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Efficient, high-fidelity single-photon switch based on waveguide-coupled cavities

Mateusz Duda®,” Luke Brunswick ®, Luke R. Wilson, and Pieter Kok ® "
Department of Physics and Astronomy, The University of Sheffield, Sheffield S3 7RH, United Kingdom

® (Received 11 March 2024; accepted 20 September 2024; published 15 October 2024)

We demonstrate theoretically that waveguide-coupled cavities with embedded two-level emitters can act as
a highly efficient, high-fidelity single-photon switch. The photon switch is an optical router triggered by a
classical signal—the propagation direction of single input photons in the waveguide is controlled by changing
the emitter-cavity coupling parameters in situ, for example, using applied fields. The switch reflects photons in
the weak emitter-cavity coupling regime and transmits photons in the strong coupling regime. By calculating
transmission and reflection spectra using the input-output formalism of quantum optics and the transfer matrix
approach, we obtain the fidelity and efficiency of the switch with a single-photon input in both regimes. We
find that a single waveguide-coupled cavity can route input photon wave packets with near-unity efficiency and
fidelity if the wave packet width is smaller than the cavity mode linewidth. We also find that using multiple
waveguide-coupled cavities increases the switching bandwidth, allowing wider wave packets to be routed with
high efficiency and fidelity. For example, an array of three waveguide-coupled cavities can reflect an input
Gaussian wave packet with a full width at half-maximum of 1 nm (corresponding to a few-picosecond pulse) with
an efficiency E, = 96.4% and a fidelity F, = 97.7%, or transmit the wave packet with an efficiency E, = 99.7%
and a fidelity F; = 99.8%. Such efficient, high-fidelity single-photon routing is essential for scalable photonic

quantum technologies.

DOLI: 10.1103/PhysRevA.110.042615

I. INTRODUCTION

Creating large-scale, distributed quantum networks for
technologies such as computing, communication, sensing, and
metrology requires precise control over single photons [1-4].
A fundamental building block of photonic quantum tech-
nologies is therefore a device that can deterministically and
faithfully route a single photon within a network, i.e., a
single-photon switch with high efficiency and fidelity. Photon
routing based on linear optics alone is probabilistic [5-7], and
there have been many proposals of single-photon switches
that utilize light-matter interactions for deterministic oper-
ation. Previous theoretical studies of such photon routers
involve emitter-waveguide systems [8—10], single resonators
with [11-13] and without [14—16] coupled emitters, and more
complex cavity-based structures [17-19], including arrays
of many coupled cavities [20-22]. Experimental platforms
proposed for photon switching include superconducting cir-
cuits with transmon qubits [23-26], semiconductors with
embedded quantum dots [27-29], atomic ensembles [30-32],
and single emitters such as nitrogen-vacancy centers [33] or
atoms [34-36] coupled to a microresonator.
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Coupled-cavity arrays (CCAs) are a particularly promising
platform, as they exhibit quantum many-body phenomena
that can be exploited in various photonic quantum technolo-
gies [37,38]. This includes entanglement generation [39-42],
cluster state preparation [43], and many-body phase transi-
tions [44]. In many proposed CCAs, photon propagation is
mediated by evanescent field coupling, which requires the
electromagnetic fields of neighboring cavities to overlap spa-
tially, spectrally, and in k-space [45]. Spatial overlap between
cavity modes places significant constraints on the geometry of
a CCA, most notably that the cavity separations must be on the
wavelength scale [46]. This makes it challenging to address
and manipulate the properties of each cavity individually, and
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FIG. 1. N single-mode cavities coupled to a single-mode waveg-
uide, with each cavity containing a two-level emitter. Photon
propagation is indicated by red wavy arrows, and coupling is repre-
sented by blue arrows. Cavity j couples to its emitter with coupling
rate g;, and to the right- and left-moving waveguide modes with
coupling rates Vi ; and V; ;, respectively. The separation between
two neighboring cavities (i, j) is d; ;. The input and output modes
are dg.in, drin and ag out, AL out> rESpectively.
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hence to precisely control the propagation of photons and
overcome fabrication disorder [47—49].

In this paper we propose a single-photon switch with high
efficiency and fidelity based on an array of single-mode cavi-
ties coupled to a common single-mode waveguide, with each
cavity containing a two-level quantum emitter (Fig. 1). The
switch is an optical router triggered by a classical signal—
the control of the propagation direction of a single input
photon in the waveguide is realized by controlling the emitter-
cavity coupling within each cavity. The waveguide allows
for larger cavity separations compared to conventional CCAs
with evanescent cavity-cavity coupling, while retaining strong
intercavity interactions [50]. This makes individual cavity
addressability more practical, enabling more precise control
over photon propagation. For example, the cavity mode fre-
quencies and the transition frequencies of the emitters can be
tuned independently at each cavity site, e.g., via optical [51] or
electrical [52] Stark tuning, or through strain tuning [53,54].
This tuning enables the emitter-cavity coupling to be con-
trolled within each cavity, as required for the switch operation.
Furthermore, the cavity-waveguide separations provide an
additional degree of freedom that allows for independent
control over intercavity coupling rates between any pair of
cavities (e.g., by adjusting the separations electromechani-
cally [55,56]). The enhanced control in this system overcomes
a major challenge in fabricating CCA-based single-photon
routers with evanescent nearest-neighbor coupling, where
identical cavities are required for good photon transmission
but overcoming disorder is exceedingly difficult.

II. THEORY

A schematic of the system is shown in Fig. 1. N
single-mode cavities are coupled to a common single-mode
waveguide. Cavity j has resonance frequency w. ; and con-
tains a two-level quantum emitter with transition frequency
w,,; and emitter-cavity coupling rate g;. The cavity couples
to the right- and left-moving waveguide modes with coupling
rates Vg ; and V. ;, respectively. The separation between two
neighboring cavities (i, j) is d; ;. We can write the Hamilto-
nian for cavity j as

Hj :H9+H6+ng+He—c+Hc—wgs (l)
where (h = 1)
He = %a)e,jaij (2)

is the free Hamiltonian for the two-level emitter in cavity j
(with Pauli operator o ; = |e;){e;| — |g;)(g;|, where |g;) is
the ground state and |e;) is the excited state of the emitter),

H, = wc’jc;cj 3

is the free Hamiltonian for the cavity (with mode operators c;,
c}), and

0
w(k)aj (ka, (k) dk

“4)
is the free waveguide Hamiltonian, with ag(k), ay(k),
a, (k), az(k) being the k-space operators for the right- and

Hyg = / w(k)ay(k)ag (k) dk + /
0

left-moving waveguide modes, and w(k) is the dispersion
relation. In addition,

H, ., = gjafcj + gf;aj_cj- ®)

is the Jaynes-Cummings emitter-cavity interaction [57,58]
(where aj+ = le;)(g;l and o = |g;)(e;| are the raising and
lowering operators for emitter j), and

Hey =/m Jﬁﬁdwx~+ ﬁiawxfdk
¢ 0 2 R 2 R
0 *
Vi + IVL, t
+];Oo EaL(k)cj_F E(JL(]C)C} dk (6)

is the cavity-waveguide interaction, assumed to be indepen-
dent of the photon wave number k in the waveguide (Markov
approximation [59]). There is no direct cavity-cavity interac-
tion term (unlike in the Bose-Hubbard model, which is used
to describe conventional CCAs [37]) because we consider
sufficiently large separations d; ; where evanescent coupling
between the cavities is exponentially suppressed.

The input and output modes of the waveguide are denoted
by ag.in, ar.in and ag out, ar.out> respectively (see Fig. 1), and
obey the linear transfer relation

AR, out AR.in
’ =T ’ R 7
( ar.in ) ot (aL,out> @

where Ty is the total transfer matrix for the N-cavity system,
which relates the input and output modes ay, in, dgou On the
right side of cavity N to the input and output modes ag in,
ar.oue On the left side of cavity 1. Since the system in Fig. 1
is an alternating sequence of waveguide-coupled cavities and
regions of length d; ; where photons propagate freely in the
waveguide, the total transfer matrix can be decomposed into
a product of transfer matrices 7; for the cavities and Tvsg’ ) for
the waveguide segments of length d; ; separating the cavities:

T =Ty T Tiy? Th. (8)

In Appendix A we transform the single-cavity Hamiltonian
H; in Eq. (1) from k-space to frequency space using the
linear dispersion approximation. We then use the resulting
Hamiltonian and the input-output formalism [59] to derive the
cavity transfer matrices 7, by assuming a weak coherent input
field in the waveguide (see Appendix B). Here we use the
weak-excitation approximation to neglect multiphoton con-
tributions in the coherent input [60], allowing us to consider
single-photon scattering. This leads to the result

_ v (B &
—ﬂ,-+a;->< G pra) Y

where o = (Ve ;| £ VL), B = Acj — lgjI/ A,
and ¢ =—i(Vp V)2, Here A ;j=0w—-o,; and
A, j = w — w,, are frequency detunings, where w is the input
photon frequency. Photon loss from the cavities and emitters
into the environment can be included in this result using the
substitutions A, ; — A j+ik;/2and A, ; — A, ; +1y;/2,
where «; and y; are the loss rates of cavity j and emitter j,
respectively (see Appendix C).

T
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The waveguide transfer matrices T“s;j ) describe phase
shifts that the photons acquire when they propagate freely over
the distances d; ; in the waveguide, so they have the simple

form
o e*iwd,;,/vg 0
T\’f’fg,]) = < 0 eiwd,;,-/vg>’ (10)

where v, is the photon group velocity (this is also derived in
Appendix B).

