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POLYTOPE-FORM GAMES AND INDEX/DEGREE THEORIES FOR
EXTENSIVE-FORM GAMES

LUCAS PAHL

ABSTRACT. We develop index and degree theories for extensive form games allowing the identifi-
cation of equilibria that are robust to payoff perturbations directly from the extensive form. Our
approach is based on index and degree theories for games where the strategy sets are polytopes
(and not necessarily simplices) and payoff functions are multaffine. Polytope strategy sets arise
naturally from topologically identifying equivalent mixed strategies of a normal form game.

1. INTRODUCTION

The index and degree theories of equilibria offer a selection criterion for equilibria in games
which has wide applications both in the literature of dynamic as well as strategic stability (cf.
Ritzberger et al. (2022), Ritzberger (1994), Govindan et al. (2022), Govindan and Wilson (2005)
and DeMichelis et al. (2003)).

The index of equilibria is essentially an integer number assigned to each connected component of
equilibria of a finite game that measures whether an equilibrium is robust to payoff perturbations
of this game. It can be readily defined using the characterization of equilibria as fixed points of the
best-reply correspondence. The degree requires a bit more work to be properly defined. It is also
an integer number that was shown to be identical to the index, thereby also capturing robustness
of the equilibria to payoff perturbations. There are many distinct ways in which indices or degrees
can be computed. Depending on the specifics of the problem considered, some formulas used to
compute the degree might be more applicable than index-theoretic ones, or the opposite might be
true.

Index and degree theories of equilibria were formulated for normal-form games. This implies
that whenever an extensive-form game is given, it has to be represented in normal form so that
the index or degree can be computed. There are at least two computational inconveniencies that
the representation of extensive-form games in normal form implies. First the number of pure
strategies of a player (even in the reduced normal form of an extensive-form game) might be an
exponential function of the number of terminal nodes of the game tree, causing this representation
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2 LUCAS PAHL

to be computationally intractable. Second, formulas used for the computation of the degree of
equilibria in normal form involve considering small payoff perturbations of the original payoffs to
nearby regular ones, i.e., payoffs that define games with finitely many equilibria and where the
equilibria are smooth and invertible functions of the payoffs of the game. Though regular games
are generic, perturbing a given game to a generic one might involve varying the normal-form payoffs
in a space whose dimension is exponentially larger than that of the terminal payoffs of the extensive
form. This fact alone implies that the formulas for the degree in normal form are hard to compute,
which ultimately implies that checking for robustness of equilibria to payoff perturbations is also
computationally intractable.

The first of these problems can be overcome by considering an alternative representation of
extensive-form games with perfect recall, developed by von Stengel (1996), called the sequence
form. In this alternative representation, the number of strategies of each player grows linearly with
the terminal nodes of the game tree and the payoff functions are sufficiently well-behaved to allow
standard algorithms for equilibrium computation to work (cf. Koller et al. (1996)).

This paper addresses the second problem listed above. We construct index and degree theories for
extensive-form games. We label these theories “extensive-form” because, ultimately, the formulas
we provide for computation of the index or degree of equilibria in an extensive-form game do not
rely on perturbations in the whole normal-form payoff space, but only on the terminal payoffs of
the game tree.

Showing these results will require developing index and degree theories for polytope-form games,
which are games in which the strategy set of a player is a polytope and his payoff function is
multiaffine’ in the product of these polytopes.? Developing these theories is conceptually interesting
also because it shows that the degree and index of equilibiria are invariant to disposing of all
strategically redundant data of the game. More precisely, when all equivalent mixed strategies of
a player are identified topologically, the resulting space of strategies of the player might not be a
simplex anymore, but is a polytope. This identification process does not alter the degree or index of
the equilibria. This is not a simple matter: once redundant strategies of the players are identified
in the normal form of a game, the dimension of the payoff space of the players decreases. It is
not clear a priori that in the game resulting from the identification of redundant strategies, the
equilibria identified as robust by the polytope-form index/degree theory will also remain robust in
the original normal-form game: the space of perturbations of the latter is typically much larger
than the former.

By showing the equivalence between polytope- and normal-form index theories, we show that
indeed no information regarding robustness to payoff perturbation is lost by restricting to a polytope

form of the game. For example, we show how to define a polytope form of an extensive game using

L«Multiaffine” will be understood as affine in each coordinate.
2These games have been studied by Mertens (2004), and were called “strategic-form games”. In order to avoid
confusion with current terminology, we opted for the term “polytope-form games”.
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the sequence form of von Stengel (1996), which appears as one of many possible representations
of the strategies in an extensive game and the result of a particular identification of the mixed
strategy set of the players.

The representation of normal- or extensive-form games in polytope form will provide new formu-
las for computation of the degree and index of equilibria, by an application of the same reasoning
to the one outlined above for normal form. As in this paper, we are particularly interested in
the computation of degrees/indices of equilibria in extensive games, we are especially interested in
formulas that can be computed from perturbation of the terminal payoffs of the game tree directly.
Our second main result addresses this question. In Govindan and Wilson (2002), the authors pro-
vide (for an arbitrary game tree with perfect recall) an alternative construction of the strategy set
of the players which is essentially equivalent to the sequence form in von Stengel (1996). They
call these strategy sets enabling strategies. Under a perturbation of the enabling strategy sets of
the players, the authors prove a structure theorem for the graph of equilibria in enabling strategy
sets and terminal payoffs of this game tree. Without going into too many details about their argu-
ments, the structure theorem of Govindan and Wilson enables the construction of a degree theory
and gives general formulas for the computation of this degree which involve only perturbations of
the terminal payoffs of the game tree. This theory is however inherently incomplete: the structure
theorem only holds under perturbed strategy sets and therefore the degree theory it implies is
not really applicable to verifying robustness of equilibria in extensive games. We show that this
incompleteness of the theory can be overcome, and we can produce formulas for the degree of an
equilibrium that rely simply on perturbations of the terminal payoffs of the tree.

This paper is organized as follows. Section 2 gives an introduction to the degree theory of
equilibria in normal form, without referencing any machinery in algebraic topology. This allows an
intuitive introduction to the main tools and ideas that will be discussed in the context of polytope-
form games in the subsequent sections. Section 3 develops the theory of polytope-form games:
we construct index and degree theories for polytope-form games, and establish their relations
with the normal-form theories. The main result is Theorem 3.11. Section 4 recalls the sequence
form representation of the extensive-form game and shows that it is a reduction of the normal-
form representation of the extensive-form game. The main result is Theorem 4.9 and its main
implications: a degree theory of equilibria defined for extensive-form games together with formulas
for the computation of the degree that rely on perturbations of the terminal payoffs only. The
Appendix contains the formal definitions of the concepts of index and degree, stated using homology,
and additional technical material which is necessary for some of the proofs. The omitted proofs of

the main text are also located in the Appendix.

2. INDEX AND DEGREE IN NORMAL FORM: AN INTRODUCTION

The index and degree theories of equilibria are in principle quite different: the degree derives from

an analysis of the graph of the Nash correspondence, i.e., the correspondence which assigns to every
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game its equilibria, whereas the index comes from an analysis of fixed-point problems generated
from the best-reply correspondence of the players. An open problem in normal-form games was
whether degree and index were identical - solved affirmatively in DeMichelis and Germano (2000).
They showed therefore that the differences between the two concepts were just apparent. Depending
on the type of problem at hand, however, either the index or the degree might be a more suitable
tool. For example, in counting problems related to the number of equilibria in generic finite games,
the index of equilibria has been used multiple times fruitfully (cf. Giil et al. (1993) or, more recently,
Sun (2020)). For problems of computation of the degree or index of an equilibrium component, the
formulas for the degree - as the ones we will present in subsection 4.2 or subsection 3.6 - are more
tractable computationally.

In this section we recall the construction of the degree and index theories of equilibria in normal
form. As mentioned in the introduction, it could be said that the degree is conceptually more
complicated to grasp than the index, which is why our introduction to it is lenghtier than for the

index.

2.1. Preliminary Definitions and Notation. Given X a topological space and U a subset of X,
let clx (U) denote the closure of U in X. When the underlying topological space is understood, we
omit the subscript X and write cl(U), only. We denote by || -|| the usual Euclidean norm. Let ' =
{1,..., N} be the set of players, which from now on is fixed. A tuple G = (N, (Sp)nen; (Gn)nen’)
is a finite normal-form game, where S, is the set of pure strategies of player n, G, : S — R is the
payoff function of player n, where S = x,5,. The set of mixed strategies of player n is denoted
¥, and is identified with the unit simplex of R%", where the canonical vector e, (i.e., the vector
with 1 in the s, coordinate) is identified with s,, € S,,. The function G,, is extended to ¥ = x, %,

as follows (for notational convenience, we denote the extension also by Gy,):

(1) Gn(0) = Gu(o1, .y on) = Y _Gn(s) [] e
seS meN

where 0 = (o) men and oy, = (05, )s,, €S, -

The set of Nash equilibria in a finite game is described by a finite system of polynomial equalities
and inequalities with real coefficients and real variables and is therefore a semi-algebraic set. This
implies that there are finitely many connected components of solutions to the system, i.e., finitely
many connected components of equilibria. (cf. Bochnak et al. (2013)). Fixing ¥ = x,, %, the set of
payoff functions of player n over ¥ is identified with RIStI-IS¥ and the set of payoffs for all players
is P = RNUS1-ISvD) - Given a finite normal-form game G, we denote for notational convenience
the vector of payoffs (G,,)nen by G. For a fixed X, the Kohlberg-Mertens equilibrium graph (K M-
equilibrium graph) is the set E8M = {(5,G) € ¥ x P | ¢ is an Nash equilibrium of G}. Recall that
the topological space given by the one-point compactification of P is a sphere S of dimension equal

to the dimension of P.
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2.2. Index and Degree Theories in Normal form. We start with an exposition on the degree
theory of equilibria in normal form in subsection 2.2.1. Right after, we define the theory of index

of equilibria in normal form.

2.2.1. Structure Theorem, Degree Theeory and Robustness of equilibria. Let proj: EKM — P be
the map defined by (0, G) — G. An equilibrium o € ¥ of a game G obviously satisfies the following

equation:

(2) proj(o,G) = G

Asking whether ¢ is robust to small perturbations of G amounts to asking whether equation
(2) has a solution ¢’ close o, when G is perturbed to a sufficiently close G'. In other words, o is
payoff-robust® if for any € > 0, there exists § > 0 such that if |G — G'|| < &, there exist o/ an
equilibrium of G’ with ||o — ¢'|| < e.

The K M-structure theorem allows us to define a (K M)-degree theory of equilibria which is a
tool to identify which equilibria are robust to payoff perturbations. The K M-structure theorem
has two parts: in the first part, a homeomorphism #5M : EKM _ P ig explicitly constructed. In
the second part, projo(#5M)~1: P — P is shown to be (linearly) homotopic to the identity map
idp on P, by a homotopy that extends to the one-point compactification S of P. We explain how
these two parts of the theorem play a role in defining a degree theory and ultimately help us in
identifying robust equilibria.

The K M-homeomorphism is defined as follows: given (o, G) € EKM | the vector G,, € RIStl-ISn]
is orthogonally decomposed as G,, ® gn: Gy, satisfies for each s, € Sy, Dot S Gn(Snst_p) =0

and g, € R lies is the orthogonal complement to Gn. Then, for each s € S

(3) 05M (5,G) = 05M (5, G, g) = (G, 2n), Where

9= (gn)néNa Gn(o-fn) = (Gn(snao-fn))snesn, and zp, = oy, + Gn(o'fn)- Let 05M = Xne,/\/’eyll{M-
The inverse homeomorphism (#5M)~1: P — £ is then:

(4) (QKM)a;l(Gnv Zn) = (@n ® zn — 1n(2n) — Gn(r—n(2-n)), rn(zn))

where 7, : R — ¥, is the nearest-point projection and r_, = X mtnTm-

Equation (2) can then be rewritten as:

(5) proj o (0KM)~1(G, 2) = G.

3The terminology essential has also been in the literature (cf. Wen-Tsiin and Jia-He (1962)) in place of of payoff-
robust.
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Equation (2) is now rewritten in (5) as an equation of a map defined from P to itself. A solution
z = (zn)nen of the equation (5) is such that r(z) = X,7,(2,) is an equilibrium of G. Evidently,
payoff-robustness of an equilibrium ¢ of G with respect to payoff-perturbations from G can now be
rewritten in terms of robustness of solutions z to small perturbations of G. Let us assume that zg is
a solution of equation (5), that projo (#5™)~1 is smooth in an open neighborhood U of (G, zo) and
that the determinant Jacobian d(proj o (05M)~1)(G, zo) of proj o (05M)~1 at (G, z) is different
from 0. This guarantees the solution zg is isolated. The inverse function theorem implies that there
exists an open neighborhood W C U of (G, zp) and O a neighborhood of proj o (05M)~1(G, z)
such that proj o (0KM)=1 : W — O is a diffeomorphism. It is now clear that for each ¢ > 0,
there exists & > 0 such that if G’ € O, |G — G'|| < § there exists (G/,2') € W satisfying (5)
with ||(G, z) — (G, 2")|| < e. Therefore, sign(d(proj o (AKM)~1)(G, z)) # 0 implies that r(zg) is a
payoff-robust equilibrium of G.

Though (#5M )~1 is not a smooth map, it can be shown that there exists an open and dense set
Q C P such that if G € Q, then equation (5) has finitely many solutions in z (cf. Harsanyi (1973) or
Govindan and Wilson (2003)), around each of which projo (#%)~! is smooth and on each of which
projo (0KM)
w.r.t. G is defined as sign(d(projo (05M)~1)(G, z0)) € {—1,+1}. Since o = () is an equilibrium
of G, the degree of og w.r.t. G, denoted degg (o), is defined as sign(d(proj o (05M)~1)(G, z)).

The total degree of G is the sum of the degree of all solutions. Intuitively, the total degree counts

~! has invertible determinant Jacobian. In this case, the degree of a solution zo (of 5)

the number of solutions to the equation (5) for a fixed G, together with their “multiplicities”, that
is, the signs of +1 or —1 associated to the determinant Jacobian at the solution.

The definition of the degree of an equilibrium presented in the previous paragraph applies only
to games which have isolated equilibria and where the Jacobian of projo(6%™)~! around a solution
is smooth and invertible. But in general games might have a continuum of equilibria in mixed
strategies, a particularly prevalent feature in extensive-form games. Therefore, not all normal-form
games have payoffs which belong to Q. There are, however, finitely many connected components
of solutions to (5), as there are finitely many connected components of equilibria for any finite
normal-form game. The definition of the degree must then be refined to account for this situation.
For games in Q, all equilibria are isolated and therefore the degree is assigned to each of these
isolated points. When there are nondegenerate connected components of equilibria, the degree
is assigned to components of equilibria. The next proposition tells us how to do so. Denote

KM = proj o (QKM)—I‘

Proposition 2.1. Let X be an equilibrium component of a normal-form game G and let X, =
0KM (X, G). There exists d € Z, such that for any open neighborhood U of X, with c(U)N{(G, z) €
P | fEM(G,2) = G} = X., there exists & > 0 such that for each ¢ € (0,&) and G’ € Q satisfying
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IG' -G <&,

(6) > sign(d(proj o (FM)™1)(G', 2)) = d.
(6,2/)EU: KM (&2 =G/

Proof. The map proj o (#5M)~1)|; is proper over a ball B around G with sufficiently small radius.
Proposition 5.12 in Chapter IV of Dold (1972) implies that the local degree is constant for each
G’ € B. For each G’ € QN B, the degree of proj o (#5M)~1)|;; over G’ is constant in G’ € B and

equals the 3 ey prar@ ory— sign(d(proj o (OEMY=1)(G', 2")). U

Proposition 2.1 tells us that the number of solutions z of (5) for a game G’ which is sufficiently
close to G, counted with their multiplicities, is a constant d. We can therefore define the degree of
the component X w.r.t. G as the integer d, and denote it by degg(X). Similarly to what happens
in the generic case, if degg(X) # 0, then for any € > 0, there exists § > 0 such that for any game
G’ with ||G' — G|| < 6, there exists an equilibrium ¢’ of G’ with d(X,¢’) < &, where d(-,-) is the set
distance.

