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Abstract: Time-varying demand distribution (TDD) is a critical input data for operation and
management in HSR systems. This paper proposed a bi-level model to estimate the TDD with the
ticket booking date and using the schedule-based User Equilibrium (UE) assignment. The up-level
aims to determine the TDD with maximum entropy value and minimal error between the path flow
(ticket booking volumes) and the corresponding equilibrium flows (determined from lower-level);
the lower-level is a schedule-based UE assignment with rigid capacity constraints to reflect the
interactions of ticket booking choices behaviors between different OD pairs in the HSR networks,
and further, the advance booking cost is considered endogenously as a part of passenger choice
equilibrium. The bi-level model is converted into a single-level model through equivalent
complementary constraints. Then, based on linear relaxation, the single-level model is transformed
into a mixed-integer quadratic program (MIQP). Furthermore, in order to improve the
computational efficiency of the MIQP, the approach of reducing the calculation size of our
problem is proposed. By solving the MIQP we get the information about the upper and lower
bounds of our original problem, and then a global optimal solution algorithm with four piecewise
interval strategies is proposed. The effectiveness and applicability of the proposed algorithm are
illustrated with a simple case and three real-world cases.

Keywords: Time-varying demand estimation; Bi-level model; UE assignment; Linear relaxation;
Global optimal solution

1. Introduction

In the past few decades, High-Speed Railway (HSR) has been very popular and has made
great developments in densely populated countries and regions such as China, Japan and Europe.
Especially in China, it has the world’s largest HSR network with over 40,000 km of track in
service as of 2021." Whilst HSR has made a significant contribution to increasing passenger
capacity with its high speed and high service frequency, many studies refer to operational
challenges (Kaspi and Raviv, 2013; Niu et al., 2015; Xu et al., 2023a; Zhao et al., 2021) which
are shifting the focus from meeting total demand volume to meeting the time-varying demand.
That is to say, we seek not only to supply the capacity to meet total passenger demand for each
OD pair, but also to improve the correspondence between the desired departure time distribution
of passengers and the frequency and timing of train departures (as shown in Fig. 1). For a given
HSR OD pair, each passenger will have a desired departure time’, and the demand volumes at
different desired departure time points may be different; this can be seen as the TDD for this

1 Statista. High-speed railway in China — statistics & facts, 2023. https://www.statista.com/topics/7534/high-speed-
rail-in-china/?kw=&crmtag=adwords&gclid=CjwKCAjw-vmkBhBMEiwAlIrMeF4Up5jhz]EPx_ynUJneWiVECW
YsRPkO_7BEz3_usZJxVDiybND2_hBoCiogQAvD_ BwE#topicOverview. Accessed 30.06.2023
2 Desired arrival time can be converted into desired departure time as the in-train time is fixed by the schedule and
will not vary by the train flow.
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OD pair (Xu et al., 2018b; Zhang et al., 2021). In the above studies about HSR operational
problems for time-varying demand, the TDD is a key input — but no insight is given as to how
to obtain it. Obviously, obtaining accurate TDD for the OD pair is very important to improve
the service quality and HSR systems performance. Therefore, how to obtain TDD for the OD
pair is a critical problem for the operation and management of the HSR systems, and this paper
focuses on that problem.
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Fig. 1 Operational challenges in HSR

In recent years, demand estimation with time varying demand has been a hot topic in
transport research, but the manifestation of this problem in HSR is somewhat different from
other modes.

In traditional railway systems, demand forecasting traditionally relies on elasticity-based
models where the core principle is that variations in fares or travel times will influence
passenger rail demand (Borjesson and Eliasson, 2014; Liu et al., 2023; Qin et al., 2022;
Wardman, 1997, 2006; Wardman et al., 2007; Wijeweera et al., 2014). In recent years, the
emergence of the big data era has led to the gradual incorporation of machine learning
technologies in railway demand forecasting. This includes the use of Neural Network (Tsai et
al., 2009), Long Short Term Memory Network (Zhang et al., 2020) and the combined
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forecasting models (Emami Javanmard et al., 2023; Qin et al., 2019; Wei et al., 2023; Wen et
al.,2022). However, given the relatively slow speeds and lower transport capacities, the primary
goal of conventional railway systems is to accommodate the total daily demand volumes
between OD pairs. Consequently, the focus is on estimating or forecasting the overall daily
demand volume rather than on the TDD within the day.

In road networks, this often called the dynamic demand estimation problem, whereby
drivers are free to choose their departure times and routes, leading to variability in path time or
cost varies on different arc/link flows at a given time of day, and on a given arc/link flow at
different times of day. Researchers have used the likes of traffic count (Bierlaire and Crittin,
2004; Osorio, 2019), automatic vehicle identification counts (Tang et al., 2021; Zhou and
Mahmassani, 2006) and license plate recognition information (Mo et al., 2020; Nakanishi and
Western, 2005) to analyze and solve this problem. However, application of the same problem
to HSR introduces some distinct issues: firstly, passengers’ real departure times are governed
by the schedule and discretized; secondly, the in-train time is constant and independent of
changes in train flow (Wu et al., 2022; Zhao et al., 2021).

In urban transit networks, the departure times of passengers are also governed by the
timetable but there is no need to book a ticket in advance to secure a seat under the First-Come-
First-Served (FCFS) principle, and passengers’ boarding time or smart transit card tap-on time
can be approximated as the desired departure time (Shang et al., 2019; Shi et al., 2017; Wang
et al., 2011; Zhao et al., 2022). However, HSR is typically subject to rigid seat capacity
constraints under the First-Book-First-Served (FBFS) principle, and as a result the departure
time of the chosen train can be significantly different from the desired departure time of the

passenger.
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92 Table 1. A summary of studies on time-varying demand distribution estimation problems
Transport Arc/link/train ~ Governed Network Services
Authors Study topic mO(Ii)e Input data capacity by the level rinci l‘e Modelling Algorithm
constraints schedule  problem P P
Bierlaire and Dynamic OD Car traffic Traffic counts, historical % % \/ Least-square model The least squares
Crittin (2004) Estimation OD matrix - d (LSQR) algorithm
Mzal}llcr)rLllair:zclini Dynamic OD Car traffic cg;iglch?:tl(l)rrl;éﬁ\g]) \/ Nonlinear ordinary least- Iterative bilevel
L Estimation ’ . X x - squares estimation model estimation procedure
(2006) matrix
Simultaneous
Carrese et al. Dynamic OD Car traffic Floating car data and % % \/ Extension of the Kalman Perturbation Stochastic
(2017). Estimation traffic count - Filter model Approximation
algorithm
Krishnakumari ~ Dynamic OD ) 3D Supply.p attern (link \/ Production and attraction Machlne learning,
) . Car traffic speeds, link flows), X X - . . . weighted shortest path
et al. (2020) Estimation R . time series prediction model .
historical OD matrix algorithm
Ros-Roca et Dynamic OD . GPS data, traffic counts, Constrained non-linear . .
al. (2022) Estimation Car traffic historical OD matrix X x \/ - optimization model Quasi-Newton algorithm
Wong and Dynamic OD Transit Observed passenger .
Tong (1998) Estimation networks counts X \/ \/ FCFS Entropy-based model Sparse algorithm
Yao et al. Dynamic OD Transit AFC data, historical OD Extended Kalman
(2015) Estimation networks matrix X \/ \/ FCES Structural state-space model filtering algorithm
Cheng et al. Dynamic OD Metro Smart cards data, % \/ \/ FCFS Low-rank high-order vector Tailored online update
(2022) Estimation networks historical OD matrix autoregression model algorithm
Wei et al. TDD . . SBPRA algorithm and
(2019) Estimation HSR Ticket booking volume X \/ X FBFS Rooftop model MBPRA algorithm
. TDD HSR schedule, ticket Bi-level model and Mixed- SL-ETDDP Global
This study Estimation HSR booking volume \/ \/ \/ FBES integer linear relaxation Convergence Algorithm
93
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Due to the above distinctions, the estimation methods or techniques used on the traditional
speed railway network, road network and urban transit network cannot be readily applied to the
HSR. In the case of HSR systems (e.g., Eurostar in EU, CRH in China), passengers must book
the tickets in advance to get a seat reservation before travelling and this brings convenience to
the TDD estimation problem. From the booking records and timetable information, the
train/path flows for a given pair — i.e., the ticketing volumes at all departure times of the
trains/paths which serve this OD pair — can be readily obtained (as shown in Fig. 2). To some
extent, this train/path flow reflects the booking demand across all departure times, but it still
has some challenges for our TDD estimation problem, as follows:

1) Governed by the timetable, train flows or path flows are discrete data within the
operation period, and cannot reflect demand distribution during the periods when no trains
depart;

1) With FBFS and the train capacity constraint, a passenger’s real departure time may
deviate from his or her desired departure time, and this deviation will be exacerbated with more
and more tickets sold out for the popular trains;

iii) Inferring demand distribution from the train/path flow may generate multiple solutions,
or different TDDs may produce the same train/path flows, but we need to find a reasonable one
(as shown in Fig. 2).

To date, a small number of studies have explored the estimation of TDD problems for HSR.
Based on ticketing data of a single OD pair, Wei et al. (2019) studied the TDD estimation
problem by simulating the ticket booking process. However, as a train will usually serve more
than one OD pair, and each OD pair may carry several train services subject to rigid capacity
constraints under the FBFS principle, the selling-out of any given train will affect the
subsequent ticket booking behaviors of passengers of all OD pairs served by this train. Focusing
on the context of a single OD pair may therefore be unduly restrictive, and it would be
considerably more informative to solve the TDD estimation problem at the network level.

In Table 1, we present a summary of studies regarding the time-varying demand estimation
problem and highlight the contribution of this paper against the existing literature. In particular,
this study seeks to fill this gap in knowledge, by solving the estimation problem of TDD in the
HSR network subject to rigid capacity constraints under the FBFS principle. Assuming a
discrete representation of time, the space-time network is designed and a bi-level model is
formulated. Then, we convert the bi-level model into a single-level model through equivalent
constraints. In order to find the global optimal solution, our model is relaxed as a mixed-integer
quadratic program (MIQP) and an optimal solution is obtained by iteratively solving the relaxed
MIQP with the piecewise interval strategy. Our methods are tested on four cases and their
advantages are illustrated by the results analysis. The methodology of the paper is summarized
as Fig. 3 and the principal contributions are as follows.
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i) This study proposes a bi-level model to estimate the TDD with the ticket booking
volumes and using the schedule-based User Equilibrium (UE) assignment. The upper-level
aims to get the TDD with maximum entropy value and minimal error between the path flows
(ticket booking volumes) and the corresponding space-time path flows or equilibrium flows
(determined from lower-level); the lower-level is a schedule-based UE assignment with rigid
capacity constraints to reflect the interactions of ticket booking choices behaviors between
different OD pairs in the HSR networks, and furthermore, the advance booking cost is
considered endogenously as a part of passenger choice equilibrium.

ii) Based on model reformulation and linear relaxation, a global optimal solution
algorithm with four piecewise interval strategies is designed. We replace the lower-level
problem with complement conditions and then convert the bi-level model into a single-level
mode. Furthermore, using linear relaxation, we transform the single-level model into a MIQP.
By solving the MIQP we can determine the information about the upper and lower bounds of
our original problem, and then the global optimal solution algorithm with calculation size
reduction approach and four piecewise interval strategies are proposed.

iii) The effectiveness and applicability of the proposed algorithm are illustrated with
a simple case and three real-world cases. Specifically, the simple case shows the details of
our algorithm result with different input data, different parameter values and different strategies.
The second case illustrates the applicability and calculating efficiency of four strategies in a
real-world network of Nanchang-Jiujiang Intercity Railway. And the third case study tests our
algorithm in the real-world intersection network of Guangzhou-Zhuhai Intercity Railway with
larger scale. In order to further analysis the application of our algorithm, we test it on a larger
and more complex network in the Xi’an region HSR network.

The rest of this paper is organized as follows. Section 2 introduces the basic considerations
of our problem, and Section 3 formulates our model. Section 4 uses linear relaxation to
reformulate our model and propose the solution algorithm. Numerical studies are conducted in
Section 5 and Section 6 concludes our paper.

2. Basic considerations
In this section, we first list the notation and then the assumptions of this paper are proposed.
2.1 Notations

Table 2. Parameters and variables
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HSR network, where IV and E represent the Set of HSR stations and rail
track sections

Space-time network, where V and A represents set of space-time nodes
and arcs

Set of HSR OD pairs (with (7,s) € RS)

Set of HSR trains (with k € K)

Set of stop stations of train k € K (with V¥ = (v¥, vk, -, v,’i(k)))

Set of departure time points of k€K (with DF=

(df,db, -, dy 1))

Set of arrival time points of k € K (with A¥ = (a¥, a¥, -, afl(k)))
Set of access arcs (with (r(t), d{‘) € Age)

Set of in-train arcs (with (dll‘, a{‘“) € Ay)

Set of dwell arcs (with (af,df) € Agy)

Set of transfer arc (with (a{‘, d{") € Ar)

Set of ending arc (with (af‘, s°°) € Aena)

Set of feasible space-time paths for demand q,.4(t) (with p(t) € B(t))
Set of feasible space-time paths with reduction in calculation size for
demand q,(t)

Set of paths for OD pair (r,s) (with p € P.)

Set of breakpoints (with g5 € QL)

Set of adding breakpoints at iteration h

Daily operation period (can be discretized as [T, T?] = [1,2,--,T])
Mileage of route train k from its stop station v to vk,

The unit cost for the early and late departure

The unit cost of travel time

The minimum transfer time duration at the HSR station

The ticket fare rate of train k € K

The transfer cost at station v € V

The capacity of train k € K

The flow (ticket booking volume) of path p

A binary variable, which equals one if arc a on path p(t) and 0
otherwise.

An extremely small negative number

An extremely large positive number

The breakpoints number for piecewise interval by the demand of OD
pair for linear relaxation

Weighting coefficient for objective function

An extremely small positive number and close to 0

Lower and upper bounds of gf
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£ Convergence criterion

Variables

" Demand with desired departure time at t of HSR OD pair (r,s) € RS
rs (with t = 1,2, -+, 1)
foe) The flow of feasible space-time path p(t) € B.¢(t)
Xg The flow on arc a € A

. Lagrange multipliers (can be seen as the minimal cost between OD pair
Trs (r,s) € RS for demand qf)

Lagrange multipliers (can be seen as advance booking fee of space-time

Ta arc a € A)
Vp(t) Lagrange multipliers (with t = 1,2,---T; p € B.; (1, 5) € RS)
l, Introduced 0-1 decision variables (with a € A)

Introduced 0-1 decision variables (witht = 1,2,--T; p € B.; (1,5) €
ho ()

RS)
Introduced 0-1 decision variables (with n=12,---,N—1;t =

e
1,2,--T;(r,s) € RS)
tn Introduced decision variables (with n=12,-,N;t=
Ors 1,2,--T; (r,s) € RS)
LEg Introduced decision variables (with t = 1,2,-+-T; (1, s) € RS)

2.2 Assumptions

In order to facilitate the presentation of our problem, the following assumptions are made:

Al: As high speed and high service frequency, the total transport capacity of each
HSR OD pair can cover its total demand volumes. This assumption is consistent with reality
most of the time where the tickets of some popular trains may be sold out, but the total demand
volumes are still lower than supply capacity of HSR systems and some passengers may shift to
less ideal trains at non-peak period (Niu et al., 2015; Xu et al., 2021). Compared with the
traditional rail system, the transport capacity of the HSR system has greatly improved with its
high speed and high service frequency. Additionally, the capacity of the HSR system can be
further enhanced by flexible train formation (e.g., China’s HSR train can expand from 8 coaches
to 16 coaches). These means that the situation that the total transport capacity cannot cover its
total demand volume is not common in the HSR systems, and only occurs on special holidays
(such as the Chinese Spring Festival) or in special events (such as driver strikes or extreme
weather). Since our research mainly focuses on the common conditions, we exclude the
relatively unlikely situation through this assumption.

