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Abstract

We present two approaches to establish the exponential decay of correlation functions
of Euclidean quantum field theories (EQFTSs) via stochastic quantization (SQ). In
particular we consider the elliptic stochastic quantization of the Hgegh—Krohn (or
exp(a¢)2) EQFT in two dimensions. The first method is based on a path-wise coupling
argument and PDE apriori estimates, while the second on estimates of the Malliavin
derivative of the solution to the SQ equation.
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1 Introduction

The last decade has seen a renewed interest in the study of rigorous stochastic quan-
tization (SQ) of Euclidean quantum field theories (EQFTs). SQ is a technique, first
proposed by Nelson [43] and Parisi-Wu [48], to realize EQFTSs, or more generally
Gibbsian measures on R? obtained as limits of perturbations of Gaussian measures,
as solutions to certain stochastic partial differential equations (SPDEs) driven by
Gaussian noise. After the pioneering work of Jona—Lasinio and Mitter [36, 37] and
Da Prato—Debussche [16], only very recently substantial advances have allowed to
attack the challenging problem of the SQ for classical EQFTs, including the <I>‘3‘ model,
seee.g. [5, 15,27, 28,30, 31, 39, 41, 42].

While the original approach of Parisi-Wu to the SQ method based on a Langevin
equilibrium diffusion gives rise to parabolic SPDE:s, this it is not the only possibility.
Nowadays we dispose of at least two other methods of stochastic quantization:

e the elliptic SQ approach [1, 2, 14, 27], based on the dimensional reduction phe-
nomenon described by Parisi and Sourlas [46, 47] and involving the solutions of
an elliptic singular SPDE in d + 2 dimensions;

e the variational method [8, 12, 13] which involves forward-backward SDEs and
can be also applied to fermionic EQFTs [17].

The aim of this work is to discuss the decay of correlations of Euclidean quantum
fields from the point of view of the SQ methods. In particular we consider the elliptic
SQ framework and restrict our attention to the following elliptic SQ equation with
respect to the real valued random field ¢(z), z € R,

(—A +m*)g + aexplag — 00) = &, (1)

where @ € R and m > 0. Here, & is a Gaussian white noise on R* and —oo means
that the equation should be properly renormalized. The existence of a unique solution
to Eq. (1) and the link with the corresponding EQF measure in two dimensions, called
the Hgegh—Krohn model [33] (also known as Liouville model in the literature) has
been established in [2] for

|| < amax := 4w/ 8 — 44/3.

More precisely, well-posedness holds in the weighted Besov space B‘;y » ((]R“), for
suitable (p, s) givenin (5) and £ > 0 large enough (see Sect. 1.1 for precise notations).

The estimation of connected (or truncated) correlation functions, for example, the
connected two-point function,

Elp(x)e(x2)] — Elp(x)]E[p(x2)], x1,x2 € R4,
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is a basic goal of any constructive EQFT approach. General truncated correlation
functions allow to infer informations about masses of the particles in the QFT and
estimate scattering amplitudes (see e.g. [32]). In the constructive literature, estimation
of the connected correlation functions is obtained via cluster expansion methods or
correlation inequalities. See for example the early work of Glimm—Jaffe—Spencer [25,
26]. The literature about expansion methods abounds. We suggest the interested reader
toreferto [4, 6, 18, 24] and the reference therein for details and to [34] for a nice review
of related results. Expansion methods for Euclidean fields involve two primary steps.
The initial step is to expand the interaction into parts localized in different bounded
volumes of Euclidean space. This gives control over the infinite volume method to
establish the exponential decay of correlations. The second step is to expand interaction
into components which are localized on different momentum scales. This helps in
dealing with the local regularity properties of correlation functions. The technical
difficulty is to mix these two expansions in a manageable way and to systematically
extract contributions which require renormalization. Correlation inequalities methods
instead employ discrete approximations, such as lattice approximations, whose specific
algebraic properties allow for establishing bounds on a sufficiently broad class of
observables.

While expansion methods can be applied to stochastic quantization, as evidenced
in works such as [19, 38], we look here for a stochastic analytic approach leveraging
the intrinsic features of SQ. Parisi [45] presented an early non-rigorous discussion
of correlations within the SQ approach and studied how to estimate them directly
via computer simulations. In this paper we introduce two simple, general and direct
methods to study correlations in SQ applying them to the elliptic SQ of the exponential
model (1):

Coupling approach Itis possible to infer the decay of truncated correlations
by proving that the solutions to the SQ equation exhibit
almost independent behaviour in different regions of
space. This can be achieved by coupling the solution to
two independent copies by suitably choosing the driv-
ing noises. As far as our knowledge extends, it has been
Funaki [23] who first introduced this idea in the context
of equilibrium dynamics of Ginzburg-Landau contin-
uum models.

Malliavin calculus approach Parisi [45] suggests to study variations of the SQ equa-
tions in order to infer truncated two-point correlations.
His observation can actually be made precise and more
general using the stochastic calculus of variations, i.e.
the Malliavin calculus [44], and computing derivatives
of the solutions to the SQ equation w.r.t. the driving
noise &.

These two approaches will be used to prove the following statement about a general
class of truncated covariances:
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Theorem 1 Let F, F, be Lipschitz and functionals on B;,p,e(R4) and f be a given
smooth function supported in an open ball of unit radius around the origin. Then we
have the following exponential decay

| Cov(Fi(f - @(- 4+ x1)), Fa(f - (- + x2)))| < Me™ 1722l 2)

forall x1,x> € R* where the constant M depends on m, f, Fy, F», the constant ¢
depends on m but both are independent of x1, x».

Remark 1 Here Cov(F, G) := E[FG]—E[F]E[G] as usual and (f - ¢(- +x))(¢) :=
o(f (- —x)¢(-)) for every test function ¢.

In particular we prove that the solution of SQE (1) satisfies (formally),
| Cov(p(xn), p(x))| S e 1720 Wy, xy € R

It follows from Theorem 1 that the exponential EQFT in two dimensions has a mass
gap, a fact first proven in [3] via correlation inequalities for the lattice approximation.

These approaches are general enough to be applicable to other EQFT models like
P(p); or <I>‘3‘ models. However a fundamental difficulty presents itself in establishing
the required apriori estimates for the coupling method or in controlling the decay of
Malliavin derivative in the Malliavin method. Both these difficulties originate in the
lack of convexity of the renormalized interaction for a general EQFT. A similar prob-
lem is present in the analysis of logarithmic Sobolev inequalities for EQFT in bounded
volumes [9, 11] especially for polynomial models. It also manifests in controlling the
infinite volume limit of EQFT via stochastic quantization [13, 27, 28, 30], leading to
a major obstacle in establishing uniqueness of the infinite volume solutions to the SQ
equation.

Fortunately, these difficulties do not show up in the exponential model because
its renormalization is multiplicative and it does not spoil the convex character of the
interaction. For this reason our methods could be readily applied to obtain decay
of correlations for the Sinh—Gordon model studied in [14]. Another model where
uniqueness and correlations can be controlled via stochastic quantization is the Sine—
Gordon model (for large mass and up the first renormalization threshold), studied
by Barashkov via the variational method in [8]. Let us also mention that, inspired
by the present paper, the coupling method has been already used to show decay of
correlations for Euclidean fermionic QFTs and and for sine-Gordon Euclidean QFTs
via the FBSDE SQ method, respectively in [17] and [29].

Let us stress that proving uniqueness of (any kind of) stochastic quantization and
establishing decay of correlation of models like <I>‘2"3 at high temperature is still largely
an open problem which should be considered, in our opinion, as a crucial test to evaluate
the effectivity of stochastic quantization as a constructive tool in quantum field theory.
The present work is a preliminary step in the direction of understanding better this
problem, and in general in devising appropriate tools to study stochastically quantized
EQFTs.
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Plan of the paper After introducing notations and definitions of function spaces in
Sect. 1.1, the paper is structured into two main parts. In Sect.2, we present a proof
of Theorem 1 utilizing the coupling method, commencing with a review of essential
results from [2]. Following this, in Sect. 3, we provide the Malliavin calculus proof
of Theorem 1, beginning with a summary of relevant tools. The paper concludes with
“Appendix A”, where we revisit a few necessary results from the literature and establish
the existence and uniqueness of solutions to the approximate Eq. (35).

1.1 Notations

In this section we describe some notations and definitions of function spaces used
across the whole paper. Some approach depending notations which are also used in
the paper are discussed in the corresponding sections.

e Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0,
independent of the variables under consideration, such that a < cb. If we want to
emphasize the dependence of ¢ on the variable x, then we write a(x) <y b(x).
The symbol := means that the right hand side of the equality defines the left hand
side.

o Weset £:=—A+m?.

e For a distribution ¢, a smooth function f and x € RY, we define the translated
distribution (¢ (- 4+x))(¢) = (¢ (- —x)) for all test functions ¢ and by f - ¢(-+x)
we denote the multiplication of a smooth function f and distribution ¢ (- + x).

e By N we understand the set of natural numbers {1, 2, ...}. For k € N U {0}, we
write C¥(R9) to denote the set of real valued functions which are differentiable
up to k-times and the k-th derivative is continuous. We write C(RY) fork = 0 and
the topology we consider on this space is uniform norm topology. By Cf (R*) we
mean the collection of functions in C*¥(R?) having compact support. We denote
the the space of smooth functions having compact support by C2° (RY).

e Forany ¢ > 0and weightrp(x) := (1+ Ix|%)~¢/2, by Cg(Rd) we denote the space
of continuous functions on R? such that

[ fllco:= sup [f(x)re(x)] < oo.

xeRd
e By symbol Lf (R%), p € [1,00], we mean the Banach space of all (equiva-

lence classes of) R-valued weighted p-integrable functions on R?. The norm in
LY(RY), 1 < p < oo is given by

1/p
£l = UR dlf(y)rz(y)lpdy} . feL{®Y.

