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Abstract

This note establishes the characterization, existence and uniqueness of equi-normalized polytopic robust positively invariant
sets for linear difference inclusions. The computation of this set results in a nonconvex optimization problem. Although this
may be reformulated exactly as a mixed integer linear programme, we propose a more practical and tractable alternative in
the form of a fixed-point iteration based on linear programming. Convergence of the algorithm is established.
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1 Introduction

Set invariance is an important technique in the analy-
sis and synthesis of systems under constraints and un-
certainty [1], the popularity of which has been particu-
larly amplified by its multifaceted use in model predic-
tive control [2]. The theory and computation of invari-
ant sets in various settings have led to a number of fun-
damental contributions addressing, inter alia, maximal-
ity [3-7] and minimality [6, 8] issues as well as approxi-
mation [9,10] and representation [7,11]. A more detailed
overview of numerous important contributions in set in-
variance and its use in model predictive control can be
found in the comprehensive monographs [1, 2].

A conceptually flexible and computationally promising
notion of equi-normalized polytopic robust positively in-
variant sets has emerged recently [12-14]. The theory
of these sets for linear systems is reasonably complete:
characterization and existence, in the setting of linear
systems controlled by continuous and positively homo-
geneous state feedback, were addressed in [12], while the
uniqueness aspect was addressed in [13] for the setting
of autonomous linear dynamics. Computational issues
are also well understood: for a given design collection of
points, the equi-normalized polytopic robust positively
invariant set can be computed by a standard fixed point
iteration [12] or by a single linear programme when the
dynamics are linear [13]. A systematic design of suitable
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collections of points that generate equi-normalized poly-
topic robust positively invariant sets for linear dynamics
has also been recently developed [14]. The importance
of these sets stems from their uniqueness and minimal-
ity, with respect to set inclusion, over all polytopic ro-
bust positively invariant sets generated by a considered
design collection of points.

It is well known—see e.g. monographs [1,2] and a re-
cent article [15] for a detailed discussion and numerous
references—that linear difference inclusions represent an
important and frequently deployed mathematical model
for parametrically uncertain linear dynamics. It is also
well known that the computation of robust positively in-
variant sets for linear difference inclusions is a significant
challenge [1]. This is one of the drivers for this note. An-
other driver is that the versatility of the equi-normalized
polytopic robust positively invariant sets would be con-
siderably enhanced if it were possible to generalize the
related theoretical and computational aspects to this set-
ting. The main contribution of this note is therefore the
study of equi-normalized polytopic robust positively in-
variant sets for linear difference inclusions. In terms of
theory, the characterization, existence and uniqueness
of such sets is established. In terms of computation, we
show that the natural formulation of the problem of find-
ing the equi-normalized robust postively invariant set
is nonconvex. Although this may be recast, exactly, as
a mixed-integer linear programming problem, we show
that a fixed-point iteration, based on linear program-
ming, offers a tractable and more practical alternative
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with guaranteed convergence.

Note Structure: Section 2 outlines the setting, notions,
and objectives. Section 3 establishes the characteriza-
tion, existence and uniqueness of the equi-normalized ro-
bust positively invariant sets for linear difference inclu-
sions, while Section 4 addresses the corresponding com-
putations. Section 5 provides a concluding discussion.

Nomenclature, Definitions and Conventions: The
sets of non-negative integers and reals are denoted by
N and R>. A compact and convex subset S of R" that
contains origin in its interior is a proper C-set in R™.
The intersection of finitely many closed half-spaces is a
polyhedral set. A polytopic set is a bounded polyhedral
set. The Minkowski sum of nonempty sets S1, S in R is
S+ 8= {81 + 85 : 51 €81, 89 € 82}
The image of a set S under a matrix M of compatible
dimensions, or a scalar M, is
MS :={Ms : s S}.

The convex hull of a set S is denoted by convh(S); for a
finite set of points Sp = {s; e R" : i € I},

convh(Sp) = {Z Aisi » VieZ, A >0, Z)\i =1}
1€ ieT

For a finite set of matrices Mp = {M; € R"*" : i € T},
convh(Mp) = {Z NM; Vi€, A\ >0, ZAZ. =1}
i€ i€l

The spectral radius p(M) of a matrix M € R™*"™ is
the largest absolute value of its eigenvalues. The joint

spectral radius p(Mp) of a finite set of matrices Mp =
{M; e R"™™ : je€TI}is

p(Mp) = lim sup{||M;, M, M, |VE M, € Mp)

The support function h(S, ) of a nonempty closed con-
vex subset S of R™ is given, for all x € R", by

h(S,z) =sup{z'y : y e S}
y

A nonempty closed convex subset S of R™ can be repre-
sented in terms of its support function h(S,-) as

S={reR" : VzeR", 2Tz <h(S,2)}.
We do not distinguish between a variable and its vector-

ized form. Once introduced, Assumptions are utilized in
the subsequent discussion without explicit referencing.

