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Advancing Robotic Jumping with
CVT Enhanced SEA

Jingcheng Sun and Chengxu Zhou

Abstract—Series-elastic actuation (SEA) is widely employed on
hopping robots due to its capability to diminish energy consump-
tion and peak torque requirements. However, scant attention has
been given in existing studies to the jump height achieved by
robots utilizing SEA. To maximise jump height while retaining
SEA’s benefits, a solution to improve the actuator involves
having a variable mechanical advantage (MA) gearbox between
the elastic element and the end-effector. Continuously variable
transmission (CVT) can produce such a precise MA profile with
relatively straightforward structures. Although previous studies
have incorporated CVT in robotics, with a predominant focus
on wheeled robots, the potential advantages of using CVT on
jumping robots have been overlooked. In this study, mathematical
modelling is utilized to simulate and analyse the advantages of
having a CVT-enhanced SEA (C-SEA) in terms of achieving
higher jumps and protecting structural integrity for hopping
robots. The results indicate that the C-SEA manages to reduce
the peak ground reaction force by approximately 50% compared
to the regular SEA. Moreover, C-SEA demonstrates superior
performance in most cases with higher motor rotor mass and
viscous damping coefficient when actuated by a motor with linear
behaviour.

Index Terms—Robotic jumping, Continuously variable trans-
mission, Series-elastic actuators, Legged robots

I. INTRODUCTION

Series-elastic actuation (SEA) is frequently used in robots
designed for continuous hopping [1], [2] due to its ability to
reduce energy consumption and peak torque requirements [3].
During continuous hopping, the elastic element can absorb
and store the energy from the last jump as the robot lands
and releases it into the next jump. However, previous studies
on robots that use SEA often emphasize their agility rather
than jump height. This preference stems from the common use
of parallel-elastic actuators (PEA) to achieve high jumps for
their ability to preload the spring during the flight phase [4].
Nonetheless, PEAs do not have the aforementioned benefits
of energy conservation and torque reduction, making an SEA
with enhanced jump capability the ideal actuator for hopping
robots.

To optimise jump height while retaining the advantages of
an SEA, the Salto robot provides a solution to improve the
power modulation ratio (ratio between peak power output from
a mechanism and that of its actuator) by having a linkage
system with variable mechanical advantage (MA) as its leg
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mechanism [5]. However, the design process of a linkage
system requires complex kinematic tuning to produce a desired
MA profile. In contrast, a continuously variable transmission
(CVT) can produce the same MA profile with much simpler
structures. Furthermore, while the Salto robot does manage to
improve the peak power output of the jumping mechanism, this
enhancement does not directly contribute to the jump height,
which is determined by the upward velocity of the robot body
at the moment of leaving the ground. Therefore, the exact
manner in how having varying MA increases the jump height
of SEA-actuated hoppers needs to be further researched.

Previous studies have also incorporated CVT in robotics
[6], [7], but they often focus on wheeled robots instead of
legged ones. Some studies utilise CVTs with compliance as the
method of changing MA [8], [9] but hardly any combine them
with a SEA. One study investigates a CVT-SEA combination
[10], mainly focusing on the control strategy for such actuators
instead of specific scenarios for jumping application. Hence,
the concept of CVT-enhanced SEA is novel for robotic jump-
ing and necessitates mathematical modeling and simulation
to evaluate its performance. The primary contributions of this
paper are:

1) A theoretical continuously variable transmission gearbox
that can be incorporated into series-elastic actuators for
robotic jumping.

2) Mathematical models for the hopping robot powertrain,
including the CVT gearbox and a simplified model for
an electric motor powered prismatic actuator suitable for
iterative simulation.

3) Comparative simulation studies to examine the perfor-
mances of both the C-SEA and regular SEA in various
scenarios. The advantages and limitations of the mech-
anism are analysed.