For p = oo we understand it with the usual modification. If £ = 0 we only
write LP (Rd ) instead Lg (R9). Sometimes we also use weight function ry_¢(x) :=
1+ k|x|2)_5/2, for A, £ > 0, and in this case we define Lfyg(]Rd) by writing 7, ¢
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in place of r¢ in definition of L7 (R?). Similarly we define L7 (E) and L f ((E) for
an open subset E C RY.

e Let s be a real number and (p, g) be in [, 00]2. The weighted Besov space
B;, 7 E(Rd) consists of all tempered distributions f € S’ (R?) such that the norm

1/q

s - sjq . q
1l = | D2 2718 (DI p o)

p.q.t
j=z-1

is finite, where A; are the non-homogeneous dyadic blocks. See Appendix A
of [2] for details and properties of B;yq’l(Rd). We set Clz(]Rd) = Bgo’oo’((Rd).
e Forr > 0,x € R?, we denote an open ball of radius r around x by B(x, r). We
also use d(x, S) to define the distance between the point x € R? and set S ¢ RY.
e Let a be an auxiliary (radial) smooth, compactly supported function such that
suppa C B(0, 1), fa(x)dx = 1, and a.(x) := ¢ *a(x/e), x € R* Note that
suppags C B(0, ¢).

Note that to save space we do not write the integration limit and the measure in the
case when it is easily understood from the context.

2 The coupling approach

In this approach towards to proof of Theorem 1 we first prove (2) for a random field
@ which solves an approximation (7) of SPDE (1). Then due to Fatou’s lemma we
pass to the limit ¢ — 0 and obtain (2) for ¢. We only need to consider the case of
large [ := |x] — x2| in detail as for small / the estimate (2) holds trivially.

Let us now sketch briefly the idea of the coupling approach. We consider two open
balls Dy and D; in R* of radius / /2 with centers x| and x,. Further, we take two copies
of Gaussian independent space white noises ¢; and ¢, and define, fori = 1, 2,

§ = 1p&+ 1peti.

In this way, in D; we have that § = &; fori = 1, 2, while & and &, are independent
everywhere. We let X, X1 and X5 . be the solutions to linear part (cfr. (8)) of the
approximations of the Eq. (1) with noises replaced by &, & . and &2, respectively.
Therefore X1 and X, . are independent while we will have X; . ~ X, in D;. By
stability estimates for eq. (1) we can derive estimates of the form (cfr. (23))

ELIf - ¢eC i) = f - 6ieC+ 10l ]
PP,
—cf1=1L _ -
Se (-8 @, - Xiell}pl + El@: 0]+ Ell@ic 7]
for some ¢ which depends on m and p, where p € [2, 00) is fixed. In the above we
have . = ¢ + X and ¢; » = ¢; o + X; ¢, Where ¢, and ¢; . respectively, are the

unique solutions to the regularized SPDE (7) with &, and §;  as detailed in Sect. 2.1.
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This estimate allows to replace ¢, by ¢; . in D; by paying a small error of the order
e~ for some ¢ > 0 (independent of x;). Since ¢; . and ¢; . are independent, from the
last estimate we can conclude easily the exponential decay for Lipschitz observables,
see Sect. 2.2 for details.

2.1 Preliminaries

In this subsection we summarize the steps, with another suitably modified approxima-
tion, of the proof from [2], which also set further required notation. The main result
of [2], which is about the existence of a unique solution to the singular SPDE (1), is
based on the Da Prato—Debussche trick [16] and the fact that the Wick exponential is
a positive measure.

Let us consider a complete probability space (€2, §, IP), which satisfies the usual
hypothesis, and £ as Gaussian white noise on R* defined on (2, §, P).

Let X be the solution to £LX = &. The existence and uniqueness of such X €
B{;‘;Z(R“) for every g € [1, 00],8 > 0 and ¢ > O is proved in [27].

To avoid clumsy notation we write 17 := exp®(a £~ '£) for the renormalized version
of the distribution exp(aL™'& — 00), where exp® denotes the Wick exponential
of the Gaussian distribution X = £~ '¢.

The first step in giving a meaning to Eq. (1) is to take the decomposition ¢ = ¢+ X.
Then observe that formally ¢ satisfies

Lo + aexplag)n = 0. 3)
For any ¢ > 0 let us set &, := a, * & where * denotes convolution. Note that
k
=20 (LT,

where ¢ denotes the Wick product and (£71&)%= Lol 60 oL e =

k—times
X°k, By denoting X, = E‘lgs as the unique smooth solution to LX, = &, we
set 1), as the following positive measure

ne(dz) = exp®(@L7'&:)dz = exp(@L™'E, — Cp)dz, “)

where C, := ”‘2—2E[|X6|2].
Moreover, from Section 3.1 of [2], we know that

k
Ne = ZI?O:() %(ﬁilés)oka

and, for |o| < 4427, p € (1,2],s < —az(ii)_zl) and £ > 0 large enough, 7, — 7,

as ¢ — 0, in probability in B; » é(R“). Note that the convergence n, — 7 in
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probability implies that there exists a sequence &, which converges to 0, such that
Ne, — 1, as & — 0, in B;,p,z(R4) P-almost surely. We will fix this sequence
{e4}n>1 in the whole paper.

e By Theorems 21 and 25 from [2] we have that for any || < omax, there exist
p, s, & satisfying

2(4m)? oa*(p—1)
1l<p<2, p< P —1<s<—W and 0<d§<s+1,
5

s+2—§8
B p.l+3

enough ¢ > 0 and small enough §’ > 0. Moreover

the Eq. (3) has a unique solution ¢ in (R*), P-almost surely, for large

ap <0

holds true. Furthermore, for {¢,},>1 as fixed above, ¢, — ¢ in BH,;ZZia’ (R*) as

n — 0o, P-almost surely, where ¢,, solves the approximate equatlon
L§e, + aexp(age,)ne, =0 (6)

uniquely in C?(R4) such that ag,, < 0.

e Thus, for (p,s) such that (5) holds and ¢ > O large enough, ¢ = X + ¢ €
B‘;’ ol (R*), P-almost surely, solves SPDE (1) uniquely. If we consider the follow-
ing approximation of SPDE (1)

Lo, +aexplaps, — Ce,) = ag, ¥ &, @)

then, from the proof of Theorem 35 of [2], we know that ¢, = ¢., + X,, is the
unique solution to (7) and ¢, — ¢ in B; » Z(R4)’ P-almost surely as n — oo.

Let us recall that we have fixed the sequence of {e,},en Which converges to 0 as
n — oo. To shorten the notation, we will write ¢ — 0 equivalently to n — oo.

2.2 Proof of Theorem 1

Assume that |x; — x| < 8. It is trivial to get (2) because its Lh.s. is bounded.
Consider now the complementary case and let / := |x; — x| > 8. Take two open
balls D; and D; in R* of radius I /2 with centers x| and x», respectively. Further,
we take two copies of Gaussian independent space white noises ¢; and ¢ defined on
(2, §, P). Define the processes X1 and X, as follows:

LXy=1p§+1psi =&, and LXp=1p§+1psr=:6&. (8)

Note that that & — & = Oon D;,i = 1, 2 in the sense of distributions [P-a.s. Moreover,
since D N Dy = (J, the processes X| and X, are independent. Indeed, by setting
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(Ip,&)(f) :=&(Lp, f), we observe that for f, g € L*(R%),

E[§1(f)82(9)] = (1p, f, 1p,g)2 = 0.

Letusseté, :=a, *x& and & . := a, % &;,i = 1, 2 for the whole subsection. Let
¢e and ¢; ., respectively, be the unique solutions to the following regularized version
of eq. (1)

E(ps +aexp(ap, — Ce) =&,

and
Lo; e +aexplag; . — Ce) =& ¢,

where C; 1= SE[|X %] = SE[|X; ¢|*] for Xe = L& and X; . = L& i =
1, 2. Note that due to stationarity in space of the white noise &, the constant C, does
not depend on x € R*.