Since the cavity transfer matrices 7; and the waveguide
transfer matrices T\f,gj ) are 2 x 2 matrices, after computing
the product in Eq. (8) for some chosen number of cavities
N, the total transfer matrix will also be a 2 x 2 matrix,
with some matrix elements M,,, that depend on the system
parameters:

My My
Tiot = . 11
tot <M21 M22> ( )
Substituting this matrix into the transfer relation in Eq. (7)

allows the output modes ag out, ar out t0 be expressed in terms
of the input modes ag in, A in:

MMy, M,
aR,out = <M11 - 1—)aR,in + o, Gin: (12a)
2 2
M 1
Apon = ——aRin + ~—d in. (12b)
' My My

For right-moving input photons, the coefficient of ag i, in the
expression for ag oy is the N-cavity transmission coefficient
ty (this is the probability amplitude for the output photons
also moving to the right), and the coefficient of ag i, in the
expression for ay oy is the N-cavity reflection coefficient ry
(this is the probability amplitude for the output photons being
scattered to the left):

In =M11—% and VNZ—AQ. (13)

My, M,

These equations allow transmission and reflection spectra to
be calculated for any number of waveguide-coupled cavities,
once the elements M, of the total transfer matrix T;, are
computed using Eq. (8).

III. RESULTS
A. Transmission spectra for different N

In Fig. 2 we show the transmission |ty|> as a function
of the input photon frequency for (a) N =1, (b) N = 3, (¢)
N =5, and (d) N = 10 identical, equally spaced cavities (in
Appendix D, we derive analytical results for 7y and ry for
any number N of identical, equally spaced cavities). Here all
the cavities are in the weak emitter-cavity coupling regime
(gj < kj,vj), so the effect of the emitters is negligible. For
a single waveguide-coupled cavity [Fig. 2(a)], a transmis-
sion dip occurs at the cavity resonance frequency [61,62].
When the number of cavities is increased [Figs. 2(b)-2(d)],
the dip at the cavity resonance frequency w, ; is broadened
compared to the N = 1 case. This transmission dip broaden-
ing is consistent with previous observations in systems with
multiple emitters or resonators coupled to a common waveg-
uide [63—-66]. Furthermore, for N > 1 we see fringes that

(a) N=1] |(b)

(©) N=5] |(d)

We, j We, j

Frequency Frequency

FIG. 2. Transmission |fy|*> as a function of the input photon
frequency for (a) N=1, (b) N=3, (c) N=5, and (d) N =10
identical, equally spaced waveguide-coupled cavities in the weak
emitter-cavity coupling regime (g; < «;, y; for all j).

arise from interference in the waveguide, caused by reflections
between the cavities. This interference leads to a periodic
sequence of transmission dips on either side of the central
dip, with a free spectral range Agsg = 1/2Tp = vg/2d; ; [50],
where Tp = d; ;/v, is the photon propagation time between
neighboring cavities. We note that our system enables the
free spectral range to be controlled postfabrication, for ex-
ample, by decoupling every other cavity from the waveguide
to increase the nearest-neighbor separations d; ; by a factor
of two, which would reduce Apsg by a factor of two. The
interference in a waveguide-based CCA can also give rise to
photon antibunching in the output of the waveguide [67].

B. Photon switch operation

We now discuss the basic working principle of our photon
switch proposal. As shown in Fig. 2, when the cavities are
in the weak coupling regime (g; < «j, ¥j), there is a dip
in transmission centered at the cavity resonance frequencies,
where input photons can be reflected. When we transition
to the strong emitter-cavity coupling regime (g; > «;, ¥;),
the coherent interaction between the emitters and the cavities
induces vacuum Rabi splitting of the cavity modes [68], which
opens a transmission window that allows photons to propagate
through the waveguide. We show this for a single waveguide-
coupled cavity in Fig. 3. In the strong coupling regime
[Fig. 3(b)], the transmission dip splits into two dips with a
frequency separation of 2g;. Due to this splitting, the trans-
mission at the cavity resonance frequency w, ; switches from
being zero to approximately one when we switch from weak
coupling to strong coupling [61,62]. This means that we can
deterministically switch between reflection and transmission
by controlling the emitter-cavity coupling rate g,. Experimen-
tally, this can be achieved by controlling the emitter-cavity
detuning, for example, using applied fields [51,52].

Figure 3 illustrates how a single waveguide-coupled cavity
can be used as a photon switch for input photons in the
waveguide. In the weak coupling regime [Fig. 3(a)], perfect
reflection occurs only at the cavity resonance frequency, al-
lowing only narrow wave packets centered at this frequency

042615-3
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1.0
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We, 1 We,1 — 91 We 1+ g1
Frequency Frequency

FIG. 3. Transmission |#;|* as a function of the input photon
frequency for a single waveguide-coupled cavity. Panels (a) and
(b) correspond to the weak (g, < «1, y1) and strong (g1 > k1, ¥1)
emitter-cavity coupling regimes, respectively.

to be routed effectively. However, we can increase the switch-
ing bandwidth using the behavior observed in Fig. 2, where
increasing the number of cavities was shown to increase the
width of the transmission dip in the weak coupling regime. In
Fig. 4 we show the operation of the switch for N = 10 iden-
tical, equally spaced cavities, for comparison with the N = 1
case from Fig. 3. Figure 4(a) corresponds to the weak coupling
regime (g; < «j, yjforall j € {1, ..., 10})—this is the same
as Fig. 2(d) but with only the central transmission dip shown.
When all the emitter-cavity pairs are in the strong coupling
regime [Fig. 4(b), g; > «;, y; for all j], we observe Rabi
splitting as in the N = 1 case, which results in two dips with a
frequency separation of 2¢; and a region of high transmission
between them. Importantly, we can now switch between near-
unity reflection and near-unity transmission over a range of
frequencies centered at the cavity resonance frequency o ;,
as opposed to switching only at one frequency. Using multiple
waveguide-coupled cavities therefore increases the switching
bandwidth, allowing photon wave packets with a wider fre-
quency distribution to be routed in the desired direction in the
waveguide.

The possibility of using larger cavity separations in our sys-
tem allows us to overcome fabrication disorder with greater
ease compared to CCA proposals with evanescent nearest-
neighbor coupling. Nevertheless, it may not be possible to
make all cavities and emitters identical in a given imple-
mentation (e.g., due to a limited tuning range). Hence, in
Appendix E we analyze how the ideal ten-cavity spectra in
Fig. 4 are affected by disorder. We find that the spectra are

1.04
0.8
0.61
= 0.4
0.21
0.0

2
10l

(@) | ® | |
We,j We,j — i We,j+9j
Frequency Frequency

FIG. 4. Transmission |t;|? as a function of the input photon fre-
quency for ten identical, equally spaced waveguide-coupled cavities.
Panels (a) and (b) correspond to the weak (g; < «;j, ¥;) and strong
(g; > «j, y;) emitter-cavity coupling regimes, respectively.

highly robust against variations in the quality (Q) factors of
the cavities, even when there is a 25% standard deviation
in the Q factors. The switching is also robust against sub-
wavelength disorder in the cavity separations d; ;, but the
performance can degrade significantly with wavelength-scale
disorder due to the interferometric nature of the switch. In
addition, the transmission spectra cope well with disorder in
the cavity resonance frequencies w. ; and emitter transition
frequencies w,, ;, provided that the frequency distributions do
not exceed the switching bandwidth. Furthermore, we find
that, if the strong coupling regime cannot be reached in one of
the cavities in the array (e.g., due to poor emitter positioning
within the cavity), then such a cavity should be detuned away
from the switching region to recover the desired transmission
behavior (effectively reducing the number of cavities in the
switch by one). This is a general mitigation strategy we can
employ in our system—if there are cavities where strong
coupling cannot be achieved due to fabrication imperfections,
then such cavities should be detuned away from the switching
bandwidth (or decoupled from the waveguide) for the opera-
tion of the switch to work as intended (for examples of cavity
tuning mechanisms, see [54-56,69-71]). We note that this
would not be possible in a conventional CCA with evanescent
nearest-neighbor coupling, where detuning one cavity away
from the rest would inhibit photon transmission through the
array (in our system, photon transport does not rely on all
the cavities being in resonance). When we decouple a cavity
from the waveguide, we introduce some disorder in the cavity
separations, but we find that this does not have a negative im-
pact on the transmission window. The impact would be more
significant in the weak coupling regime (where the switching
window depends more strongly on the cavity number), and
hence in this regime it would be more favorable to have all the
cavities coupled to the waveguide and tuned to the center of
the switching bandwidth.

C. Switch efficiencies and fidelities

From Figs. 3 and 4, we see that the switch operates in
reflection mode (“r”) in the weak emitter-cavity coupling
regime and in transmission mode (“¢”) in the strong coupling
regime. We quantify the performance of our proposed switch
by calculating the efficiency E, and fidelity F), in both regimes
using
2

Evz‘ / v(@)Plf @)Pdo)| | (14a)

2
, (14b)

F, = ’ / o (@) f (@) Pdo

where v € {r,t}, and we consider a Gaussian input photon
wave packet f(w) (see Appendix F for the wave packet and
the derivations of the efficiency and fidelity expressions). The
efficiency is the probability that the wave packet will leave
in the desired direction in the waveguide, while the fidelity
quantifies the similarity of the input and output wave packets.
For an ideal switch, £, = 1 (input wave packets always leave
in the correct direction—deterministic operation) and F,, = 1
(the wave packet shape is preserved—faithful operation) in
both reflection and transmission mode.
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FIG. 5. Examples of switching different wave packets. The wave
packets correspond to the red shaded regions (rescaled to have unit
height), and the blue curves show transmission as a function of the
input photon wavelength. In (a) and (b), we consider a switch with
a single waveguide-coupled cavity (N = 1), and the input Gaussian
wave packet has a central wavelength of 1550 nm and a full width
at half-maximum o3 = 0.01 nm. In (c) and (d), we consider a switch
with three cavities (N = 3), and the input wave packet has a central
wavelength of 1550 nm and a full width at half-maximum o3 =1 nm.

