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GRAPH PRODUCTS OF RESIDUALLY FINITE MONOIDS ARE

RESIDUALLY FINITE

JUNG WON CHO, VICTORIA GOULD, NIK RUŠKUC, AND DANDAN YANG1

Abstract. We show that any graph product of residually finite monoids is residually
finite. As a special case we obtain that any free product of residually finite monoids is
residually finite. The corresponding results for graph products of semigroups follow.

1. Introduction

An algebra A is residually finite if for any a, b ∈ A with a 6= b there is a finite algebra B
and a morphism θ : A→ B such that aθ 6= bθ. Residual finiteness is a finitary property
for algebras, in that clearly any finite algebra is residually finite. We are concerned here
with residual finiteness for monoids, in particular, the preservation of that property
under taking free products and, more generally, graph products.

The free product of a set of disjoint monoids M = {Mα : α ∈ V } is the monoid freely
generated by

⋃

α∈V Mα. It contains a copy of eachMα, and these copies do not have any
non-identity elements in common. For a simple graph Γ with set of vertices V the graph
product of M with respect to Γ is the monoid freely generated by

⋃

α∈V Mα, subject to
the additional constraints that elements of Mα and Mβ commute whenever there is an
edge joining α and β in Γ [12, 2]. Again, the graph product contains a copy of each Mα,
and these copies do not have any non-identity elements in common. We usually refer to
the monoids in M as vertex monoids. If the graph has no edges, then the graph product
construction returns the free product. For finite complete graphs, the graph product
simply yields the direct product. We give a formal definition in terms of presentations
in Section 2.

For general reasons, it is true that the direct product A × B of two residually finite
algebras is residually finite; in fact the residually finite algebras of the same type form a
prevariety, the point of view adopted in [15]. The converse is not true in general, but is
for monoids, and indeed whenever A and B are contained in A×B; the converse is also
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true for semigroups for somewhat non-obvious reasons [8]. The situation for residual
finiteness of free products is exactly reverse: if the free product A∗B is residually finite,
then so are A and B, because they are contained in A ∗B. The converse is not true in
general, is true for monoids, but we have not been able to find it in literature. It is a
special case of our main theorem in this paper. Green [9] showed that graph products
of groups are residually finite if and only if each vertex group is residually finite; the
proof relies on group-theoretic arguments, not available for arbitrary monoids.

The thrust of this paper is to prove the following result (see Theorem 5.1).

Theorem. Any graph product of monoids is residually finite if and only if each vertex

monoid is residually finite.

We present a number of corollaries, including the corresponding result for semigroups.

The structure of this paper is as follows. In Section 2 we set out the background notions
needed for this article, including the notion of left Foata normal form for elements of
graph products. Section 3 introduces the notion of block length of words and elements
of graph products, and examines the behaviour of block length under composition. In
Section 4 we turn our attention to a special case of our main theorem and show that
graph products of finite monoids are residually finite. We then are able to complete our
main theorem, and the desired corollaries, in Section 5.

2. Preliminaries

To keep this article as self-contained as possible, here we run through the main concepts
required. For more details, we recommend [1, 10].

2.1. Monoid presentations. Let X be a set. The free monoid X∗ on X consists of
all words over X with operation of juxtaposition. We denote a non-empty word by
x1 ◦ · · · ◦ xn where xi ∈ X for 1 ≤ i ≤ n; here n is the length of the word. We also
use ◦ for juxtaposition of words. The empty word is denoted by ǫ and is the identity of
X∗. Throughout, our convention is that if we say x1 ◦ · · · ◦xn ∈ X∗, then we mean that
xi ∈ X for all 1 ≤ i ≤ n, unless we explicitly say otherwise.

A monoid presentation 〈X | R〉, where X is a set and R ⊆ X∗ × X∗, determines the
monoid X∗/R♯, where R♯ is the congruence on X∗ generated by R. In the usual way,
we identify (u, v) ∈ R with the formal equality u = v in a presentation 〈X | R〉. We
denote elements of the quotient by [w], where w ∈ X∗.

2.2. Graph products of monoids. In this article, all graphs are simple, that is, they
are undirected with no multiple edges or loops. Let Γ = (V,E) be a graph; here V is
the non-empty set of vertices and E is the set of edges of Γ. We denote an edge joining
vertices α and β by (α, β) or (since our graph is undirected) by (β, α).

