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RECTANGULAR SHRINKING TARGETS FOR Z™ ACTIONS ON TORI:
WELL AND BADLY APPROXIMABLE SYSTEMS

V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

ABSTRACT. In this paper we investigate the shrinking target property for irrational rota-
tions. This was first studied by Kurzweil (1951) and has received considerable interest of
late. Using a new approach, we generalize results of Kim (2007) and Shapira (2013) by
proving a weighted effective analogue of the shrinking target property. Furthermore, our
results are established in the much wider S-arithmetic setting.

1. INTRODUCTION

The shrinking target problem for a dynamical system typically seeks to study visits of
orbits of the dynamical system to some neighbourhoods of a point (regarded as ‘targets’)
whose sizes are ‘shrinking’ over ‘time’ as the orbits evolve. It is a manifestation of the chaotic
behaviour of the dynamical system and is closely connected to questions in Diophantine
approximation. This paper is devoted to perhaps the oldest and simplest example of the
shrinking target problem, namely the case of irrational rotations on the circle, or more
generally, Z™ actions on tori. The ‘targets’ in this case are the neighbourhoods of a point on
the torus and the problem is to hit shrinking balls around this point by orbits of an irrational
rotation. This problem is closely connected to inhomogeneous Diophantine approximation.
The subject can be said to have started with a result of Kurzweil [9] who provided a necessary
and sufficient condition on the rotation angle to ensure that a Borel-Cantelli style ‘0-1" law
holds in this setting. More recently, in [5], Kim proved the following beautiful result.

Theorem 1.1. Let 6 be any irrational number. For almost every s € R we have

lim inf n min [nf — b — s| = 0.
n—00 beZ

Kim used techniques from the theory of continued fractions, specifically the Ostrowski
expansion, and also obtained further refinements in [6]. See also [12, 8] and [10] for recent
developments in this direction. A higher dimensional version of Kim’s result was proved by
Shapira [11] using the tools of homogeneous dynamics, namely the classification of divergent
orbits for diagonal flows on the space of lattices and considerations from the geometry of num-
bers. The irrationality condition, imposed by Kim in the one dimensional case, is replaced
with a non-singularity condition in higher dimensions, see Definition 1.2 below. However,
note that non-singularity coincides with irrationality in the one dimensional setting. We will
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2 V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

provide a bi-fold generalization of Kim’s result as well as Shapira’s result by firstly establish-
ing the corresponding shrinking target property for rectangular targets (defined by weights)
and secondly considering the much wider S-arithmetic setting. Our methods differ from
those of Kim and Shapira; we rely on a softer approach using the technology of ‘constant
invariant limsup sets’ developed in our paper [1].

In recent years, the shrinking target problem for Z™ actions on tori has received consid-
erable attention from both the dynamical systems as well as the number theory community.
In addition to the works cited above, [2, 13, 4, 7, 8] deal with Hausdorff dimension questions
related to circle rotations and inhomogeneous Diophantine approximation. There have also
been several developments on the ‘badly approximable’ problem beginning with [3].

1.1. Real tori: a special case. We begin by stating a special case of our main theorem,

namely a weighted generalization of Shapira’s theorem. Let 7 = (7,...,7,) € RZ, and
n = (m,....nm) € RY) be n- and m-tuples of non negative real numbers that will be

referred to as weights. We will assume throughout that

n m
D=2
i=1 j=1

Given vectors x = (z1,...,2,) € R" and y = (y1,...,ym) € R™, we define the following
quasi-norms associated with the weights:
- 1/7 o 1/n;
x| = moax [/ and [yl = max |yl

In weighted Diophantine approximation, one replaces the usual supremum norms with
weighted quasi-norms as above. With this notation, we can now state a weighted analogue
of Dirichlet’s theorem. The proof follows from the usual argument using Minkowski’s convex
body theorem.

Weighted Dirichlet’s theorem: Let 7 and n be as above. Then for any real m x n matrix
a = (a;;) and any H > 1 there exists (a,b) € Z™" with a # 0 such that

lacc —b|, < H* and lal, < H. (1)

Similarly, one can define a weighted analogue of singular vectors and non-singular vectors.

