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ABSTRACT

For a sequence of random structures with n-element domains over
a relational signature, we define its FO complexity as a certain
subset in the Banach space £*°/cq. The well-known FO zero-one
law and FO convergence law correspond to FO complexities equal
to {0,1} and a subset of R, respectively. We present a hierarchy
of FO complexity classes, introduce a stochastic FO reduction that
allows to transfer complexity results between different random
structures, and deduce using this tool several new logical limit laws
for binomial random structures. Finally, we introduce a conditional
distribution on graphs, subject to a FO sentence ¢, that generalises
certain well-known random graph models, show instances of this
distribution for every complexity class, and prove that the set of all
¢ validating 0-1 law is not recursively enumerable.
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1 INTRODUCTION

Let o be a relational signature. A random n-structure over the signa-
ture o is a random element of the set of all structures with domain
[n] :={1,...,n} and over 0. Commonly it is supported by a set of
o-axioms ¥, i.e. it is assumed that with probability 1 the random
n-structure models 7. Let o = {Py,...,Ps}, where P; has arity
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d; (we adopt a usual convention that o includes the equality rela-
tion whose axioms are part of the logic). We denote the random
n-structure uniformly distributed over all n-structures over o by
D(n | F) or DWis--ds)(n | F).

For example, the well known binomial random graph G(n, p) is a
random n-structure over o = {=, ~}, where = represents the coin-
cidence of vertices, and ~ represents the graph adjacency relation.
The axioms in

F ={VxVy (x ~y) © (y ~ x), Vx =(x ~ x)}

allow to define the distribution on the set of undirected graphs
without loops. The distribution of G(n, p) is defined as follows: for a
fixed n-structure G that models # (that is, G is an undirected graph
without loops), its probability equals plE(G) l(1- p)('zl)_ IE@G)I where
E(G) is the set of unordered pairs {x, y} such that x ~ y, (that is,
the set of edges of G). In other words, edges appear independently
with probability p.

Another example is a binomial random n-structure

D%(n,p1,....ps) = D(dl""’ds>(n,p1, e Ps)

over ¢ = {=,Pi,...,Ps} that does not have any predefined ax-

ioms: each interpretation appears with probability pf]’ e p?’s (1-

;171)nd1 Mo —ps)”dLNS, where N; is the number of d;-tuples
satisfying P;. In other words, D(@0--~4s)(n, py. .. ., ps) is the bino-
mial random hypergraph with hyperedges (ordered multisets) of
cardinalities dy, . . ., ds, where each hyperedge of “type P;” appears
with probability p; independently of all the others. In particular,
for a signature consisting of one predicate P of arity d, we get a
binomial random directed d-uniform hypergraph DD (n, D).

The following fundamental result in finite model theory, known
as the first order (FO) 0-1 law, was proven by Glebskii, Kogan,
Liogonkii, Talanov [7] and independently by Fagin [5]: for a fixed
finite relational signature o, any FO sentence ¢ over ¢ is either
true on asymptotically almost all n-structures or false. In other
words, Pr(D1---9)(n, 1/2,...,1/2) |= @) converges either to 0
or to 1 as n — oo. Same arguments can be used to show that
D(dl"“’dS)(n,pl, ...,ps) obeys the FO 0-1 law for all constant
P1s--.,ps € (0,1). Fagin [5] also proved that the same is true for
graphs, i.e. G(n, p) obeys the FO 0-1 law.

Since then, the validity of the FO 0-1 law was studied for many
other random structures (binomial random graphs with p = p(n) [21,
29, 31], random regular graphs [9], random trees [26], recursive
random graphs [15, 22], random geometric graphs [25], random
graphs embeddable on a surface [11], and many others [30, 32,
35]). However, no methods have been developed to transfer logical
limit laws between different random structures. In particular, Fagin

applied the same proof as for D(dl’""dS)(n,pl, ..., ps) to G(n,p)
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instead of transferring the law. One of the main contributions of our
paper is such a transferring tool. In particular, it allows to transfer
the FO 0-1 law from D®(n, p) to the binomial random graph as
well as to the binomial random directed graph without loops.

Before moving on to a more detailed discussion of our results, let
us notice an important application of logical limit laws to the study
of hierarchy of logics and time complexity. Indeed, if a random
structure satisfies the 0-1 (or convergence) law for a language £
while it does not satisfy the law for £ 2 £, then the inclusion
Ly D L is strict. This simple observation was used in [33, 34]
to show the lower bound on the minimum quantifier depth and
the minimum number of variables of a FO sentence describing the
property of containing an induced subgraph isomorphic to a fixed
given graph F. The latter fact implies certain limitations of the
respective method of solving the induced subgraph isomorphism
decision problem: the validity of a FO sentence with k variables on
an n-vertex graph is decidable in time 0(n%), see details in [33, 34].

For G(n,p) with p = p(n) = o(1), a breakthrough achievement
was obtained by Shelah and Spencer. First of all note that the above
mentioned classical FO 0-1 law for G(n, p) can be generalised to all
p = p(n) such that min{p, 1 — p}n* — 0 asn — oo foralla > 0
(see [31]). So it is natural to further consider p = n™%, a > 0. Shelah
and Spencer [29] proved the following:

e If & € (0, 1] is rational, then G(n, n™%) does not obey the FO
0-1law.
e If & € (0,1] is irrational, then G(n,n~%) obeys the FO 0-1
law.
elfa=1+ % for some k € N, then G(n, n~%) does not obey
the FO 0-1 law.
o If either p = o(n_z), or for some k € N, n
n~1=1/(k+1) then G(n, p) obeys the FO 0-1 law.
Our tool can be also used to show that the FO 0-1 law does not hold:
for example, for @ > 1, the failure of the FO 0-1 law for G(n,n™%)
transfers to the failure of the FO 0-1 law for D\@+1(n, (d+a—2)h‘T”)
for every integer d > 2.

1k« p <

Remark 1.1. The random graph G(n,n™%) for ¢ > 1 is very
sparse: with asymptotical probability 1 (with high probability or,
for brevity, whp in what follows) it is a forest consisting only
of tree components of bounded sizes (see, e.g., [12]). In contrast,
D(d+1)(n, O(Inn/n)) is weakly connected whp [28]. Since the valid-
ity of the FO 0-1 law for G(n, n~%) in this case follows immediately
from standard properties of the logical equivalence (see, e.g., [27,
Section 4.2]), so it is not surprising that our tool does not transfer
the validity of FO 0-1 laws from G(n,n™%) to D(d+1)(n, O(Inn/n)).

A special interest in combinatorial and probabilistic community
was chained to properties of specifically G(n, ¢/n) for constant c
because of so-called phase transition phenomenon [4] — in particu-
lar, the emergence of a giant component. Lynch [21] proved that
G(n, c/n) obeys the FO convergence law (i.e. for every FO sentence
the probability of its truth on G(n, ¢/n) converges to some number
in [0,1] as n — o), however the FO 0-1 law does not hold. Note
that Shelah and Spencer [29] disproved even the FO convergence
law for G(n,n™%) when «a € (0, 1) is rational. Larrauri, Miiller, and
Noy [18] described possible limits of truth probabilities of FO sen-
tences on G(n, ¢/n). They proved that the closure of the set of limits
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in [0, 1] consists of a finite number of segments and determined
the minimum constant ¢y for which this segment is unique and
coincides with [0, 1]. Also, they generalised this result to d-uniform
unoriented hypergraphs.

We transfer the upper bound for this threshold ¢ from d-uniform
unoriented hypergraphs to d-uniform H-hypergraphs, where H is
an arbitrary subgroup of the symmetry group S; (i.e. a hyperedge
is an orbit under the action of H on d-tuples (xi, ..., xg) of dis-
tinct elements from a fixed d-element set). For example, unoriented
hypergraphs correspond to the case H = S;. Regarding the lower
bound, which coincides with the upper bound, it can be transferred
from oriented hypergraphs (i.e. H = {id}) to H-hypergraphs for
any H. Luckily, the same proof method as from [18] can be applied
to prove the tight lower bound for oriented hypergraphs as well.
Thus, the problem of finding the threshold ¢y for any way of assign-
ing an orientation to hyperedges can be reduced to two extreme
cases H = S; and H = {id}.

Our tool is a certain preorder on sequences of random n-structu-
res, n € N, which we call the stochastic FO reduction. This preorder
expresses a hierarchy of sequences of random structures: for higher
sequences in this preorder, their FO limit behaviour is more com-
plex. In particular, for each pair of sequences A and B such that A
is reducible to B and B obeys the FO 0-1 law (convergence law), A
obeys FO 0-1 law (convergence law) as well. Besides the above men-
tioned applications of the stochastic FO reduction to transferring
logical laws, we prove that the stochastic FO reduction preorder
defines stable equivalence classes of G(n, p): a little change of p does
not change the equivalence class. For example, this observation
allows to transfer the absence of the FO 0-1 law from D((n, =) to

Dld+D(p, Lrrl”’) The stochastic FO reduction is defined in Section 3.

The notion of stochastic FO reduction as well as different as-
ymptotic logical behaviour of different random structures naturally
lead to a concept of FO complexity of a sequence of random struc-
tures Dy,. The FO complexity has to generically describe the limit
behaviour of Pr(D,, |= ¢) over all FO sentences ¢ in such a way that
if A stochastically reduces to B, then B is at least as complex as A.

The FO complexity is defined in Section 2. Formally, we define it
as D/co, where D c £* is exactly the set of all sequences (Pr(D, |=
©))neN, and cp is the set of sequences converging to 0. In particular,
if a sequence of random structures obeys the FO 0-1 law, then its
FO complexity is {0, 1} (for brevity, we identify a constant sequence
with its element), and, if it obeys the FO convergence law, then its
FO complexity is exactly the set of all limits of probabilities of FO
sentences. Note that the above mentioned result of Larrauri, Miiller,
and Noy [18] guarantees that the closure of the FO complexity of
G(n, ¢/n) consists of finitely many segments. However, it is not hard
to see that there are binomial random structures such that their FO
complexities are even not totally bounded. In particular, this is the
case for the binomial random graph G(n, n™%) for rational & < 1 as
we show in Section 2.2. It is also possible to define p(n) in a way such
that the FO complexity of G(n, p(n)) spans an infinite-dimensional
subspace as well, but the complexity is totally bounded.

Finally, we consider the random graph

G(n | @) := D*(n | ¢ A symmetric A anti-reflexive)
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chosen uniformly at random from the set of all undirected graphs
without loops that satisfy a given FO axiom ¢. This model gener-
alises the well-studied binomial random graph G(n, 1/2), random
regular graphs [9, 36], random union of disjoint cliques [8], and
random permutations [16]. For every complexity class, we show the
existence of the respective axiom ¢: the FO complexity of G(n | ¢)
may be trivial (i.e. the FO 0-1 law holds), may span a 1-dimensional
subspace of ¢ /¢y (the FO convergence law holds), may span a
k-dimensional subspace for every positive integer k, may be totally
bounded but span an infinite-dimensional subspace, and may not
be totally bounded. These examples are given in Sections 2.3, 5.
Note that the FO 0-1 law holds for G(n | ¢) whenever ¢ is true
on G(n, 1/2) with probability bounded away from 0. The latter may
only happen when probability Pr(G(n,1/2) |= ¢) approaches 1.
Since the FO almost sure theory of G(n, 1/2) can be axiomatised by
extension axioms (see, e.g., [30]) and probability that G(n, 1/2) does
not satisfy the k-th extension axiom is at most nk(1-27k)yn=k it is
easy to see that the problem of determining whether Pr(G(n, 1/2) |=
@) approaches 1 is decidable. Nevertheless, we show in Section 4
that the problem of determining, for an arbitrary input ¢, whether
G(n | @) obeys the FO 0-1 law is even not recursively enumerable.

2 FO COMPLEXITY

In Section 2.1, we define the FO complexity of a sequence of random
structures that generalises the FO 0-1 law and the FO convergence
law. After that, we show a strict hierarchy of FO complexity classes
of binomial random graphs (Section 2.2) and conditional random
graphs subject to FO sentences (Section 2.3). The most essential
part of the main theorem in Section 2.3 that asserts the existence
of a FO ¢ such that the complexity of G(n | ¢) is totally bounded
and infinite dimensional is proved in Section 5. This proof develops
a method of constructing FO sentences that define isomorphism
classes of certain asymmetric graphs and may be of its own interest.

2.1 Definition of complexity and hierarchy of
random structures

Let us recall necessary definitions. The Banach space ¢ is the lin-
ear space of all bounded sequences of real numbers x = (x1,x2,. . .)
with the norm ||x|| = sup,, ¢y |¥n|. The Banach space ¢ is a sub-
space of £*°, which consists of all vectors x such thatlim, . |xn| =
0. The Banach space c is a subspace of ¢*°, which consists of all vec-
tors x such that limy,—, |x5| exists. Norms on ¢y and ¢ are induced
from ¢*°. The Banach space ¢ /cy is a quotient space, which con-
sists of classes x +co with the norm lim sup,,_,, |xn|. The canonical
projection 7 : £ — £ /cy maps each x € £ to x + ¢ € £*°/co.
We denote by X/co the image of a subset X c £*° under 7.

Definition 2.1. Let Dy, n € N, be a sequence of random n-struc-
tures. The FO complexity FOC(Dy,) of Dy, is the set D/cy, where
D c ¢ is the set of all sequences (Pr(D; |= ¢))nen over all FO
sentences ¢.

Due to the next straightforward proposition (we give a proof
for the sake of completeness), the validity of the FO 0-1 law or the
validity of the FO convergence law are the cases of the smallest
FO complexities. For brevity, for any real A, we denote vectors
(ML A,...) et and (A, A,...) € £ /¢y by A Note that ¢/cy = R,
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and there exists an isomorphism that maps A € c¢/co to A € R.
Therefore, we identify any subset of ¢/cy with the set of respective
numbers in R.

Cramm 2.2. Let Dy, n € N, be a sequence of random structures.
(i) Dy, satisfies the FO 0-1 law iff FOC(D,) = {0, 1}.
(ii) Dy, satisfies the FO convergence law iff FOC(Dp) C R.
(iii) The set of limits of sequences (Pr(Dy, |= ¢))nen coincides with
FOC(Dp) NR.