A2: The demand outside the operation period in a day is negligible and can be ignored.
On the one hand, from technological considerations, HSR cannot provide 24-hour service. It
needs a certain time period within a day for necessary rail inspection and equipment
maintenance. Therefore, the demand outside the operation period cannot be met by the HSR
systems, and there is no need to estimate this demand. On the other hand, from the demand
perspective, the operation period of HSR is usually set during the daytime when the demand is
high, while non-operation periods (maintenance periods) are usually set in the night (such as
0:00-5:59) when the demand is very low. Since the demand out of operation period is very low
and be ignored, we only consider the time-varying demand distribution within the operation
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period, which is similar to existing works (Wei et al., 2019; Wong and Tong, 1998).

A3: Passengers book their tickets (choose their train/path) to minimize their own
travel cost. This assumption about rational consumers exists in almost all transportation studies
using the UE theoretical framework (Huang et al., 2023; Wu et al., 2022). There may be some
differences between it and the reality, but we want to use UE theory to provide a foundational
framework for understanding and modeling the TDD estimation problem in the HSR networks.
By utilizing this principle, we can develop models that more straightforwardly analyze and
interpret passengers' choice behaviors. Further, we have relaxed the Assumption A3 by
extending our model from the UE framework to the Boundedly Rational User Equilibrium
(BRUE) framework in the following Section 3.3, please refer to it for details.

3. Model formulation

In this section, we first propose the space-time network of the HSR systems, then a bi-
level model and its corresponding single-level model are formulated for the TDD estimation
problem.

3.1 Space-time network

Let (V, E) be the HSR track network, where V is the station set and E is the section set,
and here the section is the rail track between two adjacent stations. For the HSR network (V, E),
let RS be the OD pair set with (r,s) € RS, and [T, T?] denotes the daily operation period of
HSR systems. The continuous daily operation period [T, T?] can be discretized into T equal

T2_7T1
_— Then

given the timetable and based on the HSR network (V, E), we design the space-time network
(V, A) as follows.

1) Space-time nodes

We denote the HSR train set as K in the timetable. For any train k € K, define its stop

time intervals with [T?, T2] = [1,2, .-+, T] where the time length of each interval is

stations set as VK = (U{‘,Ué‘, “ee vl-k, ,U,’f(k)) , its departure time nodes set as Dk =
(d’f, d’z‘, e, d{‘, e, dfl(k)_l), and its arrival time nodes set as Ak = (a'z‘, algf, “ee a{-‘, e, a,’i(k)),

where n(k) is the number of stop stations of train k. For train k € K, the train segment from
its stop station vlk to Vlk+1 is denoted as k(i,i + 1), and its corresponding mileage denoted as
|k(i,i + 1)|. Then in the space-time network, the departure node dll‘ and arrival point a{-‘ means
the departure and arrival events of train k at station vl!‘. For example, in Fig. 4 the departure
and arrival nodes of train 1 are di, a}, d3, a3, d3 and d}. The departure node of train 2 at station
v? = v, is d?, and its arrival node at station v3 = v5 is a2, while station v, is skipped by this
train.
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Fig. 4. Illustration space-time network

For the HSR OD pair (7, s) € RS, let the virtual start node r(t) represent the trip start for
the passengers with desired departure time t = 1,2, -+, n at original station r, and let the virtual
end node s* represent the end at the destination station s.

Then in the space-time network, the set of space-time nodes V consists of departure nodes,
arrival nodes, virtual start nodes and virtual end nodes, which is expressed as Eq. (1).

V ={df e D¥}u{af € A} U {r(OI(r,s) €RS;t =1,2,--,TIU {s®|s € V} (1)

i) Space-time arcs

Access arc (r(t), dll‘), from the desired departure node r(t) of the passenger to the real
departure node d¥ of the chosen train at the original station 7 (v = r), which means for the
HSR OD pair (r,s) € RS, passengers whose desired departure time is t, book the tickets of
train k € K with the departure time d¥ to start their trips. And the set of access arcs is denoted
Age.

In-train arc (dﬁ‘, a{‘“), from the departure node d¥ at station v} of train k € K to its next
arrival node a¥, , at station vf,,, reflects passengers’ journeys from station v} to vk, ; with
train k € K. The set of in-train arcs can be denoted as A;,,.

Dwell arc (a¥,df), from the arrival node af at station v} of train k € K to its next
departure node d¥, shows that passengers wait for a dwell time at station v/ on train k € K.
The set of dwell arcs is denoted A, .

!
Transfer arc (a%‘,dl{i ), from the arrival node a¥ of train k € K at station v¥ to the

! !
departure node d;‘, of the first subsequent train k' € K at this station (vik, = v¥) whose

10
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departure time is greater than the minimum transfer time duration &, such as § = 10 minutes.

!
It reflects passengers making a transfer from train k to k' at station v} = v{f . The set of

transfer arcs is denoted as A,

Ending arc (af,s*), from the arrival node a¥ at station v} = s € V to its corresponding
ending node s, shows the ending of passengers’ journeys. The set of ending arc is denoted
Aend-

Thus, in the space-time network, the set of space-time arcs V consists of access arcs, in-
train arcs, dwell arcs, transfer arcs and ending arcs, which is represented as Eq. (2).

A=A, UA; UAgy UAy Udeng 2

iii) Space-time arc cost
The total travel cost for a HSR passenger consists of adjusted departure time cost, travel
time cost, ticket fare and transfer cost. Then the arc cost can be expressed as Eq. (3).

n'- max{O,t — d{‘} +n'"- max{O, d{‘ — t}, a= (r(t), d{‘) € Age

w - (aky —df) +y() - kG, i + 1), a = (d¥,d%,) € A,
Cg=1W" (d{‘ — aﬁ‘), a= (a{‘,d{‘) € Agw (3)

w - (dﬁ‘,’ — a{‘) + (p(vf‘), a= (aﬁ‘,d{‘/) € Ay

L0, a = (af,s) € Aeng

where, n’ and n"’ are the unit costs for early and late departures, and we assume the cost of the
adjusted departure time penalty to be linear with the adjustment time, which is similar to many
previous studies (Abegaz et al., 2017; Hamdouch et al., 2011; Liang et al., 2024; Tang et al.,
2019, 2020b; Yang and Tang, 2018); w is the unit cost of travel time; y (k) is the ticket fare rate
of train k € K, and ¢ (v) is the transfer cost at station v € V.

iv) Space-time arc capacity

In HSR space-time network (V, A), let u, be the capacity of space-time arc a € A. The
capacity of in-train arc is equal to its corresponding train capacity, and the capacity of other
space-time arcs can be set as infinite. Then the capacity can be represented as Eq. (4).

(00, a=(r(t),dF) e Ay
U a = (df,afy1) € Ain
Uy =4 a=(af,df) €Aaw (4
0, a= (af‘,d{") € Ay
0, a= (a{‘,sw) € Aona

Where uy, is the capacity of train k € K.

v) Path and feasible space-time path

For any HSR OD pair (1, s) € RS, denote all paths from the departure node at station r to
the arrival node at station s as the set B,s. For any path p € B, its flow is denoted as fp, which
represents the ticket booking volume of p and can be obtained from the ticket booking system.
Taking Fig. 4 as an example, the three paths p*, p? and p® for OD pair (v,,v,) are shown as

below, and their corresponding path flows fpl, fpz and fps can be obtained from the ticket

11



280

281
282
283

284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303

304

305
306
307
308
309

310

311
312
313
314

315

316
317

booking system.

pr ={(d}, a}), (a}, d2), (d},ad), (a, d}), (d},ad)}
p? ={(d?,a3), (a3,d3),(d3,a3)}
p® ={(d},a3), (a},d3), (d3,a}), (a3, d3), (d3,a3)}

where, paths p! and p? use Train 1 and Train 2 respectively to get to the destination, and p3
first uses Train 1 and then transfers to Train 2 at station v3 to get to the destination.

For demand qf;, let p(t) be the feasible space-time path from the desired departure time
node r(t) connected to the path p by access arc, and then ending up at destination node s*
with ending arc, and this p(t) means the passengers with desired departure time t choose path
p to destination to form the space-time path. And the feasible space-time path set for demand
qL, is denoted P4 (t). Take demand g¢, in Fig. 4 as an example. For the passengers with desired
departure time t, their feasible space-time paths are the follows.

p' (@) = {(r(®),d1), (di,a3), (az,d3), (d3, a3), (a3, d3), (d3, a3), (ag, s*)}
p?(t) = {(r(t),d?), (df, a3), (a3, d3), (d3,a3), (a3, s*)}
p*() = {(r(t),d}), (di, a3), (a3, d3), (d3, a3), (a3, d3), (d3, a3), (a3, s*)}

Denote the flow and cost of feasible space-time path p(t) as fy(¢) and ¢, ) respectively.
For demand qf, the feasible space-time path cost of p(t) € P.s(t) is the sum of the costs for
all space-time arcs along this path. In the HSR systems, the transport capacity is significantly
improved due to the high speed and high departure frequency of train services. Consequently,
passengers are more willing to depart at their desired departure times (choose the train closest
to their desired departure times) and more sensitive to the adjusted desired departure time
penalty. Thus, the cost ¢, (¢ is formulated as a generalized cost which combinate the adjusted
departure time cost, travel time cost, tickets fare and transfer cost. And it can be represented as
Eq. (5).

CWF=ZCW p(t) € Ps(t);t = 1,2,-,T; (r,5) € RS (5)
aep(t)

From the above description, our problem can be stated more formally as: given the HSR
schedule we can use the above space-time network to determine the capacity u, and cost ¢, of
each space-time arc a € A, and together with the ticket booking volume fp of each pathp €
P, (r,5) € RS from ticket booking system, then we need to estimate the TDD qf,, t € [T, T?]
for each HSR OD pair (r,s) € RS.

3.2 Bi-level model for estimating the TDD problem (BL-ETDDP)

Based on the above analysis, we formulate the following Bi-Level model (M1) for
Estimating the TDD problem (abbreviated by BL-ETDDP) as shown in Fig. 5.

Upper level:
T T 2
mnZ@=a ) > (@kngk—ai) e ) Y (Z o) — fp) ©)
(r,s)ERS t=1 (r,S)ERS PEPyg \t=1
subject to
qt, >0, t=12,..,T;(r,s) €ERS (7)
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Z fo = qus. (r,s) €ERS (8)

DEPrs
Lower level:
minZ(f) = Z CqXg (9)
a€cA
subject to

Qrs = Z fot) t=12,-,T;(r,s) €ERS (10)
DPEPrs

Xa < Ug, a€eA (11)

fow) =0, t=12,,T;p € Bg;(r,s) ERS (12)

Xa = Z Z pr(t) p(e) a€eA (13)
(r,S)ERS PEPys t=

where 5;,1“) is the path-arc parameter, and its value can be determined by Eq. (14).
a {1 ifarc a is on path fp(t)
P® ™ 0, otherwise

a€A;t=12,,T;p € Bg;(r,s) ERS (14)

The upper level model

" Minimum flow errors and
maximum entropy

""UE assignment with rigid
capacity constraint

The lower level model

Fig. 5. Illustration of the Bi-level model

In the upper-level, Eq. (6) is the weighted sum minimization of the least squares term and
maximum entropy term. The least squares term seeks to obtain a TDD with a minimal error
between the booking volumes fp of p and its corresponding feasible space-time path flow f;, (1),
where f 1) is the equilibrium flow obtained by solving the lower-level model. As there may be
more than one TDD that meets the requirements, we choose the one with maximal entropy
value. The maximum entropy framework considers that all possible states of the variables have
equal probability to occur and selects the most likely state consistent with the evidence available
(Shannon, 1948; Teye et al., 2017). Following this principle, Lopez-Ospina et al. (2022); Van
Zuylen and Willumsen (1980); Xie et al. (2011) proposed their maximum entropy models to
predict a most likely OD flow pattern for the road network with the observed link traffic counts.
Wong and Tong (1998) use the maximum entropy approach to estimate the time-dependent OD
matrices based on the measured link flow rates at each time interval for public transit network.
This principle is particularly useful in situations where we have limited or incomplete

information about a system, e.g., no demand information during the period with no train
13
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departing. Following these papers, given the constraints and data available we develop a
maximum entropy-based model to estimate an unbiased and most likely TDD pattern (over
desired departure time).

Eq. (7) are the non-negative constraints of the decision variable gf;. And Eq. (8) means
that the demand from all desired departure times for an OD pair will be served by all paths of
this OD pair.

In the lower-level, Eq. (9) minimizes the total cost in the HSR networks, where x,, is the
flow on arc a € A. Eq. (10) are the conservation constraints which means demand gt; must be
serviced by all paths in P.g between OD pair (r,s) € RS. Eqs. (11) are capacity constraining

for space-time arcs®, and the non-negative constraints of feasible space-time path flows are
shown in Eqgs. (12). Egs. (13) and (14) are the calculations of space-time arc flow x, from the
feasible space-time path flow f,4). Therefore, for a given TDD gy from the upper-level, the
feasible space-time path flow f,,(;) can be determined by solving the lower-level model.

There are many previous studies on the bi-level model (Szeto and Jiang, 2014; Tang et al.,
2020a; Xi et al., 2023; Yang and Bell, 2001), and in this paper, we will use complementary
constraints to replace the lower-level program and convert the bi-level model into a single-level
model, and then use linear relaxation to design the global optimal algorithm.

Before we analyze the above model, we first introduce the definition of User Equilibrium
(UE) as applicable to HSR systems.

Definition 1 (UE): In HSR systems, with the principle of passengers booking their tickets to
minimize their travel cost, the UE will be achieved when, for all passengers with the same
desire departure time for the same OD pair, all used paths have equal and minimal cost, and all
other unused paths have higher costs.

Proposition 1. In the HSR systems, with rigid seat capacity constraints and flow-independent
cost components, the linear programming (LP) of the lower-level model is equivalent to UE.