The structure of the paper is as follows. In Section. II, how
to approach the analysis of a CVT-enhanced SEA is discussed;
the structure of the hopping robot’s powertrain is defined and
the design criteria are specified. Section III introduces the
mathematical models of the powertrain, the CVT gearbox, and
the electric motor powered prismatic actuator; the constants
that are later used in the simulation are also calculated from
the design criteria. In Section. IV, two simulations are done:
simulation 1 examines the general behaviours of the mecha-
nisms when being powered by an ideal actuator; simulation 2
uses the full motor model to evaluate the effects on the height
performance by specific variables. Section. V concludes the
paper, and the planned future work is illustrated in this section.
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Fig. 1. A simplified structure of a hopping robot with C-SEA (a) and the isolated powertrains. Scenario (b) is the powertrain with a CVT and (c) is for a

conventional SEA.

II. METHODOLOGY

To simulate a CVT-enhanced SEA robotic jumping, the
advantages of having a mechanism between the elastic element
and the end-effector with variable MA need to be analysed and
understood. First of all, by aligning the MA profile and the
spring’s linear behaviour, the end-effector can produce almost
constant force output, which reduces the peak ground reaction
force. At the same time, having a high MA at the beginning
of a stroke allows the spring to be fully compressed, thus it
stores maximum energy to be released during the remainder of
the stroke [5]. The first advantage improves structural integrity
and reduces the material requirements for the leg mechanism,
and the second one enables the robot to achieve higher jumps.
This varying MA “gearbox” can be in the form of a CVT
gearbox that can produce a precise MA profile that exactly
matches the behaviour of the spring.

Generally in simulation, the structure of the device needs
to be simplified enough so it can be mathematically defined.
As shown in Fig. 1 (a), the hopper consists of a body and a
leg mechanism for locomotion, with the powertrain contained
inside the body. In a realistic scenario, the powertrain only
provides angular motion; then, it is converted into linear
motion by a rack-and-pinion mechanism. However, to avoid
any complex dynamic model, the powertrain of the jumper
is isolated and linearised. In Fig. 1 (b) and (c), the mass
M represents the robot body and mg is the mass of moving
components in a motor; the corresponding behaviours of each
section of the powertrain are denoted by the letters on the side.
In the linearised model, the motion of the robot body relative to
the ground is simply represented by that of the mass M with
respect to the surroundings. Since the primary objective of
utilising the C-SEA is to maximise jump height, there should
be a target height for the robot to reach, a fixed body mass
and a maximum stroke length for the end-effector. In this case,
the design criteria for the robot with a body mass of 100 g
is to jump to 1 m with a stroke length (2;,4,) of 0.2 m. The

parameters are averages from past light-weight jumping robots
like Salto [5], EPFL jumper [11] and MSU jumper [12]; the
numbers are adjusted to be mathematically convenient. The
variable v, is defined as the velocity of the robot body at the
lift-off (the end of a stroke where the end-effector is no longer
touching the ground) which directly determines the height
the jump can reach. In this model, only the one dimensional
vertical motion of the robot is concerned. However, balancing
mechanisms such as AeroTail [13] can be easily added to allow
locomotion due to its structural simplicity.

III. MATHEMATICAL MODELLING

Following the assumptions made in Section.II, mathematical
models for the powertrain and the CVT gearbox can be
derived. Some initial conditions that will be useful in the
simulation are also provided by the models. Additionally, a
model for a realistic electric motor is provided in this section.

A. Powertrain and CVT models

The characteristics of CVTs compared to regular gearboxes
with variable gear ratios is that a CVT can adjust gear ratio in
a smooth range instead of fixed steps. Therefore, how the gear
ratio changes is very flexible and open to imagination. For the
simplicity of modelling, the CVT gearbox has linear inputs
and outputs in the forms of displacement and force instead
of angles and torques. Still using the powertrain structure in
Fig.1 (b) and assuming the spring used has perfectly linear
behaviour, the input force (F;,) can be calculated using:

where k is the spring constant, x,, is the displacement of the
actuator and x;, is the input displacement into the gearbox.
The gear ratio (Gr(x;,)) of the CVT is set to be a linear
function of the input displacement:

GT(J),‘H) = Go —R- Tin (2)



where G and R are constants according to the properties of
the CVT gearbox. In this case, the mechanical advantage (M 4)
of the gearbox is simply the inverse of the gear ratio:
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Therefore, the output displacement (x,,:) and the output force
(Fout) from the gearbox can also be calculated:

1
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and the dynamic behaviour of the powertrain can be simulated
using Euler method in later sections.

