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Abstract
This paper builds upon our recent work, published in Carpentier et al (2022 Lett.
Math. Phys. 112 94), where we established that the integrable Volterra lat-
tice on a free associative algebra and the whole hierarchy of its symmet-
ries admit a quantisation dependent on a parameter w. We also uncovered
an intriguing aspect: all odd-degree symmetries of the hierarchy admit an
alternative, non-deformation quantisation, resulting in a non-commutative
algebra for any choice of the quantisation parameter w. In this study, we
demonstrate that each equation within the quantum Volterra hierarchy can
be expressed in the Heisenberg form. We provide explicit expressions for all
quantum Hamiltonians and establish their commutativity. In the classical limit,
these quantum Hamiltonians yield explicit expressions for the classical ones
of the commutative Volterra hierarchy. Furthermore, we present Heisenberg
equations and their Hamiltonians in the case of non-deformation quantisation.
Finally, we discuss commuting first integrals, central elements of the quantum
algebra, and the integrability problem for periodic reductions of the Volterra
lattice in the context of both quantisations.
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1. Introduction

In this paper, we further develop the quantisation theory of the Volterra lattice [1], based on
the notion of quantisation ideals [2]. In our previous work [1], we proved that the non-Abelian
Volterra lattice, along with the entire hierarchy of its commuting symmetries, admits a quant-
isation with quadratic commutation relations between dynamical variables that depend on a
complex parameter w. The algebra generated by the dynamical variables becomes commut-
ative in the specialisation w = 1. This quantisation can be viewed as a finite deformation of
a commutative algebra, a deformation that is consistent with all equations of the hierarchy.
Slightly abusing terminology, we shall call it deformation quantisation, although it does not
use to any Poisson structure of the Volterra lattice and the noncommutative multiplication is
presented in an explicit form in contrast to the well known theory of deformation quantisation
[3, 4]. In addition, we also showed that all odd-degree symmetries of the Volterra hierarchy
admit a non-deformation quantisation whose multiplication law is noncommutative for any
choice of the quantisation parameter w [1]. While the deformation quantisation for the Volterra
lattice is known in the literature [5], the non-deformation quantisation appeared in [2] for the
first time. In physics, a quantum description of fermions can be regarded as non-deformation
quantisation, since the ‘classical’ limit of the fermion dynamical variables is represented by a
Z, graded (Grassmann) algebra with commutative and anti-commutative variables. The ‘clas-
sical’ limit of the Volterra non-deformation quantum algebra is not commutative and is not
graded. It is a new type of non-commutative associative algebras whose representation theory
has not yet been developed.

Traditionally, commuting quantum integrals are obtained in the frame of the quantum
inverse scattering method using a lax representation with ultra-local / operator [5-7]. in this
method, the quantum commuting operators, including the hamiltonian of the system, can be
obtained recursively from the logarithm of the trace of the monodromy matrix (the transfer
matrix) using it as a generating function. the coefficients in the expansion of this generating
function commute thanks to the existence of a quantum r-matrix compatible with the ultra-
local ! operators. the goal of this paper is to present the hamiltonian operators in explicit form
and show that they are formally self-adjoint, commute with each other, and yield heisenberg
equations for every member of the integrable hierarchy of the commuting symmetries. we
show it without making use of the quantum lax structure or the corresponding transfer matrix.
we prove this result both for the conventional and the non-deformation quantisations.

The notion of quantisation ideals for dynamical systems defined on free algebras was pro-
posed in [2]. Let 2 be a free associative algebra with a finite or infinite number of multiplic-
ative generators. The dynamical system defines a derivation 0; : 2 — 2. A quantisation is a
canonical projection of the dynamical system on 2 to a system defined on a quotient algebra
25 =2 T over a two-sided ideal J C A satisfying the following properties:

(i) the ideal J is O,—stable, that is, 9,(7) C J;
(ii) the quotient algebra 25 admits an additive basis of normally ordered monomials.
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An ideal satisfying the above two conditions is called a quantisation ideal, and 215 is called
a quantum algebra.
In [1], we applied this approach to the integrable nonabelian Volterra lattice