Proor. Let x € £*°. From the definition, 7(x) — A = 0 is equiv-
alent to lim,— e |xn, — A| = 0, ie. limy— 00 X, = A. Since there is
an isomorphism between c/co and R that maps any 7(x), x € c, to
lim;— o0 Xy, we have (iii). Therefore, FOC(Dy,) C ¢/c is equivalent
to the fact that each sequence (Pr(D; |= ¢))nen converges, i.e. we
have (ii). Similarly, we get (i). O

Examples of random structures with these smallest FO complexi-
ties are well known: (1) FOC(Dy,) = {0, 1} for the uniformly random
structure D, = D(n,1/2,...,1/2), as well as for the uniformly
chosen random graph D,, = G(n, 1/2) [5, 7]; (2) FOC(D,,) = {0, 1}
for the binomial random graph D, = G(n,p) with pn* — oo for
all a > 0 [31] or p = n™%, where « is either irrational or bigger
than 1 and not equal 1 + 1/m for any positive integer m [29]; (3)
FOC(Dy,) C R for the binomial random graph D,, = G(n,n™%) for
a=1+ % [29]; (4) FOC(Dy,) c R for the binomial random graph
Dy = G(n, %) for ¢ > 0 [21], and the closure of FOC(Dy,) consists
of finitely many segments [18]. In the next section, we present
random structures with d-dimensional, infinite dimensional but
totally bounded, as well as not totally bounded FO complexities.

2.2 Complexity of G(n, p)

We first show that it is possible to construct very sparse binomial
random graphs (consisting of only isolated vertices and isolated
edges whp) G(n, p) with all the properties of FO complexities men-
tioned in Section 1. However, the respective sequences p = p(n) are
quite artificial and far from being ‘smooth’. So, later in this section
we show that the FO complexity of G(n, n™%) for rational « € (0,1)
is not totally bounded, and that all the properties are achievable
by G(n | ¢) for appropriately chosen FO sentences ¢. We shall use
the following technical claim that follows from the fact that whp
G(n,p = o(n~3/2)) consists of isolated vertices and isolated edges,
and the number of isolated edges can be approximated by Poisson
random variables Pois(1, = p(3)) (see, e.g., [12, 30]).

Crami2.3. Letp = o(n=3/2), 1, = p(n)(3), and, for everyk € Z>,
k
Xp =7 (/}C—"!e_l")ngN . Then FOC(G(n, p)) is a union of the set X

of all finite sums of vectors xj. and the set1 — X := {1 —x, x € X}.

Proor. Let a FO sentence ¢ express the property of being a
disjoint union of at least k edges. The sentence ¢x = @sx A @sk41
expresses the property of being a disjoint union of exactly k edges.
Each FO sentence i A ¢3¢ is tautologically equivalent either to
@i, V- Vi orto V-V Vs, for some non-negative
integers iy < -+ < ig < is41. Since p = o(n_%), the sequence
of probabilities (Pr(G(n, p) = ¢>0))nen converges to one (see [30,
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Theorem 3.6.2]). Hence, Pr(G(n,p) = ¢) — Pr(G(n,p) = ¥ A ¢>0)
converges to zero.

Let us show that for ¢;, the equality #(Pr(G(n,p) = ¢i)) =
x; holds. It is easier to compute the probability that the graph
has exactly i edges without any restriction on overlapping edges.
Luckily, these two probabilities are asymptotically equal. Let a FO
sentence ¢; express the property of containing exactly i edges (not
necessary disjoint). So, the FO sentence ¢; A ¢ is tautologically
equivalent to ¢;. Since ¢ is true whp, we get

7(Pr(G(n.p) [ ¢i)) = 7(Pr(G(n, p) = ¢i A ¢20))
= n(Pr(G(n, p) = ¢:)).
Now, it is sufficient to prove that 7(Pr(G(n, p) |= ¢;)) = x;.

priGnp) ko) = #)pf - p 0

=(1+ 0(1))1,—1! (;’) lpie(?)1“<1—P>(1 —pi= Ai—;’e-*n +0(1)

as needed.

Since ¢; contradicts ¢; for each j # i, 7(Pr(G(n,p) = @i, V --+ V
¢i.)) = xi, + -+ + x;_. Therefore, we get X ¢ FOC(G(n, p(n))). For
the sentence ¢ = ¢;, V--- V ¢;, V ¢>i,,,, Wwe consider a sentence
=, for which 7#(Pr(G(n,p) = —¢)) = 1 — n(Pr(G(n, p) |= ¢)). Note
that the sentence =y A @ ¢ is equivalent to \/j<; ,  ixi, .. i, ®j-So,
(Pr(G(n,p) = ¢¥)) € 1-X, and we have FOC(G(n, p)) = XU(1-X),

completing the proof. O

THEOREM 2.4. Forp = p(n), we let G, ~ G(n, p).

(if) For each d > 1, there is a sequence p(n) € [0, 1] such that
FOC(Gp,) spans a d-dimensional subspace of € /cy.

(ii) There is a sequence p(n) € [0, 1] such that FOC(Gy,) is totally
bounded but spans an infinite-dimensional subspace of > /cy.

(iii) There is a sequence p(n) € [0, 1] such that FOC(G,) is not
totally bounded.

Proor. To prove (i), consider p = 1,/(3), where 1, equals n

modulo d. The sequence (Ak—f,‘ e An) e is d-periodic, i.e. its (n + d)-
th element equals the n-th element. The subspace L; of d-periodic
sequences in £ is d-dimensional. Consider the following basis in
Lg: let e, be the vector with ones on (dt + r)-th positions, t € Z,
and zeros on all others. Let us prove that the system of vectors

k
fr = (%e_A")neN for 0 < k < d—1isalso abasis in Ly. The

d-1
vector f; equals Zo Tre Ter,and
r=

det ((;—J!-e—i)og’js‘il) = det (("j)OSi,deq) rl el 1—[}'
[l T e

i<i’
Then, fi, 0 < k < d — 1, is a basis in Ly. Since x; = n(fy) for
all k, we have that (xi, k > 0) coincides with the subspace 7(Ly)
in €% /¢g. The intersection of Ly and ¢ is trivial because each d-
periodic vector in cq is zero. Therefore, the space n(Ly) is also
d-dimensional. Note that (X) = 7(Ly) and 1 € n(Ly) implying that
(1=X) = n(Ly). Since f; € X forall 0 < k < d - 1, by Claim 2.3,
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we get that (FOC(G(n, p))) = m(Ly4) completing the proof.

To prove (ii), consider p = % where 1, equals % if nis
divisible by 27, but not divisible by 2" 1. We will denote r(n)
the maximum r such that n is divisible by 2". Thus, A, = ﬁ
Let e, be the vector with ones on 2" (2t + 1)-th positions, and ze-

k 0o
ros on all others. The vector (/}c—',’e_’l")neN equals Z

kkve re’

Vectors ﬁ(er) are nonzero and linearly 1ndependent Therefore,

Xk = 20 ﬁ n(er) Similarly, as for (i), x; are linearly inde-
r=|

pendent. So, the set X spans an infinite-dimensional subspace.

(o)
Let us show that the sum ), ||xi|| converges.
k=0

1
< lim sup =

1
xt|| = lim su ——¢ ™™ —.
el = lm sup o E

(r(n ))kk'

Since the sum Z , converges, we get the convergence of the con-

sidered sum. For each positive ¢, we can choose an integer N such
(e8]
that
k=N+1
X consider a vector v” = x;j, +xij,+- - -+X;_,, Where iy is the greatest
number among i; such that i; < N. Since v — v’ is expressible as
a sum of vectors x; with k > N, we get ||[v — v’|| < e. Therefore,
the set X can be covered by finitely many balls of radius ¢ because
there is finitely many sums of vectors x; with k < N. Similarly for
1 - X. Hence, X U (1 — X)) is totally bounded.

|lxx || < e. Then, for each vector v = x;j, +x;j, +- - -+x;, €

To prove (iii), consider p = 2A,/(n(n — 1)), where A, equals
m(r(n)), and m(r), r € Z4, is defined in such a way that, for some
k(r), vectors yr = xq + - - - + xj(y) are at distances at least % from
each other. Let us construct such m(r) and k(r). For every non-
negative integer k, consider a function g; : R — R defined as
follows: g (A) = (1+A+--- +/1k/k!)e_’1. This sequence of functions
satisfies two properties: (a) Alim gr(A) = 0 for every fixed k; (b)

—00
lim g (1) = = 0 and k(0) =
k—o0
For eachr > 1, we deﬁne m(r) as the least integer M such that
¥m > M : gi(r—1)(m) < 3. Such an integer M exists due to the

property (a). Next, we deﬁne k(r) as the least integer K such that
Vk = K : gi(m(r)) = % Such an integer K exists due to the

property (b). The vector y, equals 7 ((gk(r)(m(r(n))))neN). So, yr
and ys, r > s + 1, are at distance

1 for every fixed A. Let m(0)

lyr = ysll = lim sup|gi(y)(m(r(n))) - gk<s>(M(r(n)))‘

1
3

W] =

> () (m(s + 1) = grgs)(ms + 1)) 2 5 =

Since there is a sequence of vectors y, € X such that ||y, —ys|| = %
for each pair of distinct positive integers r and s, the set X U (1 — X)
is not totally bounded. O

Theorem 2.6 stated below claims that G(n, n™%) has a not totally
bounded complexity for every rational a € (0, 1). We derive it using
a construction of a FO sentence introduced by Shelah and Spencer
in [5] to disprove the convergence law.
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LEMMA 2.5 (SHELAH, SPENCER [29]). Let G, ~ G(n,n™%). For
every integer d > 100, there exists a FO sentence ¢4 such that

(i) iflog* n = | 4 |(mod d) then G, | ¢4 whp;

(ii) iflog* n = | 34 |(mod d) then Gy, |= ~p4 whp,
where log" denotes the iterated logarithm, i.e. the number of times
the logarithm need to be applied to the number to make it one or less.

In the original paper [29] Lemma 2.5 was formulated only for
d = 100, but literally the same proof works for any d > 100 (the
lower bound 100 could be sufficiently improved, though it is not
important for us).

THEOREM 2.6. For any rational « € (0, 1), FOC(G(n, n™%)) is not
totally bounded.

Proor. For every prime number p > 100, let us consider the sen-
tence ¢, whose existence is claimed by Lemma 2.5. Let x(n) be the
probability Pr(G(n,n™%) |= ¢p). Then, vectors xp = 7 ((xp(n))neN)
are in FOC(G(n, n™%)). Let (yp(n))nen € £ be the sequence such
that

(i) iflog* n = | £ ](mod p) then y,(n) = 1;

(ii) if log* n = | 22 ](mod p) then y,(n) = 0;

(iii) yp(n) = xp(n), otherwise.

The sequence x;(n) — yp(n) converges to zero because, for each
n such that log*n = L%J(mod p) orlog*n = 3ij(mod D), we
have the required convergence due to the properties of ¢, given
by Lemma 2.5, and xp(n) — yp(n) = 0 for all other n.

Thus, vectors xp and 7 ((yp(n))nen) are equal. By the Chinese
remainder theorem, for each pair of distinct primes p and g there
exists an integer number m such that m = L%J(mod p)and m =

%qu(mod q)- Therefore, for each n such that log*n = m(mod
£q), we have yp(n) — yq(n) = 1. Since there are infinitely many
n such that log* n = m(mod pq), we have [|xp — x4|| > 1. Hence,
we have infinitely many vectors in the set FOC(G(n, n~%)), which
are at distances at least 1 from each other, i.e. FOC(G(n, n™%)) is
not totally bounded. O

So, indeed, FOC(G(n,n™%)) is not totally bounded when a €
(0, 1) N Q. We are not able to present a “nice” p so that FOC(G(n, p))
is either d-dimensional, d > 1, or infinite-dimensional and totally
bounded. However, this appears to be possible for G(n | ¢).

2.3 Complexity of G(n | ¢)
First of all, note that for any FO sentence ¢, if lim inf Pr(G(n, %) =
n—oo

@) > 0 (it actually may only happen when the limit is 1), then
FOC(G(n | ¢)) = {0,1} due to the FO 0-1 law for G(n, %) More-
over, there is a FO sentence ¢ such that G(n | ¢) obeys the FO
convergence law but not the FO 0-1 law. For example, consider ¢
which expresses the property of consisting of isolated vertices and
exactly one connected component of size 3. Then, probability of
containing a triangle converges to %,

THEOREM 2.7. For a FO sentence ¢, we let G, ~ G(n | ¢).

(i) There is a FO sentence ¢ such that FOC(Gy) is a dense subset
of [0, 1].

(ii) For eachd > 1, there is a FO sentence ¢ such that FOC(Gp,)
spans a d-dimensional subspace of €*° /cy.
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(iii) There is a FO sentence ¢ such that FOC(Gy,) is totally bounded
but spans an infinite-dimensional subspace of €< /cy.

(iv) There is a FO sentence ¢ such that FOC(Gy,) is not totally
bounded.

We postpone the proof of (iii) to Section 5: it is long enough
to interrupt the flow of the paper and it requires an additional
background that we outline in the beginning of Section 5.

PROOF OF PARTS (1), (11) AND (1v) oF THEOREM 2.7. To prove (i),
consider a FO sentence ¢ which expresses the property of being
2-regular. For the respective random graph G(n | ¢), the FO con-
vergence law was proven by Lynch in [20]. Then, FOC(G(n | ¢)) is
a subset of [0, 1]. To prove that this subset is dense, we refer to the
result proven by Bollobas and Wormald [1, 37, 38].

LEMMA 2.8 (BoLLOBAS, WORMALD [1, 37, 38]). Fix an integerd > 2
and C > 0. In random uniform d-regular graphs on [n], the vectors of
numbers of cycles of length € < C converge in distribution to a vector

of independent Poisson random variables Pois ((d - 1)[/(25)).

Let a FO sentence /p express the property of containing a cycle of
length €. For a {0, 1}-word W of length w, let ¥y be a conjunction
of sentences p if W({ — 2) = 1, and ¢y if W(€ — 2) = 0. For
each pair of distinct words W and W’ of length w, ¢y contradicts
Y. Also, the disjunction of ¢y over all words W of length w is a
tautology. Therefore, for an arbitrary labelling Wi, Wa, . .., Wow of
all such words, we have that

Gl o)/ m) =, lim Pr(G(n | ¢) F ;).
i=1 i=1

qs = nlgl})o Pr
Note that gp = 0 and gaw = 1. Also, from Lemma 2.8, we have that

gs — gs+1 = lim Pr(G(n | ¢) k= yw,) =

w+2
_L< _§< e
e <[ .
/=3 Vw+2

oI

= ] a-em)
Wi (£-2)=1

W (£-2)=0
Therefore, g; is an increasing sequence of numbers in [0, 1] such
that go =0, qow = land g5 — gs—1 < e%/\/w + 2. Hence, for each
number x € [0, 1], there is an element of this sequence such that
|x —gqs] < %e% /Vw + 2. Since g are limiting probabilities for FO
sentences, and w can be chosen arbitrary large, FOC(G(n | ¢)) is a
dense subset of [0, 1] as needed.