Proof. We get the Lagrange function for the LP as the following:

T
L=an-xa— z znﬁs' pr(t)_cﬁs _zna'(ua_xa)
ach (r,s)ERS t=1 PEP;g acA
T

- Z Z Z Vp@) " foo (15)
(r,S)ERS pEP, 5 t=1
where t, T, and Vp(¢) are the corresponding Lagrange multipliers for constraints (10), (11)
and (12) respectively. Then the Kuhn-Tucker (KT) conditions of the above lower-level LP
problem can be derived as follows:

Z Ca” 6;,1@ — ks + Z Ty 5{,‘(0 —Vpe) = 0,t =1,2,-+,T; p € Pg; (1,5) € RS (16)
acA a€cA
Uy = Xg
{n’a >0 , acehA (17)
g (Ug —%g) =0

3 This arc-based capacity constraints can be extended to the space-time path-based capacity constraints by

considering the seat allocation scheme. Since the rest of the subsequent technical processes are the same and we can

only choose one of the two (arc-based and space-time path-based), we retain the current model to maintain scalability.
14
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fowy 2 0
Vpi) = 0 , t=12,-T;p € By (r,s) ERS (18)
fow) " Vpe) =0
In the railway system, passengers need to select the train service and book the tickets in
advance, using either the on-site or online ticketing system. Due to rigid train capacity
constraints, individual passengers may not be able to obtain their preferred train service,
depending on how many passengers are competing and how early they make their ticket
booking. This “early booking” to ensure ticket availability indeed can yield non-negligible cost
to passengers, which is defined as the advance booking cost. By analyzing passenger choice
equilibrium, it can be better understood how much individuals are willing to pay for securing
tickets on their preferred trains with ideal departure and arrival times, as well as shorter journey
times. In situations where the passenger demand is low and trains have residual capacity, there
is no need for passengers to book tickets in advance. However, during peak periods popular
trains are expected to be fully occupied. As a result, passengers must book tickets much further
in advance. This reflects their willingness to pay a higher cost to secure their desired train tickets.
Eq. (17) above is equivalent to Eq. (19) which follows. And the Lagrange multiplier 7, can be
seen as the advance booking cost of arc a € A to secure a seat. Then Eq. (19) means that if the
flow of arc a € A equals its capacity, i.e., X, = U, then the advance booking fee of arc a € A
is larger than or equal to zero, i.e., T, = 0, and passengers need to book early enough to secure
a ticket; and if the flow of arc a € A less than its capacity, i.e., x, < u,, then there is no
advance booking fee of arc a € A, i.e., m, = 0, and passengers can book the tickets just before
boarding as there are always available tickets.
Mg =0, ifx,=u
{nZzO, ifo<uZ’ a€A (19)
Then the total travel cost for passengers choosing feasible space-time path p(t) is the sum
of arc costs and advance booking cost of all arcs along the path, i.e., Xgep)(cq + ) =

Cpt) T Xaep(t) Tq- And from Eqgs. (5), (16) and (18), we can obtain:

fowy 2 0
Cp(ey T z M * 8pe) — Trs 2 0

{ aeA , t=12,--T;p € B; (r,s) € RS (20)
fow <Cp<t) + Z Ta " Opy = ﬂﬁs) =0

\ a€cA

( .
Cp(d) + Z Ty 83(0 = T[,Es,lffp(t) >0

4 ac ,  t=12,-T;p€ P (r,5) €ERS(21)
cp(t) + Z g - Sg(t) = Tl.',ES, lffp(t) =0

\ a€eA

For the Lagrange multiplier f, it can be seen as the minimal cost between OD pair
(r,s) € RS for demand gt,. And Eq. (20) is equivalent to the subsequent Eq. (21). From Eq.
(21) we can establish that if any passengers associated with demand gt choose the feasible
space-time path p(t) € B.s(t), i.e., f(¢) > 0, then the actual cost of path p(t) (path cost c,(s)
and the advance ticket booking cost ), e g - 63(0) equals the minimal cost between OD pair

(r,s) for demand q,s(t), i.e., Cp(e) + XaeaTa 63(0 =ml.; and if no passenger uses the
feasible space-time path p(t) € P.s(t), i.e., fp(¢) = 0, then the actual cost of path p(t) is larger

than or equal to the minimal cost between OD pair (r,s) for demand q,s(t), i.e., cp) +
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YaeaTly " 6;,1(0 > mt,. This means that Eq. (21) meets Definition 1 and the lower-level model

of M1 is the UE. [
3.3 Single-level model for estimating TDD problem (SL-ETDDP)

From the above analysis, we know that the lower-level of M1 is the UE, and the UE is
equivalent with its complementary conditions Eqs. (10), (16) and (19). Then, by replacing the
lower-level problem with complementary conditions, the BL-ETDDP model M1 can be convert
into single level model M2 for estimating TDD problem (SL-ETDDP), which is shown as
below.

M2:
2

T T
mnZ@=a Y Y (ahkngk-ai)ta ) ) <Z fow = fp> ®)
(r,s)ERS t=1 (r,S)ERS pEP,s \t=1
subject to
Egs. (7)-(8), (10), (13), (17) and (20).

In addition, the above model estimates the TDD involving the UE passenger assignment
method, and it can be extended to adopting the Boundedly Rational User Equilibrium (BRUE)
passenger assignment modeling, please see the Appendix A for more details.

4. Solution algorithm

In this section, we first relax the SL-ETDDP model M2 to the MIQP by mixed-integer linear
relaxation. And based on the global solution of MIQP, we will discuss how to reduce the
calculation size of our problem and the idea of obtaining the optimal solution to our original
problem. Then, four strategies will be proposed to obtain the global optimal solution. And the
algorithm of our problem will be designed in the last subsection.

The piece-wise linear approximation method has been utilized to reformulate problems and
along with the development of global optimization algorithms, has garnered significant interest
among researchers focusing on transportation optimization issues. Examples include
transportation network design challenges within the frameworks of UE or Stochastic User
Equilibrium (SUE) constraints by the studies from Liu and Wang (2015); Luathep et al. (2011);
Wang and Lo (2010). Furthermore, it has been explored in addressing toll design issues by
Ekstrom et al. (2012); Zhang and van Wee (2012). More recent contributions, such as those
from Froger et al. (2019); Montoya et al. (2017); Zhou et al. (2022), have applied the piece-
wise linear approximation method to approximate nonlinear charging functions for Electric
Vehicle charging scheduling problems, as well as Caicedo et al. (2023); Liu et al. (2019) applied
it in bike network design problems. In this paper, the piece-wise linear approximation method
is introduced into the estimation of TDD problems for HSR systems. Drawing inspiration from
Liu and Wang (2015); Xu et al. (2022), we have developed a custom range reduction technique
to tighten the feasible region of the TDD estimation problem. This is prior to applying the global
optimal solution algorithm detailed herein, and it significantly reduces the computational time
required to achieve results.
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4.1 Mixed-integer linear relaxation

1) Linear relaxation of constraints
In the above SL-ETDDP model M2, nonlinear constraints Eq. (17) and Eq. (20) can be
replaced by the following linear constraints Eq. (22) and Eq. (23) respectively.

Urlg+esm,<M-(1-1,)
U-l,Sug—x,<M-1,

Ug—x,=0 , a€A (22)
m, =0
l, €{0,1}
(U - hp(t) +9< fp(t) <M- (1 - hp(t))
U " hp(t) S Cp(t) + Z T[a " 6;)1({:.) - T[;S S M . hp(t)
aeh
1o+ z g * Sp(e) — Mhs 2 0 t=12,T;p € By (r,5) ERS
aeh
foy 20
V() € {0,1}
(23)

where U is an extremely small negative number; M is an extremely large positive number; 9 is
an extremely small positive number and close to 0; and [, hy, (1) are 0-1 decision variables.

Then, all the constraints in the SL-ETDDP model M2 are linear, by replacing Eq. (17) and
Eq. (20) with Eq. (22) and Eq. (23) respectively.

i) Linear relaxation of objective function

For the above model M2, the objective function is nonlinear with the logarithmic term
(maximum entropy) and quadratic term (least square). Similar to existing studies (Liu et al.,
2019; Liu and Wang, 2015; Vielma et al., 2010), the logarithmic term can be linearized in
piecewise manner by the linear approximate method. The objective function Eq. (6) can be

2
minZ, = a; Z iﬁﬁs t+a; Z Z (ifp(t) _fp) (24)

(r,s)ERS t=1 (r,S)ERS pEPrs \t=1
Lt = qLiInqts — qLs, t=12,..,T;(r,s) ERS (25)

represented as:

Obviously, the second partial derivative of Eq. (25) with respect to its decision variable
(qks) is larger than 0, then Eq. (25) is a convex function on its closed interval.

For Eq. (25), denote the lower and upper bounds of gf as gﬁs and ﬁi < respectively (their

values will be discussed in the next subsection). The interval [qﬁs, ﬁiS] ,t=12,..,T;(r,s) €

RS can be divided uniformly into N — 1 intervals by the set of breakpoints qﬁ'sn € Q% which
is calculated by Eq. (26).

—t ¢
qrs — rs

Qrs ={¢Iﬁ’sn Gs = @t +—y—7— (n—D,n=12,,N,

t=12,..,T;(r,s) ERS (26)
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As shown in Fig. 6, linear relaxation of Eq. (25) is set to be the region above all tangent

lines and below all curve chords. The tangential support is constructed at each g~ € QF, and

the curve chords are formed by connecting two adjacent points g and qﬁ';”l for n =

1,2,---,N—1.

A
L:5(qrs)

Curve chord

Tangent line

. : t
o

q tn tn+1 =t qrs

ars Ars rs 4ys

Fig 6. Linear relaxation

t

Then the relaxation of Li.(qL,) with breakpoints gq,a € Qf,n =1,2,--,N can be
constructed as follows:

—t t
q,s — 9rs
Lis 2 =qrs +afs - Ingrs’, Vars = gfs +————(n—1),n=12,N (27)
N
D6 qi = qls (28)
n=1
N
D6 £k (at) = Lis(at) (29)
n=1
N

Z otn =1 (30)

n=1
0 > 0, n=12-,N (31)
oL < AL 4 AR, n=23,N—1;05 <Al gbN <28V (32)
N-1

Z AEn = 1 (33)

n=1

ALt =1{0,13}, n=12-,N—1 (34)
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Since the right-hand side of Eq. (27) denotes all the tangent lines, then this equation

ensures that LL; are above the tangent lines. If g%, is within the interval [qﬁ'sn*, qﬁ'sn*ﬂ], ie.,

A8 =1 from Eq. (34), then we can get 0 < 057 <1,0< 65 "' <1and6" =0, n=
1,2,:--,N;n #=n*,n*+ 1 from Egs. (30)-(33). Next, we can obtain 9‘5;“* + 95‘;“*“ = 1 by Eq.
(30), and from Egs. (29)-(30) we can get va'n* ' L,f(,n* + Gf;n*ﬂ -L&}n*ﬂ > L!,, where the left-
hand side means the curve chord from (qﬁ;n*,Lﬁ’,"*) to (q\ﬁ’,"*ﬂ,ﬁﬁ’,"*ﬂ). And Egs. (28)-(34)
together constrain LY, to be smaller than those defined by all curve chords. Thus, the logarithm
constraint Eq. (25) can be linearized by the linear constraints Eqs. (27)-(34).

With the above linear relaxation, SL-ETDDP model M2 can be relaxed into the following
model M3.

M3:

2
minZ; = a, Z ZT:Lﬁs + a, Z Z (i foe) — fp) (24)

(r,s)ERS t=1 (r,S)ERS pEPrs \t=1
subject to
Egs. (7)-(8), (10), (13), (22)-(23)
Constraints in Egs. (27)-(34), t = 1,2,...,T;(r,s) € RS

For the above model M3, as the quadratic term (least square) in the objective function and
all constraints are linear with integer or continuous variables, this model is the MIQP*.
Furthermore, as the objective function of model M3 is the convex quadratic’, we can obtain its
global optimal solutions by some commercial solvers such as GUROBI and CPLEX. In this
paper, we use GUROBI to calculate the model M3.

Next, we will discuss how to reduce the calculation size of our problem to help us improve
the computational efficiency.

4.2 Reducing the calculation size

In the above model M3, for any HSR OD pair (r,s) € RS, we can obtain all path flows
from the ticketing system, and those paths form the set P, of paths for OD pair (7, s), i.e., the
fp of path p € P and the path set P.¢ can be obtained from the ticketing system. As the HSR
operation period [T1,T?] is discretized into T equal time intervals, for any HSR OD pair
(r,s) € RS, it will generate T - | P| access arcs and T - |P,¢| feasible space-time paths for this
OD pair, where |P.| is the path number of P,,. Denote |A| and |W| as the total number of the
arcs and OD pairs of the HSR space-time network respectively. Then the calculation size of the
above model M3 is shown as Table 3 (Original size column).

Table 3. The comparison of the calculation sizes of model M3 before and after the calculation size
reduction approach

Calculation . . Updated scale after reducing calculation
size Original size size

4ILOG CPLEX Optimization Studio, ‘MIQCP: mixed integer programs with quadratic terms in the constraints’.
https://www.ibm.com/docs/en/icos/20.1.0?topic=smippqt-miqcp-mixed-integer-programs-quadratic-terms-in-
constraints
5 ILOG CPLEX Optimization Studio, ‘Distinguishing between convex and nonconvex QPs’.
https://www.ibm.com/docs/en/icos/20.1.0?topic=qp-distinguishing-between-convex-nonconvex-qps
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BN +6)TIW| + W] +7|A| BN +6)TIWI+ W]+ 7|A]

Constraints
number + z |Brsl +7 Z T1F| + Z |Ps| +7 Z Z|Pr5(t)|
(r.s)eRS (r.s)eRS (rS)eRS ()RS t=1
_ (2N + 2)T|W| + 3|A| (2N +2)T|W| + 3|A]
Variables T
number T Z |Bsl +3 Z Tl + Z |Psl +3 Z lers(t”
(r.s)€Rs (r.s)eRs (risYERS (,S)ERS t=1
. (N + 3)TIW| + 2]A) (N +3)TIW| + 2|A|
Continuous T
variable + z |Pes| +2 Z T1Fsl + Z [Ps| + 2 Z Z|Pr5(t)|
(r.s)eRS (r.s)eRS (rS)eRS (rERS t=1
T
Binaries (V- DTWI+IALE D TR - nrwi+ 8]+ Y Y [P
(r,s)ERS (r,S)ERS t=1

From the above table we know that the calculation size of the model M3 will increase
rapidly with the expansion of network scale (associated with feasible space-time path number
Y(rs)ers T |Prs| and arc number |A| of the network) and the increase of piecewise interval
number (associate with N). In this section, we will discuss how to reduce the calculation size
to improve the solution speed.

For the OD pair (r,s) € RS, if no measures are taken to reduce the computing size, the
desired departure time node r(t), t = 1,2,---, T will generate the access arc with any path p €
P, and then it will have |P.¢(t)| = |B.s| feasible space-time paths for this node (as shown in
Fig. 7), where |P-¢(t)| denotes the number of feasible space-time paths in P.(t).

