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Let T be a d X d matrix with real coefficients. Then T
determines a self-map of the d-dimensional torus T¢ =
R?/Z?. Let {E,}nen be a sequence of subsets of T? and let
W (T, {E,}) be the set of points x € T? such that T"(x) € E,
for infinitely many n € N. For a large class of subsets
(namely, those satisfying the so called bounded property (B)
which includes balls, rectangles, and hyperboloids) we show
that the d-dimensional Lebesgue measure of the shrinking
target set W(T,{E,}) is zero (resp. one) if a natural
volume sum converges (resp. diverges). In fact, we prove a
quantitative form of this zero-one criteria that describes the
asymptotic behaviour of the counting function R(z,N) :=
#{1 < n < N :T"(z) € En}. The counting result makes
use of a general quantitative statement that holds for a
large class measure-preserving dynamical systems (namely,
those satisfying the so called summable-mixing property).
We next turn our attention to the Hausdorff dimension of
W(T,{En}). In the case the subsets E, are balls, rectangles
or hyperboloids we obtain precise formulae for the dimension.
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These shapes correspond, respectively, to the simultaneous,
weighted and multiplicative theories of classical Diophantine
approximation. The dimension results for balls generalises
those obtained in [25] for integer matrices to real matrices. In
the final section, we discuss various problems that stem from
the results proved in the paper.
© 2023 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

“You’ve always had the power my dear,
you just had to learn it yourself.”

1. Introduction

Let (X, B, u, T) be a measure-preserving dynamical system. Recall, that by definition
 is a probability measure. Now let {E, },,cn be a sequence of subsets in B and let

W(T,{E,}) := limsup T "(E,)

n—oo

={z e X:T"(z) € E, for infinitely many n € N}.

For obvious reasons the sets FE, can be thought of as targets that the orbit under T
of points in X have to hit. The interesting situation is usually, when working within
a metric space, the diameters of E, tend to zero as m increases. It is thus natural to
refer to W(T \ {En}) as the corresponding shrinking target set associated with the given
dynamical system and target sets. Since T' is measure-preserving pu(T-"(Ey)) = p(En),
and a straightforward consequence of the (convergent) Borel-Cantelli Lemma is that

M(W(Tv {En})> =0 if ZN(En) < 0. (1)

Now two natural questions arise. Both fall under the umbrella of the “shrinking target
problem” formulated in [24].

(P1) What is the p-measure of W (T, {E,}) if the measure sum in (1) diverges?
(P2) What is the Hausdorff dimension of W (T, {E, }) if the measure sum converges
and so u(W(T,{E,})) = 0?

To be precise, the target sets E, in the original formulation in [24] are restricted to
balls B,,. The more general setup naturally incorporates a larger class of problems. For
example, within the context of simultaneous Diophantine approximation, it enables us
to address problems associated with the weighted (the target sets are rectangular) and
multiplicative (the target sets are hyperbola) theories — see Remark 4 in §1.2 below.
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In this paper we revisit the shrinking target problem investigated in [25] in which T is
a matrix transformation of the d-dimensional torus X = T¢ := R?/Z<. There are several
reasons for doing this. Firstly, for integer matrix transformations a solution to (P1) was
announced in [25]; namely, under some regularity condition on the rate at which the
diameters of the balls B,, tend to zero, we have that

mg(W(T,{B,})) =1 if > ma(B,) = (2)

where my is d-dimensional Lebesgue measure. However, the intended paper establishing
this divergent analogue of (1) was never completed” and to the best of our knowledge
such a result has not to date appeared in print elsewhere. In this paper not only do
we rectify the situation but we consider the set up in which T is a real (rather than
just integer) matrix transformation and the ‘target’ sets are general sets rather than just
balls. Furthermore, our results are significantly stronger than statements such as (2). In a
nutshell, our solution to (P1) consists of full measure statements that are quantitative in
nature. Next, turning our attention to (P2), Theorem 2 in [25] provides a precise formula
for the Hausdorff dimension of W (T, {B,}) when T is an integer matrix transformation
diagonalizable over the rationals. In this paper we investigate the more general situation
in which T is real and by making use of technology that was not available at the time of
[25], we show (for instance) that the aforementioned formula for the Hausdorff dimension
holds for a large class of real diagonal matrix transformations.

At the heart of our solution to (P1) for matrix transformations of tori, is a result
that holds for a large class of measure-preserving dynamical systems. We start with
describing this broader result and then move onto formally stating our theorems for
matrix transformations.

1.1. A quantitative full measure result for S-mizing dynamical systems

Given a measure-preserving dynamical system (X, B, u, T) and a sequence {Ep, },en
of subsets in B, we will show that if x4 is exponentially mixing and the measure sum in
(1) diverges then the associated limsup set W (T, {E,}) is of full measure. However, it
turns out that a lot more is true. We can establish a quantitative full measure statement
and at the same time work with the potentially weaker notion of £-mixing.

Definition 1. Let (X,B,u,T) be a measure-preserving dynamical system and C be a
collection of measurable subsets of X. For n € N, let

W(ENT"F)

otn) = s { ’ w(F)

—M(E)‘ :EeC,FeC}. (3)

2 The author SV would like to take this opportunity to apologise for making an announcement and then
not delivering the goods!
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We say that p is S-mixing (short for summable-mixing) with respect to (7,C) if the
series D7 | ¢(n) converges.

Recall, that the above of mixing is stronger than that of ¢-mixing which simply
requires that ¢(n) — 0 as n — oo. Also recall, that u is exponentially mizing with
respect to (7', C) if there exists a constant 0 < v < 1 such that

WENT(F)) = p(E)u(F) + 0(y")u(F), (4)

for any n > 1 and E, F € C — the implied constant in the big O does not depend on the
sets B and F. In other words, and not surprisingly, exponentially mixing and T-mixing
coincide whenever ¢(n) converges to zero exponentially fast. It is worth mentioning that
in the standard definition, condition (4) is required to hold for any F € B rather than
just in C. We refer the reader to the survey paper [7] for further details including “other”
variants of the notion of exponentially mixing. Also, see §1.1.1 below.

As above, let {E, },,en be a sequence of measurable subsets of X. Then, given N € N
and x € X, consider the counting function

R(z,N) = R(z,N;T,{E,}) = #{1 <n < N:T"(z) € E,}. (5)

As alluded to in the definition, we will often simply write R(x, N) for R(x, N;T,{E,})
since the other dependencies will be clear from the context and are usually fixed. It is
easily seen that the convergent statement (1) is equivalent to saying that if the measure
sum converges, then limy_,o R(x, N) is finite for py—almost all x € X. The following
result implies that for a large class of dynamical systems, if the measure sum diverges
then p—almost all x € X ‘hit’ the target sets F,, the ‘expected’ number of times.

Theorem 1. Let (X, B, u, T) be a measure-preserving dynamical system and C be a collec-

tion of subsets of X. Suppose that p is $-mizing with respect to (T,C) and let {Ey}neN
be a sequence of subsets in C. Then, for any given € > 0, we have that

R(z,N) = ®(N)+ 0O <<1>1/2(N) (log(IJ(N))3/2+E) (6)

for p-almost all x € X, where

A simple consequence of Theorem 1 is that limy_,o R(z, N) = oo for u—almost all
x € X if the measure sum diverges and so together with (1) we obtain the following
zero-full measure criterion.
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Corollary 1. Let (X, B, u,T) be a measure-preserving dynamical system and C be a collec-
tion of subsets of X. Suppose that p is S-mizing with respect to (T,C) and let {FEp}nen
be a sequence of subsets in C. Then

0 if Yo u(Ey) <oo
,u(W(T, {En})) = (7)
Loaf >, ,u(En) = 0.

Before moving onto considering the specific situation in which T is a matrix transfor-
mation of the torus we discuss previous related works.

1.1.1. Connection to other works

We will focus on two previous works that are related to the framework presented above;
i.e. the notion of Z-mixing and its consequences. In an interesting paper [19], Fernandez,
Melidn & Pestana introduced the notion of a transformation 7" being uniformly mixzing at
a point xg € X. Their notion coincides with our Definition 1 if we restrict the collection C
to balls B centered at xy. The upshot [19, Theorem 1] is that given a decreasing sequence
of balls B, := B(xzg,ry), if T is uniformly mixing at zo and > -, u(B,) = oo then

lim R(z,N) _ - #{1<n<N:T"(2) € B,} _
N—oo ®(N) N—oo Zﬁle 1w(By)

1. (8)

Clearly our Theorem 1 not only implies this asymptotic statement but it also provides a
reasonably sharp estimate for the error term. As a consequence, the various applications
of (8) considered in [19] can be strengthened accordingly. Indeed, their main motivat-
ing application to inner functions [19, Theorem 2] can be improved to the following
statement.

Theorem FMP*. Let f: D — D be an inner function with f(0) = 0, but not a rotation.
Let & be a point in OD and let {r,} be a decreasing sequence of positive numbers. If
>0 Tn = 00, then for any given & > 0, we have that

#{1 << N d((f)(€),&) <7} = B(N) + O (S2(N) (log ®(N))*/2+)

for p-almost all x € X, where ®(N) := 25:1 Tr, (&) = lim,—1_ f(rf) and d is the
angular distance in 0D .

In the later stages of preparing this manuscript, we discovered that our Theorem 1
overlaps with a result of Philipp [42, Theorem 3] dating back to 1967. Indeed, in his
theorem the condition imposed on the sequence {E, },en of measurable sets is in effect
equivalent to our notion of ¥-mixing with C = B. It appears that [42, Theorem 3] has
been either entirely overlooked, or at least not fully exploited in previous works. For
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the sake of completeness we have decided to include the proof of Theorem 1 in §2.
Moreover, our proof is pretty short and unlike Philipp’s approach it exploits a rather
general tool (Lemma 1 in §2) for establishing sharp counting statements. To the best of
our knowledge, a slightly weaker version of the tool, which suffices to establish Theorem 1,
first appears in Sprindzuk’s book [45, Lemma 10] which was some ten years after Philipp’s
paper. Furthermore, we have decided to include a self contained proof of the Corollary 1
since it is rather nifty and some readers may only be interested in the zero-full measure
criterion rather than its stronger quantitative form.

1.2. Quantitative full measure results for matriz transformations

Let T be a d x d non-singular matrix with real coefficients. Then, T' determines a
self-map of the d-dimensional torus X = T? := R?/Z?; namely, it sends x € T? to Tx
modulo one. In what follows, T" will denote both the matrix and the transformation. It
should be obvious from the context what is meant. Furthermore, for n € N, by T" we will
always mean the n-th iteration of the transformation 7" rather than the matrix multiplied
n times. With reference to the general setup of §1.1, we now describe a broad collection C
of ‘target’ sets contained in T? so that for any sequence {E, },en of subsets in C we are
able to address the shrinking target ‘measure’ problem (P1) for the associated limsup
set VV(T7 {En}) In order to do this, we require the notion of the Minkowski content of
a set in R?. We start by recalling this basic notion from geometric measure theory.

Let 0 < s < d be two positive integers and let A be a subset of R?. Let my denote the
d-dimensional Lebesgue measure and a(d) denote the volume of the d-dimensional unit
Euclidean ball {x € R? : |x| < 1}. By convention, we define a(0) := 1. For 0 < € < 00,
we let A(e) denote the e-neighbourhood of A; that is

Afe) := {x € R : dist(x, A) < €}.

Then, following the classical text of Federer [18, Section 3.2.37], the s-dimensional upper
and lower Minkowski content of A are defined, respectively as

M**(A) := limsup M and M;(A) ;= liminf M .
esor afd —s)ed—s e—0+ ad — s)ed—s
If these upper and lower Minkowski contents are equal, then their common value is called
the s-dimensional Minkowski content of A and is denoted by M?®(A). In general, the set
functions M** and M} are not measures. However, for nice sets it turns out that both
equal a constant multiple of the Lebesgue measure mg. In particular, a result of Federer
[18, Theorem 3.2.39] states that if A is a closed s-rectifiable subset of R (i.e. the image
of a bounded set from R® under a Lipschitz function), then the s-dimensional Minkowski
content of A exists, and is equal to the s-dimensional Hausdorff measure of A. Recall
that for integer s the latter is a constant multiple of s-dimensional Lebesgue measure.
Also, for the sake of completeness it is worth mentioning that the Minkowski content
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is intimately related to the Minkowski dimension which, nowadays is more commonly
referred to as the box dimension. When considering this fractal dimension, s need not be
an integer and we put a(d—s) = 1 in the above definitions of upper and lower Minkowski
contents. For further details see [14, Section 3.1], [18, Sections 3.2.37-44], [35, Chapter
5] and references within.

The following proposition identifies the collection C of ‘target’ sets alluded to above
as subsets £ of T? for which the boundary dF has bounded (d — 1)-dimensional upper
Minkowski content. It makes use of the work initiated by Keller [29,30] on the existence
and properties of absolutely continuous invariant measures for piecewise expanding maps,
and subsequently developed by the likes of Géra & Boyarsky [22], Buzzi [9-11], Buzzi &
Maume-Deschamps [12], Saussol [43] and Tsujii [47,48].

Proposition 1. Let T be a real, non-singular matriz transformation of the torus T¢.
Suppose that all eigenvalues of T are of modulus strictly larger than 1. Then

(i) there exists an absolutely continuous (with respect to Lebesque measure mg) invari-
ant probability measure (acim) p,

(ii) the support A C T? of any acim u can be decomposed into finitely many disjoint
measurable sets Ay, ..., As such that for each 1 <1i < s the restriction pla, of p to

A; is ergodic and is equivalent to the restriction mgq
Ai;
(#ii) each ergodic component A; in (ii) can in turn be decomposed into finitely many

4, of Lebesgue measure mq to

disjoint measurable sets A1, ..., Asyp, such that for each 1 < j < p; the restriction
la,; is miring with respect to TP,

(iv) on each mizing component A;; in (iii), the restriction p|a,, is exponentially mizing
with respect to (TP, C) for any collection C of subsets E of A;; satisfying the bounded
property

(B): sup M*4"V(OE) < .
EeC

Remark 1. By definition, the restriction u|4 of a probability measure p to a set A with
u(A) > 0 is normalized so that it too is a probability measure. In other words, for an
arbitrary measurable set F

pla(E) = A w(E).

For each 1 < ¢ < s, the sets A;; (1 < j < p;) appearing in part (iii) are referred to as
Pi

j=1
the mixing components. These mixing components satisfy the property that

the mixing components of A; (= A;;) and the positive integers p; are the period of

T(Aij) = Aij+1 (1 S j < Pi — 1) and T(Azm) = Ail .
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Also, for the sake of clarity, completeness and convenience, recall that if p and v are two
measures on the same measurable space, then u is absolutely continuous with respect to
v (written p < v) if p(E) = 0 for every measurable set E for which v(E) = 0. Moreover,
the measures p and v are equivalent if p < v and v < p and are said to be strongly
equivalent or comparable if there exists a constant C' > 1 such that for every measurable
set K

C_lz/(E) < u(E) < Cv(E).
Given a measure-preserving dynamical system (X, B, u,T), the invariant measure p is
ergodic if for every set E € B with T™'E = E we have either u(E) = 0 or u(E) = 1.
Moreover, pu is said to be mixing with respect to T' (often referred to strong-mixing) if
for every E, F € B

lim W(ENT™"F) = u(E)u(F).

n— oo
Clearly, exponentially mixing tells us that the implied error term in the above limit
decays exponentially. Also, if we put F' = F we immediately see that mixing implies
ergodic.

The following constitutes our most general measure theoretic result for the shrinking
target problem for matrix transformations of tori. As we shall see the “divergent” part,
which is the hard part, is essentially an immediate consequence of combining Theorem 1
and Proposition 1.

Theorem 2. Let T be a real, non-singular matriz transformation of the torus T¢. Suppose
that all eigenvalues of T' are of modulus strictly larger than 1 and let C be any collection
of subsets E of T satisfying the bounded property (B). Furthermore, let u be an acim
and suppose it has support T¢ and is mizing with respect to T. Then for any sequence
{En}nen of subsets in C and € > 0, we have that

R(x,N) = ®(N) + O (@'/2(N) (log ®(N))*/+) ()

for p-almost all (equivalently mq-almost all) x € T¢, where ®(N) := 27]:/:1 w(Ey). In
particular,

0 if >oo, u(En) < 00
ma(W(T,{En})) = p(W(T.{En})) = (10)
Loaf Yoo, U(E”) = 0.

We note that the existence of the acim measure p in Theorem 2 is guaranteed by part
(i) of Proposition 1 and that the assumptions imposed on it, namely that the support of u
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is the whole space T¢ and that p is mixing with respect to T, are often satisfied. Indeed,
this is the situation when the eigenvalues of T' are large in modulus or the coefficients of
T are integers. Regarding the former we have the following precise statement. We will
come to the integer situation shortly (see Theorem 5 below).

Theorem 3. Let T be a real, non-singular matriz transformation of the torus T . Suppose
that all eigenvalues of T are of modulus strictly larger than 14++/d. Let C be any collection
of subsets of T? satisfying the bounded property (B). Then there is a unique acim u,
such that for any sequence {E,}nen in C and ¢ > 0, the counting formula (9) holds
for p-almost all (equivalently mg-almost all) x € T, where ®(N) := 25:1 w(Ey). In
particular, the zero-full measure criteria (10) holds.

Remark 2. The fact that the acim p appearing in Theorem 3 is unique is a trivial
consequence of the fact that any acim satisfying the hypotheses of Theorem 2 has to be
unique. Indeed, to see that this is the case, suppose there exist two such measures. Then
by part (ii) of Proposition 1, both are equivalent to mg. By assumption, both are mixing
with respect to T" and hence ergodic. It thus follows (see [51, Theorem 6.10]) that the
two measures are equal.

