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CONVOLUTION FOR QUIVER VARIETIES VIA CUP PRODUCT ON A MORSE
COMPLEX

GRAEME WILKIN

ABSTRACT. Convolution in Borel-Moore homology plays an important role in Nakajima’s construction
of representations of the Heisenberg algebra and of modified enveloping algebras of Kac-Moody alge-
bras. In its most basic form, convolution between two quiver varieties is given by pullback and then
pushforward via the Hecke correspondence for quivers.

In previous work we showed that the Hecke correspondence has a Morse-theoretic interpretation
in terms of spaces of flow lines. The goal of this paper is to show that the topological information
that defines generators for Nakajima’s representations can be encoded in the cup product for a Morse
complex defined on the smooth space of representations of a quiver without relations, and then pulling
back to the subvariety of representations that do satisfy a given set of relations. The results are valid
for the main motivating example of Nakajima quivers, as well as other quivers with relations derived
from these (for example handsaw quivers).

For the norm square of a moment map on the space of representations of a quiver, the usual
Morse-Bott-Smale transversality condition on the space of flow lines fails, however a weaker version of
transversality is still satisfied. A major part of the paper is spent developing a general theory in this
setting of weak transversality from which one can recover the usual construction of the differentials
and cup product on the Morse complex by adding an intermediate step of taking cup product with a
certain Euler class, which is explicitly computable for the space of representations of a quiver.

1. INTRODUCTION

A well known tool to compute the cohomology of a space X is to begin with a filtration ) = X_1 C
Xy C -+ C X, = X and then use a spectral sequence to compute the cohomology. The Morse-
theoretic point of view is to approach this problem by considering a function f : X — R together with
an associated gradient flow or pseudogradient flow ¢ : X x R — X. If the flow has good compactness
and convergence properties, then there is a canonical Morse filtration of X associated to f. The main
theorem of Morse theory says that, if the flow also has good local behaviour around the critical points
of X (for example f is Morse or Morse-Bott), then the groups on the first page of the spectral sequence
can be expressed in terms of the cohomology of the critical sets together with their Morse indices.

If, in addition to the properties above, the flow has well-behaved spaces of flow lines between critical
sets (for example, if the function is Morse-Bott-Smale so that the stable and unstable manifolds always
intersect transversely) then the differentials and the cup product in the spectral sequence can be
computed using pullback/pushforward homomorphisms via spaces of flow lines. The benefit of using
Morse theory is that all of the data used above (the critical sets, their indices and spaces of flow lines
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2 GRAEME WILKIN

between critical points) can be described analytically using the function f and the flow ¢, thus giving
us a concrete way to compute the terms in the spectral sequence.

There are many interesting examples that do not immediately satisfy the above conditions. For
example, transversality may fail, or (even worse) the space may be singular. The main motivating
examples for this paper are the space of representations Rep(Q, v) of a quiver @) with a fixed dimension
vector v as well as the subvarieties Rep(Q, v, R) of representations satisfying a given set R of relations.
The space Rep(Q,v) is a vector space with a linear action of a complex reductive group G and a
symplectic structure for which the action of the maximal compact subgroup K is Hamiltonian, from
which we obtain a moment map u : Rep(Q, v) — £* defined up to a constant central element o € Z(£*).
This setup fits into a large class of examples for which the Morse theory of || — a|? has been well-
studied (cf. [2], [12]) and it turns out that the associated stratification is equivariantly perfect with
respect to the action of K, which leads to very explicit inductive formulae for the cohomology of the
quotient space [12].

The results of [29] completely classify the flow lines of || — ||? on the space Rep(Q, v) and show
that the space of flow lines is related to the Hecke correspondence. It is then natural to ask whether
the Morse-Bott-Smale theory can be extended to this setting and whether the pullback/pushforward
homomorphisms via the Hecke correspondence that appear in Nakajima’s work [17], [18], [19] also
appear when constructing the cup product on the spectral sequence. The goal of this paper is to prove
that this is indeed the case (cf. Theorem 1.4).

In Section 2.6 we show that transversality fails in this setting, however a weaker form of transversal-
ity is still satisfied, which is defined as follows. Given a Riemannian manifold M and a smooth function
f M — R, one can define the downwards gradient flow ¢.(z¢) satisfying %cpt(xo) = —V f(pt(x0))
and po(xo) = xo. If the flow has good properties such as those in Conditions (1)—(3) of [30] (M is real
analytic, f is analytic with isolated critical values and the flow satisfies a compactness condition) then
for each pair of critical sets Cy and C,, with f(Cy) < f(Cy), we can define the stable and unstable sets

Wg’e ={re M| tliglo oi(z) € Cyp}
We ={zreM| t_ljgloo pr(r) € Oy}, and Wg = Wg \ Cu.
and then the space of points lying on a flow line
SO ¢ P —
Fpo = Wa, "W,
Then the weak transversality condition is defined as follows.
Definition 1.1 (cf. Definition 6.1). Let M be a Riemannian manifold and f : M — R a minimally

degenerate smooth function satisfying Conditions (1)—(3) of [30]. The spaces of flow lines satisfies
weak transversality if the following conditions hold.
(T1) The space of flow lines CTrZ ’(? has a tubular neighbourhood in W¢, ,, denoted Dy — CT'JZ ’(?.
(T2) The stratum WCJCZ has a tubular neighbourhood in M denoted V, — Wgz , which restricts to a
disk bundle V, — 9:,2 ’é) such that Dy is a subbundle of V.
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Remark 1.2. The usual Morse-Bott-Smale transversality condition is equivalent to the condition that
D} =V,
)4

For Morse-Bott-Smale functions, the differentials and cup product can be constructed using pull-
back/pushforward homomorphisms via spaces of flow lines connecting critical sets (cf. [4]). In the
setting of weak transversality, one can still use spaces of flow lines to define differentials and cup
product on the Morse complex, however now we need to include an additional step of taking cup
product with the Euler class of the quotient bundle V;/D} (cf. Section 6.2).

Proposition 2.29 shows that ||z — a|* : Rep(Q, v) — R satisfies weak transversality, and therefore
the definition is satisfied for a large class of interesting examples. The key to proving this is the local
analysis of [29], which shows that analytic questions about the structure of the space of flow lines near
the upper critical set can be reduced (up to homeomorphism) to algebraic questions on a linearisation
of the unstable set, which we call the negative slice. Moreover, this homeomorphism restricts to a
homeomorphism in any G-invariant subset [29, Cor. 4.24]. The space of flow lines then corresponds

to a subvariety of the negative slice with an explicit description (cf. Section 2.6.1).

Remark 1.3. There are many versions of Morse theory where one perturbs the function to obtain
a well-behaved Morse-Smale function. We want to avoid this here, since the unperturbed function
|l —al? : Rep(Q, v) — R contains a lot of useful topological information; for example the critical sets
correspond to quiver varieties of smaller dimension and the flow lines are related to Nakajima’s Hecke
correspondence [29]. Moreover, the same is true after restricting to a subvariety of representations
that satisfy a given set of relations, in which case perturbing the function is more difficult since lack
of smoothness means that arbitrary perturbations may create a function whose gradient flow does not
preserve the subvariety.

The main point of this paper is to show that the topological information that defines generators
for Nakajima’s representations from [19] is encoded in the cup product on the Morse complex for
the unperturbed function || — «||?, which is why we work with weak transversality here, rather than

perturbing the function.

This theory works on the smooth space Rep(@, v), however from the point of view of representation
theory (cf. [17], [18], [19], [20], [21]) it is more interesting to study the subset of representations
Rep(Q,v,R) C Rep(Q,v) that satisfy a given set R of relations. The most important example is
the class of Nakajima quiver varieties, where the relations take the form of a complex moment map,
however the results below are not restricted to this class of examples.

The gradient flow of ||u — «||? on Rep(Q, V) is generated by the complex reductive group G, and
therefore preserves the subset Rep(Q,v,R). From this we can construct an injective map from each
critical set in Rep(Q, v, R) into the corresponding critical set in Rep(Q,v), and so the cup product
homomorphism defined above pulls back to a homomorphism between the cohomology of critical sets

on the singular space Rep(Q,v,R). The Kirwan surjectivity theorem of McGerty and Nevins [16]
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shows that, for Nakajima quivers, all of the classes of H*(M(Q, vy, R)) appear in the image of the
pullback H*(M(Q,v¢)) — H*(M(Q, v, R)) for each v, < v.

In order to construct a convolution homomorphism between critical sets on the singular space, we
need to take cup product with a well-chosen cohomology class on the ambient smooth space. This
turns out to be the cup product of a Thom class 7 of an explicitly defined submanifold of the space
of flow lines (cf. Corollary 9.2 and Corollary 9.5) with a Chern class £ (cf. Lemma 9.7). The main

result of this paper is Theorem 9.8, which shows that convolution is induced by cup product.

Theorem 1.4 (Theorem 9.8). Let QQ be a quiver with a set R of complete quadratic relations that
are fully restricted from those for a Nakajima quiver (cf. Definitions 2.2 and 3.2). Consider a pair
of adjacent critical sets Cy, (upper) and Cy (lower) for the moment map energy function ||u — a? :
Rep(Q,v,R) — R corresponding to quiver varieties M(Q, vy, R) and M(Q, vy, R) with dimension
vectors vy < vy = vy +ex < V.

Then the Poincaré dual of convolution in Borel-Moore homology via the Hecke correspondence
HEY (M(Q, ve, R)) T HEM(B(Q, v, v, R) ™5 HEY (M(Q, v, R))

s induced by cup product with T — §~ on the Morse complex for the moment map energy function on

the ambient smooth space Rep(Q,v) X Gr(vy, vy).

Organisation of the paper. Section 2 gives a self-contained overview of the necessary definitions
and constructions needed to develop the Morse theory on the space of representations of a quiver in
later sections. Section 3 contains a general construction that can be used to show that the moduli
space and negative slice are smooth for a large class of quivers with relations, which we can then use to
set up the deformation theory of these spaces in Section 9. Section 4 then recalls how to construct the
differentials and cup product on the first page of the spectral sequence associated to a Morse filtration.
The construction here only uses the existence of a Morse filtration and is written in a way that leads
to Section 5, which uses the main theorem of Morse theory to further refine the construction of the
cup product and differentials so that it is expressed in terms of relative cohomology groups localised
around the critical points and spaces of flow lines. We focus on the case of adjacent critical sets
(which is sufficient to construct generators for the representations of [19]), as the general case requires
compactifying spaces of flow lines which we defer to a later paper.

Up until this point all the results are valid for functions f : Z — R satisfying Conditions (1)—(5) of
[30] (in particular, we do not require the space Z to be smooth). In Section 6 we now restrict to the
case where the space is a manifold and the function satisfies Kirwan’s minimal degeneracy condition
(cf. [12]) as well as the weak transversality conditions of Definition 6.1. Now the relative cohomology
groups of Sections 4 and 5 can be rewritten as cohomology groups of the critical sets and spaces of flow
lines, and the differentials and cup product can be expressed in terms of pullback and cup product
maps between these spaces (cf. the diagrams (6.5) and (6.6)).

In Section 7 we recall some facts about Borel-Moore homology before showing in Section 8 that

the homomorphisms used to construct the differentials and cup product are Poincaré dual to pullback



CONVOLUTION VIA CUP PRODUCT ON A MORSE COMPLEX 5

and pushforward in Borel-Moore homology. Section 9 then contains the main result (Theorem 9.8),
which shows that cup product with the Thom class of a certain submanifold then pulls back to
a homomorphism which is Poincaré dual to convolution in Borel-Moore homology on the space of

representations satisfying a given set of relations.

2. BACKGROUND

In this section we recall the important definitions and theorems from [29] and [30] which will be
used in the rest of the paper. The original sources used for the material on quivers are [11], [17], [19]
and [9]. The notation and setup follows that used in [29].

2.1. The space of representations of a quiver. A quiver is a directed graph, consisting of a set
of vertices J, edges € and head/tail maps h,t : € — J. The quiver is finite if the sets J and & are finite.
A complex representation of a quiver @) consists of a collection of complex vector spaces {Vj }reg and
C-linear homomorphisms {z, : Vita) — Vh(a)}aeg. The dimension vector of a representation is the
vector v := (dimg Vi) eg € ZL,.

The vector space of all complex representations of ) with fixed dimension vector v is denoted

(2.1) Rep(Q, v) := @D Hom(V;(a), Viy(a))-
a€é

The group

(2.2) Gy = [[ 6LV, C)
kel

acts on the space Vect(Q,v) := @,y Vi and therefore on Rep(Q,v) via the induced action on each
vector Hom(Vy(a), Vi(a))
(2.3) (9)ker  (Ta)ace = (gh(a)xagt(;)>aeg~
Given a Hermitian structure on each vector space Vi, we can define the unitary group U(Vj) and
therefore define

Ky :=JJUWa).

kel

This acts on Rep(Q,v) via the inclusion Ky, < Gy. The Lie algebras of Gy and K are denoted
gv and &, respectively. Given a representation z € Rep(Q, V), the infinitesimal action of gy on the
tangent space T} Rep(Q, v) is denoted pf : gy — T, Rep(Q, v) and given by the following formula

1) L) =2

=7 e 2 = P (un(e)Ta — Tatiy(a)) € D Hom(Vy(a), Virga)) = Rep(@Q, v)
=0

acé acé
The action of ¢, is denoted p, : & — Rep(Q,v) and is defined via the inclusion &, < gy. The
distinction between p$ and p, will be important when using the adjoint of these homomorphisms; for

example when defining the local slice in Definition 2.10.
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Given a quiver @), let vq = (v,&l))keg e 7’ and vy = (v,gz))keg € 7’ be dimension vectors for Q). For
each k € 7, let Vk(l) and Vk(2) denote complex vector spaces of dimension v,(;) and v,(f) respectively. We

define the spaces

Hom’(Q,v1,v2) : @Hom , )) and Hom'(Q,vq,v2) : @Hom‘/} s Via))-
kel a€cé

These are spaces of homomorphisms along length 0 and length 1 paths in @. Note that g, =
Hom"(Q, v, v). The dimension of Hom®(Q, vy, v2) is denoted by

vy - vp = dimc Hom®(Q, vy, va) = Zv,(cl)v,(f).

kel

The Ringel form (cf. [9, Sec. 2]) on Z’ is

(2.5) (v1,v2) := dimec Hom®(Q, vy, v2) — dimc Hom!(Q, v, va) = Z v,gl)v,g ) Z vg(lg)v,(lz(l).

kel acé
The Ringel form leads to a simple expression for the Euler characteristic of the deformation complex
(2.38), which we use in (2.41).

2.2. Representations of a quiver with relations. A path in ) is a concatenation of a finite
number of edges, denoted p = ay, - -- a1 with h(a;) = t(aj41) for each j =1,...,n — 1. The head and
tail of the path p = a, ---a; are h(p) := h(a,) and t(p) := t(a1). A path p = a, ---a; determines a
homomorphism Rep(Q, v) — Hom(V,, Vi(p)) given by

T Tp 1= Tg, - Ta,-

Given a representation x =11 Py € Rep(Q,vl) <) Rep(Q,vz) with vector spaces denoted by
Vect(Q,vj) = Pjer Vi ) for j = 1,2, a path p = a,---a; determines a homomorphism dp, :
Hom!(Q, va,v1) — Hom(Vt((z)), Vh((lg)) defined as follows. For each a € € and j = 1,2, let (), V;(( )) —
Vh(gg) denote the homomorphisms in the representations x; and z», and for any dz € Hom! (Q,va, V1)

define

n

(2.6) dpz(d) == Z(xl)an w (21) agys (0%)a, (22)a,y - (22)ay

=1
Let P;} denote the set of all paths with a given tail ¢ € J and head h € J. Given a quiver @, a
relation r with head h(r) € J and tail t(r) € J is a finite C-linear combination of paths, denoted by

r= Z App.
PEP(r),h(r)

A quadratic relation is a relation for which the only paths p with )\, # 0 have length two. Any relation
determines an algebraic map v, : Rep(Q, v) — Hom(Vy(,), Vi) given by

T Z ApTp.
P
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Given a finite set of relations R, define v : Rep(Q,v) — @, cx Hom(Vy(y, Vi) by

(2.7) v(z) = P ve(z).
reR

A representation of (Q,R) is a representation in the kernel of v. The space of all representations
of (Q,R) with dimension vector v is the subset Rep(Q,v,R) := v~1(0) C Rep(Q,v). For example,
quivers with relations are used to construct hyperkdhler ALE 4 manifolds [13], moduli spaces of
instantons on hyperkédhler ALE 4 manifolds [14], and more generally the hyperkéhler quotients of [17],
[19], [20], [21]. The handsaw quivers of [22] are another important example of a quiver with relations.
It will be useful to note that all of these examples have quadratic relations.

With a view towards studying the deformation complex (2.38), we define

(2.8) Rel(Q,va2,v1,R @Hom V(2) Vh(g))
reR
for a finite set of relations R. For each r € R, write r = ZPETt(r),hm App. Given a representation x =

x1®x9 € Rep(Q, v1,R) ®Rep(Q, va, R), we can extend the homomorphism (2.6) to a homomorphism
dv, : Hom'(Q, va,v1) — Rel(Q, va, v1,R) given by

(2.9) dv,(dz) Z Z Ap(r)dpz(0x).

r€RPEP(ry h(r)

The usual deformation theory shows that a point in the moduli space (2.22) is smooth if pC is injective

and dv, is surjective in the following deformation complex

C
(2.10) Hom®(Q,v,v) —2 Hom!(Q,v,v) ~% Rel(Q, v, v, R),

in which case the tangent space to the moduli space is given by the middle cohomology of the above
complex.
The following lemma is used in Section 2.4 to show that the negative slice can be defined using the

deformation complex (2.38).

Lemma 2.1. Let R be a finite set of relations, let x = 11 ® x2 € Rep(Q,v1) ® Rep(Q, va) and let
Sz € Hom'(Q, va,v1). Then v(z) = v(x + 6x) if and only if 6z € ker dv,.

Proof. With respect to the decomposition Rep(Q@, vi,R) @ Rep(Q, va,R), for each k € T let Vk(l) and
Vk@) denote the vector spaces at vertex k.

First note that for any pair of edges a1, a2 € € with t(az) = h(a1) we have

(22)az(6%)a; =0,  (02)ay(21)ay =0,  (62)ay(02)a, = 0.
The first equation above follows from the fact that the domain of (z1)g, is V((2)) and the image of

(1)

(0x)q, is contained in Vitan) = V((l)), so the composition is zero. The other equations follow from
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similar reasoning. Therefore for each path p = a,, --- a1 we have

(@ +62)p = (21)a, -+ (@1)ar + (@2)an -+~ (22)ar + Y (@1)an - (T1)ags (00)a, (22)a,_y -+~ (22)ar
(=1

= (21)p + dpz(0z) + (2)p-

Summing the above formula for each relation r = Zp App € R gives us

vp(z + 6x) = Z Ap(z + 0x)p = Z Ap ((@2)p + (21)p) + Z Apdpz (6z)
p p P
and so summing over all relations r € R leads to

v(z + 6x) = v(x) + dvg(ox).
Therefore v(x) = v(x + dx) if and only if dv,(dz) = 0. O

Now consider the case where the relations are all quadratic. Each relation then has the form

r= > N@p, p=azp)ai(p).

PEPL(r),h(r)
Definition 2.2. A set R of quadratic relations is complete if and only if

(1) for each edge a € € and every relation 7 € R such that h(a) = h(r), there exists a path
P € Py nery such that A\p(r) # 0 and a = az(p), and

(2) for each edge a € € such that t(a) = t(r) for some relation r € R, then r is the unique relation
with this property, and there exists a unique path p € Py () such that Ap(r) # 0 and
a = ay(p).

Completeness is used in Lemma 2.6, which gives a formula to compute the cokernel of the homo-
morphism dv, used in the deformation complex (2.38). This formula is much easier to use in examples,
since it only depends on the dimension of the image of a representation. The following examples show
that completeness occurs for many examples of interest; in particular all of the quivers from [13], [14],
[17], [19], [20], [21] and [22] have complete sets of quadratic relations.

Example 2.3 (Nakajima quivers have complete relations). A Nakajima quiver is a quiver () with
vertices J, edges & and head/tail maps h,t : &€ — J such that each edge a € € has a conjugate
@ # a such that h(a) = t(a), t(a) = h(a) and @ = a. Choose a subset of edges %! C & such that
& =2801yenl and 91 N E0T is empty. For each vertex k € J there is a single relation

(2.11) TR = Z aa — Z aa.

a€lOl: hia)=k a€lOl :t(a)=k

Therefore t(r;) = h(ry) for each relation r;. Let R denote the finite set of relations {rg}res. From
(2.11) it is clear that for each edge a € %! there is a unique relation r = Th(a) Such that a = as(p) for
exactly one path p with \,(r) # 0. The same reasoning applies to each edge a € &0.8L since h(a) = t(a).
Therefore the first condition of Definition 2.2 is satisfied. By explicitly examining (2.11) again, it is

clear that the second condition of Definition 2.2 is also satisfied, and so the set of relations is complete.
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Example 2.4 (Handsaw quivers have complete relations). Let @ be a “handsaw” quiver as in [22]

with edges labeled as below.