For feasible space-time paths set P.¢(t), its corresponding set by reduction in calculation
size is denoted as P.¢(t), and the number of feasible space-time paths in P.4(t) is represented
as |P.(t)]. The arc set and access arc set after the reduction in calculation size are denoted as
A and 4,,, and its corresponding arc numbers are denoted as |A| and |A4,.| respectively. For
the desired departure time t of OD pair (7, s) € RS, we undertake the following steps to obtain
the P.¢(t) and A, (as shown in Fig. 7).

First, we use the Eq. (5) to calculate the cost for all feasible space-time paths in B, (t), and
then sort them in order of cost from smallest to largest. After this the set of all these ordered
feasible space-time paths are still denoted as set Pr5(t) = {p*(t), p2(¢), -, p"sOl(®)}.

Second, for p/(t) from j = 1 to |P-s(t)], we check the flow of each arc passed by p’ (t)
whether it reaches its capacity or not. If at least one arc traversed by p’(t) has reached its
capacity, i.e., 3a € p’(t), x, = ug, put this p/(t) into set B-(t) and continue the process. This
suggests that the capacity of #/(t) may be insufficient to meet the demand from the desired
departure time t (i.e., demand gf). Consequently, it is possible for the demand gL, to utilize
other feasible space-time paths, ﬁj’ (t),j =j+1,j+2,-,|Bs(t)]. If all the flow of each arc
passed by p7(t) has not reached its capacity, i.e., x, < ug, a € p’(t), put it into set P.5(t), i.e.,
P (t) = Ps(t) U {ﬁj (t)} and break the process. This indicates that the capacity of p/(t) is
sufficient to meet the demand gf,. Based on Assumption A3, it is understood that the demand
qts will not choose other feasible space-time paths, i.e., ﬁj'(t),j’ =j+1,j+2,-,|Bs(t)],
because these paths are the worse options than p/(t).

Third, after the above process, we can get the path set P.(t), in which the feasible space-
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time paths have the possibilities to be chosen by the demand gfs. It is known that P..(t) €
P.s(t), and |P.s(t)| < |P.s(t)|. And the access arcs associated with feasible space-time paths
in P.¢(t) can form the set A,,.

B, ={p®}j=1

14
US
P (D] = |P.]
t
US vr A
EEE . ® n
1 2 3 ] t T
If x, <ug,a€p/(t) is true, terminate;
vy otherwise, set j = j + 1 and continue

Ps(®) = (' (), 5%}, ) =2

PR ON

Original calculation size v
M Desired departure time point  ------| > Access arc
\ -

%)

Path  ------ »——- Feasible space-time path

------ »——— Minimal-cost feasible space-time path H B B l |
1 2 3 _ t T

If x, <ug,a€p/ (t) is true, terminate;

otherwise, set j =j + 1 and continue

Ps() = (7" (), 72 (), . (©))
Updated size after reducing the calculation size

Fig 7. The comparison between original calculation size and after reduction size

From the above steps, the number of feasible space-time paths from node r(t) can be
reduced from |P.s(t)| = |P.| to |P.s(t)|, and the number of access arc can also be reduced
from |P.s(t)| = |P-| to | P.(t)|. Further, the number of feasible space-time paths for the model
M3 can be reduced from ¥, s)ers T|Prs| t0 Xr.s)ers i=1lPrs(t)], and similarly, the access arc
number is decreased from Y. ¢)ers|Prs| * IT| to X s)ers >T_ |P.s(t)|. As the proportion of
arcs that have reached the capacity is usually not large, the number of constraints and variables
of model M3 can be greatly reduced. And the comparison of the calculation sizes of model /3
before and after this calculation reduction approach are shown in T'able 2.

Meanwhile, we can also reduce the calculation size by reducing the piecewise interval
number N and this can be done by the following steps. In the original size situation, as the
desired departure time node r(t) connects with all paths in P, i.e., all paths in B.g have the
possibility to be chosen by the demand qf, the upper bound of demand gL, needs to be set as

the sum flows of all paths for this OD pair, i.e., ﬁﬁ < = Dipep,, fp. The lower bound of its demand

qts canbe setas 0, i.e., qrs = 0. While, after reducing the number of space-time paths and get

the set P.;(t), the upper bound of demand qf can be set as ﬁ: s = Zp(D)eP,o(t) fo < Tpe Py fp-

The updated information about the upper and lower bound of demand gl are shown in Table
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Table 4. The information of upper and lower bound of the variable gL

Demand qf Original size Updated one after reducing calculation size
Upper bound Z fo Z To

PEPrs P(EPs(D)
Lower bound 0 0

With the above tightening of the feasible region for the demand qf, we can reduce the
piecewise interval number N, and together with the reducing numbers of space-time paths and
access arcs for the desired departure time node, we can reduce the calculation size of model
M3. Based on the above analysis, we proposed the Reduce Calculation Size Algorithm as
follows.

Algorithm 1: Reduce Calculation Size Algorithm.
Step 0: Initialization.
Partition the daily operation period into T equal time intervals with [T, T?] = [1,2,--,T];
Obtain the capacity u, and cost ¢, of each space-time arc a € A;
Obtain path set P, and the flow fp of each path p € P, (r,s) € RS from ticketing system;
Obtain the original size of feasible space-time path set P.s(t) and the cost ¢, ) of each
feasible space-time path p(t) € B4(t) for (r,s) € RS,t =1,2,...,T;
Set Pt = @ and P.s(t) = @ forall t = 1,2,...,T; (r,s) € RS;
SetA=@and A, = @;
Step 1: Reduce the numbers of feasible space-time paths and number of access arcs
For each OD pair (7, s) € RS and each desired departure time t = 1,2,-+-, T
Using Eq. (5) to calculate the cost for all feasible space-time paths in P.4(t), and sort
them in increasing order of cost, i.e., {ﬁl ®), p2(t), -, plPrs® (t)};
Forj = 1to |P.s(t)]
Prs ) = Prs(t) U {ﬁ] (t)};
Ifxg <ug a€p/(t) orj = |Bs(D)]
break;
else
j=j+1
The access arcs associated with feasible space-time paths in P.(t) are added to set
Age.
Step 2: Tighten the feasible region of demand gt
For each OD pair (1, s) € RS and each desired departure time t = 1,2,---, T
Update the upper bound and lower bound of demand g{; as ﬁi < = Xp(t)eP,(b) fp and
qrs = 0 respectively.
Step 3: Output
Output the set P,¢(t), the upper bound ﬁﬁ 5 and lower bound gf of demand g7 for all t =
1,2,---,T, (r,s) €RS,
Output the access set A « A, U (A/A,.).

22



627
628
629
630

631

632
633
634

635
636
637

638

639
640
641
642
643
644
645

646

647
648
649
650
651

652

653
654
655

656

657
658
659
660
661

662
663

Next, based on the global solution of model M3, we will discuss the idea to obtain the
optimal solution of our original problem.

4.3 Lower and upper bounds

With the intention to simplify, we define q = {qL|t = 1,2,---T; (r,s) € RS} and f =
{fp(t)|t =12, T;p € Bg; (r,s) € RS}, then the SL-ETDDP model M2 can be abbreviated
as:

(MZ): min Zz = Fz(q,f)
subject to
G(q.f) <0

Define £ = {£L |t = 1,2,---T; (r,s) € RS}, then model M3 can be abbreviated as:

(M3):minZ; = F5(q, f, L)
subject to
G(qf,£)<0
1) lower bound
For model M3, it is a relaxed programing from model M2. Then the lower bound of model
M2 can be determined by solving the M3 and obtaining its global optimal solution (q, f, £),
Le.,

F5(q.f.£) < F,(q". f") (35)

where (q*, f*) represents the global optimal solution of M2.

ii) upper bound

As all the constraints in model M2 are also in M3, the global optimal solution (g, f, £) of
M3 is also the feasible solution of M2. Then, the upper bound of model M2 can be determined
from its objective function Eq. (6) by using (q, f), i.e.,

F,(q".f") < F,(q.f) (36)

iii) global optimal solution
Therefore, based on Eqs. (35)-(36), the global optimal solution (q*, f*) of model M2
satisfies the following Eq. (37).

F3(a.f,£) < F,(q".f") < F>(a.f) (37)

As was shown in section 3.3, our original BL-ETDDP model M1 is equivalent to the SL-
ETDDP model M2. Then, the global optimal solution (q*, f*) of model M2 is just the global
optimal solution of our original problem.

Thus, we can use the idea of successive linear approximations to obtain the global solution
of our original problem. Firstly, we begin with an initial breakpoint number N to divide the

domain [Qﬁs: ﬁi s] into N — 1 uniformly intervals by Eq. (26). Secondly, we use GUROBI to

calculate model M3 and determine its global optimal solution (q, f, £). Thirdly, we can use Eq.
23
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(37) to obtain the lower and upper bounds of model MZ. Fourthly, we calculate the difference
between the upper and lower bounds of model M2 and test convergence: if the difference is
smaller than the convergence criterion, then solution (g, f) can be seen as the global solution
of model M2 for output; otherwise more breakpoints need to be added to increase the number

of piecewise intervals of domain [qﬁs, ﬁi s] for the purpose of making the region constrained by

Egs. (27)-(34) closer to the logarithmic function Eq. (25), and then we return to the second
stage.

The key element of the above successive linear approximations is replacing the logarithmic
function with more piecewise intervals step-by-step. As the piecewise interval number
approaches infinity, the region constrained by Eqs. (27)-(34) becomes the same as the
logarithmic function Eq. (25). In practice, we can get a satisfactory result without the need for
an infinite number of piecewise intervals. In the following section 4.4, we will discuss the

strategy design for adding the breakpoints to divide the domain [Qﬁs, Eﬁ S] into more piecewise

intervals.

4.4 Piecewise interval strategy

Denote Q5" as the breakpoints set in [qﬁs,ﬁﬁs],t =1,2,---T;(r,s) € RS at iteration

number h, and its corresponding breakpoint number is denoted as N (h), then the piecewise
intervals number at iteration number h can be expressed as N(h) — 1. Let AQrt’sh be the set of
breakpoints which need to be added to increase the number of piecewise intervals at iteration
number h, and denote g;(h) to be the solution of M3 at iteration number h. Next, we will
introduce four strategies (as shown in Fig. 8) of adding the breakpoints set A@f'sh to increase
the number of piecewise intervals within a certain range of the domain after each iteration.

Solution point

. AQ:! 7
Strategy 1: All domain strategy —

AQE T
Aét,ﬁ \Tl
AQ:! Lfl

Fig. 8. Strategy for adding the breakpoints.

Strategy 2: Half domain strategy

Strategy 3: Solution interval double divide strategy

Strategy 4: Solution interval multiple divide strategy

1) All domain strategy
This strategy means that we double the number of piecewise intervals in the whole domain

[Qﬁs: ﬁis], (r,s) € RS and the whole domain will still be redivided uniformly. The set of

additional breakpoints set Aéﬁ’sh can be calculated by Eq. (38).
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AQrs = {qr'sn = % Qr'sn: Qr'sn €EQrs;n= 112:""N(h) - 1}

t=12..,T;(r,s) ERS  (38)

ii) Half domain strategy
In this strategy, we double the number of piecewise intervals in the half domain

[gﬁs, ﬁi S] , (1, ) € RS where the solution g% (h) is located in, and this half domain will still be
redivided uniformly. Denote the breakpoint that divides the domain [Qﬁs: ﬁi S] ,(r,s) € RS into

—t t
Irstd . : ~
> =" Then the set of additional breakpoints set AQﬁgh can

two half parts as ¢-7' , i.e., gt =

be calculated by Eq. (39).

Ath
AQrs
tn+1

{~t,n _ qﬁsn + Ars
Irs = 2

rs

{~t,n _ Clﬁsn + Clﬁ'sn+1
drs = 2

rs

t=12..,T;(r,s) ERS  (39)

iii) Solution interval double divide strategy
In this strategy, a breakpoint will be added to the interval where the solution located in,
and this interval will be redivided uniformly. The interval where the solution gfg(h) located in
is denoted as [qﬁsﬁ , qﬁ'sﬁﬂ], ie., gt < qto(h) < ¢5. Then AQL! can be calculated by Eq.
(40).
s = < et

gLl gttt e Qﬁ's’l},t =12,..,T;(r,s) €ERS (40)

iv) Solution interval multiple divide strategy
In this strategy, a fixed number N, of breakpoints will be added to the interval

[qﬁsﬁ , qﬁsﬁ +1] where the solution gt (h) is located, and this interval will be redivided uniformly.

Then AQ,E‘Sh can be calculated by Eq. (41).

t,h t t,a (qﬁ'sﬁ+1 - qgsﬁ) ‘N ta  ta+l t,h
At.h _ ) ~tn _ n n n n, —
AQrs - {Qrs =(ys t+ NO +1 Ars »Qrs € Qrs ;n=12, "'JNO - 1}1

t=12,..,T;(r,s) ERS (41)

With the above strategies, we can obtain the set of additional breakpoints Aéﬁ;h , update
the breakpoints set by Eq. (42), and then carry out the next iteration calculation.

QUM = AQL U QY t=12,..,T;(r,s) €RS  (42)

Further, we denote Q" as the feasible region of model M3 at iteration number h, and then
we can get the following Proposition 2.
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Proposition 2. With the strategies of adding breakpoints, and if the number of initial piecewise
intervals is an integer multiple of 2, then for all of the above all four strategies, we have Q"
QM1 and the set of optimal function values {F3 (qh, i Lh)} of model M3 will be a

monotonically increasing series.

Proof. The details of this proof are shown in Appendix B.

4.5 SL-ETDDP Global Convergence Algorithm

Based on the above analysis, our initial BL-ETDDP model M1 aligns with the SL-ETDDP
model M2, and this indicates that M2’s global optimal solution also represents the global
optimal solution for our primary problem. As model M3 is relaxed from model M2, the global
optimal solution (q, f, £) of model M3 is the lower bound of model M2. Meanwhile, as all the
constraints in model M2 are also in M3, this means that (q, f, £) of M3 is also the feasible
solution of M2. And we can determine the upper bound of model M2 by using (q, f) for the
objective function Eq. (6). Therefore, the lower bound and upper bound of model M2 can all
be determined by calculating the model M3.

Initialization

Using Algorithm 1 to Reduce
calculation size of model M3

Using the breakpoints set to
divide the decision domain of
the demand

'

Solve model M3 by using
Gurobi to solve the MIQP

'

Update upper and lower
bound of model M2

A 4

Convergence
test

Update breakpoints set by using
a piecewise interval strategy

Fig.9. The flowchart of SL-ETDDP global convergence algorithm

As we show in Fig. 9, we can first use the Algorithm 1 to reduce the calculation size of
model M3, and then use the breakpoints set to divide the domain [qﬁs,ﬁis] into piecewise
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intervals by Eq. (26). Then solve model M3 by using the GUROBI to get its global optimal
solution (q, f, £), and based on this global optimal solution, we use Eq. (37) to obtain the lower
and upper bounds of model M2. Next, we test the convergence. If the criterion is satisfied, we
output the results (g, f) for model M2; otherwise, using one piecewise interval strategy to
update the breakpoints set and go back to the step of using the breakpoints set to divide the
decision domain of the demand and do the following steps again.