Figure 5 shows examples of switching different wave pack-
ets. The parameters we use for the efficiency and fidelity
calculations correspond to photon wavelengths in the telecom
C-band, which are relevant for quantum networks with appli-
cations in quantum communications (we note, however, that
the parameters can be rescaled, and the results generalized
to other photon wavelengths). In particular, the cavity mode
wavelengths are A, ; = 1550 nm (w. ; = 2mwc/A. j, where ¢
is the vacuum speed of light), and Q. ; = 500 are the Q
factors of the cavities when coupled to the waveguide, giving
the cavity-waveguide coupling rates Vg ; = Vi ; = o ; /20, ;
(here the factor of 1/2 arises because we consider equal cou-
pling to the right- and left-moving waveguide modes). The
cavity loss rates into nonguided modes are «; = w. ;/Q.
where 90, ; =5 x 10* are the intrinsic Q factors of the cavities
when not coupled to the waveguide («x;/27w ~ 4 GHz), and
vj/2m =1 GHz are the emitter loss rates (typical for semi-
conductor quantum dot systems [72]).

In Figs. 5(a) and 5(b), we use a single waveguide-coupled
cavity to switch an input Gaussian wave packet centered at
1550 nm (i.e., at the center of the switching region), with
a full width at half-maximum (FWHM) o; = 0.01 nm. This
wave packet is representative of photon emission from a
quantum dot [73]. Figure 5(a) corresponds to the weak cou-
pling regime, where g,/2m = 100 MHz (g, < k1, 1), and
the wave packet is reflected with an efficiency E, = 96.1%
and a fidelity F, = 98.0%. In Fig. 5(b) we increase the
emitter-cavity coupling rate to g;/2m = 100 GHz, with
the emitter being on resonance with the cavity (i.e.,
Ae,1 = Ae,1 = 1550 nm). This results in a transition to the
strong coupling regime (g > k1, y1), leading to a Rabi split-
ting of 2g;/2m = 200 GHz (= 1.6 nm, or about 800 ueV).
This splitting allows the wave packet to be transmitted
through the waveguide with an efficiency E, = 96.2% and

a fidelity F; =98.1%. We note that E, and F; approach
100% when the emitter-cavity coupling strength g; is in-
creased, but we use a coupling strength that is of the order
of what has been achieved to date with quantum dots in
semiconductor nanocavities [74]. We also note that the same
efficiencies and fidelities can be attained in transmission with
g1/2m =50 GHz and Q.; = 2000, i.e., by increasing the
coupled-cavity Q by a factor of four, we can achieve the same
switching performance with half the emitter-cavity coupling
rate. In practice, we can modulate the coupled-Q factor in situ
by adjusting the cavity-waveguide separation [56].

In the situation considered in Figs. 5(a) and 5(b), the width
of the wave packet is significantly smaller than the cavity
mode linewidth [compare the wave packet width with the
width of the transmission dip in Fig. 5(a)]. Hence, a single
waveguide-coupled cavity can route the wave packet with
near-unity efficiency and fidelity, without the need for intro-
ducing more cavities to increase the width of the transmission
dip. In Figs. 5(c) and 5(d), we consider switching a Gaussian
wave packet centered at 1550 nm (again at the center of the
switching region), witha FWHM o, = 1 nm (this wave packet
corresponds to a few-picosecond pulse). Since this wave
packet has a much larger spectral width than the wave packet
considered in Figs. 5(a) and 5(b), comparable to the cavity
mode linewidth, we need to increase the switching bandwidth
to maintain high routing efficiencies and fidelities. This can
be achieved by coupling more cavities to the waveguide to
increase the width of the reflection window in the weak cou-
pling regime (see Fig. 2), and by using larger emitter-cavity
coupling rates g; to increase the width of the transmission
window in the strong coupling regime. Hence, in Figs. 5(c)
and 5(d), we use an array of three waveguide-coupled cavities
to route the wider wave packet. Here the nearest-neighbor
cavity separations are d; » = dp.3 = 4.65 um (comparable to
previous experiments involving waveguide-coupled nanocav-
ities [50]), and the photon group velocity in the waveguide is
v, = 0.3c¢ (corresponding to the group index n, = c/v, ~ 3).
Figure 5(c) corresponds to the weak coupling regime, where
gj/2m =100 MHz for all j € {1, 2, 3}. Comparing this with
Fig. 5(a), we see the broadening of the transmission dip due
to using a larger number of cavities, resulting in a reflection
efficiency E, = 96.4% and a reflection fidelity F, = 97.7%
for the wider wave packet (if only one cavity with the same
parameters was used to reflect this wave packet, we would
obtain E, = 84.7% and F, = 86.4%). Figure 5(d) corresponds
to the strong coupling regime, where g;/27 = 500 GHz for
all j, and all the emitters are on resonance with the cav-
ities (A, ; = A, ; = 1550 nm). With these parameters, we
obtain a transmission efficiency E, = 96.4% and a transmis-
sion fidelity F; = 97.4%. As in the single-cavity case, we can
increase the coupled-Q factors Q. ; (e.g., by increasing the
cavity-waveguide separations) to achieve similar transmission
efficiencies and fidelities with lower coupling rates. For ex-
ample, with g;/2m = 250 GHz and Q. ; = 2000, we obtain
E; =95.5% and F; = 96.6%. In general, the switching band-
width needs to be increased compared to the N = 1 case if the
wave packet width is comparable to or greater than the cavity
mode linewidth, so it is necessary to use multiple cavities
and larger emitter-cavity coupling rates to maintain near-unity
efficiencies and fidelities. The coupling rates used here for the
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FIG. 6. Switch efficiencies and fidelities for N = 3 identical,
equally spaced cavities [as shown schematically in the inset in
(b)]. The input Gaussian wave packet has a FWHM o; = 1 nm,
as in Figs. 5(c) and 5(d). (a) Reflection efficiency E, and re-
flection fidelity F, calculated for cavity separations in the range
dip = dy3 =1-100 um, with 0.01 um increments (blue points).
This data corresponds to the weak emitter-cavity coupling regime
(gj/2m =100 MHz), where the switch is in reflection mode.
(b) Transmission efficiency E, and transmission fidelity F; in the
strong coupling regime (g;/2m = 500 GHz), where the switch is
operating in transmission mode. The same set of cavity separations
is used to calculate the efficiencies and fidelities as in (a). (c) F,
shown against F;, using the same data as in (a) and (b). The color
gradient represents the corresponding values of E,. In (a)—(c), the
red cross indicates the results for d; , = d, 3 = 4.65 um, which is the
configuration considered in Figs. 5(c) and 5(d).

strong coupling regime correspond to Rabi splittings of sev-
eral meV and have been exceeded experimentally in systems
such as quantum dots in plasmonic nanogap cavities [75] and
excitons in cavities constructed from organic molecules [76].
Similar coupling rates to the values used here can also be
reached by placing a two-level emitter inside a semiconductor
nanogap cavity [77], where loss rates are less significant than
in plasmonic systems.

When multiple cavities are used, the performance of the
switch depends greatly on the choice of the cavity sepa-
rations d; ; due to its interferometric nature. In Fig. 6 we
show efficiencies and fidelities for different choices of d; ;
in the three-cavity switch considered in Figs. 5(c) and 5(d).
In Figs. 6(a) and 6(b), each blue point corresponds to a
particular nearest-neighbor separation, which we vary in
the range d; ; = 1-100 um in steps of 0.01 um, keeping
di» and d,3 equal [as shown schematically in the inset in
Fig. 6(b)]. The red cross indicates the situation considered
in Figs. 5(c) and 5(d), where d » = d> 3 = 4.65 um. This is
one of the best configurations for the three-cavity switch, but
we see that there are separations where the efficiencies and
fidelities are significantly reduced, and can be smaller than

1.0 — —
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064 1 11
1
=04 i H
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FIG. 7. Transmission efficiency E, and fidelity F; as a function
of the emitter-cavity coupling rates g; for a three-cavity switch. In
(a) and (c) the coupled-Q factors are Q. ; = 500, while in (b) and
(d) we use Q. ; = 2000. The dashed curves correspond to an input
wave packet that has a FWHM of 0.01 nm [as in Figs. 5(a) and 5(b)].
The solid curves correspond to an input wave packet that has a
FWHM of 1 nm [as in Figs. 5(c) and 5(d)].

for a single waveguide-coupled cavity. This is because the
interference in the waveguide can distort the transmission
spectrum, including the switching bandwidth. This empha-
sizes the importance of choosing the appropriate cavity
separations to obtain the optimal performance. In Fig. 6(c) we
show the fidelities F, and F; using the data from Figs. 6(a)
and 6(b), where the color gradient indicates the associated re-
flection efficiencies E, [here we do not show the transmission
efficiencies E; as they are approximately equal for all separa-
tions; see Fig. 6(b)]. The red cross again corresponds to the
case where d; » = dp 3 = 4.65 um. We see that high fidelities
in transmission and reflection can be achieved simultaneously
in multiple configurations, not just the case indicated by the
red cross [top-right corner in Fig. 6(c)]. These high-fidelity
points also correspond to high efficiencies, meaning that the
switch is highly efficient and it preserves the input wave
packet with near-unity fidelity in both reflection mode and
transmission mode.