Remark 3. By using the full force of Proposition 1, the assumptions on g in Theo-
rem 2 can be completely dropped if we restrict our attention to the shrinking target set
W(T?,{E,}) N A. Here A C T is the support of the acim yu (guaranteed by part (i) of
Proposition 1) and p := p1ps ...ps where the integers p; are the periods of the mixing
components associated with part (iii) of Proposition 1. Establishing Theorem 4 below is
an illustration of precisely this remark in action. In short, the point of making the as-
sumptions on y in Theorem 2 is to obtain a simple statement for the size of W(T,{E,})
in terms of the probability measure mg supported on T <.

Remark 4. We consider two special families of target sets that correspond to “natural”

setups within the classical theory of Diophantine approximation. Let 7 : RT — RT be
a real positive function and fix some point a := (ay,...,aq) € T? For n € N, let

B, = Bla,w(n) = {x € T*: max |z — a;]| <w(n) |

and
Hy = H(a,p(n) = {x e T*: ] |l - ail <v(n)}, (1)
1<i<d
where ||. || denotes the distance to the nearest integer. Clearly, B, is a ball with respect

to the maximum norm and H,, is a hyperboloid — both are centred at the fixed point a.
In turn, let
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W(T,1,a) ;= {x € TY: T"(x) € B(a,1(n)) for infinitely many n € N},
and
WX(T,%,a) :={x € T%:T"(x) € H(a,?(n)) for infinitely many n € N},

denote the corresponding shrinking target sets. The former is intimately related to sets
studied within the classical simultaneous theory of Diophantine approximation and the
latter to the multiplicative theory. To see this explicitly, suppose that T is an integer,
diagonal matrix. In fact, suppose that

T = diag (t1,...,tq) with ¢ >2

and for convenience suppose a is the origin 0. Then, on using the fact that T is integer,
it is easily seen that for any given x := (x1,...,24) € [0,1)¢ we have

T'(x) € BOY() =  max |15 < v(n)
and

T"(x) € HO,4(n)) = ][ Ilttwill < ().

1<i<d

It is evident that both the families of target sets {Bj,}n,>1 and {H,},>1 satisfy the
bounded property (B). Thus, at the very least, our theorems incorporate both the simul-
taneous and multiplicative aspects of the classical theory of Diophantine approximation
in which the denominators of the rational approximates are restricted to lacunary se-
quences. For the explicit statements see Corollaries 2 & 3 below. In fact, our bounded
property (B) condition is far more general than the so called property (P) condition (see
§5.1) imposed by Gallagher in his elegant and influential paper [20]. We reiterate that
our results hold for any family of target sets {E,},>1 whose boundaries are rectifiable
and are of uniformly bounded (d — 1)-dimensional Lebesgue measure.

We now investigate natural situations in which the measure p associated with Theo-
rem 2 is strongly equivalent to Lebesgue measure mg on T?. For such situations we can
replace p by mg in the finite sum ®(N) and the righthand side of (10) and thus obtain
statements entirely in terms of Lebesgue measure. To start with, let us stick with real,
non-singular matrices and suppose that T is diagonal with all eigenvalues (or equiva-
lently diagonal entries) f1, B2, . .., B4 of modulus strictly larger than 1. Now with this
in mind, let 5 € R such that |3| > 1 and let ug be corresponding Parry measure for
positive 8 or the Yrrap measure for negative 5 — see §3.3 for background and further
details. Also, let K (5) denote the support of pg. Then (see Proposition 3 below),
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K(ﬂ) = [07 1] if B e (—007 _g} U (1,—}-00)7 (12)

and K(B) is a finite union of closed intervals contained in [0,1] if 8 € (—g,—1). Here
and throughout,

g:=(V5+1)/2

is the golden ratio. Now returning to the transformation 7' of the torus T¢, we consider
the product measure v of the corresponding one-dimensional Parry-Yrrap measures pg;;
that is

V=g, X g, X o X g, - (13)
Then by definition, the support of v is

d

i=1

and in view of (12) we have that K = T% if all 8; are in (—o0,—g] U (1,+0c0). On
exploiting the properties of the Parry-Yrrap measures pg, and using the full force of
Proposition 1 (see Remark 3) we are able to show that v is exponentially mixing with
respect to (T, C) for any collection C of subsets E of K satisfying the bounded property
(B). The details of this are given in §3.3 and is at the heart of establishing the following
statement for real, diagonal matrix transformations.

Theorem 4. Let T be a real, non-singular matriz transformation of the torus T¢. Suppose
that T is diagonal and all eigenvalues 31, Bo, . . ., Bq are of modulus strictly larger than 1.
Let v be the product measure given by (13) with support K C T?. Let C be any collection
of subsets E of K satisfying the bounded property (B). Then for any sequence {Ey,}neN
inC and e > 0, the counting formula (9) holds for v-almost all (equivalently my| i -almost
all) x € T4, where ®(N) := 25:1 v(E,). In particular,

0 if Yoliv(En) < oo
malx (W(T,{E,})) = v(W(T,{En})) =
1o S0 v(E,) = oo

Furthermore, if all the eigenvalues of T are in (—oo, —g] U (1,+00) then K = T? and
we can replace v by my in the above; i.e. the counting formula (9) holds for mg-almost
allx € T4, where ®(N) := 22;1 ma(Ey,) and in particular

0 if Yo, ma(En) <oo
1 dif >0 ma(E,) = occ.
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In the case the collection C of subsets of K is restricted to rectangles with sides
parallel to the axes (they clearly satisfy the bounded property (B)) we can avoid using
Proposition 1 and give a self-contained and reasonably elementary proof of the above
theorem (see §3.3.1). In particular, it is more than enough to establish the following
corollary for balls (cubes); i.e., when we take E, = B, (see Remark 4) in the above
theorem.

Corollary 2. Let T be a real, non-singular matriz transformation of the torus T <. Suppose
that T is diagonal with all eigenvalues in (—oo, —g] U (1, +00). Let ¢ : RT — R be real
positive function and a € T®. Then for any € > 0, we have that

#{1<n < N:T"(x) € Bla,w(n)} = ®(N) + 0 (91/2(N) (log ®(N))*/+)
for mg-almost all x € T, where ®(N) := 21" (24)(n))?. In particular,
0 if 3iy(n)? < oo
L 3 v(n)? = oo

md(W(Ta 'l/}a a)) =

In fact, if we assume that ¥(n) — 0 as n — oo, we are able to appropriately extend
Corollary 2 to the situation in which the eigenvalues are in (—oo0, —g] U [—1, +00). In other
words, we can incorporate the interval [-1,1] into the allowed range of the eigenvalues.
This is the subject of §3.3.2 below.

In another direction, if 7" is an integer matrix transformation we are able to use a
nifty “reduction” argument to relax the condition that 7" is diagonal in Theorem 4 to T
is diagonalizable over Z. This reduction argument is the subject of §3.3.3 below. In fact,
for integer matrices far more is true.

Theorem 5. Let T be an integer, non-singular matriz transformation of the torus T<.
Suppose that all eigenvalues of T are of modulus strictly larger than 1 and let C be any
collection of subsets E of T satisfying the bounded property (B). Then, for any sequence
{En}nen of subsets in C and € > 0, the counting formula (9) holds for mg-almost all
x € T4, where ®(N) := Zﬁ;l ma(Er). In particular,

0 if Yoo ma(E,) <o
mq(W (T, {En})) =
L oif S0 ma(Ey) = oo.

To end with, we illustrate natural “number theoretic” consequences of our results.
Let t1,...,tq4 > 2 be integers and let T = diag (t1,...,tq). Then with reference to
Remark 4, it follows that

1<i

W(T,v,a) = {x € [0,1)¢: max, ltta; — a;|| < ¥(n) for infinitely many n € N}
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and

WX(T,¢,a) = {x € [0,1)%: H lt2x; — a;|| < (n) for infinitely many n € N} .
1<i<d

Thus, Theorem 5 implies the following statement for multiplicative Diophantine approx-
imation. In fact, since T is diagonal, it is also covered by the “furthermore part” of
Theorem 4.

Corollary 3. Let tq,...,tq > 2 be integers and let T = diag (t1,...,tq). Let ¢ : Rt — RT
be real positive function such that ¥ (x) < 2% and a = (ay,...,aq) € T Then

#{1<n<n: T - adl < vim ) = 2(N) + 0 (2V2(N) (og @(N))/**)

1<i<d
for mg-almost all x = (z1,...,24) € T?, where
N d—1 1 1 s
_ d — -
2 = 32w (2_) 2 (o2 s ) )

In particular,

0 if Y02 w(n) (log ﬁ)d_l < o0
md(WX(vava)) =

L if Y02, (n) (log i)' = co.

The analogous statement for the simultaneous set W (T, 1, a) is clearly covered by Corol-
lary 2 above. The condition that 1 (x) < 2% is only required for the counting statement.

Corollary 3 is probably most familiar to number theorists within the context of when
t; = ... = t4. This corresponds to approximating arbitrary points x € [0, 1]¢ by “shifted”
rational points ((p1+a1)/q, - .., (pa+aaq)/q) with denominators ¢ restricted to an integer
lacunary sequence. In this setup, the zero-full measure criterion within the corollary
can just as easily be deduced from the elegant work of Gallagher [20] mentioned in
Remark 4. Also, under the same setup and the assumption that ¢ is non-increasing, the
corresponding quantitative version (with a slightly worse error term) can be deduced
from [23, Theorem 4.6].

Remark 5. For n € N, let H,, = H(a,(n)) be the hyperboloid region given by (11).
Clearly, Corollary 3 follows directly from Theorem 5 on letting F,, = H,, and on showing
that

d—1 s
mq(H,) = 2%)(n) (Z% <10g %) > . (14)

s=0
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For the sake of completeness we will provide the details of this measure calculation in
§3.2.1.

1.8. Dimension results for matriz transformations

We address the shrinking target ‘dimension’ problem (P2) in the case T is a self-map
of the d-dimensional torus T? and the target sets are a sequence { B, },en of balls as
in the original formulation of the problem. The following two theorems constitute our
main dimension results. It turns out that these statements for balls can be exploited to
determine the dimension of shrinking targets sets in the case the targets are a sequence
{Hp}nen of hyperboloids. Throughout, given a real positive function 1 : Rt — R* we
let A = A(¢)) denote its lower order at infinity; that is

-1
A= A(®) = lim inf —128¥()
n—oo n
Theorem 6. Let T' be a real, non-singular matriz transformation of the torus T¢. Suppose

that T is diagonal with all eigenvalues By, Bo, ..., Bq strictly larger than 1. Assume that
1< B <Py<--- < Bg. Letp : RT — R be a real positive function and a € T?®. Then

dimyg W(T,,a) = min 0; (M),

where

ilogBi— Y (logfB; —logfBi—A)+ X logB3;

k:Br>pier k>i
A+ log 53;

Remark 6. We will in fact deduce the above theorem from a more general statement
concerning rectangular target sets — see Theorem 12 in §4.2.

In the case d = 1, the above result corresponds to the main result in [44]. It turns out
that while we are currently unable to prove in full generality the analogue of Theorem 6
that incorporates negative eigenvalues, we can do so in the one dimensional case. Thus,
the following statement for § < —1 is new and extends the work of Shen & Wang [44]
from positive to arbitrary g-transformations 7.

Theorem 7. Let 3 be a real number with |3] > 1 and K(3) be the support of the associated
Parry-Yrrap measure. Let ¢ : RT — R be a real positive decreasing function and
a € K(B). Then

: log |5
dlmH W(Tﬂ,’(/), a) = T(Jg% .
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The proof of Theorem 7 makes use of a general approximation technique for any piecewise
linear map of the unit interval with constant slope. The associated result (Proposition 7
in §7) may prove to be useful for other problems.

We now mention two consequences of our main dimension theorems. The first is that
if T is an integer matrix transformation, then in Theorem 6 we can replace the condition
that T is diagonal by T is diagonalizable over Z.

Theorem 8. Let T be an integer, non-singular matriz transformation of the torus T¢.
Suppose that T is diagonalizable over Z with all eigenvalues 51, P2, . . ., Ba strictly larger
than 1. Assume that 1 < B; < By < -+~ < By4. Let ¥ : RT — RY be a real positive
function and a € T¢. Then

dimg W(T, ¢, a) = min, 0;(N).

The theorem follows from Theorem 6 by using a “reduction” argument — see §4.2.2.
The second is that the above theorems for balls enables us to establish the dimension of
the multiplicative set W* (T,4,a). In fact, we only require the d = 1 statement and so
we are able to utilize the more general Theorem 7.

Theorem 9. Let T be a real, non-singular matriz transformation of the torus T . Suppose
that T is diagonal and all eigenvalues B, Bo, . .., Bq are of modulus strictly larger than 1.
Assume that 1 < |B1| < |Ba| < -+ <|Bal. Let ¥ : RT — RT be a real positive decreasing
function and a € T with aq € K(B4). Then

. X _ IOg |ﬁd|
dimyg W*(T,¢,a) =d—1+ N+ log |l
This consequence of Theorem 7 was pointed out to us by Baowei Wang. We thank him
for sharing his insight and indeed for providing the details of the proof which forms the
appendix. We stress that making use of Theorem 7, rather than the previously known
d =1 case of Theorem 6 due to Shen & Wang [44] is crucial. The latter requires that all
the eigenvalues are positive and strictly larger than one and would thus yield a weaker
version of Theorem 9.

2. Establishing Theorem 1 and Corollary 1

The following statement [23, Lemma 1.5] represents an important tool in the theory
of metric Diophantine approximation for establishing counting statements. It has its
bases in the familiar variance method of probability theory and can be viewed as the
quantitative form of the (divergence) Borel-Cantelli Lemma [2, Lemma 2.2].



16 B. Li et al. / Advances in Mathematics 421 (2023) 108994

Lemma 1. Let (X, B, p) be a probability space, let (fn(z))nen be a sequence of non-
negative p-measurable functions defined on X, and (fn)nen, (¢n)nen be sequences of
real numbers such that

0<fu<od, (n=1,2,...).
Suppose that for arbitrary a,b € N with a < b, we have

b

/(Z (fn(ﬂf)—fn)> du(z) < CY ¢ (15)

b n=a

for an absolute constant C > 0. Then, for any given € > 0, we have

1<k<N

N
an(x) = an + 0 (‘I)(N)l/2 log2te ®(N)+ max fk> (16)

N
for p-almost all x € X, where ®(N) := > én.

Note that in statistical terms, if the sequence f,, is the mean of f,(x); i.e.
fo= [ h@dnto).
X

then the Lh.s. of (15) is simply the variance Var(Z, ;) of the random variable

b
Zap = Zap(x) =Y fu(2).

In particular,
Var(Zop) = E(Z2,) — E(Zap)?
where

E(Zyp) = /Za’b(x)d,u(x).

X

The following extremely useful classical inequality that bounds the probability that a
random variable is small, in terms of its expectation and second moment, is a well know

consequence of the Cauchy-Schwarz inequality.
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Lemma 2 (Paley-Zygmund Inequality). Let (X, B, 1) be a probability space and Z be a
non-negative random variable. Then for any 0 < X\ < 1, we have that

p({we X1 2() > AE(Z)}) = (1= N £

We shall see that a straightforward application of Lemma 2 leads to a direct proof of
Corollary 1. Deducing Theorem 1 from Lemma 1 is also pretty straightforward.

Proof of Theorem 1. Given a sequence {E,},en of subsets in C, we consider Lemma 1
with

fa(@) = X1-n(E,) (%) = Xp, (T"(2)) and  fn = ¢ = p(En), (17)

where ¥, is the characteristic function of the set £ C X. Then, clearly for any x € X
and N € N, we have that the

Lhs. of (16) = #{1<n< N:T"(z) € E,} := R(z,N)

and so (16) and (6) coincide. Thus, to complete the proof of Theorem 1 we need to verify
that (15) is satisfied. Note that by definition, f, is the mean of f,(z) and so

Lhs. of (15) = Var(Z,p) = E(ZZ,) — E(Zay)? (18)

where

e Var(Z, ;) is variance of the random variable

b b
Zap = Zap(x) =Y xE,(T™(2) = Xr-r5, (@), (19)

e the expectation

E(Zus) = 3 n(Ey), (20)

e and the second moment

E(Ziy)= Y p(T7"(En)NT"(E,))

a<m,n<b

— Z M(En) +2 Z H (Em N T_(n_m)(En)) .

a<n<b a<m<n<b

(21)
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By making use of the $-mixing property (3), it follows that

o (Em N T_(”_m)(En)>

a<m<n<b
< D wEBEE) + Y ¢n—m) u(E)
a<m<n<b a<m<n<b

< > wEE) + Y | > dn—m) | u(En)

a<m<n<b a<n<b \a<m<n
< Y wEBEnME) + 5 Y u(E)
a<m<n<b a<n<b

where £ := > | ¢(n) < co. This together with (21) implies that

E(Z2,)<2r+1) S w(E) + 2 S wBa)u(En)

a<n<b a<m<n<b
2
<@e+1) > wlBa) + | DD uE) | (22)
a<n<b a<n<b

The upshot of (18), (20) and (22) is that

Var(Zap) < (26+1) Y u(En).

a<n<b

This verifies (15) with C = 2k + 1 and thereby completes the proof of Theorem 1. O

Proof of Corollary 1. In view of (1), we assume that the sum in (7) diverges. With the
same notation as in the proof of Theorem 1, we start with the observation that for any
A>0

,u(W(T7 {En})> > u<liﬂgp(21’b > /\E(ZLb))) > hﬂi‘ipﬂ(zlb > )\]E(Zl)b)) .
(23)

To estimate the measure on the r.h.s. we use the Paley-Zygmund inequality (Lemma 2)
and the estimates (20) and (22). With this in mind, for any 0 < A < 1, it follows that

o E(Z13)°
M(Zl,b > )\IE(ZLb)) > (1- 1)) Wlfi,)

(= wE)

1<n<b
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By the divergent sum hypothesis, on letting b — oo and A — 0, we obtain that

lim SupM(Zl,b > )\E(Zl,b)) =1,

b—oco

which together with (23) completes the proof of the corollary. O
3. Establishing measure results for matrix transformations
3.1. Proof of Proposition 1

Let X C R% be a compact set. The proof of Proposition 1 makes essential use of the
work of Saussol [43] for general piecewise expanding maps 7' : X — X on X. Clearly,
our particular case in which X = [0,1]¢ and the real, non-singular matrix T’ (with the
modulus of all eigenvalues strictly larger than one) that sends x to Tx mod 1 defines
a piecewise expanding map on X. In what follows will state and apply Saussol’s results
to our setup. So with this in mind, the first three parts, apart for the equivalence of
the restricted measures p|a, and mg|a, in part (ii), follow from [43, Theorem 5.1]. To
prove the equivalence of the restricted measures we note that by [43, Proposition 5.1],
the Randon-Nykodym derivative f of u|a, with respect to mg|a, is mg-almost surely
4;(E) >0, then

7

strictly positive. Hence, for any measurable subset E, if my

pla,(E) = [ f(x)mala,(dx) >0
/

and so mg|a, < p]a,. The other direction follows directly from part (i).