Based on the above analysis, we propose the SL-ETDDP Global Convergence Algorithm
as follows.

Algorithm 2: SL-ETDDP Global Convergence Algorithm

Step 0: Initialization.

Using a sufficiently large value and a sufficiently small value as the upper bound 73 and
lower bound Z3 of the SL-ETDDP model M2 respectively;
set the iteration number as h = 1;
set convergence criterion &; set the initialize breakpoints N and construct the breakpoints
QLI set by Eq. (26).
Step 1: Using the Algorithm 1 to reduce the calculation size.
Reduce the calculation size of model M3 by using Algorithm 1.
Step 2: Solving the MIQP.
Using the GUROBI to solve model M3, then determine its global optimal solution
(qh, i Lh) and its objective function value F5 (qh, fh,llh).
Step 3: Update the upper bound and lower bound.
Updating the upper bound of SL-ETDDP model M2: 7; = min {7;1_1, F,(q", fh)};
Updating the lower bound of model M2: Z} = max{Z}~, F;(q", f, £)}.
Step 4: Convergence test.
[72-2l|

If the convergence criterion is met, i.e., _h_z < ¢, then stop and output; otherwise, go to
Zy

Step 5.

Step 5: Updating breakpoints set.
Choose a piecewise interval strategy (Eqs. (38), (39), (40) or (41)) to obtain the added
breakpoints set A@ﬁ'sh and update the breakpoints set Qﬁ’shﬂ by Eq. (42);

seth = h 4+ 1 and go to Step 2.

Proposition 3. When the iteration number h — oo, the above algorithm guarantees the
convergence to the globally optimal solution of model M2,

Proof. Appendix C shows the details of this proof.

5. Numerical studies

This section will test our algorithm in two networks. We firstly present a simple network
example to illustrate the details process of our algorithm, and then the applicability of our
algorithm will test on the real-world networks in China.
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786 All tests are conducted on the computer with Intel Xeon W-2145 3.70 GHz, 64 GB RAM
787  and Windows 10 operating system (64-bit). The MATLAB 2022a together with YALMIP-
788  R20200930 is used to conduct numerical tests. The commercial solver GUROBI optimization
789  studio 10.0.1 is adopted to solve all MILR -ETDDP problems.

790 5.1 Case study 1: a simple network

791 We adopt a HSR network with three stations v, v, and v3. There are three trains Train 1,
792  Train 2 and Train 3 running in this network. We assume that the operation period is discretized
793  into 10 equal time intervals with [T, T2] = [1,2,-+,10]. For simplicity, the distances from v,
794  to v, and v, to vy are all set as 1. The assumed timetable of those three trains and its schedule
795  are shown in Table 5 and Fig. 10.

796
797
798 Table 5. Timetable of case one
Train 1 Train 2 Train 3 Train 1 Train2 Train 3
Station Vs
Arrival  Depart  Arrival Depart  Arrival  Depart /
vy 2 5 7 v,
v, 3 4 8 9
Vs > ! 10 799VI123456789IO
800 801 Fig. 10. Scheduling of Case 1
802
803 The unit costs for the early and late departure are n” = 0.4 and '’ = 0.7 respectively, and

804  the capacity (seats) of all three trains is set as 100. We set the weight parameter value in the
805  objective function as @; = a, = 0.5, the convergence parameter as € = 0.005 and the initial
806  breakpoints N = 5.

807 With reference to (Wu et al., 2022), other parameters are set as follows: the unit cost of
808 travel time parameter w = 0.5, the ticket fare rate for all trains are y(1) = y(3) = 0.4 and
809  y(2) = 0.45, and the transfer cost at each station is @ (v;) = @(v,) = @(v3) = 12.

810 From the above information, we can ascertain that there are three OD pairs: (v4,v5),
811  (v,,v3) and (vq,v3). The cost of paths calculated by Eqgs. (3) (5) are shown in Table 6.

812

813 Table 6. Information about path for each OD pair
OD pair Path Cost Capacity
(01, 75) Path 1: p! Arc © 0.9 100
’ Path 2: p? Arc ® 0.9 100
(0, 73) Path 3: p3 Arc @ 0.9 100
273 Path 4: p* Arc 0.9 100
Path 5: p° Arc D@®@ 2.3 100
Path 6: p® Arc ® 1.9 100
(v1,v3) Path 7: p” Arc ®DE® 23 100
Path 8: p® Arc DB)®) 16.8 100
814
815 i) Different input data
816 For the purpose of showing the impact from the ticketing volumes (input data), we set two

817  groups of ticket booking volumes for all paths as Case 1.a and Case 1.b (as shown in Table 7).
818  In Case l.a, the tickets of all arcs are not sold out, but in Case 1.b the ticket booking volumes
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of Path 3 for OD pair (v,, v3) is 80 (red color in Table 7), which is the only difference between
Case 1.a and Case 1.b, and this makes the 100 capacity of Arc @ fully occupied (80 for Path 3
and 20 for Path 5) in Case 1.b.

Table 7. Two groups of ticket booking volumes for paths

Ticket booking volume (input data)

OD pair Path
Case l.a Case 1.b
Path 1: p! Arc O 50 50
(171; 172) )
Path 2: p Arc © 20 20
Path 3: p? Arc @ 70 80
(UZ' v3) L4
Path 4: p Arc 45 45
Path 5: p° Arc D@® 20 20
Path 6: p® Arc ® 45 45
(vli v3) . 7
Path 7: p Arc ®D® 20 20
Path 8: p8 Arc DB®) 0 0

As all arcs have not reached their capacity limits in Case 1.a, each desired departure time
node only generates the minimal-cost feasible space-time path, with 10 feasible space-time
paths for each OD pair in Case 1.a; while in Case 1.b, because Arc @ has reached its capacity
limit, these feasible space-time paths passed by this Arc @ may not be insufficient for demand
from its corresponding desired departure time points. Consequently, these desired departure
time points will use other feasible space-time paths to ensure their demand can be met.
Specifically, Case 1.b generates the number of feasible space-time paths for OD pair (v4, v,),
(v, v3) and (vq,v3) are 10, 17 and 13 respectively as shown in Fig. 11.

Train 1 Train 3 o Train |

Train 2 Train 3 53430

i E B BN EEEEN
1 2 3 4 5 6 7 8 10 -
(a) Space-time network for OD pair v; to v, w7
[ I B B B
Train 1 Train 3 0 1 2 3 4 5 6 7 8 9 10
(c) Space-time network for OD pair v; to v3

M Desired departure time point @ Departure point @ Arrival point

@ Ending point  ---------- B Access arc e # In-train arc

1 2 3 4 5 6 7 8 9 10
(b) Space-time network for OD pair v, to vz »Dwell arc  — — # Transfer arc  ------» Ending arc

Fig. 11. Space-time network for each OD pair (Case 1.b)
Using the SL-ETDDP global convergence algorithm (all domain divided strategy), we can

calculate the results for Case 1.a and Case 1.b. Figs. 12-13, Table 8-9 and Appendix D show
the detail of the results.
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Fig. 12. Objective values with iterations

Table 8. Estimate results for the paths

Case 1.a Case 1.b
Path Ticket booking Estimate Ticket booking Estimate
volume/input results/output volume/input results/output

Path 1: p! 50 49.80 50 49.80

Path 2: p? 20 20.20 20 20.20

Path 3: p3 70 70.07 80 80.03

Path 4: p* 45 44.93 45 44.97

Path 5: p®° 20 20.09 20 19.97

Path 6: p°® 45 44.70 45 44.84

Path 7: p’ 20 20.21 20 20.19

Path 8: p® 0 0.00 0 0.0

Table 9. Results for space-time arcs
Case l.a Case 1.b
Arc Arc type Ug
Xa Ug — Xq Tg Xq Ug — Xg g

@®  In-train arc 100  69.89 30.11 0 69.77 30.23 0
&) Dwell arc o8 20.09 o8 0 19.97 o 0
®  Transferarc o 0 oo 0 0 00 0
@  In-train arc 100  90.17 9.83 0 100.00 0 0.60
®  In-train arc 100  44.70 55.30 0 44.84 55.16 0
®  In-train arc 100 4041 59.59 0 40.39 59.61 0
@ Dwell arc el 20.21 el 0 20.19 o0 0
In-train arc 100 65.13 34.87 0 65.16 34.84 0

For any feasible space-time path p(t),t = 1,2,--,T;p € Pg; (,5) € RS, if ) > 0, it
means that passengers with desired departure time t choose path p for their trips, and this can
be seen as path p attracts passengers with desired departure time t, which is abbreviated as path
p attracts desired departure time t or desired departure time ¢ is attracted by path p. Then, from
the results we can ascertain that:

i) After a limited number of iterations, our algorithm can obtain global optimal
solutions. Fig. 12 shows that both Case 1.a and Case 1.b obtain the results after only 4 iterations,
and Table 8 demonstrates that the quality of the solution is good.

i) Our model can effectively reflect the UE statement and the ticket booking
competition between different OD pairs in the HSR networks under rigid capacity
constraints. As we can see from Table 9, the results of the space-time arcs (access arc omitted)
from both Case 1.a and Case 1.b meet the UE constraints Eqs. (17). In Case 1.a, as no tickets

30



857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875

876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900

are sold out for any arc or path, the ticket advance booking fee for all arcs and paths is 0. But
in Case 1.b the 100 seat capacity of arc @ is fully booked and its advance booking fee is 0.6
(red colored in Table 8), which means in the UE statement that passengers who want to choose
the path through arc @ need to compete for the available seat resource by booking tickets in
advance, and the advance booking fee is 0.6 (red colored in Appendix D).

iii) In the situation that the seat capacity of each path providing services for the HSR
OD pair is in surplus and passengers do not need to compete for the tickets in advance
(advance ticket booking fee is 0), our algorithm results (the TDD estimation results) can
approximately be seen as the results of evenly distributing the ticket booking volume of
each path to its corresponding attracting desired departure time points (maximal entropy
value). This leads to a phenomenon that, under the no tickets sold out situation, if the number
of desired departure time points attracted by each path for the OD pair is close in quantity, the
trend from all paths’ ticket booking volumes within the operation period is similar to the trend
of TDD estimation results; otherwise, the trends between all paths’ ticket booking volumes and
TDD estimation results will be inconsistent.

For example, for OD pair (v4, v,) in both Case 1.a and Case 1.b, the seat capacities of Path
1 (arc @) and Path 2 (arc ®) are in surplus (30.11 for arc (O and 59.59 for arc ® as shown in
Table 9), and as shown in Appendix D, for t = 1,2,-+,5, f,14) € [9.85,10.39] and for ¢ =
6,7,-+,10, f2¢) € [3.81,4.38]. This means that Path 1 attracts 5 desired departure time points

(t=1,2,---,5) and Path 2 attracts the remaining 5 desired departure time points (t =
6,7,---,10 ). Meanwhile, the estimated results [9.85,10.39] for t =1,2,---,5 can be
approximately seen as evenly values of the of ticket booking volume 50 of Path 1 to its
attracting 5 departure time points (50/5 = 10). And [3.81,4.38] for t = 6,7,+:+,10 can be
approximately seen as evenly values of the of ticket booking volume 20 of Path 2 to its
attracting 5 departure time points (20/5 = 4). Furthermore, as shown in Fig. 13, the trend of
ticket booking volumes of these two paths within the operation period is left-peak, which is
similar to the trend of TDD estimation results (left-peak). Similarly, for OD pair (v, v3) in
Case 1.a, the seat capacities of Path 5, Path 6 and Path 7 are in surplus, and the number of
desired departure time points attracted by Path 5, Path 6 and Path 7 are 3, 3 and 4, such that the
trend of all three paths’ ticket booking volumes is middle-peak, which is similar to the trend of
TDD estimation results. By contrast as shown in Table 9 and Appendix D for OD pair (v,, v3)
in Case 1.a, the seat capacities of Path 3 (arc @) and Path 4 (arc (®) are all in surplus, but the
number of desired departure time points attracted by Path 3 is 7 (t = 1,2,--+,7), which is
significantly larger than that of Path 4 (3 points, t = 8,9,10). This leads to that Path 3’s ticket
booking volume (70) is higher than Path 4’s ticket booking volume (45), but the TDD
estimation results of the desired departure time points attracted by Path 3 (f,3 €

[9.86,10.79]) are lower than that by Path 4 (f s, € [14.4,15.26]). And the trend of ticket

booking volumes of Path 3 and 4 (left-peak) is different with the trend of TDD estimation results
(right-peak), which is shown in Fig. 13 in Case 1.a for OD pair (v, v3).

iv) In the situation that the seat capacity of some popular paths for the HSR OD pair
is insufficient and passengers need to compete for these popular paths by booking tickets
in advance (advance ticket booking fee larger than 0), then some passengers who fail to
secure the more popular paths have to choose a less ideal one, and our algorithm can
address this situation by reallocating those passengers to alternative departure times. And
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this leads to the phenomenon that under the situation of tickets selling-out for some popular
trains, there will be some inconsistency between the trend of our TDD estimation results and
the trend of the ticket booking volumes of the paths for the OD pair.

For instance, as we can see in Case 1.b in Fig. 13, as the tickets of Path 3 (arc @) and Path
5 (arc W@@) are claimed by passengers from OD pair (v,, v3) and (v4, v3), the capacity of
arc @ is fully occupied (advance booking fee is 0.6), and some passengers who failed to book
tickets for the ideal train have to adjust their departure times on a larger scale and choose less
ideal trains (for passengers of OD pair (v, v3) choose Path 4, whilst passengers of OD pair
(v1,v3) choose Path 6). Compared with Case 1.a, we find that our algorithm reallocates the
demand that are forced to choose the less ideal Path 4 and Path 6 due to capacity constraints to
the desired departure time points attracted by ideal Path 3 and Path 5 respectively. And this
leads to significant inconsistence in the trend of the estimate results for OD pair (v,, v3)
between Case 1.a and Case 1.b. Furthermore, even both in Case 1.a and Case 1.b the ticket
booking volumes of all paths for OD pair (v;, v3) are all the same, but in Case 1.b the trend of
our TDD estimation results (left-middle-peak) is different from that of the ticket booking
volumes of all paths (middle-peak). These adjustments to train/path choices under capacity
constraint account for interactions between all OD pairs on the networks — thus highlighting
one of the key contributions of our paper.