Definition 1.2. An m X n real matrix a will be called (7, n)-singular if for any € > 0 there
exists Hy such that for all H > H, there exists (a,b) € Z™*" with a # 0 satisfying

lacc — b|, < eH ! and lal, < H. (2)
Otherwise, a will be called (7, n)-non-singular.

We are now ready to state the following weighted generalisation of the Kim-Shapira the-
orem.

Theorem 1.3. Let 7 and m be as above and o be any real m X n matriz which is (T,1)-
non-singular. Then for almost every v € R™ we have that for any € > 0 there are infinitely
many H € N such that

lacc —b — |, <cH™* and lal, < H, (3)
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RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 3

or equivalently
lim inf |a|77 mm lacc = b — | =0. (4)
|aln—o0
Note that while it may be possible to obtain Theorem 1.3 from the techniques employed
n [11] (by choosing the functions a,.,(t) and P, ,(x,y) appearing in [11, Section 2.2]
appropriately), our methods are entirely different. Even in the unweighted case, our method
gives a new proof of [11, Theorem 3.4]. In Section 3 we sketch a proof of Theorem 1.3.
As mentioned earlier, our main theorem is considerably more general and includes the S-
arithmetic setting. We now introduce this setup and state our main result.

2. S-ARITHMETIC SETUP AND THE MAIN THEOREM

Let S be a collection of valuations of Q with cardinality [ > 1. Let S* = S\{oc}. Let Qg
denote the set of S-arithmetic points, that is

QS = H Qm

ves
where Q, is the completion of Q@ with respect to the absolute value | - |,. In particular, if
v € §* is a prime number p, then Q, = Q, is the field of p-adic numbers, and if v = oo,

then Q, = R. Let
Zs =[] z..

ves
where for v € S* we have that Z, = {x € Q, : |z|, < 1} is the set of v-adic integers, and
Zs = [0,1). Let pug be the S-arithmetic Haar measure, normalised by ps(Zs) = 1. Note
that ug is simply the product of the measures y, over each Q, normalised so that yu,(Z,) = 1
for v € §* with us being Lebesgue measure over R = Q, i.e.

MS:HMV-

vesS
Similarly, in higher dimensional settings, associated with systems of linear forms, let j1g.,xn
denote the Haar measure on Q" normalised by figmxn(Z%") = 1. We will denote any
x € Q" as x = (x,) = (X,)pes, where x, = (;;,,) € Q)'", that is (x; ;,) is an m X n matrix
over @y for each v. Let

(5)

Let 7 = (Tiu)i<i<n,ves and n = (ny)1<e<w be two collections of positive real numbers,
which will be referred to as weights, such that

ZZ%—M—ZW (©)

i=1 vesS

m+n ifooglS,
m if oo € S.

Given weights T = (7, )1<i<n,ves, We define the 7-semi-norm of x € Q% as

1/,
x|, = max max |z 0|, T

Also, when oo € S, we will separate out the weights at the infinite and finite places of S
by introducing 7o := (7i,00)1<i<n and 7% = (7, )1<i<npes+. The following is an S-arithmetic
version of Dirichlet theorem with weights, see for example [1, Corollary 6.3].
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4 V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

Theorem 2.1. Let T = (T, )1<i<n,ves and M = (Mo)1<e<w be two collections of weights
satisfying (6). Then for any x = (x;;,) € ZJ" and any H > 1 there ezists (a,b) =
(a1, ..., Qm,b1,...,by,) € Z™ "\ {0} satisfying

1510 + -+ @iy — b, < VH T (1<i<n, veS (7)
|11 + - A Q@i — bi], < H T (1<i<n,v=00) ifoc€eS (8)
jaj| < HY 1<j<m), )
|b;| < H™Mmi (1<i<mn) ifoo & S (10)

Remark 2.2. In the above theorem if oo € S or
Nmgi < ZTLV forall1<i<n (11)

vesS
then for large enough H for any (a,b) € Z™*"\ {0}, inequalities (7)—(10) imply that a # 0.