It remains to prove part (iv) of the proposition. Without loss of generality, we will
assume that A;; is A and thus p|s,, = p and also g is mixing with respect to 7'
The key to proving part (iv) is to use the fact that the acim p satisfies the property of
exponential decay of correlations. With this mind, for a set £ C R?, define the oscillation
of ¢ € L'(my) over E as

osc(p, E) := ess-sup(p) — ess-inf(¢p).
E E

For given real numbers 0 < o <1 and 0 < ¢y < 1, define the following a-seminorm

|pla := sup e_o‘/osc(go,B(x,e))dx.

0<e<Leg
R4

Let V,, be the space of L!(mg)-functions such that ||, < co endowed with the norm

lella = Nl omay + [la-
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Then (Va,| - |lo) is & Banach space which does not depend on the choice of ¢ and
Vo C L*™(myg) (see [43, Section 3]). Since the acim g is mixing with respect to T, it
follows from [43, Theorem 6.1] that there exist constants C' > 0 and 0 < v < 1 such that
for all ¢ € V,,, for all ¢ € L'(u) and for all n € N, we have

/w.asoT"du - /¢du / o du| < C 0o 6l 1™ (24)

[0,1]¢ [0,1]¢ [0,1]¢

Now, let C be any collection of subsets of A satisfying the bounded property (B). Take
1 = xg and ¢ = xp with E, F' € C and assume for the moment that

sup [[xella < oo (25)
EcC
Note that (25) implies that ¢ = xg € V,, and thus together with (24), we obtain that
(ENTF) = w(E)(F)| < O xslo - w(F) - < O (sup xele) =" - n(F).

Hence the exponentially mixing property (4) is satisfied for the collection C. This proves
part (iv) modulo (25).

We now prove (25). To start with, observe that for the characteristic function y g, the
oscillation can only be non-zero on the boundary OF of E. It can be verified that for
any € > 0,

OSC(XEv B(Ia 6)) < X(OE)(e) (CC),

where (OF)(e) is the e-neighbourhood of E. Thus,

e /OSC(XE,B(m,e))dx < e * - my((OF)(e)).
Rd

By the bounded property (B) imposed on C, there exists a constant C; such that the
(d — 1)-dimensional upper Minkowski content of OF

M*=Y(QF) < ¢,

for all E € C. Hence, by the definition of M*(?=1) there exists a constant C such that
for all F € C

ma((OE)(€)) < Coe.

Consequently, for all F € C,
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IXE|a = sup e_o‘/osc(XE,B(ar,e))dx < Coe(l)_“.
0<e<eg R

On the other hand, for E C [0, 1]¢, we have that

IxellLmay = ma(E) < 1.
Thus, for all E € C, it follows that
Ixzlla <1+ Coey™.
Therefore, (25) holds and this completes the proof of the proposition. O

Remark 7. For the sake of completeness, we mention that in the case that T is an integer,
non-singular, matrix transformation of the torus T¢ with all eigenvalues in modulus
strictly larger than one, Fan [15] proved the exponential decay of correlation formula
(24). Also in the case d = 1, the first three parts of Proposition 1 coincide with the Main
Result of Wagner [50]

3.2. Proof of Theorems 2, 3 and 5

Proof of Theorem 2. In view of parts (i) to (iii) of Proposition 1, if the acim p has
T as its support and is mixing with respect to 7', then p has one mixing component
(namely the whole space T9) of period one. Furthermore, by part (iv) of Proposition 1,
on this unique mixing component, p is exponentially mixing with respect to (T',C) for
any collection C of subsets of T? satisfying the bounded property (B). The desired
counting part (9) of the theorem and the zero-full measure criteria (10) with respect to the
measure y now immediately follow on applying Theorem 1 and Corollary 1 respectively.
To complete the proof of Theorem 2, it remains to prove that the measures p and my
share the same zero and full measure sets (note that we have already shown above that
w(W(T,{E,})) is either 0 or 1). This follows directly from part (ii) of Proposition 1
since it implies that u is equivalent to m4 and it is easily seen that equivalent measures
share the same zero and full measure sets. O

The following lemma will be used in establishing Theorems 3 and 5.

Lemma 3. Let T be a real, non-singular matriz transformation of the torus T?. Suppose
that (i) all eigenvalues of T are of modulus strictly larger than 1+ /d or that (i) T is
integer and all eigenvalues of T are of modulus strictly larger than 1. Then there is a
unique acim . Furthermore, such an acim p has T as its support and is of mazximal
entropy.

Proof. We are given that all eigenvalues of T are of modulus strictly larger than 1.
Thus, by part (i) of Proposition 1, there exists an acim u. By [9, Proposition 1], if all
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eigenvalues of T have modulus strictly larger than 1+ v/d or if T is integers, then the
dynamical system (T? T) is topological transitive. Hence, by [9, Theorem 3 and its
Corollary] the acim p has the whole space T¢ as its support and is the unique maximal
entropy measure. O

We now prove Theorems 3 and 5.

Proof of Theorem 3. By [9, Lemma 5], if the eigenvalues of T are all of modulus strictly
larger than 1+ /d, then T is locally eventually onto. Thus the unique maximal entropy
acim g coming from Lemma 3 which has T¢ as its support, is exact (see for example [38,
Theorem 5.2.12]) and hence mixing with respect to T' (see [37, Proposition 12.2]). In other
words, this measure p satisfies the hypotheses of Theorem 2. On applying Theorem 2,
we obtain Theorem 3. O

Proof of Theorem 5. Observe that if T is integer, then T is an endomorphism of the torus
T (see for example, [51, Theorem 0.15]). By [51, Corollary 1.10.1 and Theorem 1.28],
the Lebesgue measure my is mixing with respect to 7. Furthermore, by [51, Theorem
8.15], mq is of maximal entropy. Thus mg is nothing but the unique maximal entropy
acim p in Lemma 3. Hence, Theorem 5 follows on applying Theorem 2 with p = mgy. O

3.2.1. Proof of Corollary 3

As noted in Remark 5, the corollary follows directly from Theorem 5 on showing that
the d-dimensional Lebesgue measure my of the hyperboloid region H(a,(n)) satisfies
(14). Tt is easily versified that mq(H (a,(n))) is independent of the ‘shift’ a € T<¢. So
with this in mind, it suffices to prove the following statement.

Lemma 4. Given d € N and § > 0, let
Hy(8) = {(21,...,wa) € [0,1)%: ||a1]|...|Jza]| <} (26)
Then
1 if 6>274
ma(Ho(5)) = . t (1)
zda( 411 (log 51) ) if §<2°1,
Proof. To simplify computations, first note that the measure of Hy(d) is equal to 2¢
times the measure of [0,1/2]¢ N Hy(8). Furthermore, it is technically simpler to work

with points restricted to [0,1/2]¢ since the inequality under consideration is equivalent
to

T1...2q < 0. (28)
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So, from now on we will focus on computing the measure of the set
Va(8) == {(21,...,2a) € [0,1/2]* : z1...24 < 5} (29)
and recall that
29mq(Va(8)) = ma(Ha(9)). (30)

Case (a): if 6 > 279, Then it is a easily versified that V() = [0,1/2]¢ and this together
with (30) implies (27). So, without loss of generality we can assume that § < 2%

Case (b): if 6 < 2%, In view of (30), to establish (27) we need to show that for any
deNand0<§<27¢

d—1 t
ma(Va(®) = 5 3" & (log i) . (31)

This we now do by induction on d. For d = 1, we have that
my(Vi(8)) =mi({x €[0,1/2] : 2 <6}) =6 (32)
and this coincides with (31). Now let d > 2 and observe that we can rewrite (28) as
Z1...xq-1 < 0/zq4. (33)

Note that since (21,...,74) € [0,1/2]%, the left hand side of (33) is not bigger than
(1/2)?=1. Hence, it follows that for any 0 < 24 < 29714, inequality (33) is satisfied for
all0 < xq,...,2z4-1 < 1/2. The mgy-measure of the set of such points (x1,...,24) is thus
equal to 279! x 29-1§ = §. On the other hand, for any fixed value of x4 € (29714,1/2],
the mg_i-measure of the set of points (z1...74-1) € [0,1/2]97! satisfying (33) is by
definition equal to mg_1 (Vd,l((S/xd)). The upshot is that for any d > 2 and 0 < § < 274

1/2
md(Vd((S)) =0+ / md_1(Vk_1(5/xd)) dzg. (34)

24-15
Now assume that (31) holds with d — 1 in place of d. Then, it follows via (34) that

1/2

ma(Va(6)) =48 + / é(di;’ (1og 2d‘””_d16)t) dzg

ga’1g =0
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1 logy)*
:5+5ZOE/(gy)

-2 1\
=9 ] log —
+ 2:; E+ 1) (Og 2d5)
d—1 t d—1 t
1 1 1 1
This completes the induction step and so establishes (31) for any d > 1. O

3.3. Proof of Theorem /

We start by summarising various basic facts concerning S-transformations that will
be utilized in proving Theorem 4. So, with this in mind, let 8 be a real number such
that |8 > 1 and let T : [0,1) — [0, 1) be the associated S-transformation given by

Ts(z) = Bz (mod 1).

For obvious reasons, when g < —1 the corresponding transformation is refereed to as
the negative S-transformation.

For g > 1, Rényi [39, Theorem 1] proved that there exists a unique Tjg-invariant
measure ;g (the so called Parry measure) that is strongly equivalent to (one-dimensional)
Lebesgue measure m; on the unit interval. Clearly, this implies that pg is absolutely
continuous with respect to Lebesgue measure. For the negative S-transformation, Ito
and Sadahiro [26] proved that there is a unique Ts-invariant measure pg (the so called
Yrrap measure) which is absolutely continuous with respect to Lebesgue measure m;.
The following proposition implies that pg is in fact strongly equivalent to m; when
B < —g. Note that in view of [26, Theorem 16], for the negative S-transformation the
corresponding density function of pg with respect to m; is given by

1 1
hs(x) sz Z B

n>0
Ty 1>

where

is the normalising function.
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Proposition 2. Let § < —g. Then the Yrrap measure pg is strongly equivalent to the
Lebesgue measure my on the unit interval. More precisely, there exists a constant C(5) >
0 such that

C(B)™  <hg(z) <CB) ¥V xe(0,1).
Proof. For g = —g, it is easily verified that

ﬁ if 0<zx<2+7
hg(z) =

% if 2+8<z<1.

Hence, we can choose C(8) = ﬁ

that

Without loss of generality, assume § < —¢g and note

— 1  pr4+p-1 - 1 B

It then immediately follows that

1 &1 32
hole) < B 2 T e
and
1 1 B2+p-1
hg(z) > m <1+Zﬂ2n+1> = 32
n=0
Hence, we can choose C(8) = [325271. O

The following result identifies the nature of the support of the Tz-invariant measure
1

Proposition 3. Let § be a real number with |B] > 1, ug be the associated Parry-Yrrap
measure and let K(B) denote the support of ug. Then

K(p)=[0,1] if e (—o0,—g] U (1,400),

and K(B) is a finite union of closed intervals contained in [0,1] if § € (—g,—1). Fur-
thermore, pg is mizving with respect to T and is equivalent to the measure m|k g); i.e.
the one-dimensional Lebesque measure restricted to K(f).

From this point onwards, given 8 with |3] > 1, ug will always denote the associated
Parry-Yrrap measure and K () will denote the support of pgs.
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Proof. If 8 € (—o0, —g] U (1, 400), the result immediately follows from the fact that ug
is strongly equivalent to the Lebesgue measure my on [0,1] — this is Proposition 2 for
B < —g and as already mentioned established by Rényi [39, Theorem 1] for 8 > 1. In
general, Keller [28] proved for any |3| > 1 the support of ug is a finite union of closed
intervals. The precise description of the closed intervals for the non-trivial case when
B € (—g,—1) was given by Liao & Steiner [33, Theorem 2.1].

For the furthermore part, it follows via Rokhlin [40, Section 4.5] for 8 > 1 and Liao
& Steiner [33, Corollary 2.3] for § < —1, that the Ts-invariant measure pg is exact and
hence mixing with respect to T ([37, Proposition 12.2]). In turn, by the Main Result in
[50] it follows that pg is equivalent to my restricted to K(5). O

Of course, as indicated in above proof of the proposition, for 8 € (—oo, —g] U (1, +00)
we have that g is strongly equivalent to the Lebesgue measure m; on [0, 1] rather than
simply equivalent. The next statement is a straightforward consequence of Proposition 3
and basic properties of product measures.

Lemma 5. Let T be a real, non-singular matriz transformation of the torus T?. Suppose
that T is diagonal and all eigenvalues By, Ba, ..., Bq are of modulus strictly larger than
1. Then the product measure

V= g, X gy X o X i,

has support K := H?:l K(B;) and is a T-invariant mizing measure that is equivalent to
malr; i.e. the d-dimensional Lebesgue measure restricted to K.

Proof. By definition, the product measure v has support K = Hf:l K(B;) and in view of
Proposition 3 it is T-invariant and equivalent to the measure mgy|gk. Furthermore, since
each pg, is mixing with respect to Tg,, on following the proof of [51, Theorem 1.24] it is
easily verified that v is mixing with respect to T. O

We now show that Theorem 4 is an easy consequence of Lemma 5 together with
Proposition 1 and Theorem 1. In the next section we will provide a self-contained and
essentially elementary proof of Theorem 4 in the case the collection C of subsets of K
is restricted to rectangles with sides parallel to the axes. This is an important class of
“target sets” that clearly satisfy the bounded property (B) and the proof will avoid
appealing to Proposition 1.

Proof of Theorem 4 using Proposition 1. Lemma 5 implies that product measure v is
a T-invariant mixing measure equivalent to mg|x. Hence by Proposition 1, v is ex-
ponentially mixing with respect to (7,C) where C is any collection of subsets E of
K satisfying the bounded property (B). Then the main counting part of Theorem 4
immediately follows from Theorem 1. For the “furthermore” part we first recall (as
we have done so several times) that by Rényi [39, Theorem 2] and Proposition 2, for
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any 8 € (—o0, —g] U (1,400) the Parry-Yrrap measure ug is strongly equivalent to the
Lebesgue measure my on [0, 1]. It thus follows that the product measure v is strongly
equivalent to my restricted to K = T?. The upshot of this is that we can replace v by
myg in the first part of the theorem and thereby completes the proof of Theorem 4. O

3.8.1. Theorem / for rectangles: a self contained and direct proof

In the proof of Theorem 4 given above, we make use of Proposition 1 to deduce that
the product measure v is exponentially mixing with respect to (T,C) where C is any
collection of subsets F of K satisfying the bounded property (B). The following result
enables us to bypass the proposition in the case C is restricted to rectangles with sides
parallel to the axes.

Lemma 6. Let T be a real, non-singular matriz transformation of the torus T?. Suppose
that T is diagonal and all eigenvalues By, B2, ..., Bqa are of modulus strictly larger than
1. Let v := pg, X pg, X --- X pg, be the product measure and K := H?:l K(5;) be its
support. Then v is exponentially mizing with respect to (T, R) for any collection R of
rectangles of K with sides parallel to the azes.

It is easily seen that by appealing to Lemma 6 instead of Proposition 1 in the “Proof
of Theorem 4 using Proposition 1”7 given in the previous section, we obtain the special
case of Theorem 4 in which C is any collection R of rectangles of K with sides parallel
to the axes. In other words, it enables us to provide a self-contained and direct proof of
Theorem 4 for rectangular target sets.

Proof of Lemma 6. First, we assert that for any 8 € R with |5]| > 1, ug is exponentially
mixing with respect to (T3,C) where C is any collection of intervals of K(3). When
B > 1, this is the classical result of Gel’fond [21, Formula (12)] and Philipp [42, Lemma
7). When 8 < —1, the assertion follows from a general result of Baladi [1, Theorem 3.4]
for piecewise monotone expanding interval maps.