The second part of the K M-structure theorem constructs a linear homotopy between proj o
(9K M )~! and idp and shows this homotopy can be extended to the one-point compactification S of
P. This second part implies an additional consequence for the degree of equilibrium components:
the sum of degrees of the equilibrium components of a finite game G is +1. This allows us to say
immediately that, for games G € Q, the number of equilibrium components must be odd, since
their individual degrees are either +1 or —1, and their sum must be +1. Explaining precisely
the reason for this implication requires a deeper dive into more demanding topological machinery.
Indeed, a definition of the degree of a component of equilibria can be given directly using (singular)
homology and the properties of the degree highlighted in this subsection follow seamlessly from
this definition. In subsection 5.2 of the Appendix, we present a short introduction to normal-form

degree theory using this topological machinery, and highlight these useful properties.

2.2.2. Index of Equilibria. In fixed point theory, the index of fixed points contains information
about their robustness when the map is perturbed to a nearby map. (See Dold (1972), Ch. VII
for an account of index theory) Since Nash equilibria are obtainable as fixed points, index theory
applies directly to them. When an equilibrium is robust to perturbation of its associated map, then
it is in particular robust to payoff perturbations (cf. Ritzberger (1994)), which is why the index
has an immediate interest to game theory.

For simplicity, suppose f : U — ¥ is a differentiable map defined on a neighborhood U of X
in R2n 152 and such that the fixed points of f are the Nash equilibria of a game G. Let dy be
the displacement of f, i.e., df(0) = 0 — f(o). Then the Nash equilibria of G are the zeros of dy.
Suppose now that the Jacobian of dy at a Nash equilibrium o of G is nonsingular. Then we can
define the index of o under f as 1 depending on whether the determinant of the Jacobian of dy

is positive or negative. As it happens with the degree of equilibria, we can obtain a definition of
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the index of a component of equilibria by considering a perturbation of the displacement that is
differentiable and has finitely many zeros: the indices of the isolated zeros of any sufficiently small
perturbation of the initial displacement sum to the same constant, which can be defined as the
index of the component. As we did with the degree, the general definition of index of equilibria we
will operate with in this paper will be done using singular homology and can be found in subsection
5.3 in the Appendix.

A potential problem with the definition of index is the dependence of the definition on the
function f. For a game G there are many maps from > to 3 whose fixed points are the equilibria
of game G and one would like to know whether the index of each component of equilibria is the
same under each map. Under some regularity assumptions on f, we can show that the index is
independent of f. Specifically, consider the class of continuous maps f : P x ¥ — X with the
property that the fixed points of the restriction of f to { G } x ¥ are the equilibria of G. DeMichelis
and Germano (2000) show that the index of equilibria is independent of the particular map in this
class that is used to compute it; Govindan and Wilson (1997) show that the degree is equivalent to
the index computed using one of the maps in this class, the fixed-point map defined by Giil et al.
(1993). Thus, the index and degree of equilibria coincide—see DeMichelis and Germano (2000) for

an alternate, more direct, proof of this equivalence.

3. POLYTOPE-FORM (GAMES

In this section, we introduce the notion of polytope-form games, which are games in which the
strategy sets of the players are polytopes. Examples throughout this section motivate the use of
this notion. We introduce the notion of reduction of a polytope-form game and prove a series of
results about it, which will later be important in showing invariance properties of degree and index

theories for polytope-form games.

3.1. Polytope-form games and reductions. For each n € N, let P, be a polytope in some
finite dimensional real vector space and denote P = X,carP,. For each n € N, let V,, : P — R be
an affine function in each coordinate P,. The tuple V = (N, (Pp)nen, (Va)nen) defines a polytope-
form game, where P, is the strategy set of player n and V,, the payoff function of player n € N.
Nash equilibrium is defined in the exact same fashion as for normal-form games, i.e., p € P is
a Nash equilibrium of V if for each n € N and each t,, € P,, V,(p) > Vi(tn,p—n). We denote
by E(V) the set of equilibria of a polytope-form game V. Any normal-form game is evidently a
polytope-form game, where the strategy set of each player is the unit simplex of some Euclidean

space.

Let V = (N, (Pu)nen’, Vi)nen') be a polytope-form game and, for each n € N, let P, be a
polytope. Let ¢, : P, — P, be an affine and surjective map satisfying the following condition:

(7) vap;l € Py, Qn(pn) = Qn(p;z> = Vm € N7 Vi_p, € Py, Vm(pnat—n) = Vm(p;wt—n)-
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Note that because g, is affine and surjective, it admits a right-inverse j,, : P, — Py, i.€., ¢4 0jn =
idp, . Let j = xpjn. Given a polytope-form game V' and a map ¢ = Xpeargn, whose coordinate maps
satisfy 7, we define the g-reduction V' of V as the polytope-form game V = (N, (Pp)nen (Vi) nen),
where V;, 0 ¢(p) = Vi.(p). The map q is called a reduction map of V. The reduction map ¢ defines
a unique g-reduction of V: given p € P, there exists some p € P such that ¢(p) = p, and we can
set, for each n € N, V,,(p) = V,.(p). By equation (7), Vj, is constant in the fibers of ¢ and so V, is
uniquely defined.

Definition 3.1. Two polytope-form games V = (N, (Pp)nen’s (Vi )nen) and V = (N, (Po)nens (Vi) nen')
are equivalent if there exist two reduction maps ¢ : P — P’ and ¢ : P — P’ and a polytope-form
game V' = (N, (P!)nen, (V! )nen) such that for each player n, V! oq =V, and V! o g = V.

Put differently, Definition 3.1 states that the two polytope-form games V and V are equivalent
if they have a common reduction V' = (N, (P})nen, (Vi )nen)-

Example 3.2. For a normal-form game G = (N, (Sp)nen; (Gn)nen), the reduced normal form
G" = (N, (SH)nens (G ) nen) (cf. Kohlberg and Mertens (1986)), where for all n € N, S! C Sy, is

a reduction of G. Define the reduction map g¢;, : ¥,, — X,

7, where X7 is the mixed strategy set of

player n in G" and ¥,, the mixed strategy set of player n in G: let ¢/ (s,) = sp, if s, € S),. For
Sp & ST, there exists o] € X7 such that Vm € N, Vs_, € S_p, Gp(Sn, S—n) = Gy (0, s—y). Define
then ¢} (sn) = o),. Extend the map ¢}, to X,, by linear interpolation to obtain a reduction map. It
follows immediately that for each n € N, Gl o ¢" = G,,.

Remark 3.3. Definition 3.1 indeed gives rise to an equivalence relation between polytope-form
games: define V ~ V iff V and V have a common reduction V’. The relation ~ is an equivalence
relation among polytope-form games. Symmetry and reflexivity are immediate from the definition.
The only remaining property to check is transitivity: let V.~ V and V ~ V. We claim that V ~ V.
Let V'’ be the common reduction of V and V. Let g be the reduction map from V to V' and j the
right-inverse of the reduction map from V to V’. Let V' be the common reduction from V and V
and let ¢ be the reduction map from V to V’. Consider the map § = ¢/ o j o ¢. The map § is a

reduction map from V to V', which shows that V and V' have a common reduction, i.e., V ~ V.

3.2. The reduced polytope form. Let V = (N, (Py)nen; (Va)nen) be a polytope-form game
and {vf, ..., v} } the set of vertices of P,. Let S, = {e1, ..., ex, } be the canonical basis of R*. For
each n € N, fix hy, : S, — {v1,..., vk, } a bijection. The map h,, defines uniquely an affine and
surjective map ¢, : X, — Py, where 3, = A(S),), such that for each j € {1,..,k,}, gn(ej) = hn(e;j).
Let G = (N, (Sp)nens (Gn)nenr) be the normal-form game where payoff functions are defined by
Gn(s1y .y SN) = Va(qi(s1), ..., qn(sn)). Clearly, V is a reduction of G.

Remark 3.4. We observe that when defining G from V above, the only arbitrary choice made

is the map h,,, as there are multiple ways of mapping the set S, to the vertices of P,. Any two
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FiGURE 1. Extensive-form game G

(10,15) (2,1)(1,2) (8,6)

normal-form games G and G’ obtained from from V by considering two distinct maps h,, and h/,,
respectively, are identical, modulo a relabeling of the pure strategies of the players. Therefore, up

to relabeling, G and G’ are the same game.

Each payoff function G,, can be uniquely extended to a multilinear function on x, R, thus we

still denote by G,, the extension. We define an equivalence relation ~ between points in R":

(8) TnyYn € RO 2 Ry = Ym € N, Vs_n € S_n, Gr(@n, 5—n) = Gon(Yn, S—n)-

Let R%"/ ~ be the set of equivalence classes given by equivalence relation ~. We endow this
set with the quotient topology given by this equivalence relation. Since for each m € N, G,, is
multilinear, the quotient space R» / &~ can be given a real vector space structure from operations
in RS for addition, if [x,], [yn] € RS/ =, define [z,,] © [yn] := [#n + yn]; for scalar multiplication,
let & € R and define afz,] := [ax,]. Because RS is finite dimensional, so is R%"/ ~. Therefore,
RS" / ~ is a finite-dimensional vector space and we denote it by J,, = RS/ ~.

Consider now the partition mapping 7", : RS — .J,, from ~ given by x,, — [2,] and its restriction
to ¥, denoted 7 |x,. By construction, m |y, is an affine and surjective map which implies that
0

reduction map. For notational convenience we will denote n"|sr by n”. The polytope-form game

(3,,) is a polytope. The map 7" |sr is called the mazimal reduction map of V' and is obviously a

V" = (N, (P))nen, (V7 )nenr) associated to this map is a reduction of G, which is uniquely defined
from V' (modulo the the labeling map h,, defined in the previous paragraph). We call V" the reduced
polytope form of V.

Example 3.5. In Figure 1 we depict an extensive-form game GG and show that the strategy polytope

of player 2 obtained from the identification of his equivalent mixed strategies is not a simplex.

We can identify the pure strategies LL; with LR; of player 1, since they are equivalent, which
gives us the reduced normal form of Table 2. In the reduced normal form, the strategy sets of the

players are still simplices. Now, notice that the equal mixture of pure strategies £1r and ri¢ of
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FIGURE 2. Identification

¢r
nl
—_
I’1I'
o

player 2 is equivalent to the equal mixture of £1£ and r1r. When identified, these mixed strategies
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give rise to a parallelogram, as illustrated in Figure 2.

Proposition 3.6. Let V = (N, (Po)nens Va)nen) and V = (N, (Po)nen, Vi )nen) be two equiv-
alent polytope-form games, and let V" = (N, (P?)nens, (V' )nen') and V' = (N, (P ) nenss (V. ) nen)
be reduced polytope-form games of V and V respectively. Then, for each n € N, P! is affinely

isomorphic to Pr.

Proof. Let 7" be the maximal reduction map from V and 7" the maximal reduction map from V.
Let h : ¥ — P be the reduction map from the normal-form game G to V and, analogously, let
h : ¥ — P be the reduction map from the normal-form game G to V, as defined in the begining of
this subsection. Let V be the common reduction of V' (with reduction map ¢) and V' (with reduction
map G). Note that from equations (7) and (8), for each n € N/, 7] is constant in the fibers of ¢, o hy,.
So we can define 7" : P, — P’ by 7" (p) = n" (o), for all o € ¥ with (go h)(¢) = p. The map 7" (-)
is the unique map that satisfies #], = 7}, o (gn 0 hy,), and is obviously affine and surjective. Similarly,
for each n € N, there exists a unique map 77, : P, — P! that satisfies 7 = 7" o (g o hy), which

implies 7" is affine and surjective. We claim that for each p,p’ € P, the following holds:

~/

(9) m'(p) =7 (0) = 7 () =7"(P)
We assume the claim for now just to conclude the proof, and provide a proof of the claim right

after. From this claim, we have that for each n € N, there exists a unique (affine and surjective) map

gr : P — Pr such that the following equation is satisfied: 77 = g~ o 7". Similarly, there exists an
TABLE 1. Normal-form G game of G

2
616 fl’f’ 7‘15 ™r
LL, | 7,11 |7,11| 0,3 |0,3
1 LRy | 7,11 | 7,11} 0,3 |0,3
RLy | 10,15| 1,2 | 10,15 | 1,2
RRy| 2,1 |86 ] 2,1 [8,6
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TABLE 2. Reduced normal form of G

11
Elf flT‘ 7‘1[ ™r
LRy [ 7,11 [7,11] 0,3 [0,3
I RLy[10,15] 1,2 | 10,15 | 1,2
RRy | 2,1 |86 | 2,1 |86

affine and surjective map g, : P/ — P! such that 7 = g"o7". Note that g" o(g/o7") = gl o7" = 7I.
Therefore, g, og; = id pr- By the same reasoning, g,, o g;, = idpr. Therefore, P and P’ are affinely
isomorphic.

We now prove the claim. Let  and ' be elements of P and fix o and ¢’ in ¥ such that (goh)(o) =
p and (qo h)(o’) = p'. Note that 77 (p) = 7" (p') if and only if 7" ((g o h)(c)) = 7" ((q o h)(¢")) if
and only if 7"(0) = 7"(¢’) if and only if for each n,m € N, s_,, € S_p, G (0, 5—n) = G (00, 5-n)
if and only if for each n,m € N,s_n € S_pn,Vin((gn © hn)(00), (qn © hp)(5-n)) = Vin((gn ©
hn) ("), (@—n © h_y)(s5_y)) if and only if for each n,m € N,t_p € Py, Via(Pn,t—n) = Vi (7t 1)
if and only if 77(p) = 7" (p), which concludes the proof. O

Proposition 3.6 tells us that equivalent polytope-form games have “isomorphic” reduced poly-
tope forms, in the sense that the polytope-form strategy sets of the players are affinely isomorphic.
Therefore, reduced polytope forms of two equivalent polytope-form games are unique (up to iso-

morphism).

3.3. Polytope-form Degree Theory. In order to define a degree theory for polytope-form games,
we follow the same path adopted for normal form: we first establish a structure theorem for
polytope-form games. We start with some preliminary definitions. For each n € N, fix P, C R%
a polytope and let P = x,P,. Let (A,) be the affine space generated by the unit simplex A, in
R . The polytope P, is called standard if:

(1) Pn C (An);

(2) P, has dimension d,, — 1.

Given V = (N, (Py)nen (Vi)nen') a polytope-form game with dim(P,) = d,, — 1, there exists an
affine an bijective mapping e,, : P, = P C R | where P? is a standard polytope. Let e = Xxpe,
and V2 = V,, 0 e7!|ps, where P® = x,,P3. The polytope-form game V* = (N, (P5)nen, (V.5 ) nen')
is called a standard polytope form of V. A standard polytope form of a game V' is unique up to the
isomorphism e which is used to “standardize” V. Because each V,; is defined over P*, each V;} is
uniquely defined over x,(A,) C x,R%. This implies it has an unique extension to a multilinear
functional over x,R% . Then V¥ can be represented as vector (V,(z, ..., TN))yerdii=1, N € RP,
where D = d;...dy and z; € R% denotes a canonical vector of R%. Let £ = {(V*,0) € RPN x P* |
o is an equilibrium V*} be the graph of equilibria for standard polytope-form games over P®. Let
projgon : £ — RPN be defined by projgon (V*,0) = V. We will denote by V*"(c_,,) the vector
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(Vi (zn, Ufn))xne]gdn , where

Vns (.len, U—n) = Z Vrf (xm x—n)Hm#namxma

Tm ERIM :m=#£n,

where 01, = (Oma ) g, cram € RO

Let o7 be the uniform distribution over the vertices of the polytope P2 and V* € RPN, Defining
Gnz, = Vi (Tn,0%,), we have that V(x1,....,zn) = V5(21, ., ZN) + Gna,,, Where Vi(z1,...,zy) =
V(21,0 TN) — Gnan- Letting gn = (gna, )e, erdn» the decomposition of V¥ in V¥ + g, is unique
and we denote it by V. @ g,. Let o € P* be an equilibrium of the polytope-form game V. Define
05 : &5 - RPN by 05, (V5,9,0) = Vi (@n,0-n) + gno, + Ona,,. Lemma 3.7 is the structure theorem
for the graph of equilibria for standard polytope-form games over P?. Its proof is entirely similar
to the proof of the K M-structure theorem in Kohlberg and Mertens (1986). We include it in the

subsection 5.1 in the Appendix for completeness.