Next, we define weighted singular and non-singular matrices in the S-arithmetic setting.

Definition 2.3. Let o = () € ZZ" be given. Then a will be called (7,n)-singular if
for any € > 0 there exists Hy > 0 such that for all H > H, there exists (a,b) € Z™*"\ {0}
satisfying

|(a,b)|, ifooégs

—bl, <eH™! d H>
lac bl < ¢ o —{|a\,7 if 00 € 8.

(12)
Otherwise, v will be called (7,n)-non-singular.

Now we are fully ready to state our main Theorem:

Theorem 2.4. Let T and m be as above and o be any m X n matriz with entries in Qg.
Suppose e is (T,m)-non-singular. Then for almost every v € Q% we have that for any € > 0
there are infinitely many H € N such that for some (a,b) € Z™™ we have that

|(a7b)|"l ZfOO¢S7
—b—7|, <eH™! d H> : 13
lac ¥ <e an > {|a‘n if oo € 5. (13)
Equivalently, for almost every v € Q&% we have that
hargzlgf |a|”£élzr71l lacc — b — |- =0 if oo €8, (14)
and
lim inf —b-— = ) ) 1
Jminf |(a,b)|p lacc — b — | =0 ifoo ¢ S (15)

Remark 2.5. If we have finitely many solutions (a,b) € Z™*" or a € Z™ for oo ¢ S and
oo € S respectively, to (13) for infinitely many H, then acc — b = « for some (a,b) € Z™*",
and there are only countably many such «. Thus, (14)/(15) follows immediately from (13).
The converse in this equivalence is obtained even easier by setting H to be |(a, b)|, or |a|,,
depending on the case we are in, rounded to the next integer.

Prior to embarking onto the proof of the main theorem, in the next section, we sketch
a proof of Theorem 1.3. It reveals the main ideas while avoiding some of the necessarily
technical parts of the proof of Theorem 2.4. In section 4 we introduce a key measure theoretic
tool from our paper [1]. Section 5 is devoted to the proof of the main theorem.
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RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 5

3. A SKETCH OF A PROOF OF THEOREM 1.3

In what follows < will denote the inequality < with an unspecified constant factor, and
= will mean both < and >. Let a be (7, n)-non-singular. Then for arbitrarily large ¢ > 0
the first Minkowski minima of the lattice

gtuaZm+n

is bounded below by a fixed constant, where

= diag{e™, ..., e™ e ™M et

| a Iy
ua=\ 1 ¢ |-

Fix one of these t. Then, by Minkowski’s second theorem, the last minimum of g;uqZ™ "
is bounded above by a constant, say Cy > 0 independent of ¢, and we have a basis of this
lattice

and

vi = giua(agb)’ (1< < m+n)
of vectors in the ball of radius Cy. Then, there are real numbers z1, ..., Z;1, such that

m—+n

Z zve = gi(,0)"
=1

Round each z, to the nearest non-zero integer y, and define

m—+n

= Z yg(ag, bg)T & 7mn

Then
m+n m4+n

gt (@, )" = gi(7,0)"| L = > tegruiala by)" — gi(,0 }:ww a(v, 07" <1
=1 0o 0o

which is the same as the system

m

Z ajo; — by —

J=1

< e it 1<i<n
( )

la;| < e™? (1<j<m).
Setting H =< e’ we get the following version of Dirichlet’s theorem.
Twisted weighted asymptotic Dirichlet for non-singular matrices: Let 7 and 1 be
as above, and a be any (T,m)-non-singular real m X n matriz. Then there is a constant

C > 0 depending on a only and an increasing unbounded sequence of H; > 0 such that for
every H = H; and for every v € R™ there exists (a,b) € Z™™ such that

lacc —b —~v|, < CH™* and lal, < H. (16)
Furthermore, for almost all v there are infinitely many different (a,b) arising from (16).