B} B? By~1

\/ B} O B? Br2 O
(2.12) oy ey, . v,

al az an—1

bo b3 bn—1 1 N

L% o\, e oW1 W,
For each k=1,...,n — 2 there is a relation
(2.13) i, = BYBY — BSTIBY 4 a3y 1bp sy

Each relation induces a map v, : Rep(Q,v) — Hom(Vj, Viy1). Therefore we see that for each
kE=1,...,n — 2, the vertex Vi1 satisfies V41 = h(ry). For each of these vertices, we have {a €
& : h(a) = Vey1} = {aps1, BF, BS™'}. One can then see from (2.13) that the first condition of
Definition 2.2 is satisfied. Similarly, for each k = 1,...,n — 2, the vertex V} satisfies Vj, = t(rx) and
{a €& : tla) = Vi} = {bpy1, BY, B5}. Again, one can see from (2.13) that the second condition of

Definition 2.2 is satisfied, and so the relations are complete.
The next example is an extended version of the ADHM quiver.

Example 2.5. Let @) be a quiver with two vertices, labelled V' and W in the diagram below, an
arbitrary number of loops at the vertex V (labelled ay,...,ay,) and edges b; and by between V and
W.

a1l an
NP
oy
b | )\;bl

o
Given any permutation o € S,,, define the relations

(2.14) T = 0104(1) T 0204(2) T+ + Anlg(pn) + bibo and 7’ = byby.

Then it is easy to verify directly that these relations are complete, since each edge aq,...,an, b1, by is
the leading edge in a path appearing nontrivially in one of the relations r or r’, and also the tail of a

unique path appearing in either r or /.

As in Lemma 2.1 above, consider a representation x = z1 ®x2 € Rep(Q, v1,R) @ Rep(Q, ve,R) and
let 0z € Hom!'(Q, va,v1). For each path p = aga; of length 2, from (2.6) we have

dpz(07) = (21)ay(67)ay + (07)ay (¥2)a, -

and therefore the adjoint of

dp,
Hom!(Q, vz, v1) ——— Hom(Vi(a,), Vias))
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is

(dpe)*(u) = (21)g,u + u(22)q, -
Therefore (2.9) becomes

dvg(62) =Y Y Ap(r)dp.(dx)

reR pG‘J’t(T)Yh(T)

= > ) (@) as()(0)ay(p) + (67)as(p) (#2)ar )

reR pe?t(r),h(ﬂ
and so for u = (u,)rex the adjoint
d *
RGI(Q, V2,Vi, R) A Homl (Qa Va2, Vl)
is given by

(2.15) wiw) =3 S N0 (@)ur + up(@2)y,) -

reR pe?t(,r)yh(”

The next lemma gives a formula for the cokernel of dv,, which only depends on the dimension of

the image of xs.

Lemma 2.6. Let R be a set of complete quadratic relations, let x = x1 B xe € Rep(Q, v1)®Rep(Q, v2)

and consider

Hom!(Q, va,v1) LN Rel(Q,v2,v1,R)
from (2.9). Let r be the dimension vector of (imx1)*. Then if xo = 0 we have
(2.16) coker dv, = Rel(Q, va,r,R).
In particular

(2.17) dimc coker dv, = Z(UQ)t(r) dimc rp ()

reR
Proof. First we show that u € Rel(Q, vz, r,R) implies that dvf(u) = 0. From the definition of r,
u € Rel(Q,va,r,R) implies that imwu L imxy, therefore (z1)ju, = 0 for all edges a € € and all
relations 7 € R. Then (2.15) with x9 = 0 shows that dv}(u) = 0.

Now we use the completeness of the relations to show the converse. If u € Rel(Q,va,v1,R) \
Rel(Q, va,r,R) then the image of u is not perpendicular to the image of z, and so there exists an edge
a € & and a relation r € R such that (x1)*u, # 0. One consequence of this is that h(a) = h(r), and
so the assumption that the relations are complete and quadratic implies that there is a path p = ad’
with A\, (r) # 0. Note that this implies that ¢(a") = ¢(r), and therefore there exists a homomorphism
(07)ar € Hom(Vy(yr), Viary) C Hom!(Q, va,v1) such that

07 {(z1)a(02)ar, ur) = ((02)ar, (21)ur) -
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The completeness of the relations then implies that r is the unique relation with ¢(a’) = t(r) and
p is the unique path with A\,(r) # 0 and ai(p) = «’. This uniqueness means that in the following

expression for dv}, there is only one nonzero term in the sum
(62)qr, dVi(w)) = (dve(62)ar, ) ZZ )a(0w)ars ) = {(§2)ar, Ap (1) @1)500r )

Therefore u € Rel(Q, vz, v, R) \ Rel(Q, va, r, R) implies that dv}(u) # 0, or equivalently dv}(u) = 0
implies that u € Rel(Q, va,r, R). O

Finally, there are a number of examples where dv, is surjective, which will be useful in Section
9 to show that certain subvarieties are smooth. An important example is the case of the relations
for a Nakajima quiver from Example 2.3, where v = puc¢ is the complex moment map. In this case

Rel(Q, v,v,R) = Hom®(Q, v, v) and so the deformation complex for the tangent space has the form

C
Hom®(Q, v, v) LN Hom!(Q, v, v) LN Hom®(Q, v, v)

and therefore homomorphisms in the image of dv, correspond to elements of the Lie algebra g, =
Hom(Q, v, v). The adjoint of dv, is then

=2 20 ) (@hur + (@),

T‘EprefPt(,,‘)Yh(T)
* *
= (ut(a)xa - ‘rauh(a)>aeg .

Therefore the transpose with respect to the Hermitian inner product on Hom!(Q, v, v) is
C
(A ()" = (2atti — wha) = S0,

In particular, ker dv® = ker pC. If the representation is stable then ker pC consists of the diagonal

elements of gy and therefore dv, is surjective onto gy /C.

2.3. Properties of the norm-square of the moment map. Let () be a quiver with dimension
vector v. = (vg)keg, and fix a Hermitian structure on the vector spaces Vi = CU. There is an
associated symplectic structure on Rep(Q,v), defined as follows. Given x € Rep(Q,v) and tangent
vectors dx1,0x2 € T, Rep(Q,v) = Rep(Q, v), define the metric

(2.18) g(0x1,0x2) : ZRetr (0x1)a(022)5),

acl

and symplectic structure

(2.19) w(6x1,0m5) 1= _ Imtr ((621)a(d2)}).

acé
Note that w(dz1,dz2) = g(—idx1, dz2), so that the complex structure I = —i - id is compatible with
the metric. With this complex structure and metric, the vector space Rep(Q, v) has the structure of

a Kéhler manifold.
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On the Lie algebra g, define the inner product

(2.20) (ug,uz) Ztr up)g(u2)y)
kel

and note that this is invariant under the adjoint action of Ky C Gy. Using the inner product we
identify € = €*. We will use (p)* : T, Rep(Q,Vv) — gv to denote the adjoint of the infinitesimal action
pg i gv — T Rep(Q, v) with respect to the metric g and the inner product on gy.

The action of Ky on Rep(Q, v) preserves the symplectic form w and is Hamiltonian with moment
map given by
(2.21) pu(z) = l Z[l‘a,l‘:;] cel e,

21
a€eé

The moment map is Ky-equivariant u(k-x) = Ady p(z) for all k € Ky and = € Rep(Q,v). The centre
of &, is

Z(ty) = {(ak : ide)kej | aj € Cfor all k € .'J}.
We say that a = (ioy, - idy, )res € Z(by) is admissible if 3, .4 ap dime Vi, = 0. Note that tr(u(z)) =0

and so p () is empty if o is not admissible. Given an admissible o € Z(¥,), the symplectic quotient

(2.22) Mo(Q,v) := p (o) /K.

From now on «a will always refer to an admissible central element of &,. Define the rank and a-degree

of a dimension vector v by

dega Q7 Z QLU

kel
rank(Q, v Z Vk

kel
The a-slope is slope, (Q,v) = deg,(Q,Vv)/rank(Q,v). A representation x € Rep(Q,Vv) is a-stable

(resp. a-semistable) if and only if every proper non-zero subrepresentation satisfies

slope, (Q,Vv') <0 (resp. slope,(Q,Vv') <0).

King [11, Prop. 3.1] shows that slope stability in the above sense coincides with stability from affine
GIT and that a-polystable representations are isomorphic to minimisers of ||u — «|?.
The following definition is used in Lemma 2.8 to define critical points as direct sums of minimisers

of the norm-square of a shifted moment map.

Definition 2.7. Let @ be a quiver, v a dimension vector, and o = (ag)geg an admissible central

element of £&,. Given any dimension vector 0 < v/ < v, the induced admissible central element on

(Q,V') is
(2.23) o = ((ak—slopea(Q,v’)) 1dv>

kel
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Define the energy function f : Rep(Q,v) — R given by

fl@) = llp() - af*.
With respect to the metric (2.18), the gradient of f is

grad f(2) = Ipa(u(x) — a).

In analogy with critical points of the Yang-Mills functional studied in [2, Sec. 5], the critical point
equation grad f(z) = 0 implies that the representation z splits into subrepresentations = @,_; =y
such that each z, € Rep(Q), v,) satisfies p(z¢) = ay, where the admissible central element oy € Z(%y,)
is induced from « € Z(&,) by the construction of (2.23). Equivalently, a critical point is a direct sum
of minimisers of ||uu(z¢) — ay||> on Rep(Q,vy). Therefore each critical set is labelled by a vector of

dimension vectors
(2.24) (vi,...,vg) such that vi + -+ 4 vg.

This is explained in more detail in [29, Sec. 2.4]. In the following we abuse the notation and use
p~ () to denote the set of minimisers of || — > on Rep(Q,vy).

Let Crit(f) C Rep(Q,v) be the set of all critical points of f. Given any critical point x, let
B = u(x) — a and define

(2.25) Cp = Crit(f)Nnpu~(B), Ck,p:=Ky-Cs.

For representations of quivers, an argument directly analogous to that of Atiyah and Bott [2] classifies
the critical sets in terms of Harder-Narasimhan type. In analogy with Atiyah and Bott’s calculations
for the Yang-Mills functional [2], we can inductively compute the equivariant cohomology of the critical

sets in terms of energy minimisers on the space of representations with smaller dimension vector.

Lemma 2.8. The K, -equivariant cohomology of Ck.g is
n
Hi, (Crs) = Q) Hi,, (™ ().
(=1

Given an initial condition zg, define ¢(zg,t) to be the solution to the downwards gradient flow

equation for the energy function ||u — «|?

d
(2.26) 7920, 8) = —Ipg(ao 1) (1(D(20,2)) — @), (w0,0) = o
For each initial condition z, there exists a unique minimal 7" € [—00,0) such that the solution
¢(zo,t) exists for all ¢ € (T,00) and converges to a unique critical point as ¢ — oo. If T is finite
then lim;_,p+ f(p(xo,t)) = co. The results of [29] classify the isomorphism classes of solutions which
converge to a critical point as t — —oo.

For each t such that a solution of (2.26) exists, there is a solution g; € Gy of the equation

dgy _ .
(2.27) —p o= iln(ge - w0) — o)
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which satisfies ¢(xg,t) = g - ©9. In particular, the gradient flow preserves any subset Z C Rep(Q, V)
preserved by the action of Gy. If the subset Z is closed then the limit of the flow is also contained in
Z. Therefore we can define the gradient flow and its limit on any closed subset preserved by the action
of Gy, even if this subset is singular and the usual definition of the gradient vector field in terms of

derivatives does not make sense.

Definition 2.9. Let Z C Rep(Q,Vv) be a closed subset preserved by Gy and define f : Z — R by
f(z) = ||u(x) — a|>. A critical point of f is a stationary point for the gradient flow (2.26). The

unstable set of x is
(2.28) W, = {y € 7| tiizn o(y,t) = :c}

Given a critical set Ck.g, the unstable bundle is

(2:29) Wi.s 1= {y €Z| lim ¢(y,t) € Cm}
and the stable set or Morse stratum is denoted

+ :
(2.30) Wit = {y € 7| Jim o(y,1) € CK.B} .

2.3.1. The negative slice associated to the critical set. Let x be a critical point of ||u — «|?, and let
B = p(x) — . Since Ip,(B) = 0 then e .2 = x for all t € R and so there is an induced action of the
one-parameter subgroup {e”! | t € R} C Gy on the tangent space T} Rep(Q, v).

Definition 2.10. Let Z C Rep(Q,v) be a closed subset preserved by Gy and define f : Z — R by
f(z) = ||u(z) — a®. Let = be a critical point of f with 8 = u(x) — a. The local slice at x is

S, = {6:c € T, Rep(Q, V) | 02 € ker(pS)* and z + 0z € Z} .

The negative slice at x is

(2.31) S, = {5:E €S, | lim et 5z = O} .
t—00
Given a critical set Ck.g as in (2.25), consider the trivial bundle Ck.g x Rep(Q,v) — Ck.3. By

identifying the fibre over z with T, Rep(Q, v) = Rep(Q, v), define the negative slice bundle
(2.32) Sk.p = {(z,62) € Ck.3 x Rep(Q, V) | 6z € S, }
together with the projection p : S;{ﬂ — Ck.3.

Since the infinitesimal action p$ is Ky-equivariant and the metric (2.18) and inner product (2.20)

* is also Ky-equivariant. More explicitly, the action is

are both K-invariant, then the adjoint (p%)
given by

Ade((p)*(02)) = (p.)" (k- 62).
In particular, each k € K, defines an isomorphism S, = Si., given by dx — k- dz. Since the moment

map is Ky-equivariant then lim; @)t . 5z = 0 if and only if limy_, o einlk-z) . (k-dz) =0, and
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therefore this isomorphism restricts from the slice S, to the negative slice S, = S..» which defines
an action of Ky on S[_(_ﬂ.

We can describe the points in the negative slice more explicitly as follows. Let x be a critical point
with p(z) = 8, which implies that the representation is a direct sum of subrepresentations x = @, x¢
with dimension vector v;, where each subspace Vect(Q,vy) < Vect(Q,v) is an eigenspace for the
action of § and the eigenvalue is determined by slope, (Q, v/). In the following we use the convention
that the subspaces are ordered by increasing a-slope, i.e. ¢; < {3 if and only if slope,(Q, vy, ) <
slope,, (@, Ve, ). The condition lim; o, €/ - 62 = 0 then implies that Jz is contained in the subspace

dx € @ Hom!(Q, vy, vy, ) € Hom!(Q, v, v) = Rep(Q, v).
l1 <l

The point of introducing the negative slice is that one can explicitly describe the pair (Sy. 8 Sk P \
Ck.3), however for the purposes of Morse theory the natural object of study is the pair (W 8 W B\
Ck.g) (see [30] and Theorem 4.1 in this paper). The following theorem is one of the main results of
[29] and shows that the topology of the negative slice is the same as that of the unstable set, and
therefore we can reduce the study of flow lines inside the unstable set to the study of certain explicit

subspaces of the negative slice (cf. Section 2.6).

Theorem 2.11. Let Z C Rep(Q,Vv) be a closed subset preserved by Gy and define f : Z — R by
f(z) = |u(x) — a||?>. Then for each critical set Ck.g there exists a neighbourhood U of C. in Wi
a neighbourhood V' of C.g x {0} in S;{ﬂ and a Ky -equivariant homeomorphism of pairs

(2.33) Hg: (U, U\ Cx.3) — (V,V\ (Ck.5 x {O})).

2.4. Critical sets and the negative slice for framed quivers. In this section we consider a quiver
() with vertices J and edges &, and let v = (vg)res a dimension vector such that one vertex (which we

label 0o) has dimension 1. Define J = J\ {oo} to be the set of remaining vertices of Q.
Definition 2.12. For such a quiver ) and dimension vector v = (vg)keg, the canonical central element
a(Q,v) == (ak)re is given by
1 kel
(2.34) ap = {_ S u ke
jey 'U] = o0
Given a dimension vector 0 < v/ = (v} )reg < v with v, = 1, the induced central element o’ from

(2.23) is o = (icy, - idyy)kes, where
1 + Zkeﬂ’ Vk

(2.35) ay, = <
1 + Zkej/ UIIC

If v., = 0 then the induced central element o’ is zero.

) oy, for each k € J.

Remark 2.13. Note that any subrepresentation containing the vertex co must have negative slope
and any subrepresentation that does not contain the vertex oo must have positive slope. Therefore,
when constructing the Harder-Narasimhan filtration (cf. [24]) with respect to this stability parameter,

we see that
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(1) the maximal a-semistable subrepresentation is the largest subrepresentation that does not
contain the vertex oo,

(2) the quotient by the maximal semistable subrepresentation is an a-stable representation, for
which every subrepresentation must contain the vertex co, and

(3) the Harder-Narasimhan filtration of an a-unstable representation is a two step filtration. We
will denote the type of this filtration by the dimension vector of the quotient by the maximal
semistable subrepresentation.

(4) A construction of Crawley-Boevey [9] shows that the moduli space of stable representations
of any framed quiver is homeomorphic to the unframed moduli space M, (Q, v) as defined in
(2.22) for a quiver which has an extra vertex of dimension 1, and therefore fits into the above
construction. Via this correspondence, the central element of Definition 2.12 determines the
same stability condition as for the hyperkéhler quiver varieties [17] and the handsaw quiver
varieties [22] studied by Nakajima.

With respect to the canonical central element « from Definition 2.12, [29, Prop. 3.13] shows that
any critical point x splits as a direct sum of two representations x = x1 @ xs with corresponding
dimension vectors vi, ve with moment maps p(z1) given by (2.35) and p(z2) = 0. Therefore the
vector labelling the critical set (described in (2.24)) is (v1,va) = (v1,Vv — v1) and so, with respect to
this stability parameter, the critical sets are labelled by the vector vi.

Given such a critical point x on a closed Gy-invariant subset Z C Rep(@Q, v), the negative slice from
(2.31) becomes

(2.36) S, = {5:0 € Hom!(Q, va,v1) Nker(pS)* | z + dx € Z} .

Now let R be a finite set of relations on the quiver and consider the case where Z is the subset
Rep(Q,v,R) = v~ 1(0) C Rep(Q, V) as defined in [29, Sec. 3]. Since z = 21 ® 75 € Rep(Q,v1,R) &
Rep(Q,ve,R) and S; € Hom!'(Q, va,v1), then [29, Lem. 3.29] states that

(2.37) S, = Hom!'(Q, v, v1) Nker(pS)* Nker du,.

At each critical point we have the following deformation complex

C

Pz dvy
(238) HOH]O(Q7 V2, Vl) B HOH]l(Q? V2, Vl) B Rel(Q, V2,Viy, ‘,R)

Define the cohomology groups H%(Q,va,v1) := ker p&, HY(Q,va,v1,R) := ker(p$)* N kerdv, and
H2(Q,va,v1,R) := ker(dv,)* at each term of the complex and define

hp(Q7 V2,Vy, R) = dlm(C g{p(Qy V2,Vy, R)
for each p = 0,1,2. From (2.37) we have

(239) S; :%1(Q7V27V1a92)'



CONVOLUTION VIA CUP PRODUCT ON A MORSE COMPLEX 17

Definition 2.14. The index of the complex (2.38) can be written in terms of the Ringel form of (2.5),
and is denoted as follows

( 4 ) <V27 V1>fR = dlm(c HOIHO(Q, Va2, Vl) - dlm(c Homl(Qa Va2, Vl) + dlm(c RGI(Q, V2,Vi, R)
2.40
= <V27 V1> + dlm(c Rel(Q? V2,Vi, R)
The following lemma allows us to compute the dimension of the negative slice in terms of the index

of the complex and the dimension of the second cohomology group of the deformation complex.

Lemma 2.15.
(2.41) dimc S; = h*(Q,va, v1,R) — (v2,V1)g .

Proof. A homomorphism in ker p¢ ¢ Hom®(Q, va,v1) is necessarily zero since it maps a semistable
representation into a stable representation of smaller slope (cf. [24, Lem. 2.3]), and therefore h® = 0.

Since S, = H(Q,va,v1,R), then the result follows from the index formula
(vo,vi)g =h’ —h' +1? o Al =hnE4+ 0 — (va,vi)g. O

From now on we drop the notation for the dimension vector v from K since the meaning will be
clear from the context. Given a critical set Cx.g, each critical point z is a direct sum x1 © x2, which
determines a direct sum Vect(Q,v) = Vect(Q,v1) @ Vect(Q, va) of the vector spaces at each vertex

according to the eigenvalues of 8 = p(z) — . Define the following bundles over Ck.g.

Hom’(Q, v2,v1) = {(z,u) € Ck.5 x Hom’(Q,v,v) | u € Hom?(Q, v2,v1)}
ml(Qav27V1) = {($,5$) € CKﬁ X Rep(Q,V) ‘ dx € Homl(Q7V27V1)} :

Since the moment map is K-equivariant, then so is this decomposition, and so there is an induced
action of K on these bundles. The complex (2.38) extends to a complex of bundle homomorphisms
and (2.39) shows that Sy 5 is the middle cohomology of this complex.

We conclude this section with a result on the relative equivariant cohomology of the negative slice
which is a singular space analog of the results of Atiyah & Bott [2, Sec. 13] and Kirwan [12, Sec. 4.23]
for the critical sets and negative eigenbundle of the Hessian.

Let Kg be the isotropy group of 8 € £* with respect to the coadjoint action. The critical set Cx.g
has the structure of a fibre product Cx.g = Cp x g, K (cf. [12, Sec. 4.22]). In particular, we have
Hi(Crp) = Hi, (Cp).