B. Constants calculation

Using the design criteria and assumptions made in Sec-
tion.II, constants from equations (1) to (4) can be calculated
and used as known values later on in the simulations. Given the
stroke length x,,,,, target height and mass of the robot body,
the ideal spring constant k, and target v,,,4, can be calculated
using the conservation of mechanical energy:

U =U; =Us
&)

1 1
mgh = §kz(xma$)2 = im(vm(m)2

where U; is the potential energy from height, U, is that from
the compressed spring and Us is the kinetic energy of the
mass at the end of the stroke. In this model, drag and damping
are assumed to be negligible. Thus, the ideal spring constant
can be calculated as 49.05 N/m; the target v,,q, is 4.43 m/s;
and the fully compressed spring produces a force of 9.81 N
(denoted by Fp). To generate a constant output force, this
condition has to be true:

dFout
=0 6
Aty . (6)
and thus we get relations:
Fy k
-0 _ 7
G "R (7

where Fj and k are known. If we assume the total output
stroke length is the same as the input one, the remaining two
constants can be calculated: Gy = 2 and R = 10. When
the CVT consists of conical rollers, R directly reflects the
slope of the cones; when it does allow the gearbox to have
a mechanical advantage profile that produces constant output
force, it is named the “critical gear ratio constant”. For clarity
and realism, the R used in the simulation is 9.9, slightly
smaller than the critical gear ratio constant.

C. Motor model

Various previous works have used a standard model for elec-
tric motors [3], [14]. The linearised version of the equations
is illustrated below:

I
\% :L% + RI + kv
I_F—|—kmv ®)
Tk

where L is the terminal inductance, R is the winding resistance
and k is the motor’s back EMF constant with a unit of N-A~!
(newton over ampere); V, I, F are the voltage input, current
and the motor force output respectively. Compared to their
original counterpart, several modifications have been made.
Motor constant k& no longer has a unit of Nm/A since it is
linearised and describes the relation between the input voltage
and the v (unit m/s) instead of the angular velocity w (unit
s71). At the same time, the motor torque output T}, is changed
to simply force F'. From (8), the expression of the motor’s
force output as a function of its velocity can be derived:

km
k
where v is the motor velocity and k,, is a constant known as
the viscous damping coefficient. It can be calculated using:

kg
T

F=( )WV — ko )

km (10)

where vy and Iy are the no load velocity and current. Since
the input voltage is assumed to be constant, (9) can be further
simplified to:

F=Fy—knv (11

where Fy is the “stall force” of the motor (same as the
maximum spring force).

IV. SIMULATION

Two simulation studies are done in this section. Simulation
1 is to showcase the general behaviour of the C-SEA with a
single end-effector stroke intending to propel the robot body to
the target height. The output accelerations and velocities are
compared with their SEA counterparts in specific scenarios.
Simulation 2 studies the factors that can affect the v,,q.
achieved by the actuators in question and the results from
various input combinations are compared and analysed. The
simulations in this study are exclusively done in MATLAB
using the Euler method with a time step of 0.1 millisecond.