Let M = {Mα : α ∈ V } be a set of monoids. The direct product
∏

α∈V Mα of M is
the monoid where the underlying set consists of all functions f : V →

⋃

α∈V Mα such
that αf ∈ Mα for all α ∈ V and the multiplication is defined to be fg : V →

⋃

α∈V Mα
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such that α(fg) = (αf)(αg) for all α ∈ V . The restricted direct product of M is
the submonoid of

∏

α∈V Mα consisting of those elements f : V →
⋃

α∈V Mα such that
|{α ∈ V : αf 6= 1α}| < ∞. We note that if |V | < ∞, then the two products coincide.
The definition of the free product of the monoids in the set M = {Mα : α ∈ V }, and
its universal properties, may be found in [1] and [10]. We do not give details here since
free products are immediately obtained as a special case of the following.

Definition 2.1 ([9, 2]). Let Γ = (V,E) be graph and let M = {Mα : α ∈ V } be a set
of mutually disjoint monoids. For each α ∈ V , we write 1α for the identity of Mα and
put I = {1α : α ∈ V }. The graph product G P = G P(Γ,M) of M with respect to Γ is
defined by the monoid presentation

G P = 〈X | R〉

where X =
⋃

α∈V Mα and the relations in R = Rid ∪Rv ∪Re are given by:

Rid = {1α = ǫ : α ∈ V },
Rv = {x ◦ y = xy : x, y ∈Mα, α ∈ V },
Re = {x ◦ y = y ◦ x : x ∈Mα, y ∈Mβ , (α, β) ∈ E)}.

The monoids Mα in Definition 2.1 are referred to as vertex monoids. We may also say
for brevity that G P(Γ,M) is the graph product of the monoids Mα, α ∈ V . We denote
the R♯-class of u ∈ X∗ by [u].

Remark 2.2. Let M = {Mα : α ∈ V } be a set of mutually disjoint monoids.

• If E = ∅, then the graph product G P(Γ,M) is the free product of the monoids
in M.

• If E = V × V , then the graph product G P(Γ,M) is isomorphic to the restricted
direct product of the monoids in M, and so to the direct product in the case where
|V | <∞.

• If the monoids in M are all free monoids, then G P is a trace monoid (see, for
example, [4]).

• If the monoids in M are all free groups, then G P is a free partially commutative

group, or, in the case where Γ is finite and each vertex group is finitely generated,
a right angled Artin group (see, for example, [5]).

For the remainder of this section we consider the monoid G P = G P(Γ,M), and give
some of its properties that will be needed in the proof of our main result. We begin
with a couple of universal properties.

Lemma 2.3. ([6, Proposition 1.7]) Suppose {Nα : α ∈ V } is another set of mutually

disjoint monoids, and φα : Mα → Nα, α ∈ V , are morphisms. Then there is a unique

morphism φ : G P(Γ,M) → G P(Γ,N ) such that mαφ = mαφα for all α ∈ V and

mα ∈Mα. �

Lemma 2.4. ([3, Proposition 2.3]) Let V ′ ⊆ V , let Γ′ = (V ′, E′) be the induced subgraph

of Γ on V ′, and let M′ = {Mα : α ∈ V ′}. Then G P(Γ′,M′) is a retract of G P(Γ,M).
�
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2.3. Reduced words.

Definition 2.5. We refer to an application of a relation in Re to a word w ∈ X∗ as a
shuffle. Two words in X∗ are shuffle equivalent if one can be obtained from the other
by shuffles.

Definition 2.6. We refer to an application of a relation in R to a word w ∈ X∗ that
reduces the length of w as a reduction. A word w ∈ X∗ is reduced if it is not possible to
apply a reduction step to any word shuffle equivalent to w.

Note that a reduction is either an application of a relation from Rid replacing 1α by ǫ,
or an application of a relation from Rv replacing x ◦ y by xy.

The following is key. It appears for groups in [9]; several subsequent papers have noted
the result for monoids e.g. [2, 6].

Theorem 2.7. ([2, Theorem 5.5]) Every element of X∗ is equivalent to a reduced word.

If w, v are reduced words, then w is equivalent to v if and only if w and v are shuffle

equivalent. �

Definition 2.8. If u,w ∈ X∗ with [u] = [w] and such that w is reduced, then we say
that w is a reduced form of u.