Theorem 1.3 now follows as a rather straightforward application of Lemma 4.1 below
(which in turn is Lemma 5.7 from [1]). The rather simple details can also be inferred from
the proof of the same ilk in the S-arithmetic setting given in §5.3.
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6 V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

4. AN AUXILIARY RESULT

In this section we introduce an auxiliary result from [1]. Fix an integer n > 1, and for each
1 <i<mnlet (X;,d;,u;) be ametric space equipped with a o-finite Borel regular measure ;.
Let (X, d, p) be the product space with X = [\, X;, = py X -+ X 1, being the product
measure, and

d(xW x®) = max di(zt", 2Py where x) = (29 20) e X for j =1,2.

Lemma 4.1 ([1] Lemma 5.7). Let n € N. For each 1 < j < n let (X;,d;, ;) be a metric
measure space equipped with a o-finite doubling Borel reqular measure pj. Let X = H?Zl X;
be the corresponding product space, d = maxi<j<, d; be the corresponding metric, and p =
H?Zl i be the corresponding product measure. Let (S;)ien be a sequence of subsets of supp

5 5(n)) such that 61@ —0asi— o0

: geee s Ug

and (0;)ien be a sequence of positive n-tuples §; = (
for each 1 < 7 <n. Let

An(S“(SZ) :{XGXI EIaESi dj(aj,.ilfj) <5£j) V1 S]Sn},

where X = (x1,...,2,) and a = (a1,...,a,). Then, for any C = (Cy,...,C,) and ¢ =
(c1,...,6q) with 0 < ¢; < Cj for each 1 <j<n

i—00 i—00

U (limsupAn(Si,Céi) \ limsup An(Si,céi)) =0, (17)

where e8; = (16, ..., c,6™) and similarly C8; = (C1617, ..., Cpo\™).

One can also look at [1, Theorem 4.1] for a more general statement.

5. PROOF OF THEOREM 2.4

First, we prove the following theorem which is a twisted weighted asymptotic Dirichlet for
non-singular matrices.

Theorem 5.1. Let S, T and 1 be as above, and ¢ be any (T,n)-non-singular m x n matriz
over Qg. Then there is a constant C' > 0 depending on a only and an increasing unbounded
sequence (H;)ien of positive integers such that for every i € N and any v € Q% there ezists

(a,b) € Z™*"\ {0} such that
(&, b)l, ifoo ¢S

|al,, if oo € S. (18)

lacc —b — |, < CH;* and H; > {

In what follows, given a lattice I' € R™*™ and a convex body B C R™" symmetric about
the origin,
will denote the Minkowski minima of I' with respect to B, that is

ANi(T, B) :=inf {A > 0 : rank(T N AB) > i} .
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RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 7

5.1. Proof of Theorem 5.1 in the case oo ¢ S. Without loss of generality, we will assume
that a € Z¥™ and v € Z%. For any given € > 0 and H > 1 define

To(e, H) = {(a, b) € Z™" : |ac+bl|, <eH ', |(a,b), <1 forallve 5}. (20)

It is readily seen, as a consequence of the strong triangle inequality for every v € S, that
Ta(e, H) is a sub-lattice of Z™*™. Furthermore, observe that

Vol(R™"/Ta(e, H)) < e ™ "H* [[v™". (21)
veS

Next, let us consider the set
Ky = {(a,b) eR™" : |(a,b)|, < H}
which is obviously convex and symmetric about the origin. Observe that
Vol(Ky) = 2™t"H" . (22)

Since v is (7, m)-non-singular, there exists € > 0 and an unbounded subset H of positive
real numbers such that for any H € H system (12) does not have any non-zero solution
(a,b) € Z™*". This implies that

MTa(e,H),Ky) > 1 forall H e H. (23)

By Minkowski’s second theorem on successive minima, we also have that

Vol(K ) nﬁn N(Tale, H), Kyg) < 2™ "Vol(R™™ Ty (2, H)).

=1
Hence, by Equations (19), (21), (22) and (23), for any H € H we have that
/\m+n(ra(€’H)7KH> S C10 = E—m—nHljm-I—Zn' (24)

ves

Fix any H € H. Then, by (24), there are m+n linearly independent vectors {(al®, b®))} 7"
in 'n(e, H) N CyKp. Hence, by (24) and the definitions of Ky and I'n (e, H), K ), we have

that
la¥%a +bY|, <cH™?
o] < CoH™ (1<j<m) 5)
69| < CoHMm+ (1<i<n)
(a9, b)], < 1 (ves).