A. Simulation 1

An important characteristic of the C-SEA is producing re-
duced and almost constant output force, and this is enabled by
the gear ratio being a linear function of the input displacement.
To showcase this feature, a kinematic simulation of the CVT
gearbox is done. The governing equation of the behaviour is
based on (4) with some modifications. We assume the system
is not actuated but simply powered by a compressed spring and
only the analytic outputs of the gearbox are being examined
(masses are ignored); thus in this case, x, is a fixed value



10 2
z 5 <1
0 0
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
02 xout 6 Fout
4t
€01 z
P
0 0
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
x.(m) x.(m)

Fig. 2. The results from the kinematic simulation. The input force (Fjj,),
mechanical advantage (MA), end-effector position (zo4¢) and output force
(Fout) are plotted against the input displacement (z;y, ).
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Fig. 3. The results from the dynamic simulation. The output force (Fout),
acceleration and velocity along with the actuator velocity are plotted against
time. Since the mass remains unchanged, Fo.¢ and the acceleration have the
same shape.

of Zypqr. If we plug in the constants from Section. III-B,
the behaviour of the system in a single stroke is plotted with
respect to input displacement z;,, in Fig. 2. The output force
is kept nearly constant and only drops at the end of the stroke
with a peak value of 4.91N, half of the peak input force of
9.81N.

The next step is to simulate the full dynamic behaviour
of both the C-SEA and the regular SEA according to the
powertrain structure in Fig 1 and the mathematical model
in Section IIl. The powertrain is placed along the vertical

SUMMARY OF SIMULATION 1 RESULTS

TABLE I

Scenarios VUmaz (M/S) Time(s) Height(m) Peak force(N)
Ideal scenario 4.43 - 1.000 9.81
C-SEA actuated 3.93 0.117 0.787 4.91
SEA actuated 3.97 0.091 0.803 9.81

direction with the full effect of gravity. my is set to be 10g
and the actuator is assumed to generate constant force with no
limit on velocity. The maximum extent of x,, is constrained to
Tmae and the lift-off happens when the output displacement
reaches T.,,,4,. The results are demonstrated in Fig. 3 where the
x-axis is now time. The C-SEA experiences almost constant
output acceleration thus linear velocity and ground reaction
force throughout the stroke with a peak value around half of
its SEA counterpart. The results also show that the stroke have
two stages, the charging and the releasing, in a continuous
manner which sees end-effector starting to displace as the
spring is being compressed.

The summarised results can be found in Table I. The system
with C-SEA takes 0.117 s to reach a velocity of 3.93 m/s while
the one without CVT takes 0.091 s to achieve a velocity of
3.97 m/s. C-SEA takes longer to reach the end velocity but
Umaz and thus jump height is only slightly affected (0.787 m
for C-SEA and 0.803 m for SEA). Therefore, without the CVT,
a regular SEA would have produced 99.8% more peak ground
reaction force while reducing the time duration by 22.1%.
However, this simulation result still cannot reflect a realistic
scenario since the actuator, if being powered by an electric
motor, simply cannot generate perfectly constant force output
while having no velocity limitation. The maximum velocity
reached by the actuator, as shown in Fig. 3, is a whopping
13.87 m/s which is an unrealistically big number. To make
the simulation more realistic, the mathematical model for the
electric motor introduced in Section. III-C should be included
in the overall model.

B. Simulation 2

As discussed in Section. II, the second advantage arises
from the initial high MA at the beginning of the stroke and
a lower MA at the end, which allows for more thorough
compression of the spring, thereby storing greater energy
for achieving higher jumps. The rationale behind it is that
prolonged charging stages can lead to premature expansion of
the spring, resulting in incomplete compression when energy
is released. However, the results from Section. IV-A show
that the conventional SEA still outperforms in terms of jump
height. This largely attributes to the assumption that the
ideal actuator produces constant force with unlimited velocity,
which is unrealistic and causes the charging stage to be shorter
than if an electric motor is powering the actuator.

When considering an actuator powered by a linear electric
motor, the time required to compress the spring is influenced
by two factors: ms and k,,. The first factor is self-explanatory,
as larger masses are harder to accelerate according to Newton’s
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second law. The second factor determines how much the force
output from the motor decreases as it speeds up. If the actuator
has a linear behaviour, the charging will take longer; this
consequently causes the spring to prematurely expand. When
using the C-SEA, this premature expansion would be mitigated
by the high MA at the beginning of the stroke, thus allowing
the robot to reach a better height.