2 Preliminaries

We consider an uncertain discrete time system modelled
as a linear difference inclusion

T € F(z) with

F(z) ={Az+w : A€ convh(Ap), w e W}, (2.1)

where z € R” and 1 € R™ are the current and successor
states, respectively, w € R" is the current disturbance,
A € R™ ™ is an admissible state transition matrix, and

Ap is a finite set of matrices in R™*™. We consider a
setting characterized by the following two assumptions.

Assumption 1 For a finite index setT .= {1,2,...,q},

Ap ={A4; e R™" . i €T}, (2.2)

and the finite set of matrices Ap is strictly stable, i.e.,
its joint spectral radius p(Ap) is strictly less than 1.

Assumption 2 The set W is a proper C-set in R"™.

2.1 Robust Positively Invariant Sets

A proper C-set S in R" is a robust positively invariant
set for the linear difference inclusion ™+ € F(x) specified
in (2.1) if and only if for all x € S, all A; € Ap and
all w € W it holds that A,z +w € S. Thus, the robust
positive invariance property of a proper C-set S in R”
can be expressed by a system of set inclusions

VieI, AS+WCS, (2.3)

or by an equivalent system of the functional inequalities
Vz € R", Vi € T, h(S, A] 2) +h(W, z) < h(S,2), (2.4)
which can be equivalently rewritten in a compact form

¥z € R", maxh(S, Al 2) +h(W, 2) <h(S,2). (2.5)
1€

A proper C-set S in R™ is the minimal, with respect to
set inclusion, closed convex robust positively invariant
set for the linear difference inclusion z* € F(z) speci-
fied in (2.1) if and only if it verifies the fixed point set
equation

convh(|_J 4:8) + W =8, (2.6)

i€T
or, equivalently, if and only if its support function h(S, -)
verifies the following fixed point functional equation

Vz € R", max h(S, Al 2) + h(W,2) =h(S,2). (2.7)



2.2 Polytopic Robust Positively Invariant Sets

A polytopic proper C-set P in R™ can be represented as
P={zcR" :VjeJ, pjz<h(P,pj)}, (28)

in which 7 is a finite index set, {p;, € R*\ {0} : j €
J} is a finite collection of points and, for all j € 7,
0 < h(P,p;) < co. A polytopic proper C-set P in R™ is
a robust positively invariant set for the linear difference
inclusion 2™ € F(z) specified in (2.1) if and only if

vied, meath(PaAiTPj) +h(W,p;) <h(P,pj). (2.9)

A polytopic proper C-set P in R"™ is an equi-normalized
robust positively invariant set for the linear difference
inclusion ™ € F(z) specified in (2.1) if and only if

Vjed, meaIxh(P,Aiij)Jrh(W,pj) =h(P,p;). (2.10)

2.8  Main Objectives

The objective of this note is to address the characteri-
zation, existence, uniqueness and computation of equi-
normalized polytopic robust positively invariant sets
for the linear difference inclusion z* € F(x) specified
in (2.1).

Specifically, for any ¢ = (p1,¢2,...
consider a polytope

7@’!“) 6 Rg()a we

Plp) ={z eR" : Vje J, p;-rx < ;} with
J=1{1,2,....r}, (2.11)

in which the r normal vectors to the defining halfspaces

{p; e R*"\ {0} : je T} (2.12)

are already chosen and meet the following assumption.

Assumption 3 For the finite collection of points
{p1,...,pr} there exists a ¢ = @ € RY, such that

P =P(p) satisfies (2.9).

This assumption requires the normals {p1, ..., p,} to be
chosen in order that the set P(¢) can be made robust
positively invariant by suitable choice of ; existence,
but not necessarily knowledge, of ¢ is assumed. The de-
sign of a suitable set of points is discussed in [14], albeit
in the context of linear dynamics; design in the linear
difference inclusion case is a topic for future research.