In transmission mode, the larger the emitter-cavity cou-
pling rates g;, the wider the switching bandwidth, allowing
wider wave packets to be transmitted through the waveg-
uide with high efficiency and fidelity. In Fig. 7 we show the
transmission efficiency E, and fidelity F; as a function of the
emitter-cavity coupling rates g; for the three-cavity switch
with nearest-neighbor separations d; » = dp 3 = 4.65 um. The
dashed curves correspond to an input photon wave packet that
has a FWHM o; = 0.01 nm [same wave packet as in Figs. 5(a)
and 5(b)], while the solid curves correspond to the wider wave
packet from Figs. 5(c) and 5(d), where the FWHM is 1 nm. As
expected, optimal efficiencies and fidelities can be achieved
with lower coupling rates for the narrower wave packet, since
a narrower transmission bandwidth (smaller Rabi splitting)
is required. We also compare the case where the coupled-
Q factors are Q. ; = 500 [Figs. 7(a) and 7(c)] to the case
where Q. ; = 2000 [Figs. 7(b) and 7(d)], showing that higher
Q factors allow higher transmission efficiencies and fidelities
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FIG. 8. (a) Reflection efficiency E,, (b) reflection fidelity F,,
(c) transmission efficiency E,, and (d) transmission fidelity F
as a function of the number of cavities N. The input Gaussian
wave packet has a FWHM of 1 nm. Panels (a) and (b) cor-
respond to a switch in reflection mode (weak coupling regime,
gj/2m = 100 MHz), and panels (c) and (d) correspond to a switch
in transmission mode (strong coupling regime, g;/27 = 500 GHz),
where Q. ; = 500 for the blue bars and Q. ; = 2000 for the red bars.

to be achieved with lower coupling rates for both wave pack-
ets.

In reflection mode, the switching bandwidth depends on
the number N of waveguide-coupled cavities used in the
switch (as shown in Fig. 2). For wave packets wider than
the cavity mode linewidth, it is beneficial to use multiple
cavities, as this increases the reflection bandwidth in the weak
coupling regime compared to the single-cavity case. In Fig. 8
we show how the switch efficiencies and fidelities are affected
when we change the number of cavities. In particular, we vary
N from 1 to 5, and we choose the cavity separations to be
d; ; = 4.65 um in all cases, as we found this to be one of the
best configurations for the three-cavity switch (see Fig. 6).
We also consider the input wave packet with a FWHM of
1 nm, as in the previous results for the three-cavity switch
in Figs. 5-7. Figures 8(a) and 8(b) correspond to the weak
coupling regime (g; /27 = 100 MHz for all j), where we see a
noticeable improvement in the reflection efficiency E, and the
reflection fidelity F, when we increase the number of cavities
from N = 1 to N = 3. Beyond N = 3, the improvement in E,
and F, is very small, as increasing the width of the reflec-
tion window further does not provide a significant benefit for
routing this particular wave packet. Figures 8(c) and 8(d) cor-
respond to the strong coupling regime (g;/2m = 500 GHz),
where Q. ; = 500 for the blue bars and Q. ; = 2000 for the
red bars. We see that the transmission efficiency E, and the
transmission fidelity F; decrease slightly when the number
of cavities is increased, which is likely caused by the dis-
tortion of the transmission bandwidth due to interference
[e.g., compare Fig. 3(b) with Fig. 4(b)]. This reduction in
performance in transmission mode can be compensated by
increasing the coupled-cavity Q factors, as shown by the red
bars (alternatively, larger emitter-cavity coupling rates can be
used). In particular, we highlight that increasing the Q factors
from Q. ; =500 to Q. ; = 2000 increases the transmission
efficiency and fidelity of the switch with N = 3 cavities from

E;, =96.4%, F, = 97.4% to E;, = 99.7%, F; = 99.8% (a sim-
ilar increase could be achieved by keeping the Q factors
at Q. ; =500 and instead increasing the coupling rates to
gj/2m =1 THz). We note that a higher Q corresponds to a
narrower cavity linewidth, and hence a narrower reflection
bandwidth. Therefore, it is more favorable to use lower Q
factors for reflection mode and to increase the Q factors when
switching to transmission mode via in sifu control rather than
using high Q factors in both regimes.

D. Switching speed

We now briefly consider how the width of the input
photon wave packet affects the repetition rate of our pro-
posed switch, as well as other mechanisms that can affect
the switching speed. The spectral width of the wave packet
will determine its time duration, and we require this dura-
tion to exceed the total round-trip time within the switch in
order to observe the interference for N > 1. Consider the
three-cavity switch with nearest-neighbor cavity separations
di» =dy3 =4.65 um, and an input Gaussian wave packet
with a FWHM of 1 nm. The width o; = 1 nm corresponds
to a time duration of approximately 8 ps for a pulse centered
at 1550 nm, while the photon round-trip time in the three-
cavity switch is T = L/v, = 18.6 um/0.3c ~ 0.2 ps, where
L =4.65pum x 4 = 18.6 um is the total round-trip distance.
When the time duration of the wave packet exceeds the
round-trip time (as is the case here), it is the wave packet
duration that limits the repetition rate of the switch. The time it
takes to tune the emitter-cavity interactions between the weak
and strong coupling regimes also determines how quickly
the switch can be operated. The fastest tuning mechanisms
include using an electric field to Stark shift the emitters on
and off resonance with the cavities (this can enable switching
at a rate of 150 MHz [78]), as well as optical shifting induced
by a laser pump, which can enable switching on picosecond
timescales [79-81]. If the cavity Q factors are to be modulated
in order to improve the performance of the switch (instead
of using larger emitter-cavity coupling rates), the speed with
which the Q factors can be controlled also needs to be
considered.

IV. CONCLUSION

In conclusion, we have demonstrated theoretically that
waveguide-coupled cavities with embedded quantum emit-
ters can act as a highly efficient, high-fidelity single-photon
switch. The switch reflects photons in the weak emitter-cavity
coupling regime and transmits photons in the strong cou-
pling regime due to Rabi splitting. We find that a single
waveguide-coupled cavity can reflect an input wave packet
with a FWHM of 0.01 nm (e.g., a photon emitted from a quan-
tum dot single-photon source) with an efficiency E, = 96.1%
and a fidelity F, = 98.0%, or transmit the wave packet with
an efficiency E;, = 96.2% and a fidelity F; = 98.1%. These
values are achievable with parameters based on quantum
dots in semiconductor nanostructures, for example, a quan-
tum dot embedded in a photonic crystal nanocavity. When
the spectral width of the input wave packet is comparable
to or greater than the cavity mode linewidth, the switching
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bandwidth needs to be increased to maintain high switch-
ing efficiencies and fidelities. This can be achieved by using
multiple waveguide-coupled cavities to increase the reflection
bandwidth in the weak coupling regime, and using larger
emitter-cavity coupling rates to increase the transmission
bandwidth in the strong coupling regime. For example, we
find that an array of three waveguide-coupled cavities can
reflect a wave packet with a FWHM of 1 nm (corresponding
to a few-picosecond pulse) with an efficiency E, = 96.4% and
a fidelity F, = 97.7%, and it can transmit the wave packet
with an efficiency E; = 99.7% and a fidelity F; = 99.8%. The
switching between weak and strong coupling can be realized
by controlling the emitter-cavity detuning within each cav-
ity. Since the waveguide mediates intercavity coupling, the
cavity separations can be significantly larger than the photon
wavelength, allowing for independent control of emitter and
cavity properties at each cavity site (e.g., with applied electric
or optical fields). Our work shows that waveguide-coupled
cavities with embedded emitters are a promising platform for
the realization of high-performance single-photon switches
that preserve the input photon state with high fidelity, which is
an essential requirement for photonic quantum technologies.

ACKNOWLEDGMENTS

The authors thank Elena Callus, Maxine M. McCarthy,
Subhrajit Modak, and Nicholas J. Martin for helpful
discussions. This work was supported by the Engineer-
ing and Physical Sciences Research Council (Grants No.
EP/W524360/1, No. EP/V026496/1, No. EP/V021303/1,
and No. EP/M013472/1).

APPENDIX A: HAMILTONIAN TRANSFORMATION

In this Appendix, we transform the single-cavity Hamil-
tonian H; in Eq. (1) from k-space to frequency space using
the linear dispersion approximation, which is the first step in
deriving the cavity transfer matrices 7; using the input-output
formalism. This Hamiltonian corresponds to the subsystem
shown in Fig. 9 (i.e., a single waveguide-coupled cavity from
the full N-cavity system shown in Fig. 1). Within the linear
dispersion approximation, we expand the waveguide disper-
sion relation w(k) as a Taylor series around the wave numbers
4k corresponding to some frequency wy = w(ky) = w(—ko),
and we keep terms that are at most linear in k. We therefore
have

wy — Ug(k + ko), k=~ —ko,

wo + vglk — ko), k ~ ko, (Al)

w(k) ~ {

where v, = f]—‘;: |, is the photon group velocity in the waveg-
uide. This linearization is illustrated graphically in Fig. 10.
For the Hamiltonian H;, this approximation implies that
w(k) ~ wy — vg(k + ko) in the integrals over negative k, and
w(k) ~ wy + ve(k — ko) in the integrals over positive k, which
in general is valid if only photons with wave numbers close
to k¢ are considered. However, since the linearization point
wp can be chosen freely and in our work we consider
wave packets with a FWHM much smaller than the central
frequency/wavelength, this is a well-justified approximation.
With the above approximation for w(k), the single-cavity

Cavity j
Hze,j
9gj we )
ag,in VR,jI) T (VR j AR, out
~Ay— /S
«N\N\S N\N\/S
arout VL,j VL Jj arin

FIG. 9. Diagram of a single waveguide-coupled cavity with the
Hamiltonian H; given in Eq. (1). The index j labels the cavity.