Let SE be the pullback of SI_(ﬂ by the inclusion Cz — Ck.g. Then SI_(-,B and SI_CB \ Ck.p also have
a fibre product structure Sy 5 = Sy X, K and S 5\ Cr.5 = (S5 \ Cg) Xk, K, and so we have the

following commutative diagram

(2.42) Hie(S s Siep \ Crcos) — Hic(Sg5) = Hic(Cic.p)

: -

Hi., (5555 \ Cs) H(S5) = Hy, (Cs)
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The motivation for this is explained in the next section, where the main theorem of Morse theory
shows that the question of studying the terms in the spectral sequence for the Morse stratification
by the norm square of the moment map reduces to studying the relative cohomology groups for the
pair (Wy 5, Wi 5\ Ck.g). The above results show that this is equivalent to studying the relative
cohomology groups of the pair (S, Sg \ C3) in Kg-equivariant cohomology, which is simpler because

the negative slice is a linearised version of the unstable set which can be studied explicitly.

2.5. Reduction to the first component of the critical set. In this section we restrict to the
case where the relations in the quiver are determined by paths of the same length, and therefore the
relation map v is a homogeneous polynomial. In this case we can prove that the relative equivariant
cohomology groups of the previous section simplify, which will be more convenient for constructing
the cup product and differentials on the Morse complex. This restriction is not too severe, as the class
of quivers with homogeneous relations includes important examples such as Nakajima quivers and the

handsaw quivers studied in [22].

Definition 2.16. A relation is homogeneous if it is defined by paths of the same length. A homogeneous

set of relations is a set R in which every relation is homogeneous.

Remark 2.17. The above definition of a homogeneous set of relations only requires that the paths
defining each relation have the same length. Two different relations in a homogeneous set may have
different lengths.

If a relation 7 is homogeneous then the algebraic map v, : Rep(Q,v) — Hom(Vy(y, Vi) (cf.
29, (3.1)]) is defined by a homogeneous polynomial in the components ,ce Hom(V(q), Vi(a)) of the

representation.

Recall from [29, Prop. 3.13] that Cs = Cj, x Cg,, where Cp, /Kg, = M(Q,v1) and Cg, = pu~1(0)
on Rep(Q,vz). Define S5 to be the restriction of the negative slice to the subset Cg, x {0} c Cs. In
this section we show that when the quiver has homogeneous relations, the relative cohomology groups
Hi, (85,55 \ Cp) and H;}B(Sgl, S5, \ Cp,) are isomorphic (cf. Corollary 2.20 below). Therefore, in
defining the differentials and cup product in Section 5, it is sufficient to restrict attention to the subset

Cg, x {0} C Cp, x Cg, = Cg on which the computations are much simpler.

Lemma 2.18. If the relations are homogeneous then the map x — tx for t € [0,1] defines a K-

equivariant deformation retract of v=1(0) and p=1(0) Nv=1(0) to the zero representation.

Proof. Since v = @, cq v is a direct sum of homogeneous polynomials then v~1(0) is preserved by
the map = — tz. Similarly, the components of y are homogeneous polynomials of order 2 (cf. (2.21)),

and so u~1(0) is also preserved by x ~ tx. (]

Corollary 2.19.

(2.43) Hiy,(S5) = Hg,(Cp) = Hy, (Cp,) = Hp, (55,)-
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Moreover, since Kg, acts on Cg, with isotropy group the diagonal U(1) C Kg, then we have
Hic,(C5) = H*(OM(Q,v1)) @ H*(BU(1)) ® H*(BK ).

1

For small values of € > 0, the action of the one-parameter subgroup {e“ﬁ } defines a K g-equivariant
homotopy equivalence Sy \ Cp, = S5 N fHe—e).

For any ¢ € C*, there is a Kg-equivariant isomorphism of the middle cohomology of the complex
(2.38) over the critical points z = (x1,z2) and x; = (z1,tx2). Therefore, for any neighbourhood U of
S, Nf~Yc—e)in Sg Nf~1(c—e), we can define a K g-equivariant deformation retract of Sy Nf~c—e)
onto U.

Since S5, S5 and f~Y(c — ¢) are all real analytic, then [23, Thm. 1.1] shows that there is a
neighbourhood U of S5 N fHe—¢)in SN f7Y(c—¢) and a Kg-equivariant deformation retract of
U onto S5 N f~YHe—e).

Combining the above two deformation retracts gives us an isomorphism

(244)  Hi (S5 \Co) = Hye (S5 N f~Me—e)) = Hig (S5, 0 f e —£)) = Hi, (S5, \ Ci)
The isomorphisms (2.43) and (2.44) together with the five lemma gives us the following result.

Corollary 2.20. For any quiver with homogeneous relations, we have
(2.45) Hic, (57,57 \ Ca) = Hic (S5, 55, \ Cs).

2.6. Spaces of flow lines between critical points. Throughout this section we will consider the
space of flow lines between two given critical sets. The flow is the negative gradient flow ¢(x,t)
defined in (2.26). The lower critical set will always be denoted Cy (with Harder-Narasimhan type vy;
cf. Remark 2.13) and the upper critical set by C,, (with type v,,).

Definition 2.21. Given two critical sets Cy and C,, with f(Cy) < f(C,), the space of representations
that flow up to C, and down to Cy is

0. . .
Fo = {x €7 | Jim o(z,t) € Cy, Jim o(z,t) € Cu}.
The flow defines an R action on g’é‘ and the space of flow lines is
Fu,0 ,0
TZO = ffrlzo /R.

The main technical result of [29] is that any representation z such that lim; , o ¢(z,t) € C,
is isomorphic to a representation in the negative slice of C, [29, Thm. 4.22]. On restricting to
a neighbourhood of the critical set, this determines a homeomorphism of pairs H : (W, W, ) =
(Sy s Sy0) (cf. [29, Cor. 4.24]) and via this homeomorphism we can consider the space of flow lines as
a subset of the negative slice bundle H (?Z ’(?) C Sy, in a neighbourhood of the critical set.

The condition x € ?Z ’(? provides two algebraic restrictions on the representation x. The first is that
the type of the Harder-Narasimhan filtration is determined by the critical set Cy, since the graded
object of this filtration is isomorphic to that of the limit of the downwards flow. The limit of the
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upwards flow determines a second condition, which is that the representation z must admit a different
filtration, this time with increasing slopes and graded object determined by the the type of C,, since

x is isomorphic to a representation in the negative slice of C,, (cf. [29, Lem. 3.24]).

2.6.1. The image of the space of flow lines in the negative slice. By definition, the space of flow lines
is contained in the unstable set Srz ’(? C Wy,. Via the homeomorphism H : (W, Wy ) 3 (Sus Su0)s
we can study the image H (3’2‘ 7(?) C Su,0, which turns out to be a more tractable object that we can
describe explicitly and then transport back to the unstable set via the homeomorphism H~'. In this
section we do exactly that for the case where the stability parameter is the canonical central element
of Definition 2.12.

In this case the lower critical point x, € Cy decomposes as

€ Rep(Q7 V@)a $§2) S Rep(Q, vV — Ve),
Note that slope, (Q, v/) < slope, (Q, v — vy). Moreover, mf) is isomorphic to the graded object of the
(1)

Jordan-Holder filtration of the maximal semistable subrepresentation of x and z,” is isomorphic to

(2.46) Ty = :BE,I) + mf), xgl)

the quotient of z by its maximal semistable subrepresentation.

Similarly, the upper critical point z, € C,, decomposes as

(2.47) 2y =) + 23, 2D e Rep(Q, vy —d), xf) € Rep(Q,v —v; +d).

Again we have slope, (Q, v, — d) < slope,(Q,v — vy + d) and that :L‘(ul) is stable, however this time

(1)

xy,’ is isomorphic to a stable subrepresentation of x, instead of a quotient representation. Since the

two critical points are connected by a flow line, then [29, Lem. 4.32] shows that :Uq(}) is isomorphic to a

subrepresentation of xél). In particular, this implies that d > 0. This is summarised in the following

lemma.

Lemma 2.22. A flow line connecting xy and x, determines a reduction of structure group from K

to Ky,—a x Kq x Ky_y, for which azy) € Rep(Q,vy) and x(ul) € Rep(Q,vy — d). The polystable
(2)

representation x,,” € Rep(Q,v — vy + d) then splits into subrepresentations
(2.48) w) =23 + 23 € Rep(Q,d) & Rep(Q, v — v¢).

The homeomorphism H from the unstable set to the negative slice maps the representation x to
o € Su,O'

(2)
¢

Using Corollary 2.20, from now on we restrict to the case where x;” = 0. This condition imposes

the following restriction on z € F; ’é).

(1)

Lemma 2.23. If :L‘f) = 0, then x is isomorphic to x,
Rep(Q, ve).

, which is then stable as a representation in

Proof. Using Theorem [29, Thm. 4.22], the representation z is isomorphic to a representation in S
(1) (2)

for some z, =z, + o’ € Cy.
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Since x flows down to x4, then the Harder-Narasimhan type is determined, therefore the quotient by
the maximal semistable subrepresentation, which we denote ac((gl) =uz/ xéz) must have dimension vector
vy. Moreover, [29, Thm. 1.2] (the algebraic structure of the limit of the upwards flow) shows that z
is a stable subrepresentation of x which contains the vertex oo, and so it must be a subrepresentation of
mgl). The representation 331(3) satisfies u(z:i(f)) = 0 by [29, Prop. 3.13] and therefore 331(?) is semisimple.

With respect to these subrepresentations, the negative slice decomposes as
S c Hom'(Q,v — vy +d,v, —d) =2 Hom'(Q,d, v, — d) ® Hom'(Q,v — vy, vy — d).

With respect to this decomposition, write dx = dx; + dxo and mg) = x1(L2’d) + xq(f’wfd). Therefore,

x is isomorphic to x, + dx1 + dxe and azq(}) 4+ 0x1 + a:uz’d) is the quotient by the maximal semistable

subrepresentation. The choice of stability parameter then implies that 3:&1) + 01+ xq(?’d) is stable (see

Remark 2.13), and therefore it is isomorphic to xél). Therefore

xr = ‘/1:51,1) + (5%1 + $&2,d) + 5:1:2 + xg]?,’l}é*d) _ :Lél) + (SLUQ + J,‘1(L2’W7d)'

Since 6x5 € S;; C Hom!'(Q,v—vy, vp—d), then [29, Lem. 3.26] shows that if x5 # 0, then $é1)+6x2
is isomorphic to a non-zero element of the negative slice Sy of the lower critical point, and therefore
cannot flow down to xy since the energy satisfies ||,u(a;él)+5x2) —a|? < ||u(ze) —al/?. Therefore we must

have dzo = 0. The condition xf) = 0 implies that xz(?’w_d), and so x = xq(}) +dx1 + xl(f’d) & :1:21). O

This setup can be represented by the following diagram. The notation )y, means the quiver @
with dimension vector v;, an arrow from @y, to @y, , represents a homomorphism in the space
Hom!(Q, vq4,Vi_a), a special case of which is a loop from Qv, to itself which corresponds to a repre-
sentation in Rep(Q,vy). At the upper and lower critical points, the arrows have been labelled with

the corresponding subrepresentations from (2.46) and (2.47).

i) 22
xu .Qvg—d .Qv—vg-&-d
NEY 22 220
Y C )
€z .QVZfd (\.Qd—// .QV—VZ
dxo=0
:r:él) :tf):O
Ty .Q"Z .Qv7v£

Corollary 2.24. After applying the reduction of structure group from Ky to Ky,_q X Kq X Ky_v,,
the image H(S'J;’(?) C S, is contained in the subspace S, o N Hom!'(Q,d, v, —d).
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2.6.2. Adjacent critical sets. Corollary 2.24 shows that the image of the flow lines H(S"Z’é)) C S,ols
contained in a given subspace of the negative slice that can be described in terms of the algebraic
data (Harder-Narasimhan type) of the upper and lower critical sets. In general, the image may not be
equal to this subspace, due to the possible existence of flow lines that converge to some intermediate
critical set.

In this section we consider the special case where there are no intermediate critical sets, and so the
image H (TZ ’00) C Su,p is equal to the subspace identified in Corollary 2.24. We can then explicitly
describe a tubular neighbourhood of H (?Z ’é)) C Sy, as a disk bundle over H (?Z ’é)).

Definition 2.25. Two critical sets Cy and C, with corresponding Harder-Narasimhan types v, and

vy are called adjacent iff vy = v, + e, for some k € J.

In the notation of Corollary 2.24, this is equivalent to d = e;. Once again we can decompose
(1) (2)

Ty = xél) + a:((f) € Cpy, vy =y’ +xy, € C, and note that (for the purposes of computing the relative
cohomology groups (2.45)) Corollary 2.20 allows us to restrict attention to the case where xf) =0
and xq(f) =0.

Since xq(,?) = 0 and x&l) is a-stable, then the isotropy group of z, is U(1) x Ky_v,, which then

acts on the negative slice S, . Recall that the diagonal U(1) C K acts trivially on all of Rep(Q, V),
and therefore the action of the isotropy group on the slice is induced from the action of Ky_y,, on

Hom!(Q, v — vu, Vu).

Lemma 2.26. If Cy and C, are adjacent critical sets, then for every x, = x§1)+x§?) € Cy with ng) =0

and every representation dx € Sy 0 C Hom!(Q, v — vy, va) such that kernel of 6x has dimension vector

V — vy — ek = V — vy, the limit of the downwards flow with initial condition x, + dx is contained in
(1) (2)

Cy. Conversely, every element of the negative slice which flows down to xy = x,”’ +x,” € Cy with

(2)

x,” = 0 must have this form.

Proof. By the choice of stability parameter, the stability of x&l) € Rep(Q,vy) and the fact that
xf,(f) = 0 imply that the maximal semistable subrepresentation of x, 4+ dx has dimension vector equal
to the kernel of x. Therefore x, + dx flows down to z, € Cy if and only if the dimension vector of

the kernel of dx is equal to v — vy —ex = v — vy. O

If Cp and C, are adjacent critical sets then Lemma 2.22 shows that there is a reduction of structure
group to Ky, x U(1) x Ky_y,. Modulo this reduction, there is an explicit description of the space of

flow lines as a subspace of the negative slice of the upper critical set.

Corollary 2.27. Let Cy and Cy, be adjacent critical sets and restrict to the subset of upper critical points

of the form x, = x&l)—l—xg,?) e C, with ng) = 0 and lower critical points of the form x, = xé”%—xf) e C)

with CL’f) = 0. Then modulo the reduction of structure group to Ky, x U(1) x Ky_,, the space of flow

lines 3’“%) fibres over C., such that the fibre over x,, € C,, is isomorphic to V' \ {0}, where V is the
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cokernel of

C
(249) HOmO(Qvek7Vu> &) Homl(Quekavu)‘

Moreover, the subgroup U(1) C Ky, x U(1) x Ky_y, acts freely on these fibres with weight one.

Proof. This follows from Lemma 2.26 and the explicit description of Lemma 2.22. ([

Therefore we can describe tubular neighbourhoods of the space of flow lines as follows.

Lemma 2.28. Given two adjacent critical sets Cy and C,, with Harder-Narasimhan types satisfying
vy = v, + e, the fibres of the tubular neighbourhood of H(ffrlg’(?) C Sy at a given oz € H(?”Z’(?) are
isomorphic to the cokernel of

C
HOIHO(Q, V — Vy — €, Vu) % Homl(Q’ V — Vy — €, Vu)

(2.50) ® /pc/

Hom’(Q,v — vy — e, e)

which is a direct summand of the negative slice at x,.

Proof. The negative slice of the upper critical point x,, corresponds to the cokernel of
Pou
Hom®(Q, v — vy, viy) ——— Hom!(Q, v — vy, v4).

Within this slice, Lemma 2.26 shows that the space of flow lines to Cy is the Grassmann submanifold
of all representations dx € Homl(Q, vV — vy, vy,) for which the kernel has dimension vector v —v,, — ex.
This space corresponds to fixing a reduction of structure group of the isotropy group Ky_v, of z, to
the subgroup Ky_vy,—e, X Ke, so that dz € Hom!(Q, ey, Vu).

Given a fixed choice of reduction of structure group, the fibres of the normal bundle correspond to

the cokernel of
C
HomO(Q,V — Vy — €k, Vy) SLCTIN Hom!(Q,v — v, — €k, Vi),
and varying this choice requires finding the normal bundle of

Hom'(Q, ex, vu) C S,

T ®

vavu X (Kv—vy—ey XKey)

which corresponds to the cokernel of (2.50), consisting of all representations orthogonal to the tangent

space of above fibre product. O

Applying the homeomorphism H : (Wy, Wy 0) = (Su,Su,0) then determines a tubular neighbour-
hood Uy — 9’7 ’(? C W0, which is homeomorphic to a disk bundle.

R

Now the lower critical point (which is isomorphic to x = z,, + dz by Lemma 2.23) lies inside the
associated Harder-Narasimhan stratum, which also has a tubular neighbourhood inside the total space
Rep(Q, v) whose fibres are given by the cokernel of the following complex

C
P
HomO(vibV - Vf) i) Homl(Q,VE,v - VZ)‘
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With respect to the reduction of structure group from K, to Ky, X K¢, X Ky_v,—e¢,, this complex
splits

C
Hom(Q, v — v¢, viy) —= Hom'(Q, v — vy, vy)

(2.51) fasy /pc 2y

HomO(Q, vV — vy, eg) Homl(Q, vV — vy, e)

Note that since xy is isomorphic to x = x, + dz by Lemma 2.23, then the image of p% is orthogonal
to Hom!(Q, v — vy, e;,). Therefore, since vy = v, + €, then the above complex contains (2.50) as a
direct summand.

Since EF”Z ’é] is also contained in the Harder-Narasimhan stratum of the critical set Cy, one can then
consider a tubular neighbourhood of the stratum and restrict it to a disk bundle 7 : Ny — H’Z ’é). Given

redF, ’(?, the fibre 771(z) corresponds to a neighbourhood of the origin in the cokernel of

C
(2.52) Hom®(Q, v — vy, v¢) LN Hom!(Q, v — vy, vy).

Therefore we have two disk bundles over CT“; ’(?.

)

(1) A tubular neighbourhood D — ?Z é) inside the unstable set W ~with fibres given by the
cokernel of (2.50), and

(2) a tubular neighbourhood of the Harder-Narasimhan stratum of Cy inside the ambient manifold
Rep(Q, v), which restricts to a disk bundle V' — 377’(? with fibres given by the cokernel of (2.51).

In the following we will abuse the notation by referring to the disk bundle and the associated vector
bundle with the same notation. The direct sum decomposition of (2.51) shows that D is a subbundle

of V. This is summarised in the following proposition.

Proposition 2.29. The Harder-Narasimhan stratum of Cy has a tubular neighbourhood, which restricts
to a disk bundle V over ?Z’(? with fibres given by the cokernel of (2.51). The space of flow lines 3"23) has
a tubular neighbourhood D in W, , for which the fibres are given by the cokernel of (2.50). Moreover,
after shrinking the above neighbourhoods if necessary, the bundle D is a subbundle of V.

After reducing the structure group from Ky to Ky,—e, X Ke, X Ky_v, (cf. Lemma 2.22), the quotient
bundle T := V/D is trivial with fibres Hom' (Q,v — vy, ey,).

2.6.3. The equivariant Euler class of the quotient of the tubular neighbourhoods. The above proposition
shows that the tubular neighbourhood of the lower stratum restricts to a disk bundle V' — ?Z ’(?, which
contains the normal bundle D — ?Z ’(? inside the unstable set W as a subbundle. We would now
like to compute the equivariant Euler class of the quotient bundle, which will then be used in the
construction of the differential and cup product on the Morse complex in Section 6.2.

After applying the reduction of structure group from Ky to Ky, X Ke, X Ky_v, e, (cf. Lemma
2.22), there is a trivial bundle T" over S'JZ’(? with fibres given by Hom!(Q, v — vy, e;). Since the fibres
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of V are given by the cokernel of (2.51) and the fibres of D are given by the cokernel of (2.50), which
appears as a direct summand in (2.51), then V=D & T.
For the construction of the differential and cup product in Section 6, we need to compute the

equivariant Euler class of the bundle T'. The following lemma applies in this setting (cf. [3]).

Lemma 2.30. Let X be a connected topological space and w: E — X a trivial complex vector bundle
of rank n with a Hermitian metric on the fibres. Suppose that a compact Lie group K acts fibrewise
on E wvia a faithful representation p : K — U(n), so that K fizes the zero section X — E and acts on
each fibre 7=1(x) by k- v = p(k)v. Then the K -equivariant Euler class of E is

ex =1®p*(cn) € Hi(X) 2 H(X) ® H(BK),

where 1 represents the identity element in HY(X) = C, the projection BK — BU(n) induces p* :
H*(BU(n)) — H*(BK) and ¢y is the degree 2n generator of the polynomial ring Clei, ..., cn] =
H*(BU(n)).

Now we can apply this result to the tubular neighbourhood of Proposition 2.29.

Corollary 2.31. In the setting of Proposition 2.29, the disk V. — F}} contains the tubular neigh-
bourhood D — ff’ZbO as a subbundle, with trivial quotient bundle T'. With respect to the reduction of
structure group from Ky to Ky, X K¢, X Ky_v,—e, the subgroup K¢, X Ky_y,—e, = K¢, X Kyv_y,
acts on the fibres Hom!' (Q,v — vy, er) of the quotient bundle T via a faithful representation p, and the
equivariant Euler class is ex = p*(c,), where n = dimc Hom'(Q, v — vy, ep) and ¢, is the degree 2n

generator of the polynomial ring Cley, ..., ¢, = H*(BU(n)).