00 ¢ Case 1.a: OD pair (v,,v;) 30 oy Case 1.b: OD pair (v,,v,) 3
Path 1 Pathl 3
50 i1 25 50 | 25
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E 40 ——Estimate results 205 540 | —+—Estimate results 205
s g3 | g
= I
2030 : 15 §030 I 158
g f Path 2 55 | k=
% 20 [ IOLﬁ -é 20 5 103
= = I
10 5 10 F 5
0 t 0 0 F 0
1 2 3 4 8 -6 .17 8 9 10 1 2 3 4 5 6 7 8 9 10
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80 I = Ticketing volumes 1 25 si Path 3 = Ticketing volumes 25
2 Path 3 —+—Estimate results o —+—Estimate results
g 203 E 20%
560 i & g60 ¢ £
& 1158 o Path4 | |52
£ ] g @ g
240 Path 4 E 40 ] B
% 1103 4 107
= =
20 5 20 5
0 0 0 0
1 2 3 4 5 6 7 8 9 10 I 2 3 4 8 .0F .7 8 9 10
Operation time peniod/ Desired depart time Operation time period/ Desired depart time
50 Case l.a: OD pair (v,,v;) 5 50 Case 1.b: OD pair (v,,v,) 10
Path 6 pum Ticketing volumes Path 6 mmm Ticketing volumes
40 —Fstimate results 25 40 F —+—Estimate results 1 25
) o 8 205
g 205 5 g
Z30 z 50 g
S 1 g
& 15g @ Path 5 Path 7 158
220 g 520 £
5 £ g
A 10% 4 102
& 4E | i
10 5 10 5
0 0 0 0
1 2 3 10 1 3 4 [4] 7 8 9 10

2 3 4 5 6 1 8§ 9 2 3 < . .
Operation time period/ Desired depart time Operation time period/ Desired depart time

Fig. 13. Estimate results about the time-varying demand distribution
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ii) Different Parameter values

As different values of parameters will affect passengers’ ticket booking choices and further
affect our estimation results, next we will analyze the effect of changes in the early and late
departure cost parameters 1’ and n'’ value on our results.

We set the late departure cost parameter '’ as a fixed value 0.7, and change the value of
the early departure cost parameter ' from 0.1 to 1.3 in steps of 0.1 (as shown in Table 10).
Then, the results of Case 1.a and Case 1.b are shown in Fig. 14.

Table 10. Different values of early and late departure cost parameters

n 01 02 03 04 05 06 07 08 09 10 11 12 13
n' 07 07 07 07 07 07 07 07 07 07 07 07 07

From Fig. 14 we can see that:

1) In the situation with no ticket selling out for the OD pair, the change of parameter
values of 77 has the same effect on Case 1.a and Case 1.b. As the ' is the early departure
cost parameter, the smaller the value of n’, the greater the inclination for passengers to choose
the train departure before (rather than after) their desired departure time, this means that the
train will attract more passengers whose desired departure time points after the departure time
of this train. Conversely, passengers will be more inclined to choose the train departure after
their desired departure time as the value of n’ larger than n'’, and the train will attract more
passengers whose desired departure time points before this train’s departure time. In Fig. 14 the
change of parameter values has the same effect for OD pair (v4, v;) in both Case 1.a and Case

1.b: Path 1 with departure time 2 attracts from desired departure time [1,6] at % = ; to[1,3] at

!

=

= g And Path 2 with departure time 7 attracts from desired departure time [7,10] at % =

n

to[4,10]at L = 2.
n 7

Nk 3

2) In the situation with the tickets selling-out for some paths or arcs of the OD pair,
in the range where ' and 1’ are relatively close (% is close to 1), our model has good

consistency in addressing that passengers are force to adjust their departure times due to
capacity constraints. For example, in Fig. 13 the tickets of Path 5 (arc @) are sold out for the
OD pairs (v4, v3) in Case 1.b, and the TDD results of OD pairs (v4, v3) in Case 1.b of Fig. 14

"3, 11 . L
are almost the same as the parameter values change from % =-to—, which are significantly

different from that in Case 1.a. Empirical studies (Hess et al., 2017) show that the penalty for
early adjustment is slightly lower than that of late in rail, which falls in the range of [%, %] And

this provides support for the practical application of our model.
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Fig. 14. Estimate results with different parameter values

iii) Different strategies and different calculation sizes

In the above analysis, all the results are calculated by our SL-ETDDP global convergence
algorithm with the first piecewise interval strategy (all domain strategy) in the original
calculation size. Next, we will test all four strategies in different calculation sizes to compare
computational efficiency.

Fig. 15 shows the solution point information after the last iteration for all four piecewise
interval strategies. In order to demonstrate the effectiveness of algorithms and strategies
proposed in this paper, we test our Algorithm 2 with four strategies in the situation of original

calculation size (i.e., not applying Algorithm 1) and the situation of calculation size reduction
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(i.e., applying Algorithm 1) respectively. Our problem scale and the corresponding calculation
time at each iteration for all four strategies in different situations of calculation size are shown
in Table 11.

Strategy 1: All domain strategy Strategy 2: Half domain strategy
e Curve Chord (solid black lines) w= Curve Chord (solid black lines) ‘
Tangent Lines (colored dotted lines) 1 300 —mm Lines (colore lines)

Segment Dividing Lines (Gray dotted lines)| N Segment Dividing Lines (Gray dotted lines)
« Solution Point 2001« Solution Point

* Solution Point * Solution Point

L L L TL 55541351 1 M- TS S— s L L
10 20 30 t 40 50 60 70 0 10 20 30 t 40 50 60 70
q

Fig. 15. Solution point information after the last iteration

In Table 11, statistical information about the four strategies in the original calculation size
situation and the reduced calculation size situation are shown in black color and red color
respectively. From this we can ascertain that:

Firstly, with the increase in iterations, our problem scale (constraints number and variable
number) and calculation time are themselves increasing, and all of the strategies in different
calculation size situations can obtain the global solution with a limited number of iterations (up
to 6 iterations).

Secondly, for all strategies, in terms of constraints number, variables number and total
calculation time, the red numbers are smaller than the black numbers, indicating that Algorithm
1 not only reduces the calculation scale but also significantly lowers the total computation time.

Thirdly, for all strategies, the number of iterations in red is less than that in black; this
means that tightening the feasible region in Algorithm 1 can make Algorithm 2 converge faster,
which further reduces the total calculation time.

Fourthly, under the situation of original calculation size, Strategy 1 performs worst;
Strategy 3 has the best performance in computation time but requires more iterations; whilst
Strategy 4 has the fewest iterations. In contrast, under the situation of reduced calculation size,
the computation time of all strategies is significantly reduced, making the advantage of Strategy
4 over Strategies 1 and 2 less obvious; in particular, due to the relatively high number of
iterations, Strategy 3 ends up costing the most time, and this may be due to the relatively small
size of the problem, the advantages of Strategy 3 are not well reflected. We can test these effects
on larger scale cases.

Table 11. Statistical information for four strategies in different calculation size situations

Iteration number h 1 2 3 4 5 6 total
Strat 1 Constrains 1747 2107 2827 4267 7147 / /
ategy num 1117 1477 2197 / / / /
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(Original ~ Variables 842 1082 1562 2522 4442 / /
size num 572 812 1292 / / / /
/Reduction  Calculate 0.11 034 047 2.4 5.45 / 8.77
size) time(s)  0.13 034 075 / / / 1.22
Constrains 1747 1927 2287 3007 4447 / /

Sztori‘itegylz num 1117 1297 1837 / / / /
‘BN Variables 842 962 1202 1682 2642 / /
/Re(s;jfﬁon num 572 692 1052 / / / /
Siz0) Calculate 0.12 017  0.39 187 298 / 5.53
time(s)  0.14 023 047 / / / 0.84

Constrains 1747 1837 1927 2017 2107 2197 /

S(g";}e%nyaf num 1117 1207 1297 1387 1477/ /
S;‘;’e Variables 842 902 962 1022 1082 1142 /
R num 572 632 692 752 812 / /
Siz0) Calculate 0.1  0.11 036 0.37 06 073 227
time(s)  0.14 018 021 034 047 / 1.34

Constrains 1747 2107 2467 2827 / / /

Strategy 4 num 1117 1477 1837 / / / /
(Ozlii“al Variables 842 1082 1322 1562 / / /
R num 572 812 1052 / / / /
siz0) Calculate 0.1 0.36 1.4 2.05 / / 3.92
time(s)  0.14 0.14 049 / / / 0.77

In this section, all cases were tested on the small simple network for demonstrating the
step details of our algorithms and strategies. Next, we will test our algorithm in the real-world
network to verify its effectiveness and computational efficiency.

5.2 Case study 2: a real-world network of Nanchang-Jiujiang Intercity Railway

This section tests our proposed model and algorithm in a real-world network in China, i.e.,
Nanchang-Jiujiang Intercity Railway, which includes 6 HSR stations and is shown in Fig.16.
We adopt the timetable on 15 March 2023 ¢ with 54 trains running on the networks, and the
timetable of Nanchang-Jiujiang Intercity Railway is shown in Fig. 17 and Appendix E. The
operation period [T1,T?] = [6:00,23:00] is discretized into [T1,T?] = [1,2,-:-,102] of 10-
minute time intervals.

Gongging
Nanchangxi Yongxiu cheng Dean Lushan Jiujiang
® O 0—O O
63 km 26 km 8 km 26 km 19 km

Fig. 16. Nanchang-Jiujiang Intercity Railway

Modelling by the space-time network, there are 180 paths, and in the original calculation
situation, there will be ¥, cers TIP-s| = 180 X 102 = 18360 feasible space-time paths, and
18570 space-time arcs (18360 access arcs). While after applying the Algorithm 1 in the situation
of reduced the calculation size, there are only 1456 feasible space-time paths, and 1665 space-
time arcs (1456 access arcs). The convergence parameter as € = 0.01 and the initial breakpoints
are set as N = 6. The ticket fare rate for G trains (300 km/h) is y(G) = 0.45 yuan/km and for

6 China Railway (http:// 12306.cn)
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D trains (200 km/h) is y(D) = 0.4 yuan/km. The unit cost for the early and late departure n’ =
0.4 and n'" = 0.5. The values of other parameters are set to be the same as in Section 5.1.

Jiujiang

Lushan /

Dean

Gonggingcheng /
Yongxiu

o ——

Nanchangxi J 1
N N QO N N Q 0 0 0 Q 0 QO N O N 0O O Q
e 1 g of \Q'-Q l\’\'-Q \'L"Q .\'59 \N-Q \‘3’9 1\6-0 A o »\%"Q »\OJ-Q rLQ'-Q r),’\"Q q:)?-Q 1’5-0

Fig. 17. The Timetable of Nanchang-Jiujiang Intercity Railway

Fig. 18 illustrates the TDD results of each OD pair, from which we can make the following
observations:

1) For the OD pair during the period of high departure frequency of trains or paths,
the TDD curve fluctuates significantly; on the contrary, in other periods with low service
frequency of trains or paths, the TDD curve fluctuates slightly. For example, for almost all
OD pairs in Fig. 18, the estimated TDD curve naturally fluctuates during the period with peak
departure of trains; and most OD pairs have no train service after 21:00, then, their estimated
TDD curve after 21:00 remains at a relatively steady altitude. The variation in the estimated
TDD curve can be attributed to the availability of information. During peak departure periods,
more information or constraints about the ticketing volumes and departure time of the trains or
paths can be used. Conversely, during periods with fewer departures, less information can be
used, then the estimated TDD curve remains relatively constant reflecting a maximum entropy
value.

2) In the situation with no ticket selling out of the OD pair, if the number of desired
departure time points attracted by a train is significantly different from that of others,
near the departure time of this train, the trend of ticketing volumes and trend of estimated
TDD curve will have some mismatch phenomenon. For example, the train and its
surrounding estimated demand marked by the purple circle in Fig. 18. This is because there are
no other trains providing services near the departure time of this train in the purple circle, so
the desired departure times nearby are all attracted by this only train. A small number of trains
provide services for a relatively long time period, this results in mismatch.
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Fig. 18. Results for the Case study 2

3) In the situation with tickets selling-out for some popular trains of the OD pair, the
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estimated TDD results near the popular train (tickets selling-out) will be relatively higher
than the trend of its ticket booking volumes. For example, the train and its surrounding
estimated demand results marked by the green circle in Fig. 18. The capacity of train (D6378)
in this green circle is fully occupied by the passengers from OD pair Nanchangxi— Jiujiang and
Dean—Jiujiang (red colored in Appendix E). Interestingly, the estimated demand results nearby
D6378’s departure time (7:42) is higher than that of previous departure time (7:00) of another
train. However, it’s worth noting that the ticket booking volume of train D6378 is lower than
that of the preceding departure train. Our estimated results capture these mismatches implying
that the model proposed in our paper can effectively applied to the TDD estimation problem.

Table 12 shows the statistical information for four strategies in different calculation size
situations of Case 2. The information about the situation of original calculation size and
situation of reduce calculation size are shown with black color and red color numbers
respectively. From this we can ascertain that:

First, comparing the two situations, reducing the calculation size has brought a significant
improvement in the computational efficiency of the algorithm. Specifically, by adding
Algorithm 1, on the one hand, the number of constraints and the number of variables are greatly
reduced (the red numbers are significantly smaller than the black numbers), which can
obviously increase computation speed; on the other hand, the tighter feasible region in
Algorithm 1 allows Algorithm 2 to achieve global convergence faster (reducing the number of
iterations by 1-2 times for the 4 strategies), thereby significantly reducing the computation time
occupied by subsequent iterations. Therefore, using Algorithms 1 to reduce the calculation scale
will greatly improve the computational efficiency of Algorithm 2, reducing its total
computation time to less than 1% of what it would be without using Algorithm 1.

Second, for the different strategies, Strategy 4 performs the best under the situation of
original size without reducing the calculation size (shortest total computation time in black
numbers), while Strategy 3 is the fastest when the problem size is reduced (shortest total
computation time in red numbers). This may be because, after using Algorithm 1 to reduce the
calculation size, the feasible region is greatly tightened, and it is not necessary to have many
iteration steps (number of piecewise interval) to obtain the global solution. Therefore, Strategy
3, which adds one piecewise interval at each iteration, appears more flexible, lightweight, and
efficient.