We now verify that the product v satisfies the desired exponentially mixing property.
With this in mind, let E = B(z1,71) X - - X B(2q,7q) and F = B(z{,r]) x--- x B(2},r})
be any two rectangles in R. Then

V(EmTinF) = /XE(xla"'aId) XF(Tglxla"'angxd) d:uﬁ1(xl) d,uﬁd(xd)v

and by the property of the product measure the right hand side equals

/XB(zl,n)(ﬂfl)XB(z;,r;)(Tﬁlxl)duﬁl (931)"~/XB(Zd,m)(ﬂcd)XB(z;i,wd)(Té’dwd)dﬂﬁd(xd)~

It then follows by the exponentially mixing property of Tj,, that
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v(ENT™F) =TT (16, (B(ziyri)) s, (B4, 7)) + OGF) o, (B(=1, 7)) )

i=1

where 0 < ; < 1. This together with the fact that
V(E) = pg (B(z1,7)) -+ gy (B(za, 7)), v(F) = gy (B(21,7)) - - gy (B (2, 71))
and pg, (B(zi,7)) <1 (1 <4 < d) implies that
vVIENT"F) =v(EW(F)+ O®")u(F) where ~=max{vyy,...,7a}-
In other words, (4) holds for rectangles in R and we are done. O

3.8.2. Extending Corollary 2 to incorporate eigenvalues in [—1,1]

We show that on assuming ¢ (n) — 0 as n — oo, we can naturally extend Corollary 2
to the situation that all the eigenvalues of T are in (—oo, —g] U [—1,+00); that is to
say, we can incorporate the interval [—1,1]. In short, assuming that T has eigenvalues in
[—1,1], we do this in most cases by reformulating the shrinking target set W (T, 1, a) in
terms of related “lower dimensional’ sets W (T, ¥, a,) for which Corollary 2 in its current
form is applicable. In other words, all the eigenvalues of the related transformation T are
in (=00, —g] U (1,400). Let T be a real, non-singular, diagonal matrix transformation
of the torus T¢ with eigenvalues £y, B2, . .., B3q in (—o0, —g] U [~1, +00). Without loss of
generality, assume that there is at least one eigenvalue in [—1,1]. In fact, let us assume
that there is only one such eigenvalue, say (1. It should be self-evident how to deal
with the situation in which that are multiple eigenvalues in [—1,1]. We consider the
three separate situations depending on whether |51] < 1, 51 =1 or 81 = —1. Note that
T = diag(B1, - , Bq4) and so for any x = (x1,...,24) € T¢

T"(x) = (T3, (1), Tg, (x2), - -, Tg, (xa))-
(i) We assume |51] < 1. We distinguish between three subcases:

e Case 1: 81 = 0. Then it is easily verified that

Q) if ai 75 0
W(T,¢,a) =
T x W(Ty,¥,a,) ifa; =0,
where
T, := diag(Ba,--- ,B4) and a, := (ag,---,aq) € T4, (35)

o Case2: 0 < <1. Then T} (x1) = pz1 — 0 as n — oo for any z1 € T. Note that
zero is the unique fixed point of Ts,. Thus,
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{x1 €10,1) : T§ (z1) < ¢(n) for infinitely many n € N} = I, or I,
where I, := [0, min{1,7}), I, is the closure of the set I, and

7 :=limsup ¥(n) |B1|7". (36)

n—oo

Indeed, the set under consideration is I, if ¢(n) |f1|~" < 7 for infinitely many n € N
and I, otherwise. Hence, with T} and a, as in (35), it follows that

@ if al 7é 0
W(T,v,a) = {0} x W(Tk,,a.) if aq =0and 7 =0,
L x W(T.,v,a,) or I, x W(T,%,a,) if ap =0and 7> 0.

e Case 3: —1 < 81 < 0. Let F be the countable set of all preimages of zero; that is,
F:={x1 €T :T§ (x1) = 0 for some n > 0}.

If x1 ¢ F, then Tg, 21 = f1z1 + 1 and

1
Thay = Bla + 87+ 87 2+ + A+ 1— =

as n — oo. Note that zero and ﬁ are the fixed points of Tj,. Thus,

{1 €[0,1)\ F: T§ (z1) < ¢(n) for infinitely many n € N} = J,\ F or J,\F,

where J, = ((ﬁ -, ﬁ +7) N0, 1))7 J, is the closure of the set J, and 7 is
given by (36). Indeed, the set under consideration is J, \ F if ¢(n)|81|”™ < 7 for
infinitely many n € N and J, \ F otherwise. Hence, with T, and a, as in (35), it
follows that

F x W(T,v,a.) if a1=0
W(T,¢,a) = 0 if a1 # =501 #0
» {ﬁ} X W(Tx, v, ax) - if a1 = 1—1/31 and 7 =0,
Je X W(Tu,,as) or Jo X W(Ti,¢,a.) if a1 = 171,31 and 7 > 0.

The upshot is that in order to determine the size of W(T,v,a) or the behaviour
of the associated counting function we need to investigate the shrinking target set
W(T,,v,a,) C T ! Recall, that for ease of discussion we are assuming that (; is
the only eigenvalue of T in [—1,1]. Thus, all the eigenvalues of the related transforma-
tion T are in (—oo, —g] U (1,4+00) and so Corollary 2 is applicable with T replaced by
T,, a replaced by a, and d replaced by d — 1.
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(ii) We assume B; = 1. For any x = (21,...,24) € T? and a = (a1, -+ ,aq) € T?, the
condition T™(x) € B(a,¢(n)) implies that

lz1 = ar]l < ¢(n).

Now, since we are assuming that ¢(n) — 0 and n — oo, it follows that for any x €
W (T,,a) we must have that z1 = a;. Hence, with T, and a, as in (35), it follows that

W(T,y,a) ={ar} x W(T,¥,a).

Asin (i), the upshot is that we need to investigate the shrinking target set W (7T, ¥, a,) C
T<4=! and that for this setup Corollary 2 is applicable with T" replaced by T, a replaced
by a, and d replaced by d — 1.

(iii) We assume 81 = —1. Then, for x; # 0

T if nis even
Tg, (1) = L
—x1+1 if nisodd.

If a; = 0, then the same reasoning as in (ii) shows that W (T, ¢,a) = {0} x W (T, ¢, a.)
and so we can apply Corollary 2 with T replaced by Tk, a replaced by a, and d replaced
by d — 1. If a; # 0, it follows that for any x € W (T, v, a) we must have that 1 = a; or
21 = —ay + 1. Thus, with T, and a, as in (35), we have that

W(T,¢,a) = {ar} x W/(T.,,a.) | ] {1 —ar} x W(Ti, 9, a.),
where

W/ (Ty,9,a,) == {x € T* ' : T"(x) € B(a,,¢(n)) for infinitely many even n € N},
W (T,,9,a,) == {x € T : T"(x) € B(a,,(n)) for infinitely many odd n € N}.

Now observe that W/ (T, ¢, a,) and W (T, 1, a,) are shrinking target sets with re-
spect to the transformation T, o T}, of the torus T¢~!. Indeed,

W'(T,,¢,a,) = {x € T (T. o T.)"(z) € B(a.,¥(2n)) for infinitely many n € N},
and

W//(T*7’(/)7a*) :{X € Td_l : (T* o T*>77(x) € T*_lB(a*7’lp(2’l’L + 1))
for infinitely many n € N}.

Now in essence, the above procedure removes the presence of the problematic eigenvalue
B1 = —1 but still none of the results we have established for matrix transformations
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are applicable to the above shrinking targets sets. The reason for this is simple. The
composition map T, 0T, is not a matrix transformation of the torus T?~!. The upshot is
that we need to appeal to Theorem 1 and its corollary directly. In view of the argument
set out in §3.3.1 that provides a self-contained proof of Theorem 4 for rectangular target
sets, it is easily seen that the desired counting and measure statements for W/ (T, ¢, a.)
and W (T, v, a,) would follow on showing that the product measure v is exponentially
mixing with respect to (T, 0T, R). To establish the latter, we first recall (see the start of
the proof of Lemma 6) that for any 8 € R with |3] > 1, pg is exponentially mixing with
respect to (Ts,C) where C is any collection of intervals of K(3). Hence by definition,
there exists a constant 0 < v < 1 such that

ps(ENT2F) = pg(B)us(F) + O(Y*") ug(F)

for any E, F' € C. In other words,

pg(EN(ToT)™"F) = ug(E)ug(F) + O((v*)") us(F),

and so pg is exponentially mixing with respect to (I 0 T3,C). Then, on mimicking the
proof of Lemma 6 with T" replaced by Ty o T, and d replaced by d — 1, we conclude that
v is exponentially mixing with respect to (T o Tk, R) for any collection R of rectangles
of K with sides parallel to the axes.

3.8.8. A nifty “reduction” arqument

In this section we show that when T is an integer matrix transformation, the diagonal
assumption in Theorem 4 can be relaxed to T is diagonalizable over Z. So, suppose T
is diagonalizable over Z. Then by definition, there exist a nonsingular integer matrix P
and a diagonal integer matrix D such that product matrix relationship P-T7 = D - P
holds. In turn, there exists an invertible mapping

¢:T* - T? suchthat ¢oT =Dod. (37)

Obviously, the diagonal entries of D are the eigenvalues of T' and we assume these integers
are of modulus strictly larger than 1.

Now recall that for diagonal transformations such as D, the “Proof of Theorem 4 using
Proposition 1”7 makes key use of the fact that the product measure v is D-invariant and
is exponentially mixing with respect to (D,C) where C is any collection of subsets F
of K satisfying the bounded property (B). We claim that the image measure v o ¢ is
T-invariant and exponentially mixing with respect to (D,C). The proof of Theorem 4
can then be modified in the obvious manner to deal with the more general (integer)
situation in which 7T is diagonalizable over Z. To establish the claim, first note that for
any measurable set A C T¢, on using the fact that v is D-invariant it follows that

vo¢(T~1A) = v(p(T~'A)) = v(D™H($(A))) = v($(A)) = v o H(A).
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Thus, vo¢ is T-invariant. Next, since ¢ is linear the (inverse) image of any collection C of
subsets F of K satisfying the bounded property (B) also satisfies the bounded property
(B). Hence, for any E, F € C, noting that ¢(ENT"F) = ¢(E) N ¢(T"F), it follows
that there exists a constant 0 < v < 1 such that

vogp(ENT"F)=v(p(ENT ) =v(¢(E) N (T "F))
=v(¢(E)ND "o ¢(F))
=v(¢(B)) v ( F)) + 0(y") v(g(F))

vod(E) vog(F) + O(") vod(F)

as desired. Note that the third displayed line uses the fact that v is exponentially mixing
with respect to (D,C).

Remark 8. We remark that for real non-integer matrices, we cannot in general use the
above argument to extend Theorem 4 to the situation that T is diagonalizable over Z.
In short, the commutative property ¢ o T = D o ¢ may not be true since the product
matrix relationship P -T = D - P does not guarantee that

P(Tx mod 1) mod 1 = T(Px mod 1) mod 1.
4. Establishing dimension results for matrix transformations

We begin with a brief account in which we bring together various statements concern-
ing Hausdorff measure and dimension that we will utilise in the course of establishing
Theorems 6 and 7.

4.1. Preliminaries

We start by defining Hausdorff measure and dimension for completeness and for es-
tablishing some notation. Let X be a subset of R%. For p > 0, a countable collection
{B;} of Euclidean balls in R? of diameter d; < p for each i such that X C J; B; is called
a p-cover for X. Let s be a non-negative number and define

H,(X) = inf {Z d; :{B;} is a p—cover of X} ,

where the infimum is taken over all possible p-covers of X. The s-dimensional Hausdorff
measure H¥(X) of X is defined by

H(X) = lim 15(X) = sup #5(X)

p>0

and the Hausdorff dimension dim X of X by
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dimpg X =inf{s: H*(X) =0} =sup{s: H*(X) = oo} .

Further details and alternative definitions of Hausdorff measure and dimension can be
found in [14,35]. Tt is easily verified (see [14, Corollary 2.4]) that the Hausdorff dimension
of a set is invariant under bi-Lipschitz maps.

Lemma 7. Let X be a subset of R and f : X — R? be a bi-Lipschitz map; i.e.

alr—yl <|f(@) - f)| <clz—yl (z,y€X)
where 0 < ¢; < ¢y < 00, then dimy f(X) = dimyg X.

We now describe a deep and powerful mechanism for obtaining lower bounds for the
Hausdorff dimension of a large class of “rectangular” lim sup sets.

4.1.1. Mass transference principle for rectangles

The discussion below is tailored to the application we have in mind. It is far from
the most general and powerful setup of the Mass Transference Principle. We begin by
describing the original ‘balls to balls’ principle which is all that is required for directly
proving Theorem 6 and Theorem 7. However, we will deduce Theorem 6 from a more
general statement concerning rectangular target sets and for this we will require the
more versatile ‘rectangle to rectangle’ principle.

To set the scene, let X be a locally compact subset of R¢ equipped with a non-atomic
probability measure p. Suppose there exist constants § > 0, 0 < a <1 < b < oo and
ro > 0 such that

ar® < u(B) < brd (38)

for any ball B = B(z,r) with € X and radius r < ry. Such a measure is said to be
d-Ahlfors regular. It is well known that if X supports a d-Ahlfors regular measure u,
then dimy X = ¢ and moreover that p is strongly equivalent to d-dimensional Hausdorff
measure H° — see [14,35] for the details. The latter implies that (38) is valid with u
replaced by H?®. Next, given s > 0 and a ball B = B(z,r) we define the scaled ball

),

and so by definition B = B. The following Mass Transference Principle [3] allows us to

S

B? = B(x,r

transfer H?-measure theoretic statements for lim sup subsets of X to general H{*-measure
theoretic statements.

Theorem 10 (MTP: balls to balls). Let X be a locally compact subset of R equipped with
a 0-Ahlfors regular measure p. Let {Bp}nen be a sequence of balls in X with radius
r(Bp) — 0 as n — co. Let s > 0 and suppose that
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H° (limsup By) = H°(X).

n—oo

Then,

H*(limsup B,,) = H*(X).

n—oo

Note that by the definition of Hausdorff dimension, Theorem 10 implies that

dimy (limsup B,,) > s, (39)
n—oo

and moreover that H*(limsup,,_, ., By) = oo if s < §. We now describe a recent result
due to Wang & Wu [52] that gives a lower bound for the Hausdorff dimension of lim sup
sets defined via rectangles rather than just balls. So with this in mind, fix an integer
p>1and for 1 <i < p,let X; be a subset of R%. Obviously, if B; is a ball in X; then
[T5_, B; is in general a rectangle in the product space [[/_; X;. The following statement
for lim sup sets arising from sequences of such rectangles is a much simplified version of
[52, Theorem 3.4]. As we shall see, it is more than adequate for our purpose.

Theorem 11 (MTP: rectangles to rectangles). For each 1 < i < p, let X; be a locally
compact subset of R% equipped with a §;-Ahlfors regular measure ;. Let {Bin}nen be
a sequence of balls in X; with radius r(B; ) — 0 as n — oo for each 1 < i < p and
assume that there exist v.= (v1,...,v,) € (RT)? and a sequence {r,}nen of positive real
numbers such that

r(Bin) =1y foralll <i<np. (40)

Suppose that there exists (s1,...,sp) € [17_1(0,8;) such that

1 - X up(hmsup]_[ B ) =g X X (HleXi). (41)

n—oo

Then, we have that

>
dimy (limsup [TY_, Bi) 121121 s(u,v,1),

n—00 g
where u = (u1, ..., up) with u; = s;v;/8; for 1 <i <p, and
ukék
uvz de—F Z5k1— " )+ Z v
kEK (3) keKa (i) kels(4)

with the sets

Ki(i) ={1<Ek<p:ug>uv}, Ko(i) ={1<k<p:uvg <wv;},
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and

K@) :=A{1,...,p} \ (K1(i) U Ko (i)
forming a partition of {1,...,p}.

Note that since the radius r(Bi’n) — 0 as n — oo for each 1 < ¢ < p we automatically
have that lim,,_,o 7, = 0. Also note that if (40) holds for some v = (vy,...,v,) € (RT)P,
then it holds for ev = (cvy,...,cv,) where ¢ > 0 is a constant. Thus, the choice of v
and therefore u is not unique. However, it is easily seen that the “dimension number”
s(u, v, 1) is not effected; i.e.

s(u,v,i) = s(cu, cv,i).

For the sake of convenience, we refer to a collection of rectangles {R,, := [[%_, Bi n}nen
with sidelengths satisfying (40) as a collection of rectangles with exponent v. Thus, The-
orem 11 can be regarded as the dimension analogue of the original Mass Transference
Principle for lim sup sets arising from rectangles with exponent v.

Remark 9. It is worth mentioning that assumption (40) can be easily weakened to the
following statement: for any 1 <17,5 < p,
log r(B;.n)

lim ———=% exists and is finite.
n—oo log 7(Bj 1)

To see this, let r,, = r(B1,,). Then, there exists v = (v1,...,v,) € (RT)? and sequences
{Vintnen for each 1 < i < p, such that

r(Bin) =rpo"  with lim v, =v; .
n—oo
Now, given € > 0 consider the associated lim sup set R} obtained by replacing the balls
Bi ., by balls Bf,, with the same centre but radius 7(B;,,) = 75" (1 <i < p). Then,

R} :=limsup [[_, B}, C limsup[[}_, B;,
n— oo n—oo

and on applying Theorem 11 we obtain a lower bound for dimy R} which converges to

the desired dimensional number as € — 0.

Remark 10. In the above setup the rectangles arise as products of balls B; in X;. Balls
of radius p are of course p-neighbourhoods of special points; namely their centres. The
general form of the Mass Transference Principle of Wang & Wu is based on the framework
of ubiquitous systems. This allows them to naturally consider the situation in which
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the balls B; are replaced by p-neighbourhoods of special sets called resonant sets. It is
easily verified that the x-scaling property for resonant sets within the general dimension
statement [52, Theorem 3.4] is satisfied with £ = 0 when the resonant sets are points.
In turn, this together with [52, Proposition 3.1] directly yields Theorem 11. It is also
worth mentioning that if we replace the full measure condition (41) by the stronger ‘local
ubiquity system for rectangles’ condition [52, Definition 3.2] and also assume that the
radii of the balls in the given sequence are non-increasing, then we are able to conclude
[52, Theorem 3.2] that

He(limsup [[_,Bin) = H*([T7_,X;) with s= min s(u,v,q).
n— 00 1<i<p
In other words, we obtain a complete ‘rectangle to rectangle’ analogue of the original
Mass Transference Principle.