Recall that for H € H the system (12) does not have a non-zero integer solution. Therefore,
for every £ =1,...,m + n, we have that |(al¥, b(®)|,, > H. This means that

|a§€)| > H"* forsome 1 <j*<m or [b| > H™+* for some 1 < i* < n.

Let us denote this j* or ¢*, which depends on ¢, as £*. So we can rewrite the above equation
as follows,

6] > H'm+e | or |al] > H™. (26)
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8 V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

Now, fix the unique solution (z(?);" € Q7+ to the linear equation

m+n

(0,9) =Y 29(a",p"), (27)
=1
which exists since the vectors {(al®, b®))}7" are linearly independent.

Suppose that |b§1*) > H'"m+1* which is one of the two possibilities in (26) for ¢ = 1. See
Remark 5.2 as to why we can assume this without loss of generality. Then for ¢ =1, ..., m+n,
by the strong approximation theorem we choose ¥ € Q such that

1O — 21T, cg vl < [Lesv it 812 > 0,
O 4 2T, egv| < [Legw, if B9 <0,

28
O — 404 < 1, )
’r(‘)|g <1 forall primes o ¢ S.
Now, define
m+n m+n
- MONG) and b — Z rOp® (29)
=1 =1

which are thus rational vectors. Then

m-+n

aa+b = Z rO(@a®a + b)),

First, we claim that a € Z™. From the last inequalities of (28), (29) and the fact that a¥
and b are integer vectors, we get that

laj, <1 and |b|, <1 for all primes o ¢ S. (30)
Note that, by (27),

m—+n

Y a0l —
(=1

Therefore, by the left hand side of (29), we get that

m4n

a=> (1 —20)al®), (31)

(=1

This, together with the second inequality in (28), implies that |a|g < 1. Combining this
with (30) implies that a € Z™.

Next, by (27) and (29), we have that

m+n m+n m+n

=1 (=1 =1
_l’_

Z )(a¥a + b)),
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RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 9

Hence, using the first inequalities in (25) and the second inequalities in (28), we get from
the above equation that

lacc + b — |, <eH . (32)
Now we write b = acx + b — v + v — aa. Using (30) and (32) together with the fact that

acZm, veZlioac LI, we conclude that b € Z™.
Next, we claim that (a, b) # 0. Note that

m+n

bl* = Z r(@)b&{)
(=1

By the first inequalities in Equation (28), r(® is positive if bg{) is positive and ¥ is non
positive if bgé) is so. Now, since \bgl*)| > H'+1* we are guaranteed that b # 0, which confirms
our claim. Moreover, we get that |by«| > H"+1* which implies there exist infinitely many
(a,b) as solutions.

The last thing to show is that

(a,b)]y < H. (33)
By the second and third inequalities in Equation (25) and the first inequality in Equation
(28) we get that
laj| <3 H v(in+m)e " H Y 1 < G < m.
ves ves
Similarly, we get
|b;| <3 H vin+m)e ™" H Yyt It ] < g < n.
ves ves
Thus in the view of Equation (32), Equation (33), and the discussion from above, the

proof is complete.

Remark 5.2. We can assume |b§1*)| > H'+1* without loss of generality. If instead we had

|a§1)| > H™* | we will choose r¥) in Equation (28) accordingly. Then a similar process as in
the proof above will imply a # 0.

5.2. Proof of Theorem 5.1 in the case co € S. . Let us denote S* = S\ co. Without loss
of generality, we assume o = (@, @) € ZE* X [0,1)™ and v = (Vs, Yoo) € Z& x [0,1)™.
Let us define the lattice

1
To(e, H) :={(a,b) € Z™" : |ac, + b|,- <eH ' |a|, < — Vv e S*}.
v
Next, let us consider the convex set
Ky = {(a,b) e R™" : |ac,, +bl, <cH ', |a|, < H}.