Hamiltonian H; is given by

_! i
H; =3, 0. ;+ o cic

+ / [wo + vy (k — ko)lak(k)ag(k)dk
0

0
+ / [wo — vg(k + ko)la) (k)ay (k)dk + g0;¢;
—0oQ

et 2 ROy S R
0 IVL . [V*.
gt L,j i

The Hamiltonian H; commutes with

1 < .
N, = Eazvj—l—c;cj—i- /0 ap(k)ay(k) dk

0
+ / aj (k)a, (k) dk, (A3)
—00
the total excitation number operator for cavity j (i.e.,
[H}, N;] = 0). This means that the total excitation number is a
conserved quantity, which we can see because in H; every cre-
ation operator is paired with an annihilation operator, meaning
that no physical process described by H; can change the total

w(k)

~ko ko

FIG. 10. Graphical illustration of the linear dispersion approx-
imation. The waveguide dispersion relation w(k) (black curve) is
approximated as being linear (red lines) near the wave numbers
k = %k corresponding to some frequency wy.
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number of excitations. We can therefore shift the energy spec-
trum using the transformation H; — H; — woN;, as this is a
constant energy shift that does not affect the dynamics of the
system. After using the transformation, we absorb remaining
factors of wy into the definitions of the emitter and cavity
frequencies (i.e., w, j — wy —> w,,j, and @, ; — wy — W, ;).
Next, we extend the integration limits in H; such that all
the lower limits are k = —oo and all the upper limits are

J

1

k = oco. This is well justified within the regime of validity
of the linear dispersion approximation, where only photon
wave numbers close to ky (for k > 0) and —ky (for k < 0)
are considered. After extending the integration limits, the sub-
stitution k' = k — ko can be used in the integrals containing
ag(k), and k' = k + kg can be used in the integrals containing
ar (k). The new integration variable k&’ can then be relabeled
with k, leading to

o0 o0
H = -0, 0,  +o,clk, +f vgka;(k+k0)aR(k+ko)dk—f vek aj (k — ko)a, (k — ko) dk + g0 ¢; + gio; c|

J T 9 et

” ha"L(kJrkO)c.jL Ea (k + ko)e' dk—i—/oo @a"'(k—ko)c.Jr @a (k — ko)l |dk.  (A4)
|V 27 R J 2 R J |V 27 F J 2 L J

We complete the transformation from k-space to frequency space by defining the frequency variable w = vgk for in-
tegrals containing ar(k + ko) and w = —vgk for integrals containing a;(k — ko), as well as the frequency-space operators
ag(w) = ag(k + ko)/ /vy and ar(w) = ar(k —ko)/,/vg. We also absorb remaining factors of the group velocity into the
cavity-waveguide coupling rates, i.e., Vg j/v, — Vg j and Vi ;j/v, — Vi ;. The final frequency-space Hamiltonian is given as

Hj_2 e.j%j

APPENDIX B: TRANSFER MATRIX DERIVATIONS

1. Single-cavity transfer matrices

Here we outline the derivation of the cavity transfer ma-
trices T; [Eq. (9)], which involves using the frequency-space
Hamiltonian H; in Eq. (AS) to derive the input-output rela-
tions for the single-cavity system in Fig. 9. First, we derive
the Heisenberg equations that describe the evolution of the
waveguide operators ag(w, t) and ar (w, t) in time ¢:

d . . Vi
Zau(a), 1) = l[l‘lj, a,(w, t)] = —iwa,(w,t) — i ﬁcj(t),

(BI)

where u € {L, R}, and we used the bosonic commutation
relations [a,(w,1),a},(',1)] = 8(w — &), with all other
equal-time commutators involving the waveguide operators
being zero. These commutators follow from the k-space
commutators [a,,(k,1),a),(K',1)] = 8(k — k'), and the defi-
nitions of the frequency-space waveguide operators from
Appendix A. We now multiply both sides of Eq. (B1) by ¢/’
and rearrange to obtain

d . Vi i
d—[au(a) e = —i,/ ﬁcj(t)e ‘.

Relabeling ¢ with ¢’ and subsequently integrating from an
“input time” # to some time ¢ leads to

. . V.. ! .
aﬂ(w’ Z)elwt _ aﬂ(w’ to)elwto I %‘/ Cj(t/)etwt d[/.
T Jy

(B3)

(B2)

1 o0
w, 0, ;i + o, c C; +/ w[a};(w)aR(a))—l—aZ(a))aL(w)]da)-kgngrc _|_g>‘j‘ - I

‘/ Rja;(a))c +1/ aR(a))c —i—,/—aL(w)c +‘/ aL(a))c dow.

(AS5)

(

Multiplying each term by e~ and then integrating over all @
gives

o0 o0 X
/ a,(w,t)dw —/ a,(w, to)e ) do
—0oQ —0oQ

V. . rt °° dow .
_ Y I / T io(t’—t)
= —2mi e / dt Cj(t ) 3 2]_[6 i|
= —27111/ / dt’ ¢; s —1)
= —171‘/ c (t) (B4)

where the integral with respect to ¢’ gives a factor of 1/2
because 8(¢' — t) is centered at one of the integration limits.

Dividing through by +/27 leads to
—2 [V, ¢;j®), (BS)

a(w,t)dw —a, i) =

7l

where
a, i (l) == —1 a (a) 1 )8 f(t=to) da) (B6)
,1n —7'[ I s Lo

is the definition of an input operator in the input-output
formalism [59]. Returning to Eq. (B2), relabeling ¢ with ¢,
integrating from some time ¢ to an “output time” #; and re-
peating the remaining steps gives

Ay ou(t) — «/_/ a,(w, t)da)——2 V. .c.(t), (B7)

W=
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where

1 o0 .
au,oul(t) = E / Clu((,(), 51 )eilw(titl) dw (BS)
—00

is the definition of an output operator in the input-output
formalism [59]. Equations (B5) and (B7) can easily be
rearranged to obtain the following expressions for the input
and output operators:

V. c.(t),

wajj

auin(t) = % /00 a,(w,t)do + i (B9a)

Ay oun(t) = \/_f a,(w,t)dw — /VM jcj(t) (B9b)

e (0] = —iw, e, () -
= <— iwc,j —

If we assume coherent driving at frequency w, the evo-
Iution of the cavity operator can be approximated as
cj(t) ~ cj(O)e’i"” , provided that the cavity couples to the
driving field more strongly than to the two-level emitter within
it. This means that < 2,¢j(t) ~ —iwc;(t) which, upon substi-
tution into Eq. (B1 1) y1elds an algebralc equation involving
(1),

d .
Ecj(t) = l[H

) 1 1 Ce
(— lAc,j + E'VR,j| + §|VL’j|>Cj(t)+lngj )
=—i|:/ aRm(t)—i—

where A, ; = w — . is the frequency detuning between the
input coherent driving field and cavity j. This equation can
be solved for c¢;(¢) in terms of the input operators ag ()
and ay ip(¢) once the lowering operator oj’(t) of emitter j is

eliminated. The Heisenberg equation for o (¢) is

i a, m(z)] (B12)

d
Ea;(t) :i[Hj,o_;(r)] = —iw, 07 (t) +ig0, ;()c; (),

(B13)

for which we again use the Hamiltonian from Eq. (AS), and
the operator definitions aj+(0) = le;)(g;jl, 0, (0) = Ig;){ejl,
and o ;(0) = |e;){e;| — |g;){g;]. Again, by approximating

which immediately lead to the input-output relations

a,u,out(t) = au,in(t) ,/ VM /Cj(t)

From the input-output relations in Eq. (B10), we can ob-
tain the single-cavity transfer matrix 7; that relates the input
and output modes ay iy, arou ON the right side of cavity j
to the input and output modes ag iy, arou On the left side
of the cavity (see Fig. 9) by eliminating the cavity operator
¢;j(t). This can be achieved using the Heisenberg equation for
c¢j(t), given in Eq. (B11) below. We derive this again using
the frequency-space Hamiltonian H; from Eq. (A5), and we
use the bosonic commutation relations for the cavity mode
operators, i.e., [c j(t), cjf(t)] = 1 (all other equal-time commu-
tators involving the cavity operators are zero). We also use
the definitions of the input operators ag i, (¢) and ay iy (¢) from
Eq. (B9a) to eliminate the integrals:

(B10)

|
V*, 00 V. o0
a;(t)—i,/%/_waR(w,r)dw—i,/%/_w%(w,z)dw

1 1 e . "
§|VRJ| - §|VL,I|>CJ(I) - lngJ (t) - l[\/aaR 1n(t)+

i a, m(r)] (B11)

(

the time evolution as being dominated by the coherent driving
field W1th frequency w, we have o; Ty~ o; T(0)e", and
hence Ea ; (= —zwo (). Furthermore assummg that the
coherent input is weak leads to the simplification o, ; (1) ~ —1
for all ¢, which is the weak-excitation approximation [60].
With these approximations, the Heisenberg equation for o' (1)

in Eq. (B13) reduces to

- g
o ()= AJ (B14)

where A, ; = w — w,; is the frequency detuning between the
input coherent driving field and emitter j. Substituting this
result into Eq. (B12) and then rearranging for c;(t) gives