Lemma 3.7. The map 6° : €5 — RPN is a homeomorphism. Moreover, there is a homotopy be-
tween projpon o (0°)~1 and the identity function on RPN and this homotopy extends to a homotopy
on the one-point compactification of RPN .

From Lemma 3.7 we can then obtain a structure theorem for the equilibrium graph over products
of polytopes P = x,, P, which are possibly not standard. The space A(P) of multiaffine functions
over P is an D-dimensional linear space, where the linear space structure is given by pointwise
addition and scalar multiplication. Let £ = {(V,p) € x,A(P) x P | p is an equilibrium of V'}.
The linear space x,A(P) is a DN-dimensional Euclidean space and we denote its one-point com-
pactification by x,A(P). Recall that the one-point compactification x,A(P) is homeomorphic to
the sphere SPV. Let projy : £ PF — x,, A(P) be the natural projection over the payoff coordinate.

For the next proposition fix, for each n € N, e, : P, — P¢ an affine isomorphism between
a polytope P, and a standard polytope P:. Let e = xpe,. Let & : A(P) — RP be defined as
e(Vy,) = V.5, where V.5 = V,, 0 e !|ps. It is easy to check that € is a linear isomorphism. Therefore,

for V€ RPN the mapping T = x,é : x, A(P) — RPY is also a linear isomorphism.

Proposition 3.8. There exists a homeomorphism 07 : EPF — x, A(P). Moreover, there exists
a homotopy between projy o (#7F)~1 and the identity function on x,A(P) which extends to a

homotopy on the one-point compactification of x,A(P).*

Proof. Define the following mapping " : £ — £ by P’ (V,p) = (T(V),e(p)). The map e'¥
is a homeomorphism. This implies that there exists a homeomorphism between £ and x, A(P)
given by 0FF = T=1o g% o0 elt 1 €PF — x, A(P). Let now H : [0,1] x x,A(P) — x,A(P) be

4Predtetchinski (2009) has investigated structure theorems for more general Nash-graphs than the ones explored
in this paper, where the strategy sets of the players are compact convex sets and the the payoff functions are not
necessarily multiaffine in the product of these sets.



14 LUCAS PAHL

defined by H(t,V) = T~' o H(t,T(V)), where H is the homotopy from Lemma 3.7. Since T is
a proper mapping, it follows that the homotopy H also extends to a homotopy in the one-point
compactification of x, A(P) continuously. Notice now that proj; o (ef¥)~* = T~1 o projgyp and
from the definition of 6FF we have that (§7F)~! = (eP¥)~1 o (#*)~! o T. Combining these two
facts, it implies projy o (67F)~1 = projy, o ((eFF)"1 o (6%)~1oT) = T~ oprojgnp o (#*) "t o T. This
in turn implies that H(0,-) = projy o (#7F)~! and H(1,-) = idy, a(p)- O

Remark 3.9. The definition of the standard polytope form of a polytope-form game is not canon-
ical, because it is based on the arbitrary choice of e,, for each n € N. There are many different
affine isomorphisms between P,, and P} that could be used for this purpose. The choice of one of

6PF and therefore generates a structure theorem which depends

them defines a homeomorphism
on those isomorphisms. As explained in section 2, a structure theorem defines a degree theory for
polytope-form games. Because this structure theorem depends on the arbitrary choice of e so does
the degree theory associated to it and therefore the immediate question is whether the degree of a
component of equilbria @ of a polytope-form game V originated from a particular homeomorphism
67F - denoted deg‘I;F (Q) - depends on the choice of the isomorphism e,, for each n. Intuitively, this
should not happen because e simply defines a new “representation” of the polytope form game V'
(a standard polytope form V*), i.e., it does not create any new strategic possibilities for the play-
ers. Proposition 3.10, which we will later present, implies that the polytope-form degree does not
depend on the arbitrary choice of e. It actually shows more: the polytope-form degree is invariant

to reductions.

3.4. Polytope-form Index Theory. Defining an index theory of equilibria in polytope-form
games is an immediate extension of the same exercise in normal-form theory. For specifics, see
subsection 5.3 in the Appendix. We recall the main points of the construction for completeness.

Let V. = (N, (Pn)nens (Va)nen) be a polytope-form game and let P = X, P,. The procedure
to define the index is exactly analogous to the procedure we introduced for the normal form (cf.
subsection 2.2.2). For simplicity, suppose f : U — P is a differentiable map defined on a an open
neighborhood U of P and such that the fixed points of f are the Nash equilibria of game V. Let
dy be the displacement of f. Then the Nash equilibria of V' are the zeros of dy. Suppose now that
the Jacobian of dy at a Nash equilibrium p of V' is nonsingular. Then we can define the index of
p under f as 1 depending on whether the determinant of the Jacobian of dy at p is positive or
negative. We can obtain a definition of the index of a component of equilibria by considering a
perturbation of its displacement that is differentiable and has finitely many zeros: the indices of
the isolated zeros of any sufficiently small perturbation of the initial displacement sum to the same
constant, which can be defined as the index of the component.

Similarly to what we presented in subsection 2.2.2 for normal form, we could consider Nash-
maps for polytope-form games. Fixing the cartesian product of polytopes P = x,, P, and the space
A(P), f: A(P) x P — P is a Nash-map if it is continuous and the fixed points of f(V,-) are the
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equilibria of V. As in the normal-form case, one potential problem with the definition of index is
the dependence of the computation on the function f. We show that the index is independent of
f- A proof of the result for polytope-form games can be found in subsection 5.3 in the Appendix
(Proposition 5.8). In this Appendix, we also present a contruction of index theory for polytope-form
games using general topological tools. This is done not only for completeness of exposition but
because some of the details in the proofs in the polytope-form environment change when compared
to normal form, and this requires verification. Similarly, the formal definition of index will be
important in the proofs of Proposition 3.10 and Theorem 3.11. Notationwise, if ) is a component
of equilibria of V' we denote the index of @ w.r.t. V by indy (Q).

A Nash map which is particularly important for the remainder of the paper is the Giil, Pearce
and Stachetti map (GPS map, for short. Cf. Giil et al. (1993)). This Nash map can be defined as
follows. Let V* = (N, (P3)nen, (V,¥)nen) be a standard polytope-form game. Let wi, : P* — Rén
be given by wit. (o) = 0, + V" (0_,) € R%. For eachn € N, let 1, : R% — P be the closest-point
retraction, r = X, 7, and wys = x,,Wirs. Let ®ys = rowys : PP — ijdﬂ‘ — P?%. We claim that
o is an equilibrium of V* if and only if it is a fixed point of ®ys. The variational inequality 10

characterizes the nearest-point retractions r,(z,) of z, € Rén.

(10) (T, — Tn(2n), 2n — Tn(2n)) < 0,Y7, € Py

If o0 € P* is a fixed point of ®y s, then o satisfies Vn € N, (0], — on, 00 + V" (0_p) — 0p) <

0,Vo!, € P35, which implies (o], — oy, VS"(0_,)) < 0. Note that oy, - VS™(0o_,) is precisely the
payoff to player n. Therefore, (0, — 05, V3" (0y)) < 0,V0;, € P; shows that oy, is indeed a best
reply and that o is an equilibrium. Conversely, (o], — oy, V5" (0_,)) < 0,Vo!, € P implies that oy,
is the nearest-point retraction of o, + V" (o_,,) for each player n. Therefore, o is a fixed point of
®ys. The map ® : RVP x P$ — P, given by o — ®ys(0), is trivially continuous. This shows that
® is indeed a Nash map.

We will also make use of another map associated to ®ys. Let Wys = wys or. This is the
commuted GPS map of V*. The commutativity property of the index (see Dold (1972), Chapter
VII, Theorem 5.14) gives us that the sets of fixed points of ®y s and of the permuted map Wy are

homeomorphic and their indices agree.

3.5. Equivalence of Index and Degree in Polytope-form Games. In this section we show
that the degree and the index of an equilibrium component are identical and invariant under
reductions.

Let V = (N, (P)nens Vi)nen) and V = (N, (Pp)nen, (Vi)nenr) be two equivalent polytope-
form games, and let the polytope-form game V' = (N, (P))nen, (V) )nenr) be a common reduction.
Let ¢ : P — P’ and qV : P — P’ be the two reduction maps of V and V, respectively. Suppose @Q
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is a component of equilibria of V and @ is a component of equilibria of V', with Q' = ¢"(Q) = qV(Q)

an equilibrium component of V.

Proposition 3.10. The following statements hold:

(1) degyl (Q) = degiy" (Q) = degy;" (Q);

(2) indy/(Q') = indy (Q) = indy (Q);
(3) deghF(Q') = indy:(Q').

Here are the main ideas of the proof of Proposition 3.10. The proof is divided in a few steps,
which together prove the three items of the proposition at once. To start, we prove that deg{jF Q) =
deggg/)(e(Q)), which shows that the degree is invariant to (any) standartization. The proof itself
is a technical exercise using the formal definition of the degree in terms of homology. It is expected

that such a result would hold because ef'*’

(c/'PF

(cf. proof of Proposition 3.8) should be understood as
just a reparametrization of the graph and therefore should not affect the degree. In normal
form, invariance to standartization is immediate (since the unit simplex is by definition a standard
polytope), so the result has a point only in polytope form. The second step of the proof is to show
that deggg,)(e(Q)) = indp(yy(e(Q)). This step follows essentially the same strategy used in normal-
form games to prove the identity between the K M-degree and the index of a component assigned
by the GPS map, and links the index assigned by this map to e(Q) to the degree deg?{g/) (e(Q)).
Using the commuted GPS map and the commutativity property of the index, one then establishes
that degl™(Q) = indz(yy(e(Q)). We then use Proposition 5.8, to ascertain that the index of e(Q)
with respect to T'(V') is invariant under any Nash map. With these arguments, we establish (3).
Finally, once the link between the degree and the index is established, we prove that the index of
@ with respect to V' is invariant under reductions: this immediately establishes (2), and given that
we proved (3), we finally have (1).

Theorem 3.11 below establishes that the KM and PF' index and degree theories are identical
and therefore capture the same robustness to perturbations of payoffs. Moreover, it establishes that
robustness ultimately depends on the reduced polytope form. Let G = (N, (Spn)nens (Gn)nenr) be
a normal-form game. Let V = (N, (Pyn)nen, (Va)nen') be the reduced polytope form of G and

7% : ¥ — P the maximal reduction map of G.

Theorem 3.11. Let Q C P be a component of equilibria of V. Then X = (7%)71(Q) is a

component of equilibria of G and
indy (Q) = degy™(Q) = degf (X) = indg(X)

Proof. The first equality follows from (3) in Proposition 3.10 and the last equality is known. We
show that indg(X) equals indy (Q). This equality is a consequence of the fact that 7€ : ¥ — P is
a reduction map and therefore (2) of Proposition 3.10 applies. O
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The proof of Theorem 3.11 is an immediate application of Proposition 3.10. On a practical
level, the Theorem tells us that if one wants to check for robustness of an equilibrium component
of a normal-form game, it is sufficient to check that the index of the component is non-zero in
its associated maximal reduction. In other words, the identifiation of duplicate pure and mixed
strategies from the normal-form does not alter the index of a component of equilibria, eventhough
the dimensions of the payoff space decrease in this process and therefore make ‘robustness to payoff

perturbations’ a seemingly less stringent requirement.

3.6. Formulas for Computation of the Degree. Let V = (N, (P,)nens (Vi )nen) be a polytope-
form game and let @ be a component of equilibria of V. For each n € N, let e, : P, — P? be
an affine bijection of P, with a standard polytope P/, defining a standartization V,7 of V,,. From
Proposition 3.10 we have degl”(Q) = deghl'(Q%), where Q° = (x,e,)(Q). Thus the problem of
computing the degree of the equilibrium component @) of the arbitrary polytope-form game V' can
be reduced to the problem of computing the degree of Q° w.r.t. V?.

The payoff functions V,? for each player n € N are now multilinear and can be identified with a
vector in RNP where D = d;...dy, and dim(P,) = dim(P$) = d,, — 1. We reduce now the problem
of computation of the degree of () even further.

Let V* @ g be the standard polytope-form game whose payoff functions are given by V,¥(o,,0_,)+
On - Gn, gn € R™ o € P* and Eys = {(g9,0) € x,R% x P* | ¢ is an equilibrium of V@ g}. Be-
cause V? is standard, the payoffs V,?(0,,,0_,,) can be written as o, - V" (0_,), where V*"(0_,) =
Vo, Va(on,0-n). Now notice that there is a structure theorem for Eys that is exactly analo-
gous to the one obtained in Lemma 3.7: let s : Eys — x,R% be defined by (0y:),(g,0) =
on + V(0 ) + gn € R, Tt follows that ys is continuous and it can be verified that it has a
continuous inverse: (Oys)~1(z) = (h(2),7(2)), where h,(2) = z,— 0, —V*"(0_y) and o, = T (2m),
Vm € N, where 7, is the closest-point retraction to the standard polytope P5,. Also, proj g0 0‘;}
is homotopic to the identity function in x,R% where proj g €vs = xn,R% is the projection over
the first coordinate.

The degree of ) can be computed from the function proj, o 9‘_/} as follows: let Oys(0,Q) = K.
If U is an open neighborhood of K such that its closure cl(U) contains no other z with h(z) =0
besides those in K, then degy:(Q) equals the local degree of proj, o 9‘;§|U over 0. The problem
of computing the degree of @) is therefore reduced to computing the degree over 0 of the map
proj, o 9‘7§|U. We will show now how to calculate the local degree of proj, o 0;§|U over 0 by
approximating the game V with “generic” games.

We first define precisely what genericity means in this context. Let V(P?) be the vertex set of
the standard polytope P?S and let T,, C V,,(PZ) be the subset of vertices that generates a face [T,]
of the polytope Py. The restriction of proj, o 0;& to the set of z € x,R% such that for each n,
Tn(2n) is in the relative interior of the face [T,] is a polynomial map of degree N — 1. Let g be

generic if g is a regular value of each polynomial map obtained through this restriction. The set of
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regular values is then open and dense in x,,R%, by Sard’s Theorem (cf. Bochnak et al. (2013)). We
say that a standard game V*® = VS g is generic if g is generic. As a consequence of the inverse
function theorem and our definition of genericity, it follows that a generic standard polytope-form
game has finitely many equilibria.

For a generic standard game V*, let ¢ be an equilibrium of this game and let 8y (0, ) = z. Then
the local degree of proj, o 0y+|v over 0 is given by sign(det[D(proj, o 0,,+)(2)]). The computation
of the degree of ¢ can therefore be done explicitly through the computation of the determinant of
the Jacobian matrix D(proj, o 0;&)(2) and then checking its sign. This Jacobian is a square matrix
of dimension di + ... + d,,.