This will be used in Section 6, where the Euler class of the quotient bundle T is needed to compensate
for the failure of transversality when constructing the differentials and cup product on the Morse
complex (cf. (6.5) and (6.6)).

3. REDUCTION OF STRUCTURE GROUP AND RESTRICTED QUIVER REPRESENTATIONS

The results of Section 9 use an embedding of the Hecke correspondence into the negative slice bundle
on an ambient smooth manifold (cf. Corollary 9.2), or equivalently (by [29]) an embedding of a space
of flow lines between adjacent critical sets. In order to describe the Thom class of this embedding, it
is necessary to develop the deformation theory associated to this problem, which is the goal of this
section (cf. Lemmas 3.5 and 3.12). Much of the theory works in more generality than the case of
Nakajima quivers, and the majority of this section is taken up with the task of defining some general
conditions on the quiver and the relations for which this theory works and then illustrating this with
examples. The reader who is only interested in Nakajima quiver varieties can skip to the next section.

First we describe a general construction to reduce the structure group of a quiver representation by
decomposing the vector spaces at each vertex and then eliminating some edges from the new quiver
representation. Some examples of this are: handsaw quivers (cf. [22] and Example 3.7), the fixed

points of a circle action on the moduli space (cf. [21], [10] and Example 3.8) and the quiver associated
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to the negative slice (cf. Example 3.11 below). The goal here is to prove Lemma 3.5 and Lemma
3.12, which are general results showing that certain properties of the original representation and the
derivative of the relation map are preserved after reducing the structure group in this way.

The following constructions are needed to prove these results for a general class of quivers. Through-
out the reader is referred to Examples 3.7 and 3.8 which illustrate this theory.

Given a quiver Q = (J,¢&), consider a finite set of vertices ' with a surjective map v : J/ — J.
There is an induced set of edges € constructed as follows. For each a € & and each t; € v=1(t(a)),
hj € v(h(a)), define an edge a;; € & such that t(ai;) = t(a) and h(a;;) = h(a). Note that the
construction determines a surjective map e : & — €. This data defines a new quiver Q' := (7', ¢&’),
which we call an expansion of Q).

Given a dimension vector v for @), together with vector spaces {Vj}xeg, decompose each Vj =
Vi, @ -+ @ Vg, where my, = #(v~1(k)) and each Vj, has positive dimension. Note that this last
condition bounds the number of vertices in v~!(k); in particular if dimc V3, = 1 then #(v=1(k)) = 1.
This data defines a dimension vector v’ for the quiver Q’. The group Ky acting on Rep(Q, V') is a
reduction of structure group of the original action of Ky on Rep(Q, v).

A representation 2’ € Rep(Q’ ,v') then induces a representation z € Rep(Q, v) by using the direct
sum Vi = Vi, & - @ Vi, and the converse is true since the edge set &’ includes every possible edge

a;; mapping to each a € €. Therefore there is an isomorphism
(3.1) Rep(Q',v') — Rep(Q, V)

as well as an inclusion of the Lie algebra of the structure group Hom®(Q’, v’) < Hom’(Q, v).
Now choose a subset & € & and define a new quiver @’ = (7, &), which we call a restriction of Q'
Given a dimension vector v/ as above, there is an isomorphism Hom®(Q’,v') — Hom"(Q’,v’) and an

injective homomorphism
(3.2) S :Rep(Q',v') = Rep(Q',v') = Rep(Q, v).

A set of relations R for the original quiver @ then induces a set of relations R’ for @Q'. We will need
a precise description of this for Lemma 3.5, and so the details of this process are as follows.

For each path p = a, - - - a1 in the original quiver @), there is a collection P’ of paths in an expansion
Q' given by pi,. i = ag”)---agil) along edges a,(f") € e !(a) for each k = 1,...,n. Note that a
restriction Q' has a subset of paths P C P given by taking only considering paths with edges in
& C & and so P\ P consists of all paths with at least one edge in &\ &’. We abuse the notation and
use e to denote both of the projections e : P — P and e : P’ — P.

Therefore the relations R for ) determine a new set of relations R’ for Q' given as follows. For each

relation

r= Z App €R

PEPt(r),h(r)
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with head and tail h(r),t(r) € J and for each choice of h(r') € v=1(h(r)) and t(r') € v=1(¢(r)) there is
a relation r’ defined by
’l“, = Z )‘v(p’)p/'

D!
PEP ) miry

Define R’ to be the set of all such relations. For a restriction Q’, we consider the subset R C R of
relations for which all of the paths are in the subset of edges & C €’. Equivalently, we construct R’
by removing paths from R/, where a path appearing nontrivially in some relation r’ € R’ is removed
if and only if it contains at least one edge in & \ &’. This construction is illustrated in Examples 3.7
and 3.8.

Given a representation 2’ € Rep(Q',v',R') mapping to x = S(z’) € Rep(Q,v,R) as above, a
subrepresentation of #’ then induces a subrepresentation of . Note that the converse is not necessarily
true, since a subrepresentation for z may not be compatible with the decomposition of each V;, =
Vk1 @"'@Vkmk'

A stability parameter « for Rep(Q, v) induces a parameter o/ for Rep(Q, v') by pullback o/ = aow.
Note that if a vertex oo € J has dimension one with respect to v, then v~!(co) consists of a single
vertex which has dimension one with respect to v/, therefore the canonical stability parameter for
(Q,v) from Definition 2.12 induces a canonical stability parameter for (@', v’).

In particular, if 2’ € Rep(Q’,v') induces a stable representation x = S(z’) € Rep(Q, v)**!, then
every subrepresentation of x must contain the vertex co. Since any subrepresentation of z’ induces
a subrepresentation of  then each subrepresentation of 2’ must also contain the vertex v=!(00), and

therefore 2’ is then o’-stable. Therefore we have shown the following

Lemma 3.1. If « is the stability parameter for (Q,v) from Definition 2.12 and o/ the induced stability
parameter on (Q',v'), then S(x') € Rep(Q, v, R)*~5 implies that 2’ € Rep(Q, v, R')* ~5t.

The proof of Lemma 3.5 requires an extra condition on a restriction of quivers, namely that a path

is removed if and only if it contains at least two edges in &\ &’.

Definition 3.2. Let Q' = (7', &) be a restriction of an expansion of @ = (J, &) and R a set of quadratic
relations. Then the induced set of relations R’ is called fully restricted if and only if for each relation
r =3 ,cp \pp € R and each path p’ € P\ P such that Ay 7 0, there are at least two edges in p/

contained in &\ &

Remark 3.3. The point of the above definition is to restrict the possible homomorphisms in the image
of the derivative of the relation map (2.9). If a relation in 7’ € R’ corresponds to a homomorphism
Vigry = Vi) then a fully restricted set of relations implies that dv,(dz) must be zero if éx is a sum

of homomorphisms along edges in &\ &'. This is used in the proof of Lemma 3.5 below.

Since the relations R’ are induced from R then there is an induced homomorphism of representations

(3.3) S :Rep(Q', v, R) — Rep(Q',v',jQ') =~ Rep(Q,v,R)
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given by (3.2) and the same is true for the spaces Hom’, Hom! and Rel. Moreover, since the induced
map of relations is injective, then there is a surjective splitting homomorphism
Rel(Q', v/, v/, R) T Rel(Q',v',v/, R
q
for which ker(q) consists of all homomorphisms Hom (V) Vi) C Rel(Q', v/, v/, R’ ) such that r' €
R\ R
Then the deformation complexes (2.10) for (Q',R’) and (Q’,R’) are related by

C
pS(z/)

~ ~ dvg(y ~ ~
Hom®(Q', v/, v/) —= Hom!(Q’,v',v') e Rel(Q', v/, v/, R)

= T 1L

/ dv_,
HomO(Q’,v’,v’) L) Homl(Q’,v’,v’) — Rel(Q', v/, v/, R)

Remark 3.4. Since the group K, contains the one parameter subgroup of scalar multiples of the iden-
tity which act trivially on Rep(Q, v), then 2 € Rep(Q, v)*~*¢ only implies that p$ : Hom°(Q, v, v) —
Hom!(Q, v, v) is injective on the trace-free part of Hom®(Q, v, v). Similarly, given a set R of relations,
the map dv, : Hom! (Q,v,v,R) can only be surjective onto the trace free part (which is only nontrivial
if there are relations r € R with ¢(r) = h(r)). This is sufficient for the standard deformation theory

to prove smoothness of the moduli space. To emphasise this, we will denote the trace-free part by
Hom{(Q,v,v) C Hom®(Q,v,v) and Relp(Q,v,v,R) C Rel(Q,v,v,R).

Lemma 3.5. Suppose that Q' is defined via expansion and restriction of Q as above, that the relations
R’ are fully restricted and that x = S(z') € Rep(Q, v, R) is induced from x' € Rep(Q',v',R’). Suppose
that dv, : Hom'(Q,v,v) — Relg(Q, v, v, R) is surjective. Then

dvy : Hom'(Q', v/, v') — Relg(Q, V', v/, R)
s also surjective.

Proof. If dv, is surjective, then so is the same map for the expanded quiver dv, : Homl(Q’ Vv —
Rely(Q', v/, v/, R'), and so ¢ o dv, is surjective.
There are canonical splittings so that
Hom'(Q',v',v') = Hom!(Q', v/, v') ® Hom'(Q’,v',v')/ Hom!(Q', v/, V'),
where the quotient consists of all tangent vectors dz € Hom(Vy(,, Vi) C Hom!'(Q',v',v’) for edges
acé\&.
The condition that the relations R’ are fully restricted means that all such tangent vectors are in

the kernel of g o dvg(,r). Therefore the image of dv,s is equal to the image of the composition

~ dve 1 ~ ~
Hom!'(Q',v/,v') —— Hom!(Q', v/, V') 5 Relp(Q', v/, v/, R) LN Relp(Q', v/, v/, R).

and so surjectivity of ¢ and dvg(,. implies surjectivity of dv,. O
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Corollary 3.6. Let Q be a quiver with dimension vector v, and suppose that dv, : Hom'(Q,v,v) —
Relo(Q, v, v,R) is surjective for all x € Rep(Q,v)* L. Then if Q' is defined via expansion and
restriction of Q and the relations R’ are fully restricted, then the moduli space My (Q',v,R') is

smooth.

Proof. Lemma 3.1 shows that if 2/ € Rep(Q’,v’) is stable then S(z’) is stable and therefore dv, is
surjective by Lemma 3.5. The result follows from the standard deformation theory applied to the

complex

C
!/ d !
Hom®(Q', v/, v') LN Hom!'(Q', v/, v') BN Relp(Q', v/, v/, R). O

The main example of interest is that of fully restricted expansions of Nakajima quiver varieties.
Recall that for a Nakajima quiver variety, the hyperkédhler structure induces a duality on the defor-
mation complex (2.10) such that p$ is injective if and only if du, is surjective (cf. [10], [19, Lem.
3.10]). In particular, if = is a stable representation then pg is injective, and so the moduli space of
stable representations is smooth (cf. [19, Cor. 3.12]). The Lemmas 3.1 and 3.5 show that a represen-
tation 2’ € Rep(Q’, v, R’) of a fully restricted expansion of a Nakajima quiver variety corresponds to
a smooth point in the moduli space if it induces a stable representation x = S(z) € Rep(Q, v, R) for
the original Nakajima quiver.

The following examples illustrate all of the above constructions.

Example 3.7 (Handsaw quivers from the ADHM quiver). Consider the ADHM quiver with a given

dimension vector
Bl B2
%.V&
[N
b& |a
/
oy
For notation, let & denote the vertex with vector space V and ¢ denote the vertex with vector space
W. Define I = {k1,...,kn—1,01,..., 4} with v : I — T defined by v(k;) = k and v(¢;) = £. Now

decompose V=2V, & --- P V,_1 and W1 & --- ® W,,. From the full set of all possible edges, choose a
subset &’ so that

e B; decomposes into components B{“ Vi = Vigrfork=1,...,n—2,
e By decomposes into components Bé“ V= Vi fork=1,...,n,
e o decomposes into components ax : W — Vi for k=1,...,n— 1, and
e b decomposes into components by : Vi1 — Wi for k=2,...,n.

Then the above ADHM quiver expands into the handsaw quiver (2.12) and the relations (2.11) de-

compose into the relations (2.13) for the handsaw quiver.
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Bl B2 B!
\/ B \ B? Br 2\
A% °y, e oy, _1
al a2 An—1
b2 b3 bnfl bn
*w, oW, T W1 *Wn

Note that there is one handsaw relation Vi — Vi for each £ = 1,...,n — 2 (cf. (2.13)). In the
original ADHM quiver with V 2 Vi @& --- @ V,_1 and W; & --- @& W,,, there are many paths with a
nontrival ADHM relation that map V; — Vi1 (for example By : Vi, — V; followed by By : Vp — Viiq
for £ # k+ 1), however we see that the only such paths for which all edges are in the handsaw quiver
are those that appear in the handsaw relations.

Moreover, the handsaw relations (2.13) are a full restriction of the ADHM relations, since all the
paths in the relations for the expanded ADHM quiver that do not appear in the handsaw relations

must contain two edges that are not in the set of handsaw quiver edges &’.

Example 3.8 (Fixed points of the circle action for Nakajima quivers). Recall that for a Nakajima
quiver @ with decomposition of edges denoted & = %1 U 0.1 there is a well-studied circle action (cf.

[21], [10]) on the space of representations

el . ((TasTa))qeeon = ((wa, ewxa))aegm )
This action commutes with the action of Gy and therefore descends to the moduli space. If an
equivalence class [z] is fixed by the circle action, then the representation Vect(Q,v) decomposes into
weight spaces, which are ordered Vect(Q,vy) @ -+ @ Vect(Q, vyp). In this way we see that the fixed
point determines an expansion of the quiver.

To simplify the notation in line with the previous example, we write By € Rep(Q,v)%! for the
sum of all homomorphisms corresponding to edges a € %! and By € Rep(Q,v)"? for the sum of all
homomorphisms corresponding to edges in a € 01, Then the fixed point condition (cf. [10] and [21])
implies that By decomposes into the sum of B{ € Rep(Q,Vj)LO and By decomposes into the sum of
Bg € Homl(Q,Vj,le)O’l. This is represented by the diagram below, where for simplicity a single

edge is used to denote each representation B{ € Rep(Q, v;)'Y and B% € Hom*(Q, vj, vj+1)%L.
B} B3 Byt
O B! O B2 B2\ /
*(@Qwv1) = %(Qvz2) ®(Q,vn)

Therefore we see that the fixed point also determines a restriction of the above expansion. The
relations are then a full restriction of those for the original hyperkédhler quiver for the same reason as

the previous example.

We would also like to apply the above theory to the negative slice, which will be used in Corollary 9.2

to describe the Thom class of the normal bundle to the Hecke correspondence inside a certain projective
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bundle. Example 3.11 shows that the negative slice can be written as a space of representations for a
restricted quiver, however the restriction does not satisfy the conditions of Lemma 3.5. If the quiver
has no loops then it is quite easy to recover the result of Lemma 3.5, and if the quiver does have loops

then we need to add an extra condition which is as follows.

Definition 3.9. Given a set R of quadratic relations, for each loop a € € such that t(a) = h(a) = ¢(r)
for some relation r and for all paths p = ba with \,(r) # 0 there is a unique loop a’ € € such that
t(a') = h(a’) = h(r) and a path p’ = a’b such that A\, (r) # 0.

Remark 3.10. This is a general condition which is satisfied in useful examples. For the ADHM

quiver, since (with the notation of Example 3.7) the relation
r = B1By — ByB1 + ab

contains two loops Bi, Ba. We have t(B1) = t(r) and there is a path p = Ba By with A\,(r) = —1 # 0.
There is a unique loop (which in this case is By again) such that h(B;) = h(r) and a path p’ = B;Bs
such that Ay (r) =1 # 0. The same idea applies to the loop Ba.

Similarly, for the handsaw quiver, each loop Bé“ is at the tail of a relation
r, = BY B3 — ByYIBY + apq1bpi

for k =1,...,n — 2. Let p = BYB} be the path with B} at the tail, and note that there is a unique
loop Bg“ such that p’ = —Bé“'HB{c with Ay (ry) = —1 # 0.

Example 3.11 (The negative slice as a restricted quiver). Given a framed quiver @) with dimension
vector v, consider a reduction of structure group corresponding to v = vi + vg with the following

restriction
X

O,L/”i\
.(Q’vl) .(Q7V2)

with 2 € Rep(Q,v1) and y € Hom!(Q, v2,v1), where a single arrow is used to denote the represen-
tations x and y in order to simplify the above diagram. When y € ker(pg)* is nonzero, then these
representations appear in the negative slice (2.36). If y ¢ ker(p$)*, then [29, Lem. 3.26] shows that
there exists g € Gy so that g -y so is in the negative slice.

The relation map v : Rep(Q,v) — Rel(Q, v, v,R) decomposes into
v &b [ Rep(Q7 Vl) S Homl(Qa V2, Vl) - RGI(Q, Vi, Vi, fR) D Rel(Q7 V2,Vi1, ‘{R)a

where v is the restriction of v to Rep(Q,v1). To define vy, first note that since y is nilpotent, then

each path p = a, - - - a1 is mapped to the homomorphism

Rep(Q, v1) ® Hom'(Q, va,v1) — Rel(Q, v2,v1,R)

(xa y) = (x’y)p = Zay, " TagYa -
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Equivalently, let p’ = a,, - - - as be the truncated path obtained by removing a; from p and note that
(2,9)p = TpYa,. Given (6z,dy) € Hom!(Q,v1,v1) ® Hom!(Q, v, v1), the derivative (2.6) of each
path is

AP (g4 (02, 0y) = dp, (02 )yay + Ty (0Y)a; -

Now define

vo(,y) :@ Z )‘p(r) ($’y)P

reR peyt(r),h(r)

and

(dVQ)(:r,y) (5'7:7 5y) = @ Z )‘p(r) dp(x,y) (5‘T7 5y)

reR pETt(r),h(r)

(3.5) =P D MO W)y + P D M) 20y

rERPEP (1), h(r) TrER PEP (), h(r)
=: (dva)y(dz) + (dv2)(dy),

where the above is used as the definition of (dv)y(éx) and (dv2);(0y). Now the derivative of the

relation map is

(dv1 & dvy) (4 : Hom(Q,v1,v1) & Hom'(Q, v2, v1) = Rel(Q, v1,v1, R) & Rel(Q, va, v1, R)
(0z,0y) — ((dv1)g(0x), (dva)y(dz) + (dra)z(0y)) -

This particular example and the notation for the derivative of v will be used in Section 9. We would
like to apply the deformation theory of Lemma 3.5 to this negative slice quiver and hence the Hecke
correspondence, however unfortunately the negative slice quiver is not a full restriction of the original

quiver (), since a deformation in Homl(Q’ , V1 + Vva, vy + va) of the form

oz oxo

Y L ()
(3.7) *@vi) Q)
0z

may contain relations with paths whose derivative has terms such as y(0z) and y(dz2) which both
contain exactly one edge in & \ &'. The next lemma shows that the first type of path is not an obstacle
towards proving that dv(,,,) is surjective, and the second type of path can be dealt with using the

condition of Definition 3.9.

Lemma 3.12. Let Q = (€,79) be a framed quiver with relations R and canonical stability parameter
giwven by Definition 2.12. Suppose that for any dimension vector v we have x stable implies dv, is

surjective.
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Choose a dimension vector v and vertex k € J, and consider the restricted quiver associated to a

reduction of structure group given by the negative slice quiver

() v

*@Qv) ®(Q.ex)

with * € Rep(Q,v)¥ %t and suppose that y € S, is nonzero. Then dyzm—y)
Relo(Q, v1,v1,R) & Rel(Q, vz, v1, R).

18 surjective onto

Proof. Since x is stable and y € S, then the negative gradient flow (2.26) takes x +y down to a lower
critical point for || — a|? on Rep(Q, v + ey, R) [29]. Since z is at the lowest non-minimal critical level
for || — a|? in Rep(Q, v + ey, R), then this lower critical point must be a minimiser for ||u — a||* and

therefore x + y is stable. In particular, this implies that

- dvis - -
(3.8) Hom!(Q',v + ey, v + ey) ety Relp(Q', v + ex, v + ek, R)
is surjective for the unrestricted quiver Q’ . To complete the proof we need to show that this implies

that the induced homomorphism

dv/
(3.9) Hom!(Q’', v, v) ® Hom'(Q', ey, v) ey Relp(Q', v,v,R) @ Rel(Q’, ex, v, R')

from (3.4) is surjective.

With reference to the notation for the deformations from (3.7), first note that dv,(dz1) defines a
surjective map onto the first component Relg(Q’, v, v,R), since x is stable. Therefore dv/(dx1) also
defines a surjective map. Equivalently, this shows that the term dv,(dz) from the relations on Q' does
not affect the surjectivity of dv’ onto the first component.
4+y) MApping into Rep(Q', ek, v,R') is (dvy)(dz1) + (dvy)(dy) from
(3.5). If there are no loops at vertex k € J then the deformation dx2 in (3.7) is zero, and so the second

The second component of duE

component of dVEx ) is induced from the larger quiver and therefore surjective.