Next, let us fix p € [2, 00) and consider ¢, ¢ and ¢, as the unique solutions to the
SPDE (1) with noises &, &1 and &, respectively. Their existence has been summarized
in Sect. 2.1. Then observe that, since F and F> are Lipschitz and bounded functionals,
using the Holder inequality we get the following

[ Cov(F1(f - o(-+x1), Fa(f - @(- 4+ x2)))]

< [EL(FI(f - @(+x1) — Fi(f - o1 + xDNF2(f - 9 + x2)]|
+ [ELF1(f - 01( + X)) (F2(f - 9+ x2)) = Fa(f - 92(- + x2)))]|
+IE[F1(f - o1+ x))F2(f - 02(- + x2))]
—E[Fi(f - ¢(- + x))IE[F2(f - ¢(- + x2)]|
Sn@[Mﬂﬂ¢0+xn—f-wc+xm@hﬂﬂm

+WWﬂw4wﬁ—fwﬂ+mW%MWW. 9)

Here we used that, since the processes &1 and &; are independent and the processes
&, &1 and &, have same law,

E[Fi1(f - @1(¢+x))F2(f - 2(- + x2))]
—E[Fi1(f - o +x)IE[F2(f - ¢(- +x2))] = 0.

But thanks to Fatou’s lemma (see Theorem 2.72 of [10]), to get (2) from (9) it is
enough to prove that, fori = 1, 2,

Ellf - @+ xi) — f - @ie (4 x0) 1B B Se (10)
p.p,
uniform in &, for some ¢ > 0 which does not depend on x1, x3.
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Due to symmetry, it is sufficient to estimate ]E[||f-<p8(-+x1)—f-(pl,g(~+x1)||ZS 1.
p.pt
For that let D{ := B (xl, fT) and take

p(x) = e Pmix—xl x c R4,

a weight function where we set the value of 8 later. Further, let us take 6 as a non-
negative smooth function supported in 51 such that® = 1in D := B (xl, é) To
shorten the notation we also set p(x) := 0(x)p(x).

Since f has support in B(0, 1), by the Besov embedding Theorem 5 followed by
continuous embedding of LE(R“) into Bg’ 0.0 (R4) we get, where xe := @ — @16,

If @ +x1) = froreC+xDlh  SUFC—xD) el
p.p:t p.p.t

5/ [f& = x)xe@Pdx < &P flllloe Do gy (1D
B(x1,1)

Towards estimating || 0 xe ||'Z|D(B(X1 1) first we claim that
0(x) (& — 1) (x) =0 forall xeR*. (12)
This is obvious for x € R* \ ﬁl. So let us take x € 51. Since

(08 — £1,e))(x) = 0(x)(ag * (§ — &1))(x),

it is sufficient to show that (§ — &1, a, * g)sv.s = O forall g € Ccoo(Dl), where
(-, )s'.s is duality between Schwartz function S and Schwartz distribution S’. But,
since £ — &1 = 0 on Dy, for this it is enough to show that supp(a, * g) C D;j. This
follows because

(e % 8)(2) = [p, de(z — y)g(y) dy,

andforz € D{and y € Dy, lz —y| = 41'1 > %’. Hence the claim (12).
Next, observe that x. satisfies

EXs + Qexe =& — 51,81 (13)

where Q, = o? fol exp{agre — Ce + Oa(g: — ¢1,)}d® > 0. Then, testing (13)
with 5P| x.|P~2x, and integrating on R* give

/ﬁplxelp_zxeﬁxe +/ﬁp|x8|”Qe 0, (14)
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where the noise term vanishes because of (12). The first term on the 1.h.s. above can
be expanded as

/ PP |XelP e Lxe = m? / AP 1xelP + f PP e P2 X (— A Xe))
+fﬁp‘1|xs|pA/3+2fﬁp—l|xs|'°—2xsv/3-m.
But, since the integration by parts and the definition of divergence give
—p—1 p—2 ~ 2 ~p—lyg > p
21 p | Xel XeVo -Vxe=—1]p Vo - Vixel
p
2 . p—le - 2 —p_ _ o] .« —
=—5/|x8|'°dw<p*’ 1Vp)=—5/|xe|"[(p— DAP2VAE + 5P A,
we have
/ PP |Xe P2 xe Lxe = m* f AP Ixel” + / PP e P2 xe (— ADe))

2 o _ 20— 1 o _
+<1 —E>/pp 1|xs|PAp—pT/|xs|"p*’ 219502,

(15)
Thus, substitution of (15) into (14) together with Q. > 0 yield
5p=11, |p=2 5 2N [ 5ot pasam? [ 5700
PP XelP T xe (AP Xe)) + 1_5 PY  xelPAp +m” | PV Xel

2(p — 1 e _
< %prp v, (16)

Furthermore, since the integration by parts and the product rule of derivative give

/ AP X P2 Xe (A (D)) = / (P — DIxelP 2 x5 25 - V(pxe)
+ / AP e P2V e - V(pxe)
+ / 7= 25" xelP 2V 5o - V(xe)

-1 / e P25V (o) P
S0, (17

from inequality (16) we obtain
2 o _ _ 2 —1) Cn _
(1—5)/1)” llxslpAp+m2/pp|xs|'° < ”T/usv“pp 2IVhIE. (18)
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Since Vp(x) = —mpB2=*L p(x) for x € R*\ {x1},

[x—x1]

Ap = pAO +2Vp - VO +m?B20p, and |Vp| < |VO|p + mpBpo,

inequality (18) yield

2 2 —
(1 = —) /ﬁp‘llxslppAO —2mp <1 = —) /ﬁp—lum [p i -ve]
p p [x —x1
2 o _
2 (1—5>pr llxsl"@ermz/pplxsl”

4(p—1 —p—
s == L[ ep a2 1vors? + mpete?)

where to get the r.h.s. terms we also used (a + b)2 < 2(a2 + bz), Va, b € R. Conse-

quently, by regrouping the terms together with | =L . V4| < |V0| we get

[x—x1]

2—-3 _ 2 o
m? (1 + p* (T‘“» Ioxell®, + (1 - E)fp*“ YxelPpAg

4(p — 1) _ 2\ [ -p-
< —pp /|ve|2ppep 2|xelP 4 2mB (1—5)pr xelPpIVO]. (19)

Moreover, since 6 is supported in Djand 6 = 1 on Dy, (19) gives

2-3p\Y - -1 ]
2 2 P 2 pgP—21, b
(145 ( . ))npxgnmwl)s e A

2 Sp—1p, b
+2mB\1—=) | _ P77 Ixel" p|VO]
b/ JDi\Dy

2 o
+(1——> / AP xePplAG).
b/ JDi\D

To keep the coefficient of || p x. || L» positive in the L.h.s. above, we choose 8 = B(p) > 0
so small such that

(20)

14 B2 (%) 0. @1)

To keep the notation simpler we set

K(m, B, p) i=m?> (1 + B? (Z;f%))
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Thus, from (20) we deduce that

Km. B ) 10%e ]y 5,

sM;“(MHZmﬁH)(l—%))/ Pl (22
p p Di\D;

where My > 0 is the bound of 6 and its derivatives up to order 2.
Further, since

o) <eP5  forx € Dy \ Dy,
by substituting (22) in (11) we infer that

I @eC4x1) = f - @reC+ a0l
PP

e"PP fll Lo p(4(1@—1) ( 2))/
< M +Cmp+1[1-= PlxelP
S K pop Mo\ Ty T EADU=0)) s P e

mpB(1—L _
Sm»PsM()»”f”Loc e < 8)(||Xs - Xl,e”zp(ﬁl\ﬁl) + llge

).

—o P
wl'SHL"(D]\Dl)

Thus, by applying E on both sides we get

& [Ilf e Hx) = f el “l)”p:;.,,.e}

mpB(1-L p
S.,m,P,MavaHLOO ¢ ( 8) (]E I:”Xg N Xl’8||Lp(Dl\Dl)]
+E[16:18, 5. 5] HE[1916155.050] ) 23)
LP(D1\Dy) W TLP(Dy\Dy)
To estimate the term E[|| X, — XI'SHIZP(D]\D])]’ since supp a, C B(0, ¢), we first
infer that & = &, on Dy, := B (xi, % — ¢&). By using the representation from

Lemma 6 we have that
(Xe — X10)(x) = fw K(x = 2)1pe (2)(8(d2) — &1.(d2)). (24)

Since, for x € [)1 \ Dl, we have |x — z| > ﬁ —e> 1forze D",S, thus by Lemma 6
(1) we obtain

E[(X, - X1.0(0)] =E [/R K= )1 p; ()6 (dz) /R KGe—2)ip; (msg(dm]
—E [/ K= 2)1py, @) [ Ko znﬂDh(m)&(dm]
8 . 8 .

-E [/ K(x — z)ﬂD;-s<z)sg<dz>f K(x— zlmD;-E(zl)sl,s(dzl)]
R4 ’ R4 ’

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

+E [/ K(x — Z)]le'S(Z)sl,s(dZ)/ K(x —z)1pg (Zl)fl,e(dm)]
R4 ’ R4 ©
5 f Clze—czpcfz\efCﬂx—z\lD(_ (@) 1pe (z1)
RS l.e l.e
/4 as(z — z2)a:(z1 — z2)dz2dzdzy
R

< Cfe‘CZd(X'D‘fm)/ eCali2ilgy) < (€D,
R4

which is finite and independent of . Here we have also employed the fact that |, 4 (G *
as)(z — z1)dz = 1, which holds true because a, * a; approximates § * §, where &
represents the Dirac delta distribution.