Fix now a nongeneric and standard polytope-form game V*. Assume () is a nondegenerate
component of equilibria of V* and U an open neighborhood of K = 6y(0,Q), defined as before.
From Proposition 5.12, Chapter IV, in Dold (1972), it follows the the degy s(Q) is locally constant
in V*. This implies that for a generic perturbation g € x,R% sufficiently close to 0, the game

V* @D g has finitely many equilibria and the local degree of proj g © 9‘7§|U over g equals the local
degree of proj, o 0‘7}|U over 0. The additivity property of the degree (see Dold (1972), Proposition

5.8, Chapter IV) now implies that the local degree of proj g© 9(/51|U over g is the summation:

Z sign(det[D(proj, o 0,9 (2)]).-
zeU:zeh=1(g)

This shows therefore that:

degys(Q) = Z sign(det[D(proj, o 0,.9)(2)]).
zeU:zeh=1(g)

The formula above shows how the computation of the degree of a nondegenerate component
of equilibria depends on the dimension of the strategy polytopes: the dimension of the Jacobian
matrix [D(proj, o 0;})(2)] at z is dy + ... + d,. Typically the number of pure strategies of a player
in the normal-form representation of an extensive-form game grows exponentially with the size of
the tree. If the formula above is used for computation of the degree in the normal form of an
extensive-form game, the dimension of the Jacobian matrix is therefore typically exponential in the
number of terminal nodes of the tree.

When we perform reductions of the strategy sets, the dimension of the polytope strategy set
of each player decreases. Maximal reductions, therefore, imply a formula for the computation
of the degree where the sum ) . d; is the smallest. But if an extensive game is given and one
is interested in applying the formula described above to compute the index of an equilibrium
component in the reduced polytope form, one must compute the reduced polytope form of the
normal-form representation of the extensive game, which involves computing the normal form of
the extensive game and then performing the (maximal) reduction. Again, this might be intractable,

since it requires the computation of the normal form. In section 4 we provide an alternative, more
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straightforward formula for the degree computation from extensive form data that circumvents this

problem.

4. POLYTOPE FORM OF EXTENSIVE-FORM GAMES

In this section we present formulas for computing the degree of equilibria from extensive form
data. We introduce the enabling form of an extensive-form game, which is a polytope-form game
derived from the sequence form (a concept defined in von Stengel (1996)). We show that the en-
abling form is a reduction of the normal formal of the extensive form that is particularly convenient
to compute from the extensive form. The formulas for computation of the degree established in
subsection 3.6 then apply immediately to equilibrium components in the enabling form. In sub-
section 4.2 we show an alternative formula for computation that can also be applied more directly
from the extensive form.

We start with some preliminary definitions for extensive-form games. We fix from now on
' = (T,<,U,N, P,) a game-tree with perfect recall. The set T is the set of nodes and < is the
irreflexive binary relation of precedence in the tree (T, <); that is, the relation < is acyclic and
totally orders the predecessors {t/]t/ < t} of t. The subset of terminal nodes — those with no
successors — is Z C T, U is a partition of T'\ Z into information sets of players and Nature. The
set U, C U is the collection of information sets for player n € N and A, (u) is n’s set of actions
available at his information set u € U,. Let A, = UpenAn(u) be the entire set of n’s actions.
Write u < z if t < z € Z, for some node t € u, and write (u,i) < z if there exists t < t <z for
some node t that follows ¢ € u and action i € A, (u). Perfect recall implies that each (U,, <) is a
tree. Player n set of pure strategies is S, = {s : U, — A,|s(u) € A, (u)}. Kuhn (1950) shows that
in a game tree with perfect recall each player n can implement a mixture of pure strategies by a
payoff-equivalent behavior strategy b, = (b, (u))yev, in which each b,(u) € A(A,(u)) is a mixture
of actions in A, (u); i.e., b, (i|u) is the conditional probability at u that n chooses i.

The space of payoffs of T' will be denoted ¢ = RNl An element G € G defines a payoff
Gn(z) to player n at final node z. The space of outcomes is Q@ = A(Z), where an outcome
F € Q assigns probability F(z) to z. The probability Fi(z) > 0 is the probability that Nature’s
actions do not exclude the final node z. The probability Fi(z) > 0 is formally defined as follows:
consider Nature as a player that plays a fixed behavior strategy. Then fix any mixed strategy
0. € A(S,) that is equivalent to this behavior strategy, where S, are Nature’s “pure strategies” .
Let Si(z) = {s € Si|(u,i) < z = s(u) =i}. Then Fi(2) = 3 cg, () T+(x).

4.1. Sequence- and Enabling-form strategy sets. The sequence form of an extensive game is
an alternative representation of an extensive game introduced by von Stengel (1996) in order to
compute equilibria of extensive games more efficiently. A thorough discussion of the advantages
of the sequence form for this purpose can be found also Koller et al. (1996). Our purpose in this

paper is to use this new representation of the game in order to compute degrees or indices of
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equilibria, thus obtaining methods to identify equilibria which are robust to payoff perturbations.
More specifically, we aim at obtaining formulas for computation of degrees of equilibria that can be
derived from the extensive-form data directly, without computing the normal-form representation.

For completeness, we recall the main definitions.

Definition 4.1 (Definition 3.1 in von Stengel (1996)). For each player n, a sequence of choices of
player n defined by a node t of the game tree I' is the set of actions of player n on the path from

the root to t. The set of sequences is denoted &,,.

Every node in an information set u of player n defines the same sequence of actions for that
player from the root to that information set (due to perfect recall). This sequence is denoted s,
and is called the sequence leading to u. An action a, € A, (u) and the sequence s, define another
sequence §, U {a,}. This extended sequence is denoted s,a,. Therefore, a nonempty sequence of

player n is defined by its last action a,, and the set of sequences can be represented as

S, ={0} U {syan |u € Uy, a, € Ap(u)}
Consider now the space R®». Each coordinate of a vector 7™ € R® is viewed as indexed by an
element &,,. The realization plans 7™ of player n are the set of solutions ™ € R®" to the following

system of linear equations:

(11) ryg =1

(12) — g + Z e q, =0, for u € U,.
an€An(u)

(13) re. >0, for 5, € &,.

It can be easily checked that the set of solutions satisfying the system above forms a polytope
of R®». We denote the polytope of realization plans by ,.
A behavior strategy b, of player n defines a unique realization 7" for player n as follows (cf. 3.1

von Stengel (1996)): for each sequence s, € &,,, we have

(14) re =[] bulanlu).
an€sn
Conversely, the proof of Proposition 3.4 in von Stengel (1996) shows that each realization plan
r™ of player n defines a collection of behavior strategies as follows: for each information set v € U,
and a, € A,(u), define

n

(15) b () = _uan

n
Tﬁn
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if r0 > 0, and arbitrarily if r; = 0. Nature is usually considered as player 0, who plays a fixed
behavior strategy. Nature’s realization plan is derived as in equation (14) from its fixed behavior
strategy.

Enabling strategy sets were introduced in Govindan and Wilson (2002) in order to obtain struc-
ture theorems for game trees. The set of enabling strategies of player m can be defined by
considering the natural projection of the set of realization plans of player n over those coordi-
nates which correspond to sequences defined by terminal nodes of the game tree. Formally, let
L, = {s, € &, | s, is defined by a terminal node z} and proj; : RS» — RE» be defined by
™ — projp (") = (7 )s,eL,. Note that L, = 0 iff n is a dummy player and that each sequence
defined by a terminal node z has a unique last action ¢,(z) which identifies that sequence. There-
fore, we can view L, as the set of player n’s last actions: i, € L, C A, if there exists z € Z such

that 7 is the <-maximal element in A, (z) = {i,, € A,li;, < z}. That is, i, = £,(2) = argmaxA,(2).
Definition 4.2. The enabling strategy set of player n is proj; (9,) and is denoted C,.

Remark 4.3. Because proj; is affine and 3, is a polytope, Cy, is also a polytope. In Govindan
and Wilson (2002), enabling stratagies are defined using the mixed strategy set of each player,
instead of using behavior strategies, in an entirely analogous, but different procedure to the one

showed above.

Let L = x,L,. We can now define a polytope-form game V¢ = (N, (Cp)nen, (V,¥)nen), called
the enabling form of G, by defining payoffs as follows: for each n € N, let g, : L — R be defined
by gn(i) = Gn(z), if for each m € N, the sequence (with last action) i,, is defined by z. It is
easy to see that each z € Z defines a unique sequence i,, for each player m. If otherwise, then set

gn(i) = 0. We can now define the payoff function V,¢ as

N
(16) Ver) = gn(i) T ™ im).
€L m=0
Note that this is precisely the same way von Stengel (1996) defines the payoffs of its sequence
form. The payoff function V¢ is affine in each coordinate ™ and indeed defines a polytope-form

game. We denote C = x,,C,,.

Remark 4.4. In the Appendix, subsection 5.5, we include additional results about the payoff space
of the enabling form of an extensive game. We show there that the space of payoffs associated to
the enabling form of an extensive game is a linear subspace of the space of multiaffine functions
over C. The dimension of this linear subspace could be strictly lower than the space of multiaffine

functions over C' but has dimension N|Z|.

Proposition 4.5. Let G be the normal form of an extensive-form game G € G. The polytope-form

game V¢ is a reduction of G.
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Proof. Define for each i € Ly, Z,(i) = £;'(i) = {2|¢n(2) = i} and for each z € Z, S,(2) =
{s € Sp|(u,i) < z implies s(u) = i}. If L, = 0, then n is a dummy player. Note that for each
2,2 € Z,(i), Sn(2) = Sn(2'). Hence, we define s,,(i) = S, (2), 2 € Z,(i). For each n € N/, define the
map ¢, : X, — C, given by g, (oy) = anesn(i) on(sp) = r'. The map ¢, is affine and surjective,

so is a reduction map. Moreover, for each player n, V7 o ¢ = G,,. ]

Given an extensive game G € G, we denote by ¢¢ : ¥ — C the reduction map from mixed
to enabling strategies of this game. The next proposition compares the polytopes of the reduced

polytope form of the extensive game and the enabling form.

Proposition 4.6. Let G € G be an extensive game and G the normal form of the extensive game.
Let V" be the reduced polytope form of G and V¢ the enabling form. Then for each n € N, there

exists an affine and surjective map 7% : C,, — P! with 7° = x,, 7% such that V" o 7% = Ve,

Proof. Let 7% : ¥, — P’ be the maximal reduction map of game G to V". Let ¢¢ : ¥, — C,, be
the reduction map of ¥,, to enabling strategies C,,. Note that 775’ is constant in the fibers of g,,.

Therefore there exists an affine and surjective mapping 7% : C,, — P! such that 7% o ¢, = 75. O

An immediate consequence of Proposition 4.6 is that dim(Cy,) > dim(F}), and it is not hard to
see that the weak inequality can be strict for certain extensive games, because C,, by definition is
a quotient space from 3, that produces identifications entirely based on outcome-equivalences of
strategies that arise from the game tree only, without taking payoffs into account. The maximal
reduction map 77;(5’ , however, takes also payoffs into account, and so produces “more” identifications

than ¢,.

FIGURE 3. Game-Tree of Example 3.5

Example 4.7. We show how to define payoff functions for player 1 in the polytope-form of the
extensive-form game depicted in Figure 3, which is the same game tree as that of Example 3.5.
The payoff functions for player 2 can be defined using the same procedure. Since the identification
of mixed strategies resulting in the enabling strategy set does not rely on payoffs, but only in the

game tree, we substitute the specific terminal payoffs of Example 3.5, by arbitrary terminal payoffs.
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Let (G1(zi))i=1,..6 be a vector of payoffs of player 1 over terminal nodes defined for the game tree
in Figure 3. Then define:

(1) Vi(L,41) = G1(z1) and Vi(L,r1) = G1(22);

(2) Vi(¢,L1) = G1(z3) and Vi (¢, R1) = G1(24);

(3) Vi(r,L1) = G1(z5) and Vi(r, R1) = G1(26);
Thus,

Vi(p) = Vi(L, l)p1(L)p2(lr) + Vi(L,r1)p1(L)p2(r1) + Vi(l, L1)pi (L1)p2(1)+
Vi(l, Ri)p1(R1)p2(l) + Vi(r, L1)pi(L1)p2(r) + Vi(r, Ri)pi(R1)pa(r),

where p; € C7 and py € Cy. In this game tree, player 1 has 4 pure strategies, so his mixed strategy

space is a 3-simplex. But the enabling strategy space C is a 2-simplex. Now, player 2 also has 4
pure strategies but the enabling strategy set Cy is 2-dimensional (it is actually the “paralelogram”
of Example 3.5). The strategy space 31 X X9 in normal form has dimension 6 whereas C; x C3 has
dimension 4.

As von Stengel (1996) points out, representing the extensive game in sequence form is convenient
because it can be done directly from data of the extensive form, without computing the normal
form. For the problem of computation of the degree of an equilibrium component, however, one
still has to compute the payoffs V¢ in order to apply the formulas of subsection 3.6. We provide an
alternative way to compute the degree of a component that depends on perturbing terminal payoffs

of the game tree directly.

4.2. The GW-Structure Theorem. Govindan and Wilson (2002) present a structure theorem
for extensive games where the payoff space of the Nash-graph is the space of terminal payoffs G
of a fixed game tree I'. This structure theorem over terminal payoffs of the tree has however
a limitation: the strategy space considered in this Nash-graph is a perturbation of the enabling
strategy set to its relative interior. Govindan and Wilson show the perturbation is necessary:
without it, there are game trees for which there are no structure theorems (cf. Govindan and
Wilson (2002)). Nevertheless, this formulation of the structure theorem is the natural one for
extensive-form games, because it involves terminal payoffs of the tree. We show that this particular
structure theorem could be used to define a degree theory that allows us to compute the degree of
equilibria with unperturbed enabling strategy sets. We start with some preliminary notation.

For e > 0 and n € N, let CS denote a subset of the enabling strategy C,, which is a polytope, is
contained in the relative interior of C,, and is such that the Hausdorff-distance d(C,,, C%) < e. Since
C: is a polytope that is a subset of C),, the payoff functions V¢ are also defined over C* = x,,C%.
We refer to the equilibria of the game V¢ with polytope strategy sets C. for each player n as
e-restricted equilibria of G. Let ESW = {(G,p) € G x C¢ | p is an e-restricted equilibrium of G } be
the GW e-equilibrium graph of payoffs over terminal nodes of the tree (cf. Govindan and Wilson
(2002)). This is the graph of the “equilibria” of the extensive-form game defined by G € G, when

we restrict players to choose enabling strategies in C:.
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Remark 4.8. For each player n, let (G,,(2)).cz € G be the vector of payoffs of player n associated
to the terminal nodes of the tree. We will use a similar notation to Govindan and Wilson (2002)
and write V.¢(pn, p—n) = Pn - Un(P—n) + vn(0) where v, (p—p,) = (v (i, p—n))icL, . Formally, given a
vector of enabling strategies (pn)nen € XnCr and induced distribution F € A(Z), we have

pna n ZG

z2€Z
an Z Gn(2)F"(2) + Z G (2) = P - Vn(p—n) + vn(0),
€Ly 2€Zy (1) 2| An(2)=0

where F"(z) = I, F}(z). Hence p, - v,(p—p) corresponds to the part of the multiaffine function

V¢ that depends on the last actions of player n, whereas v,()) depends exclusively on p_,.

Let projg : SEGW — G be defined by projg(G,p) = G. For each fixed € > 0, there is a structure
theorem for the graph £ SW: first, there is a homeomorphism G)SW : SEGW — G; second, projg o
(@EW)—l : G — G is homotopic to the identity map on G, by a homotopy that extends to the
one-point compactification of G. As we showed in section 2 for normal-form games, this structure
theorem generates a degree theory which allows us to verify the robustness of connected components

of solutions (in the variable p € C¢) of the equation (17) to perturbations of the parameter G € G:

(17) projg(G,p) = G.

Note that for a fixed G, there are finitely many e-restricted equilibrium components @) of G,
because the set of e-restricted equilibria of G is semi-algebraic. Since the degree theory that
immediately follows from this GW-structure theorem (we refer to this degree theory as G W-degree
theory) requires the e-perturbation C¢ of the strategy set C, it cannot be applied to verify the
robustness of equilibrium components to perturbations of the terminal payoffs G. We therefore
extend this theory to provide a method capable of executing this verification.