The objective is then to determine the ¢ € RZ in or-
der that the polytopic proper C-set P(p) satisfies the

(i) f ()
(#ii) f ()

equi-normalized form of the robust positive invariance
condition (2.10) (i.e., condition (2.9) with equality):

Vi € T, h(P(p),p;) = »j, and (2.13)
max h(P(p), Alp;) +h(W,p;) =h(P(p),p;). (2.14)

Such a ¢, if it exists, defines a polytope P(y) that is
minimal, with respect to set inclusion, among all robust
positively invariant polytopic sets generated by the same

points {p1,...,pr}.
3 Characterization, Existence and Uniqueness

To compactly discuss the characterization, existence
and uniqueness of the solution to the fixed point equa-
tion (2.13) and (2.14), let, for all j € J,

1/’] = h(vaj) andd’:: (1/1171/’27-"71/%)7 (31)

as well as, for all j € 7 and all ¢ € R%,

fi(p) = maxh(P(p), A p;) and g;(¢) := fi() + ¥, and

€L
flp) = (fi(p), f2(¢), ..., fr(¢)) and
9() = (91(0), 92(0); - - - gr(0))- (3.2)

We now outline the most relevant facts that enable an
adequate utilization of the results established in [12,13].

Proposition 1 Suppose Assumptions 1, 2 and 3 hold.
Consider the vector ¢ € R" and the functions f (-) and
g (+) defined in (3.1) and (3.2), respectively.

(1) 0 < < @ and, for all p € R, 0 < f(p) < o0 and

0 <9 <glp) <.
: RYy — RY, and g() RY, — RY, are

continuous and monotonically non-decreasing.

o RL, — RY is positively homogeneous of the

first degree, i.e., for all ¢ € RL, and all a € Ry,

flap) = af(p).

(tv) Forallp e RLyandallj € T, h(P(f(v)),p;) = fi(e)

and h(P(g(¢)),pj) = g;()-

In light of Proposition 1(iv), the fixed point equa-
tion (2.13) with condition (2.14) is equivalently given by

flo)+v =9 ie, g(p) =0, (3.3)
which yields directly the following characterization.

Theorem 1 Suppose Assumptions 1, 2 and 8 hold. A
polytopic proper C-set P(¢) in R™ parameterized as
in (2.11) and specified as in (2.8) is an equi-normalized
robust positively invariant set for the linear difference
inclusion zt € F(zx) specified in (2.1) if and only if
¢ € RY, verifies the fized point equation (3.3).



The existence of the fixed point verifying (3.3) follows
from the Brouwer fixed point theorem [16, Corollary in
Page 176] by an argument in the spirit of [12, Theorem 1].

Theorem 2 Suppose Assumptions 1, 2 and 8 hold. Con-
sider the function g (-) defined in (3.2) and let

G={peR" : 0< <P}
There exists a ¢ € G such that g(¢) = ¢.

The identified fixed point is, in fact, unique, which can
be verified by making an adequate, and relatively direct,
use of the arguments of the proof of [13, Theorem 3].

Theorem 3 Suppose Assumptions 1, 2 and 8 hold. Con-
sider the function g (-) : RL, — RZ, defined by (3.2).
There exists a unique ¢ € RL, such that g(¢) = ¢, which
is also such that 0 < g(0) = < g(¢) = ¢ < 9(@) < &.

The relevance of the proper C-polytope P(¢), where ¢ =
g(¢), is summarized by an analogue of [12, Corollary 1].

Corollary 1 Suppose Assumptions 1, 2 and 8 hold and
let ¢ € RL, be the unique fized point of (3.3). The proper
C-polytope P(¢p) is the unique equi-normalized and the
minimal, with respect to set inclusion, robust positively
imwvariant set for the linear difference inclusion specified
by (2.1), which is generated via (2.11) by the collection
of points {p1,...,pr}.

4 Computation

In the setting of linear dynamics, the computation of the
fixed point ¢ via a single linear programme was devel-
oped in [13] and slightly expanded in [14]. In our setting,
an optimization problem ‘B for the computation of the
unique solution ¢ € R ; of the fixed point equation (3.3)
takes the form B

maximize ¢ + G + ... + G
with respect to {g; € R},;cs and {z; € R"};cs
subject toVj € J, ¢; < maIXp;Aﬂj’
1€

andVj € J, Yk € J, pfx; < i + V.