Consequently, since (X, — X1 ¢)(x) is Gaussian from (24), by hypercontractivity (see
Theorem 3.50in [35]) there exists a constant C, > 0 such that, for every x € Dl \131 ,

21\? —5Cad(x, D)
E[(Xe = X10)0"] = G (B[I = Xio@P]) S cpe 2O0PLe

<Cp. (25)
Furthermore, since
]E[ X, — X117 - ] = _ p

1Xe = X1ellp 5,05, o Jon, | Xe(x, ©) — X16(x, 0)]" dx P(dw),

the Fubini Theorem followed by (25) yield

p — [~ -
E[1Xe = X1, 5oy ] = S0, B = X1 (0P Jx S Gy 26)
Finally, we assert that IE[||<,Z),3||Ep (R“)] < oo. This assertion trivially implies
IE[||(,ZJ8||p ] < oo in (23). We start the proof of this claim by recalling from

LP(D1\Dy) T .
Sect. 2.1 that «p, < 0 and ¢, is a unique solution to

Lpe + aexp(age)ne = 0. 27

By testing (27) with pP|@,|P 2@, and integrating it on R* we obtain

f PP 16 IP 2 e LGe + / ap®|Ge|P 2. exp(a@e)n: = 0. (28)
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Since from (15) and (17)
/ PP 15e PG Lo = m? f PPlGaIP + f P16 P23 (— A (o))
2 o 2(p—1) _ B
+ (1 - —) /pp N3P Ap — p—/ 17 lP 0P 2|V 2,
p p
where [ pP 1@ [P 72 @: (— A(p@e)) = 0, (28) gives
m? / P13 [P + / ap® |Ge|P 2 Pe exp(a@e)ne

21 [ . 2 i
- _(pp )/stl"p" Vol — <1—5)/p’° NgelPAp.  (29)

Since 1" is a positive distribution, the second 1.h.s. term in (29) can be estimated
as

‘ / apP |@e P2 @e exp(a@e)ne| < 161" *a@s exp(age) 1(ede) | o [ / nepp]

where : R — R is a smooth function supported on (—oo, 1). Note that [(a@:) = 1,
since @, < 0. But, for each x € R4,

| 1Ge 1P 2. exp(a@e)l(age)| = lal* Pllag: P 2a@. expag: ) [(ad;)|

< la|*P sup[z|z|P 2 exp(2)I(2)]
zeR4

Cla*?,

IA

for some C > 0, where the r.h.s is independent of ¢ and x. By substituting the above
estimate into (29) we obtain

_ 20-1) [ IVpl? 2 _ o Ap
m2/p*’|¢g|'ﬁ < T/wmp*’ pral Ll /pp|¢g|'37

+ Claf>* / ne P (30)

xX—X|
[x—x1]

p(x) for x € R*\{x;} and Ap = pm?p?, we can

Now since Vp(x) = —mp
choose 8 > 0 such that

20 =D |Vol® _ <1 2) Ap ’
P

. — w2 < 31)
p P p 2
Consequently, with 8 such that (21) and (31) hold true, from (30) we deduce that
m* p 2
loay < Clal [ e 32
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Thus, E [||p@: I}, ] < oo and the bound is uniform in & because

E |:/ Uepp:| = /e_mpﬂ‘x_xlldx < 00.

Similarly we can show that E[|| p¢; ¢ ||Ep] < oo uniformly in €.
Hence, substituting (26) together with (32) and the uniform boundedness of
Elll p@e ”EP] and E[|| p@1 ¢ ”EP] from (23), for B satisfying (21) and (31), we have

—mplL
IE3[||f'<,08(- +x1) = f o6 +x1)||';;p{] Sip Mol fle € PE,

L 1-£ _mpl
which is independent of ¢ and x;. Here we have also used emﬁ( 3) mp € mpy .

Hence we get (10) and due to inequality (9) the proof of Theorem 1 is complete.

3 The Malliavin calculus approach

In this section our aim is to present the proof of Theorem 1 via the approach
based on Malliavin calculus. The proof will start by considering an approximation
@e, r useful to be able to apply easily the Malliavin calculus, see eqns. (35) and (36).
The solution theory to (35) is closely related to Lemmata 30 and 31 of [2] and proved
in Proposition 1 and Lemma 5 below. The Malliavin calculus enters in estimating
Cov (e, r(X1), @e r(x2)) in terms of the Malliavin derivative of ¢, g which we denote
by D¢ r. seeegs. (60), (62) and (63). The existence of D¢, g and the linear elliptic
SPDE it satisfies are established in Theorem 3 thanks to a preliminary abstract result
from [49] which we state as Theorem 2. Finally the Feynman—Kac formula and some
estimates from Malliavin calculus, for example (61), help us to finish the proof.

3.1 Preliminaries

Before moving on, let us first recall the tools from Malliavin calculus that we will
need. Most of the definitions and preliminary results here are taken from Chapter 1 of
Nualart’s book [44]. Let H be a separable Hilbert space and W = {W(h), h € H} an
isonormal Gaussian process defined on a complete probability space (€2, §, P). Let
& be the o-field generated by the random variables {W(h), h € H}. Since £ C §,
note that when we write (€2, £, P) we mean that P is the restriction of the probability
measure defined on § to £.

For each n > 0 by H, (x) we denote the well known nth Hermite polynomial and
by H,,, the Wiener chaos of order n, that is, the closed linear subspace of LZ(Q, g, P)
generated by the random variables {H, (W (h)), h € H, |h||g = 1} whenever n > 1,
and the set of constants for » = 0. One of the important results in the Malliavin
calculus is the Wiener chaos decomposition of L%(Q, €, P) into its projections in the
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spaces H,, i.e.,
L*(Q,&,P) = @yz0Ha.

In particular for any F € Lz(Q, E,P), we have F = Z;OZO Jo F where J, F
denotes the projection of F' into H,. We will restrict our discussion of this section to
LZ(Q, &, P) and to shorten the notation we will denote it by L2(Q).

The Malliavin derivative operator D maps the domain D2 < LE(Q) to the
space of H-valued random variables L?(S2; H). Note that F € D'? if and only if
220:1 n||J,,F||%2(Q) < 00. Moreover, in this setting for all n > 1, we have

D(J,F)=J,-1(DF).

The divergence operator § : Dom§ C L2(Q; H) — L%*(Q) is defined as the adjoint
of the derivative operator D. We will work in the special case of H = LX(T, B, 1),
where (7', B) is a measurable space and t is a o-finite atom-less measure on (7', 3).
Also, we will identify L2(S%; LA(T)) with L2(T x §2) which is the set of square
integrable stochastic processes. Thus, for F € D'2, DF e L2(T x ) and we write
D,F = DF(t), Yt € T. By DL2(L%(T)) we denote the set of stochastic processes
u € L2(T x Q) suchthatu(¢) € D2 foralmostall 7 € T and there exists a measurable
version of the two parameter process {Dsu(t)}s er C L?(Q) satisfying

E[/ /(Dsu(t))Zr(ds)r(dt)i| < 0.
TJT

In the Malliavin calculus literature, the space D'-2(L2(T)) is generally denoted by
L%2. Note that 112 is a subset of Dom § and isomorphic to L2(T; ]D)l’z). Then, see
(1.54) of [44], for u, v € L2 we have

E[§(u)d(v)] = / Elu(®)v(®)](dr) + / [ E[Dsu(t) Dsv(1)] T(ds) 7(dr).
T TJT
(33)
Let {P;, t > 0} be the one parameter Ornstein-Uhlenbeck semigroup of contraction

operators in L%(Q) and by L : L*(Q)> F — Z;O:O —nJ, F € L*(Q) we denotes its
infinitesimal generator with domain

o0
Dom L = {F e L}(Q): ZnZHJnF”LZ(Q) < oo}
n=0

From Proposition 1.4.3 of [44] we know that, for F € LZ(Q), F € Dom L if and
only if F € D2 and DF € Dom §. In this case we have SDF = —LF.
With the above notation, equality (90) in [21] gives the following commutation

property

D(I—L)'F=QI —L)"'DF, VF e L*Q),
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and the proof of Lemma B.1 in [21] give the following first order expansion
F—-FE[F1=8(I—-L)"'DF, VFeD"2 (34)

To proceed with our analysis, let us fix the o-finite measure space (T, B, t) as
(R*, B(R*), dx) where B(R*) denotes the Borel o-field on R* and dx stands for
the Lebesgue measure.

3.2 Proof of Theorem 1

We recall that & is a given space white noise on R*. Thus, the isonormal Gaussian
process we consider hereis W(h) = (§, h), h € L%(R“), indexed by the Hilbert space
L%(R“). We will be working under the framework of Malliavin calculus associated to
white noise & on R*. To setup, let Q = B “K 0.l (R*) and let P be the law of & on 2.

It turns out that the following approxnnatlon of the Eq. (3), instead of (6), is more
suitable to work with the above mentioned tools from Malliavin calculus

E@s,R + aKg(exp(a@e r) exp(a X, — Ce)) = 0, (35)

where Kr : (0,00) — (0, 00) is a smooth function which is equal to x if x €
(0, R—1],equalto Rifx > R and Kp isincreasing forx € (R—1, R). Since the proof
presented here of the solution theory to Eq. (35) is closely related to Lemmata 30 and
31 of [2], the results about the existence of a unique solution ¢, g to (35) are postponed
to Proposition 1 and Lemma 5 in Appendix A. Moreover, it is straightforward to see
that . g — ¢ as R — oo, where ¢, is the unique solution to the Eq. (6).