NAZS N ORNVATTIN G

Acj— B 4 4(Vijl + Vi)

¢;(t) = (B15)

Finally, the above expression for c;(¢) can be substituted into
the input-output relations in Eq. (B10), which leads to simul-
taneous equations that relate the input and output modes in the
single-cavity subsystem shown in Fig. 9. These can be written
in the matrix equation

AR, out =T AR,in
arin \ar,ou )’

(B16)
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where T; is the transfer matrix for cavity j, as given in the following and in Eq. (9) in terms of oz(i)

SUVR £ VLD,

Bj= A — |g‘1| /A, and §; = l(VR,jVij):-
1 Acj— B L(Vejl + V2D —i Ve Vi
T; = | 7 o (B17)
Acj—BE 4 L(Vasl = Vi) Ve VE Bej =y + 1 (VeI + Vi
[
In the derivation of 7; we assumed a weak coherent input ~ where

field, corresponding to photons of a single frequency w. How-
ever, in our work we apply this result in calculations involving -
wave packets with a finite spectral width. This is valid because T — e iwdii/vs -0 (B22)
different frequency components are independent when we ve 0 il

neglect multiphoton nonlinearities such as four-wave mixing.

2. Waveguide transfer matrices

We now show how the waveguide transfer matrices Ti\g’’
in Eq. (10) can be derived. In the waveguide regions of length
d;,j separating the cavities, photon propagation is governed by
the free waveguide Hamiltonian

o0
- |
—0oQ

which is based on the linear dispersion approximation [free
waveguide term in Eq. (A5)], as shown in Appendix A. The
Heisenberg equations for the waveguide operators ag(w,t)
and a; (w, t) in this case are therefore

olah(@)az(@) + a (®)a, ()]do,  (B18)

iaﬂ(a), 1) = i[Hy,g, ay(w,1)] = —iwa, (w, 1), (B19)

dt

where again p € {L, R}. These have the trivial solutions
a,(w,t) = ay(w, 0)e~*. For photon propagation between
neighboring cavities (i, j) over the distance d, ;, the evolu-
tion occurs for a time t =d; j/vg, so we define the input
operators d, i, = a,(w,0) at t =0 and the output operators
Apou = dy(w, d; j/vg) at t =d; j/v,. With these definitions,
the relationships between the output modes and the input
modes for a waveguide region of length d; ; are

is the transfer matrix that describes free photon propagation
over the distances d; ; in the waveguide, as given in Eq. (10).

APPENDIX C: CAVITY AND EMITTER LOSSES

In any physical realization of the waveguide-coupled
cavities, photons will leak out from the cavities into the en-
vironment and emitters will have a nonzero probability of
coupling to noncavity modes, resulting in photon loss from
the system. We can include losses from cavity j and emitter j
in the relevant transfer matrix 7; by adding Lindblad terms
to the Heisenberg equations for the cavity operator c¢; and
the emitter operator 0. In particular, the Lindblad operator
L. ;= /kjc; describes photon loss from cavity j at rate «;,
and the Lindblad operator L. ; = ,/yjo; describes photon
loss from emitter j at rate y;. For an operator A(t) corre-
sponding to an observable in a system with Hamiltonian H,
the Lindblad master equation in the Heisenberg picture is

d 1 .
A0 = IIH A0+ > [LZA(t)Lk ~ SLL,. A(t)}},
k

(CD

_ . p—iwd; j/vg
Gp.out = dp.in€ ) (B20) where the L; are Lindblad operators. Including Lindblad
These can be written in matrix form as terms with the operators L. ; and L, ; in the Heisenberg equa-
4 L an tions for c;(¢) and o; (t) given in Egs. (B11) and (B13) leads
( R’O“t) = T(’"’)( R""), (B21) to the following:
aL,in we ar, out
|
d f
Toi(0) = iH, ;O + L] je (L {Lc, o €0}
- —i(wc’j - l%)cj(t) —iglor (1) — i,/zij’; /_Oo ag(w, 1) dw — i,/;—; /_OO a,(o,1)do, (C2a)
d _ ¥ _
Z07 (0) = ilH; 07 O+ L] jo7 (L, {Le, NR0)
. iy
= —l<weqj > )0 )+ lg] (t)cj(t). (C2b)

Comparing Egs. (C2a) and (C2b) with Egs. (B11) and (B13), we see that introducing the Lindblad terms simply amounts to us-

ing the substitutions w. ; — o ; — ik;/2 and w, ; = w, ; —

iy;/2 in the original Heisenberg equations for ¢;(¢) and o i (1) [82].
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In terms of the frequency detunings A.;=w — w
and A,; = — w, j, these substitutions are equivalent to
Acj— A j+ik;/2 and A, ; — A, j+iy;/2. Since these
substitutions do not modify any subsequent steps in the cal-
culation of 7; in Appendix B, they can be used directly in
the final result in Eq. (B17). This allows us to include losses
from all the cavities and emitters in our system within the
transmission and reflection coefficients that we calculate using
the transfer matrices.

APPENDIX D: ANALYTICAL RESULTS FOR IDENTICAL,
EQUALLY SPACED CAVITIES

In general, each cavity can have a different resonance
frequency w, ;, each emitter can have a different transition
frequency w, j, the cavity separations d;; can all be dif-
ferent, and both the coupling rates g;, Vz ;, V. ; and loss
rates k;, y; can vary from cavity to cavity. In this general
situation, the parameter space increases in size as the num-
ber of cavities N increases, since every additional cavity
brings an extra eight parameters to the model. This makes
obtaining analytical results for transmission and reflection
more challenging for larger N. In this Appendix, we con-
sider the ideal case where all the cavities are identical and
equally spaced. Here the number of parameters in the model
is independent of N. To simplify the general waveguide-
coupled cavity system shown in Fig. 1 to this special case,
we set W j = We, W j = We, 8§ = &, VR,j = Vg, VL,j =V,

J

kj=k,andy; =y forall j € {1,2,... ,N},and d; ; = d for
all (4, j) € {(1,2),(2,3), ..., (N — 1, N)}. We neglect cavity
and emitter losses in the calculation that follows, and include
them in the final results using the substitutions described in
Appendix C. A consequence of the above simplifications is
that all the cavity transfer matrices 7; are identical to each
other, and all the waveguide transfer matrices Tvsg’ ) are iden-
tical to each other. If we write T; = T for all the cavities and
T(’ J) = Ty, for all the free photon propagation regions, from
Eq (8) it follows that

Tt = (T Ty (D1)

is the total transfer matrix, where we have multiplied by
an additional waveguide transfer matrix Ty, from the right,
which will simplify the rest of the calculation. Physically, this
corresponds to offsetting the input/output photon phase by a
constant factor and hence only introduces a global, unobserv-
able phase ¢*“?/V that does not affect the transmission |ty |>
and reflection |ry|?.

Equation (D1) shows that, in order to calculate the total
transfer matrix Ti,; (and hence the transmission and reflection
coefficients), we only need to find the Nth power of the prod-
uct matrix 7; Tyg. This product is given in Eq. (D2), which we
find using Eqgs. (B17) and (B22). In Eq. (D2), A, = w — w,
(A, = w — w,) is the frequency detuning between the input
photons and the cavities (emitters):

T 1 Ac— B — L(Val + Vi) —i/V V[ (e—ia)d/vg 0 >
T ‘ 2 i iwd /v
g Ac_ ‘if +%(|VR| — |VL|) \/W Ac_ i 0 e d /v,
_ ! ([Ac — B (V] + [V ]e s AT ) o)
Ae = &0+ 30Vl = V2D iV, Vi [Ac — S 4 LVl + [V er

The total transfer matrix for N identical, equally spaced
waveguide-coupled cavities therefore has the form
1
Ttol = \gl NAN’
[Ac = 55 + S(IVel = VD]

where A is the final 2 x 2 matrix in Eq. (D2) without the
prefactor, which has the simple form

a b
A= <b* a*)a

2 .
a= [Ac— li - %(|VR|+|VL|>]e—"wd/“g, (D5a)

b= —ic @/ JVVF.
We can obtain AV by diagonalizing the matrix A. From
the characteristic equation |[A —AL1l| =0 (where 1 is the

identity matrix and |... | denotes the determinant), we find
the eigenvalues of A to be

(D3)

(D4)

with

(D5b)

he=3@+a) iV @—a P +4b?,  (D6)

(

and from the eigenvalue equations Auy
that the eigenvectors are

b
ui:ci()xi—LI)’

where Cyi are normalization constants, which ensure that
uy -uy = 1. By matrix diagonalization, we therefore have

A = PDP~!, where
(A, O
o= )
is the diagonal matrix that contains the eigenvalues of A, and

p_ C.b C_b
C.(A—a) C_(A_—a)

is the matrix constructed from the normalized eigenvectors of
A. Tt then follows that AY = PDYP~!, where D" is simply the
matrix D with the diagonal elements X raised to the power N.
The result obtained for A" after calculating the inverse matrix

= Aiu, it follows

(D7)

(D8)

(DY)
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P~! and performing the matrix multiplication is

N oNpel C.b C_b W0 C.b C b !
AT =PDTP = <C+()»+—a) C(/\—a))(o AN C+(/\I—a) C.(A_—a)
1 MWi_—a) =N, —a) b(N — ) D10
Al — Ay (})(Aﬁ -, —a)_—a) WO —a)— A - a))' (D10)

We can now substitute the result in Eq. (D10) into the total
transfer matrix T, in Eq. (D3), and use Eq. (13) to find the
N-cavity transmission and reflection coefficients ¢ty and ry
from the matrix elements of ;. The final results for zy and ry
that are valid for an arbitrary number N of identical, equally
spaced cavities are given in Egs. (D11a) and (D11b) below
in terms of the eigenvalues A., which are given in terms of
the system parameters in Eq. (D12) [obtained by substituting
a and b from Egs. (D5a) and (D5b) into Eq. (D6)]. The

J

(

oscillatory transmission behavior that we observe for N > 1
due to interference in the waveguide is clearly visible in these
analytical results. To include losses from the cavities and emit-
ters, we can use A, - A, +ix/2 and A, - A, +1iy/2 in
Egs. (D11a), (D11b), and (D12), as discussed in Appendix C.
‘We note that, when we use these substitutions, the matrix A no
longer has the form given in Eq. (D4), as the frequency detun-
ings effectively become complex and the diagonal elements of
A are no longer complex conjugates of each other.