It follows from Theorem 2.7 that all reduced forms of u ∈ X∗ are shuffle equivalent and
hence have the same length as words in X∗. We now proceed to show that amongst the
reduced forms of u we can pick words with useful properties.

2.4. Foata normal form.

Definition 2.9. Let w = x1 ◦ · · · ◦xn ∈ X∗ with xi ∈Mαi
for all 1 ≤ i ≤ n. We call the

set {α1, . . . , αn} the support of w and denote it by supp(w). If supp(w) is a singleton,
i.e. supp(w) = {α}, then for the sake of notational convenience we may identify supp(w)
with the vertex α.

Definition 2.10. A reduced word w ∈ X∗ is called a complete block if the subgraph of
Γ induced by supp(w) is complete.

Remark 2.11. A word w ∈ X∗ is a complete block if and only if supp(w) is a complete
subgraph, no letters in w are from I and for each α ∈ supp(w) there exists a unique
letter contained in w with support α.

Definition 2.12. A word w ∈ X∗ is a left Foata normal form with blocks wi ∈ X∗,
1 ≤ i ≤ k, if the following three conditions are satisfied:

(i) w = w1 ◦ · · · ◦ wk is a reduced word;

(ii) wi is a complete block for all 1 ≤ i ≤ k;

(iii) for any 1 ≤ i < k and α ∈ supp(wi+1), there is some β ∈ supp(wi) such that
(α, β) 6∈ E.

If [u] = [w] where w is a left Foata normal form, then we may say w is a left Foata

normal form of u. Sometimes we will abbreviate the term left Foata normal form to
LFNF.
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Note that the empty word ǫ is a LFNF by definition.

Theorem 2.13 ([3]). Every element w of X∗ has a LFNF w1 ◦w2 ◦ · · · ◦wk, with blocks

wi for 1 ≤ i ≤ k.

If w′

1 ◦ w
′

2 ◦ · · · ◦ w
′

h is any LFNF of w with blocks w′

j for 1 ≤ j ≤ h, then k = h and

[wi] = [w′

i] for 1 ≤ i ≤ k. �

Theorem 2.13 allows us to define the left block length ℓlΓ(u) of u ∈ X∗ as the number of

blocks of any LFNF of u; where the graph Γ is understood, we write more simply ℓl(u).
The notion of right Foata normal form is defined in a dual way and we may define the
right block length ℓrΓ(u), or ℓ

r(u) of u ∈ X∗. In fact, these are equal, and equal to a
further useful parameter, as we will show in the next section.

3. Block length

Throughout this section we consider a graph product G P = G P(Γ,M).

Proposition 3.1. Let u be a reduced word written as a product u = u1 ◦ · · · ◦ un such

that each ui is a complete block. Then ℓl(u) ≤ n.

Proof. We suppose that the assertion is not true, and pick a counter-example u =
u1 ◦ · · · ◦ un where n is as small as possible, and, for that n, the length of un is as small
as possible. Let p1 ◦ · · · ◦ pm be a LFNF of u1 ◦ · · · ◦ un−1 with blocks p1, . . . , pm. Then
m ≤ n − 1. Consider p1 ◦ · · · ◦ pm ◦ un. If m < n − 1 we obtain a contradiction by the
minimality of n. If m = n− 1 and there is a letter x in un such that supp(x) is adjacent
to all vertices in supp(pm), then we have a contradiction to the minimality of un. In the
remaining case, p1 ◦ · · · ◦ pm ◦un is a LFNF of u and so ℓl(u) = n, which contradicts the
choice of counter-example. The result follows. �

The dual to Proposition 3.1 holds for right block length.

From Proposition 3.1 and its dual we deduce the main result of this section.

Theorem 3.2. Let w ∈ X∗ be a reduced word. Then ℓl(w) = ℓr(w) and is the least

number of complete blocks whose product is equivalent to w.

Definition 3.3. For any reduced word w ∈ X∗ we write ℓ(w) for ℓl(w) = ℓr(w) and refer
to ℓ(w) as the block length of w. More generally, for any u ∈ X∗ we define ℓ(u) = ℓ(w)
where w is any reduced form of u, and again refer to ℓ(u) as the block length of u.

We note in passing that for the case of graph products of semigroups (which we will
consider in Section 5) the fact that ℓl(w) = ℓr(w) appears in [16, Lemma 3.8].