If a is (7,m)-non-singular then there exists ¢ > 0 and an unbounded subset H of positive
real numbers such that for any H € H system system (12) does not have any non-zero
solution. This implies that,

M(Ta(e, H), Ky) > 1forall H € H. (34)
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10 V. BERESNEVICH, S. DATTA, A. GHOSH, AND B. WARD

Note that
VOl(R™ " [Tq(e, H)) < e Dngm-Xizme TT v,
vesS*
and
Vol(K ) = 2ne™ H ™ 2=t Teoo QM [T,
Hence by Equation (34), we have for any H € H,
Amin(Tale, H), Ky) <" T] v™ (35)
veS*
Fix any H € H. We get m + n many linearly independent {(a), b®)}™1" € T', (e, H) such
that
laYa, + b(£)|,.* <eH™,
la®a, + b Z”Hy eH™,
ves*
|al(f)| S 6—ln H l/man, 1 S k S m (36)
vesS*

1
a¥|, < = Yve s
v

Since {(a'?, b®)} forms a basis in Q7*", there exists a unique solution x = (z)+" € Q"
to the following system.

(1) . (m-+n) T
— (D ... p(mn) a a
(D7&,’1_g7 7) - ('r ’ L ) [ a(l)& + b(l) a(m—i—n)& 4 b(m—l—n) ) (37)
where D € Qg, D, = 0,Vv € S*, and
m+n
Do =H™ + H VZ\agz)]. (38)
vesS* =1
Hence, we have
m+n m+m m+n
v = Z z9(@®a +bf), 0= Z zPa® Vv e §* and Dy = Z 2Walh.
=1 =1 =1
Using the strong approximation theorem, for £ = 1,--- ,m + n we get ) € Q such that
10 20 < T v
vesS*
O — 20| < 1, (39)
r®], <1 forall primes v ¢ S.
Now, let us take a := Y ;1" r@a® b= Y7 " rOb®),
Then
m-+n
ac+b = Z r@®a + b).
First, we claim that a € Z™. From the last inequalities in Equation (39), we get
la|, < 1,|bl, <1Vrés. (40)
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RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 11

Also by Equation (37), a = S r " (r(® — 2{7)a®, v € §*. This, together with the second
inequality in Equation (39), implies
la|s+ < 1. (41)
Hence by Equation (40), and Equation (41), we conclude a € Z™.
Since aa +b — v =Y 7" (r®) — 2)(a® e + b®), using the first inequality in Equation
(36) and the second inequality in Equation (39), we get

lace, + b — v, |~ <eH . (42)

Also, the second inequality in Equation (36) and the first inequality in Equation (39), we
get

|a0tee + b — Yoo|r, <™ H Ve H ! ((n +m) H 1/) : (43)
veS* veS*
where 7.0 = min? , 7; . Since b = aac + b — v + v — aa, using (42) and (42) together with
the fact that a € Z™, ~, € Z%., o, € ZZ", we conclude that b € Z".

Next, we claim that
lal, < H. (44)

Since aj, = > " (10 — x((f)))a,(f) for k =2,--- ,n, by the third inequality in Equation (36)
and the first inequality in Equation (39), we get that

lar < (n+m)e™™ [ v H™, 2 <k <m.

veS*

Also ay =Y jimr )a\” which implies that a; — Do = o — 29)a”. Thus, similarly
to above,

lay| < (n+m)e ™" H VI H™M 4 D < H™

veS*
Note that Dy, = E"(xé@ r0)al? 4 St % and so
m+n m+n m+n
i TS5 o T3 52 vt

ves* (=1 ves* (=1
implying H™ < | S r(z)a§£)| = |ay|. Thus, there are infinitely many a # 0 as solutions.
Therefore, in the view of Equation (42), Equation (43), and Equation (44) the proof is
complete.