O (un) = KV (per sty 10 —1) ;- KV =t yuty — ey, n€Z )]
and its hierarchy of symmetries
6!( (un) :K(Z) (un+fa-'-7un—€)7 EGN, n€Z7 (2)

where K (1,4 ¢,...,u,_g) are homogeneous polynomials of degree ¢ + 1 (explicitly given in
section 2.1). The second member of the hierarchy

2 2 2 2 2
8t2 (un) = K( ) = UpyoUp iUy + Uy 1Un + Up Uy, — Uy | — Uplly, g — Uyl Up_2 3)

is a cubic polynomial and we refer to it as the cubic symmetry of (1). In this case the free algebra
A = Clw|{uy ; n € Z) is generated by infinite number of non-commutative variables u,. We
proved that the Volterra lattice (1) and its whole hierarchy of symmetries admit a quantisation
with the quantization ideal

T = {unttn1 — wupprun; n € ZY U {uyty, — upity; In—m| > 1, nm € Z }), )
leading to the commutation relations
Uiy ] = Wikt 1 Uy, Uply = Uty if [n—m| =2, nmeZ 5)

in the quotient algebra 25, , where w € C* is a quantisation parameter. Moreover, we showed
that the cubic symmetry of the Volterra lattice, equation (3), and all odd degree members of
the Volterra hierarchy also admit a non-deformation quantisation with the quantisation ideal

Jp = {unttnrr — (1) Wity 1y 1 € Z} U {ttttyy + ity s [n —m| > 1, n,m € Z}) (6)
with commutation relations
Untty 1 = (—1)" Wity 1y, Uply + Uity =0 if [n—m| =22, nmeZ @)

in the quotient algebra 25, .

In the quantum theory, real valued dynamical variables are replaced by self-adjoint operat-
ors, with respect to a Hermitian conjugation t. The ideals J, and J;, and corresponding com-
mutation relations are stable with respect to the Hermitian conjugation t (defined in section 3),
assuming the variables u,, are self-adjoint and w = ¢. Here h is an arbitrary real parameter, an
analogue of the Plank constant, and i = v/— 1. For the quantised equations of the Volterra hier-
archy, we introduce the factors 2" to make the right-hand side of the equations self-adjoint,
that is,

=

Oy (un) = 'K (tnyty.sttne),  q=e", £=12,..., neZ (@8

In this paper we show that the infinite sequence of quantum Hamiltonians H, for the quant-
ised Volterra hierarchy defined on the quantum algebra 2(5, is given by

Y4
w'—1
He=3 D o —phe @t
k€EZ aeN*t
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where the set

-1
Nt= {Oé:(Oél,OQ"',Oégl,O)GZZ Q; :ZGS, Q‘YG{O,I};i:I,m,é—l},

and v(a, i) denotes the number of i’s in the /-tuple a.. For o € N, the polynomials PJ¢(w)
are given by products of Gaussian binomials

(u(a,al)Jrl/(a,all)l) m(u(a,1)+y(a,0)1> |

v(a,aq) v(a,1)

We prove that the Hamiltonians H, are self-adjoint H} = Hy and commute with each other
[He,Hy] =0, k,¢ € N. Furthermore, the dynamical equations of the quantum hierarchy (8)
can be written in the Heisenberg form [8]:

i

O, (uy) = —————— [Hp, ], €Z,{eN.
ke 2sin(%€h)[ £ tn] "

In the classical limit 4 — O we obtain the Volterra hierarchy in the Hamiltonian form 0, (u,,) =
{un,Ho} and explicit expressions for all Hamiltonians H, = )lirr}) ¢~'H, (see section 4).
i—

In the case of the non-deformation quantisation (6) we have also found explicit expressions
for self-adjoint commuting quantum Hamiltonians and present the quantum hierarchy with
even times (¢ being even in (8)) in the Heisenberg form. These results are stated in theorem 7.

The problem of quantisation of the Volterra lattice has a long history. In 1992, using the
quantum version of the inverse spectral transform method, Volkov proposed quantum com-
mutation relations between the dynamical variables [6] (see also [7]). These commutation
relations are hardly suitable for the derivation of the Heisenberg equations and the study of
the corresponding quantum algebra structure. In the paper by Inoue and Hikami [5], the com-
mutation relations (5), as well as the first four Hamiltonians of the quantum Volterra hierarchy
were found using ultra-local Lax representation and the R—matrix technique. Our alternat-
ive approach does not rely on the existence of an ultra-local Lax representation, R—matrix or
Hamiltonian structures. It enables us to explicitly present all quantum Hamiltonians for the
Volterra hierarchy in the case of the deformation quantisation (5). Moreover, we are able to
explicitly find the Hamiltonians and Heisenberg equations for the non-deformation quantisa-
tion (7), defined for all odd-degree members of the Volterra hierarchy. Both results are new
and rather surprising.