It is easily seen that in the case of balls, Theorem 11 coincides with the dimension
statement (39). Indeed, when p = 1 we have that that K1(1) = K3(1) = 0 and Ko(1) =
{1}. Hence, it follows that

s(u,v,1) =6, (1 - u _ul) _

= 51,
U1 U1

and so Theorem 11 implies that

dimgy lim sup By ,, > 51
n— oo

as claimed.
4.2. Proof of Theorem 6 via a dimension theorem for rectangular targets

As mentioned in Remark 6, straight after the statement of Theorem 6, we deduce the
theorem from a more general statement concerning rectangular target sets. This we now
describe and prove. For 1 < i < d, let ¢); : Rt — R™T be a real positive function. For
convenience, let ¥ := (¢1,...,94) and for n € N let U(n) := (¢Y1(n),...,vq(n)). Fix
some point a := (a1, ...,aq) € T? and for n € N, let

R(a, ¥(n)) := {x €T ||z —ail| < i(n) (1<i< d)}.
Clearly, R(a, \Il(n)) is a rectangle centred at the fixed point a. In turn, let
W(T,¥,a) = {x € T%:T"(x) € R(a,¥(n)) for infinitely many n € N} .

It is evident that the family of rectangular target sets {R(a, ¥(n))},>1 satisfy the
bounded property (B) and indeed the stronger property (P,) based on Gallagher’s prop-
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erty (P) as described in §5.1. Note that when ¢ := 1)1 = --- = 1)4, the rectangles are
squares and so

W(T,¥,a)=W(T,¢,a).
Also, it is easily verified that if

T:diag(ﬁh“'aﬁd) (ﬁleR)

then

W(T,¥,a)={xeT?: T3 2 — a;| < pi(n) (1 <i<d) for infinitely many n € N},
(42)
where T3, is the standard S-transformation with § = ;.
It turns out that the Hausdorff dimension of the shrinking target set W (T, ¥, a) is

dependent on the set U(¥) of accumulation points t = (t1,t2,...,tq) of the sequence
{(_10gw1(n) _10g¢d(n))}
n ’ ’ n n>1"

Theorem 12. Let T be a real, non-singular matriz transformation of the torus T<. Sup-
pose that T is diagonal with all eigenvalues B, Ba, ..., Bq strictly larger than 1. Assume
that 1 < B1 < By < -+- < Bq. For 1 <i <d, let 1; : RT — RT be a real positive function
and a € T?. Assume that U(¥) is bounded. Then

dimg W(T,¥,a) = sup min {6;(t)},
W W0 = sup iy {01(0)

where

- ot _logf
0i(t) := Z 1+ Z <1 logﬁi+ti>+ Z)log5i+ti

kel (2) keko(2) ke (i
and, in turn
K1(i) :=={1 <k <d:logfr >logfi+t;}, Ka(i) :={1 <k < d:log B+t < logBi+t;},
and
(i) = {1, d} \ (K (6) UK ().

Remark 11. Tt is easily seen the value of 6;(t) remains unchanged if replace > to > in
K1 (%), and/or replace < by < in Ka(i).

We now deduce Theorem 6 from Theorem 12.
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Proof of Theorem 6 modulo Theorem 12. For the real positive function v in Theorem 6,
we first suppose that its lower order at infinity is bounded; that is

A= A(¢) := lim inf —log¥(n) < +o0.

n—oo n
With this in mind, put ¥ = ¥ = --- = ¥4 = ¢ in the statement of Theorem 12 and
note that any t in U(¥) is of the form t = (¢,¢,...,t) where t € U(¢)) — the set of
log ¥(n)

accumulation points of the sequence { - = }n>1. We remark that A < +00 means
that (V) is bounded. Hence, for any 1 <14 < d we have that

log 3
R M =

k:Bi>PBiet k:Br<pBi k:Biet>pBr>B;

Now let

ki :=max{l1 <k <d:p < B},
and

ko :=max{l <k <d: B < Bic'}.

Then, the above expression for 6;(t) becomes

d k1 k2
1 f I
PRI R (1
k=ko+1 1 08P k=ky+1 & i

and noting that gy = §; for 1 + 1 < k < k; whenever k; > i, it follows that

ZZ:I@;H»l(lOg Bi+t) +ilog i + ZZQ:Z'H log B
log B; +1

ilog B; — Zk k1108 B — log B — ) + Zk it logﬂk
- log i +

0:(t) =

The upshot of this together with Theorem 12 is that

dimyg W(T,v,a) = sup min 6;
( ) teu () 1<i<d ( )

Now observe that since 6;(t) is a decreasing function in ¢, the above right hand side is
equal to minj<;<q46;(A\) where A = A(¢) is the lower order at infinity of the function .
Thus, under the assumption that A is bounded, we have that

dimg W(T, ¢, a) = min, 0:(\)
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as desired. To deal with the case that A = A(¢) = +00, given any real number M > 0
consider the function ¥, : Rt — R* : 2 — ¢=*M_ Then, by definition U (¢ar) = {M}
and for M sufficiently large

W(T» ,(/}7 a) - W(T7 d}Ma a)
and so it follows that

0 < dimyg W(T,¢,a) < dimyg W(T, ¢, a) < 1ré1j£1d 0;(M). (44)

Now with reference to (43), we have that ¢t = M and so for M sufficiently large: ko = d
for 1 <1i < d. Hence, for any 1 <1i <d

L logB L logf
lim 6; = i . ——— ] =0.
Ve (M Ve (Z log B; + T et log 8; + M ) 0

This together with (44) implies that
dimyg W(T,¢,a) =0. O

4.2.1. Proof of Theorem 12

We start with a brief discussion that sums up various fundamental notions and state-
ments that we will require during the course of establishing Theorem 12. The statements
are concerned with the distribution of the preimages of a fixed ball under a given (-
transformation T3. As usual, let 8 € R such that |§| > 1 and let

o= {o. ) [ ) [ )

be the natural partition of [0,1). The n-th refinement of Q is defined as

0" = Qi NT7HQi) N T V(Qi ) Qi eQfor0<j<n—1}.

The elements in Q™ are called cylinders of order n. Evidently, the cylinders are disjoint
and the restriction of T on each cylinder is continuous linear of slop 5". Now given a
point a € T, consider the preimage of the ball B(a,r) under Tg. It can be verified that
this preimage consists of disjoint intervals whose lengths are bounded above by 2r|8|~™.
Indeed, we can write

N,

5" ( n.j> (45)
Jj=1
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where each I, ; is an interval lying in some cylinder of order n and N,, is the number of
such intervals.

For 8 > 1, via the work of Rényi [39], it follows that the (total) number of cylinders
of order n of Tj is bounded from above by 8"*1/(3 — 1). Hence,

No < "H/(B - 1). (46)

Remark 12. It is worth mentioning that on exploiting the well-known fact that the topo-
logical entropy of Tp is log || for any 8 with |5| > 1, we obtain the weaker bound

Nn < |6|n(1+e) (47)

for any € > 0 and n sufficiently large. This suffices for not only proving Lemma 8 below
but more importantly for establishing the upper bound for the dimension within the
context of Theorems 7 and 9 in which £ is allowed to be negative.

Now, suppose > 1. Recall that a cylinder I of order n is said to be full for T} if
Tz (1) = T. With this in mind, Bugeaud & Wang [8, Theorem 1.2] proved that every
(n+1) consecutive cylinders of order n contains at least one full cylinder. This gives rise
to the following useful fact that we will make use of on multiple occasions.

Fact BW: The distance between any two consecutive full cylinders is less than (n+1)57™.
Furthermore, since any full cylinder intersects T/g” (B(a,r)) it follows that the distance
between any two consecutive intervals I, ; and I, j11 s less than (n+3)B7"; i.e.,

diSt(In,j, In,j-‘rl) S (TL + 3)B7n

We now move onto the task of proving Theorem 12. This will be done by establishing
the upper and lower bounds for dim W (T, ¥, a) separately.

Proposition 4. Under the setting of Theorem 12, we have that

i T U a) < in {6;(t)}.
dimyg W(T, ¥, a) _teszlf})@) @lgd{ﬁz( )}

We first establish the proposition in the special case that U (V) consists of a single
point.

Lemma 8. Under the setting of Theorem 12, assume in addition that there exists t =
(t1,...,ta) € (RT) such that

lim — log 1;(n)

n—00 n

=t; forall 1<i<d.

Then
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dimg W(T, ¥,a) < min {6;(t)}.
1<i<d

Proof. Observe that we can re-write (42) as

W(T,¥,a) = limsup TB_I”(B(al, ¢1(n))) X oo X TB_d" (B(ad, ¢d(n))), (48)

n—oo

where Tp, is the standard S-transformation with 5 = ;. As usual, we do not distinguish
between (-transformations acting on the unit interval [0,1) or the torus T. The proof
of Lemma 8 relies on finding an “efficient” covering by balls of the lim sup set (48). So
with this in mind, for any 1 <14 < d, by (45) we have that

Tﬁq‘ ( (a“wl( ))) = Ingﬂ (49)

where each [ T(LZ)J is an interval lying in some cylinder of order n and N; ,, is the number

of such intervals. Now for n € N, let

Jni={i=01,da) : 1 <ji < Ni (1 <0 < d)}

s

and for j € J,, let
R, ; ::I(l,). x - x I
In turn, let

Ry=|J Rny and  Rn:={Rnj:jecu}.
jEJn

Then in view of (49), we can re-write (48) as

o0 o0
W(T,%,a)= () |J R»
N=1n=N
and it follows that for any N > 1,
W(T,¥,a) ¢ |J Ra.
n=N

In other words, the collection {R,, : n = N, N +1,...} of rectangles R, j form a cover
for the set W (T, ¥, a). Now, observe that along the direction of the i-th axis (1 <7 < d),
by construction for each 1 < j < N; ,, the sides I (¢ ) and I 41 are disjoint and thus the
rectangles in R, are disjoint. On the other hand, by Fact BW
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dist(1, 19 ) < (n+3)87"

n,j’ ' n,j+1

and so along the direction of the i-th axis, the distance between consecutive rectangles
in R,, is at most (n + 3)5; ".

We now estimate the number of balls B;,, of diameter 2¢;(n)3; "™ (the sidelength of
the rectangles in R,, along the direction of the i-th axis) needed to cover the set R,,. We
start by covering a fixed generic rectangle R = R, ; € Ry. It is easily verified that we
can find a collection B; ,,(R) of balls B; ,, that covers R with

Yr(n)B. "
B ,(R) < 2¢ RS 50
#Bin(R) < Kgd: G ()BT (50)

Yr(n)By "> (n)B; "

Indeed, we can simply take the natural cover in which we split R into closed balls B; ,,
which are disjoint apart from at the boundary. Now observe that the collection 5; ,,(R)
will also cover other rectangles in R,, along the direction of the k-th axis (1 < k < d)
if the separation in that direction is small compared to the diameter of the balls B; ,;
that is, in view of Fact BW if

(n+3)8," <2¢i(n)B".

In particular, this leads to the following lower bound for the number M, ,,(R) of rectangles
covered by B; ,(R):

M; o (R) == #{RM- €Ry : RojC . ELBJ " Bm}

b (n) B
I1 29i(n)B (")BZ_n . (51)
1<k<d : (n+3)ﬂk
(n+3)B; " <tbi (n)B; "

Y

The upshot is that there is a collection B,, ; of balls of B; ,, that cover the set R, with
#R < #Bn,i(R)

#Bn,; < ——= #B, Al

Mi,n(R) ]1;[1 i n(R)

This together with (46), (50) and (51) implies that

< ﬁ gt 11 (n+3)6,"
(n+3)8, " <ti (n)B "

. od H Vi (n) B "
1<k<d : bi(n)B;"
Yr(n)By " =i (n)B; "
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ZQdﬁ gt [ e H du(n)By"

7210 ek BB e ViMBS Gi(mp"
where
Kni(i):={1<k<d:(n+3)8." <vi(n); "}
{1<k<d W+10g5k>ogw"(n)+logﬂi}’
n n
and

Kn2(i) := {1 <k <d:p(n)B" > i(n)B; "}
:{1§k§dl—%+10gﬁkS_W‘Fl()gﬁi}-

Thus, given p > 0 and on choosing N sufficiently large so that 2i;(n)s; " < p for any

n > N, it follows from the definition of s-dimensional Hausdorff measure that for any
s>0

Ho(W(T, ¥, a))
<Y #B.s (uin)Bm)
n=N

: Z : H lBj -1 kE’g,[l(i) 211)1(”)5;71 kGI!I2(Z) (n)ﬁz (21/)1( )ﬁ )

=C Z exp{—-n-{,}, (52)

n=N

where C := 25F4 H] 18,= j is a constant and

d
lo=ta)) = ~Ylogs; - 3 (Wlogﬂkwﬂmg@)
=1

ke, 1(7)

S (1B g - B )

k€K 2(3)
log
+ s (%(n) +logﬁi) .

Now note that Y, exp{—n-£,} converges as long as

limsup ¥4, >0,

n—roo
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and that this is equivalent to the condition that s is strictly larger than the upper limit
of

S logh+ X (o8 — 10g B, — 18 105 5;)
j=1 keEKn,1(2)

— B log B

(1Og d;lk(”) —log B — log ﬁz‘(”) + log &)

k€K 2 (1)

_log4i(n) + log 3;

o P (n)
= > 1+ Y (1_ ‘gn >+ > bgﬁk
| _ _

log ¢i(n) log ¢; (n) J
keln,1(1) kEK,,2(1 gT + lOg Bi k€K, 3(3) gT + log Bz

where

Kns(@) ={1,....d}\ (n1(2) UK, 2(2))

log(n + 3)
n

:{1§k;§d:— + log Bk

. logti(n)
n

log i (n)
n

+log 8; < +10g/3k}~

So, by the additional assumption imposed in the lemma, it follows that

lmsuphy = lim by = > 1+ ) ( 10g@+7§>

oo kEKL(3) kK (4)

logﬂk
+ > = 0,(t).
KeKa(i) logﬁz +t;

The upshot of the above is that for any 1 <4 < d and s > 6;(t), we have that
Zexp{—n Ap} < o0
n=1
and hence together with (52) we obtain that
0 < H (W(T,¥,a)) = lim H5(W(T,¥,a)) < lim C > exp{-n-l,}=0.
p—0 N —oco =N

In turn, it follows from the definition of Hausdorff dimension that dimg W (T, ¥, a) <
0;(t). This upper bound estimate is true for any 1 < ¢ < d, and so it implies that

. < min .
dimg W(T, ¥, a) < min, 0;(t)
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as desired. 0O

Armed with Lemma 8, it is relatively straightforward to prove the general upper
bound statement for the Hausdorff dimension of W (T, ¥, a).

Proof of Proposition 4. To prove the proposition, we first cover the accumulation set
U(T). For any ¢ > 0, since U(¥) is bounded, we can find a family B, of finitely many
balls of the form

d
B =15 b5+ 05 20
i=1

that cover U(¥). For B € B,, let

d
N(B)—{neN: <7_1°gfl(”),...,—_log’/’d ) e [0S, 0% + }
=1

Without loss of generality, we assume that #A (B) = oo since, otherwise, there is no
accumulation point in the ball B. We claim that W (T, ¥, a) is a subset of

U {x eT?: T3 2 — ail| < e~nbE (1 <i<d) for infinitely many n € N(B)}
BeB

Indeed, for any x € W(T,¥,a), there exists a sequence {n;},cn depending on x such
that for any 1 <:<d

Since there are only finitely many balls B € B, which cover U(¥), there exists some
B € B, that contains infinitely many points of

{(7log1/)1(nj)’,.. ’ 7log¢d(nj))}jeN'

nj nj
Thus, for these infinitely many j’s, we have that for any 1 <1i <d
. @)
T3 s — aill < i(ny) < e ™8

This establishes the claim and by the countable stability property of Hausdorff dimension,
it follows that dimy W (T, ¥, a) is less than or equal to

()
Imax dimy {x €T |Tha;—ail| <e ™5 (1<i<d) for infinitely many n € N}
E €

Now observe that
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()
—loge "t

lim forall 1<i<d,
n— o0 n

and so on applying Lemma 8 we deduce that

1) (d)
dimyg W(T,¥,a) < max lrélllgde ((b ,o b))

Then on letting € — 0, by the continuity of ;(t) with respect to t, we conclude that

dimg W(T,¥,a) < sup min {6;
WW( W) < s in (0:(0)

This completes the proof of Proposition 4. 0O

We now turn out attention to establishing the lower bound for the Hausdorff dimension
of W(T, ¥, a).

Proposition 5. Under the setting of Theorem 12, we have that

i >
dimyg W(T, ¥, a) > teslbl(p . 1r<nllgd{9 (t)}.