Further recall, from (4), that we denote the expression exp(«¢ X, — C¢) by n,. Let
us define the following random field

(Ge x8)(x) := /};{{4(% *Q)x —Edy), xeRY,

where G is the Green function associated with the operator (—A + m*) 1 and G, :=
ag * G. It can be shown that G, * £ is a smooth Gaussian process, see Theorem 5.1 of
[41].

By setting ¢ g = ¢, r + X,, from (35) we get that ¢, g uniquely solves the
following equation

E‘Pe,R + C(KR(eXp(Ow)e,R —Cy)) =&, (36)

which is equivalent to say that, for x € R*and w € £,

@e,R(X, ) +a/R4 G(x — y)Kr(exp(age,r(y, w) — Ce)) dy = (G * §)(x). (37)
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To shorten the notation we will write
/R4 G(x — y)Kr(exp(age r(y, @) — Ce))dy = (G * Kr(exp(age r(-, ) — Ce)))(x).

Since one can write the term Cov(F1(f - @e r(- + x1)), F2(f - ¢e r(- + x2))), that
we want to estimate, in terms of D¢, g, see (60) for precise expression, we aim next
to find the equation for D¢, r. This we achieve in Theorem 3 whose proof is based
on the following abstract result which is stated as Theorem 2.5 in [49].

Theorem 2 Let (2, P) be a complete probability space on which & is a canonical
process. Further, assume that H is continuously embedded in 2 and let us denote
this embedding by i. Let F € L*(Q). Then F € D2 iff the following conditions are
satisfied.

1. Forall h € H, the;:e exists a version Fh of F such that, for every w € Q, the
mapping R 5 t +— Fylw + ti(h)] is absolutely continuous.
2. There exists ¢ € L?(2; H) such that, forall h € H,

lim %{F[a) +1ti(h)] — F(w)} = (c(w), h), P-a.s.
t—

From the proof of Theorem 3 it can be observed that we apply Theorem 2, for each
x € R* e and R on F with H := L?(R*) where

F(w) := ¢e r(x,w), € Q. (38)
Since most of the results of this section are independent of ¢, R and x or for fixed &, R
and x, unless otherwise stated we will not write the explicit dependence of functions
defined here on ¢, R and x.

To study the required properties of F', which allow us to apply Theorem 2, we write
(37) in the functional form as, for w € 2,

T (¢e.r(, ®) = (Ge x§)().
Here 7 is defined as
T :B>5w— w+ag* Kgexplaw — Cp)) € B:= C)R?). (39)

Note that, because of the convolution, the map 7 is well-defined. Moreover, by defi-
nition of the map 7, (38) can be understood as, for each w € €,

F(w) = (T 1(Ge %)) (x). (40)
Thus, because of (40), in order to study F we first show in Lemma 2 that 7 —1 exists,
i.e., prove the bijectivity of the map 7. This is precisely our next result. Before this

we prove an auxiliary result as follows.
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Lemmal Letv € L%(R“) and u € HZZ(R“) be a unique weak solution to (—A +
m?)u = v. Then

(V(G ), (G % 0)Vrf) +m?|G %0l ) < (G # 0, 0)e, (41)

where (-, ) and (-, -)¢, respectively, denote the standard inner product in L*(R*) and
L3(RY.

Proof Letu =G *v € Hg(R“) be a unique weak solution to (—A + m*)u = v for
given v € L%(R“).
Multiplying on both sides of (—A + m?)u = v by rgu give
(A +m*)u, e = (u,0)y.
Integration by parts yield,

2 2 2
<VU, uvr[) +m ”u”L%(R4) g <u7 U)[

By substituting u = G * v, above gives the conclusion. O

To avoid complexity in notation we set G(w) := aKg(exp(aw — C¢)), w € B.
Then, G is non-negative, bounded, smooth and non-decreasing.

Lemma 2 The map T is bijective from I5 onto B.

Proof Let us first show that 7 is one-one. In particular, we show that for small enough
A>0ifu,veBC L% g,(]R“) for £ < ¢ such that Tu = T v, then u = v.
Since 7u = T v, we have

u—v+[GxGu) —G+Gw)]=0. (42)
Multiply this by r;_¢ (G (u) — G(v)) and integrate on R* to get
W—v,Gu) = GWh,e +(G*(Gu) —G),Gw) —G)r =0, (43)
where (a, b);_ ¢ := [ a(x)b(x)(1 4 Alx[*)~¢dx.
Consequently, since G is non-decreasing and (« — v, G(u) — G(v)), ¢ = 0, from

(43) we get

(G*(G) —G), G) —G))e <0. (44)
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But by substituting G(#) — G(v) in place of v in (41) we obtain

(V(G * (Gu) = GW)), (G * (Gw) = GOVF} ) +m? |G % (Gw) — G2,
N4

=(G#(Gu) —G), (Gu) = GW)) e

So, using (44) in above yield

(V(G % (G) = GW)), (G * (Gw) = GOV ) +m? |G % (Gu) — G2,
!

<0. (45)
But due to the integration by parts we have

(V(G # (Gw) — GW))), (G * (Gw) — G)IVrE )
= —(V(G % (Gw) — GW)), (G * (Gu) — GO VrE )

- /(g #(Gu) — G(v))*Ar} ,dx.
This gives

2V(G * (Gu) — G(v))). (G * (Gu) — GW)Vr )

=— / (G * (G) — G)*Ar} ,dx, (46)
where 7, (x) = (1 + A[x[) ™" and VrZ (x) = —20'(1 4+ A|x[*)~“*+Dx and

Arf(x) = —40e(1 4+ Alx ) "D 14020 + DIx P+ Al )" @)
Hence, substituting (47) into (46) give

2(V(G % (Gu) — G())). (G * (Gu) — GW)Vri )

= —H2W+ 1) / (G * (G@) = GNP (1+ A~ dx
+ 4’ f(g % (G(u) — G))) (1 + Alx)H) €D dx. (48)
Consequently, using (48) into (45) provides

(> =26 % (G = G <0, (49)

By taking sufficiently small A, using (42) together with (49) we get |lu — v ||i2 < 0.
4

This implies # = v in L% e’(R4) and hence the map 7 is 1-1.
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To prove surjectivity let v € B and {v,}, C C2(R*) such that

lvp —vll;2 =0 as n— oo.
Z/

Leth, .= (—A+ mz)vn. Then it follows, from the first part of Proposition 1, that the
elliptic PDE

(=A+ mz)un + G(up) = hy
admits a unique solution in Ce2 (R*). Then we get
Uy +G*Gup) =Gxhy, =v, =T () = vy (50)

Next, we prove that {u,}, forms a Cauchy sequence in Li v (R*) for sufficiently
small A > 0. By multiplying

Up —Um +G*xGuy) —G* GUy) = v, — Uy (51)
by rkz’z,(G(un) — G (uy,)) and integrate on R* we get
(un —um, Gun) — Gum))i,e + (G * Gun) — G * Gum), Gup) — GUm))se
= (Un = Um, G(un) = G(um))s e
Since G is increasing, (u, — t;,, G(un) — G(Upm))y ¢ = 0. Thus, the above implies
(G Gup) —G*Gum), Gun) = Gum))s,e < (Vn — Vm, Gun) — Gum))a, v

Thus, taking v = G(u,) — G(uy,) in (41) (modified version for 1) yield
(V(G * (G(un) — G(um))), (G * (G (un) — G(um)))Vrf’g/)
+m* |G * (G (up) — G(um))llii ) <AG * (G(un) — Gum)), G(un) — G(um))i. ¢

So the last two estimates together with the Cauchy-Schwartz inequality give

(V(G * (Glun) = Gum))). (G * (G lun) = Glum))VF p)
+m2IG % (Gu) = Gum) gz < llvw = vl 21 G ) = Glumllyz -

Consequently, the computation as in (49) gives

(> =20 * (Glun) = G2 < llvw = vl 1G @) = G2 -
(52)
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Substituting G * (G (u,) — G(uy,)) from (51) into (52) followed by the reverse
triangle inequality yield

(> =200y —umll3> < (> =20 o = vll 2+ on = vl 211G un)
)»,i’ Al
-G .
(uM)”Li,W

Since ||v, — v|| L2 ®Y — Qasn — oo and G is bounded, for sufficiently small

A > 0 we get that {u,}, forms a Cauchy sequence in Li,e’ (R%). Since Li,z’ (R%) is
complete, there exists L%,Z/ (R*) > u = lim,_ o0 Uy. Since G is bounded, G(u) =
lim, 0o G(uy) in L} ,(R*). Thus by taking limit n — oo in (50) we obtain the
existence of u € Li v (R*) such that

u+GxGu)=v =T =v.
So if we show that u € BB then we are done but that is true because,

o < |a|RfR4 G = y)ry,e () dx + vl o,

which is finite. Hence u € B and we finish the proof of bijectivity of 7. O

Hence we know that 7! exists. Let 7~1(V) = v for some v, V € B. Then
V = 7 (v) and from (39), we have that

T-YV) =V —aG % Kg (exp (aT—l(V) - cs)) .
From here it is clear that, for V € B,
T | < vl +a|gx ke (exp («T (V)0 - € ) )|
<V@I+ar [ 196 lay.