To prove (ii), consider a FO sentence ¢ which expresses the
property of being a disjoint union of d-cliques and at most one
r-clique for some 0 < r < d. Note that, for each n, this property
defines a single isomorphism class. Fix a FO sentence . Since for
any graphs A, B, there exists my € N such that, for any m > my,
graphs myA U B and mA U B are not distinguishable by ¢ (see [2])
we get that there exists ty such that for all t > t; graphs on [dtg +r]
and [dt + r] that satisfy ¢ are not distinguishable by . Then, the
sequence (Pr(G(n | ¢) |E ¥))nen consists only of zeros and ones
and is d-periodic for n large enough. Therefore, FOC(G(n | ¢)) is
a set of projections of d-periodic sequences of ones and zeros, i.e.
is contained in the d-dimensional subspace 7(Ly) C £*°/co, where
L, is the d-dimensional space of all d-periodic sequences in £*°.

For each 0 < r < d consider a FO sentence ¢/, which expresses
the property of containing an isolated r-clique. The n-th element
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of the sequence Pr(G(n | ¢) |= ¢r) equals one if n = r(mod d), and
zero otherwise. Projections of (Pr(G(n | ¢) = ¢¥r)nen, 0 < 7 < d,
generate the space 7(Ly). Thus, FOC(G(n | ¢)) does not span a
(d — 1)-dimensional subspace of £*°/c.

To prove (iv), we need the following definition.

Definition 2.9. Let G and H be two graphs. The Cartesian product
GOH is the graph on V(G) X V(H) with adjacency relation (u, v) ~
W, ) o (u~u)A@w=2)V({(u=uv)A@ ~ ). In
other words, every edge of the Cartesian product belongs either
to an induced subgraph G, = G on {(u,v) | u € V(G)} for some
v € V(H) or to an induced subgraph H;, = H on {(u,v) | v € V(H)}
for some u € V(G).

The property of being isomorphic to KsOK;, for some s, t > 0,
is FO. Let ¢ be a FO sentence that describes this property. Let, for
n € Zsg, D(n) be the set of all divisors of n. Let g = 2, if d = V/n,

and pg = 1, otherwise. For each d € D(n) there are pyd! (%)’

n!
pad (B
graphs on [n] isomorphic to K;0K . The probability that G(n | ¢)

automorphisms of the graph K;O0K n. Therefore, there are
is isomorphic to KyOK n equals

n!/pq n! 1/pq 1

a(5) \e&pm 2t (%) ar () \acDim 247 (5)!
where we have 2 in the denominator of the normalisation factor
instead of g since we count twice every graph K4/0OK,, ;4 when
d’ ++/n.

Let /4 be a FO sentence which expresses the property of contain-
ing an inclusion-maximal clique of size d, i.e. a clique of size d which
is not included in any clique of size d + 1. If a graph on [n] satisfies ¢
then it is isomorphic to Ky;OK z ifand only if it satisfies /4. Consider

dq < dy, let us prove that, for each ¢ > 0 there are infinitely many
numbers n such that Pr(G(n | ) = ¢4,)-Pr(G(n | ¢) | ¥g,) > 1-¢.
Let n = dip, where p is a prime number bigger than dy. Therefore, n
is not divisible by d2, and Pr(G(n | ¢) |= ¢4,) = 0.Sinced; < dz < p,
each divisor m of n such that m < +/n cannot be divisible by p > /.
Hence, such divisors are divisors of dy. Thus, we can estimate the
normalisation factor for the probability Pr(G(n | ¢) |= ¢4,) in the
following way:

1/2 _ 1 < 1 |D(d1)] - 1 <
d’eD(n) d’!(%)! d'€D(dy) d’!(%)! dl!(dll)!

2n
(%)
Ip! 1p! P
1 ( N (dl(;L ;')p) < 1 (1 N (;;.p).’) < 1+2 .
a! (%): p)! ar! (%): Py (),
Therefore, for all primes p such that (1 +277)™! > 1 — ¢, we have
Pr(G(n | @) = ¥q,) > 1 — €. So, each pair ¢5, and ¥4, defines a pair
of vectors in FOC(G(n | ¢)) at distance at least 1, and FOC(G(n | ¢))
is not totally bounded. O

3 STOCHASTIC FO REDUCTION

In this section we define a stochastic FO reduction and describe its
useful properties (in Section 3.1). Then we show its effectiveness
by using it to derive certain logical limit laws for dense (in Sec-
tion 3.2) and sparse (in Section 3.3) relational structures as well
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as to transfer higher FO complexities between random relational
structures. Finally, in Section 3.4 we use the stochastic FO reduc-
tion to generalise the result of Larrauri, Miiller, and Noy about the
closure of FO complexity of binomial random d-hypergraphs with
p = ¢/n?"! from undirected hypergraphs to directed hypergraphs
for any possible way to choose an orientation of hyperedges.

3.1 Definition and main properties

Let 0,0’ be two signatures; D, and D;, be the sets of all finite
structures on [n] over o and ¢’ respectively; D = UpenDyp and
D’ = UpenDyy; Dn, D;, be random relational n-structures over
0,0’ respectively. Moreover, for any two FO sentences ¢, ¢’ over
0,0’ respectively, let D(¢) € D and D’(¢’) C D’ be sets of all
structures satisfying ¢ and ¢’ respectively. Finally, let us consider
algebras A = {D(¢)}, A’ = {D’'(¢’)} (recalling that an algebra
is closed under finite unions in contrast to a o-algebra). For an
(A | A’)-measurable function f : D — D’ and a FO sentence
@', we denote by f~1(¢’) =: ¢ a FO sentence such that D(¢) =
D).

Definition 3.1. A stochastic FO reduction from D’ = (D},),en
to D = (Dp)pen is an (A | A’)-measurable function f : D — D’
such that, for every n € N, f maps n-structures to n-structures, and
nlgréo [Pr(Dy = f~1(¢")) — Pr(D), |= ¢")| = 0 for every FO sentence

¢’ over o’.

If there is a stochastic FO reduction from D’ to D, we say that
D’ is reducible to D (or sometimes we say that D), is reducible to
D, meaning of course a reduction of the entire sequences) and
denote it as D’ < D (or D}, < Dy). Let us first observe that the
basic property of being a preorder, that holds for reductions in the
computational complexity theory, holds for our reduction as well.

Cramm 3.2. The stochastic FO reduction relation < is a preorder.

The proof is straightforward, it can be also found in the extend
version of the paper [? ].

Next, we show key property of stochastic FO reductions which
allow us to transfer FO complexities between different random
relational structures.

Cram 3.3. Suppose D;, < Dy,. Then, FOC(D;,) € FOC(Dp,).

Proor. Let f : D — D’ be areduction from D}, to D,. Consider
avector v € FOC(D},). There is a FO sentence ¢ in the signature of
Dy, such that v = (Pr(D}, |= ¢))nen + co. Since f is the stochastic
FO reduction, there is a FO sentence f~!(¢) in the signature of Dy,
such that nliﬁrrgq [Pr(D, E f~Y(p)) - Pr(D), = ¢)| = 0. Therefore,

v = (Pr(D), |E @)new +co = Pr(Dn E f7H(@))nen + o €
FOC(Dp). o

COROLLARY 3.4. Suppose D}, < D,.

(i) If Dy, obeys the FO 0-1 law, then D}, obeys the FO 0-1 law as
well.

(i) If Dy, obeys the FO convergence law, then D}, obeys the FO
convergence law as well.

Proor. By Claim 2.2 and Claim 3.3, we have that FOC(D},) €
FOC(Dp,) € {0, 1}, for the case (i), and FOC(D;,) € FOC(D,) € R,
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for the case (ii). Then, by Claim 2.2, we obtain the assertion of the
corollary. O

3.2 Application to FO zero-one laws for dense
structures

Let us now use stochastic FO reductions to transfer FO 0-1 laws.
We consider the signature {=, —}, where — has arity 2, and denote
by é(n, p) the binomial random directed graph without loops on
the set of vertices [n], i.e. every directed edge (out of the set of
n(n — 1) possible edges) appears independently of the others with
probability p.

THEOREM 3.5. Let p € (0,1) (not necessarily a constant). There
are stochastic FO reductions G(n, p?) < é(n,p) < D%(n,p), where
o = {=, P}. In particular, for a constant p € (0, 1), é(n,p) obeys the
FO 0-1 law.

Proor. Define the reduction from é(n, p) to D% (n, p) as the func-
tion f which deletes loops from a directed graph. This mapping
can be “defined" by the FO formula ¢/_, (x, y) = P(x,y) A ~(x = y).
So, for each FO sentence ¢ over signature {=, —}, the FO sentence
£~ (p) is constructed from ¢ by replacing each x — y by ¢ (x, ).

Note that f(D° (n,p)) d é(n,p). Thus, Pr(D%(n,p) |= f1(p)) =
Pr(é(n, p) = ¢) and f is indeed a stochastic FO reduction.

From Corollary 3.4 and the fact that D (n, p) obeys the FO 0-1
law, we have that é(n, p) obeys the FO 0-1 law as well.

Let g be a mapping from directed graphs without loops to undi-
rected graphs which replaces pairs of directed edges (x,y) and
(y,x) by an undirected edges {x,y} and deletes all the other di-
rected edges. The mapping g can be defined by the FO formula
Y(x,y) = (x = y) A (y — x). Then, as in the previous case,
the FO sentence g~ !(p) is obtained by replacing all x ~ y by ..

Furthermore, g(é(n, p)) 4 G(n, p) because the presence of an undi-
rected edge {x,y} depends only on the presence of two directed
edges (x,y) and (y, x), and the probability that both of them are
presented is p2. So, we have the equality Pr(G(n, p) |= g~ 1(¢)) =
Pr(G(n, p?) |= @) which finishes the proof. O

Let us stress once again that in [5] 0-1 law for the binomial
random graph and for D (n, p) are proven separately. Due to Theo-
rem 3.5, the validity of the FO 0-1 law for D (n, p) for all constant
p implies its validity for G(n, p) for all constant p as well.

Actually, Theorem 3.5 admits a generalisation to arbitrary signa-
tures and distributions. We state it below, and then use for other
particular reductions. It is straightforward that Theorem 3.5 follows
immediately from this claim.

As above, we consider two relational signatures o, o’ and re-
spective sequences of random structures D, D’. For every P € ¢’
of arity a, assume that we are given with a FO formula /p of arity
aovero.Let f : D — D’ be defined as follows: for every P € ¢’
and every X € D, we set f(X) | P(x1,...,xq) if and only if
X |= ¢p(x1, ..., xq). We call f a reduction defined by (yp, P € o).

CLAIM 3.6. Let D be a random structure over o, and let f be a

reduction defined by (Yp, P € o’). Letting D’ d f(D), we get that
D’ < D and f reduces D’ to D.
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Proor. In order to see that f is (A | A’)-measurable, it is
sufficient to observe that, for every FO ¢’ over o”, f~1(¢’) is ob-
tained from ¢’ by replacing each P by ¢/p. Since the distribution
of D’ coincides with the distribution of f(D), we have the equal-
ity nli_r)noo [Pr(D = f~(¢)) — Px(D’ |= ¢)| = 0 which finishes the

proof. O

A similar to f object which is called a FO translation appeared
in [14] and was used for reductions between languages (for more
details, we refer a reader to the book [13], where the concept of FO
reductions is introduced and its properties are described).

We denote by G0, (1, p) the binomial random undirected graph
which allows loops on the set of vertices [n], i.e. every edge (out of
the set of @ possible edges) appears independently of the others
with probability p. We consider this structure over the signature
{=, ~}. The proof by reduction of the FO 0-1 law for this random
structure (with constant p) is not as straightforward as for 6(n, p).
Indeed, if we apply a reduction to the D (n, 4/p) defined by the FO
formula P(x,y) A P(y, x), then we get a random undirected graph
which allows loops, but the probability of the presence of a loop is
p, while a non-loop edge has the emergence probability p® # p.

Let us denote by G, (n,p,q) the random undirected graph

loo
which allows loops on the set of vertices [n], but over the signature
{=,~’,L}, where ~’ has arity 2 and L has arity 1. The predicate ~’
expresses the presence of non-loop undirected edges, the predicate
’

L expresses the presence of loops. The distribution of Gloop (n,p,q)

is such that each edge appears independently with probability q if it
is a loop, and p otherwise. To prove the FO 0-1 law for Gj,0,(n, p),

we prove the equivalence between this structure and Gl’oop(n, D, ).

The next claim is a generalisation of this statement.

Since stochastic FO reductions define a preorder, they induce an
equivalence relation on random relational structures: we call D,
and Dy, equivalent if D,, < Dj, and Dj, < D,. For our purposes, it
is useful to have a “loopless” representative in every equivalence
class, which is defined below.

Definition 3.7. Let 0 = {=,Py,...,Ps} be a signature, where P;
is a predicate symbol of arity a;. Let D, be a random n-structure
over the signature o. The random structure Dy, is called loopless
if,forall1 <i <sand1 < j <k < g, the following equality holds:

Pr(Dp |= Vx1 ... Vxq; (xj = x;) = —Pi(x1,...,%q;)) = 1.

CraiM 3.8. For each random relational structure Dy, over the sig-
nature o, there is a loopless random relational structure D}, which is
equivalent to Dp. Moreover, Gyoop (1, p) is equivalent to Gfoop (n,p,p).

The proof of Claim 3.8 is technical and based on a explicit con-
struction of the distribution of Dj,, stochastic FO reductions, and
application of Claim 3.6. Its proof can be found in the extended
version of the paper [? ].

Let 7 be a signature {=, P, L} where P has arity 2 and L has arity
1. There is a stochastic FO reduction G;oap (n,p, q) to D* (n,/p, q)

defined by the FO formulae P(x,y) A P(y,x) A =(x = y) and L(x).
Hence, by Corollary 3.4, Claim 3.2 and Claim 3.8, we have
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THEOREM 3.9. Letp € (0,1) be a constant. The binomial undirected
random graph which allows loops Gjoop (1, p) obeys the FO 0-1 law.

We now switch to random d-uniform hypergraphs. It is known [5,
7] that oriented random hypergraphs obey the FO 0-1 law. Using the
stochastic FO reduction, we show that this is also the case for unori-
ented random hypergraphs. Note that an unoriented hypergraph
can be considered as an oriented hypergraph where all hyperedges
that can be obtained from each other via a permutation o € S; are
identified. Naturally, one may consider partially oriented hyper-
graphs by identifying hyperedges that belong to an H-orbit of an
oriented hyperedge for some subgroup H of S;. Using reductions
we prove the FO 0-1 law for all these hypergraphs too. Let us give
an accurate definition.