Proof. The proof of Proposition 5 relies on constructing a suitable lim sup type subset of
W (T, W,a) which enables us to exploit the ‘rectangles to rectangles’ Mass Transference
Principle (Theorem 11). With this in mind, by (48) and (49), we know that W (T, ¥, a) is
a limsup set of rectangles with sides given by the intervals Ir(LZ)J (1 <4 <d). Recall, that
the sides correspond to the intersection of T3 ™ (B(ai, ¥;(n))) and a cylinder of order n
and as in the proof of Proposition 4, we do not distinguish between [-transformations
acting on the unit interval or the torus. Thus, if for each 1 <17 < d, we select only those
intervals which are intersections of T3 ™ (B(ai,%i(n))) and full cylinders of order n, we
will obtain a lim sup type subset of W (T, ¥, a); that is

oo o0 Mln Mdn

w(r,wa)> () J U - U B@L, B em) x---x Bl 8" va(n), (53)

N=1n=N j1=1 Jja=1

where {wn ol < g < M, »} are the preimages of a; under Tg, that fall within full
cylinders of order n for T, and M, ,, is the number of such full cylinders. Now with (53)
and Fact BW in mind, it follows that for each 1 < i < d the enlarged collection of balls
or rather intervals { B( n)] ,(n+3)B;7™) :1<j; < M;,} covers T, that is

M n

T = {J B, (n+3)87"). 5

Jji=1
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Now fix a point t = (t1,...,tq) € U(¥). Then by definition and the fact that U (¥) is
bounded, there exists a subsequence {n; };en such that

0B Wi ()

l— o0 ny

=t; forall 1<1:<d.
It is easily verified that for any 0 < ¢ < 1, there exists N = N(g) > 0 such that

(1 —¢)logB; < —M—i—logﬁi

55
(1-¢)logBi+ti = logp; + 10g1/f(m) (55)
foralll!> N and 1 <i<d. Let
1—¢)l ;
5 = (L=e)logfi (1<i<d).
(1—¢)logBi+t;
Then, (55) is equivalent to
(87 ™ wi(m))™ = (i +3)8;,™
which together with (54) implies that for any [ > N
l ’VLL )
T= U Blal, (57 0i)").
Ji=1
In turn, it follows that for any [ > N
My ,my Md ,my
1 —-n s1 d -n
U U B 5LL)]l lwl(nl)) ) X X B(xfll)vjd7 (ﬁd lwd(nl)>5d)
Jji=1 Ja=1

and so

qrd:nmsupyu.-.u’ B2l (BT (m)*) x - x B(al) (B a(n))*). (56)

The upshot is that given the lim sup set of rectangles appearing on the right hand side
of (53), the corresponding lim sup set of ‘(sy,..., sq)-scaled up’ rectangles satisfies (41)
with p=d, X; =T, §; = 1 and pu; = m; (one-dimensional Lebesgue measure) for each
1 <4 < d. Thus on applying Theorem 11 with u; = (1—¢)log 8; and v; = (1—¢) log 5; +t;
(1 << d), we obtain the lower bound

. > mi .
dimg W(T, ¥, a) > 1r§ni12ds(z, £)
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C N bk (1 — ) log fi

kEK1(i,€) ) kEKs(ie)
and where Ky (i,¢), Ka(i,€), K3(i,€) is the partition of {1,...,d} given by
1(i,€) f{k (1 —¢)log By > (175)10g[3i+ti}

2(i,€) —{k (1 —¢)log Bk + tr < (l—a)logﬂi—i—ti},
Ks(i,e) :={1,...,d} \ (K1(i,e) UK2(i,€)).

Fix 1 <i < d. On letting e — 0, we find that /C1(¢,¢) — {k : log B > log B;+t;} = K1(0),
Ka(i,e) = Ka(i) and K3(i,e) — K3(i). Thus

lim s(,e) = 6;(t) and dimg W(T,¥,a) > min 6,(t).

e—0 1<i<d

Moreover, since this is valid for any t € U(¥) it follows that

dimg W(T,¥,a) > sup min {6;
W0 8) > s min (6(0)

and we are done. O

4.2.2. Proof of Theorem 8

We show that when T is an integer matrix transformation, the diagonal assumption in
Theorem 6 can be relaxed to T is diagonalizable over Z. This thereby proves Theorem 8.
So, suppose T is diagonalizable over Z. Then by definition, there exist a diagonal integer
matrix D and an invertible mapping ¢ satisfying (37). It is easily versified that T™(x) €
B(a,®(n)) if and only if D"(¢(x)) € ¢(B(a,v(n))). Since ¢ is a bi-Lipschitz map, we
can find two positive constants 0 < ¢; < ¢y < 0o such that

B(s(a), 1 (n) € ¢(B(a,$(n)) < B(4(a), et (n))-
In turn, Lemma 7 implies that the Hausdorff dimension of
W(T,9,a) :={x € T?: T"(x) € B(a,(n)) for infinitely many n € N}
is the same as that of
{z e T?: D"(x) € B(¢(a),(n)) for infinitely many n € N}.

Thus, without loss of generality, we only need to prove the desired dimension result in
the case that T' is diagonal.
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4.8. Proof of Theorem 7

The proof of Theorem 7 will make use of a general statement (namely, Proposi-
tion 7 below) concerning Markov subsystems which may be of independent interest.
In short, these systems provide a “nice” approximation to one-dimensional piecewise
linear dynamical systems. To start with, let us recall the notion of a Markov system
for a one-dimensional expanding dynamical system (X,7"). With this in mind, let X be
a compact set in R and 7" : X — X be an expanding map. Furthermore, let A be a
subset of X. A partition Py of A into finite or countable collection of sets P(k) is called
a Markov partition if A :== (" T~"(U P(k)) and

(i) the interior of P(j) and P(k) are disjoint if j # k,
(ii) T restricted on each P(j) is one to one,
(iii) if T(P(j)) intersects the interior of P(k) for some j and k then P(k) C T(P(j)).

In turn, the system (A,T|a,Pa) is called a Markov subsystem of (X,T). In the case
A = X, we simply write (X, T, P) and referred to it as a Markov system.

An important property regarding Markov subsystems that we shall utilise is given by
the following statement. It is a direct consequence of [34, Theorems 4.2.9 & 4.2.11].

Proposition 6. Let X be a compact set in R and T : X — X be an expanding map. Let
(A, T|a, Pa) be a Markov subsystem of (X,T) with finite partition Py = {P(i)}1<i<n
whose incidence matriz is primitive. Suppose that for any 1 < k < N, T|py is oite
for some a > 0. Then the measure H°|, is §-Ahlfors reqular where § := dimg A.

The following statement provides a lower bound for dimy A in the case T is piecewise
linear. Throughout, we suppose that the absolute value of the slope of such a map T is
constant and will be denoted by B(T).

Proposition 7. Let T be a piecewise linear map on [0,1] and assume that 3(T) > 8.
Then there exists a Markov subsystem (A, T|xn,Pa) of ([0,1],T) with a finite partition
Pa = {P(i)}1<i<m where each P(i) is an interval and T|py is linear, such that

dimg A > 1 — 288

log B(T)"

Proof. Let P = {P(i)}72, be a partition of [0, 1] such that for each 1 < i < m the set
P(i) is an interval and 7| p(s) is linear. Without loss of generality, we can assume that

max{|P(i)| : P(i) € P} <2k with & :=min{|P(i)|: P(i) € P}.

Indeed, if | P(i)| > 2 for some 1 < i < m, then there exists £ € N such that
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2k < |P(i)| < 21k,

Hence, we can subdivide }5(1) into 2¢ equal pieces and take these subintervals as part of
partition rather than ]5(1) The map T restricted to each piece of the new partition is
still linear and by construction the length of each piece if bounded above by 2k.

For any interval P € P, let

P::PmT—l( U {PGi)eP:P(i)c T(P)} )

1<i<m

Now since T'| 5, is linear, the intervals P(i) contained in T(P) are adjacent intervals in
the partition P. Hence, P is a subinterval of P. Furthermore, since T'| is linear with
slope +3(T") we have that |T'(P)| = B(T) - |P| > B(T)k. So the number of P(i) € P that
intersect T'(P) is at least the integer part of 3(T)x/2x = [B(T)/2]. Here we use the fact
that | P(i)| < 2« for all intervals in the partition. Thus, on using the fact that 5(T) > 8,

we have that
#{P(i) e P: P(i) CT(P)} > [B(T)/2] —2>1. (57)
The upshot of this is that
P#0.

We now prove that P := {P(i) : P(i) € P, 1 < i < m} is a Markov partition of
Ui, P(i). The first two conditions are automatically satisfied. Regarding the third condi-
tion, for any 1 < j,k < m with T(P(j))NP(k) # 0, we first note that T(P(j))NP(k) # 0
which in turn implies that P(5)NT~'(P(k)) # 0. Then, by the definition of P(j), P(k) is
an interval such that P(k) C T(P(5)) and P(j)NT~'(P(k)) C P(j). So P(k) C T(P(5)).
Therefore, by noting that P(k) C P(k), we have P(k) C T(P(j)) ¢ T(P(j)) and this
verifies the third condition.
Next, let

f=Tlum pu and A:= ﬂ fTM (U, P(i) .

n=0

Then, by construction, the system (A, T'|x, Pa) with Py := {P (i) : P(i) € P, 1 <i < m}
is a Markov subsystem of ([0, 1],7'). It remains to prove that the Hausdorff dimension
of the set A satisfies the lower bound in the statement of the proposition. For this, we
work in the symbolic space of the dynamical system under consideration to estimate the
topological entropy of T'|x and then use the fact that the entropy is intimately related
to the dimension of A.

The dynamics of T'|4 can be coded by the m x m transition matrix A = (A;jx)1<jk<m
with entries
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1 if P(k) C T(P(3)),
Ajp =
0 otherwise.

Denote by Z§ c{1,2,... ,m}N the corresponding symbolic space induced by A and X7
the set of words of length n in Eﬁ. The projection 7 from E§ to A is given by

w=(Walnzo = ww) = () FT(Pwa)-

In view of (57), it follows that any given word of length n gives rise to at least [ﬂTT)] -2
words of length (n + 1). Hence, we have that

n—1

which implies that the topological entropy hiop(T'|a) of T|a is at least log 5(T) -3).
This together with Bowen’s definition of topological entropy (see [5], [16, page 230}) and
the fact that the absolute value of the slope of T|5 is a constant (namely 3(T") > 8),

implies that

B(T)
hop(Tla) 198 (5 =3)  rous

dima A= 500) = logBT) S TogBT)

The following result provides a lower bound for the Hausdorff dimension of shrinking
target sets associated with piecewise linear maps.

Proposition 8. Let T be a piecewise linear map on [0,1] and assume that 3(T) > 8. Let
(A, T|a,Pr) be the associated Markov subsystem arising from Proposition 7. Suppose
there exists a compact set K O A and an integer kg > 0, so that T*(P) D K for any
interval P € Px. Let ¢ : RT — R¥ be a real positive function and a € K. Then

. 1 — log 8/log B(T)
dimg W(T', ¢, a) 2 1+ X/ log B(T)

where A = A(¢) is the lower order at infinity of the function ¢ and

W(T,,a) :={x €[0,1] : [Tz —a| < ¢(n) for infinitely many n € N}.

Proof. We are given that (A, T|a,Pa) is a Markov subsystem of the dynamical system
([0,1],T) coming from Proposition 7. Indeed, Po = {P(i) : 1 < i < m} where each
P(i) is an interval and T'|p(; is linear. As in the proof of Proposition 7, denote by
SN c {1,2,...,m}Y the corresponding symbolic space of the dynamics of 7|, induced
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by the transition matrix A and ¥7 the set of words of length n in XI. With this in
mind, given a word (igéy - - - ip—1) € X%, let

Pigiy -+ +in_1) == P(io) N T (P(i1)) N---NT~ "V (P(i,_1))
and for each n € N let

Py = {P(ioil “ipo1) t (lofr o rino1) € EZ}

denote the collection of cylinder sets of length n. Now by the Markov property of Py,
for any cylinder P(igiy - in—1) € Pp

T" Y (P(igi1 - ip—1)) = Plin_1). (58)

Then with K and kg as in the statement of the proposition, we have that
Tn—1tko (P(ioil . -~in,1)) DO K. It therefore follows that for any a € K, there exists
a point @yi,...i, , € P(igi1-+-in_1) such that Tn~*ko(z, . ) =a. That is, we can
find a preimage of the point a under T"** =1 on every cylinder of order n. So for any
point z € B(%'oilwinfla %), we have that

(TR0~ (@) — af = [T (@) = TR0 (0, )|
= B(T)" ™ o = wigiy e, |

<P(n+ko—1).

Therefore,

. Y(n+ko—1)
1171L11_>s01<1)p U B(xz‘oz‘l'--in_u W

ioil---in,leZz

) CW(T 0. (59)

On the other hand, by (58) we have that
R B(T) Y < [Pigia -] < R7BT) Y,

where k., = minj<;<, |P(¢)] and k* = maxj<;<m, |P(¢)|. Hence

U B(xioil-“in_u ’i*ﬂ(T)i(nil)) oA (60)
i(]i1~~-7,‘n71€22
and so
lim sup U B(Zigiyewvin 15 K*B(T)_("_l)) DA. (61)
n—oo

1oty +in—1 €D
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Now let § := dimyg A and note that

(i) = om0

for any

. d(logk* — (n —1)log B(T)) B )
0 < s < o= msup F e = 1) — (n + o — 1) log B(T) 1+ A/ log AT

In other words, for s < so the radii of the ‘s-scaled up’ balls associated with (59) are
at least the size of the corresponding balls appearing in (61). It then follows via (59),
(61) and Proposition 6, that on applying the Mass Transference Principle (the original
Theorem 10) with p = H°|a, we have that

HE(W(T,1p,a)) = H¥(A) = o0. (62)

The right hand most equality is valid since s < §. Now (62) is true for any s < so and
so together with Proposition 7 it follows that

dimpg A S 1 —log8/log B(T)

dimu W(T,0,a) 2 $0 = 35303 2 T30 log 5T

As we shall soon see, Proposition 8 will be instrumental in the proof of Theorem 7.
Before moving onto the latter, we establish a technical lemma.

Lemma 9. Let 1) : R™ — R™ be a real positive decreasing function and let X\ = \() be
its lower order at infinity. Then, for any positive integer k we have that

lim inf —log—l/J(kn)

n—o0 kn

=\

Proof. Recall, A := liminf 71%1@@) and thus there exist infinitely many indices n € N

n—oo
such that
¥(n) > exp (—(A+¢e)n). (63)
Now fix a positive integer k > 2 and let

¢ :=liminf M.

n—00 kn

Thus, for any € > 0 there exists an N. > 0 such that for every n > N,

P(kn) < exp (—=(§ —e)kn). (64)
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By definition, we trivially have that £ > A. We claim that if v is decreasing then
we must have equality. With this in mind, assume on the contrary that £ > X\ and set
€= %. For our fixed k > 2, any arbitrarily positive integer can be written in the form
kn+r with n € N and r € N satisfying 0 < r < k — 1. By (63), there is an increasing
sequence (kn; 4+ 1;);>1 with n; € N and 0 <r; < k — 1 such that

W(kn; +1;) >exp (—(A+¢e)(kn; +1;)) .

On the other hand, for any n € N and 0 < r < k — 1 such that kn > N, by the
decreasing property of ¢ and (64), we have that

P(kn +1) < P(kn) < exp(=(§ —)kn) = exp (=(§ —&)(kn + 7)) exp (£ —&)r) -

Thus, for all ¢ large enough we have that

exp (—(A +¢e)(kni + 1)) < exp(—(§ —e)(kn; +1i))exp ((§ —e)ri)

which in turn implies that

exp (%(kn, + n)) < exp ((€ —e)ry). (65)

Now note that with k fixed, the right-hand side of (65) is bounded since r; lies in the
range from 0 to k — 1. However, since % > 0, the left-hand side of (65) tends to infinity
as ¢ tends to infinity and we obtain a contradiction. The upshot is that we must have
&=\, as claimed. O

Proof of Theorem 7. We prove Theorem 7 by estimating the upper and lower bounds
for the Hausdorff dimension of W (T3, 9, a) separately.

The upper bound for dimy W (T, ¢, a) essentially follows the same line of argument as
within the proof of Lemma 8 with ¢ = 1 and the estimate (46) replaced by (47). In short,
for any n € N the preimage Tﬁ*"(B(a7 ¥(n))) consists of N,, intervals {I,; : 1 < j < N,,}
with lengths bounded by 2¢(n)|8|~" and in view of Remark 12, for any € > 0 there exists
Ny > 1 such that for all n > Ny

Nn S |ﬁ|n(1+e)'
Now for any NV > 1, we have that
W (T3,1,a) U U Inj-
n=N j=1

Thus, given p > 0 and on choosing N > Nj sufficiently large so that |3|™Y < p, it follows
that for any s > 0
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oo Np fe'e)
Hy (W (Tp,0,0)) < 3D [Tl < D 1B (20(n)|B7)°
n=N j=1 n=N

o0
< Z |ﬁ|n(1+5 nersl?gw‘g‘L) .
n=N

Hence, for any s > %ﬁﬁ\lﬁ\ we have that H*(W (T,9,a)) = 0 and thus

(1+¢)log|f|

di T <
lmHW( 571/}70’)7 A+10g|ﬁ|

Since € > 0 is arbitrary, we obtain the desired upper bound for the dimension of
W(Tg,v,a).

To prove the complementary lower bound, we make use of Proposition 8. With this in
mind, for any real number S with |3] > 1, the transformation T can be considered as a
piecewise linear mapping of the unit interval [0, 1] with 8(T") = |8|. Strictly, speaking T}
is defined on [0,1) but we can naturally include the end point one by defining Ts(1) =
B (mod 1). This extension will not effect the dimension of W (T3, 9, a) since it introduces
at most a single point. Now choose k € N large enough so that |3|* > 8, and note that

W(Tﬁ7 ¢7 a) :_> W(Tga Pk, a) where @k(n) = ?/’(lm) .

Let (Ak,T§|Ak,PAk) be the Markov subsystem of ([0, 1],T§) arising from Proposi-
tion 7. The following claim will enable us to establish the hypotheses within Proposition 8
regarding the existence of a compact set K O Aj and an integer ky > 0, so that
T;;O (P) O K for any interval P € P,,. As usual, we let K(8) denote the support of
the Parry-Yrrap measure pg. Recall, that K(f) is either the unit interval or a finite
union of closed intervals — see Proposition 3 in §3.3.