If 0 := (01,09,...,0,) is formed from the {¢) € R};cs
part of the maximizer of the optimization problem 3
by setting, for all j € J, 0; = <J, then the unique
fixed point ¢ € R%, solving (3.3) is recovered by set-
ting ¢ = o + 1. Namely, by construction, for all j € 7,
max;ez h(P(o + ¥),Alp;) = o, h(W,p;) = ¥; and
h(P(o +v),p;) = 0; +1; = ¢;. Despite this, the opti-
mization problem 3 is not a linear programme because
the constraints, for all j € J, ¢; < max;ez p;Aixj, de-
fine the hypograph of a set of convex functions.

Problem ‘¥ may be recast as a mixed-integer linear
programming problem by associating a binary vari-
able with each ¢ € Z in each of the r constraints
g < maxiezp;rAi:vj. Nonetheless, we propose a
tractable and more practical alternative to nonlinear
or mixed-integer optimization in the form of the fixed-
point iteration

Vk €N, ori1 = g(or) ie., orp1 = flor) +v, (4.1)

with ¢¢ suitably defined. In these dynamics, determina-
tion of 9 as specified in (3.1), given the set W, is via con-
vex optimization prior to initialization of the iterations.
Likewise, given any ¢, g(¢) and f(p) defined in (3.2)
may be evaluated by first solving r¢ linear programming
problems specified, for each j € J and each i € Z, by

W(P(0), A pj) = max{p] Az : VL€ T.plw < p¢}

and then taking, for each j € J, the maximum over
i € Z of h(P(p), Al p)), i.e., for each j € 7,

fi() = max{h(P(¢), A{ p;), ..., h(P(9), A, p;)}-
(4.2)

The following, main result of this section establishes con-
vergence of this iteration from different initial points .

Theorem 4 Suppose Assumptions 1, 2 and 3 hold.

(1) If oo = 1) then, for all k € N,

Y < ok < prr1 =g(pr) < P.

(2) For any a > 1, if oo = ap then, for allk € N,

Y < prg1 = glor) < o < ap.

Moreover, in either case, the sequence {py } >0 converges
monotonically to the unique solution ¢ of the fixed point
equation (3.3), which is such that ¥ < g(¢) = ¢ < @.
Furthermore, if for somek € N, ¢ 11 = @y, then ¢ = @y,
Moreover, for alle > 0, there exists a finite k* € N such
that, for allk € N, k > k*, it holds that |pr — @)oo < €.

The sandwich theorem helps then to establish asymp-
totic convergence from an arbitrary initial point.

Theorem 5 Suppose Assumptions 1, 2 and 3 hold. For
anya > 1, if g is such that ¥ < ¢o < ap, then {¢k b x>0
generated by (4.1) converges asymptotically to the unique
solution ¢ of the fixed point equation (3.3).

5 Discussion

The fixed-point iteration results in a convergence to the
unique solution ¢ of the fixed point equation (3.3) via



€2

T1

Fig. 1. lustration of P(¢) (solid), A1P(¢) + W (dashed)
and A2P(¢p) + W (shaded) for the (¢, ) = (2, 50) case.

solving a sequence of linear programming problems. Ta-
ble 1 demonstrates this convergence for the LDI sys-
tem (2.1) with Ap = convh({A;, A3}), with

0.0117 0.7096

_ [om26 00m0]
’ 0.2633 0.7272

—0.0254 0.1530]

and W = {w : ||w||,, < 0.1}. The points {p1,...,pr}
are chosen so that P(1) is the regular r-sided polygon in
R?; it is verified that ¢ = 1 meets Assumption 3 in this
case. Figure 1 illustrates the equi-normalized set P(¢).

The set Ap was augmented with further randomly
generated A; matrices in a manner that Ap remained
strictly stable. Likewise, the set P(1) was refined with
additional, uniformly spaced points to make an r = 50-
sided regular polygon. The results are shown in Table 1.
The number of iterations required for ¢ = 4, r = 50 is
comparable to the (¢,7) = (2,8) case. With ¢ = 8, the
set P(1) does not meet the robust positive invariance
condition and more iterations were required.

In comparison to these results, we found that the mixed
integer linear programming formulation scales poorly
and performs unpredictably: although the (¢,7) = (2, 8)
and (8, 8) problems solved in, respectively, 0.1s and 20s
using CPLEX 22.1.1, the (2, 50) problem required 18.5h
to solve on the same platform.