Let S be the group of permutations of [d]. We define the action of
Sq on a hyperedge {v1, . ..,v4} in the natural way: g(vy, .. .,vq) =
(Vg-1(1)s - - - Vg-1(d))> 9 € Sq- Let H be a subgroup of S;.

Definition 3.10. A d-uniform H-hypergraph on [n] is an ori-
ented hypergraph without loops which is invariant under the ac-
tion of H on [n]y, where [n] is the set of all d-tuples of distinct
vertices from [n]. An H-hyperedge of this graph is an orbit of
its hyperedge under the action of H. A binomial d-uniform H-
hypergraph G(n, p) is a random structure over the signature
oy = {=, Py}, where Py has arity d, where every H-hyperedge is
presented independently with probability p.

A generalisation of the notion of H-oriented hypergraphs for
structures with arbitrary number of relations was introduced in [17]
and studied in the context of convergence laws in sparse regimes.

THEOREM 3.11. Let H be a subgroup of Sy, K be a subgroup of
H, and p € (0, 1) (not necessarily a constant). There is a stochastic
FO reduction GH(n,p[H:K]) < GX(n, p). In particular, for a constant
p € (0,1), GH(n, p) obeys the FO 0-1 law.

ProOF. A reduction f is defined by the formula

/\ PK(xgq(l), ..

geH

. ngl(d)).

Indeed, f(GX(n,p)) £ G (n, plHK1)

e because the presence of an H-hyperedge (x1,...,x4) in
f(GX(n, p)) depends only on the presence of K-hyperedges
(xg—1<1), R ,ngl(d)) in GK(n,p), for ge H;

e the probability that all of them are presented is pl7*K] as
for each coset gK C H, the hyperedge (x;-1(1), - . ., Xg-1(q))
is presented with probability p, and there are exactly [H : K]
such cosets.

Moreover, we have a reduction G{id}(n,p) < D%(n,p), where
o = {=, P} and P has an arity d. In the same way, as in the proof of
Theorem 3.5, this reduction is defined by the formula

P(x1,...,xq) A A(xi # Xj).
i#j
Therefore, for each subgroup H of S, there is a reduction from
GH(n,p) to D“'(n,lel_l). Since D”(n,lel_l) obeys the FO 0-1
law, for constant p, by the Corollary 3.4, G (n, p) obeys the FO 0-1
law as well. O
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Remark 3.12. In order to give a better flavour of the FOC-hierar-
chy of random H-hypergraphs, we note that conjugate subgroups
of S; define the same random structure up to equivalence. That is,
for any p € (0, 1) (not necessarily a constant), any subgroup H of
Sz, and any g € Sy, random structures G (n, p) and GgHgfl(n,p)
are equivalent.

3.3 Application to FO limit laws for sparse
structures

For technical reasons, we will require a claim stating that a small
shift of the probability parameter of a binomial random structure
does not affect its equivalence class. Let o be a relational signature,
and recall that D, is the set of all finite structures on [n] over o.
For every n, consider a non-negative integer s, and an arbitrary
mapping rp : {0,1}°" — Dy,. Let B(rp, p) be a random structure
over the signature o defined as B(ry,p) = rn(é1,. .., &, ), where
&; are independent random variables with Bernoulli distribution
with the parameter p. Note that the binomial random graph G(n, p)
is distributed as B(ry, p), where r,, maps a sequence of (}) ones
and zeros into the graph with edges corresponding to ones in the
sequence. Similarly, binomial random d-uniform H-oriented hyper-
graphs and binomial random oriented hypergraphs with loops are
distributed as B(ry, p) with an appropriately chosen r,. We shall
use the following assertion about the total variation distance be-
tween Bernoulli random variables (though we believe that it might
be known, its proof can be found in the extended version of the

paper [? ]).

LEmMA 3.13. Letp,q € [0, 1], pmin = min{p,q,1 —p,1 —q}, and
sn be a sequence of non-negative integers. Consider random vectors
(&1,....&,) and (1, . .., 1s, ), where & and n; are independent ran-

dom variables with Bernoulli distribution with the parameter p and

Sn
Pmin
distance between the distributions of (&1, ..., &s,) and (1, ..., 7s,)
converges to zero.

q respectively. If lim [p — gl = 0, then the total variation
n—oo

COROLLARY 3.14. Let p,q € [0, 1], pmin = min{p,q,1 —p,1 —q},
andrp : {0,1}°" — D, be a sequence of arbitrary mappings. If

lim ,Pf:'n |p — gl = 0, then B(rn, p) is equivalent to B(rp, q).

n—oo

Proor. Consider the identity mapping id : D — D. Let us
prove that it is a stochastic FO reduction. Consider a FO sentence
. Tt is eligible to set id~1(¢) := ¢. Let A, = r;}(D()).Then

Pr(B(rn,P) |: (P) = Pr((SZl’ L) fsn) € An),
Pr(B(Vn, q) |: (P) = PI'((Y]], KRR} Usn) € An)

Since the total variation distance between vertors ({1, . . ., &, ) and
(71, . .., 1s,) converges to zero, we immediately get the statement
of the corollary. O

This corollary advances our tool to prove logical limit laws using
reductions. In order to demonstrate its efficiency, we prove the
following.

THEOREM 3.15. Let r be a nonnegative integer.

(i) The random structure DV *?(n, (r + 1) Inn/n) does not obey
the FO 0-1 law.



First order complexity of finite random structures

(if) For any positive integer k, D<r+3)(n, 1+ %
not obey the FO 0-1 law.

(iii) For any rational f € (%, 1), FOC(D*+3)(n, (B+r)Inn/n)) is
not totally bounded.

+r)Inn/n) does

Proor. We will use two FO reductions encapsulated in the two
claims stated below that follow from Corollary 3.14 and reductions
defined by formulae (see the extended version of the paper [? ] for
their proofs).

CLamM 3.16. For any o > % and each nonnegative integer r, we
have D (n, ) = Dld+r)(p, T )-

CLamM 3.17. Foranya > d — 2, D{D(n,n%) < DD (p, %).

Let us finish the proof of Theorem 3.15. We start from (i). The FO
0-1 law fails for DV(n, %), since the number of elements satisfying
the unary predicate from the signature of this random structure
converges in distribution to Pois(1). Using Claim 3.16 for parameter
a=1> % = % we get a reduction DV (n, %) < Dr+(p, n,1+1 ). Us-

ing Claim 3.17 for parameter « = r+1 > r—1 = d—2, we get areduc-
(r+1)Inn
n, ~—4—

). Then, we transfer the

absence of the FO 0-1 law from D(l)(n, %) to D(’+2)(n, %).
Next, let us prove (ii). By Theorem 3.5, there is a reduction
G(n, (1 - n_l_%)z) < D(Z)(n, 1- n_l_%). Since the inversion of all
edges defines equivalences between G(n, p) and G(n, 1 — p), and be-
tween D(z)(n,p) and D@ (n, 1-p), we have G(n, ook —n_z_%) <
D@ (n, ok ). Using Claim 3.16 for parameter ¢ = 1+ % > % = %
we get a reduction D®(n, n_l_%) < DIr+2)(p, n_l_%_r). Using
Claim 3.17 for parameter = 1+ % +r > r = d—2, we getareduction
Dr+2)(p, n_l_%_r) < DU+ (n, (1+ % +7)Inn/n). Then, we obtain
a reduction G(n, on 1% — n_z_%) < D(r+3)(n, 1+ % +r)lnn/n).
From [29], we have an absence of the FO 0-1 law for G(n, p) with
p~ cnil*i, and then for D(’+3)(n, 1+ % +r)lnn/n) as well.
Finally, we prove (iii). By Theorem 3.5, there is a reduction
G(n,2n~# —n2B) < DO (n,nP). Using Claim 3.16 for parameter
a=p> % = %,we getareduction D(z)(n, n_ﬁ) < D(r+2)(n, n_ﬁ_r).
Using Claim 3.17 for parameter & = f+r > r = d—2, we get areduc-
tion DU*2)(n,n=P=") < DU*3)(n, (B + r)Inn/n). Then, we obtain a
reduction G(n, 2n~# — n=2f) < DIr+3)(p, (B + r)Inn/n) which im-
plies that FOC(G(n, 2n~F — n=2F)) ¢ FOC(D"*+3)(n, (8 +r) In n/n)).
The proof of Theorem 2.6 and the proof of Lemma 2.5 in [29] do
not rely on the exact equality p = n~% but rather works for every
p ~ cn~%. Then, FOC(G(n, on=h - n_zﬂ)) is not totally bounded,
and it finishes the proof of the theorem by Claim 3.3. o

3.4 First order complexity of random
H-hypergraphs around the connectivity
threshold

For a subgroup H of Sy, the random hypergraph G (n, p) is de-
fined in Section 3.2. In particular, G54 (n, p) is the well-studied and
commonly considered binomial unoriented hypergraph. Larrauri,
Miiller, and Noy [18] proved the following.

THEOREM 3.18 (LARRAURI, MULLER, Nov [18]). The set of limiting
probabilities limp 0 Pr(GS4(n, n;‘l ) |= @) over all FO sentences
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. . . . S, Sd .
¢ is dense in [0,1] if and only if ¢ > c,¢, where cy? is the unique

positive solution of the equation
1 c

Ly In2
—In - =In2.
21— g5y 2d-2)

Using stochastic FO reductions, we generalise this result to all
possible orientations.

In [17] it was proven that
law. For ¢ > 0, let LH be the set of lim Pr(GH(n, %) I= @) over

<) obeys the FO convergence

all FO sentences ¢. Let us denote by ¢y the infimum of the set of
positive numbers ¢ such that L is dense in [0, 1]. In this section,
we prove the following.

THEOREM 3.19. Let H be a subgroup of Sy, ¢ > 0, and letd > 2 be

|H| Sa LH

an integer. Then, c = ¢y - Moreover, forc > céi, ¢ is dense.

Proor. Theorem 3.19 follows from the next two claims.

Cramm 3.20. Let H be a subgroup ode, K bea subgroup of H,
¢ >0, and letd > 2 be an integer. Then, Co >[H: K]
|

foranyc > %lc the set LY is dense.

. Moreover,

Prook. Note that GH (n, p) is equivalent to GH(n, 1 — p) due to
reductions defined by negations. From Theorem 3.11 and Corol-
lary 3.14, we have the following reductions

GH(n,[H : K]cnlfd) <GH(n1-[H: K]cnlfd) <

GH(n,(1- cnl_d)[H:K]) <GX(n,1- cnl_d) <GK(n, cnl_d).
We immediately get

Proposttion 3.21. GH(n, [H : K]c/n?™1) < GK(n, c/n?Y).

By Proposition 3.21, for all ¢ > 0, L&:K]C ¢ LK. Therefore, if

L{Z:K}c is dense in [0, 1], then L§ is dense in [0, 1] as well. Hence,
céq > [H : K]c(g(
get %cgd =[Sy : H]_lcgd > cgl. Also, for each ¢ >
L
dic/|H|
GSd(n,d'c/(|HIn% 1)) < GH(n,c/n91). Therefore, the set LH is

dense in [0, 1] as well, completing the proof. m]

. Applying this inequality for Sd and H, we
|H | Sa

s
is dense in [0, 1] by Theorem 3.18. By Propositlon 3.21,

The next claim can be proved in the same way as the analogous
statement in [18] using a Poisson limit theorem for the number of
small cycles in random hypergraphs and the validity of the FO 0-1
law subject to the absence of cycles, see the proof in the extended
version of the paper [? ].

CrLAm 3.22. Forc < cgd/d!, the set Liid} is not dense in [0, 1].

By Claim 3.22, c{id} > csd /d!. Combining with Claim 3.20, we
get %csd > c > |Hle, {ld} lH‘ 5"’ . Thus, ¢ ¢ = %csd More-
over, due to Clalm 3.20, for each c 2 o, LC is dense, completing
the proof of Theorem 3.19.

[m]
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4 DECISION PROBLEM

In this section, we prove that the problem of determining whether,
given an input FO sentence ¢, G(n | ¢) obeys the FO 0-1 law is not
recursively enumerable. In what follows, we refer to this decision
problem as 0-1LAW.

THEOREM 4.1. 0—1LAW is not recursively enumerable.

ProoF. It is enough to reduce the problem of deciding whether
a Diophantine equation has a solution (DE in what follows) to the
complement of 0-1LAW. Indeed, DE is complete in the class of
recursively enumerable languages due to Matiiasevich [24] (see
also [23] for a survey on the negative solution of Hilbert’s 10th
problem), then its complement DE is not recursively enumerable,
and therefore from the reduction we would get that 0-1LAW is not
recursively enumerable as well.

So, for each integer polynomial P(xy, . . ., xi ) we shall compute a
FO sentence ¢p such that P(x1, .. ., xg) = 0 has an integer solution
if and only if G(n | ¢p) does not obey the FO 0-1 law.

We first reduce the problem for integer solutions to a problem
for positive integer solutions. For integer polynomial P(xy, . . ., xg),
there is a solution of P(x1,...,x;) = 0 in integers if and only if
P(y1 —z1,...,Yr — zx) = 0 has a solution in positive integers. Also,
we can move all monomials with negative coefficients in P(y; —
z1,..., Yk —2) = 0 to the right-hand side of the equality. Then, we
get an equation Q(y1, z1, . - -, Yk, 2k) = R(y1, 21, - - ., Yk, 2k ), Where
Q and R have nonnegative integer coefficients.

Let us now consider a system of equations S that has a solution
in positive integers if and only if Q = R has such a solution. Initially
we denote occurrences of all variables in P or Q by t1,...,ts —
here s is the total number of occurrences of variables, taking into
account their powers. Then for every i € [2,s], we add t; = t; to
the system, if there exists j < i such that t; and t; denote exactly
the same variable. Then, for each of the two polynomials Q and P,
we consider the sequence of arithmetic operations that are applied
to compute them. Observe that the j-th operation can be written
as either t5,j = tjty or tgyj = t; + ty for certain i,i’ < s+j— 1.
For each of the operations, we add the respective equation to the
system. Let us assume that Q and P are computed at steps q and p
respectively (that is, tg = Q and t, = P). The last equation in the
system is tq = tp. Let us observe that indeed the initial Diophantine
equation has a solution in integers if and only if the constructed
system of equations S has a solution in positive integers.

Sequence of computations of P and Q encoded in S can be rep-
resented also by a FO sentence /p (an explicit construction of this
sentence is presented in the extended version of the paper [? ])
with the following properties: (1) ¢p has finite models if and only
if P = Q has solutions in positive integers; (2) if G |= ¢p, then G
has even number of vertices and a graph obtained from G by the
addition of an isolated edge satisfies {/p as well.