Claim. For any interval I C [0,1], there exists an integer k(I) > 0, such that Tk(I)(I) 2
K(B).-

Proof of Claim. We will use the fact that for any |3| > 1, the map T} is locally eventually
onto (or topologically exact); i.e. for every non-degenerate subinterval I C K (/) there
exists a non-negative integer k such that T*(I) O K(j3). For B > 1, this is explicitly
stated and proved in the work of Troubetzkoy & Varandas [46, Section 3.3] and since
K (B) = [0,1] when 8 > 1 it directly establishes the claim. On the other hand, for 8 < —1
the fact is explicitly stated and proved in the work of Liao & Steiner [33, Theorem 2.2].
As a consequence, given any interval I C [0,1], if I N K () contains an interval then we
are done. So assume that this is not the situation. Then, I N ([0,1] \ K(8)) contains an

interval and to continue we consider two situations:
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a) There exists a positive integer ¢(I) such that TN K () contains an interval.
B

In this case the claim follows directly from the locally eventually onto property of
Tp.

(b) If (a) does not hold, then for all n € N, T™(I) is contained in [0,1] \ K(5) except
for a finite number of points. Therefore

lim ma (T7((0,1]\ K(8)) > ma(1) >0,
where as usual m; is one-dimensional Lebesgue measure. However, this contradicts
the second assertion of [33, Theorem 2.2]; namely that li_>m m(T~"([0,1\K(B))) =
n oo
0. O

On using the above claim, it follows that for any interval P(i) € Py, := {P(i) : 1 <
i < m} there exists an integer ko(¢) > 0 such that Tgo(i) (P(i)) 2 K(B). The upshot
of this is that the hypotheses within Proposition 8 is satisfied with K = K(f) and
ko = max ko(i). Then on applying Proposition 8, we have that

1<i<m

’ . . 1 —1log8/(klogS(T))
dimg W (T}s,,a) > dimug W(Tj, ¢r,a) > 1+ A /(klog B(T))

M is the lower order at infinity of ¢;. Now by Lemma 9,

where A\, := liminf,,
since v is a real positive decreasing function, we have that A;/k = A and so on letting

k — oo we obtain the desired lower bound for the dimension of W (T,%,a). O
5. Final comments

In this section we discuss various natural problems that arise as a consequence of the
results proved in this paper. The measure results (namely, Theorems 2 - 5) for matrix
transformations are reasonably complete so the problems listed below are essentially
concerned with Hausdorff dimension.

5.1. Dimension problem for property (P) targets sets

Theorem 12 and Theorem 9 give the Hausdorff dimension of shrinking target set
W(T,{E,}) when the targets sets { Ej, } nen are a sequence of rectangles or hyperboloids.
It is easily seen that both these “shapes” when centred at the origin satisfy the property
(P) condition of Gallagher [20] adapted for the torus: a subset E of T¢ is said to have
property (P) if whenever x = (z1,...,2q4) € E and ||2f|| < a; (1 < i < d) then

x' = (21,...,2)) € E. Geometrically, the property simply means that the rectangle
B(0,21) X ...x B(0,z4) is contained within E. In short, it would be desirable to extend
and thereby unify our dimension results (with a := (0,...,0) in the first instance) to

target sets satisfying property (P). We now briefly describe what we have in mind.
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Let T be a real, non-singular matrix transformation of the torus T?. Suppose that
T is diagonal and all eigenvalues (1, Bs, ..., 84 are strictly larger than 1. Assume that
1< B < By <--- < Bg. Let P be any collection of subsets E of T¢ satisfying property
(P). Then, for any sequence {E,, },en in P, Theorem 4 implies that mq (W (T, {E,})) =0
if 20° ; mq(En) < co. Thus, whenever the measure sum converges, it is natural to ask
for the Hausdorff dimension of W (T, {E,}). Given that property (P) is intimately tied
up with rectangles, it is not unreasonable to expect that dimy W (T, {E,}) is in someway
related to the Hausdorf{f dimension of the ‘rectangular’ shrinking targets sets W (T, ¥, a)
given by Theorem 12. With this in mind, for any sequence {F, },cn in P, we propose
the following candidate for the dimension formula:

dimy W(T,{E,}) = sup dimyg W(T, ¥, 0). (66)
v:VneN
R(0,%(n))CEn
Here, as in §4.2, given ¥ := (¢1,...,%4) and some point a := (ay,...,aq) € T, for
n € N we let

R(a, ¥(n)) := {x €T: ||z —ail| < ¥i(n) (1<i< d)}.

Observe, that since in (66) the supremum is over ¥ such that the corresponding rectangles
R(O, \Il(n)) are a subset of the sets F,, satisfying property (P), we automatically obtain
the desired lower bound statement:

dimyg W(T,{E,}) > sup dimyg W (T, ¥, 0). (67)
¥:VneN
R(0,%(n))CE,
Thus, establishing (66) boils down to establishing the complimentary upper bound state-
ment.

It is not difficult to see that the dimension formula (66) holds when the targets sets
{En}nen are a sequence of rectangles as in Theorem 12 or hyperboloids as in Theorem 9.
The former is obvious. Regarding the latter, for n € N we let ¥(n) := (1,---,1,9(n)).
Then,

R(O,\I/(n)) = B(0,1) x --- x B(0,1) x B(0,%(n)) (68)
and with reference to Theorem 12

1
U = {(0,0, <+ ,0,tq) : tq is an accumulation point of { - M} N } )
n n>1

Furthermore, for 1 < i < d — 1, we have that K1(i) = {i + 1,5 + 2,--- ,d}, Ka(i) =
{1,2,--- ,i}, and K3(i) = 0. Hence,

91(0507"' 7Oatd) = = 9d—1(0707"' 7Oatd) =d.
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For i = d, we have that K1(d) = K3(d) = 0 and Ko(d) = {1,2,-- ,d}. Thus,

log B4

04(0,0,---,0,ty) =d—1+ ————.
a a) tq + log By

Therefore, on applying Theorem 12 we obtain that

. . log B4 }
dimg W (T, ¥, 0) = 0,000, ,0,tg) = d—14 08P
V0= 1 gip P00+ 040 = s {41+ 200
log 34

—d—14 2
X+ log B

where X is the lower order at infinity of 1. Since this dimension formula coincides with
the dimension of W* (T, ¥,0) given by Theorem 9, and we always have the lower bound
(67), we conclude that the supremum in (66) is attained by the choice of rectangles given
by (68). In other words, the dimension formula (66) holds when the targets sets { £, } nen
are a sequence of hyperboloids as in Theorem 9.

The following is an extension of Gallagher’s property (P) condition that naturally
incorporates “shapes” not necessarily centred at the origin. Given a € T, a subset F of
T? is said to have property (Pa) if whenever x = (z1,...,74) € E and ||2} — a;|| < 2;
(1 <i<d) then x’ = (af,...,2}) € E. Now with this in mind, let P, be any collection
of subsets E of T satisfying property (Pa). Then, for any sequence {E, },en € Pa, we
propose that (66) holds with the origin replaced by a. Clearly, such a statement would
unify in full our dimension results for rectangular and hyperboloid target sets; that is,
not just for when a := (0,...,0).

5.2. Dimension problem for diagonal matrices with negative entries

In the one dimensional case, Theorem 7 extends Theorem 6 by incorporating negative
eigenvalues. Naturally, it would be desirable to obtain the higher dimensional analogue
of Theorem 7. Indeed, this would clearly follow if we could extend Theorem 12 (the
“rectangular” generalization Theorem 6) to the situation that all eigenvalues of T are
of modulus strictly larger than 1. Formally, we would expect the following statement to
hold in which the conditions on the eigenvalues in Theorem 12 are replaced by conditions
on the modulus of the eigenvalues.

Claim 1. Let T be a real, non-singular matriz transformation of the torus T¢. Suppose
that T is diagonal and all eigenvalues By, Ba, ..., Bq are of modulus strictly larger than
1. Assume that 1 < |B1| < |Ba2] < --- < |Bal. For 1 < i < d, let ¢; : RT — R* be a

real positive decreasing function and a € K = Hle K(B;). Assume that the set U(T) of

log ¥1(n) 7logwd(n))

accumulation points t = (t1,ta,...,tq) of the sequence {(f e -~ }n>1

is bounded. Then
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dimg W(T,¥,a) = sup min {6;(t)},
AW 8) = s i {00

where

o ot _log|Bk|
Oi(t) = >, 1+ ) <1 log|ﬁi|+ti>+ 2)10g|ﬁi|+ti

I 0) kEKa (i) keKs(i

and, in turn

K1(i) :=={1 <k <d:log|Bk| >log|Bi| +ti},
Kao(i) :={1 <k <d:log|Bk| + tr <logl|Bi| +ti},

and

Ks(i) = {L,....d} \ (K1 (i) UKa(i)).

The key problem with allowing negative eigenvalues is that we do not have an analogue
of Fact BW in Section 4.2.1 for negative S-transformations. This fact played a key role our
proofs of the upper bound (Proposition 4) and lower bound (Proposition 5) statements
for the Hausdorff dimension of dimy W (T, ¥, a). However, by exploiting the framework
of Markov subsystems used in proving Theorem 7, it is not too difficult to establish the
lower bound of the above claim; that is to say, we can bypass Fact BW altogether and
prove that

i T W > i 0;(t) .
dimyg W(T, ’a)_t:;(%)lglilgd{ i( )}

Indeed, for each 1 < i < d, by Proposition 7 there exists a Markov subsystem
(A9, Ts. | a0y, Paciy) of ([0,1),T5,) under the assumption that |3;| > 8. Also, in view

of Proposition 6 we know that the measure H6i| A is d;-Ahlfors regular where §; =
dimyg A®. Now, let S; = T, 5 |a and consider restricted shrinking target set

W*(T,¥,a)

d
= {x € HA(“ ST —a;] < i(n) (1 <i<d) for infinitely many n € N} .
i=1

Then, by definition,
W*(T,V,a) C W(T,¥,a).

The first goal is obtain a lower bound for dimy W* (T, ¥, a). For this, we follow the basic
strategy used in proving Proposition 5. However, the key in executing the strategy lies
in the fact that each map S; (1 < i < d) satisfies the hypothesis of Proposition 8 — this
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follows on using the same arguments used at the end of the proof of Theorem 7 to show
that the Markov subsystem (A, T[4, , Pa,,) of ([0,1], T5") arising from Proposition 7
satisfies the hypotheses of Proposition 8. Then, on naturally adapting the arguments
leading to (59) w1th1n the proof of Proposition 8, it follows that for each 1 < i < d there
exists an integer ko " such that

My Man d (1)
4 ) 1 k
W*(T,¥,a) D limsup U ( (7)% —+(>)), (69)
n—o00 ji=1 a1 i=1 |B |n 14+-kg

where {a: 1 <j; < M,,} are the preimages of a; under S} that fall within cylinders

n,7i°
of order n for S; and M, , is the number of such cylinders. This is the analogue of the
inclusion (53) in the proof of Proposition 5. Now in view of (60) within the proof of

Proposition 8, it follows that for each 1 <4 < d there exists a constant s} such that

UB O KEBIT™) 2 AD)

Jji=1

In particular, this leads to the following analogue of (56) in the proof of Proposition 5,
for any fixed t = (¢1,...,tq) € U(¥):

Mln Mdn d

4 (@)
HA(Z - hmsup U U H ( Z‘i (#) )

=1 Jj1=1 Ja=11i=1

where

di

0< s ) E—
< 8; < 8p(7) 154/ 102 15

The upshot is that given the lim sup set of rectangles appearing on the right hand side
of (69), the corresponding lim sup set of ‘(sq,..., sq)-scaled up’ rectangles satisfies (41)
with p = d, X; = AW, §;, = dimyg A®) and Wi = <
applying Theorem 11 with u; = (1 —¢)log|8;| and v; = t; (1 < i < d), we find as in the
proof of Proposition 5, that

dimg W(T,¥,a) > dimg W*(T,¥,a) > sup min {9( )}
teu (v )1<’L<d

where
Ox log | Bkl
Z5k+z5k< )—|—Z
ke (2) ke (2) 10 |ﬁz| +ti keks(4) log |ﬁl| +t;

and /1 (4), Ka(i), K3(i) are defined as in Claim 1.
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To obtain the desired lower bound, for each 1 < i < d we need to (i) overcome the
underlying assumption that |5;| > 8 in the argument above and (ii) replace @(t) by
0;(t) in the above lower bound estimate; i.e., replace d; by 1 in the definition of @(t)
As in the proof of Theorem 7, we deal with (i) by working with a high enough iterate
S :=Tg!| & of the map S; and replacing 1(n) by ¢ (n) := ¢(mn) and then letting m
become arbitrarily large. This also deals with (ii) since by Proposition 7, dimg AL? —1
as m — oo.

5.3. Theorem 12 for unbounded U(T)

In the statement of Theorem 12, we require that the set U(¥) of accumulation points
is bounded. In short, this allows us to directly exploit the ‘rectangles to rectangles’ Mass
Transference Principle (Theorem 11). However, this is a matter of convenience and it
should be possible to obtain a general form of Theorem 12 (and indeed Claim 1 in §5.2)
without assuming that U(¥) is bounded. Indeed, by adapting the arguments used in
this paper we can “directly” establish various partial statements. These we now briefly
describe.

For t = (t1,...,tq) € (RT U {oc})?, let

In turn, with 6;(t) as in the statement of Theorem 12, define 6;(t) to be the reduced
value of 6;(t) obtained by removing the “infinite” directions associated with L(t); i.e.,

. o oslal
02(13) = Z 1+ Z (1 log |ﬂz| + ti) + Z log |Bz| + i

ke ()\L2(t) keka(i)\L2(t) keRs(i)\L2(t)

Then, under the setting of Theorem 12 but without the assumption that U(TV) is bounded,
we are able to adapt the proofs of Propositions 4 and 5 to show that:

sup min{ min {0 (t)}, #L1(t)} < dimyg W(T, ¥, a)
teU (W) i€Ly(t

< sup min{ min {6;(t)}, #Li(t)}. (70)

teu () €Ly (t)

Clearly, in the case U(¥) is bounded the upper and lower estimates in (70) coincide. In
the unbounded case, this is not necessarily true and so the estimates do not in general
provide a precise formula for the dimension. We illustrate this with a concrete example.
Let d =2 and T to be the diagonal matrix with entries 5, = 2 and 2 = 3. Also, given a
real number ¢; > 0, let 11 (n) = e™™1 and (n) = e~™". Then, it is easily verified that
(70) implies that for any t; > 0

log 2

log2+log3}
log 2 + t1

< dimyg W(T, ¥,a) < '{1
< dimg W(T,¥,a) < min{1, log2 11,

(71)
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To the best of our knowledge the precise formula for the dimension is unknown and
is not a consequence of know results in the theory of Diophantine approximation. In
a forthcoming paper [31], by using the ‘old school” approach of constructing optimal
Cantor-type subsets of the set under consideration and applying the Mass Distribution
Principle [14, Section 4.1], it is shown that

i

log2+log3}

di T, 0, a) = '{1,
imp W( a) = min log2 1 1,

that is, the upper bound in (71) is sharp. In general, we are therefore lead to believe
that the upper bound in (70) is sharp. In [31], we show that this is indeed the case.

For the sake of completeness, we mention that in [31] we also address the analogous
“unbounded” problem in the classical theory of simultaneous Diophantine approxima-
tion. For example, given a real number 7 > 0, let S(7) denote the set of (z1,z2) € R?
for which the inequalities

T n

lnai|| < n™ and [lnxsa|] < e~

hold for infinitely many n € N. Then it follows from known “classical” statements (see
for example [41]) that dim S(7) =1 for 1/2 < 7 <1, and that for 7 > 1

However, to the best of our knowledge we do not have a precise formula for the dimension
when 7 > 1. In [31], it is shown that for 7 > 1/2

dim S(7) = min{l, 1_?_7_}.

5.4. Badly approzimable sets

Let T be a real, non-singular matrix transformation of the torus T¢. Suppose that
all eigenvalues of T are of modulus strictly larger than 1 and let C be any collection
of subsets E of T? satisfying the bounded property (B). For any sequence {F,, },cn of
subsets in C, we can consider the badly approzimable set with respect to the sequence
{En}nen as follows:

Bad(T,{E,}) == {x € T?: 3Ing(x) € N such that T"(x) ¢ E, ¥V n>no(x)}.

It is easily seen that the set Bad (T, {En}) is the complement of shrinking target set
W (T,{E,}) and consists of points x € T* whose orbit under 7' eventually avoids the
given sequence of subsets E,, in C. Hence, Theorem 2 provides us a criterion on the
zero-one d-dimensional Lebesgue measure of Bad (T, {E,}). Indeed, in the case T is
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diagonal and all eigenvalues are strictly larger than 1, it follows via Theorem 4 that if
> ma(En) = oo, then

ma (Bad(T, {En})) = my (Td \ W(T, {En})> =0. (72)

Thus, whenever the measure sum diverges, it is natural to ask for the Hausdorff dimension
of Bad (T7 {En}) We suspect that for a large class of subsets in C, such as those satisfying
the stronger property (P), the associated badly approximable sets are of full dimension.
Indeed, it is plausible that they are winning sets in the sense of Schmidt’s framework of
(v, B)—games - see [2, §1.7.2] and references within. Note that there are obvious cases for
which Bad (T, {E,}) is empty (for example if E,, = T for all n € N) and these should
naturally be excluded.