Consequently, by the Minkowski inequality for integral we get

|7 )

5/ IV (x, 0)? P(do)
) Q

172 2
+(@R)? ( /R ) ( /Q |g(x—y)|21P><dw)) dy)

2
5/ IV (x, @)’ Pdo) + (@R)? (/ |g<x—y>|dy> —: Cr.
Q R4
(53)

2
L2(Q

In our next result we show that 7! is continuous as well.
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Lemma 3 The map T~ is continuous on B.

Proof Let {w,}, C B be a sequence converging to some w € 3. Let us set 7w, =:
wy, and 7w =: w. We will show that @,, — @ as n — oo in BB. Note that, we have

D (x) +a /R G~ VKEp@in() ~ CHdy =wy(). (54

The first claim in the current proof is that the sequence {w,}, is relatively compact
in 5. In order to prove this, first we show that {w}, is uniformly bounded. Since
{wy,}, is convergent in B and « is a constant, due to (54) it is sufficient to show the
uniform boundedness property for { fR4 G(- — y)Kg(explaw,(y))) dy}n C B. For
this observe that, by (47), (48) of [2] we have

/ﬂ; G(x — y)Kr(explawy,(y)))dy < R[Z|<] {(4 )2

+ R/ C, exp(—C3|z|) dz,
lz|>1

10g+(|z|)+C1}

where the rhs is bounded uniformly in x and n. To move further, let us set

|66 = Kitexpainn () ~ Cndy = g, in B
But by its structure we know that g, solves the following equation uniquely
(=& +m*)gn = Kr(expleby — Ce)).
Thus,
12llc2 S IKR(explaib, = Cllo < R.

This further implies, due to embedding, see (3.10) in [41], B2 .00, e(R4) —

éézoo Z(R4) and the equivalency of Bl/ 2 €(R4) with —-Holder weighted continu-

ous functions, the equicontinuity of {g,,},, Thus, since the uniform topology, which
space B has, implies the topology of compact convergence, the Ascoli—Arzela theo-
rem (e.g. see Theorem 47.1 on page 290 in [40]) implies the relative compactness
of {w,}, C B. Let us denote a converging subsequence {wy, }x of {w,}, and set the
limit as B 3 W := limg— o0 Wy, . Since G(-) = aKp(exp(a - —C¢)) is smooth and
bounded, we have

o /R4 G(x — y)Kr(exp(awny, (y) — Co))dy — a/w G(x — y)Kg(exp(aw(y)
—C¢))dy,
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as k — oo and thus passing the limit kK — oo in (54) yield
i)+ [ G = ) Kr(exp@i () = Copdy = w(x) = T(@) = w.

But since 7~ 'w = w and 7 is bijective, we have 0 = w. Consequently, any con-
verging subsequence {wy, }x converges to w, which implies the continuity as desired.
Hence the proof of continuity of 7! on B is complete. O

Recall that we aim to prove that, for fixed ¢ and R, ¢, g, which solves (36) and
has representation (38), is Malliavin differentiable. Due to (40), in order to prove the
differentiability of ¢ g or say F as the next step we show that the map 7 ~!, whose
existence and continuity is proved, respectively, in Lemmata 2 and 3, is differentiable.

Lemma 4 The map T~ is differentiable and there exists a constant M > 0 (depends
on m) such that

ITH  New.n < M,

where £(B, B) is the set of all bounded linear operators from B to B, uniformly for
veRB.

Proof 1t is straightforward to see that the Gateaux derivative of 7 at v € B in the
direction of an arbitrary w € B, is

o TwHtw) —T(v)
llm =

t—0 t

w+ /R 66— NG @) dy,

where recall that G(v(-)) = aKg(exp(av(-) — Cg)). Thus, 7 is differentiable. Let
us denote by 7,(w) the derivative of 7 at v € B in the direction of w € B which is
defined above, i.e.,

T, (w) == w + /R4 G = MG y)Hw(y)dy. (55)

Note that since G’ is bounded and w € B, 7, (w) is a well-defined element of B. Next,
let us fix v € B in the remaining part of the proof.

We claim that 7, is one-one. Indeed, let 7, (w) = 0 for each w € B as element of
B then by (55) we deduce that w solves the following equation

(—A + m>w + G'(v)w = 0. (56)
It is clear that w = 0 is a solution to (56). From the computation in the proof of
Proposition 1 and Lemma 5, we know that (56) has a unique solution in C% (RY),

in particular w = 0 is the unique solution to (56). Thus, 7, is non-degenerate and
(7))~ € £(B, B) is well-defined.
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We aim to show that (7;/)’1 € £(B, B) is uniformly bounded in v € B. For this let
us take any U € Band W := (7))~'(U). Note that (7,))~!(U) satisfies

T)H'U)y=U -~ /}; 90— WG WO WU)dy. (57)

Let us consider Cf Z(R“), space of functions in C,? (R*) having compact support, as
subset of B. Let U € CCZ’E(R“) and let V. = (—A + m?)U € B. Then from (57) we
get that (’Z;’)’1 (U) satisfy the following equation

(=A+m?>+ G wONT) W) =V.
Here G'(v)(7)~!(U) is simply the product of two functions G'(v) and (7;)~' (U).
Thus, since G’ > 0, Theorem 5.1 on page 145 in [22] implies, for w € B,

o0 t
(T) ' W)) = E, [ / ¢V (By) exp (— / G’(v(Bs»ds) dt]
0 0

by the Feynman—Kac formula, where B is an R4-Vallied~Bgownian~m0ti0n which
starts at x defined on a complete probability space (€2, §,P) and E, denotes the
expectation w.r.t. P. But the r.h.s. in above can be estimated as follows to get, since

exp (— fot G'(v(By)) ds) is bounded,

(T) "N U)(x)

IA

o0
IVl Ex [ / e (1 + B (18,12 Y dr]
0

IA

o
2
||U||cg/ eI+ x>+t dr.
0

This gives

A

oo
— —m? —
T W)ls =< 1Ullez sup/ eI A )T A+ x4+ 0 de

xeR4J0

IA

e 2
Uz sup [~ e ar,

xeR4 /0

which is finite. Consequently, by extension to B, we get that there exists a constant
M > 0 (depends on m) such that

(T Nl e.B) < M for every v € B.

O

Now we come to an important result of our paper that justifies the Malliavin differ-
entiability of ¢, g, for fix ¢ and R, which solves (36). In other words, the next result
gives the differentiability of F which is defined in (38).
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Theorem3 Lerus fixe > 0, R > 1 and x € R*. The solution ¢ = @e.R 10 (36) is
such that ¢(y) € DY2, for every y € R*. Moreover, the process {D.¢(x), z € R*}
satisfies

D p(x) + o /R4 Gx —y)Do(NG (p(y)dy = (az *G)(x — 2),

which is equivalent to

(LDz9)(x) + oG (9(x)Dp(x) = (as % 8)(x) = a(x —2).
Proof Since ¢ > 0 and R > 1 are fixed, we will avoid there explicit dependency. The
idea of the proof is to show that the conditions of Theorem 2 with F(w) := ¢, r(x, ®),

are satisfied which will imply the conclusions of the current result. By (53) we have
that that ¢, g (x) € L?(R2). Indeed,

e, RO 72y = 1T (Ge % )W

2
< [ 16 o Pr@w + @2 ([ 166 - miar)

which is finite with the bound depends on R. Denote by &4 the following defined
function

Gh(x) = (G * h)(x) = /R4(65 *G)(x — y)h(y)dy.

Note that ¢ ¢ (w) = &&. Observe that, for i € L%(R‘*), due to (40)
Flo +ti(h)] = {T~1(&& + t&h)}(x).

But, since the above expression is linear in ¢, F[w + ti(h)] as function of ¢ is an
absolutely continuous function of #. From Lemma 4, we know that P-a.s. 7;!0 . exists

and non-degenerate and satisfy || (quo_g)_l les,B) < M, P-as. Thus, P-a.s. we have
F tith)]— F
lim [w+ti(h)] (@ _ (7

b0, ¢
=0 t 90,e

Gh)}(x).
Finally, due to the nice decay property of a. * G and Holder inequality, P-a.s. we have

12
1T, @Dz < 1T, o5 ;2 ( fR 4|(as*g)()’)re(y)|2dy) :

but this is finite. Now we define an H-valued random variable by

c:Q30m (T, 6)(x) € H such that (s(@), h) = (T ), (B)}(x).
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This is well-defined by the Riesz representation theorem and satisfies point (2) of
Theorem 2. Hence, we complete the proof of Theorem 3. O

Recall that ¢ g is the unique solution to (36). Proceeding further, we set 95’ R =

D, (¢¢ r). By applying Theorem 3 to ¢, g, we ascertain that ¢, r(x) € D'2 and at
point z € R,

(£67 ) () + &2 K (exp(erpe, p(x) — o)) exp(age, g (x) — Co)BZ () = s (x — 2).
(58)