+y
If there is a loop at vertex k € J with scalar dxo € C, then Definition 3.9 implies that any relations

of the form y(dx3) € Rel(Q', ek, v1,R') can be cancelled by choosing 6z = ;“’/((:)) dxo - id in the corre-
P

sponding relation (dx))y appearing in Rel(Q’, ek, v1,R'), which exists and is unique by the condition

in Definition 3.9. This can be done for each loop, and therefore surjectivity of dv(,, in (3.8) implies

/

surjectivity of du(x +y

) in (3.9), which completes the proof. O

Corollary 3.13. With the same conditions as Lemma 3.12, the moduli space associated to the negative

slice quiver is smooth.

Proof. Lemma 3.12 shows that dVE:c +2) is surjective, after which smoothness follows from the standard

deformation theory of the moduli space using the same method as Corollary 3.6. U
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4. THE MORSE SPECTRAL SEQUENCE

In this section we recall some basic facts about the differentials and cup product on the spectral

sequence associated to a Morse filtration of a topological space.

4.1. Morse stratification. Given a topological space M and a filtration § = M_; C My C --- C

M,, = M, one can write down a spectral sequence where the terms on the first page are
EP = HP(My_p, My—p—1).

The goal is then to compute the terms E5? which correspond to the graded cohomology of M. When
M is a manifold, then the Morse-theoretic point of view is to use a smooth function f : M — R
satisfying certain conditions (which we make precise below) to derive a Morse filtration of M and
carry out the spectral sequence calculations by analysing the behaviour of f near the critical points.

Suppose that for all x € M the negative gradient flow of f with initial condition z, denoted ¢¢(z), is
defined for all ¢ € [0, 00) and that lim;_,o, ¢¢(z) exists. For example, the Lojasiewicz inequality method
[15], [25] shows that this is true when the function is analytic and the flow satisfies a compactness
condition, which is true for the norm-square of a moment map on an affine variety (cf. [26, Lem.
4.10]). In this case one can construct a filtration ) = M_y € My C --- C M,, = M determined by
connected components of the set of critical points of f.

If the function also has good properties near the critical sets (e.g. it is Morse, Morse-Bott [5] or
minimally degenerate [12]) then for each critical set C; labelled by j = 1,...,n, there is a negative
normal bundle V; — C; whose fibres correspond to the negative eigenspace of the Hessian at each
critical point. Let Vjo = V; \ C; and let \; := rankg V; be the index. The main theorem of Morse
theory shows that the terms on the first page of the spectral sequence can be written in terms of

relative cohomology groups localised around the critical sets
H*(Mj;,M;_1) = H*(V},Vjo),

and the Thom isomorphism shows that these relative cohomology groups can be expressed in terms
of Morse data (the critical set together with the Morse index)

H*(Vj, Vjo) = HY(C)).

One then has to compute the differentials in the spectral sequence. If the gradient flow of the
function has further good properties in the sense that the stable and unstable manifolds intersect
transversely (e.g. the function is Morse-Smale or Morse-Bott-Smale) then one can express these
differentials in terms of pullback/pushforward homomorphisms on spaces of flow lines, which is worked
out in detail in [4] using de Rham cohomology.

Therefore, if the function is sufficiently well-behaved, then Morse theory determines

(1) a canonical Morse filtration (which requires good compactness properties of the flow),

(2) the terms on the first page of the spectral sequence in terms of critical point data (which

requires good behaviour of the function near the critical sets), and
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(3) the differentials of the spectral sequence in terms of flow line data (which requires a transver-
sality condition).

More generally, one can replace the manifold M by a (possibly singular) subset Z preserved by the
flow ¢ in the sense that if the initial condition xg € Z, then ¢y (z¢) € Z for all ¢ such that ¢;(z0) is
defined. Under some additional conditions, which are explained in detail in [30] and which we recall
below, there is still a Morse filtration ) = Z_ 1 C Zy C -+ C Z, = Z and the terms on the first page
of the spectral sequence can still be written in terms of relative cohomology groups localised around
the critical sets.

Let M be real analytic, let f : M — R and let ¢;(z) denote the time ¢ downwards gradient flow of
f with initial condition x € M. Let Z be a subset preserved by the gradient flow of f in the sense
that z € Z implies that p;(x) € Z for all ¢ such that o;(x) exists. We can then define a critical point
to be a fixed point of the flow. As above, label the critical sets by C; for j = 0,...,n and define

W = {x €Z | t_l}r_noo wi(x) € Cj}, Wy :=W;\Cj.

The main result of [30] is that the following analog of the main theorem of Morse theory holds for

f: Z — R if certain conditions are satisfied.

Theorem 4.1 ([30, Thm. 1.1 & 1.3]). If the pair (Z C M, f : M — R) satisfies Conditions (1)-(5)
of [30], then there is a Morse filtration ) = Z_1 C Zy C -+ C Zy, = Z and for any real numbers a < b

the following is true.

e [f there are no critical values in [a,b] then Zy ~ Z,.
e Ifa and b are not critical values and there is one critical value ¢ € (a,b) with associated critical
set Cj, then Z; ~ Z;_1 U Wj_.
Moreover, if K is a compact Lie group acting on Z and f is K-invariant, then the above homotopy

equivalences can be chosen to be K -equivariant.

Applying excision gives us the following isomorphism in K-equivariant cohomology
(4.1) Hy(Zj; Zj—1) = Hg (Wi, Wip).

Therefore the terms on the first page of the spectral sequence for the filtration ) = Z_| C Zy C
-+ C Zyn = Z can be expressed in terms of relative cohomology groups defined in terms of local data
around the critical sets.

The results of [30] also show that the above theorem is valid for the norm square of a moment
map on an affine variety (see also [28] for a more streamlined proof). In particular, we can apply this

theorem in the general setting of representations of a quiver with a finite set of relations.

4.2. A Thom homomorphism. Now consider the case where the function f : M — R on the
ambient manifold M is minimally degenerate in the sense of Kirwan [12] and Conditions (1)—(5) of

[30] are satisfied for the restriction of f to Z C M. The model example is where M is the space of
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representations of a quiver, f : M — R is the norm-square of a moment map as in Section 2.3 and Z
is the subvariety satisfying a finite set of relations on the quiver.

Since f is minimally degenerate on M, then the unstable set V; of the critical set C; is a vector
bundle. Let A; := rankg V;. Then the Thom isomorphism shows that the terms on the first page
of the spectral sequence for M can be written as Hy (M, M;_1) = Hf(_kj (C;) and these fit into the

following commutative diagram

Hip (Mj, Mj ) —— Hp (M)

%IThm. 4.1 restriction
(4.2) Hy(Vj, Vio) ——— Hi (V)
%IThom restriction

Y ce
Hy ™ (Cj) —— HY(Cy)

where the isomorphism H fg/\j (C;) = H f{)‘j (V;) = H}(Vj,Vjp) is given by pullback followed by cup
product with the Thom class 7 € HIA(J (V5. Vjo).

Let i : C;NZ < C} denote the inclusion. In the following we will use W; to denote the unstable set
of C; N Z of the restriction of f to Z and V;-Z := 1"V} to denote the pullback of the negative normal
bundle from the ambient manifold M. The Euler class of the bundle VjZ — CjNZ is denoted ez = i*e.
Note that W; C V;-Z.

When we restrict to the subspace Z, the lower half of the above diagram becomes
Hy (W;, W) —— Hy (W)

restrictionT %I

Hy (V7 V) ——— HE (V)

3

ThomI%

1%

HYN(C N Z) =2 HY.(C;N Z)

)\ ~ez
Therefore, we see that cup product with the Euler class Hj, A (C;NZ) —— HY.(C; N Z) factors
through the homomorphism H;}_Aj (C;NZ)— HY.(W;,Wj,) in the sense that the following diagram
comimutes.
Hy (W, Wjo) —— Hi (W)

o

Hi V(€50 2) = Hi(CN 2)

Y ez
In particular, if the map Hf( A (CjNZ) —— HY(CjN Z) is injective, then so is the homomorphism
Hy: ¥ (C 0 Z) = Hy (W, Wio).

The above construction is summarised in the following result.
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Lemma 4.2. Let 7 : V — B be a vector bundle with A\ = rankg V', Fuler class e € H;}(B) and Thom
class T € HY.(V,V \ B). Consider a subspace i : W < V such that K - i(W) = i(W) and the zero
section B — V lies in i(W). Define Vo :=V \ B and Wy := W \ B. Then there is a homomorphism

(4.3) HiAB) O (W W)
Moreover, if Hf(_’\(B) = HY.(B) is injective, then so is the homomorphism (4.3).
Therefore restricting the diagram (4.2) to the subspace Z gives us the following diagram

Hy(Zj, Zj1) ——— Hi(Z))

EIThm. 4.1 irestriction
P . . .
HK(WJ’WLO) — HK(W])
TLem. 4.2 %Irestriction

HYN(Cyn Z) =25 HP.(C;jN Z)

from which we see that even though the terms on the first page of the spectral sequence for the
filtration ) C Zp C -+ C Z,, = Z may not be isomorphic to the terms Hf(_Aj (Cj N Z), we still have a
homomorphism Hz_)‘j(C’j NZ)— HY(Z;, Z;_). 1t Hf(_)\j (C;NZ) =4 HY.(C; N Z) is injective, then
so is HY V(Cj N Z) — HYA(Z;,Z; 1)

Finally, we have the following lemma which will be useful in Section 6.
Lemma 4.3. Let £ = Fy ® Fy — B be a direct sum of vector bundles, and let
v1 =rank By, v, =rankFy, A=v]+ 1y, =rankF.

Then the following diagram commutes, where the homomorphism in the top row is induced by inclusion,
the left hand column is the Thom isomorphism for the bundle E — B, the middle column is the Thom
isomorphism for the bundle E — Eq, the right hand column is the Thom isomorphism for Es and the
bottom row is cup product with the Euler class of .

HP(E,Ey) — HP(E,E\ Ey) HP(Ey, Eo )

%
homotopy
ThomIg
Thom | = HP—2 (El) Thom | =
homotopy]%

HP~(B) e HP~72(B) —— = HP~"2(B)
Proof. The proof follows from the Whitney sum formula for the Euler class e = e; « es together with
the homotopy equivalences in the above diagram. O
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4.3. A splitting lemma. Consider the triple (Z;41, 2, Z;j—1), let Cj41 and C; denote the associated
critical sets in Zj 11\ Zj and Z;\ Z;_1, and let 957’51’0 denote the space of flow lines between the lower
critical set C; and the upper critical set C1. The construction of the cup product in the sequel
depends on a choice of splittings for the long exact sequences of different triples (Zj41,Z;, Z;-1),
(Wit1, Wig1.0, Wit10 \ 95:7461,0) and (Wji1, Wjt1,0,0). In this section we prove the following lemma
which shows that these choices can be made to be compatible, which will be used to show that the
different splittings used to define the cup product in Proposition 5.3 can be chosen to be compatible so
that the diagram (5.4) commutes. The lemma and its proof are elementary, however we were unable
to find the precise statement we need in the literature, therefore we include all the details here in

order to make the exposition self-contained.

Lemma 4.4. Consider the following commutative diagram of short exact sequences of abelian groups

0 vA—L Bt 0
bk
0 y A L B 0

and suppose that all groups are divisible abelian groups so that all short exact sequences split. Then
given a choice of splitting homomorphism i’ : C' — B’ there exists a splitting homomorphismi : C — B

such that roi =1 ot.

Proof. Choose a splitting homomorphism s : imr — B so that r o s = id and note that roj = j'
implies that im j' C imr, therefore s is defined on im j’.
First we claim that ¢’ o t(c) € imr for all ¢ € C. To see this, note that

K oiot(c)=1t(c)=tok(b) =k or(b) for some b e B defined up to im j
= dot(c)—rb) ekerk =imj =imroj
= i ot(c)=r(b+j(a)) for somea € A.
Therefore s o i’ ot is well-defined and we can construct a splitting homomorphism ¢ := soi ot :

C/kert — B such that r o ¢ =i ot. It now only remains to define i on kert.

Choose any splitting homomorphism " : C' — B so that k o4” = id. If ¢ € kert, then we have

tokoi’(c)

= koroi’(c)=0

0

= 7roi’(c)€kerk’ =imj =imroj.

Therefore there exists a € A such that r(i”(¢)+j(a)) = 0 and the choice of a is unique since roj = j' is
injective. Now define i : kert — kerr by i(c) := i"(c)+j(a) € kerr, which trivially satisfies roi = i’ ot.
It is easy to check that i is a homomorphism. Together with i : C// kert — B defined above, since C is

a divisible abelian group then this determines i : C' — B satisfying the conditions of the lemma. [



CONVOLUTION VIA CUP PRODUCT ON A MORSE COMPLEX 39

4.4. Differentials for the spectral sequence. Each differential on the first page of the spectral
sequence is the composition of the following two homomorphisms
d

— T

(4.4) H?(Zj, Zj-1) —— HP(Z;) —— H""N(Zj11, Z;),
where the first homomorphism comes from the long exact sequence of the pair (Z;, Z;_1) and the
second homomorphism is the connecting homomorphism from the long exact sequence of the pair
(Zj+1,2Z5).

The construction of Section 4.2 shows that there are homomorphisms from the shifted cohomology
of the critical sets that fit into the following diagram

d

/\
HP(Zj, Zj—1) —— HP(Z;) ——— H"*Y(Zj11,7;)

Thm. 4.11% Thm. 4.11%

HP(W;, W;o) HP (Wi, Wjt,0)

Lem. 4.2T Lem. 4.21\

HP(Cy) HP= 24141 (Cq)
It is then natural to ask the following questions.

(i) Does the differential d : HP(Z;,Zj—1) — HP™(Z;11,Z;) map the image of the left-hand
column of the above diagram HP~%(C;) — HP(Zj, Z;—1) to the image of the right-hand
column HP~ A+ +Y(Cyy ) — HPYY(Z44, Z;)?

(ii) If so, is it possible to construct an induced map HP~%i (C;) — HP~A+1H1(C; )7

(iii) If the answers to the above questions are positive, then does the induced map HP~%i (C;) —

HP~A+1%1(C; 1) have any topological meaning?

For Morse-Bott-Smale functions on smooth spaces, the differential can be written in terms of pull-
back/pushforward homomorphisms involving spaces of flow lines (see for example [4]). The main
result of Section 8.1 is that one can do this for spaces of representations of quivers and that the
topological meaning of the induced map is that it can be expressed in terms of pullback/pushforward
homomorphisms via spaces of flow lines, or equivalently (using the results of [29]) via the Hecke

Correspondence.

4.5. The cup product on the spectral sequence for adjacent strata. In this section we describe
the cup product on the Fy page of the spectral sequence induced from the cup product on the total
space of Z in the case where the differentials are all zero. This is purely algebraic and designed to
develop the basis for subsequent sections in which we will use the analytic results of [29] and Section
2.6 to show that

(i) Theorem 4.1 can be used to reduce the cup product homomorphism to cohomology groups

localised around critical sets and spaces of flow lines (Section 5.2), and
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(ii) a modified transversality condition can be used to show that the cup product homomorphism
can be constructed from pullback and pushforward homomorphisms between critical sets and

spaces of flow lines connecting them (Section 8.2).

Remark 4.5. For now we focus on the case of a cup product homomorphism between adjacent strata.
It is easy to generalise the results of this section to non-adjacent strata, but to generalise the results

of the later sections requires compactifying spaces of flow lines, which we defer to a subsequent paper.

e To simplify the exposition, for the remainder of this section we will assume that the filtration is
perfect, i.e. the long exact sequence for each pair (Z;, Z;_1) splits into short exact sequences,
or equivalently the differentials in the spectral sequence are all zero.

e For notation, cohomology groups are written H* with coefficients in a divisible abelian group
so that short exact sequences split, however all of the constructions work in the same way for

equivariant cohomology H7, with respect to a group K preserving each stratum S; = Z;\ Z;_;.

Given a triple (Z, Z;, Z;—1), perfection of the stratification shows that the following sequence is

exact
0 —— H*(Z, Zj) E— H*(Z, Zj_l) E— H*(Zj,Zj_l) — 0.

Given w € H™(Z), there is an induced cup product homomorphism on the terms in the above exact

sequence, which can be represented as follows.

0 — HP(Z,2;) —2— HP(Z,Z;_1) —*— HP(Z;,Z;_1) — 0

45 I- - |-

0 —— HPY™(Z,Z;) —— HPY™(Z,Z;_1) —2 HPY™(Z;,Z;1) —— 0

where w; € H™(Z;) denotes the restriction of w to Z;.
Using the assumption on the coefficients, the above exact sequences split, and so the cup product

induces a homomorphism
(4.6) HP(Z, Zj) & HP(Zj, Zj1) —— HPT™(Z, Z;) & HP™(Z;, Z; ).

For the Morse-theoretic convolution of Section 8, we will focus attention on the off-diagonal component

of the above homomorphism, denoted by
(4.7) HP(Zj, Zj—1) —=~ HPY™(Z, Z;)

which is constructed as follows. First note that in writing (4.6) we have implicitly chosen a splitting
of the exact sequences (4.5), in which there is an inclusion i : HP(Z;, Z;_1) — HP(Z, Zj_1) such that
koi=1id and a projection 7 : HP*™(Z, Z;_1) — HP™™(Z, Z;) such that m o j = id.

Let n € HP(Zj,Z;j_1) and define ¢ = i(n). Then ¢ v w € HPY™(Z,Z;_1) = HPT™(Z,Z;) &
HPT™(Z;, Z;_1) from which we then project to (¢ v w) € HPT™(Z, Z;).
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Lemma 4.6. With respect to the splitting homomorphisms i, 7 defined above, the cup product homo-
morphism (4.7) which is induced from cup product on the total space —« w : HP(Z) — HPY™(Z) is
given by
cw(n) = 7(i(n) ~ w).
Remark 4.7. If n —ww; =0 € HP*™(Z;,Z;_1) then this is the cup product
HP(Z;,Z; 1) < HP(Z, Z; 1) — HPY™(Z,Z;).
5. USING THE MAIN THEOREM TO LOCALISE THE DIFFERENTIALS AND CUP PRODUCT

The construction of the differentials and cup product in the previous section is valid for a filtration
0=2Z,1CZyC-+C Z,=Z of a topological space Z. When the filtration is induced by a Morse
filtration on an ambient manifold M (cf. the assumptions of Theorem 4.1), then one can interpret
these homomorphisms in terms of local data around the critical sets and spaces of flow lines. The
conditions of [30] are sufficient to define a Morse filtration and prove the isomorphism from Theorem
4.1. The goal of this section is to show that these conditions are also sufficient to prove Propositions

5.1 and 5.3 describing the differentials and cup product in terms of local data around the critical sets.

5.1. Localising the differential around the critical sets and spaces of flow lines. Let c;,cjy1
denote the critical values associated to the critical sets C;, Cj11. For each stratum Z; 1, consider the
subspace N; := Z; UWj 1. Note that the flow induces homotopy equivalences N; ~ f1(—o0, Cjy1]
Zijt1 and Nj \ Cj1 ~ f1(—o00,¢j] ~ Z; (this requires Conditions (1)—(3) of [30]; see [30, Prop.
2.4]). Applying these homotopy equivalences shows that the differential (corresponding to the top
row in the following diagram) can be constructed as the composition of the homomorphisms in the
second row of the following diagram. The vertical homomorphisms between the second and third rows
are induced by restriction to Wj;1, and Theorem 4.1 then shows that this induces an isomorphism
HPYL(N;, N; \ Cj1) & HPYY(W;i1,Wit10) in the right-hand column. Note that 9’;“ is used to
denote the union of the space of points that flow up to Cj;1 and down to C; with the upper and lower

critical sets, while g§$1,0 is the subset that excludes the upper and lower critical sets.

H?(Zj, Zj1) HP(Zj) —————— H"*Y(Zj11,Z))

} - :

HP(Nj \ Cjy1, Nj\ FJ ) —— HP(N;\ Cj11) —— HPTY(N;, Nj \ Cjpa)

| | 5

HP (W10, W10\ FL5H°0) ——— HP(Wji10) —— HP (Wygr, Wiga0)

Therefore (up to the isomorphisms in the right-hand column of the above diagram), it follows from
Theorem 4.1 that the differential in the spectral sequence factors through the homomorphisms in the
bottom row, which can be expressed in terms of cohomology groups localised around the critical sets

and spaces of flow lines.
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Proposition 5.1. Let Z and f : Z — R satisfy Conditions (1)-(5) of [30], so that there is a
Morse filtration 0 = Z_1 C Zy C --- C Zy = Z and Theorem 4.1 applies. Then the differential
HP(Zj,Zj1) a4, HPY(Z;11,Z;) factors through the composition of the homomorphisms in the bottom

row of the following diagram.

H*(Zj, Zj-1) 4 » HP*Y(Zj11, Z5)
(51) \Lrestriction %lThm. 4.1

HP (W10, Wis1.0 \ FL5H0) —— HP(Wii10) —— HPH(Wiga, Wigi0)

In Section 8.1 we will show that, in the presence of additional transversality assumptions, the above
construction can be further refined using spaces of flow lines in analogy with the well-known theory

for Morse-Bott-Smale functions on smooth manifolds (see for example [4, Sec. 3]).