We now want to examine what happens to the block length of a word when multiplied
by a single letter, for which we need a bit of preparation.

Lemma 3.4. Let x1 ◦ · · · ◦ xn ∈ X+ be a reduced word. If there exists 1 ≤ k ≤ n such

that (supp(xk), supp(xj)) ∈ E for all k < j ≤ n, then x1 ◦ · · · ◦ xk−1 ◦ xk+1 ◦ · · · ◦ xn is

also reduced.
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Proof. Clearly, x1◦· · ·◦xn is shuffle equivalent to x1◦· · ·◦xk−1◦xk+1◦· · ·◦xn◦xk, implying
that x1◦· · ·◦xk−1◦xk+1◦· · ·◦xn◦xk is reduced. Hence so is x1◦· · ·◦xk−1◦xk+1◦· · ·◦xn. �

Lemma 3.5. Let w = w1 ◦ · · · ◦wk be a LFNF with blocks wi, 1 ≤ i ≤ k. Let 1 ≤ j ≤ k
and let t ∈Mα be a letter appearing in wj.

(i) Suppose that (α, β) ∈ E for all β ∈ supp(wj+1 ◦ · · · ◦wk), and let w′

j be obtained from

wj by deleting t. If w′

j 6= ǫ, then w1 ◦ · · · ◦ wj−1 ◦ w
′

j ◦ wj+1 ◦ · · · ◦ wk is a LFNF with

blocks w1, . . . , wj−1, w
′

j , wj+1, . . . , wk. Further, w′

j = ǫ can only occur if j = k.

(ii) Let w′

j be obtained from wj by replacing t by any z ∈ Mα \ {1α}. Then w1 ◦ · · · ◦

wj−1 ◦ w
′

j ◦ wj+1 ◦ · · · ◦ wk is a LFNF with blocks w1, . . . , wj−1, w
′

j , wj+1, . . . , wk.

Proof. We begin by remarking that t is the unique letter of wj with support α.

(i) We first verify the second claim. Suppose that j < k and w′

j = ǫ, that is, wj = t. It
follows that

w = w1 ◦ · · · ◦ wj−1 ◦ (t ◦ wj+1) ◦ · · · ◦ wk

is a decomposition of w into k − 1 complete blocks, contradicting Theorem 3.2. Hence,
if w′

j = ǫ, then j = k.

Now suppose that w′

j 6= ǫ. By Lemma 3.4, deleting the letter t, and bearing in mind

that wj is a complete block, we obtain that w1 ◦ · · · ◦ wj−1 ◦ w′

j ◦ wj+1 ◦ · · · ◦ wk is

reduced. Since w is a LFNF, for each β ∈ supp(wj+1), there exists δ ∈ supp(wj) such
that (β, δ) /∈ E. Further, as (supp(t), γ) ∈ E for all γ ∈ supp(wj+1 ◦ · · · ◦wk), we deduce
that δ 6= supp(t), so that δ ∈ supp(w′

j), implying that w1 ◦ · · · ◦wj−1 ◦w
′

j ◦wj+1 ◦ · · · ◦wk

is a LFNF.

(ii) The proof is immediate. �

We can now state and prove three results which describe the effect on a LFNF and block
length of multiplication by a single letter.

Lemma 3.6. Let w = w1 ◦ · · · ◦ wk be a LFNF with blocks wi, 1 ≤ i ≤ k, and let

x ∈ X\I. Then ℓ(w ◦ x) = k + 1 if and only if supp(wk ◦ x) is an incomplete subgraph,

in which case

w1 ◦ · · · ◦ wk ◦ x

is a LFNF for w ◦ x with blocks wi, . . . , wk, x.

Proof. Suppose supp(x) = {α}, i.e. x ∈ Mα. If supp(wk ◦ x) is incomplete, then
α /∈ supp(wk) and there exists β ∈ supp(wk) such that (α, β) /∈ E, implying that w ◦ x
is reduced. Further, w1 ◦ · · · ◦ wk ◦ x is a LFNF with blocks w1, . . . , wk, x. Conversely,
if supp(wk ◦ x) is complete, then from Theorem 3.2, ℓ(w ◦ x) ≤ k. �

Lemma 3.7. Let w = w1 ◦ · · · ◦ wk be a LFNF with blocks wi, 1 ≤ i ≤ k, and let

x ∈Mα \ {1α}. Suppose that supp(wk ◦ x) is a complete subgraph.