This note has addressed the characterization, existence,
uniqueness and computation of the equi-normalized
polytopic robust positively invariant sets for the linear

Table 1

Results for different ¢ (number of vertices in the system
description) and r (number of halfspaces in the description
of P). The termination criterion was @11 — @r|oo < 1le7°.

(¢g,7) (2,8) (2,50) (4,8) (4,50) (8,8) (8,50)

Iterations 41 47 43 43 95 99
LPs per iter. 16 100 32 200 64 400
po meets A3 Yes Yes Yes Yes No No

difference inclusions, which opens up space for their
utilization for the design of improved tube model pre-
dictive controllers. Additional relevant lines for future
research include a systematic design of suitable collec-
tion of points {p1,...,pr}, and exploitation of the dual
form of the support functions in order to provide an
accelerated fixed-point iteration.

Appendix A: Proof of Proposition 1. (i) These
facts follow from (3.1) and (3.2). (i¢) By the virtue
of [12, Proposition 1], for each j € J and each i € Z,
the functions ¢ +— h(P(p), A/ p;) are continuous
and monotonically non-decreasing over RZ,. Thus,
in light of [17, Proposition 1.26(c)], for each j € J,
the functions ¢ — f;(¢) = max;er h(P(y), 4 p;)
and ¢ — g;(p) = fj(¢) + ¥, are continuous over
RZ,, and, due to their definitions, the functions
¢ — fi(p) and ¢ — g;(p) are also monotonically
non-decreasing over R . (i43) Clearly, for all ¢ € RL,

and all & € Rsg, Play) = aP(p), and, in turn,
for each j € J, h(P(ap),p;) = h(aP(p),p;) =
ah(P(¢),p;). By the same token, for all ¢ € RL, and
all @« € R>, and for each j € J and each i € Z,
h(P(ayp), Al pj) = ah(P(p), Al p;). In turn, for all
¢ € R{, and all & € R>g, and for each j € J,
max;ez h(P(ap), Alp;) = amaxezh(P(p), Al p;).
Thus, for all ¢ € RY; and all & € R>o, f(ap) = af(y),
as claimed. (iv) These facts follow from (2.11) and (3.2).
Appendix B: Proof of Theorem 2. By monotonicity
of the function g (-), for all p € G, 0 < g(0) = ¢ <
9(9) < 9(3) < @, where g(3) < @ by Assumption 3.
Thus, g (-) maps G to itself. Since g (-) is continuous, G
is a convex and compact subset of RZ ), and g (-) maps G
to itself, the Brouwer fixed point theorem guarantees the
existence of the claimed point ¢ € G such that g(¢) = ¢.

Appendix C: Proof of Theorem 4. By Theorem 2,
g () maps G to itself. Thus, g € G implies ¢, € G
for all £ € N. If, for any £ € N, pr < @ry1 then, by
monotonicity of g (), ¢r41 = 9(vr) < g(Pr+1) = Prta.
Thus, o < @41 implies i1 < Yryao. Clearly, for
0 < wo=1v90) =19 =¢9 <1 =g < so
©o < 1. Claim (1) then follows by induction. Thus, the
sequence {@y}r>0 is monotonically nondecreasing and
every ¢ € G. Since G is compact and g (+) is continu-
ous, it follows that {¢ }r>0 converges to a limit % such
that = g(®). By Theorem 3 such a point is the unique
fixed point ¢ and, hence {py}r>0 converges monotoni-
cally from below to ¢. Claim (2) follows by applying the
same arguments starting from the fact that if pr11 < @i
then ¢py2 < ¢ri1, and then noting that, for any o > 1,
©o = ap implies @ < g. The finite convergence asser-
tion is hopefully clear, while the numerical convergence
assertion follows directly from the fact that the sequence
{@k k>0, from either initial point, is convergent.

Appendix D: Proof of Theorem 5. Let Prr Pk Pr



denote the iterates from the respective initial points ¢ =:
#,y» o (such that ¢ < o < ap) and ap =: P, with o >
1. Since ¢ < o < P, monotonicity of g (+) yields . <
v < @y, for all k € N. Hence, since g (-) is continuous,
G is compact, and {¢, }r>0 and {$;, }r>0 are convergent

to the same limit ¢ = g(¢) € G, the sequence {¢k}r>0
is also convergent to the same limit ¢ = g(¢) € G.
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