2 . N
t Oy = A0[Ac = B — £(Ve| = ViD)] Dl
N = - - s a
QAT =) — G = 220 [Ac = B — S(Vil + [Ve)]e /s
_iefiwd/vg /V V* )\N _ )LN
v = N+1 N+1 - R\(|2+ i _) i ’ (Dllb)
G =28 — G = AN [Ae — &5 = SOVal + Vi) e/
where
ho = (A, 18 os (1 LVl + Wi sin (&4
=7\ A, Vg 2k t Vg
gl?\ . [wd 1 wd\1?
+ VeVl = | [ Ae = sin [ — ) + =(IVal + Ve cos [ — ) | . (D12)
A, Vg 2 Vg

As previously mentioned, including the extra waveguide
transfer matrix Ty in Tioc [Eq. (D1)] only gives rise to a global
phase in 7y and ry, which does not affect the transmission
and reflection spectra that we calculate using these results.
However, since the global phase is w-dependent, it has ob-
servable consequences in the fidelities F,, because we have
to integrate over w [it essentially becomes a relative phase
in this case; see Eq. (14b)]. This is why we use the general
approach for calculating ¢y and ry outlined in the main body
of the paper when we compute the switch fidelities, rather than
the analytical results presented in this Appendix.

APPENDIX E: ANALYSIS OF DISORDER IN THE SWITCH

In this Appendix we analyze how disorder in the
waveguide-coupled cavities could affect the transmission
spectrum of the proposed switch, in the situation where fab-
rication imperfections cannot be overcome completely. In
particular, we generate a Gaussian distribution of a cho-
sen parameter and observe how disorder in this parameter
changes the ideal ten-cavity spectra in Fig. 4. We consider
disorder in the cavity mode wavelengths A. ;, the emitter
wavelengths A, ;, the coupled-cavity Q factors Q. ;, and the
nearest-neighbor cavity separations d; ;. For each of these

(

parameters, we generate a Gaussian distribution with a chosen
standard deviation o. After generating the parameters, we
use Eq. (8) with N = 10 to find the total transfer matrix for
ten cavities, and obtain the transmission coefficient ¢,y from
the matrix elements using Eq. (13). We then compare the
transmission spectra in the disordered cases to the ideal case
shown in Fig. 4, in both the weak and strong emitter-cavity
coupling regimes. After studying disorder in the parameters
mentioned above, we consider how the operation of the switch
is affected when the strong coupling regime cannot be reached
in one of the cavities in the array.

The various types of disorder are shown in Figs. 11-14.
In each of the figures, “avg” refers to a Gaussian distribution
of a chosen disordered parameter that was obtained by av-
eraging over 1000 randomly generated Gaussian distributions
with standard deviation o, which shows the expected behavior
of the system with the specified standard deviation (solid
curves). In addition, “rand1” and “rand2” correspond to two
randomly generated, nonaveraged Gaussian distributions that
provide additional examples of how the switching behavior
may be affected by disorder for a given o (dashed curves).
The ideal ten-cavity transmission spectra from Fig. 4 are indi-
cated with shaded regions in each of these figures for ease of
comparison.
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FIG. 11. Transmission spectra for ten waveguide-coupled cavi-
ties, comparing the ideal case with no disorder from Fig. 4 (indicated
by the shaded regions here) with the disordered case where the cavity
mode wavelengths A. ; form a Gaussian distribution with a mean of
1550 nm and a standard deviation [(a), (¢)] o = 1 nm (red curves) or
[(b), (d)] o = 5 nm (green curves). Panels (a) and (b) correspond to
the weak coupling regime (g;/27 = 100 MHz for all j), and panels
(c) and (d) correspond to the strong coupling regime (g;/27w = 1 THz
for all j).

We first consider disorder in cavity mode wavelengths A ;
in Fig. 11, with a mean of 1550 nm and a standard deviation
o =1 nm [red curves, Figs. 11(a) and 11(c)] or 0 =5 nm
[green curves, Figs. 11(b) and 11(d)]. All other parameters
are the same as those used to generate the ideal spectra
in Fig. 4 [Q.; = 500, Q,; = 5 x 10%, A, ; = 1550 nm, and
vj/2m =1 GHz for all j € {1,2,...,10}, d;; =31.5 ym
for (i, j) € {(1,2),(2,3),...,(9,10)}, and v, = 0.3c]. Fig-
ures 11(a) and 11(b) correspond to the weak emitter-cavity
coupling regime (g;/2m =100 MHz), and Figs. 11(c)
and 11(d) correspond to the strong coupling regime
(gj/27m = 1THz). Wheno = 1 nm, the FWHM [24/2In(2)0]
of the Gaussian distribution of the cavity mode wavelengths
Ac,j 1s less than the bandwidth of operation of the ideal
switch (which is approximately 10 nm, extending from about
1545 nm to 1555 nm; see shaded regions). Here the change
in transmission compared to the ideal case is small in the
switching region, in both the weak [Fig. 11(a)] and strong
[Fig. 11(c)] coupling regimes. Conversely, when ¢ = 5 nm,
the FWHM of the cavity wavelength distribution is larger than
the switching bandwidth, and we see that the transmission dip
in the weak coupling regime can split into multiple narrower
dips, resulting in undesired transmission features within the
switching region [Fig. 11(b)]. The transmission window in
the strong coupling regime [Fig. 11(d)] is also distorted to
a greater degree than in Fig. 11(c). Based on these results,
we expect that the performance of the switch will remain
high as long as the distribution of the disordered cavity mode
wavelengths does not exceed the switching bandwidth.

In Fig. 12 we show how the switch performs when the emit-
ters are tuned on resonance with cavities that have disordered
mode wavelengths A. ;. The only change compared to Fig. 11
is that we now have A, ; = A. ; for all j, rather than having
all the emitters tuned to the center of the switching region at

(@) (b)

1.0
I
I |
o L\ i i
= 0.5 1
0.0 T T T T —
1049
\
- |
- |
i
l T T T T = T
1540 1550 1560 1540 1550 1560
Wavelength (nm) Wavelength (nm)
o=1nm o=5nm
avg rand1 rand2 avg randl rand2

FIG. 12. The same as Fig. 11, except that the emitters are now
tuned on resonance with the disordered cavities (A, ; = A.,; for all
J), instead of having identical transition wavelengths at the center of
the switching region.

1550 nm. As expected, Figs. 12(a) and 12(b) are identical to
Figs. 11(a) and 11(b), respectively, as the emitter wavelengths
are insignificant in the weak emitter-cavity coupling regime,
where the presence of the emitters does not affect the trans-
mission spectra. In the strong coupling regime, we observe
that there is little change to the ideal switching bandwidth
when the disorder in the emitter wavelengths is less than this
bandwidth [0 = | nm, Fig. 12(c)]. However, when 0 = 5 nm
[Fig. 12(d)], the FWHM of the wavelength distribution ex-
ceeds the width of the switching region, and the transmission
of the switch can be completely destroyed. Therefore, for the
Rabi splitting to produce the desired transmission window,
the disorder in the emitter wavelengths cannot exceed the
switching bandwidth.

Figure 13 shows how disorder in the coupled-cavity Q
factors Q. ; affects the switching operation. We consider a
Gaussian distribution with a mean coupled-Q factor of 500
and a standard deviation o = 50, i.e., 10% of the mean value
[red curves, Figs. 13(a) and 13(c)], or o = 125, i.e., 25% of
the mean value [green curves, Figs. 13(b) and 13(d)]. All other
parameters are the same as those used for ten identical cavities
in Fig. 4 [in particular, A, ; = A, ; = 1550 nm for all j, and
d;,; = 31.5 um for all nearest neighbors (i, j)]. We see that for
both ¢ = 50 and o = 125 the transmission in the switching
region remains almost identical to the ideal case indicated
by the shaded regions, implying that the proposed switch
is robust against reasonably large variations in the cavity O
factors, and hence against variations in the cavity-waveguide
coupling rates Vg ; = V. ; = @ j /20, ;.