We recall the definition of the GW-homeomorphism O¢W : £ W — G constructed in Govindan
and Wilson (2002). Denote by F™ the uniform distribution over terminal nodes and let E[:|-] be
the conditional expectation operator for F*. Define ©FW (G,p) = H by: for the case A, (z) # 0,
Hy(2) = Gp(z) — gn(ln(2)) + pn(bn(2)) + vn(ln(2), p—n), with gn(in) = E[Gn|Zn(in)]. In case
Ap(z) =0, define Hy(z) = Gp(z). Theorem 5.2 in Govindan and Wilson (2002) shows this map is
a homeomorphism by constructing an explicit inverse. Analogously to the KM and PF structure
theorems we defined before, we can view O as fixing a subspace of G as follows: let Gn(z) =
Gn(2) = gn(ln(2)) if £,(2) # 0 and G, (2) = Gn(2), if otherwise. Then Gy (2) = Gn(2) + gn(ln(2)),
for all z € Z and the decomposition G,, = (én, gn) is actually unique. Using this decomposition the
n-th coordinate of the homeomorphism can be rewritten as: (05™),(G,p) = (0W),.(G, g,p) =
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(Gn(2), Pn (b (2))+Vn (€n(2), p—n))2cz. Therefore, analogously to the previously presented structure
theorems, the GW-homeomorphism acts only on the pairs of bonus and strategies (g, p).

If Q C CF€ is an e-restricted equilibrium component of G, we denote the degree of this component
by degs(Q). Let E(G) denote the set of equilibria of the extensive game G in enabling strategies.

The next theorem provides a formula for computing the polytope- or normal-form degree in
terms of the GW-degree theory. It shows ultimately that if € > 0 is taken sufficiently small, than
the GW-degree theory can be used to compute the degree of the equilibria in KM (or PF') degree
theory.

For the statement of the next result, recall that ¢¢ : ¥ — C denotes the reduction map from

mixed to enabling strategies.

Theorem 4.9. Let Q C C be an equilibrium component of the extensive-form game G. Let W C C
be an open neighborhood (in C) of Q such that clc(W) N E(G) = Q and let X = (¢°)~1(Q). For
each € > 0, let W& = W N C®. There exists € > 0, such that for each ¢ € (0,&), W¢ has no

e-restricted equilibria in its boundary and the following holds:

(18) ) deg(Q) = dege ™ (X) = degy/E (Q),
=

where the sum above is over the connected components Q' C W¢ such that (G,Q’) € EEGW.

The first difficulty with the proof of Theorem 4.9 is to show that for ¢ > 0 small , deg;(Q")
is constant. Though this sum is an integer by construction, it could in principle be that as ¢ tends
to 0, this integer oscilates and no limit exists. Our proof strategy is to show that for each ¢ > 0,
the degree of an e—restricted equilibrium component @’ of G is equal to the index of an associated
Nash map on the restricted polytope C*¢. From this we again use the commutativity property of the
index (cf. subsection 3.4) to show that for a small € > 0, the sum of the indices of the equilibrium
components in W€ is equal to the index of (). This argument is done using the notion of best-
reply index, which is defined in subsection 5.3. The rest of the proof is an exercise in relating the

best-reply index to the GW-degree theory in similar fashion to the proof of Proposition 3.10.

Remark 4.10. Given an equilibrium component X in mixed strategies of the normal form of an
extensive-form game G € G, the formula of Theorem 4.9 gives us an alternative way for computing
the K M-degree of X by using the GW-degree. The GW-degree can be computed using a similar
procedure to the one we described in section 3.6, but now applied to terminal payoffs of the game
tree, instead of polytope-form payoffs. Though the procedure is similar to the one explained in
section 3.6, the details are different, so we would like to highlight these differences.

Let € > 0 and @' an e-restricted equilibrium component in enabling strategies of G € G. We
compute degs,(Q'). As already observed we can write G = (G, g) € G. This allows us to write an

associated homeomorphism to @¢"W: let

g‘fé ={(d,p) € xR x CF | pis an e-restricted equilibrium of Go J}
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and define 0% : 5%, — x,RE" as follows: let 9% = xn(Hg)n, with (Gg)n(g,p) = (pn(€n(2)) +
Vn(gn(z)yp—n))z€Z~ Note that (@gw)n(éagvp) = (éaeé(g’p))'

Let proj, : € EG — x,RE" be the projection over the “g” coordinates and let fé = projg o (9%)_1.
As before, let K = Hg(g, Q') and B be an open neighborhood of K which contains no solution z of
fé(:z:) = ¢ in its boundary. Then deg(Q’) equals the local degree of fé| B over g. The local degree
of fé| B over g is locally constant in g, i.e., for ¢’ sufficiently close to g, the local degree of fé| B over
g’ is well-defined and identical to that of g. This is an immediate consequence of the map fé being
proper (cf. Dold (1972), Proposition 5.12). For a generic choice of ¢’ the equation fé|B(x) =4

has finitely many solutions in x with the map fé| p(x) being a diffeomorphism around each of

5

the solutions.” The local degree of fé\ B over ¢ is therefore the sum of signs of the determinant

Jacobian of fg| B at each solution z. Hence, degi(Q’) equals the sum of signs of the determinant
Jacobian of fg| B at each solution z of fé] () = ¢, for generic ¢’ chosen sufficiently close to g.

Note that the map fg is a map defined from RIE1I+-+ILnl t6 itself. Hence the formula for degé (@)
involves computing the sign of the determinant of Jacobian matrices of dimension |Li| + ...+ |Ly/|,
which can then be used to compute the leftmost formula of equation 18. The rightmost formula of
18, as can be seen from subsection 3.6 applied to normal form, involves computing the sign of the
determinant of Jacobian matrices of dimension |S1|+...+|Sn|. But |S,| is in general exponentially
larger than |L,|, since the latter is at most the number of terminal nodes of the game tree. From
this perspective, the computation of the leftmost formula of 18 is more tractable than the rightmost.

Intuitively, the leftmost formula in equation 18 is a sum of GW-degrees, which is a tool to verify
robustness to payoff perturbations of terminal payoffs of the extensive game; the rightmost formula
of 18 involves K M-degrees, which is a tool to verify robustness to payoff perturbations of the
normal form. Though the GW and K M-degree theories are formulated in very different spaces,

they are, in the precise sense of 18, equivalent. This motivates the following definition.

Definition 4.11. Let Q C C be an equilibrium component of G € G. Let W C C be an open
neighborhood (in C) of @ such that clo(W) N E(G) = Q.

degg(Q) =1lim > _ degs(Q),
Q/

where the sum above is over the connected components ' C W¢ such that (G, Q') € EEG W,

The number deg,(Q) is well-defined because of Theorem 4.9. This number is also indepedent of
the specific neighborhood W of @: for any open neighborhood W’ C C of @ such that clg(W’') N

5Genericity here can be defined in analogous fashion to the procedure in section 3.6. The map f¢ is smooth, except
in a finite collection of closed, lower-dimensional subsets of X, RE™. When restricted to the complement of this union,
[& is a smooth map which, by Sard’s Theorem, has a residual set of regular values. A game G @ g is then generic if
g is a regular value of fg.
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E(G) = @, the limit above identical. We note a few important properties implied by Definition
4.11.

1 ayo obustness: e 0, then for sufficiently small perturbations of the
(P1) Payoff Rob If deg(Q) # hen f fh ly 11 p b G’ of th

terminal payoffs of G, there exists an equilibrium of G’ which is closeby to Q.

(P2) Normal form Consistency: Let ¢¢ : ¥ — C be the reduction map from mixed to
enabling strategies. Let X = (¢°)~1(Q) be the component in normal form. Then deg(Q) =
degg ™ (X).

(P3) Nash-Maps Computation: Given a Nash-map f : x,A(C) x C — C, the Nash-map
index defined by f on @ is identical to degq(Q).

P4) Independence of Approximation: deg(Q) is independent of which polytope C¢ is used
( P PP te p polytop

for the limit argument.

(P5) 41 property: The sum of deg,(Q) over @ is +1.

To see that (P1) holds, let deg;(Q) = m. For ¢ > 0 sufficiently small, Theorem 4.9 implies
that ZQ, degf(Q') = m # 0, where the sum is over the e-restricted equilibrium components @’ of
G in W¢. There exists then Q" such that degz(Q’) # 0. Propositions 5.2 now implies the result.
Property (P2) and property (P4) are immediate consequences of Theorem 4.9. To see that property
(P3) is satisfied, observe that there is an equivalence between the Nash map index in polytope and
normal forms (cf. Proposition 3.10 and Theorem 3.11), which is in turn equal to the degree in
normal form. Theorem 4.9 then gives the result. Lastly, given terminal payoffs G, for € > 0, the
GW-structure theorem assigns global degree +1 to the projection over G composed with (@fw)_l.
Since this composition is a proper map, its local degree over any G is +1 (cf. Dold (1972), Section
VIII, 4.4-5). For e > 0 sufficiently small, Theorem 4.9 gives 3_, degg;(Q') = +1, where the sum is
over all e-restricted equilibrium components Q' of G. Therefore, EQE E(G) deg(Q) = +1.

Example 4.12. We present two examples in order to illustrate Definition 4.11 and the use of its
properties. The first example we present is an example of Govindan and Wilson (2002) (see Figure

4). This example shows how there is no structure theorem for the graph
£ ={(G,p) €R® x C'| p is an equilibrium of G},
where C = Cy x Cy = A({T, B}) x A({L, R}) is the enabling strategy set and RS is the space of

terminal payoffs of the extensive-form game. We recall the reason why, for completeness: assume
that there exists a structure theorem, where H : £ — R is a homeomorphism and projg : & — RS
is the natural projection to the payoff space. The game G, = G3 has a unique equilibrium path
BL that persists in a neighborhood of G3, because B remains a strictly dominant strategy for
player 1 and L remains the unique best reply for player 2. As the local degree of projg o H —1 at
G'3 can be seen as counting the number of solutions to the equation projg(Gs,p) = G3 (with the
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FIGURE 4. G,

(3,3) (y,1)

correct sign), where p = (B, L), the local degree at Gz must be +1 or —1 . The game G has
two equilibrium paths BL and T, and again all games in a neighborhood (in R®) of G have these
same two outcomes. Therefore, the local degree of projg o H~! at G must be —2,0, or +2. This
is a contradiction with projg o H ~! being a proper map, which implies that the local degree at any

point in RY is the same. Therefore, there cannot be a structure theorem for &.

We now show how the perturbations to the interior solve this matter and show how we can
compute the degree of the equilibrium components in GGy: perturbing C; and C5 to some polytope
(¢ in the interior in the game G; and computing the e-restricted equilibria of this pertubed game,
one sees that there is no e-restricted equilibria in any neighborhood of T', as the ¢ vanishes. This
is because for a sufficiently small perturbation of the strategy sets, player 1 would prefer to play
B with the highest probability possible, and L is a dominant strategy for player 2 (given the fixed
perturbation to the interior). This implies that 7" is not an equilibrium for any sufficiently small
perturbation of Cy and Cb to the interior. By Definition 4.11, T has degree of 0 (which is the same
as its K M-degree). The same does not happen with BL. The degree of BL must then be +1 (due
to (P5)).

Consider now the Beer-and-Quiche game (see Cho and Kreps (1987)) depicted in Figure 5. Recall
that the decision nodes w and s, after Nature’s (N) move at the root belong to the Sender. The last
action set of the sender can be described as {B,, Bs, Qu,Qs} ( “w” meaning weak, “s” meaning
strong; “Q)” meaning quiche and “B” meaning beer). The enabling strategy set of the sender is
then A({Buw,Quw}) X A({Bs,Qs}). The last action set of the receiver is {Fp, NFp, Fgo, NFg}.
The enabling strategy set of the receiver is then A({Fp, NFp}) x A({Fg, NFg}). There are two
equilibrium components in enabling strategies in this game, each one associated with a distinct
outcome: the first of these equilibrium components is described as follows: the sender chooses
(Buw, Bs). The receiver chooses (NFpg,p > 1/2), where p denotes the probability of Fg. In the
second component, the sender chooses (Qu,Qs). The receiver chooses (¢ > 1/2, NFg), where ¢
denotes the probability of Fp.
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FIGURE 5. Beer-and-Quiche Game

3,1 1,0 2,0 0,1

Receiver

2,1 0,0 3,0 1,1

We show the second component of equilibria has degree 0, and the first has degree +1. The
second component is the one excluded by refinements such as the Intuitive Criterion (Cho and
Kreps (1987)) and Kohlberg-Mertens stability (Kohlberg and Mertens (1986)). In order to show
that the second component has degree 0, it suffices to show that for a particular sequence of
strategy set perturbations converging to the unperturbed enabling set, no equilibrium is closeby
to the component. Let us first set a neighborhood of the component. The strategy set of the
Sender can be written as [0,1] x [0, 1], where a typical element is denoted by (quw,¢s), ¢ beeing
the probability of playing Quiche after weak, and g5 the probability of playing Quiche after strong.
The strategy set of the Receiver can be written also as [0, 1] x [0, 1], where a typical element is
denoted by (fg, fg), fB beeing the probability of fighting after Beer, and fg the probability of
fighting after Quiche. For § > 0, let Ug = (1 — §,1] x (1 — §,1] and Ug = (1/2 — 4,1] x [0,5) and
we now choose an appropriate 6 > 0. First observe that for the weak Sender, beer is a strictly
inferior reply to any strategy in the component, as the equilibrium payoff is 3, and deviating to
beer gets him at most 2. This strictness allows us to conclude that for § > 0 sufficiently small, the
best reply of the weak Sender to any strategy in Ug sets g, = 1. Fix such a § > 0. We now choose
a perturbation for the enabling strategy set. Given ¢ > 0, consider for the Sender the perturbed
strategy set as Cg = [e,1 —¢] x [e,1 —¢] C [0,1] x [0,1]. For the Receiver, consider similarly
the perturbed strategy set as C5, = [e,1 —¢] x [e,1 —¢] C [0,1] x [0,1]. Let C¢ = C% x C% and
U = Ug x Ugr. Taking ¢ > 0 sufficiently small, any best reply of the weak type to a strategy in
CRNUR puts g, = (1—¢). This implies that the probability that the Receiver assigns to the Sender

being weak (in the e-perturbed game), in any e-restricted equilibrium located in U N C?, is at most
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0.1. Therefore, for such € > 0, it implies that in any e-restricted equilibrium in U N C*%, the best
reply of the Receiver is fg = €. Therefore, it must be that there is no equilibrium in UNC®. Hence,
for a sufficiently small perturbation, there is no equilibrium closeby to the second component. This

implies the degree of this component is zero. By (P5), the degree of the first component is +1.

5. APPENDIX

5.1. Proof of Lemma 3.7. Let 0 € x,,PJ be an equilibrium of the polytope-form game V* and
ry @ Rin — P? the nearest-point retraction. Define 2, = Vn($n,0'7n) + 9nz, + Onz,. Then

Tnz, (2n) = Onz, . Indeed, the variational inequality 19 characterizes a unique r,(zy):
(19) (T, — Tn(2n)s 2n — rn(zn)) < 0,7, € Py.

Then, if ¢ is an equilibrium, by definition it implies (7, — oy, V¥"(0_,)) < 0, for all 7,, € P3.
Rewriting this inequality as (7, — op, VS (0_) + gn + 0n — 0) < 0 shows 7,(2,) = op.

Using the decomposition of V* = V* @ g, we rewrite the mapping #° from the equilibrium graph
5 ={(V3 0) € RVP x P? | 5 is an equilibrium of V* } to RVP by 0°(V?,g,0) = (V?, 2). We show
that 6° is a homeomorphism. First, 6° is clearly continuous. Also, the inverse homeomorphism
can be defined explicitly: h : RVP — &% with h(V?® 2) = (V5 g,7(2)), where ¢ = (91, .., 9N),
Gn = 2n— 00—V (0_p) and 0,y = 1 (2m), ¥m € N. Tt follows that hof = idgs and foh = idgnp.

Let SVP denote the N D-dimensional sphere and recall that SV? is homeomorphic to RVP U{oo}
with the one-point compactification topology. Let £5 denote the one-point compactification of £%.