We define the desired sentence ¢ p as EmptyVy/p, where Empty =
VxVy —(x ~ y) describes the property of being empty. If there
are no integer solutions of P(xj,...,xg) = 0, then there are no
graphs satisfying /p. Therefore, any G satisfying ¢p is empty. We
immediately get that G(n | ¢p) obeys the FO 0-1 law. On the other
hand, if there is an integer solution of P(x1, ..., xx) = 0, then there
is a solution of S in Z7 . Let Gy be a graph satisfying /p. Let G; be
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obtained from Gy by adding i isolated edges. Obviously, G; |= ¥p for
alli,and |V(G;)| = 2i+|V(Gy)|. For odd n, Pr(G(n | ¢p) |= Empty) =
1 because there are no graphs with odd number of vertices satisfying
Yp. In contrast, for all even n > |Gy, this probability is at most
1/2, because there is at least one nonempty graph satisfying ¢p.
Therefore, Pr(G(n | ¢p) = Empty) does not converge, and so
G(n | ¢p) does not obey the FO 0-1 law, completing the proof. O

Remark 4.2. Actually, we proved that 0-1LAW is II;-hard. On
the other hand, ¢ € 0-1LAW if and only if

VMVy 3N Vn > N Pr(G(n | ¢) E ¢) € (1/M,1 - 1/M).

Since the property Pr(G(n | ¢) |= ¢) ¢ (1/M,1 — 1/M) is decidable,
we have that 0—-1LAW ¢ II3. Unfortunately, we do not manage to
find the level of 0-1LAW in the arithmetical hierarchy.

5 PROOF OF PART (III) OF THEOREM 2.7

This section is divided into four parts. In Section 5.1, we recall
the necessary background used in the proof. In Section 5.2 we
show the general scheme of the proof and reduce the theorem to
a construction of two FO sentences ¢; and ¢, that have to satisfy
certain properties. After that, in Section 5.3 and Section 5.4 we
construct the desired FO sentences and verify their properties.

5.1 Preliminaries

Graphs G and H are (elementary) k-equivalent (we write G = H) if
there is no FO sentence of quantifier depth k that distinguishes be-
tween G and H (quantifier depth is the maximum number of nested
quantifiers in the sentence, see the formal definition in [19]). We
have to recall a combinatorial approach to proving the elementary
equivalence, this tool is widely known as the Ehrenfeucht-Fraissé
game. For simplicity of presentation (and this is also enough for
our purposes), we recall the definition of this game for graphs; for
arbitrary relational structures see [3, 6, 19].

Definition 5.1. In the Ehrenfeucht—Fraissé game on graphs G and
H with k rounds, there are two players, Spoiler and Duplicator. In
round i € [k], Spoiler chooses a vertex in one of the graphs and then
Duplicator chooses a vertex in the other graph. After k rounds are
played, there are two tuples of k not necessarily different vertices
(x1,...,xg) chosenin G and (y, . . ., yg ) chosen in H are chosen by
both players (the i-th vertex is chosen in the i-th round). Duplicator
wins if (x; = xj) © (y; = y;) and (x; ~ xj) & (yi ~ y;), for each
pair 1 < i < j <k, that is the map x; — y; is a partial isomorphism
between G and H.

THEOREM 5.2 (EHRENFEUCHT, FRAISSE [3, 6]). For two graphs G
and H, Duplicator has a winning strategy in the Ehrenfeucht—Fraissé
game on graphs G and H in k rounds if and only if G = H.

For constructing winning strategies in the Ehrenfeucht-Fraissé
game, we need the following auxiliary simple claims, their proofs
are presented in the extended version of the paper [? ].

CrLAamm 5.3. Let Spoiler has no winning strategy in k moves on
graphs G1 and Gy. Then, for each graph H, there is no winning strategy
for Spoiler in k moves on graphs GiOH and GoOH.

CrLamm5.4. LetY,G, H be a triple of graphs with induced subgraphs
Xo € Y, Xy € G, X2 C H and isomorphisms f : Xo — X1, 9 :
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Xo — Xz. Denote by Gx and Hx relational structures with the
usual adjacency relation in G and H and a unary relation I, for
each vertex x € Xo such that I(y) © (y = f(x)) fory € G and
Lc(z) © (z = g(x)) forz € H. Let GUy Y be the graph obtained from
G by identifying every x € Xy with f(x) € X1 and adding the rest of
Y vertex-disjointly. Similarly define H Uy Y. Assume that Duplicator
has a winning strategy in k moves on Gx and Hx, then Duplicator
has a winning strategy in k moves on G Uy Y and H Ug Y as well.

Cramv 5.5. Let G, H be graphs with an additional unary relation
I. Let Gy, Hy be graphs obtained from G, H by attaching exactly
one leaf to each vertex x satisfying I(x). Assume that Duplicator has
a winning strategy in k rounds on G and H equipped with I, then
Duplicator has a winning strategy in k rounds on Gy and Hy as well.

Moreover, we need a well-known fact that FO sentences express
only “local” properties in the following sense.

THEOREM 5.6 (HANF LOCALITY THEOREM [10]). For a positive
integer r and a graph G, denote by n,(x, G) the number of vertices x’
in G such that r-neighbourhoods of x and x” are isomorphic. For every
positive integer k there exist positive integers r(k) and s(k) such that
the following implication holds true for any two graphs G and H. If, for
every vertex x € G U H, min{s(k), n,(x, G)} = min{s(k), n,(x, H)},
then G = H.

Finally, we make use of the following theorem about the distri-
bution of the number of cycles in a uniformly random permutation.

THEOREM 5.7 ([16], THEOREM 8). Let n be a positive integer, and
let Y; be the number of cycles of length i in a uniformly random

d
permutation from Sy. Then, (Y1,...,Y,) — (&1,...,&y), where &
are independent Pois(1/i) random variables.

5.2 Overview of the proof and basic properties
of ¢

We define the desired sentence ¢ as a disjunction of three sentences

®0, @1 and @2, such that the following holds:

(a) any graph satisfies at most one sentence from ¢, ¢1 and @3;

(b) @o expresses the property of graph being empty;

(c) for each n divisible by 6, there are n! graphs on [n] that satisfy
@1, while, for any n which is not divisible by 6, any graph
on [n] does not satisfy ¢1;

(d) for each FO ¢, the limit ”}13100 Pr(G(6m | 1) = ) exists;

(e) there is a family of FO sentences ¢, 4, d > 3, such that ¢,
and V453 ¢, ¢ are not distinguished by any finite graph,
and @, g A @2, g are contradictions for all distinct d, d’;

(f) for every d > 3 and every n = 6dm? for some integer m # 0,
there are exactly n!/d! graphs on [n] that satisfy ¢, 4, while
for all other n, any graph on [n] does not satisfy ¢, g;

(g) for all FO ¢ and d > 3, n}gnoo Pr(G(6dm? | 02.4) E V) is
either 0 or 1.

Let us first show that these seven assumptions are enough for ob-
taining the desired properties of FOC(G(n | ¢)) and then construct
this sentence.

Cramm 5.8. If o = ¢o V @1 V @2 satisfies assumptions (a)-(g), then
FOC(G(n | ¢)) is totally bounded but spans an infinite-dimensional
subspace of €% /cy.
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Proor. Consider any positive integer n. The number of graphs
that satisfy ¢ equals

e 1, if n is not divisible by 6;

e 1+n!|1+ >
deZ,d>3,d=—"5

6m?2
Consider a FO sentence i. Due to (b), (d), and (g), there exist
® By = lim Pr(G(n| o) = y) € {0,1},
* pry = im Pr(Glom | g1) ¥ < [0.1],
® Pay = lm Pr(G(6dm* | ¢,q) I ) € {0,1}.
Let us define the sequence py (n), n € N, in the following way: if
6 | n, then

% , if n is divisible by 6.

Ba, 1
p]r//(f'l): p1‘1//+ Z d—,w 1+ Z a 5
’ dEZ,d23,d:$ ’

deZ,d>3,d=-"1;
6m

otherwise, py (n) = . Then, we have

Pr(G(n | ) = ¥) - py ()

Indeed, due to (b), (c), (e), and (f), the number of graphs on [n] that
satisfy ¢o A ¥ is By, for sufficiently large n; the number of graphs
on [n = 6m] that satisfy ¢1 A ¢ is py yn!(1 + 0(1)); the number of

graphs on [n = 6dm?] that satisfy @2, NV is Bay 2—5(1 +0(1)), and

=0. 1)

lim
n—oo

is bounded from above by Z—: Then, 6 { n implies Pr(G(n | ¢) |
¥) = Py for sufficiently large n, and 6 | n implies

Py + > Ba,y 31
LY dez,d>3,d=—" va
Pr(G(n| o) F ) = -~ T +o). ()
dez.dssd=—; @

6m
For any d’ > 3, let us consider /g := ¢ 4. From (a), (c), and (f),
observe that
-1

_ a1+ > i, , if & is a square;
Pyy () = dez,ds3d=1; @ od
6m
0, otherwise.

Let D be the set of all square-free integers d’ > 3. Vectors
T ((Px//d, (n)) N)’ d’ € D, are linearly independent since, for each
ne

d’ € D, the sequence n = 6d’m? satisfies Py (m) > ﬁ and,
for each d” € D such that d”” # d’, and n = 6d’m?, we have
that py , (n) = 0. So, any finite non-trivial linear combination of

involving ( ) 10. Due to (1),
(pwd,, (n))n‘EN involving {py,, (n) . does not equal 0. Due to (1)
FOC(G(n | ¢)) spans an infinite-dimensional space.

Next, we prove that FOC(G(n | ¢)) is totally bounded. Consider
€ > 0. Since all g  are at most 1, there is a dp such that, if we
restrict the summation in the definition of py (n) to d < dy, then
we get an §-approximation, i.e.

Ba,
Py * % i
deZ, dy>d>3, d=n/(6m?)
py (n) — : <
1+ a
d€Z,d>3, d=n/(6m?)

[T
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Let us construct a finite e-covering for the set of all sequences py (n)
in £*°. Let N be a positive integer such that % < £. The desired
e-covering is the set of all sequences v p,(n) indexed by k € [N] and
b = (b,b3,by,...,bq,) € {0, 1}%-1 and defined in the following
way: if 6 | n, then

vk, p(n) = §+ Z I;—‘f/ 1+ Z l' .

d!
dy>d >3, d=n/(6m?) d>3, d=n/(6m?)

otherwise, vy ,(n) = b. Thus, this family of sequences is indeed the
desired e-covering. Due to (1), FOC(G(n | ¢)) is totally bounded,
completing the proof. O

To finish the proof of (iii), we construct the FO sentences ¢; in
Section 5.3 and ¢ in Section 5.4.

5.3 Definition of ¢; and verification of its
properties
Let A, be the set of all digraphs on [m] with all in-degrees and
out-degrees equal 1. In particular, a loop contributes 1 both to
the in-degree and the out-degree of the respective vertex. Such
digraphs are disjoint unions of oriented cycles and there are ex-
actly m! digraphs in A,. For each class of isomorphism D of di-
graphs on m vertices we construct a class of isomorphism G(D)
of simple graphs on 6m vertices in the following way. We re-
place every edge (u,v) € D with a graph on the set of vertices
{u,v,wi(u,v),i € [5]}, where all vertices w;(u,v) are different,
comprising edges {u, wi(u,v)}, {w1(u, v), w3(u,v)}, {ws(u,v), v},
{wi(u, v), wa(u, v)}, {w3(u,v), wa(u,v)}, and {wa(u, v), ws(u, v)}.
Let ¢1 be a FO sentence describing the property | I}y, where
m
Iin = {G(D), D € Ay} Let us check the condition (c). For each m,
the set I}, consists only of graphs of size 6m. Then, there are no
graphs that satisfy ¢; of size not divisible by 6. Let D1, ..., D; be
all classes of isomorphism of digraphs in A,. Then, we have 1 =
2D; m. Also, |Aut(D;)| = |Aut(G(D;))|. Then the number of
graphs on [6m] that satisfy ¢; equals

(6m)! (6m)! 1
; |Aut(G(Dl))| - ; |Aut(Di)| - (6m)'; |Aut(Di)| - (Gm)’

Let us finally verify the condition (d). Fix a FO sentence ¢ of
quantifier depth d. By Theorem 5.6, for D, D’ € [}, with equal
numbers of components of all sizes at most 6 - 24, Y does not
distinguish between D and D’. For every i < 24, let X; be the
number of components in G(n | ¢1) of size 6i; let Y; be the number
of components of size i in a uniformly random digraph from A,,.

Note that (Xi...., Xpa) & (Y1..... Y,q), and that (¥y, ...
(£1,. .., &,a) due to Theorem 5.7, where &; are independent Pois(%)
random variables. Then,

d
,de) -

Pr(G(6m | p1) [ ) = ) Pr(Xy =1, Xpa = Xpa)
=(1+ 0(1))Zpr(§1 = X1y sEga = Xpd)

completing the proof of (d).
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5.4 Definition of ¢, and verification of its
properties

Next, we construct the FO sentence ¢; and sentences ¢ 4. Let us
first, for every integer m > 2, define an auxiliary graph Ly,. This
graph consists of vertices u;, for 1 < i < 6m; v; j, for j € [m - 1],
6j+1<i<6m;andw;j,forje [m—-1],6j+1 < i< 6m;and
edges

o {uj_1,uij},for2 <i< é6m;

o {uj,vij}, {vij,wij},forje[m—1],6j+1<i < 6m;

. {vi_l,j,vi,j}, forje[m—-1],6j+2<i<6m.

The graph Ly, consists of 6m + 6@ + 6@ = 6m? ver-

tices and has no nontrivial automorphisms. Let ¢ be a FO sentence
expressing the property of being isomorphic to L, for some m > 2.
Consider the family of graphs Ky0OLy, for d > 3 and m > 2, where
GOH is the Cartesian product of graphs, see Definition 2.9. We
construct a FO sentence ¢ that expresses the property of being
isomorphic to K;OL,, for some d > 3 and m > 2 and, for every
d > 3, we construct a FO sentence ¢, g that expresses the property
of being isomorphic to K;0OL, for some m > 2. We first set

@2 = TEquiv A TGraph A ¢71 A TCommute,
where the clauses are defined in the following way. Let
Triangle(x,y) = (x =y) V(Fz (x ~y) A(y ~ 2) A (z ~ X))

express the property of distinct x, y to belong to a triangle. For FO
formulae i1, ¥, with a free variable x, let

Matching, [i1, ¥2] =Vx =(¢1(x) A Y2(x))A
(Y1(x) = T x"(x ~ x") A a(x)) A
(Y2(x) = 3 x"(x ~ x") A Y1 (x"))

say that sets {x | 1(x)} and {x | ¥2(x)} are disjoint and edges
between them form a perfect matching.

e TEquiv is a FO sentence saying that Triangle(x,y) is an
equivalence relation and each equivalence class has size at
least 3 (or, in other words, every vertex belongs to a triangle).

e TGraph is a FO sentence saying that for each pair y, y" such
that —Triangle(y, y’) holds, either there are no edges be-
tween their Triangle-equivalence classes, or TEdge(y,y’) :=
Matching, [Triangle(x, y), Triangle(x, y")] holds.

e o7y is the sentence ¢y with all predicates x = y replaced by
Triangle(x, y), and all x ~ y replaced by TEdge(x, y).

e TCommute is a FO sentence saying that, for each four ver-
tices x,x’,y,y’ such that TEdge(x,x”) A TEdge(y,y’) and
TEdge(x, y) A TEdge(x’, y’), the subgraph induced on their
Triangle-equivalence classes is a disjoint union of cycles of
length 4 with one vertex from each class.