2. The nonabelian Volterra hierarchy and its quantisations

In this section, we derive the explicit expressions for the quantised Volterra hierarchy under
the quantisation ideal J, defined by (4), making use of Gaussian binomial coefficients. When
w = 1, this also reduces to the hierarchy of symmetries for the classical (abelian) Volterra chain.
We first give a brief description of the nonabelian Volterra hierarchy and introduce some basic
notations required for this paper.

2.1. The nonabelian Volterra hierarchy

Let 2 = C{u, ; n € Z) be the free associative algebra of polynomials generated by an infinite
number of non-commuting variables u,. There is a natural automorphism S : 2 — 2, which

4
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we call the shift operator, defined by
S:alug,...,uy) = a1, 1), S:a—a, a(ug,...,u;) €A, aeC.

Thus 2 is a difference algebra. A derivation D of the algebra 2 is a C-linear map satisfying
Leibniz’s rule

D(aa+ 8b) = aD(a) + D(D), D(a-b)=D(a)-b+a-D(b), abeA a,peC.

It is uniquely defined by its action on the generators and D(a) =0, « € C.

A derivation D is called evolutionary if it commutes with the shift operator S. An evolu-
tionary derivation is completely characterised by its action on the generator u (we often write
u instead of ug), that is,

Du)=a and D(u)=S"(a), ae.

We adopt the notation D, for the unique evolutionary derivation of 2 such that D,(u) = a.
Evolutionary derivations form a Lie subalgebra of the Lie algebra of derivations of 2, and the
characteristic of a commutator [D,, Dp] = D, is given by ¢ = D,(b) — Dy(a). This expression
induces a Lie bracket on the difference algebra 2.

Assuming that the generators u; depend on 7 € C we then identify the evolutionary deriva-
tion D, with an infinite system of Equations

Oy (u,) =D, (uy) =8"(a). neZz.

From now on we will think of the system of evolutionary equations and the evolutionary deriv-
ation as the same object.

The Volterra lattice (1) defines an evolutionary derivation 0;, : 2 — 2. The differential-
difference system (3) defines another evolutionary derivation 0,,. Evolutionary derivations
commuting with 0, are called (generalised) symmetries of the Volterra lattice. It can be
straightforwardly verified that [0;,, 0,,] = 0 and thus equation (3) is a symmetry of the Volterra
lattice.

It is well known that the Volterra lattice has an infinite hierarchy of commuting symmetries.
They can be found using Lax representations both in commutative [9] and noncommutative
[10] cases, or using recursion operators [11, 12]. Remarkably, the symmetries of the Volterra
lattice (1) can be explicitly presented in terms of a family of nonabelian homogeneous dif-
ference polynomials [12], which was inspired by the family of polynomials discovered in the
commutative case (see [13, 14]).

Let us assume that the generators u; of the free associative algebra 2 depend on an infinite
set of ‘times’ #1,7,,.... It follows from [12] that the hierarchy of commuting symmetries of the
nonabelian Volterra lattice (1) can be written in the following explicit form

B, (u) =S (XW) U —uS™! (X(@), (€N, )

where the (noncommutative) polynomials X(*) are given by

—L
X = > [Twr1-i ] - (10)

0SS SAesl—1 \j=1



Nonlinearity 37 (2024) 095033 S Carpentier et al

Here HJ_;[; denotes the order of the values j, from 1 to £ in the product of the noncommutative

generators u,+1—;. For example, we have X =y and

x? :u1u+u2+uu_1; (11)

X(3) = ugulu—i—u%u—&—uulu—i—uluz —|—u3 G uu_u+uuu_q —|—u2u,1 —&—uuil +unu_1u_s;
(12)

4 2 2 2 22
X( ) = UzUpUIU + UpU U + U U U + U U U U + UpU U~ + UlpU U + UpU UU_ + UTU + uiuuu
2 3 2 3 2 2 4 2
+uviu +uju+umu” +Fuuw Fuwmu+uwiuu—y +u Funuu— +uun_u - u U
2 2 22 2 3 2 3
+uu_ jutuu_juu_ +uu_ e Fun_mut+uu_Fuu_jut+uwu_y +uuu” | +uu
2 2 2
+upuu_ Uy +uu_u_u+uwu_u_+uu_u_u_+uu_ju_o+uu_1U_y+uu_1u_u_s3.