We define a homotopy H : [0,1] x SNP — SNP by H(t,V®) = H(t,V*,2) = (VS tz + (1 —
t)g), if V¢ € RNP and H(t,00) = oco. Since projgnp and h are both continuous and proper
mappings, they have continuous extensions projgyp : €5 — SVP and h : SNP — £5 to the one-point
compactifications, both taking co to co. Notice now that H(0,-) = (projgnp o h) : SVP — SNVP
and H(1,-) = idgvp. We now show that H is continuous, which shows H is indeed a homotopy.
Continuity at points (¢, V*®) where V* # oo is immediate from the definition, since the homotopy
is linear. It remains to show the continuity of H at all points [0, 1] x {oo} or equivalently VR > 0,
35 > 0 such that if ||(V3, 2)||eo > S, it implies V¢, ||H(t,V?*,2)||cc > R.

Note that the definition of g implies that |2z, — gna, | < |ona, | + V.5 (20, 0—n)|, where for all n

Onz, = Tnz, (2n). Because op,, = sign(ong, )|0ne, |, it implies

Vsn(xnaa—n): Z vsn(xnaw—n)nj;éno—jxj = Z vsn(xn>$—n)hn(x—n)nj;£n‘0jmj‘
T j#En xjij#EN

with bp(z—p) = ILy2nsign(oma,, ), which implies that |h,(z—,)] = 1. Let [|[Iyhploml|lcc =
sup{Iln£n|Oma,, | : m € N,z € R9m1. Because P, is a polytope, there exists o > 0 such that
for all o, € Py, we have ||Il,4n|om|||cc < @, for all n. We can assume without loss of generality

a > 1. Also, there exists B > 1 such that for all m € N and o, € P2 it implies ||oy|/ec < B.
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Therefore, we have that for some C > 1:
(20) 20 = gnllos < [|VllocCa + B.
Let R > 0. Set S = 2RCa + B. If ||(V,2)]|ec > 9, then either ||V]|o > R (in which case

|H(t,V,2)||loo > R), or ||V]|so < Rand ||z||sc > 2RCa+ B. Using 20 we have ||[tz+(1—1)g||oc > R,
which finishes the proof.

Throughout the rest of the Appendix we will use singular homology. Given Y a topological space,
we denote by H,,(Y) the m-th dimensional singular homology group of Y. Given a continuous map

f: X =Y, f. denotes the morphism between singular homology groups of X and Y.

5.2. Degree Theory: Formal Definitions and Awuxiliary Results. Let P, be a polytope
of dimension d,, — 1, for each player n, with P = x,P,. Let D = dj...dy and E'F = {(V,p) €
XnA(P)x P | pis an equilibrium of V'}, where A(P) is the D-dimensional linear space of multiaffine
functions from P to R — where the linear space structure is given by pointwise addition and scalar
multiplication. The linear space x,A(P) is a ND-dimensional Euclidean space and we denote
its one-point compactification by MT(P) Recall that the one-point compactification MT(P) is
homeomorphic to the sphere SVP.

Let (V,Q) € EPF. Let U C £PF be an open neighborhood of (V,Q) whose closure in & P
contains no pair (V,p) not already in (V, Q). The local degree of projly : U — X, A(P) over V is
the integer degy (proj|y) that defines the following homomorphism in singular homology:

(projlv)« : Hnp(U,UN{(V,Q)}) = Hnp(XnA(P)), xn A(P)\ {V}),

where Hyp(U, U\ {(V,Q)}) is oriented according to the following composition of homomorphisms:

Z = HNp(XnA(P)) = HNp(XnA(P), X, A(P)\ K) = Hyp(W,W \ K) — Hyp(U, U\ {(V,Q)}),

where K = P (V,Q) and W = PF (U); the first and second arrows correspond to inclusion, where

the second is an isomorphism by excision, and the third is the isomorphism (97F) 1.

Definition 5.1. Let V be a polytope-form game and @) be a component of equilibria of V. Let
U c £PF be a neighborhood of (V, Q) € £PF whose closure (in £ ©F) contains no pair (V,p) not
already in (V, Q). Then the degree of Q w.r.t. V, denoted degh' (Q), is defined as degy (proj|y).

The next proposition tells us why the degree is relevant for identifying components of equilibria

which are robust to payoff perturbations.

Proposition 5.2. Let V = (N, (Pp)nens (Va)nen') be a polytope-form game and @ an equilibrium
component of V. Fix a U C EPF a neighborhood of (V,Q) whose closure (in € F') contains no
pair (V,p) which is not already in (V, Q). Assume degy,(Q) # 0. Then there exists a neighborhood
W C X, A(P) of V.= (V,,)nen such that for any V' € W, there exists an equilibrium p" of V' with
(V',p)eU.

Proof. See Proposition 5.4 , Ch. IV, Dold (1972). O
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5.3. Index Theory: Definitions and Auxiliary Results.

Definition 5.3. A Nash map is a continuous function f : x, A(P) x P — P such that for each
V € x, A(P), the fixed points of its restriction fy to {V} x P, viewed as a map from P to itself,
are the Nash equilibria of V.

Definition 5.4. Fix Q C W C R™ where @ is compact and W is open. Recall that the one-point
compactification of R™ is (homeomorphic to) an m-dimensional sphere. The fundamental class
Og € Hp, (W, W\ Q) is the image of 1 € Z under the composition

Z = Hpn(S™) = Hp(S™, 8™\ Q) = Hpn(W, W\ Q)

where the first and second arrows are the homomorphisms induced by inclusion and the second

one is an isomorphism, by excision.

Remark 5.5. The fundamental class Og does not depend on W: if U is any other neighborhood
of @ in R™, then the two inclusion maps from (W NU, (W NU)\ Q) into (W, W\ Q) and (U,U \ Q)
send Og to itself.

Let P, C R% be a polytope. Define J = x,(P,), where (P,) is the affine space generated by P,,
and let Jy = J — J, where the symbol “—” denotes the subtraction in the vector space x,R% . The
space Jp is the unique linear subspace of x,R% that is parallel to J and of the same dimension as
J. Both J and Jy are homeomorphic to a Euclidean space. Therefore the definition of fundamental
class applies in the obvious way to compact subsets of these spaces. Let r be a retraction of J onto
P = x,P,. Then every Nash map f extends to the map f o (idy, apy X r) on x, A(P) x J. If
r’ was another retraction of J onto P then, using a linear homotopy, r is homotopic to /. This
implies that the induced homotopy between f o (idy, A(P) X r) and fo (id,, A(P) X r’) preserves the
set of fixed points.

Let E(V) denote the set of equilibria of V.

Definition 5.6. Fix a Nash map f, a polytope-form game V', and a component @) of E(V'). Choose
an open neighborhood W of @ in J disjoint from E(V)\ Q. Let d: (W, W\ Q) — (Jo, Jo\0) be the
displacement map given by d(p) = p — (fy o7r)(p). The index of Q under f, denoted ind(Q, f), is
the unique integer i for which d,(Ogq) = i - Oy, where d, is the singular homology homomorphism
induced by d.

Remark 5.7. Note that it is implicit in the notation ind(Q, f) that @ is a component of fixed
points of fy .

One example of a Nash map is the map used in Nash (1951) to prove existence of equilibria.
Another is the GPS-map in Giil et al. (1993). As seen from Definition 5.6, the Nash-map index of

a component of equilibria ) apparently depends on the specific Nash map used to assign the index.
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We show below in Proposition 5.8 that the dependence is just apparent: a Nash map used to assign
indices to a certain equilibrium component assigns the same index as any other Nash map.

Before that we introduce a different concept of index of equilibria, defined directly from the
best-reply correspondence. The best-reply index is defined from the best-reply correspondence of
a polytope-form game. This notion of index will play an important role in the proof of Proposition
3.10.

Let @ be a component of equilibria of the polytope-form game V and let BRY : P = P be the
best-reply correspondence of V. Let U be open in P and a neighborhood of () such that its closure
cl(U) in P satisfies cl(U) N E(V) = Q. Let O be an open neighborhood of Graph(BR"") such that
ONn{(o,0) € Px Plo € cl(U)\ U} = (. We call such a neighborhood O an adequate neighborhood
of Graph(BRY) for Q. By Corollary 2 in McLennan (1989), there exists A C O a neighborhood
of Graph(BR") such that any two continuous functions fo and f; from P to P whose graphs are
in the neighborhood A are homotopic by a homotopy G : [0, 1] x P — P with Graph(G(t,-)) C O
for all t € [0,1]. The neighborhood A is called an adequate homotopy neighborhood for Q. By
Corollary 1 of McLennan (1989), there exists a continuous map f : P — P with Graph(f) C A.
We define the best-reply index of component @, denoted Indgrv (@), as the fixed point index of the
continuous map f|y : U — P. The choice of the neighborhood O and the homotopy property of
the index (see Dold (1972), Chapter VII, 5.15) imply that the index of the component is the same
for any continuous map with graph in the neighborhood A.

As a result of Proposition 3.10, the best-reply index and the Nash-map index assigned to a
component of equilbria are identical: this identity is shown explicity in Claim 5.16 for standard
polytope-form games and the general identity follows from that Proposition immediately.

We now show the invariance of the index to the choice of the Nash map.

Proposition 5.8. Let f1, f2 : x,A(P) x P — P be two Nash maps. Then for any equilibrium
component Q of the polytope-form game V € x, A(P), it follows that ind(Q, f') = ind(Q, f?).

The proof of Proposition 5.8 is performed in steps. First, Lemma 5.10 establishes the result for
standard polytope-form games. Then the proof of Proposition 5.8 is presented using this lemma.
From now on we fix a standard polytope-form game V* = (N, (P2)nen, (V¥ )nen). The space of
payoffs is RVP | where dim(P?) = d,, — 1,¥n € N, and D = d;....dy.

Remark 5.9. Given a Nash-map f : RVP x P — P* we abuse notation slightly and use f to
denote the extension f o (idgvp X 7), where r = X1y, and 7, : Rin — P? is the nearest-point

retraction.

Let P: C (A,) = J, be a polytope containing P? in its relative interior. Since P is standard,
P¢ is also full-dimensional in J,,. Let A® = X,cnrP;. Denote by OA® the topological boundary of
A% in J = x,J,. We view the graph £° as a subset of RMP x A%, Recall that Jy = J — J. The

proof of Lemma 5.10 is an adaptation of an unpublished proof of Govindan and Wilson.
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Lemma 5.10. Let f! and f? be two Nash maps. Then, the two displacement maps d* of f' and d?
of % are homotopic as maps between the triads (RVP x A%, €5 (RNP x A®)\&*) and (Jp, 0, Jo\{0}).
Consequently, ind(Q, f!) = ind(Q, f?).

Proof. The proof of this Lemma is obtained from a series of claims.
Claim 5.11. d' : RN x 9A® — Jy \ {0} is homotopic to d? : RNP x 9A® — Jy \ {0}.

Proof. Since f! and f2 map RVP x 9A® into P*, d* and d? are homotopic via the linear homotopy.
O

Claim 5.12. RVP x 9A¢ is a deformation retract of (RVP x A®) — &3

Proof. As in the structure theorem proved in Theorem 3.7, we reparametrize the space of games
as V* = (V3 g). Let By € RYP be the linear subspace of payoffs vectors containing V*. Then
RNP = Ey x R™, where m = dy + ... + d,,. Define the function h from RVP x A® to itself by
h(V3, g,0) = (V4 z,0), where
Zngn = Onan + Vi3 (Tn,0-n),

where we maintain the notation of subsection 3.3. It easily follows that h is a homeomorphism
that maps RYP x 9A® onto itself. Let r : R™ — P* be the nearest-point retraction. Denoting
R the graph of r, we have that h(£%) = Ey x R. It is enough to prove therefore that RVP x
OA is a deformation retract of (RN x A®f)\ (Ey x R). We can construct a retraction v of
(RVD x A%)\ (Ey x R) onto RVP x QA as follows. First, given a pair (z,0) € (R™ x A%)\ R, let
n(z,0) be the unique point in JA® that lies on the ray emanating from r(z) and passing through
o. Then define ¥(V?, 2,0) = (V% ,2,m(z,0)). The map 9 is easily seen to be a retraction. Let
ir : RVP x 9A® — (RVP x A%)\ (Ey x R) be the inclusion map. Then ig o1 is homotopic to
the identity map using the linear homotopy. Therefore, RV? x 9A? is a deformation retract of
(RVP x A®)\ (Eg x R). O

Claim 5.13. d' : (RNP x A%)\ &% — Jy \ {0} is homotopic to d? : (RNP x A%)\ €5 — Jy \ {0}.

Proof. Let id be the identity map on (RV? x A%)\&* and let jes : RVP x9A® ¢ (RVP x A%)\ 5. By
Claim 5.12, there exists a retraction ¢ from (RVP x A®)\ €% to RVP x A® such that id is homotopic
to jeso¢. Therefore, for i = 1,2, (d*oid) is homotopic to (d*ojgsop) : (RNP x AF)\E% — Jo\{0}. By
Claim 5.11, the restrictions of d' and d? to RVP x OA® are homotopic. Therefore, d' is homotopic
to d?: (RVP x A®)\ &% — Jo \ {0}. O

We now construct the homotopy of Lemma 5.10. Let ® be the homotopy of Claim 5.13 between
the restrictions of d' and d? to (RNP x A®)\ £°. It is readily checked from the constructions
above that ®((RVP x A®)\ £° x [0,1]) is a bounded subset of Jy. By Urysohn’s Lemma, there
exists a continuous function o : RVP x A® — [0,1] such that a=1(0) = £%. Define then G :
(RNVP x A\ €% x [0,1] — Jo \ {0} by G(z,t) = a(x)®(z,t). The image of ® being bounded, G has
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a continuous extension to a map from RYP x A% to Jy that maps £° to 0. The result then follows
from the observation that for i = 1,2, d’ is homotopic to G(-,i — 1). O

Proof of Proposition 5.8. Let P? be a standard polytope such that there exists an affine bijection
en: P, — P2 and let e = xy,e,. Let Ty, : A(P) — RP be defined from e as in subsection 3.3 and
T = x,Tp. Let fl=cofio(T ' xel): RV x P — P i =1,2. Then f/ is a Nash-map
and Lemma 5.10 shows that the indices of equilibrium component e(Q) according to f] and f5
are the same. Let V* be a standard polytope-form game such that 7-!(V?®) = V. Considering
the restriction (f!)vs : P$ — P* we have that (f/)vs = eo (fi)y o e}, by definition. Now define
h; = (fi)yoe~!. The commutativity property of the index (see Dold (1972), Chapter VII, Theorem
5.14) shows that the fixed-point sets of h; o e and e o h; are homeomorphic and the index of each
fixed-point component is the same under these two maps. Since eo h; = (f!)ys and h; o e = (fi)v,
this shows that the index of @ under (f;)y is the same as the index of e(Q) under (f/)ys. Since i
is arbitrary, it follows therefore that ind(Q, f1) = ind(Q, f2). O

5.4. Proof of Proposition 3.10. The proof is a direct consequence of four claims, which we now
prove. The notation of subsection 3.5 is maintained: let e,, : P, — P, be an affine isomorphism and
T defined from e as in subsection 3.3. Recall the definition of the map e’F : £FF — £, defined
from T and e from the proof of Proposition 3.8. Recall §° : £ — RV is the homeomorphism from
Lemma 3.7; 07F : £PF — x A,,(P) is the homeomorphism of Proposition 3.8.

Claim 5.14. The following equation holds: degh¥ (Q) = dngTD{{,)(e(Q)).

Proof. Note first that e(Q) C P?® is an equilibrium component of T'(V'). Let W be an open neigh-
borhood in the graph £FF of K = {V} x Q such that the closure cl(W) in £ P¥ contains no other
pair (V,p) besides those in K. Then it follows by definition that the degree of @ with respect to
V is the local degree of the mapping projy |y : W — x,A(P) over V. Let A = ¥ (W), which is
open because e/’F" is a homeomorphism. Notice that K* = {T(V)} x e(Q) is a compact subset of A
such that the closure cl(A) w.r.t. to £ contains no pair (T'(V), o) € £° in its boundary. Therefore,
the degree of e(Q) of game T'(V) is the local degree of projgnn|a : A — SNP over T(V).