Finally, ¢, g is the conjunction of ¢z and a FO sentence saying that
there is a clique on d vertices but no cliques on d + 1 vertices. So,
we immediately have (e).

Let us show that ¢z and ¢, 4 express the proper sets of graphs. As
usual, we omit the straightforward verification that KyOLp, = ¢4 4.
Assume G |= ¢2. By TEquiv A TGraph, the set of vertices of G
is partitioned into Triangle-equivalence classes; edges between
vertices of two different equivalence classes B, C in G appear if
and only if representatives x € B, y € C satisfy TEdge(x, y). Let
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us consider an auxiliary graph G whose vertices are the Triangle-
equivalence classes of G; two vertices B, C are adjacent in Gifand
only if there are edges between them in G (and, in this case, these
edges in G between B and C compose a perfect matching). Due
to ¢TI, G is isomorphic to some Ly,. Since L, is connected, all
Triangle-equivalence classes in G have the same size d. Moreover,
for a certain d > 3, these classes induce cliques K; because, for
distinct vertices x, y, Triangle(x, y) implies x ~ y. So, G |= @3 4.

For two different Triangle-equivalence classes B and C, the per-
fect matching between them defines two bijections fgc : B — C
and fcp : C — B in the natural way: for x € B, y € C, the ad-
jacency x ~ y implies fpc(x) = y and fep(y) = x. Note that
fBc © fcB = idc and fep o fge = idp. By TCommute we have
that, for each cycle BB’C’C of length 4 in G, foer o fae = fgcr ©
fBp’- Note that the 2-dimensional CW-complex obtained by “fill-
ing” all 4-cycles of L, is simply connected. Or, in algebraic lan-
guage, for a certain spanning subtree L, C Ly, the group pre-
sented by (fc, BC € E(Lm) | fc, BC € E(Lm), facfep. BC €
E(Lm), feBfe'B feo fBe, BB’CC’ is 4-cycle in Ly,) is trivial. So,
for every two walks between B, C € V(G), compositions of respec-
tive bijections along the walks are equal. This fact legitimises the
definition of fpc for any pair of B,C € V(G): let BP, .. .Pi.C be
a path in G, then fgc = fp,c © fp,_,p. © - fp,p, © fBP,- Next,
fix a Triangle-equivalence class B = {b1,...,bg}. For each b;, let
Si = {fec(bi),C € V(G)}. By the definition of fgc, there are no
edges {fpc(bi), foc (b))} for i # jand C # C’, ie. each G-edge
{C,C’} is presented by G-edges {fc(bi), fcr(bi)}, 1 < i < d.
Therefore, the induced subgraph on S; is isomorphic to L, and,
consequently, the graph G itself is isomorphic to KyOLp,. So, ¢2
and ¢, 4 express desired properties of finite graphs.

The number of vertices in KyOL, is 6dm?. For each n # 6dm?,
there are no graphs that satisfy ¢, 4. For n = 6dm?, there is exactly
one graph under isomorphism that satisfy ¢, 4. The graph K;0OL,
has exactly d! automorphisms. We conclude that the number of
graphs that satisfy ¢, 4 equals ;—: completing the proof of (f).

To finish the proof, it remains to show (g). Due to Ehrenfeucht’s
theorem [3, 6], we know that there is a FO sentence of quantifier
depth k that distinguishes between two graphs G and H if and only
if Spoiler has a winning strategy in k moves in the Ehrenfeucht-
Fraissé game on G and H. Suppose, there is a FO sentence  of
the quantifier depth k such that Pr(G(6dm2|q02, 4) = ¢) does not
converge to either 0 or 1. This means that there are infinitely many
msuch that K;0OL,, |= ¥ and infinitely many m such that KyOL,, =
. Therefore, it is enough to show that, for every fixed positive
integer k and every fixed integer d > 3, in the Ehrenfeucht-Fraissé
game Spoiler has no winning strategy in k moves, on graphs K;0L,,
and K;OLpy, for large enough m and m’. Due to Claim 5.3, we may
get rid of the Cartesian product and prove the same fact for graphs
Ly and Ly, .

For a < b < m, let us consider the following induced subgraphs
of Ly,:

® Ligp)=Lm [{ui,vi,j,wi,j [6a+1<i<6b6j+1< i}];
Z(a,b] =Lny [{ui,vi’j,wi,j |6a+1<i<6b,j< a}];
Z(a,b] =Lny [{ui,vi,j |6a+1<i<6b,j< a}]

Consider mappings f; , of paths Xp_g = u1 ... Ug(p—q) t0 Z(q p)
such that fa,b(ui) = Ugq+i. Note that L(u,b] = Z(a,h] Ufa,b L(O,bfa]'
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Let Star, be a star graph with r leaves. So, Z(a,b] = Xj,_,OStar,.
For two numbers a,a’ > k, Duplicator has a winning strategy in
the Ehrenfeucht-Fraissé game with k moves on graphs Star, and
Star,, this winning strategy preserves central vertices of stars. By
Claim 5.3, Duplicator has a winning strategy in the Ehrenfeucht—
Fraissé game in k round on graphs Z~(a, p] and ZN(a/, b, where b—a =
b’ — a’. Next, note that Z, j, is obtained from Z~(a’ p] by attaching a
leaf to each vertex v; ;. Since the winning strategy of Duplicator
on stars is leaves-preserving, we can apply Claim 5.5 with I dis-
tinguishing between “leaves” and “non-leaves” and get a winning
strategy of Duplicator in the game on Z(, 3| and Z(y p/|. Finally,
due to Claim 5.4, Duplicator has a winning strategy in the game on
L(q,p] and Ly p]. This makes it possible to apply the well-known
Duplicator’s strategy on two long paths in the game on Ly, Ly
since L, and Ly, can be represented as unions of three segments
Lia,b] (the first one, for a = 0, an intermediate, and the last one,
for b € {m, m’}) such that the respective segments are elementary
equivalent. For completeness, let us recall the strategy.

Let pm : V(L) — [m] maps each vertex u;,v; j, wi j to the
number [é]. Similarly define p,,,s. Suppose that m, m’ > 3¥*! andin
first £ — 1 rounds vertices x1,...,x-1 € Lmand x{,...,x;_; € Lpy
are chosen. Without loss of generality, Spoiler chooses a vertex
xt € Ly inround t.

o If pry(xy) < 3kt 4 1, Duplicator chooses the same vertex x;
in Lp,y.

o If m—pm(x;) < 3kt Duplicator chooses the next vertex
according to the strategy in the game on Lim—sk-t_1,m] and
L(m'—3k’f—1,m’]'

o If there is xs with s < t such that |pp,(x:) — pm(xs)| <
3kt Duplicator chooses the next vertex according to the
strategy in the game on L(pm(xs)—S""—l,pm(xs)+3’<”] and
L ()-8t 1,ppr (43511

o Otherwise, Duplicator chooses 3kt i1 <a<m-
such that |a — ppy(x0)| > 3kt for all s < t, and then
chooses a vertex according to the strategy in the game on
L )=35=1 =1, py (g #3511 AN L g3k 1 g436-1). It is pos-
sible to choose such an a since m’ is large enough.

3/{*’

A straightforward inductive argument implies that, for every
t < k, as soon as t rounds are played on L, Ly, Duplicator

has a winning strategy on pairs of graphs (L(0,3k—t+1], L(O,Skfl‘_',l])a

(L(m—Sk”—l,m]’L(m’—3k”—1,m’])’ (L(pm(xs)—3k”—1,pm(x3)+3k”]’
L(Pm/(XQ)—3k"—1,Pm/(x;)+3k"]) for all s < t. It immediately implies

that Duplicator wins the game on Ly, L},
Thus, (g) follows, completing the proof of part (iii) of Theo-
rem 2.7.
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Demin, Zhukovskii

A PROOFS OF FO EXPRESSIBILITY

Cartesian products. Here we present a FO sentence ¢ that de-
scribes the property of being isomorphic to KsOK, for some s, ¢ > 0.
We construct this sentence as a conjunction of three sentences de-
scribing the following properties:

(a) For each vertex v, its neighbourhood consists of two disjoint

cliques A, and By;

(b) For every pair of non-adjacent vertices u and v, there is a

unique edge from u to A, and a unique edge from u to By;

(c) For every vertex v and any two its non-adjacent neighbours

x # y, there is a unique vertex u # v adjacent to x and y.

Let us prove that this sentence expresses the desired property.
Observe that KsOK; satisfies it. Let us then consider any graph G
satisfying this sentence. Consider a vertex v, from (a) we have two
cliques A, and By,. For any vertex x in Ay, we have two cliques
Ax = Ay U{v}\{x} and Bx. The clique By does not intersect Ay by
the property (a), and does not intersect By, because there is no edges
between x and B,,. Also, we conclude that each vertex adjacent
to x and not adjacent to v is a vertex of By. Similarly, for y € By,
By = By U {v}\{y}, Ay does not intersect both By and Ay, and
each vertex adjacent to y and not adjacent to v is a vertex of Ay

From (b) and (c), we have that vertices u which are not adjacent to
v are in a one-to-one correspondence with pairs of vertices x € A,
and y € By,: each such u is adjacent to the respective x and y, and
it is not adjacent to any other vertex in A, U B,,. Therefore, for
each pair x € A, and y € By, cliques Bx and Ay have a unique
common vertex u. This implies that all cliques By have the same
size as By, and all cliques Ay have the same size as A, . Hence, the
graph G consists of cliques {v} U Ay, and {y} U Ay, forall y € B,,,
and cliques {v} U By, and {x} U By, for all x € A, i.e. isomorphic
to KsOK;, for some s, t > 0.

The property UTy,. Let us show that the property (J I, is FO, and
m

define ¢; as a sentence describing this property. Let Type;,, ..., (x)
be a FO formula saying that x has degree j and adjacent to vertices
of degrees i1, . . ., ij. The sentence ¢ is conjunction of the following
sentences:
o Vx Types(x) V Types(x) V Type1,3(x) V Types 3(x)V
VType,2,3(x) V Types,2,3(x);

Vx Typer,2,3(x) = (Jy Typez 2,3(y) A (x ~ ) ;
Vx Typez,2,3(x) = (3y Type1,2,3(y) A (x ~ y));
Vx (Typez,2,3(x) V Typey,2,3(x)) =

= (3ly Types 3(y) A (x ~ y)) ;

Vx Types 3(x) =
= (EyEIz Typer,2,3(y) A Typez, 23(2) A (x ~y) A (x ~ z)) .
Let us prove that ¢ indeed describes | I;,. Obviously, any graph

m
having the property I}, satisfies ¢1. Let G |= ¢1. We have to show
that G € [JTI,. Let us first show that all types listed in the first

clause of (r)nf @1 are presented in G. All vertices of G have degree
at most 3. Let us show that there is a vertex of degree exactly 3.
Suppose the opposite, then there is no vertex of degree 2 because ¢1
forces each vertex of degree 2 to be adjacent to a vertex of degree
3. Therefore, all vertices have degree 1 that leads to contradiction
because due to the definition of ¢; vertices of degree 1 cannot be
adjacent to other vertices of degree 1. Next, note that the presence
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of a degree 3 vertex of any of the two types implies the presence of
a degree 3 vertex of the second type. Vertex that satisfies Types, 2,3
has neighbours that satisfy Types and Types, 3. Vertex that satisfies
Typey, 2 3 has exactly one neighbour that satisfies Types 3. Hence,
another neighbour of degree 2 satisfies Type; 3. Finally, a vertex
that satisfies Type;,3 is adjacent to a vertex with degree 1 that
satisfies Typey, i.e. all types allowed by ¢; are indeed presented.

Let us reconstruct D € Ay, such that G = G(D). It would imply
that G € I;,. We set the vertices of D to be the vertices of G that
satisfy Types 3. We add an edge (u,v) between (not necessarily
distinct) vertices of D if and only if there is a path uxyv in G such
that Types, 2,3(x) A Typez, 2,3(y) holds. Due to ¢1, each vertex u that
satisfies Types 3(u) is adjacent to a unique vertex x that satisfies
Type1,2,3(x); the vertex x is adjacent to a unique vertex y that
satisfies Typez, 2,3(y); the vertex y is adjacent to a unique vertex
v (not necessarily v # u) that satisfies Types 3(y). So, for each
vertex of D its out-degree equals 1. Similarly, the in-degree of each
vertex in D equals 1. Therefore, the reconstructed digraph is in
Ap. It remains to show that the graph G is isomorphic to G(D),
and thus belongs to I},,. Indeed, vertices that satisfy Types 3 are the
vertices of D. By the definition of edges in D, we have the respective
vertices wi(u, v) and w3(u, v), and the conditions on types of these
vertices guarantee the presence of properly connected vertices
wa(u, v), we(u, v), ws(u,v) in G. All vertices w;(u, v) are different
because for different i they have different types, and u, v can be
restored as the two (or one u = v) nearest vertices that satisfy
Types, 3. There are no other vertices due to the first clause in the
definition of ¢;.

The sentence ¢r. Let us show that there is a FO sentence ¢
that expresses the property of being isomorphic to Ly, for some
m > 2. Let g1, = Types A UDeg A VDeg A VUEdges A VUSquare A
UVPattern; A UVPatterny A UVPatterns, where the clauses in the
conjunction are defined as follows.

o Deg;(x) (Deg;(x)) is a FO formula that expresses the prop-

erty of the vertex x to have degree i (at least i).

W(x) = Deg, (x) A (3y (x ~ y) A Degs5(y)).

V(x) =3y (x ~y) A W(y).

Ux) = ~W(x) A =y (x ~ y) A W(y).

Types = Vx W(x) vV V(x) V U(x).