(i) We have that ℓ(w ◦ x) = k − 1 if and only if supp(wk) = {α} and wkx = 1α in Mα,

in which case w1 ◦ · · · ◦ wk−1 is a LFNF for w ◦ x with blocks wi, 1 ≤ i ≤ k − 1.
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(ii) Otherwise, ℓ(w ◦ x) = k and w ◦ x has a LFNF w1 ◦ · · · ◦ wi−1 ◦ w
′

i ◦ wi+1 ◦ · · · ◦ wk

with blocks w1, . . . , wi−1, w
′

i, wi+1, . . . , wk, where 1 ≤ i ≤ k and w′

i 6= ǫ is a reduced form

of wi ◦ x.

Proof. If w ◦ x is not reduced, then there exists 1 ≤ i ≤ k and a letter y in wi such that
y ∈ Mα and (α, β) ∈ E for all β ∈ supp(wi+1 ◦ · · · ◦ wk). Let w′

i be a reduced form of
wi ◦ x. If yx = 1α, then w′

i is obtained by deleting y from wi. If yx 6= 1α, then w
′

i is
obtained by replacing y by yx in wi.

By Lemma 3.5, the case w′

i = ǫ can only occur if i = k. In this case, w1 ◦ · · · ◦ wk−1 is
a LFNF for w ◦ x with blocks w1, . . . , wk−1. Otherwise, w′

i 6= ǫ, and from Lemma 3.5
w ◦ x has a LFNF

w1 ◦ · · · ◦ wi−1 ◦ w
′

i ◦ wi+1 ◦ · · · ◦ wk

with blocks w1, . . . , wi−1, w
′

i, wi+1, . . . , wk.

If w ◦ x is reduced, then α /∈ supp(wk). Further, as supp(wk ◦ x) is complete, we have
that (α, β) ∈ E for all β ∈ supp(wk). Let 1 ≤ i ≤ k be the smallest such that (α, β) ∈ E
for all β ∈ supp(wi ◦ · · · ◦ wk). Then

w1 ◦ · · · ◦ wi−1 ◦ (wi ◦ x) ◦ wi+1 ◦ · · · ◦ wk

is a LFNF of w ◦ x with blocks w1, . . . , wi−1, wi ◦ x,wi+1, . . . , wk. �

Corollary 3.8. Let w be a LFNF of block length k and let x, y ∈ Mα\{1α}. Then

ℓ(w ◦ x) ≤ k if and only if ℓ(w ◦ y) ≤ k. �

4. The finite case

The main step in the proof of our main theorem is to deal with the special case of a
graph product G P = G P(Γ,M) where both the graph Γ and all the vertex monoids
in M are finite. This is the subject of this section, and so these assumptions will apply
throughout.

In outline, we will define actions of the vertex monoids of G P on a finite set Fk. These
actions will extend to an action of G P itself, and hence they will induce a morphism
from G P to the finite full transformation monoid on Fk. We will then show how to pick
a suitable k so that the morphism separates pairs of distinct elements of G P having
block length no greater than k.

Before we embark on this, we briefly review the basic definitions and notation for actions.

Definition 4.1. Let M be a monoid and let A be a non-empty set. An action of M on
A is a map ∗ : A×M → A, where (a,m) 7→ a ∗m, such that for all a ∈ A and s, t ∈M
we have a ∗ 1 = a and (a ∗ s) ∗ t = a ∗ st.

An action of M on A corresponds precisely to a monoid morphism M → TA, where TA
is the full transformation monoid of all maps from A to A. Further details may be found
in the standard text [11].
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Lemma 4.2. Let k ∈ N and let

Fk = {[w] ∈ G P : ℓ(w) ≤ k}.

Each vertex monoid Mα acts on Fk via:

[w] ∗ x =

{

[w ◦ x] if ℓ(w ◦ x) ≤ k,

[w] if ℓ(w ◦ x) = k + 1.

Proof. Let m ≤ k and let w = w1 ◦ · · · ◦ wm be a LFNF with blocks wi, 1 ≤ i ≤ m.