13)

Clearly, we get the Volterra equation (1) when ¢ = 1 and the system (3) when ¢ = 2.

Let a = (o, 2, -+ ,a1) € ZF be a k-component vector. For each a € Z*, we define the k-
degree monomial u, = Uy, lq, * - - Ua,. We denote the degree of a by || = k. We say that a
monomial u,, is normally ordered if a; > a4 forall 1 <i < k— 1. Conventionally, we write
(a;+1,aa+ 1, ,ax + 1) as a + 1. Thus we have S'u,, = u,; for i € Z. The multiplicity
of u; in the monomial u,, is denoted by v(«, ). Similarly, we denote by v(c, > i) the number
of k > i such that u; appears in u,,, counted with multiplicities. We say that two monomials u,
and ug are similar written as oo ~ 3 if v(«,i) = v(,i) for all i € Z.

We define two sets of distinguished monomials, namely, admissible and nonincreasing
monomials. For k > 1, let

A ={aeZ1—j<aj<k—jj=1, "k am+1>a,i=1-k=1}; (14
2L ={aeZapm+1 20> am, i=1,.. k—1}. (15)

A k-degree monomial u,, is admissible if v € A* and is nonincreasing if o € Z%.
Using these notations, the expression X(¥) given by (10) can be written as

x® = Z Ug. (16)

ac Ax
In what follows, we use this form to present X*) in normal ordering under the quantisation

ideals of the Volterra hierarchy and to derive Hamiltonians for their quantised equations.

2.2. The quantised Volterra hierarchies in normal ordering
Assume that J C 2l is a two-sided ideal generated by the infinite set of polynomials f; ;:
J=(Jij;i <J, i,j €Z), fij = wiw; — wi juju;, (17)

where w; ; € C* are arbitrary non-zero complex parameters. Specifying the nonzero constants
wi,j leads to either J, defined by (4) or J,, defined by (6).

Given such an ideal J, we denote the projection on the quotient algebra 2[5 by 75 : 2 — 5.
The algebra 2[5 has an additive basis of standard normally ordered monomials

Uiy Uiy + - U, 5 W Z2ihh2z 2, k€Z, neN.
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k)

The canonical projection 75 : 2 — 25 acts on the polynomial X*) given by (16) as follows:

m(x9) = Y P, (18)

&
ozE.A"ﬁZ>

where P2 (w) is the unique polynomial in Z[w] such that for a € A* N Z’i ,

Pg(w)ua:Wg Z ug | . (19)

BEAL, Bran

We often write it as P, (w) if there is no ambiguity regarding the choice of ideal.
We now study the polynomials P, (w) for the quantisation ideals J, (4) and J,, (6). For
example, we have
73, (X(')) =x = u; 3, (X(z)) =X9 = wu+u* + uu_1;
(3)) _ 2 2 3 2 2 )
73, (X ) =wuutuiu+ (1+w)uu +uw + (1 +w)uu_y +ujuu_y +uu” |+ uu_ju_s;
T3, (X(4)) = uzuruiu + u%ulu + u?u + u4 + u%uu,l + wpuuu_y + uluu2_] +uuu_1u_o
+ uu3_1 + uu,luz_z fuu_ju_su_3+ (1 +w) (ugu%u + i + P u_u_n+ uuz_]u,z)