UDeg is a FO sentence saying that the induced subgraph

on {x : U(x)} consists of vertices with degrees 1 or 2, and

exactly two of them have degree 1.

e VDeg is a FO sentence saying that the induced subgraph on
{x : V(x)} consists of vertices of degrees 1 or 2.

e VUEdges = Vx (V(x) = (3ly U(y) A (x ~ y))). This sen-
tence defines a mapping UVMap : {x : V(x)} — {x: U(x)}.

e VUSquare is a FO sentence saying that, for any pair of ad-
jacent vertices x,x’ satsifying V(x) A V(x’), their images
UVMap(x) and UVMap(x”) are adjacent as well.

It remains to define UVPattern;, UVPattern, and UVPatterns.
For FO formulae /1, > with a free variable x, let
Matching, [1, 2] =Vx =(J1(x) A P2(x))A
(Y1(x) = T x"(x ~ x") Aga(x)) A
(Y2(x) = T x"(x ~ x) A g (x"))
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be the formula saying that the set A; of x satisfying 1/;(x) and the
set Ay of x satisfying y»(x) are disjoint and edges between them
form a perfect matching.
e VMatching, (y,y’) = Matching, [V(x) A(x ~ y), V(x) A (x ~
y")l.
e VAlmostMatching(y, y’) is the FO sentence
' VEYA Y ~Z)A
AVz (V@) A (Y ~2) = ~(z~2)) A
AMatching., [V(x)A(x ~ y), V(X)A(x ~ y")A(x # 2)].
In other words, the induced bipartite graph between A = {x :
V(x)A(x ~y)}and B = {x : V(x) A (x ~ y')} is a disjoint
union of a matching and an isolated vertex z” € B.
e UVPattern; is a FO sentence saying that, for each yo, y1, . . .,
ye satisfying
/\ U(yi) A /\ (i ~ Yiv1) A /\ (yi #yiv2), (3
0<i<6 0<i<5 0<i<4
there are five i € [6] such that VMatching(y;—1, y;) holds and
for the single remaining i € [6], at least one of the formulae
VAlmostMatching(y;—1, y;) and VAlmostMatching(y;, yi—1)
is satisfied.
In order to define UVPatterny and UVPatterns, we need auxiliary
formulae UStart and UEnd:
UStart(x) = U(x) A Degq(x).
UEnd(x) = U(x) A Degs(x) A Bly U(y) A (x ~ y).
e Let UVPatterny be a FO sentence saying that, for each yo,
Yi, . .., Y satisfying (3),

(UStart(yp) = VAlmostMatching(ys, ys)) A
A (UEnd(ys) = VAlmostMatching(yo, y1)),

is satisfied, and there are vertices y and y’ satisfying UStart(y)
and UEnd(y").

e Let UVPatterns be a FO sentence saying that, for each yo,
Y1, . ..,y satisfying

N VoA N Gi~yedn N\ @i # yiso),

0<i<7 0<i<6 0<i<5

the formula
VAlmostMatching(yo, y1) = VAlmostMatching(ye, y7)

is satisfied.

Let us briefly verify that ¢y expresses the desired property of
being isomorphic to some L,,. We skip a direct routine check that
L, satisfies all clauses in the definition of ¢r. Let G |= ¢ and let
us prove that G = Ly, for a certain m. By UDeg, we know that the
subgraph Gy induced on vertices x that satisfy U(x) is a disjoint
union of a single path and cycles.

Suppose that there is a cycle yg . . . ys—1yo in Gy for some s > 3.
Then, without loss of generality, the sentence UVPattern; implies
that VAlmostMatching(yo, y1) holds. For the sake of convenience,
setyy := yr_s fork > s.Forevery i € Z>¢, denote by n; the number
of neighbours x of y; that satisfy V(x). Then, VMatching(y;, yi+1)
implies n;4+1 = n;, and VAlmostMatching(y;, y;+1) implies n;4+1 =
n; + 1. Due to UVPattern; A UVPatterns, for each i divisible by 6,
ni+1 = n; + 1, and nj41 = n; for other. Therefore, the sequence
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no, ne, n12, - - - , Nes 1is strictly increasing. It leads to contradiction
because yo = yss and so ng = nes. Therefore, Gys is a path.

By VDeg, we have that there are no vertices of degree more than
2 in the subgraph Gy induced on {x : V(x)}. Hence, this graph
is a disjoint union of paths and cycles. By VUEdges A VUSquare,
we have the mapping UVMap : Gy — Gy that sends adjacent
vertices to adjacent. Also, by UVPattern;, UVMap sends two dif-
ferent vertices with a common neighbour in Gy to two different
vertices in Gy. Indeed, if x1, x2 are neighbours of x in Gy and y
is a common neighbour of x1, xa from Gy, then there is a vertex
y’ € Gy which is a common neighbour of x and y. This contradicts
UVPattern; since, if the latter holds, then either VMatching(y, y’),
or VAlmostMatching(y, y’), or VAlmostMatching(y’, y). All these
predicates do not allow vertices of degree more than 1 in the bipar-
tite graph between the neighbourhoods of y and y’ in Gy . Since the
graph induced on Gy is a path, there are no cycles in Gy, i.e. Gy is
a disjoint union of paths, where each path is mapped by UVMap to
a subpath in Gy. By UVPatterny A UVPatterns, we have that these
paths in Gy behave as in Ly, in the following sense: the induced
subgraph on V(Gy U Gy) is isomorphic to the induced subgraph
on u; and v; j in Ly,; vertices of Gy correspond to vertices u; and
vertices of Gy correspond to vertices v;, j. By Types, remaining
vertices have degree one and adjacent to vertices in Gy . Since for
each x € Gy there is exactly one neighbor y that satisfies W(x), we
have the correspondence between such vertices y and vertices w;, ;
in Ly, that completes the isomorphism between G and Ly,.

B WINNING STRATEGIES ON
TRANSFORMED GRAPHS

CrLaM B.1. Let Spoiler has no winning strategy in k moves on
graphs G1 and Gy. Then, for each graph H, there is no winning strategy
for Spoiler in k moves on graphs GiOH and GoOH.

Proor. There is a winning strategy for Duplicator in k moves on
Gj and Ggy. Let us construct a winning strategy for GiOH and GoOH.
Suppose in the first ¢ — 1 rounds vertices (u1,v1), . . ., (Ur-1,Vr-1)
from Gi0OH and (u],v7),...,(u;_;,v;_;) from GoOH are chosen.
Without loss of generality, suppose that Spoiler chooses (us, v;) €
G10H in round t. Let u; € G be the Duplicator’s choice in round ¢
according to the strategy on G; and G when uy,...,u; € Gy and
ug,...,u;_; are chosen. Then, Duplicator chooses (u;,v;) in the
game on G10H and Gy0OH.

Following this strategy, we have that v/ = v;, for all i < k after
k rounds. Also, vertices uy,...,ur € Gy and ug,..., ul’< € Gy are
chosen according to the winning strategy of Duplicator in the game
on Gy, Gy. Therefore,

(ui,vi) ~ (uj,vj)
& (i ~uj) A(vi =v)) V (ui = uj) A (vi ~ vj))
& ((uf ~up) A (v; =)V (4] = uj) A (V] ~ v)))
& (uj,v]) ~ (uj'-,vj’-),
so indeed Duplicator wins the game on Gi0OH and G20OH. O
Cramm B.2. Let Y, G, H be a triple of graphs with induced sub-

graphs Xo C Y, Xy € G, X2 C H and isomorphisms f : Xo — Xi,
g : Xo — Xz. Denote by Gx and Hx the relational structures with
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the usual adjacency relation in G and H and a unary relation I for
each vertex x € Xo such that I« (y) © (y = f(x)) foreachy € G and
I(z) & (z = g(x)) for eachz € H. Let GUy Y be the graph obtained
fromG andY by identifying every x € Xy with f(x) € X1 and adding
the rest of Y to G vertex-disjointly. Similarly define H Uy Y. Assume
that Duplicator has a winning strategy in k moves on Gx and Hx,
then Duplicator has a winning strategy in k moves on G Ur Y and
HUg Y as well

Proor. Denote by Y1 ¢ G UrY and Y C¢ H Uy Y the two
copies of Y attached to G and H respectively, and let h: Y1 — Y3
be an isomorphism between them such that its restriction to X
coincides with g o f~1. Suppose that in first ¢ — 1 rounds vertices
ut,...,ug-1 € GUp Y and uf,...,u;_; € HUy Y are chosen.
Without loss of generality, Spoiler chooses a vertex u; € GUy Y in
round ¢t. If u; € G, Duplicator chooses the vertex u; € H according
to a winning strategy on Gx and Hy. If u; € Y7, Duplicator chooses
h(u;) € Ya. Note that this strategy is well-defined since for u; €
X1 = GNYj, the vertex chosen according to the winning strategy on
Gx and Hy has to be h(u;) because of the unary predicate If—l(u[).

Let us prove that this is a winning strategy of Duplicator. Con-
sider two chosen pairs of vertices u;, u; € GUfY and ul{, uj’ € HUg4Y.
If uj,uj € G, then ul’,uj’ € Hand (u; ~ uj) & (u] ~ u}’) since this
vertices were chosen according to the winning strategy of Dupli-
cator in the game on Gx and Hx. If u;,u; € Y1, then u, u]’ €Y,
and (u; ~ uj) & (u] ~ u}'.) because u; = h(u;) and u]’. = h(uj). If
u; € G\Y1,uj € Y1\G, thenu] € H\Yz,uj’. € Y2\H and so there are
no edges {u;, u;}, {u], u]’} Therefore, Duplicator wins. O

Cramm B.3. Let G, H be a pair of graphs with an additional unary
relation I. Denote by Gy and Hj graphs obtained from G and H by
attaching exactly one leaf to each vertex x satisfying I(x). Assume that
Duplicator has a winning strategy in k rounds on G and H equipped
with I, then Duplicator has a winning strategy in k rounds on Gy and
Hj as well.

Proor. Let fg : V(Gr) — V(G) be a mapping that acts as iden-
tity on vertices of G and sends each vertex in V(Gy)\V(G) to its
unique neighbour. Similarly, define fz7. Suppose that in the first
t — 1 rounds vertices uy,...,u;—1 € Gy and u{, e u;_l € Hj are
chosen. Without loss of generality, Spoiler chooses a vertex u; € Gy
in round t. Let v; € H be the Duplicator’s choice in round ¢t ac-
cording to the strategy on G and H with unary relation I when
f),...,f(ur) € Gand f(ug),..., f(u;_;) € H are chosen. If
u; € G, then Duplicator chooses u; = v;. If u; ¢ G, then Dupli-
cator chooses the leaf u; attached to v;. Note that in both cases
f(uy) = v}, so this strategy is well-defined.

Let us prove that this strategy is winning for Duplicator. Since
f(u}) is chosen according to the winning strategy in the game on
G and H with unary relation I, f(u;) ~ f(u;) © f(u}) ~ f(u]’)
and f(u;) = f(uj) & f(u)) = f(uj’) for1 <i < j < k. Also,
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u;j € G & u] € Hfor1 < i< k. Therefore,

(ui ~ uj) © ((ui,uj € G) A (f(ui) ~ f(uj))Vv
V ((ui # uj) A (f(ui) = f(u)))
= ((u;,uj'- € HYA(f(u]) ~ f(uj'.)))V
V((u; # u) A(f(u)) = f(u)) & (uf ~u)),

so indeed Duplicator wins the game on Gy and Hj. O

C PROOFS OF TECHNICAL PROPOSITIONS
FROM SECTION 3

Cramm C.1. The stochastic FO reduction relation < is a preorder.

Proor. Firstly, we prove that < is reflexive. Let we have a ran-
dom relational structure D;,. We define a stochastic FO reduction
by the identity mapping id : D — D. It is clear that this map-
ping is (A | A)-measurable, maps n-structures to n-structures, and
satisfies nlgnm [Pr(Dy, |= id~'(p)) — Pr(Dy, | )| = 0, implying the
reflexivity.

Next, we prove the transitivity. Let we have two stochastic FO
reductions f : D — D’ from D}, to Dy and g : D’ — D" from
D}/ to Dy,. As a reduction from D}, to D,, we use the composition
g o f. A composition of (A | A’)-measurable and (A’ | A”)-
measurable functions is (A | A’’)-measurable. Also, a composition
of two functions which map n-structures to n-structures, for each
n € N, satisfies the same property. Finally,

0< lim [Pr(Dn = (g0 f)™'(¢) — Px(D}] [= ¢)|
lim [Pr(Dy = (g7 (0)) = Pr(D, = g™ (0)]+
+ lim [Pr(D}, [ g7 (¢) - Pr(D}] |5 ¢)| = 0.

IA

Hence, we have
Tim [Pr(Dy = (g 0 )™ (p) = Px(D}; = 9)] =0,
that finishes the proof. o

Cramm C.2. For each random relational structure Dy, over the sig-
nature o, there is a loopless random relational structure Dj, which is
7’

equivalent to Dp. Moreover, Gioop (1, p) is equivalent to Gloop(n,p,p).

PRrROOF. Let us give some auxiliary definitions.

e Let B = {Bi,...,B;} be a partition of the set [a;], for some
1<t<a;.
Let Pig be a predicate symbol of arity t.
Let B : [a;] — [t] be the mapping such that k € Bgx).
Let ' : [t] — [a;] be a mapping such that S(f’(k)) = k.
Let signature & consist of = and PiB over all i and 8.

Let D be the set of all relational structures over the signa-
ture &.

Let f : © — D be a function which maps each structure over the
signature o to a structure over the signature & by assigning each
P?(xl, ...,xt) the value P,-(xﬂ(l), . ,xﬁ(ai)), if x; are pairwise
distinct, and zero, otherwise. We let the distribution of the random
structure D7, be induced by f on D from the probability distribution
on D. It is clear, that D}, is loopless because every PiB(x1, co,Xp)in
the image of f is zero on each tuple (x1, . . ., x;) with two coinciding
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Xj = x. By Claim 3.6, f is a stochastic FO reduction defined by
formulae

Pi(xﬁ(l)v ... ’xﬁ(ai)) A A =(x; = xj).

1<i<j<t

Also, we have a reduction g : D — D defined by formulae

Pi(xl,u-’xa[) =

N ~Gpy =xp0) |-

1<i<j<t

= \/ P;B(Xﬁ/(l), ce ,xﬁ’(t)) A
B8

For Gypop(n, p), it returns the structure G;oop (n,p,p). o

Lemma C.3. Letp,q € [0,1], pmin = min{p,q,1 —p,1 — q}, and
sn be a sequence of non-negative integers. Consider random vectors
(&1,....&,) and (1, . .., ns, ), where &; and n; are independent ran-
dom variables with Bernoulli distribution with the parameter p and

q respectively. If lim /ps"_ [p — gl = 0, then the total variation
n—oo 'min

distance between the distributions of (&1, ..., &) and (51, ...,7s,,)

converges to zero.

