and the locally unbiased condition as

Trp[X(10){0] ® Ipc)] = Ipc (46)

*Tr[(IA ®@ X)((10) (' + 1) (0D ® F; ® Ic)Igg ® pac)l = 8- (47)

g
Then, we show the following lemma, which takes any solution Y of Jio and
constructs a corresponding probe state psc and solution X for S[p,],
under the assumption that p,(Y) is full rank.

Lemma 9. Fork=1,2,3,4,5,we choose Y € Sk, satlsfylng the conditions
(i), (ii),and ps: = pa(Y) > 0. We diagonalize p, as EJ_ Igb (¢| We choose
an or‘(honormal basis {y;} of H. and the state PAC as the pure state
Z 21 /5] ¥;), which is a purification of p4. Then, we have

THY(G® T)]= Sk[PAc] 2 §k~ (48)

If the minimization in i is achieved by an operator Y for which p,(Y) is
full rank, the combination of Lemmas 8 and 9 yields Theorem 1. However,
the optimal operator Y might not admit a full rank p,(Y). Hence, we con-
sider the following lemma.
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Lemma 10. We have

Y satisfies (i), (ii) and,
pA(Y)>0,ie.,
pa(Y)isfull rank .

Jp = inf

veSk,

THY(G ® T)] (49)

fork=1,2,3,4,and

Js = inf

Y satisfies (i), (ii)and,
{Tr[Y(G ® T)]’ } (50)
YeSy,(T)

p4(Y)is full rank .
The combination of Lemma 9 and Lemma 10 yields ], > S, while

Lemma 8 shows J, <S,. Hence, J, = S;, which proves Theorem 1. We
supply the proofs of Lemmas 8, 9, and 10 in Supplemental Information A.

Methodology of numerical study of field sensing
Now weuse p’ = Azy(p) to approximate Ag,(p) according to the following
procedure: Given any input state p, we define

,(p) = min(100, min{j :|| (L}, (p)/j! | <107"2}).

Then we define Ay (p) := me(p) Lljg‘y(p)/ j!. On the state psc, we also

define Ay, (pac) = > i mpac) (L‘ ,®1c)pac)/jl. We obtain approxima-
tions of Ty, with Te,y = Agiy((n + 1)|®)(®|). We also obtain approx-
imations of F;, F,, F; according to the formula

Fr _ T(ll)’lz.l).()).y_T(U.U.l)).y
Ly — 10712 ’

2 — T(U.ll)’lz.0).y_T(l).U.l)).y
2y T 10712 ’

FZ — T(U.U.lo’lz)_y_T(l).U.l)).y
3y T 10-12

With the above, we approximate Loy Jags J5 with
]ky ]k[T(OOO)y’( J)')J 123}
We also approximate P,, Py, P5 with

Si}j;nﬂ = Sk,y [T(%O,O-,O)/(nﬂ)‘y’ (Ff,y/(” + 1))]‘:1,2,3] ’

We approximate A, o, 0)(P3pGHz) according to formula

Q= A(%O’O,O)ﬁy(p3DGHZ)

and approximate % Ag(P3penz)lo=(0,0,0),y according to

~ A(TO*U.a.o,_},@BDGHZ)7A(T1.o.o)_),(P3DGHZ)
Q= 107 )

~ A(Ty,m*lz.O,V},(Pf&DGHZ)7/\(7).0.0).},@3136”7)
Q2 - 10-12 )

~ A(?m.mfu).y(PmGHZ)7A(T).o.o;.y(P3DGHz)

QG =

10—12

S3D S3D SSD

This allows us to approximate S; ), S ), according to

S3DN = [QO?(Q17Q2’Q3)]

In our numerical evaluations of S3D - Ssym Y g fyr We evaluate the semi-
definite programs according to the MatLab code given in Supplemental

Information E.

Data availability
The data for the numerical plots are available from the authors upon rea-
sonable request.

Code availability
The MatLab code is provided in the Supplemental Information.
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