Let A3 = 0°(A), W, = 0PF (W), K5 = 0°(K*®) and K, = 677 (K). Since T is a homeomorphism,
we can orient x,A(P) according to T from SVP. This gives that the first vertical homomorphism
in the diagram below has degree +1, by definition. Using the long exact sequences of the pair to
choose orientations for (x,A(P), x,A(P)\ {V} and (S¥P SNP\ {T(V)}), the natural property of
the long exact sequence now implies that T : (x,A(P), x,A(P) \ {V}) — (SN2 SNP\ {T(V)})
has degree +1. Observe now that the horizontal sequences of the diagram below come from the

definition of the local degree. Let u be the element of Hyp(A, A\ K?®) obtained as the image of
SND)

the generator of Hyp( under the horizontal sequence of homomorphisms, and let v be the
elF )V = .

For that, it is sufficient to show that the diagram below commutes: the first square of the diagram

analogous element of Hyp(W, W \ K). The map j denotes the inclusion. We show (
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commutes by naturality of the long exact sequence; the second square commutes by functoriality
of homology (since the isomorphisms are inclusions), and the third square commutes because of
functoriality of homology and (ePF)~1 o (%)—1 = (9PF)~1 o T—1. This gives that ('), = pu.

Hyn(SVP) — 9y Hyn(SVP SVDA K3) = (W K3) O Hyp(A, A\ K¥)

[z J l(T)* kePF):l

PF)

HND(XnA(P)) L) HND(XnA(P), XnA(P)\KZ) i> HND(WzaWz\K ) *) HND(W W\K)

Notice now that 7 o projy |w = projgnxn|a o eF’F|y. Hence the diagram below commutes by func-

toriality of homology.

(projpnp )+«
—

Hyp(A, A\ K9) Hyp(SNP,SNPA{T(V)})

l(epF)Z1 l(T)Il

Hyp(W, W\ K) N b GO AP), % AP\ {V])

Notice now that map 771 : (SVP SNP\ {T(V)}) = (x,A(P), x,A(P) \ {V}) has degree +1,

by construction. We have showed the homology-induced map from e’* sends v to p. Therefore,

degy (Q) = degr(y)(e(Q))- -
Claim 5.15. The following equation holds: degTPg/)(e(Q)) = indpy(e(Q))-

Proof. Denote V* = T(V). Let g € x,,R%. Consider the polytope-form game V* @ g whose payoff
function is defined by
(V2@ g)n(0) =0 V" (0-n) + 00 Gn,

and player n strategy set is PS. Let &ys = {(g,0) € x,R% x P | ¢ is an equilibrium of V* @ g}
be the graph of equilibria over the restricted class of perturbations g. Define © : s — x,R% by
its coordinate functions ©,(g,0) = o, + V*"(0_,) + gn € R% and proj, : Eys — x,R% . be the
projection over the first coordinate. Then © is a homeomorphism and ©71(z) = (dy,., (2),7(2));
note that proj, o Ol =id—wysor =id— Uys = dy,s. (Recall that Wys is the commuted
GPS-map defined in subsection 3.4).

The map O allows us to provide an orientation to the one-point compactification &y according
to which the degree of proj, : fys — xR is +1. Let e(Q) be an equilibrium component
of V*® and consider U an open neighborhood in &y containing {0} x e(Q) and no other pair
(0,0) in the boundary of U. Then the local degree of proj,|y over {0} is well defined. Letting
U. = O(U), since (projyly 0 © )|y, = dy,.|v,, the local degree of (proj,|y o ©71)|y, over {0}
equals ind(e(Q), Pys) = indy=(e(Q)).
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Now we show that the local degree of proj,|u over 0 equals the degree of e(Q) w.r.t. V*. Recalling
subsection 3.3, we can decompose V* and write V* = (V*, g). Let Evs = {(d,0) ] ((V,g),0) € E}.
From 6% we can define another homeomorphism © : s — X nR% by (:)(g/, o) = z, where z satisfies
05(V*s, g ,0) = (V*,2).

Let U be an open neighborhood in £ of (V*, ¢, e(Q)) € £° such that cles(U) has no other point
(V*,g,p) besides those in (V*,g,e(Q)). Let U, = 6°(U). The local degree of projgno o (98)_1|Uz
over V* = V* @& g is then well defined. There exist U; an open neighborhood of V* and U an open
neighborhood ©(g, e(Q)) such that U; x Uy C U,. The local degree of projgno o (98)_1|l72 over
V# is equal to the local degree of projgnp o (0°) Yy, xv, : U x Uz — SMP over V® - according
to Proposition 5.5, Chapter IV in Dold (1972). Consider the map (id x proj, o (:)_1)|leU2 :
Uy x Uy — SVP defined by (id x proj, o O~ (V*,2) = (f/s,projg 0 (0)~!(z)). We have therefore
that projgnvp o (6%)~1(V', 2") = (V',(63)~1(V', 2)), where (65)1(V',2) = (V',(85) " (V', 2'), 7(2'))
and similarly (id x proj, o ©)" NV, 2y = (V',(85)"*(V*,2")). Note that in the above expression
of id X proj, o (©)~! we have that the second coordinate function (63)~! fixes the argument V.

Let H : [0,1] x Uy x Uy — RNP be defined by H(t,V',2) = (V' ,t(05)"(V',2) + (1 -
£)(63)—1(V,2")). By the homotopy property of the degree (see Brown (1993), Theorem 9.5), it fol-
lows that the local degree over V*® of id x projgo((:))*1 |t xv, and that of projgnno(6%) =Yy, v, is the
same. Finally, Theorem 9.7 in Brown (1993) implies that the local degree of id x proj, o O v, xv,
equals the local degree of proj, o (©)~ !y, over g. This proves that degys(e(Q)) is equal to the
local degree of proj, o (é)_1|U2 over g.

We now finish the proof by showing that the local degree of proj, o é_1|U2 over g equals the
local degree proj, o O~ !y, over 0. This concludes the proof, since it immediately implies that
degys(e(Q)) = indy (e(Q))-

Fix W5 an open neighborhood of ©({g} x e(Q)) such that Wy C Uy. Let d = proj, o O~ ws,.
We have that O({g} x e(Q)) = ({0} x e(Q)) and dy,. = d —g. Let g : x,R% — x,Rdn
be defined by g(z) = z — g. Then g(d (z)) = d(z) — g = dy,.(z). Since the degree of g, :
Hyp(RNP RNP —{g1) — Hyp(RNP RNP —{0}) is +1, it follows that the local degree of dy,, |w,

over 0 equals the local degree of d/\w2 over g, which concludes the proof. ]
Claim 5.16. The following equation holds: indggrrv)(e(Q)) = indry)(e(Q)).

Proof. Let V* =T (V), with standard polytope strategy-set for player n equal to P; of dimension
d, — 1. Let V(P;) be the set of vertices of P, and let Nps(v,) be the normal cone to P; at
vy € Vi (P3), defined by Nps(v,) := {d € R™|d - (v; — v,) < 0,Yv; € V(P$)}. The union of the
normal cones over the vertices equals R% and induces a polyhedral subdivision of R% called the

normal fan of the polytope P;. The maximal-dimensional cells of this subdivision are the normal
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cones (see Ziegler (2012), p. 206). We prove next an auxiliary Lemma in order to provide a proof
of Claim 5.16.

Lemma 5.17. Fix 0 € P® and n € N. There exists \g > 0 such that for each X\ > )Xo the
nearest-point retraction v, (on + AV (0_,)) € BRY (0_,).

Proof of Lemma 5.17. Notice first that V" (o_,) is the gradient of the affine function f,, : R% — R
defined by fn(0n) = 0, - V3™ (0_y). If v, € V,(P;) is a maximum for the problem max,, cps frn(0n),

v, can be characterized as follows:

(21) Up € argmaxonepgfn(an) = BRY (0_,) < V" (o_,) € Nps (vn)

n

Because the union of the normal cones at the vertices of P? is R%, there exists © € V(P?) such
that V" (o0_,) € Nps(0). Assume first that V" (oc_,) € int(Nps(0)). Then for A > 0 sufficiently
large Z2=C 4+ V" (g_,) € Np:(?). This implies that A(2252 + V" (0_,,)) = 05 — 0+ AV (0_,,) €
Nps(0), which implies by definition of the normal cone that

(22) (0 + AV (o) — 0,9/ — 3) < 0,¥p € P2

Therefore, r,, (0, +AV*™(0_,)) =% € BRY (0_,). Now, if V" (c_,) is not in the interior of any
cone, then it belongs to the intersection of some cones: assume therefore V" (o_,,) € ﬂfgl Nps(0;).
We want to show that for A > 0 sufficiently large (o, + AV®"(0_,,)) = ;21 «;0;, where a; > 0,
S En a; = 1, which implies that 7,,(o + AV*™(0_,)) € BRY (0_,). For that purpose, we state
two properties which can be easily checked:

(1) (VS (0_p), 55 — ;) = 0,4,5 € {1, ..., kn}-
(2) V™ (0_y) & Nps(v), then for all v € {01, ..., O, }, it implies that (V"(o_,),0 —v) > 0.

We now finish the proof of the Lemma. Let z) = o, + AV (0_,). Write r,,(z))) = >, al9; +
>, Bug, with @ > 0,80 > 0and >, 0} + >, 8 = 1. Let © € {#1,..., 0k, }. Property (1) implies
(zpp = mn(20), 0 — T(2)) = (o0 — T (20), 0 — Tn(20)) + A, BV (0_p), D — v¢). The first term
of the previous sum is bounded; since (2} — r,(2)), % — rn(2;)) < 0, property (2) now implies that
for sufficiently large A, B = 0,Vt. This shows that 7,(z)) = > a0;, which concludes the proof of
the Lemma. I

We now conclude the proof of Claim 5.16. We show that for large enough A the map g* : P® — P*
defined by g* = x,(r, ow)) with w)(c) = o, + A\V*"(c_,,) satisfies Graph(g*) C O, where O is an
adequate homotopy neighborhood of Graph(BR"") for e(Q) (recall the definition of the adequate
homotopy neighborhood from subsection 5.3).

Suppose by contradiction the claim is not true. Then there exists a sequence A\, — +00 as k — oo
such that gF = g™ satisfies Graph(g¥) N O° # 0 for all k. Since P is compact and ¢g* continuous,

(Graph(g*))ren is a sequence of non-empty compact subsets of P*x P*. This implies we can extract
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a convergent subsequence (in the Hausdorff-distance) of (Graph(g*))zen to a nonempty compact
subset of P* x P*. Passing to a convergent subsequence if necessary, we can assume that Graph(g*)
converges to a nonempty compact set § in the Hausdorff-distance. It follows that § N O°¢ # (.
Let z € N O°. Consider B, an open neighborhood of z that does not intersect Graph(BR"").
Therefore we have that Graph(g*) N B, # () for sufficiently large k.% This implies that there exists
an open set U in P* such that, for k large enough, Vo € U, (o, g*(0)) € B..

Fix 0 € U. By Lemma 5.17, it follows that for large enough k, (o + A\V*"(0_y)) €
BRY (0_,),¥n € N. Therefore, for k large enough, we have that ¢*(c) € BRV (o). This im-
plies that for k sufficiently large (o, g*(0)) € (B,)¢. Contradiction.

Hence there exists A\g > 0 such that ¥\ > \g we have Graph(g") C O. Now define the homotopy
H :[0,1] x P* — P such that H(t,-) = g"t**=1(.). Notice that the polytope-form games denoted
by V&1 OA-1 with payoffs given by [14t(\ —1)]V;?, for each player n, all have the same equilibria,
which implies that their associated GPS-maps ¢'t*(*~1 all have the same fixed points. Therefore
the homotopy H preserves fixed points. This implies that the indices of a component of equilibria
under g' and ¢g* are identical, by the homotopy property of the index (Theorem 5.15, Chapter VII
in Dold (1972)). Since Graph(g?) is contained in the homotopy neighborhood O of Graph(BRY),
this implies that the index of ¢(Q) under g' (the GPS-map of V*) is identical to Indzzvs (e(Q)),
which concludes the proof. (|

Recall for the next claim that ¢" is the reduction map from V to V.

Claim 5.18. The following equation holds: indggv(Q) = indgpv(¢¥(Q))

Proof. Firstly, if ¢ is an equilibrium of V, then ¢"(¢) is an equilibrium of V', so ¢V (Q) is an
equilibrium of V’. Fix U a neighborhood of Q in P with clp(U)NE(V) = Q. Letting U’ = ¢V (U), U’
is open in P’ and clp/(U')NE(V') = ¢¥(Q).” Let now W be an open neighborhood of Graph(BR"")
of the best reply of V' such that the best-reply index of @} can be computed from the fixed-point
index at U of any continuous function h : P — P with Graph(h) C W. Consider now an open
neighborhood W' of Graph(BRV/) such that for each (¢o/,7') € W', (¢" x ¢¥)~Y(o/,7') € W. By
the definition of the best-reply index, there exists a function ' : P — P’ with Graph(h') ¢ W'
such that the fixed-point index of h/|U/ is well defined and is the best reply index of ¢" (Q) w.r.t.
V'. Let j, be a right inverse of ¢¥. By construction, we have that Graph(j o h' o q¢V) C W. This
implies that the fixed point index of (j o h' o ¢¥)|rr equals the best-reply index of Q w.r.t. V. Let
h=joh oq¥. Because of the commutativity property of the index in Theorem 5.16 in Chapter
VII of Dold (1972), we have that h and h' have homeomorphic sets of fixed points and their indices

6This follows from the characterization of the Hausdorff limit § as the closed limit of the sequence Graph(gk). See
Aliprantis and Border (2006).

"This follows from the fact that the map g, is an affine and surjective mapping, so it is an open mapping. This plus
the Closed Map Lemma implies that ¢" is an open and closed map, which implies clp (U)YNEWV') = qv (Q).
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agree: indeed, defining hg = h' o ¢¥ we have that johg="hand hgoj = R'. This implies that the
fixed point index of h|y equals the fixed-point index of A|y7, which concludes the result. O

Proof of Proposition 3.10. We first prove (1). Claims 5.14, 5.15, 5.16 and 5.18 imply that degl" (Q) =
indgpv (@), since the standartization is a reduction. For the same reason we have degl‘;}[7 Q) =
ind 5 pv (Q'). Now, Claim 5.18 shows invariance of the best-reply index to reductions. Therefore,
deghF(Q') = degh™ (Q). The exact same reasoning applied to V' gives (1).

We now show (2). Claim 5.14 shows the degree is invariant to standartization. Claim 5.15 shows
equality of the index and degree in standard polytope-form games. The commutativity property
of the index now immediately gives that the index is invariant to standartizations. Given we have
proved (1), we therefore have (2).

In order to obtain a proof of (3), observe again the the degree is invariant to standartization
from Claim 5.14. From claims 5.15, 5.16 and 5.18, (3) now follows. O

5.5. Additional Results on Extensive-form Games. Throughout the subsection we fix a game
tree I', without moves of Nature. This is only for simplicity of exposition, since all results could
be straightforwardly generalized by considering Nature as a player (without payoffs), playing a
fixed strategy. We maintain the notation of section 4. We start with an auxiliary proposition that
characterizes the interior of the enabling strategy set C,, of player n.

Proposition 5.19. Let C,, = {p, € [0,1]%"|(30, € int(%,)) s.t. pu(i) = D sesn(i) On(s)}. Then
C,, = int(Cy).