Here we have also used the chain rule (Proposition 1.2.3 of [44]). Since (58) is linear
in 6 p, the Feynman-Kac formula yields

o0 1
O r(X) = / e "B, [ae(x + B, —z)e”ho “Zf““)‘“] dr, (59)
’ 0
where
A(s) := Kp(exp(ag:(x + By) — Ce)) exp(ags (x + By) — Ce).
Here E, is the expectation operator w.r.t. the probability measure P* and { B;, t > 0}

is a R*-valued Brownian motion under P* with initial condition By = x. Observe that,
for x1, x» € R?, expressions (34) followed by (33) yield

Cov(FI(f - @ r(- +x1))s Fo(f - 05, (- +X2)))
=E[{8( — L) 'D(Fi(f - 9. r - + x)ODHSU — L)' D(Fo(f - ¢, (- + x2)))}]

=/ E[{(I = L) "'D.(Fi(f - ge.r (- + x))WHUT — L)' Do(Fa(f - e, v (- + x2))}] dz

/R4 _/R4 AU = L)' D(Fi(f - e.r(- + X))} X

DA = L)' D (Fa(f - ge.r (- + x2)))}] dz d2. (60)
Since, see Corollary B.6 in [21] for the proof, for every F € L?(2) we have
IDU = L) Fll 2,200 S I1F ), (61)

we estimate the second term in the r.h.s. of (60), by the Holder inequality and Propo-
sition 1.2.3 of [44] along with Lipschitzness of F| and F3, as

/ / E[DA(I = L)™' D(Fi(f - e r (- + x1))}
R4 JR#
D A(I = L)™' Dy (F(f - ¢e.r(- + x2)))}] dz dz’

S /1;4 ID-(Fi1(f - @e. R+ xOD 2@ |1 Dz (F2(f - @6, (- + x2))) I 12(q) dz
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= /R4 IF{(f - @e.r(- +xD))D;(f - @6, R+ x1)l 1200 X
I F5(f - @e,r(- +x2)) Do (f - @, r(- + x2))|l 12 dz

S [ 1F - DeorC+ 5l I - Detennl+ ) iz o

< s /R (e[ p00r]) " (&[0 s0P]) " e )

xeB(x1,1)
yeB(x2,1)

Further, since (I — L)~! isabounded operator on L2(2), as in (62), the first integral
in r.h.s. of (60) satisfies

A@ E[U=D)' DRI - e rCAxONHU=L) T Do(Fa(f - ge.r(+22))} ] dz

SFLF,f  Sup /11@4 (IE [Ié",f’R(x)lz])l/2 (IE [|9§’R(y)|2])1/2 dz. (63)

xeB(x1,1)
Y€B(x2,1)

Thus, substituting (62)—(63) into (60) yield
| COVIFI(S - @R+ x1)), Fa(f 0o r( + 1))
1/2 1/2
SRy Sup fR ([0 c0r]) T (B0 0F]) T a2 64

x€eB(x1,1)
YEB(x2,1)

Applying the Minkowski inequality for integrals and the Fubini theorem to (59) we

further have
2j| ) 1/2

el = ]
E ooe_mzta (x + B; —
x |:/(; £ r —2) dt] . (65)

% _m —a? [ R(s)d
f e "ME, [ag(x—i-B,—z)e o7 Jo RS S]dt
0

IA

00 : 1/2
]Ex |:/ e—mzlag(x + Bt _ Z) (E I:e—Z(Xz fO R(s) ds]) dt:|
0

A

Note that the r.h.s. of (65) is independent of R. Hence, substituting the above into (64)
and using the Feynman-Kac formula (59) (with zero nonlinearity), we obtain

[ Cov(F1(f - @, r(:- +x1)), Fo(f - e R(- + X2)))]

o0
< sup / E, [/ e_mztas(x + B, —2) dt]
xeB(x1,1) JR* 0
YEB(x2,1)

e 2
E, [/ e "™ a,(y+ By —2) dt} dz
0
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= sup / (/ Gx —wyag(u—z) du) (/ Gy —u)ag(u —z)du) dz
xeB(x1,1) JR* \JR4 R4

YEB(x2,1)

= sup I(x,y). (66)
xeB(x1,1)
YEB(x2,1)

To estimate 7 (x, y), we utilize the following representation of the kernel G, which is
based on the Fourier transform, see pg. 273 of [7],

(G *as(- — ) (x) = [F L F(m?* = A Nae(- — ))Ix),  Vx,zeRE

Thus, we deduce that, for all x, y € R4,

I(x,y) = /R4<g #0)(x = (G * ae)(y = ) de = ((n® = A) 72 (@e % 6e))(x — )

- - iz-(my) (F (@) ()
= [F 1 (F(m® — 8) 2(ag*ag)m(x—y)=/];§4e” M

(67)

Next, we apply a change of variable z — Az, in (67), where A represents the rotation
matrix on R* such that the vector x — y € ]R‘}{ transform to align with one axis, let’s
say the first axis. Then, with z = Aw, we have

. (§1-51.0,0,0)
I(x,y) = / IO () (Aw))?
= m2x — yP + [Aw]?)?

e ((F(a)) (Aw))?
= 2 PR 7y dwirdwi i,
R3 JR (m~|x — y|” + wy + [wi|*)

where
Ax = (x1,0,0,0), Ay = (1,0,0,0) and w = (w1, wy, 1) € R x R3.

Let us only consider the positive sign in e™*!. A similar approach will handle the
negative sign case, with the contour C containing —i instead i.
((F(86)) (A(wrw1,1)))*
(m2x—yP+wi+|w 1 |?)?
using the residue theorem. We define the contour C that traverses along the real lime
from —a to a and then counterclockwise along a semicircle centered at O from —a to
a. Choosing a > 1 ensures that the point im?|x — y|> + |w1,L|2)]/2 lies within the
contour. Now, consider the contour integral

First, we compute the integral fR ¢ dw for fixed wy | € R3

(68)

/ eI ((F(ap)(A(wr, wi,1)))? d
C

(m2)x — y24+w? + |wy 1 1H)2
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Since the integrand in (68) has singularities at +i(m?x — y|? + |w1,L|2)1/2 with
multiplicity 2, by the residue theorem, for fixed w;, | € R3, we have

/ e ((F(a)) (A(wr, wi,1)))?
C

dw; = —27xi(Res(f(wy), wy = i(m2|x — y|2

(m2|x — y|2 4+ w? + |wy 1 [2)?
+ w1 1)), (69)
where
Flwy) = e ((F(ae)) (A(wy, wy 1))
(m2)x — y2 4+ w? + |wy, 1 [2)?
and

Res(f(wy), w = i(m?*|x — y|* + [wy 1 [H)'/?)

d [ eV((F(ag) (A(wr, wi,1)))?
(wi +i(m?|x — y|? + w1 [)1/?)?

:| . (70)

lim —
z=i(m2|x—y2+wy, 1 [2)1/2 dwy

Here, with abbreviated notation F(a;) = (F(ag))(A(w, wy 1)), we find that

d [ e ((F(a)) (A(wr, wi,1)))? ]
dwy [ (wy +i(m?|x — y|* + (w1 )1/2)?

_ MF@){[iF () + 2(F (ixias (ODIwi +i(mP|x — y* + [wi, 1 [H'?) - 2F(a,))
B (i +i(m?|x =y + w1 )1/2)3 '

Hence, substituting the above expression in (70) and then taking the limitasa — oo
in (69), we obtain, for fixed w; | € R,

wi

/ e ((F(a) (A(wr, wi,1))?
R (m2|x — y12 4+ wi + w1 [})?
1/2

7 e” LT (a, ) {[iF (ae) + 2(F(—ias ()] (01,1 (x, y)'/?) = 2F(a,))

4 (m2]x — y|? + [wy, 1 [}/

where we set m?|x — y|® + |w1,J_|2 =: 11 1 (x, y). Consequently,

(1L (o, A 2
I(x,y)gf e [(F(ag))(A(wy, wi 1)) dw
R3 w1 (x,y)

/ 1L () (Awr, i) (F (—ixiae () (AGwr, wi 1)
+ dwi, 1
R3 | (x,y)

N / e L (Fa)) (Awr, 1) i
R (01,1 (x, )2 bt
= 1Ii(x,y) + h(x,y)+ I(x, y). (71)
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Since —ixjag(x), where x = (x1, x2, x3, x4), is also a smooth and compactly
supported function, it suffices to estimate /; and /3 in (71). For I, using estimate
(81), for N = 1, where we let wy | = mu|x — y|, we have

_ 1/2 . _
e (1L 4 A (voy 1 (x, y)V2, wy DTN

w1 (x,y)

_ )Y)1/2 . _
e~ (L IR i vy (e, YD)V wy [P TN

SN dwy |

R3 1 (x,y)

—lul

dwy |

L(x,y) S CN/
R3

ceme | mlx — yle o
~ R (14 [u?) (m2|x — y[2 4+ 2m?|x — y|?|u|)N

ol
< el / . (72)
~ 3 2)2

B (14 ul?)