Clearly, [w ◦ 1α] = [w], so that ℓ(w ◦ x) = ℓ(w) ≤ k, and hence

[w] ∗ 1α = [w ◦ 1α] = [w].

Let x, y ∈Mα. We must show that ([w] ∗ x) ∗ y = [w] ∗ xy.

If x = 1α or y = 1α, then the claim is clearly true. Assume therefore that x, y 6= 1α.

By Lemmas 3.6 and 3.7 we have that ℓ(w ◦ x) ≤ m + 1. Hence, if m ≤ k − 1, then
ℓ(w ◦ x), ℓ(w ◦ y) and ℓ(w ◦ x ◦ y) = ℓ(w ◦ xy) are all no greater that m+ 1 ≤ k, so that
in this case,

([w] ∗ x) ∗ y = [w ◦ x] ∗ y = [w ◦ x ◦ y] = [w ◦ (xy)] = [w] ∗ (xy).

Suppose that m = k. If ℓ(w ◦ x) = k+ 1, then by Corollary 3.8 we have that ℓ(w ◦ y) =
k + 1, and if xy 6= 1α, then also ℓ(w ◦ xy) = k + 1. Hence, whether or not we have
xy 6= 1α, we deduce

([w] ∗ x) ∗ y = [w] ∗ y = [w] = [w] ∗ (xy). �

The above action of each Mα induces a morphism from Mα to TFk
. We now aim to

show that this induces a morphism from the entire G P to TFk
. The key step is the

following lemma, which shows that the defining relations Re are respected by the actions
of the Mα.

With some abuse of notation we use ∗ for the action of any Mα on Fk. It will always be
clear from the context to which specific action ∗ refers.

Lemma 4.3. If x ∈Mα and y ∈Mβ and (α, β) ∈ E, then

([w] ∗ x) ∗ y = ([w] ∗ y) ∗ x

for all [w] ∈ Fk.

Proof. Without loss of generality we may assume that w = w1 ◦ · · · ◦wm is a LFNF with
blocks wi, 1 ≤ i ≤ m ≤ k. Clearly, the result is true if either x = 1α or y = 1β.

Suppose that x, y /∈ I. We split our considerations into cases depending on ℓ(w ◦x) and
ℓ(w ◦ y).

Case 1: ℓ(w ◦ x) = k + 1 and ℓ(w ◦ y) = k + 1. We have [w] ∗ x = [w] and [w] ∗ y = [w],
and so

([w] ∗ x) ∗ y = [w] ∗ y = [w] = [w] ∗ x = ([w] ∗ y) ∗ x.
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Case 2: ℓ(w ◦ x) ≤ k and ℓ(w ◦ y) = k+1. This time [w] ∗ x = [w ◦ x] and [w] ∗ y = [w].
It follows from Lemmas 3.6 and 3.7 that m = ℓ(w) = k and that supp(wk ◦ y) is
incomplete. If ℓ(w ◦ x) = k − 1, then, by Lemma 3.7, we have supp(wk) = {α} and
wkx = 1α. On the other hand, as ℓ(w ◦ y) = k + 1, we have that supp(wk ◦ y) is
incomplete, again, by Lemma 3.7. But this contradicts the assumption that (α, β) ∈ E.
Therefore, ℓ(w ◦ x) = k. It follows from Lemma 3.7 that w ◦ x has a LFNF

w1 ◦ · · · ◦ wi−1 ◦ (wi ◦ x)
′ ◦ wi+1 ◦ · · · ◦ wk

(wi ◦ x)
′ 6= ǫ is a reduced form of wi ◦ x for some 1 ≤ i ≤ k. If i < k, then we

know supp(wk ◦ y) is incomplete. If i = k, then supp(w′

k) is equal to one of supp(wk),
supp(wk) ∪ {α} or supp(wk) \ {α}; but as (α, β) ∈ E we have in any of these cases that
supp(w′

k ◦ y) is incomplete. It follows that ℓ(w ◦ x ◦ y) = k + 1. Then

([w] ∗ x) ∗ y = [w ◦ x] ∗ y = [w ◦ x] = [w] ∗ x = ([w] ∗ y) ∗ x.

Case 3: ℓ(w ◦ x) = k + 1 and ℓ(w ◦ y) ≤ k. This is dual to Case 2.