5.2. Localising the cup product around the critical sets and spaces of flow lines. Using a
similar technique to the proof of Proposition 5.1 for the differential, we can use the main theorem
of Morse theory to express the cup product on the spectral sequence in terms of cohomology groups
localised around the critical sets and spaces of flow lines. The terms in the diagram (4.5) are isomorphic

to the corresponding terms in the following diagram.
0 — HP(Nj, Nj\ Cj1) —— HP(Nj, N; \ F ) ——— HP(N;\ Cj1, N;\ FT) — 0

lvadr 1 iij +1 iij

0 = HPF™(Nj, Nj\ Cjp1) » HPF™(Nj\ Gy, N\ F7Y) — HPF™ (NG Cjar, Ny \ FT) 5 0

In the above diagram and in the sequel we will abuse the notation and also use wj,w;+1 to denote
the restriction of w to subspaces of Z;, Z; 1 respectively. Restricting all of the above spaces to
the intersection with W41 determines homomorphisms from the terms in the above diagram to the
corresponding terms in the following diagram, which are defined using spaces localised around the

critical sets and spaces of flow lines.

(5.2)

0 — HP (Wi, Wisr1.0) —— HP (W1, Wigr0 \ F50°0) —2= HP(Wji10,Wis10\ FHH0) — 0

L’w"“ lVWJ#l lij

0 — HPF™(Wii1, Wig10) = HP™(Wyga, Wygo \ F550°0) 25 HPF™ (Wi 0, W10\ 5950%) — 0

The horizontal rows in the diagram above are the long exact sequences of the cohomology of the
triple (Wji1, Wit1,0, Wis10 \ ?;;1’0). Using the assumption on the coefficients, there are splitting
homomorphisms

, i+1,0 i+1,0
i HP(Wjt1,0, Wit10\ Fjo ) = HP (W1, Wit10\ T )
i+1,0
and 7 : HPT™ (Wip1, Wyg10 \ F070) = HPP™ (W1, W)
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such that the cup product « w : H?(Wj41, Wjt10\ 3’;;1’0) — HPT™(Wipy, Wit10\ ff;:jgl’o) induces a

homomorphism
i+1,0
HP (W1, Wis10) @ HP (W10, W10\ 55
cw; ,
= HPN (Wi, Wyn,0) @ HP ™ (Wiga 0, W0\ F617).
Then the off-diagonal component
(5.3) HP(Wjt1.0, Wygr0\ F500) = HPF™ (W10, Wit 0)
of the cup product can be written in terms of the splitting homomorphisms as follows.

Lemma 5.2. Given w € H™(Z), n € HP(Wjt1,0, Wjt1,0 \ 55:461,0) and splitting homomorphisms as
defined above, the cup product —« w : H*(Z) — H*(Z) induces a homomorphism (5.3) given by

Cw(n) = 7(i(n) ~ wjt1).

All of the homomorphisms in the diagrams (4.5) and (5.2) are either induced by restriction to a
subspace, or by cup product with a fixed class w € H™(Z) or its restriction to a subspace. Therefore
these homomorphisms commute with restriction, and so the following diagram, which is induced by
the inclusion of triples (W1, Wit1.0, Wjt1,0 \ 5?751’0) — (Zj41,Zj,Z;—1), commutes. Equivalently,

the cup product process of Lemma 5.2 is natural with respect to restriction of triples.

(5.4)

H?(Zj11,Z-1) HY(Zj, Zj) ———— 0

lijﬂ

0 —— HPY"™(Zj41, Z;) ———— HP "™ (Zj41, Zj1)

= | Thin- 41 HP (W1, W0\ F)5°) — HP(Wjs1,0, Wisa0 \ FJ5") — 0

lijﬂ

0 — HP™(Wipr, Wiga0) — HPF™ (Wi, W0\ F507)

Lemma 4.4 shows that we can choose splittings of the exact sequence in the above diagram so that
the diagram still commutes. Therefore Theorem 4.1 shows that the cup product construction of Lemma
4.6 is given (up to isomorphism) by first restricting H?(Z;, Z;—1) — H?(Wjt1,0, Wjt1,0 \ &,?’461,0) to a
pair localised around the upper critical set and the space of flow lines, and then applying the localised
cup product construction of Lemma 5.2.

This is summarised in the following proposition.

Proposition 5.3. Let f : Z — R satisfy Conditions (1)-(5) of [30], so there is a Morse filtration
0W=Z1CZyC -+ C Z, = Z and Theorem 4.1 applies. Use Lemma 4.4 to choose compatible
splittings of each row in (5.4) and let w € H™(Z) and let w; be the restriction to H™(Zj). Then the
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cup product homomorphism c(w) : HP(Z;, Z;j_1) — HPT"(Z;41, Z;j) of Lemma 4.6 factors through the

bottom row in the following diagram.

Hp(Zj, ijl) cw (Lem. 4.6) N Hp+m(zj+1’ Z])
I W}ion I
Thm. 4.1| 22 Thm. 4.1 |2
(5.5) i+1,0y cw (Lem. 5.2) o
HP (W5, W) HY(Wjt1,0, Witr0\ Fjo ) — > HPT" (W1, Wit10)

Therefore we see that the main theorem of Morse theory (Theorem 4.1) allows us to interpret the
cup product homomorphism via the maps in the bottom row of the above diagram. Equivalently, this
expresses the cup product construction in terms of cohomology groups of spaces localised around the
critical sets and spaces of flow lines.

In particular, up to the isomorphisms given by Theorem 4.1, the cup product in H*(Z) corresponds

to a homomorphism along the bottom row of the above diagram
(5.6) HP(Wj, Wio) = HP(Wjs1,0, W10\ F76) = HP (Wit Wi 0)-

Remark 5.4. It is sometimes useful to consider classes w € H™ (W) that may not be in the image
of the restriction H™(Z) — H™(Wj11). In this case we have the diagram

restriction
Thm. 4.1]5 \ Thm. 4.1IE
(5.7)

: o (Lem. 5.2
HP(W;, Wjo) HP(Wjg1.0, W10\ 50 o (Lom 32), HP™ (W1, Wit1,0)

for which there is an induced homomorphism H?(Z;, Z;_1) — HP*"(Z;41, Z;), which may not come
from a cup product in H*(Z). This is the case for the convolution homomorphism in Section 9.4, where
we can interpret this homomorphism as cup product on a product space Z x Gr, and the dashed arrow

in the diagram above via pullback to this space.

6. A MODIFIED VERSION OF TRANSVERSALITY

The construction of the cup product and differentials from the previous two sections is valid for a
(possibly singular) space Z inside an ambient manifold M satisfying the conditions of Theorem 4.1.
It then remains to interpret the topological meaning of the homomorphisms (5.1) and (5.6) in terms
of critical sets and spaces of flow lines between them. In the Morse-Bott setting this requires the
additional Morse-Bott-Smale transversality condition (cf. [4]).

In this section we return to the smooth space M and show in Proposition 6.2 that this transver-
sality condition can be weakened so that the first homomorphism in (5.1) and (5.6) is isomorphic to

pullback from the lower critical set Cy to the space of flow lines ?5:’461,0 followed by cup product with
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a certain Euler class (cf. the diagrams (6.5) and (6.6)). The main example of interest is the space of
representations of a quiver, for which this Euler class can be computed using Corollary 2.31.

It then remains to interpret the second homomorphism in (5.1) and (5.6), which is the main result
of Section 8, where we show that this can be expressed in terms of a pushforward homomorphism from

the space of flow lines to the upper critical set.

6.1. Modified transversality conditions. First we recall the basic idea of the case where the
function is Morse-Smale or Morse-Bott-Smale. These ideas have been developed by a number of
authors such as Thom, Smale [27], Witten [31] (see [6] for an overview) and the resulting Morse
complex has been explained in detail by Austin and Braam [4].

Since the function is Morse or Morse-Bott, then the first page of the spectral sequence consists of

terms
HP(M;, Mj_y) = H" ™ (C)).

The space of points on a flow line between the adjacent critical sets C; and Cj41 is denoted ?;:ng’o and
the quotient by the R-action of the flow is denoted .";";ng’o, with associated upper and lower projection
maps 7 : H’;BLO — Cj, my 9,;7461,0 — Cj41 and 7y f;t;,gl’o — Cj, Ty f;'"forl’o — Cj41. The differential

on the first page of the spectral sequence is then given by [4, Thm. 3.1]
dy : HP7Y(Cy) = HP Y4y )
1= (7w )«77 (1)

and the cup product with w € H™(M) is given by [4, Thm. 3.11], which has a component mapping
H*(Cj) to H*(Cj+1) determined by

c(w) : Hp_Aj (C]) — Hp_)‘j+l+m(0j+1)
1= ()« (w ~ g ().

The proof given in [4] uses de Rham cohomology, however our construction below will use singular
cohomology since this behaves well when we pull back to a singular space in Theorem 9.8.

The whole process described above works because the stable and unstable manifolds intersect trans-
versely, however (as we have seen in Proposition 2.29) this is not satisfied for the norm-square of a
moment map on the space of representations of a quiver, therefore we have to modify the transversality
conditions to account for this.

Recall that if the stable and unstable manifolds intersect transversely, then the normal bundle of
the stratum S; inside the ambient manifold M restricts to the normal bundle of ?531’0 =S5iNWjt10
inside Wjy10. In this section we will show that a modified form of the above construction of the
differentials and cup product is still true if a weaker form of transversality holds, where the normal
bundle of 3’?3170 inside Wj410 is only a subbundle of the restriction of the normal bundle of S; to the

space of flow lines.
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Definition 6.1. Let M be a Riemannian manifold and f : M — R a smooth function satisfying
Conditions (1)—(5) of [30]. The spaces of flow lines satisfy weak transversality if the following conditions
hold.

: 3+1,0 . . ) ) j+1,0
i +1,0, i .
(T1) The space of flow lines F ;™" has a tubular neighbourhood in Wj1,, denoted D; — F ¢
(T2) The stratum VVj+ has a tubular neighbourhood in M denoted V; — Wj*, which restricts to a
disk bundle V; — ?§$1’0 such that D; is a subbundle of V;.

Of course, this definition is only useful if these conditions are satisfied for a class of interesting
examples. Lemma 2.28 and Proposition 2.29 show that this is indeed the case for the Morse filtration

of ||t — a|? on the space of representations of a quiver.

6.2. Consequences of the transversality conditions. The transversality conditions (T1) and
(T2) allow us to carry out the following construction, which will be used in the next two sections to
localise the differentials and cup products from the spectral sequence to spaces of flow lines.

First consider the pair (Mj, M;_1). The convergence of the upwards flow determines two sub-
pairs (W;, W) and (Wjt10, Wit1,0 \ ?;Bl’o). A priori these two pairs are not related, in fact they
do not even intersect, however the main theorem of Morse theory does determine a homomorphism
HP(W;, W) = HP(Wjt1,0, Wit1,0 \ ?5’461,0) defined by composing the isomorphism HP(W;, W;) =
HP(M;j, M;_1) with the restriction homomorphism HP(Mj, M;_1) — HP(Wji110, Wit10\ ?;:El’o).

HP(M;, Mj—1)

(6.1) TV \

Hp(Wj,Wj,()) Hp(Wj—&-l,OaWj—FLO \975:2)_1’0)

If we also impose Kirwan’s minimal degeneracy condition [12], then the Thom isomorphism shows
that HP(W;, W;o) = HP~%(C;). The first transversality condition (T1) shows that there is also a
Thom isomorphism Hp(‘WjH’o,WjH,o \ fffgl’o) = HP(Dj,Dj \ 3";?51’0) = Hp_”i(f}"fgl’o), where v;
is the codimension of 95740-1,0 C Vjt1,0- These maps fit together in the following diagram, where the

dashed arrow in the bottom row is induced by the maps in the rest of the diagram.

HP(Mj, Mj_1)
T}V Wion
(6.2) HP (W, W;0) HP(Wig1,0, Wit10 \ 50
Thom]:v ThomIz
HP25((Cy) -mmmmmmmmmmmmm oo > HP=vi (F9510)

It now remains to understand the topological meaning of the homomorphism corresponding to the
dashed arrow, which is the content of Proposition 6.2 below.
The minimal degeneracy condition implies that the strata have normal bundles that restrict to the

negative normal bundle on the critical set, and so we can use the Thom isomorphism H?(W;, W; ) =
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HP (Cj). Moreover, on a smooth affine or projective variety this negative normal bundle extends
to a bundle V; — S; over the entire stratum (cf. [12, Sec. 4]) such that HP(W;, W, ) = HP(V;, Vj ).
Since the space of flow lines is contained in the stratum 3.5461,0 C Sj, then f/] — S restricts to a

bundle over the space of flow lines, which we denote by V; — fffgl’o.

HP(W;, Wjg) ¢——— HP(V;, Vo) ———— HP(V},Vjo)

ThomIg ThomIg ThomI%

Hp_)\j (C]) = Hp_)\j (S]) restriction Hp_)‘j (:}g:gl,O)

\_/

pullback

R

Now if transversality condition (T2) is satisfied, then the tubular neighbourhood of inside
Wit1,0 is a disk bundle D — ?531,0’ which is a subbundle of V;. Then Lemma 4.3 shows that we can
augment diagram (6.2) with a homomorphism corresponding to cup product with the Euler class of

the normal bundle of D C Vj.

M] 5 Mj 1 restriction
Thm. 4.1 w

(6.3) HP(W;,W;g) «—— HP(V;,Vj9) —— HP(V}, Vig) —— HP(Wji10, W10\ F5H0)

Thom]g Thom]g ThomIE ThomI%’

—e

Hp—)\]- (C]) HP— Aj (S )restmctwn Hr— Aj (C_F]—i-l O) N & 287 (?;:,—51,0)

j+1,0
F50

Therefore we see that, up to the isomorphisms HP~"i (CT"?BLO) = HP(Wjt1,0, Wit10 \ 3";?61’0) and
HP=%(C;) = HP(W;, W) (the left and right hand columns of the above diagram), the composition

of homomorphisms
HP(W;,Wjo) = HP(Mj, Mj_1) — HP(Wjt1.0, Wis10 \ Fo™),

which appears in the construction of the differential from Proposition 5.1 and the cup product from

Proposition 5.3, factors through the composition of homomorphisms

pullback
—_—

HP™(Cg) === HP S (F3507) —— HP 5 (555°0)

from the bottom row of the diagram (6.3). The above result is summarised in the following proposition.

Proposition 6.2. Let M be a manifold and f : M — R a minimally degenerate smooth function
satisfying Conditions (1)-(5) of [30] as well as the transversality conditions (T1) and (T2), and let
=M1 C MyC - C M, = M be the associated Morse filtration. Then the following diagram
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commutes.
HP(Mj, Mj1)
T;V an
(6.4) HP (W, Wijo) HY(Wjs10, W1 \ F75"7)

ThomI% ThomI%

pullback
) ——

HP=(C; HP= (G 510) s B (F51)

Therefore the diagram (5.1) for the differential can be augmented with another row corresponding

to the critical sets and spaces of flow lines

HP(Mj, Mj—1) ‘ » HPT (M1, M;)
A W}tlon I
Thm. 4.1 |2 Thm. 4.1 | 2
HP(W;, Wjo) HP (W10, Wig1,0\ F5"°0) — HP(Wji10) — HPFL(Wjiq, Wit )
(6.5) ThomI% ThomI%
Thom | = Hp_”ﬂ'(ﬂfj:'gl’o) **************************** > Hp+l_)‘j+l(0j+1)
veT

pullback

H™(C) HP 9 ()

and the diagram (5.5) for the cup product has an analogous augmentation

¢(w) (Lem. 4.6)

HP(Mj, M) HPH™ (Mg, M)
I Wion I
Thm.4.1|= Thm. 4.1 |=
; Lem. 5.2
HP(W;, W) HP?(Wji1.0,Wit1o\ 3’?;{0*1,0) c(w) (Lem Hp+m(m+l’ Wit1.0)
Thom | HPVi (9%170) 77777777777777777777 y HPTM= A1 (O )
Hp—)\]- (C]) pullback Hp_>\j (?51-6-1,0)

Remark 6.3. Lemma 2.30 and Corollary 2.31 show that the Euler class in the above diagrams can

be explicitly computed in terms of the critical point data.

7. RELATIONSHIP WITH CONVOLUTION IN BOREL-MOORE HOMOLOGY

It now remains to interpret the topological meaning of the dashed arrow in diagrams (6.5) and
(6.6). The aim of this section is to explain how how this is related to pushforward in Borel-Moore

homology. There are two cases
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e pushforward on a sphere bundle (Lemma 7.3), which will correspond to the dashed arrow in
the diagram (6.5) for the differential (Proposition 8.1), and

e pushforward on a projective bundle (Lemma 7.4) which will correspond to the dashed arrow
in the diagram (6.6) (Proposition 8.3).

7.1. Pullback and pushforward in Borel-Moore homology. Let M7, M5 be manifolds of dimen-
sion d1, ds respectively, and let N C M; x My be an embedded submanifold of codimension d such
that the projection N <i> My x My 225 My is proper. Then, following [8, Sec. 2.7], there is a pullback
map in Borel-Moore homology
HPM(Ms) — HlG_g(N)
c— [N]N([M1] K c)

where N : HEM (M, x My) — HPM(N) denotes restriction with supports (cf. [8, Sec. 2.6.21]) and X
denotes the Kiinneth isomorphism HZM (My) @ HEM (My) — HBM (M x M>).

First note that the homomorphism HJM (M) — Hf+]\c/l[1(M1 X My) given by ¢ — [M;] X ¢ is
Poincaré dual to the pullback in cohomology H%~P(Ms) — H%™P(M; x My). By definition (cf. [8,
Sec. 2.6.21]), restriction with supports to a submanifold HPM (M x Ms) — HPM(N) is Poincaré

dual to restriction in cohomology, and therefore the composition (7.1) of these two homomorphisms

(7.1)

in Borel-Moore homology is Poincaré dual to the composition of these two pullback homomorphisms.

This is summarised in the following lemma.

Lemma 7.1. The following diagram commutes, where the top row is the pullback homomorphism
(7.1), the bottom row is pullback in ordinary cohomology, and the vertical arrows are given by Poincaré

duality.

HPM(Mz) —— HJN _y(N)

(7.2) P.Di% P.D.l%
H%=P(My) —— H%7P(N)
In order to relate the Poincaré dual of pushforward in Borel-Moore homology to the Morse-theoretic
constructions in the subsequent sections, we need the following lemmas. The proofs use well-known
results from the theory, but the statements are needed for the connection with Morse theory in the

next section, so we state and prove everything here for completeness. The first is for the pushforward

of a submanifold by the inclusion map.

Lemma 7.2. Let M be a manifold of dimensionn andi: N < M a submanifold of dimension s with
a tubular neighbourhood U. Then the pushforward i, : HEM(N) — HBM (M) is Poincaré dual to the
composition of the following homomorphisms

H5(N) = H"(U,U \ N) — H"(M, M\ N) — H"(M),

where the first isomorphism is the Thom isomorphism, the second isomorphism is excision and the

final homomorphism comes from the long exact sequence of the pair (M, M \ N).
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Proof. This is a special case of the pushforward from the long exact sequence of Borel-Moore homology
for the triple N < M <= M \ N, which is defined using Poincaré duality (cf. [8, Sec. 2.6.9]). O

The next lemma, is for the case of a sphere bundle associated to a vector bundle.

Lemma 7.3. Let B be a manifold of dimension n, let V.— B be a real vector bundle of rank r,
define Vo = V \ B and let w : S — B denote the associated sphere bundle. Then the pushforward
me : HBM(S) — HPBM(B) is Poincaré dual to the composition of the following homomorphisms

HM T (S) S5 BT () < BTV V) S P (B)

where the first homomorphism is homotopy equivalence, the second is the connecting homomorphism in

the long exact sequence of the pair (V, Vo) and the third is the pushforward from the Thom isomorphism.

Proof. This follows from the fact that, on a smooth manifold, the pushforward in the Thom-Gysin
sequence is given by integration over the fibres (cf. [7, Prop. 14.33]), which is Poincaré dual to the

pushforward in Borel-Moore homology. ([

Let B be a manifold of dimension dimg B = n and let 7 : E — B be a smooth fibre bundle with
smooth compact fibres diffeomorphic to F with dimg F' = r. Suppose that the conditions of the
Leray-Hirsch theorem are satisfied, so that there exist classes (3,...,(n € H*(F) such that for any
fibre i : F' — FE the classes i*((1),...,7"((mn) generate H*(F') as a group. In the following we choose
the ordering so that i*((,,) generates the top dimensional cohomology H"(F). For example, these
conditions are satisfied when F is the projectivisation of a complex vector bundle, where the classes
(1,--.,(m are powers of the Chern classes of the tautological line bundle over E.

The following lemma describes the pushforward map in this setting.

Lemma 7.4. The pushforward in Borel-Moore homology T : HI’,BM(E) — HEM(B) is Poincaré dual
to the pushforward by fibre integration
Tt H"7P(E) — H" P(B)

(7.3) * o gk=m
ﬂ*(ﬂ(ﬁ)"(k)_{o f0<k<m

Proof. Let b € HPM(B) be Poincaré dual to # € H"P(B) and let ¢, € HEM _,(E) be Poincaré dual
to ¢ € HYE) for k=1,...,m.

Since F¥ and B are manifolds and the fibres of 7 : E — B are compact manifolds, then pullback to
a fibre bundle in Borel-Moore homology is Poincaré dual to pullback in ordinary cohomology (cf. [8,
p102]), and so

T (b) € Hfﬂf(E) is Poincaré dual to 7*(8) € H" P(E).