Proof. Tt it clear that C,, C int(C,). So we show the converse. First, int(C,) is open in C), so
¢, ' (int(Cy,)) is open in X,, by continuity of g,. It implies g, !(int(C,)) C int(3,). Therefore if
pn € int(Cy,), then g, ' (p,) C int(3,). Hence there exists o, € int(X,) such that q,(c,) = p, <=
Pn(i) = Byes,(iyon(8), for all i € Ly. So p, € Ch. O

Definition 5.20. A profile of behavior strategies b = (by)nen induces an enabling profile p =
(Pn)nen if any mixed strategy profile o = (0y,)nen that is equivalent to b° satisfies p, (i) =

ZSESn(i) O'n(S),\V/'i S Ln

The next proposition establishes the relation between enabling and behavior strategies.

Proposition 5.21. The following hold:

(1) Given a profile of behavior strategies b = (b, )nen, there exists a unique profile of enabling
strategies induced by b.
(2) Let (pn)nen be a profile of enabling strategies with p,, € C,. Then there exists a unique
profile of behavior strategies that induces (pn)nen -
8A mixed strategy profile o is equivalent to a behavior profile b if for each n, o, is equivalent to b,. The mixed

strategy o, is equivalent to by if for any mixed/behavior profile o, the distribution over terminal nodes induced by
(o0n,0-n) and (bn,o_y) is the same (see Maschler et al. (2013), p. 223).
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Proof. We prove (1). Given a profile of behavior strategies b, define py(i) = IL /i1y, ;b (i ")
for each @ € L,. Let o be a profile that is equivalent to b. Then equivalence implies that, for
each n € N,i € Ly, Zses @) n( ) = L )< iy br bn(i'|u'). Therefore p, € C, and b induces p.
Uniqueness follows immediately.

We prove (2). Let (pn)nen be an enabling profile with p, € C,. Then there exists o, €
int(3y) satisfying pn(i) = > .cq, ;) on(s). Define By(u,i) = pn(i), where i € Ap(u) is a last
action of player n. Then, if (u/,i/) is an immediate predecessor of u among n’s information set,
define S, (u',i') = > ic Ay (u) Pn(u,i). Proceeding in this manner, we define (3, (u,7) for every pair

(u,i),u € U,i € Ap(u). Notice that because of the assumption p,, € C,,, it follows that Br(u,i) >0

Bn (U7Z)
Bn (u/ 7i/ ) ’

where (ul i/) < u and v is an immediate predecessor of u. Now, for any &, equivalent to b,, it

for all w € Uy, and ¢ € A,(u). Therefore we can define the behavior strategy by (ilu) =

must be that > .o oy on(s) = Xses, (i) On(8), Vi € Ly, otherwise we can construct o', such that

(0n,0_,) and (6,,0_,) do not induce the same distributions over terminal nodes. This implies

that (b, )nen induces (pn)nen-

Now, for uniqueness, suppose b’ is a profile of behavior strategies inducing (p,)nen- By the
proof of (1), it follows that p, (i) = Ly iy <)o ' (i'|u),¥i € L. For each u € U, and i € L, such
that i € A, (u) set 8, (u,i) = pn(i). Proceeding in the same fashion as we did for f,,, the numbers
Bl (u',i") > 0 for each v’ € U, and i € A, (u’) are uniquely determined. This implies therefore that
for each u € U and i € Ay (u), b, (i|u) = by (i|u), which shows uniqueness. O

Remark 5.22. Notice that for each p, € C,, there exists a behavior strategy profile (by)nen
inducing (pn)nenr, but this behavior strategy need not be unique. This happens when certain last
actions have probability 0 for a certain player. Still, whenever we have p, (i) > 0, it is possible to
proceed as in the proof of (2) Proposition 5.21 and derive b, (i’|u") for each (v/,7") < (u,7),i € A, (u).

For the remaining pairs (u, ), the probabilities b, (i|u) are undetermined.

Definition 5.23. An enabling profile p = (pp)nen induces a distribution over terminal nodes
F € A(Z) if for any profile of behavior strategies (b,)nens inducing p, it implies that (by,)nen

induces F'.

Corollary 5.24. Let (pn)nen be a profile of enabling strategies with p, € C,. Then there exists
a unique distribution F' € A(Z) induced by this profile of enabling strategies. Conversely, given
F € int(A(Z)), there exists a unique profile (pn)nen, With p, € C,, that induces F.

Proof. The first part of the statement is straightforward by an application of (1) of Proposition
5.21. We prove the second part. Given F € int(A(Z)) we show there exists a unique behavior

strategy profile (b, )nen that induces F'. Let i be an action of player n at an information set u € U,
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and define
Zz:(u,i)<z,u€Un F(Z)
Ez:u-<z7u€Un F(Z) ‘

This defines the unique behavior strategy b, and the profile (b,)nen induces F. Also, by the

by (i|u) =

proof of (1) in Proposition 5.21, (by,)nen induces a unique enabling profile (py)nens with p, (i) =
o in=(u,iybn(i'[u") > 0 for each i € Ly,n € N, O

Proposition 5.25. Then there exists a linear subspace A°(x,Cy) of the multiaffine functions over
XnChn such that:

(1) For any (V.E)nen € XnenA°(XnCh) there exists a unique G € G, such that for any pro-
file of enabling strategies (pp)nen and induced distribution F € A(Z), V.E(pp,p—n) =
5cs Gal2)F(2).

(2) Conversely, for each G € G and n € N there exists a unique multiaffine function V¢ €
A°(xmCh) such that for any profile of enabling strategies (pm)men and induced distribution

F € A(Z), VEnD-2) = Soey Gul2)F (2).

Proof. We first construct the linear subspace A°(x,,C,) of the statement. For each z € Z, there
exists an unique path in I" from the root to z. Therefore, for each z € Z, there exists a unique pair
of set N*(2) C N and vector (in)nepr+(») of last actions such that £,(2) = in € Ly, for n € N*(2)
and £,(z) = 0, for n € N\ N*(z). We call this vector the unique vector of last actions associated
to z. Let W = {(in)nen=|32z € Z s.t. N* = N*(2)}. Define the multiaffine function V¢ over x,,C,,
by:

Vipr,opn) = > ViG55 (i5,)-p, (15,
(i3 i JEW

Notice that the set of affine functions satisfying the formula above forms a linear subspace of
the space of multiaffine functions over x,,C,, (under pointwise addition and scalar multiplication).
Call this subspace A°(x,Ch,).

We prove (1). Let V¢ € A°(x,C,). We now show that this function defines unique payoffs
over terminal nodes of I' for player n. For z € Z, consider the unique vector of last actions
(in)nen+(z) € W associated to z. Define, for each m € N, Gy (2) = Viu (i3, ..., 5 ). Let (pn)nen be
a profile of enabling strategies and F' the induced distribution over Z. For z € Z, if (z’;‘fl, - i;f") eWw
is associated to z, then it implies that:

F(2) = Fjy (2)--Fj, (2) = pji (i5,) 04 (i5,)

where Fj,(z) = pj, (i), for any z € Z,(i) (cf. Govindan and Wilson (2002)). Then G,(2)F(z) =

Vi (85,5 s 07 )Pji (45,)---pj, (45, ). This implies that
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(23) Y GuF() = D Vi@ 5 (6505 (35,)

z€Z (i;l,.,.,ij*.n)eW
Now we show (2). For each z € Z, consider the unique (i}, ...,7} ) € W associated to z. Define
Vi (i3, 75, ) = Gn(2). Define the multiaffine function for player n € N by:
Velpropn) = Y ViEGS, 13 )P (35,) 2 (35,).
(53 JEW
Then V¢ belongs to A°(x,,C,) and expected payoffs agree. O

An immediate consequence of the proof of the Proposition 5.25 above is the following.

Corollary 5.26. Let C = x,C, and R : x,enA°(C) — RNl defined by R(V®) = G, where
R = X, R, and R,,(V¢) = G,, € Rl in which G,, is the unique vector of terminal payoffs obtained

in (1) of Proposition 5.25. Then R is a linear isomorphism.

5.6. Proof of Theorem 4.9. We start by observing that for the normal-form game G, degg M (X) =
indgpe (X) (cf. Govindan and Wilson (2005)). Let ¢¢ : ¥,, — C), be the reduction map from mixed
to enabling strategies and define U = (¢¢)~1(W). Let PS = (¢¢)~}(C%) C £, \ 0%,. Notice that the
game G|ps where we restrict the mixed strategy set of each player n in G to P: is a polytope-form

game. We denote by E(G|pe) the set of e-restricted equilibria of G|ps. We now claim:

Claim 5.27. There exists € > 0, such that for each € € (0,&), Us = U N P* satisfies (clp(U?) \
U¢) N E(G|p:) = 0 and the following equality holds:

indpps(X) = Y indgpeip (X)),
X'eUs

where the sum is over the connected components of fixed points X' € U¢ of BREIp<

Proof. Fore > 0, let rf, : ¥, = P¢ be the nearest-point retraction and r* = x,r5,. Let i, : PS5 — X,
be the inclusion map and i = X,i,. Define the correspondence I, : ¥ = X by I'c(¢) = (io BR®lP< o
r€)(0). Notice that Graph(T.) converges (in the Hausdorff-distance) to Graph(BR®) as € — 0.
Let O be an open neighborhood of the Graph(BR®) that does not intersect {(c,0) € ¥ x X|o
cl(U) \ U} and according to which the index of the best reply BR® at U can be computed from
any continuous map h : ¥ — ¥ with Graph(h) C O. Then, for € > 0 sufficiently small we have
that Graph(I'.) C O. Taking further ¢ > 0 sufficiently small, then U€ contains no equilibria of
G|pe in its boundary (in P€). Then there exists a continuous function A€ : P¢ — P€ such that the
fixed point index of h€|ye is well defined and equals the index of the best reply of G|pe at U€ (see
McLennan (1989)). Moreover, we can assume Graph(i o h€ o 7€) C O. This implies that the fixed
point index of (i o h€ o r¢)|y is equal to the local index of the best reply of G at U. Finally, the
commutativity property of the fixed point index (Theorem 5.16 in Chapter VII of Dold (1972))
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shows that the fixed point index of (i o h€ o )|y equals the fixed point index of h€|ye, which is the
local index of the best reply of G|pe at U*. O

Fix from now on € > 0 according to Claim 5.27. The reduction map ¢¢ = ¢°|ps : P* — C°
defines a reduction of G|ps, which we denote by V. From the proof of Proposition 3.10, we have
ind s (X7) = ind o= (¢°(X7)) = deglF (¢7(X)). We now show degl¥ (¢°(X')) = degis (¢°(X")),
which concludes the proof.

Let ¢ : RIn — C< be the nearest-point retraction to C¢. Let tv© = x,t5. Consider also the map
wg : C5 — REn defined by we(pn) = pn + Vn(p—n) With w® = x,wS and let DF, : x,,C5 — x,CS
be given by ®%(p) = t° o w®. Lemma 5.1 in Govindan and Wilson (2002) shows that a profile of
enabling strategies (pn )nen is an equilibrium of the extensive-form game G with perturbed enabling
strategies C¢ if and only if it is a fixed point of the map ®. The map ®f, is the analogous version
of the GPS-map formulated to the extensive-form game G. As the map ®f is jointly continuous
on G and p, it follows that (G,p) — P(p) is a Nash-map. Let ¢° : G x C° — C° be defined as
¢ (Gp) = D5 ().

It is without loss of generality to assume that A°(C¢) = A°(C), by taking ¢ > 0 smaller if
necessary. Using then the linear isomorphism R : x,A°(C¢) — RY 12l from Corollary 5.26, let
o : A°(C¢) x C° — C° be defined by & = po (R xidce). Then ¢° is also a Nash-map for polytope-
form games with payoff functions in A°(C€) for each player n. Notice that ¢°(G,-) = ¢°(V¢,"),
where R™1(G) = V¢, so the fixed points and the indices assigned to these fixed points are the same
according to the two Nash maps ¢° and ¢°.

Now recall from subsection 3.3 that T': x,A°(C¢) — RN? is a linear isomorphism from the

RNPwhere D is appropriately defined. Let P;° be the standard

multiaffine functions over C¢ to
polytope resulting from an affine map e, of C;, to R where the dimension of Cy is dp, — 1.
Let V¢ = (N, (P )nen, (V)nen’) be the standard polytope-form game obtained from V¢ =
N, (C)nents (V) nen). Now let ¢ : RND x P55 P be defined by ¢ = efo¢fo(T1 x (ef)71).
Notice that ¢=(V5,.) = e 0 ¢°(V¢,-) o (¢°)~! which implies, by the comutativity property of the
index, that the fixed point sets of &5 . and (;3%,5,5 are homeomorphic and their indices agree. Also,
by construction ¢° : RVP x P%¢ — P%¢ is a Nash map.

It now follows that:
degy:(¢°(X')) = degys.c(e*(¢°(X'))) = indyse (e (¢° (X)) =

= ind(e*(¢°(X")), $77s.) = ind(¢*(X"), §-2) = ind(g*(X"), ®5),
where the first and second follow from Proposition 3.10, the third, fourth and fifth from our rea-
soning above.
We claim ind(¢°(Q), %) = degf(¢°(Q)), which concludes the proof. We denote by G @y,
where g = (gn)nen and g, € RE7, the extensive-form game where, for each player n, the payoffs
over terminal nodes are given by (G (z) + gn(4n(2))), if £n(2) # 0 and G, (2), if £,(z) = 0 . Let
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E& = {(g,p) € x,RI» x C¢ | p is an e-restricted equilibrium of the game G g}. Define now
0%, : €& — xuRE" by (05)0(9,p) = (pn(i) + vn(i,p—n) + gn(i))icL,. Using the same reasoning as
in Claim 5.15 we can show that 6%, is a homeomorphism and (65)'(g) = (f°(g),7(g)), where f€ is
the displacement of the permuted GPS map of ®¢,. Define proj, : £ — x,REm as projg(g,p) = g.
Then it implies that proj, o (%) (g9) = f*(9).

Let now O¢"W : €W — G be the homeomorphism presented in Theorem 5.2 in Govindan and
Wilson (2002). As in Kohlberg and Mertens (1986), we can reparametrize the graph of equilibria
ECW writing an element (G,p) € ESW as (G, §, p), where G is uniquely written as G = G @ g, with
Gn(2) = Gn(2) — E[G|Zn(£n(2))] and §n(2) = E[G|Zn(bn(2))], if €a(2) # 0 and G, (2) = Gp(2), if
otherwise. Notice that such a vector § of the decomposition can be assumed to be in x,R since,
for z,2' € Z with £,(z) =i = £,(2") we have that §,(z) = gn(z') and if z € Z is such that £, (z) = 0
we have that §,(z) = 0. Then ©%" is defined by QEGW(G,Q,p) = (é,t), where G = (én)ng\/,
Gn = (Gn(2))zez and t € x,RE with ¢,(i) = pn(i) + vn(i,p—n),i € Ly. The payoff over terminal
nodes represented in the vector (G, t) is given by Gy (2)+t,(n(2)). Notice that ©F" is the identity
in the first coordinate, similarly to what happened with the homeomorphism #° in Lemma 3.7.

For the fixed game G € G consider now its decomposition (G,§). Define the graph 52, =
{(d,p) € anL"x(xnC§)|pisan54ﬂumbﬂummﬁ(§69j}andQ;:Eé—% x,RI" defined by
0.(g',p) = t, where t satisfies O¢W (G, ¢',p) = (G,t). Therefore, 6. is a homeomorphism. Let
proj/ : Eé — xR be the projection over the g’-coordinate. We can now define the local degree
of the e-restricted equilibrium component ¢°(X’) of game G as the local degree of the projection
proj |, where W is an open neighborhood in &g of {g} x ¢°(X") that contains no other pair (g, p)
in its boundary. This local degree, by the same argument as in the proof of Claim 5.15, agrees with
the degree of ¢°(X’) computed from projg : EEV — G.

Note now that 65,({0} x ¢°(X")) = 6.({g} x ¢°(X")). Letting f. = proj’o(f.) ", we have therefore
that f¢ = f; — g. Therefore f¢ and f! have the same local degrees. Since f¢ is the displacement
map of the permuted GPS map of ®¢, it follows that the local degree of f° and the index of the
GPS map are equal, which implies ind(¢*(X’), ) = degg(¢°(X")).
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