Proor. Let A, C {0, 1}5. Then,

Pr((_{l’ e 7§Sn) € An) =

— pa1+---+a5n(l _p)sn—a1—~~~—a5n,

(a,..., asn)EAn

where a; € {0,1}, and the same equality with p replaced by ¢ holds
for (1,...,7s,)- Then, letting

fan,...a, () = Pa1+m+as" (1 —p)sn= @7 " on,
we get
|Pr((§19 ey gs,t) €Ap) - Pr((’]ls cen

| =

(a1,....as,)€A,

< ¥

(al’---vas,,)GAn
Sn (¢
n
<2 ()
k=0

We shall prove that this sum is at most 2C’ lm |p — ql, for

some constant C” and pyin > % Without a loss of generality, we

Msn) € Ap)
(fal,---»an(p) - fab---»an(q))

|fa1,..‘,an(P) - fal,...,an(Q)i

Pk - - gt - @

suppose thatp > gand g < %.The term pK (1—p)$n K —gk (1-g)snk

— k —g\Sn
is positive if and only if (gg_g;) > (i_—g) ,ie.

s :{ In(1 - g) ~In(1 - p) J

Sn Inp+In(1-¢q)—Ing—1In(1 -p)
Let us prove that
Lgsn] < ko < psn. (5)
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Consider the function g(x) = xk(1 - x)*n K The derivative of this
function is

g'(x) = kxF71(1 = x)*n 7K — (s, = k)xF (1 - x)$n k1
= (k- snx)xkfl(l - x)s”fkfl.

Forp < %, g’ (x) is positive on the interval (g, p). Therefore, g(p) —
g(q) > 0. This means that ps, > ko. Similarly, for g > £ g(p) —

Sn’

9(q) < 0,and then | gs, ] < ko, completing the proof of (5). We then
get

Sn

23]

k=0 k

Sn s
- 2 (Y lra-prtada-om ). w
k=ko+1

ko

- Z (SIZ) (Pk(l —p)k g1 - q)s"_k) :

k=0

pk(l _p)sn—k _ qk(l _ q)sn—k‘

Consider the function

Sn ko
flx) = Z (s]:)xk(l —x)Snk _ Z (s]:)xk(l —x)snk,

k=ko+1 k=0

By the Lagrange’s mean value theorem, we have that there is a
number ¢ € (g, p) such that

i (s,:) (pk(l —p)k gk - q)s"_k) -

k=ko+1
- kZ (sk) (P - pynt — gk - g ¥) =
- = 0050 = (- g
53 (sk) (k640 — e — 3 k(1 )

k=ko+1
ko
(-9 ];) (SI:) (ktk_l(l - t)s"_k —(sp — k)tk(l _ t)sn—k—1)

The last expression equals

s sp—1 s —1—
(p—q)an( L )t"(l—t)n -
k=ko
KNl sn— 1) k sp—1-k
S G R
k=ko+1
& sn—1) k sn—1-k
“p-am X, (M ka0
k=0
& sn—1) k sp—1—k
+(p—q>sn2( L )t (1=
k=0

=200~ Q)sn (s"k; l)tkou — )i,
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By Stirling’s formula, there exists a constant C’ > 0 such that, for
all non-negative integers a > b and any real x € (0, 1),

a\ acb , a ax\b (a(1 -x) a-b
(b)x (=077 < O\ orta— b0 (%) ( a b )
;| a
<C 2n(a—b)b

since the function x?(1 — x)#~¢ achieves its maximum at x = %.
For pmin 2 % we have kg < psp < (1 = Pmin)Sn < sn — 1.
Hence, for kg < s, — 1
sp—1
2(p _ q)sn( n )tko(l _ t)Sn—l—k()
ko
< 2(p - QsuC’ o ®)
= D=\ 2 (sm = 1= ko ko
sp—1
=2(p-q)C’
ko+1 ki
(- B

The inequality (1 - kg—zl) f—": > % (1 - %) min {(1 - kg—:l) , f—g}
holds because the left side is a product of two factors that sum up
tol— Sl and then the largest one is at least half of this sum. Due

to (5), p;n > ko > |qsn] > gsn — 1. Therefore,

min{(l— k0+1),@} mein—i.
s

Sn Sn n

Finally, from (4), (6), (7), (8), we get

[Pr((é1,...,&s,) € An) = Pr((n1, ..., 1s,) € Ap)| <
<20’ [——|p—gl.
7 (Pmin — é)

Since pmin — Sl > %Pmin: we have the inequality

[Pr((&1, ..., &s,) € An) = Pr((n1, ..., 7s,,) € An)| <

3s
<20 [—|p-gq|l. (©
,/”pmmlp ql. )

S Ms,) €Ap) < 1. (10)

If pmin < %, note that
[Pr((&1,...,&,) € An) = Pr((n1, ..

1
Hence, for [p — g > 5-, we have

[Pr((é1,...,¢&s,) € An) = Pr((n1,...,11s,) € An)| <
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For |p—q| < - Therefore

I;)(sk) ka(l -pr k- gka- q)S"—"|
< ];)(sk) ot - py
-2(5)

Z( )IP -q |+Z( )an lp -4l

, we can claim that p,q < =

d“a-pH+

qk(l _p)sn—k _ qk(l _ q)sn—k)

k=0
Sn (sn) 3 k-1 Szn Sn 3 k-1
< (rf-a(Z) + Xal7)(2) w-a
paerd k Sn paurd k| \sn

(11)

S IRIE

< sulp— gl Z —<k+3> < 2¢%snlp — g

< 2631/ | l.
Zp 'min p q

Let C” = max {ZC'\/;, \/5, 293@}. Then, from (4), (9), (10), (11),

we get
IPr((é1... .. &s,) € An) = Pr((m1... .. 7s,) € An)| <
Sn
< Cu _| _ |’
Pmin P
completing the proof of the lemma. O

Cramm C4. For any o > % and each nonnegative integer r, we
have D4 (n, ) S DU+r)(p, e )-

Proor. It is sufficient for us to combine Corollary 3.14 and re-
duction defined by a formula to show the reduction D@ (n, x) S

D(d“)(n aﬂ ), fora > % d LetPand Q be predicates of arity d and

d+1from signatures ofD(d)(n,p) and D(@*1(n, p) respectively. The
formula 3y O(y, x1, . .., xg) reduces D@ (p, ) to DD, 1 -

1= +%). Indeed, P(x1, . ..

el

and all such events are independent. Also, we have

,Xq) is true with the probability

n c _ —2a-1

1- l—n—a——a+1+0(n )
Then
d+2+a
n c c 1 d+2+a _
1-"1-—|-——|=—n Oo(n~2%71)
c n« na+1 \/Z

d-3a

=0(n 2 ).
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Therefore, by Corollary 3.14, we have an equivalence between

d+1 n d+1 . d
DU+ (1 — nf1 - ) and Dld+)(p, ). Note that, if @ > £,

then, for each nonnegative integer r, we have that ¢ + r > %
Therefore, in the same way we can apply other r — 1 reductions. It

proves the claim. O

c
noa+l

CLamm C.5. Foranya > d —2, D(n, o) < DA+ (p, %).

Proor. The formula Yy =Q(y, x1, . . ., x4) reduces D(n, )

to D@+ (n, 1 - #/-C-). Let us estimate

¢ nc-alnn alnn—Inc Inn\?
1-7—==1-¢ #n =——"-—""+0[[—] |
n% n n

Suppose ¢ is an arbitrary real number in the interval (0, 1). For
c<1- (ln "’ and sufficiently large n, we have 1 — /-7 > &;‘".

(ln n)’ c

Forc>1+¢ and sufficiently large n, we have 1 - /% <

ann 1:11". Note that the function f(c) =

interval (0, 2) and monotone. Then, for sufficiently large n there

£ is continuous on the

is unique solution ¢ = ¢, of the equation 1 — ¥/+% = % in the
interval (0, 2), and nli_r)réo(cn - 1)@ = 0. We get D(D(n, ) <
D+, %). Thus, it remains to check the condition of Corol-
lary 3.14 for D(n, ;—’;) and D@(n, n%):

3 —a
dmc_n_izn%((lm):o( £,
n« no« na+l
completing the proof of the claim. O

D PROOF OF CLAIM 3.22

We apply the strategy that was used in [18] to derive the analogous
statement for unoriented hypergraphs. The proof is based on a
Poisson limit theorem for the number of small cycles in random
hypergraphs and the validity of the FO 0-1 law subject to the
absence of cycles. Let us first recall these auxiliary results.

Cramm D.1 (LARRAURI, MULLER, Noy [18]). Letp ~ % with
¢ > 0. Set

(7% )k 1 1

=2)! c
flo) = Ly - .
é 2k 21—y 2d-2)

Let X, be the total number of cycles in G54 (n, p). Then
lim E(X,) = f(0).

C

1 = = —f((,‘): ﬁ - —_—
nh_r)r})oPr(Xn 0)=e e2d-2! [1 -2

We define a cycle in an d-uniform oriented hypergraph as an
oriented hypergraph with a set W of (d — 1)s vertices and s hy-
peredges such that there is no proper W/ c W inducing at least
> > W - 1| hyperedges in this hypergraph. Let us show that Claim D.1
1mp11es
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CoroLLARY D.2. Letp ~ — withc > 0. Set

o dd-1ek 1 1 d(d - 1)c
f(C)—];z 2k _Elnl—d(d—l)c_ 2

Let Xp, be the total number of cycles in G114} (n, p). Then

Jim B(X) = £(c),

Tim Pr(X, = 0) = ¢/ = T = dd - De.

Proor. For each oriented hypergraph G, we consider the un-
oriented hypergraph G’ obtained by erasing orientations: there is
a hyperedge {v1,...,v4} in G’ if and only if there is an oriented
edge (Vg(1), - - - » Us(a)) in G, for some o € Sy. The corollary follows
from the next two observations.

e For G ~ G{id}(n,p), the number of cycles in G equals to the
number of cycles in G’ whp, since whp G does not contain
two different hyperedges on the same set of d vertices.

o If G ~ G4} (n, p), then G’ ~ G%4(n,p’), where p’ ~ %.

Then, we conclude that the number of cycles in Glid}(p, p) has
the same distribution as the number of cycles in G54 (n, p’) asymp-
totically. Then, replacing of ¢ by cd! in the statement of Claim D.1
yields Corollary D.2.

]

Finally, let us state the validity of the FO 0-1 law subject to the
absence of cycles.

Lemma D3. Letp ~ —i5 with0 < ¢ < m. Let Xy, be the
random variable equal to the total number of cycles in G{id}(n,p)‘

Let ¢ be a FO sentence. Then,
lim Pr(G14}(n,p) £ ¢ | Xn = 0) € {0.1}.
n—oo

The proof is literally the same as the proof of Lemma 4.7 in [18]
that states a similar 0-1 law for unoriented hypergraphs. It is a
direct corollary of the fact that the number of connected compo-
nents in GUi4}(n, p) isomorphic to any fixed tree is not bounded in
probability. So, we omit this proof.

Proor or Craim 3.22. Note that %cgd is the unique positive
solution of e~/ (¢) = % where f is defined in (12). By Corollary D.2,

for each ¢ < ¢p, we have that

lim Pr(X, = 0) = ¢/ © > L.
n—oo 2

By Lemma D.3, we have that

lim Pr(G{id} (n, ‘ )|= <p)e[o,1_e—f<c)]u[e—f<c>,1]

n—oo nd—l

Then, the set Liid} is not dense in [0, 1]. m]
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E COMPLEXITY OF DECIDING THE 0-1 LAW:
CONSTRUCTION OF ¢p

We construct the sentence yp explicitly. First of all, we consider

e a FO formula Deg, ;(v) saying that v has degree at least d;
e a FO formula Leaf;(v) saying that v has exactly 2i + 1 neigh-
bours of degree 1;

S
e All = Vv Deg(v) A |Degs,(v) = V Leaf;(v)|.
- - i=1

The sentence All divides vertices into s + 1 types: vertices of the
first type have degree 1, vertices of type d € [2,...,s + 1] have
exactly 2d + 1 neighbours of degree 1. We then encode the three
types of equations from S by FO sentences in the following way.

e For1 < i < j < s, Equal;; states that for each vertex
v that satisfies Leaf; there is a unique vertex u such that
Leaf;(u) A (u ~ v), and vice versa. That is, there is a perfect
matching between the sets of vertices that satisfy Leaf; and
Leaf; which forces the numbers of these vertices to be equal.

e For1 <i < j<d <s Sum, ;g states that for each ver-
tex v that satisfies Leaf; there is a unique vertex u such
that (Leaf;(u) V Leaf (1)) A (u ~ v), and vice versa. That is,
there is a perfect matching between the sets of vertices that
satisfy Leaf ; and Leaf; v Leaf; which forces the respective
cardinalities to be equal.

e For1 <i<j<d <s,Prod; j 4 states that for each vertex
v that satisfies Leaf; there is a unique pair of vertices u, w
such that Leaf;(u) A Leaf j(w) A (u ~ v) A (u ~ w), and vice
versa. That is, there is a bijection between the set of vertices
that satisfy Leaf ; and the set of pairs of vertices u, w such
that Leaf;(u) A Leaf j(w) which forces the cardinality of the
first set to be equal to the product of cardinalities of sets

{u | Leaf;(u)} and {w | Leaf j(w)}.
Finally

ypi=AllA /\ Equal; A A Sum; ;g
ti=t; ty=t;+t;

where the conjunctions are over the respective equations in S. Note
that if G |= ¥p for a certain G, then the system S has a solution
(t1,...,ts) in positive integers: ¢; is the numbers of vertices in G
that satisfy Leaf ;. On the other hand if S has a solution (¢, . . ., t5) €
Z% ), then a graph G that satisfies /p can be constructed directly:
first, consider a disjoint union of sets of vertices Ty, . . ., Ts, | Ti| = t;.
Then, for every i € [s], join 2i + 1 leaves to every vertex from T;.
Next, observe that every successive equation from S, but the last
one, contains a new variable — thus, we may recursively draw edges
in the desired way defined by all equations, but the last one. Finally,
if we get a graph that contains at least one edge between T}, and Ty,
then it may only happen if a perfect matching between T, and Ty
is already drawn since, otherwise, |Tp| # |T4|. On the other hand, if
no edge has been added between T, and Ty, then we add a perfect
matching between them and finish the construction of G.

Let us finally observe that any graph that satisfies /p must have
even number of vertices: there is even number of vertices involved
in isolated edges and any vertex satisfying Leaf; has 2i + 1 neigh-
bours of degree one.
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