To prove the addition of the motor model in Section. III-C
does affect the performance in the manner described above,
the general behaviour of the system with the new model is
simulated. The k,, is set to be 2 so that when the stall
force is Fj, the no-load velocity of the actuator is 4.9 m/s
slightly larger than the required v,,q;; everything else remains
unchanged from the setup of the dynamic Simulation 1. The
results can be found in Fig. 4. As expected, the peak force
output from C-SEA is still way less than the input even though
the constant section is shorter compared to Simulation 1; SEA
still takes less overall time to complete the stroke. A major
difference from the previous simulation is that the peak force
output now is only slightly higher than its C-SEA counterpart
which is precisely caused by the spring in SEA not being
fully compressed during the charging stage. Consequently, the
Umae achieved by C-SEA this time is 3.81 m/s, exceeding
the 3.57 m/s of the SEA. This proves the notion mentioned
previously: when using a realistically modelled actuator with
linear behaviour, the C-SEA still manages to compress the

spring fairly well during the charging stage which is now
longer, while the conventional performs poorly.

To further study the effects of mqy and k,, on v,,q, for
both C-SEA and SEA, combinations of the variables from
wide ranges are used to produce a 3D plot of the results (in
Fig. 5). my has a range from 1 g to 100 g; the lower bound
is a number small enough to represent the lowest possible
value for the mass of the moving component in the actuator
but still easy enough to simulate, while the upper bound is
the mass of the robot body which is impossible to exceed.
At the same time, k,, ranges from 0 to 5. When k,, = 0,
F' = Fp; this represents the scenario in simulation 1 where
the actuator produces constant force. Lastly, the end-effector
fails to complete a full stroke when k,, exceeds 5, thus the
upper bound. The values for the variables are distributed in
an exponential manner throughout the ranges, and the results
are plotted in 3D. Two best-fit surfaces are generated for both
the C-SEA and the SEA using the “polyfit23” function. The
contours of the surfaces are also shown in Fig. 5. The red
dotted line divides the contours in two regions, most ms and
k., combinations to the top-right of the red line, see higher
Umaz fOr C-SEA. This indicates that for motors with both
larger mo and k,,, the C-SEA usually have a clear advantage
over the regular SEA.

V. CONCLUSION AND FUTURE WORKS

In conclusion, the C-SEA manages to generate nearly con-
stant and lower ground reaction force than the regular SEA
sacrificing the time taken to accelerate with minimal loss on
jump height. The reduced ground force is beneficial to the
structural integrity and means less material requirements for
the end-effector. At the same time, when actuated by a realistic
motor, C-SEA has a clear advantage in most cases with higher
mg and k,,, outperforming the SEA in terms of achieving high
jumps because of the C-SEA’s ability to compress the spring
more thoroughly even when the charging stage is extended.

For future work, the findings in the paper will facilitate
the development of a physical CVT gearbox that can be
integrated with an SEA for robotic jumping and a prototype
of such C-SEA enabled hopping robot will be constructed.
Next steps for this research include: choosing a CVT type,
parameter optimization for the CVT, designing and fabricating
the hopping robot as a testing platform, developing a control
strategy for such a robot and finally conducting comparative
experiments. Promising CVT options include Evan’s variable
speed counter-shaft and the ratcheting CVT; the former boasts
a simple and reliable structure, while the latter excels in
transmitting impressive torque with minimal loss [15]. Fur-
thermore, a monopedal hopping robot inevitably needs flight-
phase balance control when the leg mechanism has only
one degree of freedom. Ultimately, combining hopping with
other locomotion methods such as gliding [16] could yield a
versatile robot suitable for inspecting extreme environments
inaccessible to humans.
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