Case 4: ℓ(w ◦ x) ≤ k and ℓ(w ◦ y) ≤ k. We have [w] ∗ x = [w ◦ x] and [w] ∗ y = [w ◦ y].
We claim that

ℓ(w ◦ x ◦ y) = ℓ(w ◦ y ◦ x) ≤ m+ 1 ≤ k. (1)

To see this, first suppose that m < k. Then [w ◦ x ◦ y] = [w1 ◦ · · · ◦ wm ◦ (x ◦ y)] =
[w1 ◦ . . . wm ◦ (y ◦ x)] = [w ◦ y ◦ x]. Certainly supp(x ◦ y) is a complete block since
(α, β) ∈ E, and (1) follows by Theorem 3.2. Next, suppose that m = k. By Lemma 3.7
we know that supp(wk ◦ x) and supp(wk ◦ y) are complete graphs. Then, again since
(α, β) ∈ E, we have that supp(wk ◦ x ◦ y) and supp(wk ◦ y ◦ x) are complete graphs, so
their (common) reduced form is a complete block. Hence (1) follows using Theorem 3.1.

Having established (1), we have

([w] ∗ x) ∗ y = [w ◦ x] ∗ y = [w ◦ x ◦ y] = [w ◦ y ◦ x] = [w ◦ y] ∗ x = ([w] ∗ y) ∗ x,

completing the proof of this case and the lemma. �

Let us denote by θα the morphism Mα → T induced by the action of Mα on Fk; thus

[w](xθα) = [w] ∗ x ([w] ∈ Fk, x ∈Mα).

We let θ : X → TFk
be

⋃

α∈V θα.

Proposition 4.4. Let k ∈ N. Then there is a morphism Θ : G P → TFk
given by

[w]([u]Θ) = [w](x1θ)(x2θ) . . . (xmθ) where u = x1 ◦ x2 ◦ · · · ◦ xm ∈ X∗.

Proof. Since X∗ is free on X, the map θ lifts to a morphism θ′ : X∗ → Fk, where
(x1 ◦x2 ◦ · · · ◦xm)θ′ = (x1θ)(x2θ) . . . (xmθ). To show that θ′ induces Θ as given, we need
only show that the relations R = Rid ∪Rv ∪Re ⊆ ker θ′. The fact that Rid ∪Rv ⊆ ker θ′

follows from Lemma 4.2 and the fact that Re ⊆ ker θ′ from Lemma 4.3. �

Note that in the language of actions, Proposition 4.4 says that G P acts on Fk by

[w] ∗ [u] = [w] ∗ x1 ∗ x2 ∗ · · · ∗ xn, where u = x1 ◦ x2 ◦ · · · ◦ xm ∈ X∗.
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Proposition 4.5. Any graph product of finite monoids with respect to a finite graph is

residually finite.

Proof. Let G P be a finite graph product of finite monoids. Let [u] and [v] be distinct
elements of G P; we may assume that u and v are reduced. Choose k to be the greater
of ℓ(u) and ℓ(v) and consider the morphism Θ : G P → TFk

from Proposition 4.4. It
follows from Theorem 3.2 that for any w ∈ X∗ where u = w ◦ t or v = w ◦ t, we have
that ℓ(w) ≤ k. Consequently, writing u = u1 ◦ · · · ◦ uh ∈ X∗, we see that

[ǫ]([u]Θ) = [ǫ](u1θ ◦ · · · ◦ uhθ) = [ǫ] ∗ u1 ∗ u2 ∗ · · · ∗ uh

= [u1] ∗ u2 ∗ · · · ∗ uh = [u1 ◦ u2] ∗ · · · ∗ uh = · · · = [u1 ◦ · · · ◦ uh] = [u].

Similarly, [ǫ]([v]Θ) = [v] and since [u] 6= [v] we obtain that [u]Θ 6= [v]Θ, as required. �

5. The main results

We can now prove our main result.

Theorem 5.1. Any graph product of monoids is residually finite if and only if each

vertex monoid is residually finite.