For I5 in (71), we can perform similar computation and obtain,

— c.y)1/2 . _
e ) <cNf e~ LA 4 |AG (01,1 ()2 w0 D Y
R R? (1,1 (x, y))3/?
(2 1x—yPam2 e —y 2 ul?) 2 ) ) 2 12—
_ e(m|x yI2m?x—y[*ul?) A4+ m?x —y2+2Ix — y| ‘u|)N T
~ g3 2 2 21,,12)3/2 mlx = y[" du
R? (m?|x — yI> + |x — y?|ul?)

dwy |

o=l

< pmmir—y] / - d
= (mlx — yD2 (1+ u2)? (1 + |ul?)

u
< el / (14 Ju))Sdu. (73)
R3
Thus, substituting (72)—(73) into (71), yields
Ix,y) S e "l

Further, by substituting this into (66), we can make the estimation under the con-
dition/ = |x; — x2| > 2 as

| CoV(FI(S - @e.r(- +X1)), Fa(f - 0o (- 4+ X)) Sy kg €™ (74)
The complementary case of |x; — x2| < 2 is straightforward, akin to the coupling
approach. Therefore, since (74) holds uniformly in ¢ and R, we conclude the proof of
Theorem 1 by first taking the limit taking R — oo and then letting ¢ — 0.

Appendix A Auxiliary results

The first result in this section is about the solution theory to Eq. (35).

Proposition 1 For given ¢ € (0,1) and R > 1, there exists a o g € C+(RY) :=
Bgo,oo,é(R4) which solves (35). Moreover, age g < 0.
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Proof Let us introduce the following map
K(@e.r. 1) 1= —a(=A +m?) " (Kp(exp(ade, p)ne))- (75)
We first show that there exists a solution ¢, g € Bgo’ . Z(R“) to the equation

(/_78,R = ’C(q_)s,R, Ne).

We aim to use Schaefer’s fixed-point theorem (see Theorem 4 in Section 9.2 of
Chapter 9 of [20]) to prove the claim. In order to do this we have to prove that /C is
continuous in ¢, g, that it maps any bounded set into a compact set and that the set of
solutions to the equations

¢ = AK(@. )

is bounded uniformly for all 0 < A < 1. The continuity of K is an easy consequence
of continuity of (—A + m2)~! from Bgo) . K(RA') into Bgo’ Ny (R*) and properties of
functions K and exp. The map K is compact because the Schauder estimates and
embedding L (RY)— B, _ ,(R*) imply

1K@, ne)llg2 < lal IKr(expla@)mliLye < Rlel, (76)
and the immersion Bgo’ Ny (RY)y—> Bgo_‘soo o 5,(R4) is compact, see Proposition 52
of [2]. Finally the uniform boundedness in A follows from inequality (76). Thus,
by Schaefer’s fixed-point theorem there exists a fixed point of ¢ = (@, n) in
Bgo—aoo Py (R“). Let us call it ¢, g. Further note that, since ¢, g is a fixed point,

(76) also give
IGerllgz = IK@ern)llpz < Rlel.

Thus, ¢ r € Bgo, Ny (R*). Hence the first part of the proof.
Next, since @, g € CZ(RY), @e, g € LE(RY). Let us define, for x € R?,

rea) =1 +01x1) 7 Gera =a@er and V= rpo@e R

where £ is chosen such that the first part of the current proposition holds valid.
Note that from the first part, ¥ is bounded and locally belongs to C*(R*). Assume for
the moment that v has a global maximum and attains its maximum value at X. Then,
since X is a critical point,

0=VY¥ =@ raVreo +1e,0VPe Ras
and, thus, by the second derivative test,

|Vreal? _
@e,R,a- (77)

0< =AY = —re g AQe Ra — Pe,RaATg6 + 2 s

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

But
A@e Ra = AAQe R = amz(ﬁs,R + azKR(exp(a(pe,R)ns),

so, from (77)

5 - Argg IVreol*] -
am2<ps,1e + QZKR(exp(agogﬁR)ns) < —« [ ) - e R
6 (re,0)

Since azKR(exp(oz@g,R)ng) > 0, we get

Areo |Vreol
re. (re.0)?

am?@ g + @ [ } ek < 0. (78)
But note that due to the choice of weight r¢ g, we can choose 6 > 0 such that

m?.

‘ —regAreg +2|Vre gl

2
Teo

Hence, with the choice of 0 from (78) we have

_ Argg Vreol?
a(pS,R m2 - - - +2| 2’ | < Os
re.o to

where the quantity in curly bracket is positive. Thus, the above is only possible if
a@e g < 0. Hence we have prove the result in the case ¢, g attains its maximum. The
case when it does not, can be taken care as explained in Lemma 2.8 in [27]. This
completes the proof. O

Now we move to the uniqueness of above constructed solution. The approach to
prove the next result is closely related to the proof of Lemma 31 in [2].

Lemma5 Forgivene € (0, 1)and R > 1, the solution to Eq. (35) is unique in sz (RY).

Proof Let e € (0,1) and R > 1 be fixed parameters. We will omit explicit mention
of them for the remainder of the proof. Consider J : R — R, a smooth, bounded,
strictly increasing function such that J(0) = 0 and J(—x) = —J (x). Further, let ¢,
and ¢, be two solutions to equation (35). Since they are smooth, J (¢1 —@2) € C,é2 (R*)
implying that r¢ (A2)J (@1 — @2) € CZ(R*) for €' > 0 sufficiently large enough and
any A > 0. This implies that, where (-, -) denotes just the L?(R*)-inner product,

(re AT (@1 — @2), (A +m*) (@1 — @2 — K(@1. 1) + K(@2, m))) =0,
where I is defined in (75).
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We claim that the inequality
(re(02)J (@1 — §2). (—A +m?) (@1 — §2)) = C/re/()»z)J(@l — ¢2)(p1 — ¢2) dz,
(79)

holds for sufficiently small A > 0 and some constant C > 0. Indeed, we have

re 0T @1 — G2, (=A + M) @1 — §2)) = / re DT @1 — E)IVG) — Vol dz
Y / Vi 03I @ — 72) - (Vg1 — Vi) dz
+m? / re (A2 J (@1 — 72 (@1 — @2) dz

> —kZ/(Arw(K?))J_I(@l —@2)dz +m2/rz'0»3)1(¢1 —92)(@1 — ¢2)dz

2
o2
re

where J (1) = fot J(t)dt. By selecting a sufficiently small A > 0, we get the
claim. For the first inequality we utilize the following fact:

) re(Az2)J (@1 — @2) (@1 — ¢2) dz,

/Vre/()»Z)J(@l — @) - (Vo1 — V@) dz = / Vre(h2)VJI (@1 — §2) dz

=— /Arg/()»z)J_l(@] — @) dz,

which holds true since J~! is a Lipschitz function satisfying J~1(0) = 0. Addi-
tionally, we exploit the increasing behavior of J to establish J Iy <tJ@).
The next claim is that (r¢: (A2) J (@1 —@2), (—A+m>) (=K (@1, 1) +K (@2, 1)) = 0.
To demonstrate this, we have
(re 02T (@1 — @2), (—A + m*) (=K (@1, 1) + K(@2. 1))
= / re(Az)(a(Kg(exp(ap)n)) — a(Kr(explag2)n))J (g1 —¢2)dz = 0,
(80)

where we use the fact that («(Kg(exp(at1)n)) — a(Kg(exp(at2)n))) - J(t1 — t2)
is positive since both o (K g (exp(«-)n)) and J are increasing functions and J(0) = 0.
Thus, combining inequalities (79) and (80) we deduce that

/Fe’()»Z)J(st_’l — @) (@1 —@2)dz <0,

which implies ¢; — ¢ = 0, since J is a strictly increasing function. Consequently,
the proof of uniqueness is established. O
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For the next result assume that A is the d-dimensional Laplacian. Let us denote the
kernel representation of £~! by

(L)) = /Rd G — ¢y, $eS.

Lemma 6 G has the following integral representation

1 o0 2 B
G(x) = d/ exp{—&—mzs}s;{ds, x e R4,
4m) Jo 4s

Moreover, there exist some constants C1, Co > 0 such that the following holds:

1. ifd > 2 then
G(x) < Cilx|792if|x| < land  Cie CF ifix| > 1;
2. ifd < 2 then

G(x) < C1lx|7%*2 for x € RY;

3. ifd = 2 then
2 . —Colx|
G(x) < Cy — ————log(|x|) if |x| < 1 and Cie *? if|x| > 1.
@m)2r ()
Proof See Proposition A.1in [7]. O

The next result is well-known in the literature.

Theorem 4 (Paley—Wiener—Schwartz) Foranyd € N, the vector space C2° (RY), com-
prising compactly supported smooth functions on R?, is isomorphic, via the Fourier
transform, to the space of entire functions F on C? satisfying the following condition:
there exists a positive real number B such that for every integer N > 0, there is a real
number Cy > 0 such that

|F(£)] < Cy(1+|g]) NeBIMEI ve e 9, (81)

This implies that for any u € C° (RY), there exists an entire function F = @i
satisfying the above estimate.

Finally we need the following Besov embedding.
Theorem 5 Consider py, p2, q1,q2 € [1, 0], s1 > 52 and £1, £5 € R such that

d d
b <4y and 51— — =5 — —,
P1 2]
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then B®! (RY) is continuously embedded in B;i’qz’éz (RY). And if £1 < £ and

P41ty
K % > 5y — % then the embedding B;II,CII,ZI (R?) — B;é’qﬂz (R?) is compact.
Proof See Theorem 6.7 in [50]. O
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