The intersection pairing in Borel-Moore homology is Poincaré dual to cup product in cohomology (cf.
[8, Sec. 2.6.15]), therefore

7*(b) ~ ¢ is Poincaré dual to #*(8) — (, forallk=1,...,m.
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The following special case of the projection formula in Borel-Moore homology
T (7*(b) ~ i) = b ~ 1 (c) where b e HBM(B) and ¢, € HPM(E),

is valid when F and B are manifolds (cf. [8, (2.6.29]).

If ¢, € HY(E) for k < m, then £ < r (since the fibre F' is smooth and compact). Then the Poincaré

HBM

min_o(E) satisfies m.(c) = 0 for dimensional reasons, therefore m.(7*(b) ~ cx) = b ~

dual ¢ €
T« (ck) = 0.
If kK = m, then 7*(8) ~ (;, € H""P(E) is Poincaré dual to 7*(b) ~ ¢, € HfM(E) and so the
projection formula shows that the pushforward is m (7*(b) ~ ¢m) = b ~ mu(cm) € HEM(B).
Therefore it remains to show that m.(c,,) = [B], which we will do by showing that m.(c,,) restricts
to the fundamental class on each trivialisation 7=(U) — U. First recall that restriction to an open
subset in Borel-Moore homology is induced from pushforward in ordinary relative homology (cf. [8,

Sec. 2.6.9]) which appears as the horizontal homomorphisms in the following diagram

HEM(E) = H.(B, B\ E) —2~ H.(E,E\ = \(U)) = HPY (=~ (U))

(7.4) lﬂ* lm

HEM(B)= H,(B,B\ B) ——— H.(B,B\U) = HEM(U)

where j is used to denote both the inclusion (E, E\ E) — (E, E\ 771(U)) and the inclusion (B, B\
B) — (B,B\ U). Each homomorphism is induced from a continuous map of pairs, therefore the
diagram commutes.

Restriction in Borel-Moore homology can also be defined using Poincaré duality as part of the
construction of the long exact sequence for Borel-Moore homology (cf. [8, Sec. 2.6.9]). Since all the
spaces E, B, 7~ }(U) and U are manifolds, then the top and bottom rows in the above diagram are

induced via pullback in cohomology

HBM(B) = Hrir—(B) —Ls Hvir (=L (U)) = HBM (z=\ (1))

HPM(B) & H"*(B) ——— H"*(U) = HPM(U)

In particular, the classes ¢, € H"T"~*(E) restrict to classes & € H"'"~*(z~1(U)) for which the
Leray-Hirsch property implies that they restrict to generators of the cohomology of each fibre. Since
7Y U) 2 U x F — U is trivial, then the pushforward in Borel-Moore homology has an explicit
description, which maps the Poincaré dual of &,, to the fundamental class [U]. Therefore in diagram
(7.4) we have 7, o ji(cm) = [U]. Commutativity of (7.4) then implies [U] = jx o m«(¢pm), and therefore
T« (cm) restricts to the fundamental class [U] of each trivialisation. This is the defining property of

the fundamental class [B], which must therefore be equal to 7. (c;,). Therefore
T (7% (b) ~ ) =b~[B]=b

is Poincaré dual to 8 = m.(7* () < () defined using (7.3), which completes the proof. O
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Now we consider a special case of the above construction when the fibre bundle is the projectivisation
of a complex vector bundle. In this setting we will show that the pushforward is given by a construction
analogous to that for the cup product from in Sections 4.5 and 5.2.

Let B be a manifold, let V' — B be a complex vector bundle of complex rank r, and let Vjy denote
the vector bundle minus the zero section. Suppose that there is an action of S* on V fixing the zero
section such that the projection 7 : V' — B is S'-equivariant and the action on each fibre is linear with
weight one. The Atiyah-Bott lemma then implies that the horizontal rows of the following diagram

are exact

0 —— ng(va VO) — Hgl(V) — Hgl(VO) —0

(7.5) E | F

0 —— HY?(B) — HY(B) —— HP(PV) —— 0

where e denotes the S'-equivariant Euler class of V. Since e € Hg’{ (B) then it follows from the
exactness of the bottom row of the above diagram that H¢,(B) = HP(PV) for all p < 2r — 1.

Let & € H*(PV) = H2,(Vp) denote the first Chern class of the projective bundle 7 : PV — B. For
each k = 0,...,7 — 1, the restriction of &* to any fibre P"~! = PV, is a generator of H?*(P"~!). The
Leray-Hirsch theorem then determines an isomorphism of groups

> HYB)@H*@®') - H™(PV)
(7.6) (+2k=m
Y B (k) = (B) &~

For k = 1,...,r, define vy := 7*cx(V) € H?*(PV). Recall that, since the action of S* fixes the
zero section and acts freely with weight one on the fibres, then Hg, (B) = H*(B)[¢] and Hg, (Vo) =
H*(PV) = H*(B)[{]/ ~ with the relation

(7.7) E+aV)w &4t (V) ~0,
where the isomorphism is given by pullback Hg, (B) — Hg (Vo) = H*(PV) (cf. [1, Ch. VII]).
Therefore, in the exact sequence (7.5), we see that the equivariant Euler class is

e(V)==( +a(V)E + - +e(V)) € Hu(B) = H*(B)[¢].

This Euler class and the Leray-Hirsch theorem can be used to construct an explicit splitting of the
bottom row of (7.5) as follows. There is a splitting that respects the group structure in the graded

cohomology rings
(7.8) i: H*(PV) = H*(B)[¢]/ ~ —— Hu(B) = H*(B)[¢]
given by first using the Leray-Hirsch isomorphism, and then defining a homomorphism of groups
H*(PV) = H*(B)® H*(P"') = H% (B) = H*(B) ® H*(BU(1))
i (8) ~ ) = Bt
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Now we define the splitting homomorphism for the map - e in (7.5)
(7.9) pr: HE, (B) — H% > (B)
by contracting with the Euler class as follows. Given n =8 ® ¢" € H, (B) = H*(B) @ H*(BU(1)), if
k > r then we can rewrite
n= (e §k_r) =B {k_’") < e + lower order terms

where “lower order” means that the power of £ is less than k. Repeating this process, we obtain

n=1n" < e+n", where 5’ is a sum of terms of the form 8" ® ¢* with k < r — 1. Now define

pr(n) =1'
and note that pr oi = 0, therefore this is a well-defined splitting of the sequence (7.5).
From Lemma 7.4, the pushforward H*(PV) — H*(B) which is Poincaré dual to the pushforward
in Borel-Moore homology is then given by
(7.10) ma(1°(8) < €9) > < ma(€h) = {§ S
The following lemma shows that this can be interpreted in terms of the cup product construction

given above.

Lemma 7.5. With the same notation and conditions as above, the pushforward HP(PV) — HP~%"(B)

s given by

(7.11) me(n) = pr(i(n) ® §),

where pr and i are the splitting homomorphisms defined above for the exact sequence (7.5).

Proof. From (7.10), the pushforward is nonzero if and only if n = 7*(8) -« &', in which case
me(n) = Band i(n) ®&§ = BRE" € HE (B). Therefore the above construction of the splitting pr shows
that pr(i(n) ® §) = pr(B®£") = f = m(n).

In the case that n = 7*(B) « &* with k < r — 1, then m,(n) = 0 and pr(3 ® ¥1) = 0. O

Remark 7.6. Therefore we see that the pushforward is given by a process analogous to that of the cup
product construction of Lemma 5.2. This is made precise in Proposition 8.3 below, which shows that
the cup product on the Morse complex factors through this pushforward. In the proof of Proposition
8.3 we will use the above general construction in the following context of representations of quivers.
Consider two adjacent critical sets Cy (lower) and C, (upper) with associated dimension vectors
vy and vy from [29, Prop. 3.13] and let W, be the unstable bundle of C, (equivalently, use the
homeomorphism of Theorem 2.11 to replace W, with the negative slice bundle S, in the following).
Suppose also that v = v, so that C; minimises ||z — «||? : Rep(Q,v) — R. Then C;/Ky, = M(Q,v¢)
and C, /Ky, is homotopy equivalent to M(Q,vy) by Corollary 2.19. In equivariant cohomology we

have

Hi,,(Co) = H'(M(Q, ve)) ® H*(BU(1)) and  Hj, (Cu) = H*(M(Q, vu)) ® H*(BU(1))*?
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since the scalar multiples of the identity in Ky, act trivially on Rep(Q,v,) and each upper critical
point determines a reduction of structure group from Ky, to Ky, x U(1).

This second factor of U(1) acts freely on S, and the projection S, — Cy is Ky,-equivariant, so
this bundle descends to the quotient by Ky,

S;O/Kw — M(Q, Vu),
with an induced map in cohomology
H*(M(Q, vu)) @ H*(BU(1)) — H*(S, o/ Ky,).
Lemma 8.2 and Proposition 8.3 use the first Chern class of the projective bundle £ € HQ(S;[)/KW).

Remark 7.7. A priori the pushforward lies in H}}ve (Cu) =2 H*(M(Q,vy)) ® H*(BU(1), however we
see from the above construction that the image of (7.10) lies in H*(M(Q, vy)). This will be important

in the final step of the convolution construction of (9.9), where the image of the convolution lies in
H*(M(Q, Vu))-

8. THE DIFFERENTIAL AND CUP PRODUCT AS CONVOLUTION OPERATORS

The aim of this section is to relate convolution in Borel-Moore homology from the previous section
to the differential and cup product from Section 6. In particular, we will show that the dashed arrows
in diagrams (6.5) and (6.6) are Poincaré dual to pushforward in Borel-Moore homology. Coupled with
the pullback homomorphisms from (6.5) and (6.6), this will show that the differential and cup product

are Poincaré dual to convolution in Borel-Moore homology.

8.1. Expressing the differentials in terms of pullback and pushforward homomorphisms.
Now we focus on the following part of diagram (6.5) and interpret the dashed arrow in terms of

pushforward in Borel-Moore homology.

HP (W10, Wis1.0 \ FL5H0) —— HP(Wi1,0) —— HPH(Wjga, Wyg10)
(8 1 ) ThomIg T}wmIg

G y HPH=N41(C )

Following the notation of [4], let 5’?31’0 = 3"531’0 /R denote the quotient by the R-action of the flow
. . 41,0\ Fi+1,0
and note that this is a homotopy equivalence, so H*(ffio )= H* (ffio ).

Proposition 8.1. Consider a minimally degenerate Morse function satisfying the conditions of The-
orem 4.1 and the weak transversality conditions of Definition 6.1. Then the homomorphism corre-
sponding to the dashed arrow in (8.1) is Poincaré dual to the pushforward in Borel-Moore homology
associated to the proper projection map 5"?751’0 — Cjq1 taking a point on a flow line to the critical

point which is the limit of the upwards flow.
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Proof. After using the flow to define a homotopy Wji10 =~ Wji1,0/R of Wji1 0 with a sphere bundle,

Lemma 7.2 implies that the composition
v &+1,0 5j+1,0
HYY(F5H0) = HP(Wig1,0, W10 \ T ") = HP(Ws1,0)

is Poincaré dual to pushforward in Borel-Moore homology for the inclusion map grg’gl,o — Wit10-

Lemma 7.3 then shows that the composition
HP(Wji10) = HPP (Wi, Wiia0) — HPPNH(Chia)

is Poincaré dual to pushforward for the projection of the sphere bundle Wj 10 — Cj11. Therefore

diagram (8.1) becomes

HP(Wjt1,0, Wit1,0 \ 3.~3+1 ) ——— HP(Wj410) — Hp+l(WJ+1> Wit10)

= Th
ThomI w)uard pushm om

and so the dashed arrow is a composition of homomorphisms which are Poincaré dual to pushforward
in Borel-Moore homology. This composition is then the pushforward associated to the projection
§§$1’0 — Cj+1 mapping a point on a flow line to the associated upper critical point. O

Therefore the spectral sequence differential between adjacent critical sets is (up to isomorphism
given by the main theorem of Morse theory and the Thom isomorphism) given by a homomorphism
HP=%(C}) — HPT1=%+1(C;11) which is the composition of pullback to the space of flow lines, cup

product with the equivariant Euler class from Corollary 2.31 and pushforward to the upper critical

set.
HP(Z;, Z;_1) d HPN(Zj41, Z))
Wﬁon I
Thm. 4.1| Thm. 4.1 |2
HP(Wj, Wjo) HP (W10, Wig10\ F5"°0) — HP(Wji10) — HPFL(Wj0, Wit )
(8 : 2) ThomI% ThomI%

push forward

Thom | 2 HP~Vi (?;ng’o)

vi*eT

pr)\j (C]) pullback Hpi)‘j (:}g’_gl’())

HPP=241(C )

8.2. Expressing the cup product in terms of pullback and pushforward homomorphisms.
In this section we use equivariant cohomology with respect to a circle action on Wjy; satisfying
the conditions of the Atiyah-Bott Lemma [2, Prop. 13.4], namely that the action is free on Wj41
and fixes the zero section Cj11. We also assume that this action comes from a circle subgroup of a

compact group acting on the total space M and preserving the filtration My C --- C M,, = M. These
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assumptions are satisfied in applications where M is a symplectic manifold with a Hamiltonian group
action and moment map u, and the associated filtration is determined by the gradient flow of |||/
(cf. [12]).

First recall the diagram (6.6). For the remainder of this section we focus on the following subdiagram
and interpret the topological meaning of the dashed arrow as the composition of cup product followed

by pushforward in Borel-Moore homology

: ¢w (Lem. 5.2) m
HE. (W10, Wis10\ &’%1’0) HY ™ (Wig1, Wit10)
(83) ThomIg ThomI%
H?Vj(?%l’o) 77777777777777777777 s HIFNTH(C )

The first result says that, in the case where we take cup product c¢ in the top row of (8.3) with
respect to the class & from Remark 7.6, then the dashed arrow in (8.3) is Poincaré dual to pushforward

in Borel-Moore homology in the bottom row.

Lemma 8.2. With the same assumptions as Proposition 8.1, let £ € HQ(PWj+1) denote the first
Chern class of the projective bundle PW; 1 — Cji1. Then the pushforward in Borel-Moore homology
assoctated to the proper projection map @gEI’O/Sl — Cjy1 which takes an S1 orbit to the critical point
given by the upwards flow is Poincaré dual to the homomorphism corresponding to the dashed arrow
in (8.3) for the case w = €.

Proof. Lemma 7.2 (see also Remark 7.6) shows that the homomorphism
Hye " (F50) = He (W10, Wina0 \ F010) = Hi (Wjp10)

is Poincaré dual to pushforward in Borel-Moore homology corresponding to inclusion of the subman-
ifold 9?31’0 — Wjt1,0. Therefore it remains to push forward to the critical set Cj11.

Lemma 7.5 shows that there are canonical splitting homomorphisms (7.8) and (7.9) for the short
exact sequences associated to the pair (Wjy1, Wjt1,0) such that pushforward is given by the homo-
morphism (7.11).

Given the Chern class £ € H 2(IP’WJ-H), the cup product map c¢¢ from Lemma 5.2 comes from
diagram (5.4), which can be augmented with another restriction homomorphism to the short exact

sequence of the pair (W1, Wjt1,) in the bottom row of the following diagram
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HY (W1, W0 \ FEH0) — HY (W10, Wit10 \ F5%) — 0

|-

0 — HYP (W1, Wygr0) — HE 2 (Wi, Witi0\ 3'??61’0)

= H}(Wijt1) Hy(Wji10) —— 0

|-

0 — HY2(Wi1, Wis1,0) ————— HE 2 (Wjs)

Recall from Lemma 4.4 that splitting homomorphisms for each row of the above diagram can be
chosen to be compatible with these canonical splitting homomorphisms for the short exact sequences
associated to the pair (Wj;1, Wjt10). In particular, the cup product homomorphism from Lemma
5.2 restricts to the pushforward homomorphism (7.11) from Lemma 7.5. Therefore the dashed arrow

in (8.3) corresponds to the composition of pushforward homomorphisms.

ce (Lem. 7.5)
Hyg (W10, W10 \ F6"0) —— Hi(Wjy10) ——— Hp+2(Wg+1a Wit1,0)

=] Th
ThomI %hfo;ward pushm om

—Vv; j +2—X
Hie " (F5") » Hy o 7 (Can)

Therefore, in the case w = &, the cup product homomorphism for the triple (W1, Wjt1.0, Wjt1,0\
frrﬁgl’o) from Proposition 5.3 restricts to the pushforward given by (7.11). O

More generally, one can take cup product with w = n < £ for arbitrary n € H;{”_Q(Z ).

Proposition 8.3. With the same assumptions as Lemma 8.2, the cup product on the Morse complex
with a class w =1~ & € Hj(Wjt1) is induced by pullback from the lower critical set to the space of
flow lines, then cup product with the Euler class from Corollary 2.31, then cup product with the class
1 followed by pushforward to the upper critical set.
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Therefore the dashed arrow in diagram (6.6) can be filled in as follows
(8.4)
Hie(Mj, Mj1) Hi™ (Mj1, M)

restriction
Thm. 4.1]% \ Thm. 4.{%

i c(n—¢€) (Lem. 5.2)
Hi(Wj, W) HE (W10, Wyg10 \ F51) » Hig ™ (W1, Wjsi0)

ThomI% ThomIE

~ P=Vj (qj+1,0 -1 P+m—vj  j+1,0y Push  prptm—X;p1 0~
Thom| = Hy 7 (F507) ——— Hig " 7T507) foruaratli (Cj+1)

%T

pullback P—Aj i +1,0
Hy 7(Fi0)

Hie ™ (Cy)
From the above, we see that the class £ € H%((Wj+1) can be used to turn the Morse-theoretic cup
product from Proposition 5.3 into pushforward (Lemma 8.2) or, more generally, cup product followed
by pushforward (Proposition 8.3). Two questions now remain. Firstly, what happens when we restrict
to the subset of representations of a quiver which satisfy a given set of relations? Secondly, what is
the topological meaning of the induced homomorphism H%(M;, M;_1) — Hy ™ (M1, M;) in the
diagram (8.4)7
These questions are answered in the next section, where we show that cup product with the right
choice of class i in (8.4) pulls back to a homomorphism Poincaré dual to convolution in Borel-Moore
homology (Theorem 9.8) and that we can interpret this in the Morse spectral sequence by pulling
back from M to a product M x Gr and applying the cup product in the Morse spectral sequence of
this product space (diagram (9.9)).

9. CONVOLUTION IN BOREL-MOORE HOMOLOGY IS DETERMINED BY THE CUP PRODUCT

Now we return to the case of representations of a quiver with complete quadratic relations (Definition
2.2) that are fully restricted (Definition 3.2) from the relations for a Nakajima quiver. If there are
loops then we also impose the condition of Definition 3.9. As a consequence of these conditions, the
subset of stable representations is smooth (Corollary 3.6) and the space of flow lines between adjacent
critical sets is smooth (Corollary 3.13). These conditions are not too restrictive, as this setup includes
Nakajima quivers without loops (Example 2.3), the ADHM quiver (Remark 3.10) and handsaw quivers
(Examples 2.4 and 3.7), but is not limited to these examples.

The goal of this section is to prove Theorem 9.8, which uses the cup product on the Morse complex to
show that the convolution homomorphism of [18, Sec. 2(i)] and [8, (2.7.14)] in Borel-Moore homology
can be constructed by first applying cup product on the Morse complex of the product of the ambient
smooth space M = Rep(Q, v) with a Grassmannian and then restricting to the singular subset v~1(0).
The key is to take cup product with the correct class, which in this case is the Thom class of a certain

submanifold of the space of flow lines in Rep(Q, v).



CONVOLUTION VIA CUP PRODUCT ON A MORSE COMPLEX 59

For the remainder of this section, fix two adjacent critical sets C, (upper) and Cy (lower) corre-
sponding to the respective strata M, \ M; and M;\ M;_1, with associated dimension vectors vy, and
vy = vy + ek and use the homotopy equivalence of Corollary 2.20 so that Cy, /Ky, = M(Q,vy) x {0}
and Cy/ Ky, = M(Q,ve) x {0}.

In constructing the cup product on the Morse complex, the results of Section 6.2 show that it is
sufficient to consider the case where C; is the minimum of ||u — «||? on Rep(Q, v), so that v = vy.
If v > vy so that Cy is non-minimal then the construction follows diagram (6.6), which includes the
additional step in which we take cup product with the Euler class of Corollary 2.31. Therefore, for
the remainder of this section we fit v = vy = vy + €.

First note that the lower critical set Cp determines a reduction of structure group from K, to
Ky, x Ky_y, with respect to which (modulo Ky) a critical representation can be written as z;, =
xgl) + xf). Corollary 2.20 shows that there is a K, -equivariant homotopy equivalence to the subset
of representations for which a:f) =0.

Now recall that the upper critical set determines a reduction of structure group (Corollary 2.19) so
that

H}W (Cy) = H}}v“ (Cy) ® H (BKe,)
with C,, /Ky, = M(Q, vy) X {0} and K, = U(1). The circle subgroup {id} x U(1) C Ky, x U(1) then
acts freely on ?Z ’(?.

Now that we have fixed the lower and upper critical sets, then we drop this notation from the space

of flow lines and use F = F; ’é).