Table 12. Statistical information for four strategies in different calculation size situations of

Case 2
Iteration number h 1 2 3 4 5 6 total
Constrains 357299 442979 614339 957059 1642499 / /
Strategy 1 num 56313 77733 120573 / / / /
(Original size ~ Variables 173829 230949 345189 573669 1030629 / /
/Reduction num 29535 43815 72375 / / / /
size) Calculation 4601.85 2867231 1604358 74417.84 284975 / 408711
time(s) 19.28 18537  618.94 / / / 824
Constrains 357299 400139 485819 657179 999899 / /
Strategy 2 num 56313 77733 120573 / /
(Original size ~ Variables 173829 202389 259509 373749 602229 / /
/Reduction num 29535 43815 72375 / /
size) Calculation 4418.02 14949.18 33407.99 108383.8 298882.1 / 460041
time(s) 1942 309.87  464.67 / 794
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Constrains 357299 361583 365867 370151 374435 378719 /
Strategy 3 num 56313 60579 64881 69165 73449 /
(Original size ~ Variables 173829 176685 179541 182397 185253 188109 /
/Reduction num 29535 32391 35247 38103 40959 /
size) Calculation 4580.74 17986.53 20099.66 30216.76 51684.11 64332.6 188900
time(s) 19.68 19.03 168.12 231.21 261.4 699
Constrains 357299 374435 391571 408707 / / /
Strategy 4 num 56313 73449 90585 / /
(Original size ~ Variables 173829 185253 196677 208101 / / /
/Reduction num 29535 40959 52383 / /
size) Calculation 4525.55 2726035 4417351  67093.6 / / 143053
time(s) 19.27 306.74  423.34 / 749

From the above analysis, it is clear that the use of Algorithm 1 to reduce the calculation
size has significantly improved the computational performance of Algorithm 2. This greatly
facilitates the application of the model and methods proposed in this paper on larger-scale
networks. Meanwhile, it is obvious that the original calculation size situation will not perform
well when applied to a larger scale network. So next, we will only test the performance in the
situation of reducing the calculation size on the more complex HSR networks.

5.3 Case study 3: a larger real-world network of Guangzhu Intercity Railway

The preceding section evaluated our proposed model and algorithms on a single railway
track line to demonstrate its applicability. To further assess its applicability in a more complex
context, we apply it to an intersection network scenario in this section.

Guangzhounan

Xiaolan

7 km
Dongsheng
12 km

Xinhui Zhongshanbei

Jiangmen Zhongshan

Zhuhaibei
4 km
Tangjiawanwan

12 km
Mingzhu
4 km &

Qianshan
3 km

Zhuhai

Fig. 19. Guangzhu Intercity Railway

We utilize the timetable on July 1, 2015, of the Guangzhou-Zhuhai Intercity Railway for

additional testing. At that time, the railway network, as depicted in Fig. 19, consisted of 20 HSR
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stations, encompassing the Guangzhou-Zhuhai main line and the Xiaolan-Xinhui line. The

network was serviced by 52 trains, catering to 74 OD pairs, with the corresponding timetable

illustrated in Fig. 20. And the values of all parameters are set to be the same as in section 5.2.

We obtained the ticketing volume for each path from the ticketing system’, and there were

960 paths used by the passengers. The original calculation size of our problem will have
Yrs)ers TIPrs| = 102 X 960 = 97920 feasible space-time paths and 98478 space-time arcs.

After reducing the calculation size by using Algorithm 1, there are 7,703 feasible space-time

paths, and 8,261 space-time arcs, of which 7,703 are access arcs and 558 are other types of

space-time arcs.

Guangzhounan Guangzhounan
Bijiang Bijiang
Beiyao Beiyao
Shunde Shunde

Shunde College Shunde College
Ronggui Ronggui
Nantou Nantou
Xiaolan Xiaolan

Dongsheng Guzhen
LLLLLRL L
Zhongshan Xinhui

Nanlang
Zhuhaibei
Tangjiawan
Mingzhu
Qiapshien

6:00 7:00 8:00 9:00 10:0011:0012:0013:00 14:0015:00 16:0017:00 18:00 19:0020:0021:0022:0023:0024:00

Fig. 20. The Timetable of Guangzhu Intercity Railway
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Fig. 21. The TDD results for the OD pair Guangzhounan— zhuhai

Fig. 21 shows the TDD estimation results for one OD pair. And Table 13 shows the
statistical information of our Algorithm 2 for case study 3, from which we can obtain the
following:

7 www.12306.cn
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First, when applied to large-scale networks with intersecting lines, our SL-ETDDP global
convergence algorithm (Algorithm 2) can also obtain the global optimal solution within a
limited number of iterations and an acceptable total computation time.

Second, Strategy 1 is the benchmark strategy, which is simple and easy to operate, but
requires more computation time than the other strategies; Strategy 3, due to its flexibility and
convenience of only adding one piecewise interval per iteration, although requiring a slightly
higher number of iterations than other strategies, has a significantly lower total computation
time. In combination with the situation of Case study 2, after using Algorithm 1 to reduce the
model size, Algorithm 2 achieves the highest computational efficiency when using Strategy 3.

Table 13. Statistical information of algorithm 2 for Case study 3

Iteration number h 1 2 3 4 total

Constrains num 293934 407154 633594 /

S“ﬂegy Variables num 154524 230004 380964 /
Calculation time(s) ~ 4084.91 6950.66  117701.17 128737

Constrains num 293934 384510 565662 /

S“aztegy Variables num 154524 214908 335676 /
Calculation time(s)  3998.39  9537.06  38661.36 52197

Constrains num 293934 316578 339222 361866 /

St“gegy Variables num 154524 169620 184716 199812 /
Calculation time(s)  3986.45 1743.86 721749  8344.05 21292

Constrains num 293934 384510 475086 /

S“afgy Variables num 154524 214908 275292 /
Calculation time(s) 4005.27 16075.61 51965.45 72046

5.4 Case study 4: a more complex real-world network of Xi’an region HSR networks

In this section, we will further extend our model and algorithms to more complex railway
line networks. The timetable and ticket booking data on June 1, 2015, of the Xi’an region HSR
networks are used for this test. At that time, the Zhengxi HSR, Xibao HSR, Daxi HSR, and
Baoxi HSR were all connected with Xi’an city and form an 'X' shape intersection, which is
shown Fig. 22. The network containing 31 stations was serviced by 73 trains with 145 OD pairs,
and the corresponding timetable illustrated in Fig. 23-24. The operation period [T1,T?] =
[6:00,24:00] is discretized into [T, T?] = [1,2,+++,108] of 10-minute time intervals. The
convergence parameter as € = 0.03 and the values of other parameters are set to be the same
as in section 5.3.

We obtained the ticketing volume for each path from the ticketing system, and there were
1091 paths used by the passengers. The original calculation size of our problem will have
Yrs)ers T|Ps| = 108 X 1091 = 117828 feasible space-time paths and 118487 space-time
arcs. After reducing the calculation size by using Algorithm 1, there are 15894 feasible space-
time paths, and 16553 space-time arcs.
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Fig. 24. The Timetables of Zhengxi HSR and Baoxi HSR

Table 14 shows the statistical information of our Algorithm 2 for case study 4. As we can
see, all strategies can obtain the results within 3 iterations. Strategy 1, as the foundational
strategy, took the most time, followed by Strategy 2. Strategy 4 performed the best this time,
consuming the least computation time, with Strategy 3 next in line. Additionally, it is worth
noting that although the network in Case Study 4 is more complex than in Case Study 3, and
the computation scale is larger than Case Study 3, the time spent by each strategy on computing
Case Study 4 is less than that spent on Case Study 3. To more intuitively analyze the
effectiveness of our algorithm in different case studies, we further compiled the information
from the four case studies into the following Table 14 for comparative analysis.

Table 14. Statistical information of algorithm 2 for Case study 4

Iteration number h 1 2 3 total

Constrains num 604205 839105 1308905 /

S“altegy Variables num 317672 474272 787472 /
Calculation time(s) ~ 2869.21  19109.28 7492848 96907

Constrains num 604205 745145 980045 /

S“aztegy Variables num 317672 411632 568232 /
Calculation time(s) ~ 2936.51  6432.11 6549831 74846

Constrains num 604205 651185 698165 /

S“a;egy Variables num 317672 348992 380312 /
Calculation time(s) ~ 2892.51  3940.85 8935.36 15769

Constrains num 604205 745145 /

Strafgy Variables num 317672 411632 /
Calculation time(s) 2944 .86 2191.62 5136
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Fig. 25. The TDD results for the OD pair Xiangyang-Qindu— Xi’anbei

From Table 15 we can see that:

First, as the scale of the high-speed rail network increases, the scale of our problems is also
increasing. From Case Study 1 to 4, our HSR network evolves from simple line to complex
real-world networks, with both the number of feasible space-time paths and space-time arcs
continuously growing.

Second, by comparing the original size of feasible space-time paths and space-time arcs
with the reduction size, it is clear that our Algorithm 1 significantly reduces the problem scale,
which can greatly reduce the consumption of computing resources and computational time.

Third, referring to the performance of different strategies, Strategies 3 and 4 are quite
effective in reducing computation time. Strategy 1, as the basic strategy, takes the longest
computation time, while Strategy 2 is at a moderate level.

Forth, from Case study 1 to Case study 3, the computation time increases with the scale of
the problem; however, from Case study 3 to Case study 4, an increase in problem scale does
not lead to an increase in computation time. This is because ticket booking volumes in Case
study 4 are relatively lower than that in Case study 3. The Guangzhou-Zhuhai intercity line of
the Case study 3 is located in one of the most economically developed regions of China, with
relatively high travel demand, leading to more frequent and intense competition among
passengers for popular trains. As these popular trains will usually serve more than one OD pair,
and each OD pair may carry several train services, the more competition for the ticketing among
passengers, the more complex to reach the UE state, which obviously increases the
computational time for the TDD problems. This illustrates that the problem of estimating the
TDD of HSR networks is not only affected by the scale of the HSR network, but also by the
volumes of the demand.

Table 15. Comparison information of Case studies

Case study Case study 1  Case study 2 Case study 3  Case study 4
Total Station Number 3 6 20 31
Toal OD Number 3 14 74 145
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Toal Train Number 3 54 52 73

Toal Feasible Space-
time Path Number 80/ 18360/ 97920/ 117828/
(Original 40 1456 7703 15894

size/Reduction size)
Total Space-time Arc

Number (Original size/ 78/ 18570/ eI Loy
rigimat 48 1665 8261 16553
Reduction size)
Calculate time of 122 824 128737 96907
Strategy 1
Calculate time of 0.84 794 52197 74846
Strategy 2
Calculate time of 1.34 699 21292 15769
Strategy 3
Calculate time of 0.77 749 72046 5136
Strategy 4

6. Conclusions

TDD is a critical input for operation and management in the HSR systems, i.e., it can help
to improve the service quality of the HSR systems by informing the appropriate train departure
frequency for the peak and off-peak periods within a day to allow passengers to depart at their
desired departure times as far as possible. This study is the first in the literature to analytically
estimate TDD for HSR networks with the ticket booking data and using the schedule-based UE
assignment. A bi-level model is formulated to estimate the TDD problems and the advance
booking cost is considered endogenously as a part of passenger choice equilibrium. We convert
the bi-level model into a single-level model through equivalent complementary constraints.
Furthermore, based on linear relaxation, the single-level model is transformed into a MIQP. By
solving the MIQP we get the information about the upper and lower bounds of our original
problem, and then a global optimal solution algorithm with four piecewise interval strategies is
proposed. And the effectiveness and applicability of the proposed algorithm are illustrated with
three case studies. The first simple case illustrates the details of our algorithm result with
different input data, different parameter values and different strategies; and the real-world case
illustrates the applicability and calculating efficiency of four strategies in a real-world network
in China. Further, two more complex real-world networks studies are proposed to test our
algorithm in an intersection HSR network. The results of the four case studies show that the
proposed model can help operators to elicit the time-varying demand in the HSR systems
especially when demand is relatively high and passengers need to book in advance to guarantee
their itinerary.

As our study focuses on the demand estimation, we can provide high quality of TDD for
HSR operators, especially for the routes experiencing strains on train capacity during the peak
hours within a day, where there is a discrepancy between passengers' actually departure time
and their desired departure time. By accurately capturing these discrepancies, our proposed
solution offers valuable insights for HSR operational management teams. It enables them to
make more informed decisions in line planning and timetable scheduling, aiming to align
transportation services more closely with passenger demand. This alignment is crucial for

enhancing the overall service quality across the HSR network, thereby improving passenger
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satisfaction and system efficiency. Meanwhile, implementing our model and algorithm can
assist HSR operators in identifying critical bottlenecks and demand patterns, facilitating the
development of more responsive and demand-adaptive transportation services. For example, it
can guide the allocation of additional train services during identified peak periods or the
adjustment of train capacities to better meet passenger demand without significantly
overhauling existing schedules.

This study can be further extended along several avenues. Firstly, this study assumes that
the ticket price is independent of ticket booking time (this reflects the current practice in China),
and future research can extend to variable ticket prices during the pre-sale period (booking time
horizon). Secondly, based on the arcs/links capacity constraints, we formulate our current
model, and if the seat allocation becomes more popular in the future, we can build the model
based on the seat allocation scheme for the TDD estimation problem. Further, the special
situation for passengers booking tickets covering more than their desired journey due to the
unavailability of direct tickets between their intended OD pair can be considered. Thirdly, this
study considers the demand with homogeneity and deterministic choice behaviors (UE
principle), while future study can further explore the TDD of heterogeneity passenger demand
with Stochastic user equilibrium (SUE) principle, and this problem for multi-class seats (Xu et
al., 2018b) can also be considered. Fourth, uncertainty factors, including equipment failures and
extreme weather conditions, which can cause train delays and subsequently influence passenger
choices, can be incorporated into the TDD estimation problem by utilizing the reliability-based
assignment approach (Xu et al., 2018a; Xu et al., 2023b).
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Appendix A. Estimate the TDD by considering the BRUE

In the theory of Bounded Rationality, individuals are considered to make decisions in a
boundedly rational manner, opting for satisfactory rather than optimal solutions. This is
attributed to either a lack of precise information or the complexity of scenarios that hinder the
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attainment of an optimized decision (Conlisk, 1996; Di and Liu, 2016; Ye and Yang, 2017).
Drawing upon the terminology used in Jiang et al. (2022); Liu and Zhou (2016); Lou et al.
(2010), we define BRUE as follows:

Definition 2.1: A path is considered "acceptable" if the discrepancy between its cost and that
of the least-cost path does not exceed a predetermined threshold value.

Definition 2.2 (BRUE): A path flow distribution achieves BRUE status when it aligns with
travel demands, ensuring that each user selects an acceptable path.

We define &, as the threshold value of passengers for the OD pair (r,s) € RS. In BRUE,
for any feasible space-time path p(t), if its flow f,) > 0, then we can get the following Eq.
(43).

Cpe) + Z P S Tls + &, t=12,-T;p € Bg; (r,s) ERS (43)
a€cA

The left of Eq. (43) means the actual cost of path p(t), and right of Eq. (43) means minimal

cost between OD pair (7, s) for demand gq,.¢(t) plus the threshold value &,.
Then, the Eq. (20) of UE conditions can be rewritten as Eq. (44) with BRUE conditions.

foty 20

Cp(t) + Z Ty - 53(1.) — 7T£S > 0
! ach , t=12-T;p € Py (r,s) € RS (44)
fow <€rs = %p® Z Ta " Sy + "55) =0
acA
\&ps =0

In the above Eq. (44), when €., = 0, the BRUE (Eq. (44)) is equivalent with UE (Eq. (20));
and when &, > 0, if fp(t) > 0, then we can obtain Eq. (43). And similarly with subsection 4.1,

Eq. (44) can be replaced by the following linear constrains Eqs. (45).
(U - hp(t) +9 < fp(t) <M-(1- hp(t))

U - hp(t) S &s = Cpt) — Z Ty 5;;&) + nﬁs

ach
>0
JRG , t=1.2,T;p € Py (r,s) €ERS (45)
ey + Z T " Oy — s 2 0
aeA
£rs = 0

pe) € {0,1}
Thus, our estimation problem for TDD by considering the BRUE can be formulated as the
following model M4.