To give a little background and to motivate a concrete problem, we consider the special
case when the sequence {E,, },en corresponds to balls. More precisely, given a € T and
a decreasing function 1) : RT — R, let

Bad(T,%,a) := T\ W(T,%,a)

= {xeT?: linrgigf Yn) | T"x —al > 1}.
Also, let
Bad(T,a) := {x € T*: lim inf || 7"x — al| > 0}.
Then, it is easily seen that if ¢¥)(n) — 0 as n — oo, then
Bad(T,a) C Bad(T,a,v)

and so if the badly approximable set Bad(T,a) has full dimension then so does
Bad(T,,a). With this is mind, Dani [13] showed that if T is a non-singular, semi-
simple integer matrix and a € Q¢/Z9, then dimy Bad(7T,a) = d. In fact, he showed
that Bad(T, a) is winning. Dani’s winning result was later extended by Broderick, Fish-
man & Kleinbock [6] to any non-singular, integer matrix transformation and a € T4.
Regarding non-integer matrix transformations, we have a complete dimension result in
dimension one. Indeed, for any § € (1,2] and a € T, Farm, Persson & Schmeling [17]
have shown that Bad(73,a) is “strong” winning and hence has full Hausdorff dimen-
sion. Subsequently, Yang & Wang [53] extended the full Hausdorftf dimension result to
any 8 > 1. To the best of our knowledge, the problem of determining dimy Bad (7T, a)
when T is a real, non-singular matrix transformation of T? with d > 2 is open. In fact,
it seems that the dimension result is currently unknown even in the case that T is a
diagonal matrix with all eigenvalues strictly larger than 1.

Now let us consider the special case when the sequence {E,},cN corresponds to
hyperboloids. For the sake of simplicity, suppose that T' = diag (t1,...,tq) is an integer,
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diagonal matrix with ¢; > 2. Then in line with the discussion above for balls, given
a=(ay,...,aq) € T? and a decreasing function ¢ : RT — R*, we consider the sets

Bad* (T, 1,a) := T4\ W*(T,,a)
= {X e T<: liminf P(n)~? H the; — ag| > 1}

n—oo
1<i<d

and

X — 4. %im N
Bad™(T,a) := {XET .hnnilgfllldﬂtimz al||>0}.

If ¥(n) — 0 as n — oo, then Bad*(T,a) C Bad* (T,a, ) and so the aim is to show
that the multiplicative badly approximable set Bad™ (T, a) has full dimension. Given
the one dimension result for balls (namely that dim Bad(Ts,a) = 1), this is relatively
straightforward to establish. Indeed, we start with the observation that

lim inf H ltra; — a;| > H lim inf ||t]'z; — a;]|-
n— oo n—00
1<i<d 1<i<d

Thus, it follows that

H Bad(t;,a;) C Bad™ (T, a),

1<i<d

where for each 1 <¢<d
Bad(t;, a;) := {:c €T : liminf |[t7a; — ;]| > 0}.
n— oo
In turn, since each Bad(¢;, a;) has Hausdorft dimension 1, we obtain that

dimH Bad>< (T, a) > dimH H Bad(ti, ai) > Z dimH Bad(ti, ai) =d.
1<i<d 1<i<d

The complementary upper bound statement is trivial. Thus, dimyg Bad™ (T,a) = d as
desired.

We now describe a class of sequences {F, },en that naturally unify the above badly
approximable sets for balls and hyperboloids. At the same time it allows us to state a
concrete problem. Suppose that F is a subset of T¢ satisfying the bounded property
(B) and furthermore suppose that E contains the origin. Next, given a € T¢ and a
decreasing function ¥ : Rt — R*, for each n € N let

En(a,v)=a+¢n)E:={a+yn)x:xec E}.



B. Li et al. / Advances in Mathematics 421 (2023) 108994 65

Note that if E satisfies Gallagher’s property (P) condition then for each n € N, the set
E, (a, 1) satisfies the general property (P,) introduced in §5.1. Now let

Bad(T,¢,a,E) = {x € T?: 3ng(x) € N such that T"(x) ¢ E,(a,v) Vn > ne(x)}

denote the badly approximable set with respect to the sequence {E,(a,v)},en. Fur-
thermore, let

Bad(T,a,E) := {x € T?: J¢(x) >0 such that T"(x) ¢ a+c(x)E VneN}.

It is easily verified, that if we take E to be the ball B(0,1) (resp. the hyperbola
H(0,1)) then Bad(T,v,a, E) coincides with Bad(T,,a) (resp. Bad™ (T,v,a)) and
Bad(T,a, F) coincides with Bad(7T,a) (resp. Bad™ (T,a)). We suspect that the badly
approximable set Bad(T), a, E) is of full dimension and thus by default Bad(T, 1, a, E)
is also of full dimension. More precisely, we would expect the following statement to hold.

Claim 2. Let T be a real, non-singular matriz transformation of the torus T<. Suppose
that T is integer and all eigenvalues By, PBa, ..., Bq are of modulus strictly larger than 1.
Then

dimpg Bad(T,a, E) =d.

It is plausible that the claim is true without the assumption that T is integer. However,
as mentioned above, without the integer assumption the problem is currently open even
for balls (i.e., when E = B(0,1)). A potentially interesting starting point towards es-
tablishing the claim would be to consider the situation in which E satisfies Gallagher’s
property (P) condition and T is diagonal with all eigenvalues strictly larger than 1.

We now briefly consider another aspect of the badly approximable theory. Let ¢ € (0,1)
and with Bad(T, a, FE) in mind, consider the set

Bad.(T,a,E) :={xeT%: T"(x)¢ a+cE VneN}.

In short, we fix the so called badly approximable constant ¢(x) appearing in Bad (T, a, E).
Then, by definition

Bad(T,a,FE) = U Bad.(T,a,F).
0<c<1

When F is an open set, the corresponding set Bad.(7, a, E) is often referred to as a
survivor set in the study of (open) dynamical systems. The associated open set a + cE is
referred to as a hole and we are interested in points whose orbit under 7" avoid the hole.
In general, it is difficult to give an exact formula for dimy Bad.(T,a, E) and we are
interested in determining how dimy Bad,. (T7 a, E) varies with respect to the positioning
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of the hole which is governed by a and its size which is governed by 0 < ¢ < 1. So with
this in mind, Urbaniski [49] proved that if T is an expanding map of T and F = [0, 1]
then the dimension function ¢ — dimy Bad.(T,0, E) is a devil’s staircase. The same
statement was shown to hold by Nilson [36] in the case T is the doubling map, and by
Kalla, Kong, Langeveld & Li [27] in the case T is a S-transformation with 8 € (1,2]. The
problem of extending the latter to all 5 > 1 and indeed to higher dimensions is clearly
a natural path to pursue. In the first instance, establishing a statement of the following
type would in our opinion represent serious progress.

Claim 3. Let T be a real, non-singular matriz transformation of the torus T2. Suppose
that T 1is diagonal and all eigenvalues By, Ba, ..., Bq are strictly larger than 1. Further-
more, let E be a subset of T? satisfying Gallaghers’s property (P) condition. Then the
dimension function

¢ — dimy Bad,. (T7 0, E)
is a devil’s staircase.

Indeed, establishing the claim in the case T is integer and E = B(0, 1) would be most
desirable.

5.5. Shrinking targets restricted to manifolds

For the sake of simplicity, through out this section T will be an integer, non-singular
matrix transformation of the torus T?. Also, we suppose that T is diagonal with eigen-
values 1 < 31 < B2 < --- < fB4. Finally, given ¢ : RT — R we consider the “basic”
shrinking target set

W(T, ) = W(T,4,0) := {x € T: T"(x) € B(0,%(n)) for infinitely many n € N}.

In view of Theorems 5 and 6, we have a complete description of the “size” of W (T, 1))
in terms of both Lebsegue measure and Hausdorfl dimension. Indeed, the former implies
that

0 if Y52, w(n) < oo
ma(W(T,)) = (73)
1t Y5 (n)? = o,

while the latter implies that

dimg W(T,v) = 112‘121 0:(N) . (74)

We now add a little twist which is very much in line with the classical theory of Dio-
phantine approximation on manifolds — see [2, Section 6] for background and further
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references. Suppose that the coordinates of the point x in T? are confined by functional
relations or equivalently are restricted to a sub-manifold M of T?. We then consider the
following two natural problems.

Problem 1. To develop a Lebesgue theory for M N W (T, ).
Problem 2. To develop a Hausdorff theory for M NW (T, v).

In short, the aim is to establish analogues of (73) and (74) for the set MNW (T, ). The
fact that the points x € T¢ of interest are of dependent variables, which reflects the fact
that x € M, introduces various difficulties even in the specific case that M is a planar
curve C. However, in this case we have recently obtained a reasonably complete theory.
Briefly, assume that d = 2 and that the planar curve

C=Cr:=A{(z f(z)):x€[0,1]}

is the graph of a bi-Lipschitz function f : [0,1] — R. Let m denote the normalised,
induced one dimensional Lebesgue measure on C. Then, the main measure result in our
forthcoming paper [32] implies that

0 if Y02 ¥(n)? < oo
1 if 307 (n) = oc.

As usual, let A be the lower order at infinity of ¢ and recall that 1 < 81 < B3. Then,
the main dimension result in [32] implies the following statement. Assume that 0 < A <
log B2. Then

m(CNW(T,¢)) =

S
dim (CNW(T,p)) < — 8P (75)

1+ Tos 35

og B2
and we have equality in (75) for 0 < A < logfs — log B1. Moreover, if C is a line
with rational slope then we also have equality in (75) for log Bs —logB1 < A < log fa,

conditional on the validity of the abc-conjecture.

Remark 13. Let C be the diagonal line L := {(z,z) : « € [0,1]} and T to be the
diagonal matrix with entries §; = 2 and 2 = 3. Then, a simple consequence of the
above dimension result is the following number theoretic statement which may be of
independent interest: for 0 < 7 < 1 the set

{z €10,1] : max{[]2"z|,3"z|]} < 37" for infinitely many n € N}

has Hausdorff dimension (1—7)/(147). For 7 > 1—(log 2/ log 3), our proof is conditional
on the validity of the abc-conjecture.
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Two things are worth mentioning. Firstly, for log 82 — log 51 < A < log 2 we suspect
that we also have equality in (75) for all “bi-Lipschitz” planar curves (not just rational
lines) and almost certainly the use of the abc-conjecture is an overkill. Secondly, to the
best of our knowledge, beyond the planar case very little seems to be known and in our
opinion Problems 1 & 2 represent interesting and potentially fruitful avenues of research.
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Appendix A. Proof of Theorem 9 by Baowei Wang®

We start with stating two lemmas that we will make use of during the course of
establishing Theorem 9. As in the main body of the paper, balls are always with respect
to the maximum norm and thus correspond to a hypercubes. Indeed, the diameter d(B)
of a ball B can equivalently be interpreted as the side length of a hypercube.

Lemma 10. ([4, Lemma 1]) Let d € N and § be a sufficiently small positive number.
Then, for any a = (ay,...,aq) € T? and s € (d — 1,d) the set

Hy(a,0) = {x = (x1,...,2q) € T?: |z1 — ay|| - - ||xqg — aq < 6}
has a covering B by d-dimensional balls B such that

Z d(B)s < 557d+17
BeB

where d(B) is the length of a side of U and < implies an inequality with a factor inde-
pendent of §.

The above lemma does not precisely correspond to the Bovey-Dodson statement [4,
Lemma 1]. However, it is readily verified that in establishing Lemma 10 we can, without
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loss of generality, ignore the ‘shift’ a € T?. Then, the problem reduces to finding an
appropriate cover by balls of the set {(z1,...,74) € [0,1/2] : 2124 < 6}. In short,
for this task the Bovey-Dodson statement is directly applicable.

Lemma 11. ([14, Corollary 7.12]) Let F be any subset of R?, and let E be a subset of
the x4-axis. Assume that

dimg FNL, >t

for oll x € E, where L, is the plane parallel to all other axis through the point
(0,...,0,z). Then

dimH F Z t+ dlmH FE.

We now move onto the task of proving Theorem 9. This will be done by establishing
the upper and lower bounds for dimy W* (T, ¢, a) separately. Recall, that

W>X(T,4,a) :={x € T¢:T"(x) € H(a,1(n)) for infinitely many n € N}
where H(a,1(n)) is the hyperboloid region given by (11).

Proposition 9. Under the setting of Theorem 9, we have that

log | 34|

dimg W* (T, W,a) < d— 14 —elPdl
mg WH(T,1a) < N log |54]

Proof. Observe that we can re-write W* (T, U, a) as

W>(T,¥,a) =limsup E)(T,v,a) (76)

n—oo

where

d
EX(T,,a) :={xecT?: T"(x) € H(a,y(n))} = {x eT?: H T3 i — ail| < w(n)} )

i=1

As in the main body of the paper, T}, is the standard S-transformation with 8 = 3; and
we do not distinguish between 3-transformations acting on the unit interval [0, 1) or the
torus T. The proof of the proposition relies on finding an “efficient” covering by balls of
the lim sup set (76). So with this in mind, for n € N, we first obtain an efficient cover of
the set E)X (T, v, a).

For any 1 < i < d, let {C’ff)j :1 < j < N;,} be the cylinders of order n associated
with the transformation Tg,. By definition, these NN; , intervals are disjoint and cover T.
Hence
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Nin Na,n

= U U e xexa,,

Jj1=1 Ja=1

where the d-dimensional “rectangles” C’( X oo X C’,(L‘?d are disjoint. For n € N, let

Toi={i= (01, 1da) 1< ji < Niyy (1< i < d)}
and for j € J,, let
d
1 d m
E)(T,4,a) = {x ec’ 3)1 X eox Cl ])d H T3, i — ail| < 7»0(”)} :
=1

It follows that

EX(T,v,a) = | ) ES{(T,¢,a)

J€In

By Lemma 10, with § = ¢(n) and n sufficiently large, for any s € (d — 1,d) there
exists a covering B,, of the hyperboloid H(a, 1/1(71)) by balls B such that

> d(B)* < 1p(n)* (77)

BeB,

By definition

-1
BT na) = (T”Icgglx...xcg;d) (H(a,v(n))),

and so it follows that

1 -1
BT & (Teg) e, ) (U B = U (T cxe,) (B

d BEB, BEB,

On making use of the fact that for each 1 < ¢ < d, the n-th iteration of Tj, on Cr(f)j is
an affine function, it can be verified that for any B € B,,:

1
Ry, 5(B) == (Tn|Cffj1x~-fof3d> (B)

corresponds to either the empty set or to a rectangle with side length |3;|~"d(B) along
the z;-th axis. The upshot is that

EX(T.¢,a)c | |J Rus(B)

j€Jn BEB,

and so for N large enough
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oo Nin Na,n

ira)y ¢ U U U U Ru®)

n=N j1=1 ja=1BE€B,

WX(Tﬂ/%a) C

3
ng

For any 1 < ¢ < d, whenever R, j(B) is non-empty, as already mentioned above
the side length of the rectangle along the x;-th axis is |5;|~"d(B) and by assumption
|B:|7"d(B) > |Bal ™d(B). We now cover the rectangle by balls with diameter equal to
the shortest side length of the rectangle. A straightforward geometric argument shows
that we can find a collection C,, of balls with diameter |5q4|~"d(B) that cover R, j(B)
with

d d
B ) () <
#on = E(ﬁdl—"d(B) o 1;[1 e T =2 H Iﬁzln'

Thus, given p > 0 and on choosing N sufficiently large so that 84| ™d(B) < p for all
B € B, and for any n > N, it follows from the definition of s-dimensional Hausdorff
measure that for any s > 0

M (WX (T, 4, a) Z > D #Cu (1Ba"d(B))”

n=N jeJ, BeB,

Z > <2dH|Bd )ﬁl ST 4B (78)

n=N jeJ, BeB,

Now for any given € > 0, it follows via (47) that for n sufficiently large

d
#dn < [ 1870

i=1

This together with (77), (78) and the assumption that |84 > |8;] > 1 for any 1 <7 < d,
implies that for any s € (d — 1,d) and N sufficiently large

oo d d n
H (W™ (T, ¢, a) Z [T18:m0+ <2dH é‘?"n) Bal ™" (1 (n))* !
n=N i=1 i=1 17

<20 3 a0

n=N

=24 Z exp (n(d(1+g)10g|5d| —(d— 1)%
n=N

st ] - LY )y,

n

Now for any
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(de + 1) log | Bal

s>d—1+
X+ 1og [d]

the above exponential sum converges and so H*(W*(T,,a)) = 0. Therefore, it follows
from the definition of Hausdorff dimension that

(de + 1) log | Bal

dimyg W*(T,v¢,a) <d—1+
img W(T 9, ) < X+ log |Bd]

Since ¢ > 0 is arbitrary, on letting ¢ — 0 we obtain the desired upper bound for
dimg W*(T,¢,a). O

We now establish the complementary lower bound statement for the Hausdorff di-
mension of the set W (T, v, a).

Proposition 10. Under the setting of Theorem 9, we have that

log | B4|

dimg W*(T,¥,a) > d—1+ —2"9
imp W ) 2 X + log 8]

Proof. By Theorem 7, for any aq € K(3;) we have that

. . lo
dlmH WX (Tﬁrﬁ w’ ad) = dlmH W(Tﬁw 1/% a’d) = ﬁlgﬁ]ﬂﬁﬂ

Now it is easily verified that for any x4 € W>*(T3,,v, aq)
([0, 1) x W*(Ts,,%,aa)) N Ly, = [0,1)%71.
Hence, it follows that
dimg (( [0, 1)1 x W (T, , 1, aq)) N de) >d—1.
Applying Lemma 11, we obtain

log | 34|

. d—1 X > — N
dimgg ([0,1)"1 % W (T, 00)) 2 d =14 520 o

This together with the fact that
[0, )47 x WX (Tp,,9,a0) € WX(T,9,a),

implies that

log | B4l

dimg WX(T, ¢, a) > d — 1 + —ePdl
iy WHT,,8) 2d =14 570 Gl
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