9.1. Construction of the Thom class. Given this choice of upper critical set C,,, recall the def-
inition of the negative slice bundle m, : S, — Cy (2.32), and the unstable bundle (2.29), which we

denote by W, . Theorem 2.11 determines a homeomorphism of pairs

(Svjv S;O) é (quv Wu_,O)
The space of flow lines  C W, is then mapped into the negative slice bundle, and we abuse the
notation by also using ¥ C 5, to denote the image. The above homeomorphism then extends to a

homeomorphism of triples
(‘S’u_ﬂ Sz:O’ Sz:,() \‘rf) & (Wu_7 WqZO? WQZO \ ?)'

The negative slice bundle is a linearisation of the unstable set, which simplifies the deformation
theory associated to the subsets B, N and T' defined below. We can construct normal bundles inside
the negative slice and then use the above homeomorphism to map these into the unstable set W, .
The homeomorphism guarantees that these images will also have well-defined normal bundles.

Define

B=Fnv Y0)CS,.
Since v1(0) is closed and preserved by the flow, then any flow line in B has both upper and lower

limits in ©~1(0). Conversely, if the lower limit is in ~1(0) then Lemma 2.23 shows that all points
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in the flow line are isomorphic to the lower limit and hence in »~1(0). The result of [29, Thm. 4.35]
shows that B/Ky, is the Hecke correspondence for the quiver varieties M(Q, vy, R) and M(Q, vy, R).
Now define

T=nvY0)nC,)NTFCS,

and
N={xe 3 | v(z)=v(m(x))} CS,.
Note that
TNN={zeT | v(z)=rvim(z) =0} =Fnv0) = B.

Lemma 9.1. F and T are manifolds, and N C F and B C T are submanifolds with the same

codimension d.

Proof. Recall that the fibres of F are determined by the cokernel of (2.49). The upper critical set
Cy, is preserved by the action of Ky, and (within the stratum Rep(Q, vy)*") the normal bundle to
the critical set has fibres given by the infinitesimal action of it,, C gy,. The deformation complex

describing the tangent space of F is then given by

C
p LTy, 11
ity, L2ut Hom! (Q, ek, vu) ® Homl(Q,vu,vu).

Stability of x, implies that (modulo the scalar multiples of the identity in €y,) this homomorphism
is injective. A point of N is given by a pair z, +y € S, , where =, € Cy and v(zy + y) = v(zy).
Therefore Lemma 2.1 shows that x, +y € N if and only if dv,, (y) = 0 and so the derivative of this
condition defines the tangent bundle of N, which is given by the middle cohomology of the following

complex

ity, M Hom!'(Q, vy, va) @ Hom!(Q, ey, vy) e bty Relp(Q, ex, Vu, R),
where (using the notation of (3.6) in Example 3.11)
(9.1) (dvg, + dvy)(dx,0y) = dvy, (6y) + dvy(dz).

Now z,, +y € Rep(Q, vy) is stable by Lemma 2.23 and therefore Lemma 3.12 shows that the adjoint

of dv(y, 4y 1s injective. Now note that the adjoint of the homomorphism above is the restriction of
dv}

(Tu
normal bundle is determined by the image of the adjoint of (9.1) in the above deformation complex.

+y) tO Rel(Q, ek, vu, R) and therefore must also be injective. Therefore N C F is smooth and the

A similar construction works for B. For hyperkdhler quivers and handsaw quivers, Nakajima has
already shown that B is smooth (cf. [19, Sec. 5] and [22, Sec. 5]) using deformation theory inside
M(Q, va) X M(Q, vy + €x), however here the goal is to relate the normal bundles of B C N and T C &F

and so we instead use the deformation theory of B C N C F. The associated deformation complex is

PCqc dv(z,,
ity, BCas )N Homl(Q,vu,vu) &) Homl(Q,ek,vu) gy Relp(Q, Vu, vu, R) @ Rel(Q, ex, vu, R)
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where the extra condition x,, € v71(0) determines an extra term in the derivative compared to the
above (9.1)

AV (g, 44 (0, 0y) = (dvg, (02), dvy, (8y) + dvy () .

Again, since x, + y is stable, then the adjoint of dv(,,,) is injective (modulo scalar multiples of the
identity) by Lemma 3.12 and so the normal bundle of B C JF is determined by the image of dy(*mu )

In order to determine the normal bundle of B C T, the definition T = 7, 1(v=1(0) N C,) N F
determines an extra a priori condition dv,,, (dz,,) = 0 on the tangent space which leads to the following

deformation complex

C
Plzuty) vy, +diy

ity, ——— Homl(Q,vu,Vu) @ Homl(Q,ek,vu) Rel(Q, ex, vy, R).

For the same reason as before, this homomorphism is surjective and the normal bundle of B C T
has fibres given by the image of the adjoint (dv,, + dvy)*, which is injective and therefore has the
same dimension as the image of the adjoint of (9.1), which corresponds to the fibres of the normal
bundle of N C &F O

Let 73 € HYT, T\ B) and 7v € HYF,F\ N) be the Thom classes associated to the respective
inclusions B < T and N — J. Denote the inclusion of pairs by i; : (T, T\ B) — (F,F\ N).

Corollary 9.2. The Thom classes satisfy 75 = 17N .

Proof. This follows from the previous proof by noting that the normal bundle of B C T is the image

of

(dVgy +dvy)*
P

Rel(Q, ek, vy, R) Homl(Q, Vu, Vu) ® Homl(Q, €k, Vu) < Homl(Q, v,V),

where Homl(Q, v, V) is a globally defined trivial bundle over B C T' C &. Therefore the normal bundle
of B C T is the pullback of the normal bundle of N C &F via the inclusion B < N, which implies the

relation 74 = i*7 on the Thom classes. U

Now let Gr(vy,vy) denote the Grassmannian of v, planes in vy, or equivalently injective homo-
morphisms Vect(Q, vy) = Vect(Q, v/) modulo Gy, . Consider the product Rep(Q, v;)*! x Gr(v., vy)
with the induced group action of Ky, on Gr(v,,ve). Using the Hermitian structure, a subspace in
Gr(vy, vy) corresponds to an orthogonal projection II : Vect(Q, v;) — Vect(Q, vy,). Therefore there is

a continuous projection

Pu : Rep(Q, ve)™ x Gr(vy, ve) — Rep(Q, vu)
(x,1I) = ILzII.

Define the open subset U C Rep(Q,v,)%" x Gr(v,,v,) as the preimage of Rep(Q,v,)*! by this pro-
jection. There is a continuous map U — Rep(Q, v,)*! given by projection onto the first factor. Note

that each z € 5, ; comes equipped with a canonical element of Gr(vy, vy) determined by reduction of
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structure group at the upper critical point, and therefore the inclusion F < S, o < Rep(Q, v¢)® lifts

as follows

U —— Rep(Q, vy) x Gr(vy, vy)

///7
(9.2) l

-

TF < > S;O c > Rep(Q, vy)*!

There is also a projection onto Hom!(Q, ey, v,,) given by IzII*+. For each (z,II) € U, denote
the representations associated to these projections by z, := IzIl € Rep(Q,v,)® and y := HzITt e
Hom!(Q, ex, v4,).

The projection II also determines a choice of subgroup Ky, C Ky, and, with respect to the action

of Gy, on z, there is an orthogonal decomposition
Hom' (Q, e4, V) = im p, & ker(p, )"

Given y = IlzII*+ as above, let y;, denote the component in ker(p((m:u)* with respect to the above
decomposition. Stability of x 4+ y then implies that y, # 0, since otherwise one can construct an
isomorphism between x and a representation with zero component in Homl(Q, €k, Vu), which is then

clearly unstable. Now define
(9.3) N :={(z,0I) € U | v(xy) = v(zy +yn)}.

Lemma 9.3. N is a submanifold of U. With respect to the canonical lift F — U from (9.2), the

intersection N N'F is transverse in U and the inclusions of pairs

(T, T\ B) & (F,5\ N) 3 (U, U\ N)
satisfy
(9.4) 3 = (ig0i1) Ty and TN =i3Tg,
where Ty is the Thom class of N—U.

Proof. The derivative of the condition v(x,) = v(zy + yp) is

AVzq, +dvy

Tz, (Rep(Q,Vg)St X GI‘(Vu,Vg)) Rel(Q, ek, vy, R)

Again, stability of x,, implies that this is surjective, and therefore the adjoint is injective. In particular
we see that the normal bundle of N C U has fibres given by the image of the adjoint and that the
image of these fibres in T(, 11y (Rep(Q, v¢)™ X Gr(vy,vy)) restricts to the fibres of the normal bundle
of N C ¥ defined in the previous proof.

Therefore the same argument as above shows that the normal bundle of N C ¥ is the pullback of
the normal bundle of N C U via the inclusion N < N, which implies the relation (9.4) on the Thom
classes. O
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9.2. Global generators for the Thom class. Now consider the image of the Thom class 7n €
H%(F,9\ N) under the homomorphism H%(F,F\ N) — H%(F). In the sequel we will denote this
image by 7, and the goal of this section is to prove Corollary 9.5, which shows that 7}, is generated
by a global class in H}}WZ (Rep(Q, ve) x Gr(vy, vy)).

Now we show that the inclusion U < Rep(Q, v¢)® x Gr(v,, v¢) induces a surjection in cohomology.
Coupled with the well-known surjection

H*(BKy, x BKy,) — H}‘}V[ (Rep(Q,ve)*™ x Gr(vu, ve))

(using the method of Kirwan [12]), this implies that the image of the Thom class 75 under the inclusion
H*(U,U\ N) — H*(U) is generated by a class in H*(BKy, x BKy,).

Lemma 9.4. The inclusion U — Rep(Q,ve) x Gr(vy,vy) induces a surjection in K,-equivariant

cohomology.
Proof. Choose a fixed II € Gr(vy, vy). We have
Gr(vy,vy) = Ky, / (Ky, x U(1))
and so
Hi,, (Rep(Q,ve) X Gr(vu,ve)) = Hy .y (Rep(Q,vy)),
where Ky, x U(1) acts via the choice of II € Gr(vy,vy). Equivalently, there is a canonical decompo-
sition
Rep(Q, ve) = Rep(Q, vu) ® Hom' (Q, ex, vu) @ Hom'(Q, vu, ex) & Hom' (@, ex., ex).

and Ky, x U(1) acts via the obvious induced action. Kirwan’s method [12] on Rep(Q, vy) then shows

that there is a surjection

Hi, xu)(Rep(Q, vy))
— H;(vuxU(l) (Rep(Q, vu)a_St D Homl(Q, €k, Vu) ® Homl(Q, Vu, €k) D Homl(Q, ek, ek)) .

It remains to restrict to the subset where x, € Rep(Q.vy) is stable. We denote this by Uy with
respect to the above choice of Il € Gr(vy, vy), and note that U = Ky, xg, xua) Un. When the
component x, € Rep(Q, vy) is stable, then zy is stable if and only if the component in ker(p(gu)* C
Homl(Q, €k, Vu) is nonzero. Therefore the above projection is homotopy equivalent to a vector bundle
over Rep(Q, vy)®* % with fibre ker(pgu)* via a homotopy equivalence that preserves the subset where
xy is stable, and the subgroup {id} x U(1) C Ky, x U(1) fixes the base and acts freely on the nonzero
fibres. Therefore the Atiyah-Bott lemma implies that

H}v“xu(l) (Rep(Q, vu)* "' @ Hom!'(Q, ey, vu) ® Hom'(Q, vy, ex) ® Hom'(Q, ey, ex))
= Hy uay(Un)
is surjective. The result then follows from the isomorphism

. o (Un) = Hi, (U), O
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Corollary 9.5. There is a class T € Hj,(Rep(Q, v¢) x Gr(vy, vy)) such that pullback by the inclusion
i+ F = Rep(Q,vy) X Gr(vy, vy) from (9.2) satisfies i*T = 7).

Proof. The previous lemma shows that the image of the Thom class 75 € H}k{v[ (U, U\N) — H}}VZ U)
is in the image of the pullback by inclusion U < Rep(Q, v¢) x Gr(vy, vy). Together with Lemma 9.3,

the commutative diagram

Hi., (Rep(Q.ve) x Gr(va, Vi)

!

Hi, (UU\N) Hi, (U)
Hi., (F.5\N) Hi,, (9)

shows that 7y, is in the image of the pullback homomorphism H}k{vé (Rep(Q, ve) X Gr(vy,vy)) —
H;(VZ<EF). O

The following result is used in the proof of Lemma 9.7.

Corollary 9.6. Inclusion U < Rep(Q,v¢)* %" x Gr(vy, vy) induces a surjection in Ky,-equivariant
cohomology.
Proof. There is a sequence of inclusions
U — Rep(Q, vo)* % x Gr(vy, v¢) < Rep(Q, v¢) x Gr(vy, Vi)
together with the previous lemma shows that the induced homomorphism
Hi,, (Rep(Q.ve) x Gr(vy,ve) = Hi, (U)

is surjective. Therefore

H}k(vé (Rep(Q,Vg)O‘_St X GI‘(VU,Vg)) — H}'}‘,E(U)
is also surjective. [l

9.3. Global generation of the first Chern class of the negative slice bundle. Now we show
that the Chern class £ € HLQJ(1)(W1:,0) = Ha(l)(S;O) =~ H%(PS; ) used in Lemma 8.2 is generated by a
class in H% (Rep(Q, v) x Gr(vy, vy).

Lemma 9.7. There exists & € HZ% (Rep(Q, V) x Gr(vy,vy)) such that i*€ = &, where i : Suo =
Rep(Q,v) x Gr(vy,vy)) is the inclusion from (9.2) and £ is the Chern class from Remark 7.6 and
Lemma 8.2.

Proof. Recall from the construction of the submanifold N ¢ U from (9.3) that given (x,II) € U the

projection II induces representations

Ty =121l € Rep(Q, vy)*™* and y = IzIIt € Hom!(Q, ey, vu).
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The decomposition Hom!(Q, ey, vy) = ker(pgu)* @im pC then determines a well defined vector bundle
S over U with fibres ker(pgu)* C Hom!(Q, ex, vy) C Hom!'(Q, v,v). Moreover, y € Hom!(Q, ex, vu)
determines a canonical nonzero yj, € ker(p$ )*, which then determines a line in ker(p$ )* and hence a
line subbundle L C S.

On the image of the negative slice S, < U, this line bundle L pulls back to the line bundle L
which is the tautological bundle of PS;, and hence the first Chern class of L restricts to the first Chern
class of L, which is the class £ used in Lemma 8.2.

Coupled with the surjectivity from Corollary 9.6, this proves the existence of £ € Hz(Rep(Q, v) X
Gr(vy,ve)) such that i*€ = €. O

9.4. Cup product with the Thom class on the Morse complex. Now we are in a position to
describe the cup product with the Thom class on the Morse complex and then use the above results to
give a Morse-theoretic construction of convolution in Borel-Moore homology. To simplify the notation
in the following, we use Gr in place of Gr(vy, vy).

Lemma 9.3 shows that the Thom class 7y is in the image of 75 € HL(U,U \ N). The image
T € H&(U) is in the image of the pullback homomorphism from H}‘(VZ (Rep(Q, v¢) x Gr(vy,vy)) —
H}‘{Vl (U) by Corollary 9.6, and therefore 7y is in the image of the pullback

H}}vg (Rep(Q, vy) x Gr(vy,vy)) — H}k(vg (F).
Therefore the cup product

,0 ,0
Hf(vé (W, W \ ?Zo) x H;l(ve (W) = Hf(tj(ww W\ 9:Z())

(W, TN) = w~ T
is the restriction of cup product

H}C{W (Mj+1 X Gr,Mj_l X GI’) X H;l{"e (Mj+1 X GI‘) — Hf{tj(MJ_i_l X GI‘, Mj—l X GI‘)

(@, T) =@~ T.

Consider the Chern class £ from Remark 7.6. Proposition 8.3 then shows that cup product with
7hr ~ & on the space of flow lines induces a homomorphism Hb (M;, M;_1) — Hy "™ (M;i1, M;)

between the terms on the first page of the Morse spectral sequence.
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(9.5)
H e (M, Mij1) == e e e e oo » Hy ™ (Mjy1, My)

restriction
Thm. 4.1]% \ Thm. 4.{%

; c(th~€) (Lem. 5.2)
Hipe (W5, W) HY (Wig10, W10\ F51) = » HE™ (Wit1, Wiga0)

ThomI% ThomIE

/
~ P Vi (1.0 N PV (qit1,0y PUSh prptme iy o
Thom| = k (Fjg ") ——— Hg (Fio ) forward 1K (Cj+1)

%T

pullback P—Aj i +1,0
Hy 7(Fi0)

Hy ™ (Cy)

Now we can explain the topological meaning of this induced homomorphism. The above results
show that the cup product homomorphism (7, ~ &) is the restriction of the analogous homomorphism
on M x Gr, since the classes 7j; and £ are the pullback of the corresponding classes 7 and é via the
inclusion S, < M x Gr (Corollary 9.5 and Lemma 9.7). Therefore naturality of the cup product

process of Lemma 5.2 implies that the following diagram commutes.

c(7—£€) (Lem. 5.2)

Hg(MJ X GI",MJ',1 X GI‘) H%+m(Mj+1 X GI“, Mj X GI‘)

! !

; c(Th€) (Lem. 5.2) m
HY (Wygr0, Wipa0 \ F5H0) —= HY™ (W1, Wyt 0)

Naturality of cup product then implies that the restriction HY-(Mj;, Mj—1) — Hp(Wjt1,0, Wjt1,0 \
fffgl’o) factors through the pullback to the product H%-(M;, M;_1) — HY.(M; x Gr, M;_1 x Gr) by
the projection M x Gr — M. Therefore the diagram (9.5) can be augmented as follows

(9.6)
H?{(M] X GI‘,M]‘_l X GI‘) o) H€{+m(Mj+1 X GI‘,Mj X GI‘)
Hpe (M, Mj1) === e o e e e > HY ™ (Mg, M;)
Thm.4.1|= W}Wm J{ \ Thm-4~1I%
; c(ty—€) (Lem. 5.2) m
Hy (Wi, W) HY (Wig1,0,Wis1.0 \ F5H0) = HE™ (W1, Wyt1,0)
ThOmIg ThomI%
= Vi (gt i m—vj g+, h m-X,
Thom | & Hy 7 (FI0H0) ——— (G % HYM =405 1)
HY N (Cy) — 22 JE Y (59500)
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Therefore we see that the induced homomorphism H%.(M; x Gr, M;_1 x Gr) — H5 ™ (M1 x Gr, M; x
Gr) pulls back to the cup product homomorphism on the first page of the spectral sequence for M x Gr.

Now recall the convolution construction of [18, Sec. 2(i)] and [8, (2.7.14)] in Borel-Moore homology.
Lemmas 7.1 and 7.4 show that this corresponds via Poincaré duality to the composition of the following

homomorphisms in cohomology
_ T ()« — _
(9.7) Hy (Cenv ' (0) —— Hy (B) == Hfgj ACy N 1(0)).

(Recall from [29] that the Hecke correspondence is B/ Ky, .)
Since the pushforward Hf(ve (B) — H%tj_’\“(Cu Nv~1(0)) factors through the inclusion B < T,

then the convolution is given by the composition of the following homomorphisms

*

(9.8) Y, (G0 (0) " HY, (B) — HIEUT) ™5 HENC, 0o (0),

Note that the image of the pushforward
* (7u) * - ~ * *
HiENT) =5 Hi,, (Cu N7 (0)) = H*(M(Q, vu) ® H*(BU(1)).

lies in H*(M(Q, vu) = H*(M(Q, vu)@H*(BU(1)) (see Remark 7.7). Therefore we use Ky, -equivariant

cohomology for the final term of the above diagram.
Corollary 9.2 shows that cup product with the Thom class commutes with restriction

Hy, (F) ——— Hy (T)

\LVTN \LV’TB

d 7* d
HE(E, 5\ N) — HEZ(T, T\ B)

| |

The convolution (9.8) is the middle column of the following diagram. Taking the quotient by Ky,
gives the homomorphisms in the right hand column, which is Poincaré dual to the convolution used
by Nakajima [18, Sec. 2(i)] and Chriss & Ginzburg [8, (2.7.14)]. The left-hand column is the bottom
row of the diagram (9.6), which therefore corresponds to the cup product on the Morse complex in

the case where Oy is a global minimum for || — a|?.
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Hy,(Cr) H, (Cenv™H(0)) «—— HP(M(Q, ve, R))
rr;J/ 71-2‘/ J{‘”Z pullback
HY, (F) —— H} () ——— H} (B) «————— H"(B/K.,)
VTN\L rg Thmnlg
(9.9) HEL (T, 3\ N) 1 HE (T, T\ B)
J{ J{ push forward
Hi () : H (D)
J(wu)* l(”")*
HY 7 (C) HEE M (Cunv(0) < HPH2 (M(Q, v, R))

When v, < v then there is an additional step of cup product with the Euler class of Corollary 2.31
that relates the above construction to the cup product of (9.6).

Combined with the results of the previous section, we have proved the following.

Theorem 9.8. The cup product HY.(M; x Gr, M;_; x Gr) A Hf;rd(MgH x Gr, My x Gr) on the

Morse complex for M x Gr restricts to the local cup product with Ty ~ & in the Morse complex for
M (the left-hand column of (9.9). Restricting this to v=1(0) determines the middle column of (9.9),

which is then equivalent to convolution (9.8).
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