M4.:

2
minZ; =, Y iﬁﬁs fo Y)Y (ifp@ —fp) (24)

(r,s)ERS t=1 (r,S)ERS pEPrg \t=1
subject to
Egs. (7)-(8), (10), (13)-(14), (22), (45)
Constraints in Egs. (27)-(34), t = 1,2,...,T; (r,s) €RS
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As the only difference between model M4 and M3 is the use of Egs. (45) instead of Egs. (43),
and E£qs.(45) are also the linear constraints, we still can use the algorithm proposed in
Subsection 4.4 to calculate the model M4.

Appendix B. Proof of proposition 2

From Egs. (38) - (41) we know that each strategy does not move existing breakpoints when
adding the new breakpoints if the number of initial piecewise intervals is an integer multiple of
2. And we use the following Fig. B1 to provide some intuition. The existing breakpoints are
shown as green points and the additional breakpoints are shown as red ones. We know that the
region defined by the red solid curve chords and the curve of LL;(qf,) is a subset of that defined
by the green solid curve chords and the curve of £L,(gL,). Similarly, the region defined by red
dotted tangent lines, green dotted tangent lines and the cure of LL;(gls) is the subset of that
defined by the green dotted tangent lines and the cure of LL;(gl,). Furthermore, with the
strategy of adding breakpoints, Q" > Q"*1. As Q" 5 Q"1 then we have {F5(q", f", L")} <
{F5(g"*?, f1*+1, £h*1)}. Thus, proposition 2 is true. [

A
Lis(qfs)

: tn , tntl . Tl | tni? >
t,n rs + s tn+l rs + TS t,ir1+2
qu —_— rs _— rs

2 2
Fig. B1. The updated breakpoints

Appendix C. Proof of proposition 3

This proof follows a similar logic to that in Wang et al. (2015) and Xu et al. (2022) .Let Z;
be the optimal objective function value of the SL-EDTTP model M2. As the model M3 is
relaxed from model M2, then model M3 has a larger solution space than M2, and the objective
function value F3(q, f,£) of model M3 is always the lower bound of model M2, i.e.,
F3(q,f, £) < Z;. Meanwhile, from proposition 2 we know that the set of optimal objective
function values {F3(qh, fh,Lh)} is a monotonically increasing series with respect to the
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iteration number h. From our SL-ETDDP Global Convergence Algorithm, we have ZJ =
max{Z}*, F;(q", f", L")} < Z; , then we can know that {Z}'} is also a monotonically
increasing series and can obtain the following equation.

Z% S:Z% S-'-S¢Z§ <--<7;

Furthermore, with an increasing number of iterations h, Eqs. (27)-(34) will make £L(gts)
closer to approach the curve of gi;Inqts — g5, and then, the solution of model M3 will
approach the solution of model M2. If the optimal solution of model M2 is still not achieved,
then the solution (qh, J i Lh) in model M3 will be updated with the set of additional
breakpoints and its corresponding reduction region by step 4, and then the lower bounds Z
will be updated by Z = max{ﬁ'l, F3 (qh, o, Lh)}. Therefore, with the number of iterations
approaches infinity, we have lim z} = 73 and (q", f) will approach the optimal solution
q, .

Moreover, as all the constraints in model M3 are also in model M2, the optimal solution
(qh, f h, L‘h) of model M3 at iteration number h is also the feasible solution of model M2. Then
the objective function value F, (qh, fh) can be calculated by given (qh, fh), and F, (qh, fh)

are the upper bounds of model M2, i.e., F, (qh, fh) > 7. And from our algorithm in section
=h . =h-1 h h * . =h . .
4.4, we have Z, = min {Zz ,F, (q f )} > Z5, which means that {Zz} is a monotonically
decreasing series and it can be expressed as
-1 =2 —h
—h
Furthermore, with iteration number h approach infinity, we have Aim Z, = Z5. The above

means that by using the upper and lower bounds, our proposed algorithm will converge to the
global optimal solution of the model M2. [
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Appendix D. Path flow results of Case 1

Table D. Path flow results of Case 1

Case 1.a Case 1.b
ODpair ¢t p(H) & Z Ta" Spy  Cpo + Z Ta* Op(e) = Trs fr® Z Ta Opy  Cpo)+ Z Ta " 8pey = Trs fow
acA ach ach aceA
1 pi(1) 1.6 0 0 9.85 0 0 10.39
2 p1(2) 0.9 0 0 9.85 0 0 9.85
3 p1(3) 1.3 0 0 9.85 0 0 9.85
4 pl(4) 1.7 0 0 10.39 0 0 9.85
5 pt(5) 2.1 0 0 9.85 0 0 9.85
v Uy )
6 p=(6) 1.6 0 0 3.81 0 0 3.81
7 p%(7) 0.9 0 0 4.38 0 0 4.38
8 p%(8) 1.3 0 0 3.81 0 0 4.38
9 p2(9) 1.7 0 0 4.38 0 0 3.81
10 p?(10) 2.1 0 0 3.81 0 0 3.81
0.6 0 12.68
3
1 p>(1) 3 0 0 9.86 0 ’9 0
0.6 0 13.68
3
2 p>(2) 2.3 0 0 9.86 0 ’9 0
0.6 0 13.63
v, > v; 3 p3(3) 1.6 0 0 9.96 0 29 0
0.6 0 12.68
3
4 p>(4) 0.9 0 0 10.79 0 ’9 0
0.6 0 13.68
3
5 p>(5) 1.3 0 0 9.86 0 18 0
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0.6 0 13.68
3
6 p36) 1.7 0 0 9.86 0 07 0
0.6 0.4 0
3
7 p¥(7) 21 0 0 9.86 0 0 173
8 p*@8) 16 0 0 14.4 0 0 10.8
9  p*9) 09 0 0 15.26 0 0 11.73
10 p*(10) 1.3 0 0 15.26 0 0 10.72
0.6 0 10.02
5
1 p5) 3 0 0 6.15 0 e 0
0.6 0 9.96
5
2 pS(2) 23 0 0 6.65 0 e .
0.6 0 0
5
3 p5@3) 27 0 0 7.29 0 0 1128
vi>vs 4 pS(4) 26 0 0 14.62 0 0 10.99
5 p5(5) 1.9 0 0 15.27 0 0 11.28
6 pb6) 23 0 0 14.81 0 0 11.28
7 (7)) 23 0 0 4.94 0 0 4.92
8 p’(8) 27 0 0 5.32 0 0 5.32
9  p’(9) 3.1 0 0 4.63 0 0 4.63
10 p7(10) 3.5 0 0 5.32 0 0 5.32
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Appendix E. Timetable of Nanchang-Jiujiang Intercity Railway

Table E. Timetable of Nanchang-Jiujiang Intercity Railway

T;ii)n Station Name ATrirIiI\lljl I?r?rﬁl;t Capacity Tli?(i)n Station Name ATrirriI\I/:l DTeiII)I?ert Capacity
D6258 Nanchangxi - 7:00 D3274 Yongxiu 13:50 13:52 565
D6258 Yongxiu 7:22 7:24 565 D3274 Lushan 14:18 14:20

D6258 Gonggingcheng  7:36 7:38 G2712 Nanchangxi 13:41 13:44 518
D6258 Jiujiang 8:03 8:05 G2712 Lushan 14:27 14:29

G892 Nanchangxi -—-- 7:20 s18 G1480 Nanchangxi 13:33 13:50

G892 Lushan 8:03 8:05 G1480 Dean 14:21 14:28 518
G1466 Nanchangxi -—-- 7:31 G1480 Jiujiang 14:50 14:50

G1466  Gonggingcheng 8:00 8:02 518 G2296 Nanchangxi 13:49 13:56 518
G1466 Lushan 8:22 8:24 G2296 Lushan 14:39 14:41

D6378 Nanchangxi -—-- 7:42 D6264 Yongxiu 14:26 14:28 565
D6378 Dean 8:13 8:15 565 D6264 Jiujiang 15:01 15:05

D6378 Jiujiang 8:37 8:37 G3156 Nanchangxi 14:13 14:17 518
D3252 Nanchangxi - 7:52 G3156 Lushan 15:00 15:02

D3252 Yongxiu 8:12 8:14 565 G648 Nanchangxi 14:29 14:32

D3252 Lushan 8:41 8:43 G648 Yongxiu 14:52 15:05 518
D6344 Dean 8:50 8:52 G648 Dean 15:20 15:22

D6344 Jiujiang 9:13 9:13 263 G648 Lushan 15:38 15:40

D2236 Yongxiu 9:07 9:09 G1470 Nanchangxi - 14:38 518
D2236 Gonggingcheng 9:21 9:23 565 G1470 Lushan 15:22 15:24

D2236 Lushan 9:42 9:44 G896 Nanchangxi - 14:43 518
D3190 Nanchangxi - 9:02 G896 Lushan 15:27 15:29

D3190 Yongxiu 9:22 9:24 D3198 Nanchangxi ---- 15:15 565
D3190 Gongqgingcheng  9:36 9:38 565 D3198 Lushan 16:03 16:05

D3190 Dean 9:45 9:47 D3256 Nanchangxi ---- 15:20

D3190 Lushan 10:03 10:05 D3256 Gongqingcheng  15:48 15:50 565
D6266 Yongxiu 9:36 9:38 D3256 Lushan 16:09 16:11

D6266 Gonggingcheng  9:50 9:52 565 D3288 Nanchangxi 15:15 15:25

D6266 Dean 9:59 10:01 D3288 Yongxiu 15:45 15:47 565
D6266 Jiujiang 10:23 10:26 D3288 Dean 16:02 16:04

D3194 Nanchangxi - 9:31 D3288 Lushan 16:20 16:22

D3194 Gonggingcheng  9:59 10:01 565 D6352 Yongxiu 16:11 16:13

D3194 Dean 10:08 10:10 D6352 Gonggingcheng  16:25 16:33 565
D3194 Lushan 10:26 10:28 D6352 Dean 16:40 16:42

D6254 Nanchangxi -—-- 10:20 D6352 Jiujiang 17:04 17:04

D6254 Gonggingcheng  10:48 10:50 565 G2694 Nanchangxi 16:01 16:04 565
D6254 Jiujiang 11:15 11:19 G2694 Lushan 16:47 16:49

D2242 Nanchangxi 10:27 10:32 565 D2202 Nanchangxi 16:10 16:10

D2242 Lushan 11:15 11:17 D2202 Yongxiu 16:30 16:32 565
G2790 Nanchangxi 10:33 10:38 D2202 Gonggingcheng  16:44 16:46

G2790 Dean 11:09 11:11 518 D2202 Jivjiang 17:11 17:15

G2790 Lushan 11:27 11:29 G2766 Nanchangxi 16:24 16:31

G2382 Nanchangxi - 10:45 518 G2766 Yongxiu 16:51 16:59 518
G2382 Gongqgingcheng  11:15 11:17 G2766  Gonggingcheng  17:11 17:13
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G2382 Jiujiang 11:42 11:45 G2766 Jiujiang 17:41 17:41

G636 Nanchangxi 11:14 11:18 G2698 Nanchangxi 16:35 16:38
G636 Yongxiu 11:38 11:40 518 G2698 Dean 17:09 17:11 518
G636 Dean 11:56 11:58 G2698 Lushan 17:29 17:31
G636 Lushan 12:13 12:15 G2786 Nanchangxi 17:22 17:30
D376 Nanchangxi 11:23 11:32 G2786 Yongxiu 17:55 17:57 518
D376 Yongxiu 11:52 11:59 565 G2786 Lushan 18:25 18:27
D376 Dean 12:14 12:16 D6252 Nanchangxi 17:48 17:48
D376 Lushan 12:32 12:34 D6252 Yongxiu 18:09 18:11 565
G894 Nanchangxi -—-- 11:38 s18 D6252 Dean 18:26 18:28
G894 Lushan 12:22 12:24 D6252 Jiujiang 18:50 18:54
G2046 Nanchangxi 11:39 11:42 G2036 Nanchangxi 17:45 17:53
G2046 Yongxiu 12:06 12:08 s18 G2036 Yongxiu 18:17 18:19 518
G2046 Dean 12:23 12:25 G2036 Gonggingcheng  18:31 18:33
G2046 Lushan 12:40  12:42 G2036 Lushan 18:51 18:53
D3266 Nanchangxi 11:53 11:57 D6508 Nanchangxi 18:21 18:25
D3266 Gonggingcheng  12:26 12:28 565 D6508 Yongxiu 18:45 18:47 565
D3266 Lushan 12:46 12:48 D6508 Gonggingcheng  18:59 19:01
G2762 Nanchangxi 11:59  12:02 D6508 Jiujiang 19:29 19:29
G2762 Yongxiu 12:22 12:24 518 D6260 Gongqgingcheng  19:39 19:41
G2762 Jiujiang 12:57 12:57 D6260 Dean 19:47 19:49 565
D2232 Nanchangxi 12:19 12:23 s6s D6260 Jiujiang 20:12 20:14
D2232 Lushan 13:06 13:08 D3264 Nanchangxi 19:14 19:20
G2294 Nanchangxi 12:24 12:28 D3264 Gonggingcheng  19:48 19:50 565
G2294 Yongxiu 12:48 12:50 518 D3264 Lushan 20:09 20:11
G2294 Lushan 13:17 13:19 D3278 Nanchangxi 19:24 19:34
D2226 Nanchangxi 12:35 12:39 D3278 Gongqgingcheng  20:02 20:04 565
D2226 Dean 13:10  13:12 565 D3278 Lushan 20:23 20:25
D2226 Lushan 13:28 13:30 G2782 Nanchangxi 19:32 19:40 518
G279%4 Nanchangxi 12:42 12:46 G2782 Lushan 20:28 20:30
G2794 Yongxiu 13:06 13:08 518 G2796 Nanchangxi 20:11 20:15
G2794 Lushan 13:34 13:36 G2796 Yongxiu 20:35 20:37 518
D2376 Nanchangxi 13:02 13:08 G2796 Dean 20:51 20:53
D2376  Gonggingcheng  13:36 13:38 565 G2796 Lushan 21:09 21:11
D2376 Lushan 13:57 13:59 G2706 Nanchangxi 20:42 20:48
G2764 Nanchangxi 13:09 13:13 G2706  Gonggingcheng  21:16 21:18 518
G2764 Yongxiu 13:34 13:36 518 G2706 Lushan 21:36 21:38
G2764 Jiujiang 14:09 14:13 D734 Nanchangxi 20:51 20:59 565
D3274 Nanchangxi 13:25 13:29 565 D734 Jiujiang 22:02 22:05
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