Proof. Let G P = G P(Γ,M) be a graph product of monoids, with Γ = (V,E) and
M = {Mα : α ∈ V }. As already mentioned in the Introduction, the ‘only if’ part follows
from the fact that all Mα embed into G P. For the ‘if’ part, suppose that all Mα are
residually finite. Let [v] and [w] be distinct elements of G P. We may assume that
v = x1 ◦ · · · ◦ xn, w = y1 ◦ · · · ◦ ym ∈ X∗ are reduced. Let V ′ = supp(v) ∪ supp(w) and
let Y = {x1, . . . , xn, y1, . . . , ym}. For each α ∈ V ′ the residual finiteness of Mα allows us
choose a finite monoid M ′

α and a morphism θα :Mα →M ′

α which separates the distinct
elements of (Mα ∩ Y ) ∪ {1α}. For α /∈ V ′ we let M ′

α = Mα and let θα : Mα → Mα

be the identity morphism. Let G P ′ = G P(Γ,M′) where M′ = {M ′

α : α ∈ V }. By
Lemma 2.3, G P ′ is a morphic image of G P via the morphism θ which extends each θα.

We claim that [v]θ 6= [w]θ. Clearly, [v]θ = [x1θ ◦ · · · ◦ xnθ], [w]θ = [y1θ ◦ · · · ◦ ymθ] and
x1θ ◦ · · · ◦ xnθ, y1θ ◦ · · · ◦ ymθ are reduced words. If [v]θ = [w]θ, then we would be able
to shuffle x1θ ◦ · · · ◦ xnθ to y1θ ◦ · · · ◦ ymθ by Theorem 2.7. Hence, by a corresponding
sequence of moves, we could shuffle x1◦· · ·◦xn to y1◦· · ·◦ym, a contradiction. Therefore,
[v]θ 6= [w]θ, as claimed.

Let Γ′ = (V ′, E′) be the induced subgraph on V ′. By Lemma 2.4 there exists a retraction
φ : G P

′ → G P ′′ , where M′′ = {M ′

α : α ∈ V ′} and G P ′′ = G P(Γ′,M′′). By
construction, we have [v]θφ 6= [w]θφ.

Note that G P ′′ is a graph product of finite monoids with respect to a finite graph.
Hence it is residually finite by Proposition 4.5. Thus there exist a finite monoid M and
a morphism ψ : G P ′′ →M such that [v]θφψ 6= [w]θφψ. But then the composition θφψ
is a morphism from our original graph product G P into the finite monoidM separating
[v] and [w], and the theorem is proved. �
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We record the following immediate consequence:

Corollary 5.2. A free product or a restricted direct product of monoids is residually

finite if and only if each vertex monoid is residually finite. �

As commented in the Introduction, the result for finite direct products follows from
generic considerations. The result for free products does not seem to have appeared
in literature. The result for residual finiteness of graph products of groups appears in
[9]; in contrast to the argument there, our proof for monoids does not require any tools
specific for groups.

We now briefly consider the notion of a graph product of semigroups (see [3]). Here we
start with a semigroup presentation, which is a quotient of the free semigroup X+ =
X∗ \ {ǫ} on a set X.

Definition 5.3. Let Γ = (V,E) be graph and let S = {Sα : α ∈ V } be a set of mutually
disjoint semigroups. The graph product G P = G P(Γ,S) of S with respect to Γ is
defined by the semigroup presentation

G P = 〈X | R〉

where X =
⋃

α∈V Sα and the relations in R = Rv ∪Re are given as in Definition 2.1.

Corollary 5.4. Any graph product of semigroups is residually finite if and only if each

vertex semigroup is residually finite.

Proof. Consider a graph product G P = G P(Γ,S) of semigroups S = {Sα : α ∈ V }.

For each α ∈ V we may embed Sα into a monoid S
1
α

α where 1α is an adjoined identity.
From [3, Proposition 7.3], there is a semigroup embedding of GP into GP ′ = G P(Γ,M)

where M = {S
1
α

α : α ∈ V }.

If each semigroup Sα is residually finite, then so is each monoid S
1
α

α and hence from
Theorem 5.1, so is GP ′. But, GP embeds into GP ′, so that GP is residually finite.

Conversely, if GP is residually finite, then as each Sα embeds into GP , so is each Sα. �

Again, we obtain the following immediate consequence:

Corollary 5.5 (Golubov [7]). A free product of semigroups is residually finite if and

only if all the vertex semigroups are residually finite. �

We also remark that a finite direct product of semigroups is not realised by a graph
product, and the notion of restricted direct product cannot be formulated, since there
are no given identities. We observe, however, that it is shown in [13] that a finite direct
product of semigroups is residually finite if and only if each constituent semigroup is
residually finite.
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