Next, we consider a Gaussian distribution of nearest-
neighbor cavity separations d; ; in Fig. 14, with a mean of
31.5 um and a standard deviation o = 0.01 um [red curves,
Figs. 14(a) and 14(c)] or 0 = 1 wm [green curves, Figs. 14(b)
and 14(d)]. All other parameters are identical to those used for
ten cavities in Fig. 4 (A. ; = A, ; = 1550 nm and Q. ; = 500
for all j). We observe that, for subwavelength disorder on the
order of 10 nm [Figs. 14(a) and 14(c)], the change compared
to the ideal spectra is very small, while for wavelength-scale
disorder on the order of 1 um [Figs. 14(b) and 14(d)], the
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FIG. 13. Transmission spectra for ten waveguide-coupled cav-
ities, comparing the ideal case with no disorder (shaded regions)
with the disordered case where the coupled-cavity Q factors Q. ;
form a Gaussian distribution with a mean of 500 and a standard
deviation [(a), (¢)] o = 50, i.e., 10% of the mean (red curves), or
[(b), (d)] o = 125, i.e., 25% of the mean (green curves). As in the
previous figures in this Appendix, panels (a) and (b) correspond to
the weak coupling regime (g;/27 = 100 MHz for all j), and panels
(c) and (d) correspond to the strong coupling regime (g;/27w = 1 THz
for all j).

transmission spectrum can be significantly distorted. This is
caused by modified interference resulting from a change in
the phase shifts acquired by photons in the waveguide due to
the modified cavity separations.

Finally, we consider how the transmission spectrum of the
switch is affected if one cavity in the array does not satisfy
the strong coupling condition when the switch is operated in
transmission mode. In particular, in Fig. 15 we consider the
situation where g;/2m = 1 THz for all j except j = 7, where
we have g7/2m = 100 MHz. In this way, we take into account

0@ ey D
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0.5 1 |
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i
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0.0 T T T > T T
1540 1550 1560 1540 1550 1560
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o=0.01 pm o=1pm
avg rand1 rand2 avg rand]1 rand2

FIG. 14. Transmission spectra for ten waveguide-coupled cavi-
ties, comparing the ideal case with no disorder (shaded regions) with
the disordered case where the cavity separations d; ; form a Gaus-
sian distribution with a mean of 31.5 um and a standard deviation
[(a), (c)] o = 0.01 um (red curves), or [(b), (d)] 0 =1 um (green
curves). Panels (a) and (b) correspond to the weak coupling regime
(g;/2m = 100 MHz for all j), and panels (c) and (d) correspond to
the strong coupling regime (g;/27 = 1 THz for all ).

TAGR
N

1540 1550 1560
Wavelength (nm)
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g7/2m =100 MHz, \. 7 = 1543 nm
— ¢7/2r =100 MHz, Vi 7 =V, 7 =0

FIG. 15. Transmission spectra for ten waveguide-coupled cav-
ities, comparing the ideal strong coupling case with no disorder
[shaded region, same as Fig. 4(b)] with the case where emitter 7
is weakly coupled to its cavity, i.e., g7/2m = 100 MHz, g;/27 =1
THz otherwise (light, dashed red curve). We also show how the high
transmission window is recovered when the cavity with the weakly
coupled emitter is either detuned to A.7; = 1543 nm (dark, dashed
red curve), or decoupled from the waveguide completely by setting
Vr7 = Vi7 = 0 (solid red curve).

the situation where not all emitters may be strongly coupled
to their cavities even if they are tuned on resonance, for ex-
ample due to the positional dependence of the emitter-cavity
coupling arising from the spatial profile of the cavity mode
fields. While we choose emitter 7 to be weakly coupled in
this example, we note that a different emitter choice would
not significantly change the transmission spectra shown in
Fig. 15. The transmission in the system of ten waveguide-
coupled cavities with emitter 7 weakly coupled and all the
others being strongly coupled is shown by the light, dashed
red curve in Fig. 15, where we leave all other parameters
identical to those used in Fig. 4(b) for ten cavities in the
strong coupling regime (shaded region here). We see that the
high transmission window changes into a transmission dip
at the cavity resonance wavelength, which arises because we
effectively obtain a convolution of the spectrum correspond-
ing to nine waveguide-coupled cavities containing strongly
coupled emitters with the spectrum of a single cavity with a
weakly coupled emitter [as in Fig. 3(a)]. This result implies
that all emitters must be strongly coupled to their cavities
for the switching operation to work as intended. Fortunately,
there are several different approaches we can take to recover
the high transmission window if there is a “bad” cavity that
cannot satisfy the strong coupling condition. One option is
to detune the cavity containing the weakly coupled emitter
away from the switching bandwidth (in the present example,
this would be cavity 7). We show this with the dark, dashed
red curve in Fig. 15, for which we change only the reso-
nance wavelength of the bad cavity with the weakly coupled
emitter from 1550 nm to A.7 = 1543 nm compared to the
light, dashed red curve. We see that detuning the bad cavity
recovers the high transmission window. The farther away the
cavity is detuned, the closer the transmission in the switching
region becomes to the ideal case indicated with the shading.
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Another option would be to decouple the bad cavity from the
waveguide completely, for example by physically displacing
it away from the waveguide to reduce the spatial overlap
between the waveguide and cavity modes (this is the same
mechanism that we can use to modulate the cavity Q factors).
We show this with the solid red curve in Fig. 15 by setting
Vg7 = V7 = 0 for the coupling rates between cavity 7 and
the waveguide (all other parameters are the same as for the
light, dashed red curve). We see that decoupling the bad cavity
in this way returns the transmission window very close to the
ideal case. Regardless of whether we detune the cavity from
the switching region or decouple it completely from the rest of
the system, we effectively end up with a switch operating with
nine waveguide-coupled cavities. This does not reduce the
transmission bandwidth because the bandwidth in the strong
coupling regime is determined by the Rabi splitting of the
cavity modes. The transmission spectrum is more sensitive
to the cavity number in the weak coupling regime (i.e., in
reflection mode), where it is preferable to have all the cavities
coupled to the waveguide and tuned to the same resonance
wavelength.

APPENDIX F: EFFICIENCY AND FIDELITY
DERIVATIONS

In this final Appendix, we derive the efficiency and fidelity
expressions given in Eqs. (14a) and (14b). We consider the
right-moving single-photon input wave packet

o0
|¥in) =/ dof(w)ay;,(©)|0), (F1)
with Gaussian envelope
A1 oo oo
! (”)z[ 7102] e e/l ()

where wce, i the central frequency and o, is the FWHM in
frequency units. This satisfies the normalization condition

(Win W) = / f@)Pdo = 1. (F3)

[ee]

After the interaction with the cavities takes place, the output
state will in general be a superposition of transmitted and
reflected components:

Wou) = / dolt (@) f (@)} g (@)

[e.¢]

+ v (@) f (@)a] o (@)1]0). (F4)
When the switch is operating in reflection mode (weak

emitter-cavity coupling regime), the ideal left-moving output
wave packet would be

|Vria) = / dof(@)a; 4,(@)]0), (F5)

o0

while the actual (unnormalized) reflected wave packet is

Wract) = / do ry(@)f (@)} o (@)0).  (F6)

o0

We define the reflection fidelity F, as the modulus squared
of the overlap between the actual and ideal reflected wave

packets,

2

F. = |<I/fr,id|wr,act>|2 = ‘/ rN(w)lf(w)|2dw , (F7)

and we define the reflection efficiency E, as the modulus
squared of the overlap between the actual reflected wave
packet and itself, which is equal to one if the input wave
packet is guaranteed to be reflected (i.e., |ry(w)|> = 1 for all
w), or less than one if there is a nonzero probability of the
wave packet being transmitted or lost into the environment:

0 2
E,.=|<wr,m|wr,m>|2=‘ / Irn (@)1 f(@)Pdw| . (F8)

When the switch is operating in transmission mode (strong
emitter-cavity coupling regime), the ideal right-moving output
wave packet is

W) = / doof (@)as o @)[0). (F9)

[e0]

while the actual (unnormalized) transmitted wave packet is

[Viac) = / de 1y (@) f (@)ag 5, (@)]0). (F10)

o0
Analogously to the reflection case, we define the transmission
fidelity F; as the modulus squared of the overlap between the
actual and ideal transmitted wave packets,

2

E=|<1/ft,m|wt,m>|2=‘ / tv(@)|f(@)*dw| ,  (F11)

and we define the transmission efficiency E; as the modulus
squared of the overlap between the actual transmitted wave
packet and itself:

2

E,=|<wl,act|wl,act>|2=‘ / v ()| f (@)’ dw| . (F12)

In order to obtain the results presented in the main body of
the paper, we express the efficiencies and fidelities in terms of
wavelength A. Using w = 2mc/A, dw = —(2mc/A*)d X, and
0 = (2mwc/)2,)05, we arrive at

2

o0
E, = ‘ / NP IFOV dA (F13)
)
for the efficiencies and
00 2
F, = ’ / Sy TP da (F14)
—0oQ

for the fidelities (v € {r, t}), where Py(A) = vy(2mc/A), and

f()\) _ )\cen |:4 1n(2):| 1/46—21n(2)(kcsn//\)2(/\—)»05“)2/(722 (FlS)
L | 7o}

is the transformed Gaussian wave packet, with central wave-
length Acen (@Ween = 27 ¢/Acen) and FWHM o, in wavelength
units. We note that the relationship o, = (2mc/A2, )o; be-
tween the FWHM in frequency and wavelength units is
valid only for narrow wave packets, where 0; << Acen. Since
we consider input wave packets with central wavelength
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Acen = 1550 nm and values of o5 up to 1 nm, we satisfy
this condition. In addition, we can restrict the range of inte-
gration in Egs. (F13) and (F14) to a few nanometers around

heen t0 @ very good approximation, as the value of f(A) is
negligible outside of this range for wave packet widths up to
1 nm.
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