5.3. Proof of Theorem 2.4 using Theorem 5.1. Let

_Ja ifoo &€ 5,
¢(a,b) = {(a, b) if oo € S. (45)

For any 6 > 0, let us define

Byap)(0,T) := {’7 €L

lacc +b + 7|, if oo & S, < )
Minpeze [ac +b+v|, ifoc€S  ~ |o(a,b)l, [
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Then by Theorem 5.1,

Hsn U lim sup Bd)(a,b) (57 T) = MS,n(Zg)
550 |¢(a,b)|n—o0

Note that § above plays a role of C' in Theorem 5.1, and C' depends on «. This is why we
need to take union over d. Our goal is to turn the union into intersection using Lemma 4.1.
First, by continuity of measure,

lim pg, | limsup Byap (0, T) | = s (Z3).

=00 |6(a,b)[n—o0

By Lemma 4.1, for any 01,0 > 0 we have

psn | Imsup Bgap) (61, 7) | = pisn | limsup  Byab) (02, T)
|¢(a,b)|n—o0 |¢(a,b)|n—o0

Hence, we get that

psn | () lmsup Byap)(6,7) | = psa(Z2) (46)
550 [$(a,b)ln—o0

as required.

Acknowledgments. We thank the anonymous referee for their comments.

REFERENCES

[1] V. Beresnevich, S. Datta, A. Ghosh, and B. Ward. Bad is null. https://arxiv.org/abs/2307.10109,
preprint 2023.
[2] Yann Bugeaud. A note on inhomogeneous Diophantine approximation. Glasg. Math. J., 45(1):105-110,
2003.
[3] Yann Bugeaud, Stephen Harrap, Simon Kristensen, and Sanju Velani. On shrinking targets for Z™
actions on tori. Mathematika, 56(2):193-202, 2010.
[4] Michael Fuchs and Dong Han Kim. On Kurzweil’s 0-1 law in inhomogeneous Diophantine approximation.
Acta Arith., 173(1):41-57, 2016.
[5] Dong Han Kim. The shrinking target property of irrational rotations. Nonlinearity, 20(7):1637-1643,
2007.
[6] Dong Han Kim. Refined shrinking target property of rotations. Nonlinearity, 27(9):1985-1997, 2014.
[7] Dong Han Kim, MichalRams, and Baowei Wang. Hausdorff dimension of the set approximated by
irrational rotations. Mathematika, 64(1):267-283, 2018.
[8] Taehyeong Kim. On a kurzweil type theorem via ubiquity. Acta Arithmetica, 213:181-191, 2023.
[9] Jaroslav Kurzweil. A contribution to the metric theory of diophantine approximations. Czechoslovak
Math. J., 1(76):149-178, 1951.
[10] Nikolay Moshohevitin. A note on well distributed sequences. Uniform distribution theory, 18(1):141-146,
2023.
1] Uri Shapira. Grids with dense values. Comment. Math. Helv., 88(2):485-506, 2013.
2] David Simmons. An analogue of a theorem of Kurzweil. Nonlinearity, 28(5):1401-1408, 2015.
3] S. Troubetskol and L Schmeling. Inhomogeneous Diophantine approximations and angular recurrence
for billiards in polygons. Mat. Sb., 194(2):129-144, 2003.

24 Jul 2024 12:00:45 PDT
231108-Datta Version 2 - Submitted to Acta Arith.



RECTANGULAR SHRINKING TARGETS FOR ACTIONS ON TORI 13

(V. Beresnevich) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, HESLINGTON, YORK, YO10
5DD, UniTED KINGDOM
Email address: victor.beresnevich@york.ac.uk

(S. Datta) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF YORK, HESLINGTON, YORK, YO10 5DD,
UNITED KINGDOM
Email address: shreyasi.datta@york.ac.uk, shreyasil992datta@gmail.com

(A. Ghosh) SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, HOMI BHABHA
RoaDp, CoLAaBA, MuMBAI 400005, INDIA
Email address: ghosh.anish@gmail.com

(B. Ward) LA TROBE UNIVERSITY BENDIGO CAMPUS, EDWARDS RD, FLORA HILL, BENDIGO, VICTO-
RIA 3552, AUSTRALIA
Email address: Ben.Ward@latrobe.edu.au

24 Jul 2024 12:00:45 PDT
231108-Datta Version 2 - Submitted to Acta Arith.