+(1 +w)2u1u2u,1 + (1 +w+w2) (u?uz +u’ + u2u2_| +u3u,1) (20)
and

3, (X(l)) =xV = u; 3, (X<2>) =x?@ = u1u+u2+uu,1;
3, (X(S)) = uzulu—i—u%u—k (14+w) wi +ud + (1-w) Wu_ |+ uun_ +uu2,1 +uu_ju_o;
3, (X(4)) = u3u2u1u+u%u1u+u2u1uu_1 + u?u—ku?uu_l —|—u4 + uluuz,l G+ uuu_1u_»
—|—uu3,1 + uu_luz,z Yuu_ju_su_3+ (1 —w) (uzu%u—l—uzmuz) + (1 +w2) it
+ (1 +w) (uzu_lu_z +uu2,1u_2) + (1 +w +w2> (u%uz +u1u3)
+ (1 —w+w2) (u2u2_1 +u3u_|) . 21

This defines the polynomials P, (w) for all « that are admissible, nonincreasing and of degree

1 to 4. For example, P(j&o,q) (w)=1+wand P?(’)’70771)(w) =1-w.
For the quantisation ideal J,, these polynomials can be computed explicitly using the

Gaussian binomial coefficients:

(m) W (1w ) (L)

7 (1-—w)(1—w?)-(1—w") ’

where m and r are non-negative integers. If r > m, this equals zero. When r =0, its value is 1.

7
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Proposition 1. For o = (a1, ,ox) € A“N 25, let ki = v(av,i), where oy <i < an. Then
PZ; (w): <l‘€a1+f€a11_1) .“<I€2—|—,‘€1—1> ([{14—50_1)
Ray w K2 w K1 w
x <"“°+"‘—1 - 1> (’WH T Fa 1) , 22)
R—1 w Koy w

Proof. An admissible monomial similar to « is equivalent to the following data:

(i). for each integer i such that 0 < i < a; — 1, a monomial similar to ”7++1] u;" ending on the
right by u;,

(if). for each integer i such that 0 > i > o + 1, a monomial similar to uf"uffl‘ starting on the
left by u;.

This is true since we have u,it,, = i, for [n —m| > 1 in the quantised algebra 2;,. We
now need to compute the sums of monomials in (7) for fixed i. Let us denote by (nlm) the
monomial u ,u" and by Q,|m)(w) the coefficient in front of u}, ;u!" when summing all
monomials in (7). If m = 1 then we have Q(,|1)(w) = 1 since the only monomial similar to (n|1)
and ending by y; is itself. We also have Qo) (w) = 1. Otherwise, such admissible monomials
start either with u; or u;y that gives the induction formula Q) = Qu—1m) + " Qnjm—1)-
This can be integrated into

Qmmﬂwy=<n+m_]>4

n

Using a mirror argument, one sees that the sum of all monomials in (i) is equal to

Ki+ki—1—1 Ki Kiel
upu;_y,
Ri—1 w

which concludes the proof. O

It follows from this proposition that
P (@) + @ @OPR () = Py () + 0”@ DP (W), a€Zh,  (23)

which was alternatively proved based on combinatoric counting in [1] when we showed that
the ideal J, defined by (4) is preserved by the symmetry flows (9), for all £ € N.

Using proposition 1, one can directly compute the canonical projections under the quant-
isation ideal J, without first writing down X(). For example,

2 2
T _ _ 2
P(l70,07_1) (w)= (1> <1) =(14+w),

which is the coefficient of u;u?u_; in w3, (X*)) as shown in (20).

For the quantisation ideal J,, we have not been able to obtain such neat formula since an
admissible monomial is not the product of canonical projections of monomials u."u;" " due
to the relation u,u,, + u,,u, = 0 for |n — m| > 1 in the quantum algebra 25,. In [1], we proved
the following important identity:

Pg,, (w) + (—1)"(a’>0)wu(a’0)1’zb,l (_w) — P?xb—l (_w) + (_l)t/(a,?Z) wu(a,l)Pgb (w)7 ac Zik.
(24
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In order to write down the quantised equations in normal ordering (18), we investigate the
set AN Z’;. We define a subset of A% N Z’; (cf (14) and (15)), denoted by N/*:

N={aecZinA =0}, keN, (25)
which is useful to write explicitly the Hamiltonians for the quantised Volterra hierarchy next

section. For any fixed k € N, all its elements can be constructed following the same manner of
Pascal’s triangle. For example, N'! = {(0)}, N* = {(1,0),(0,0)} and

N ={(2,1,0),(1,1,0),(1,0,0),(0,0,0)}; (26)
N*=1{(3,2,1,0),(2,2,1,0),(2,1,1,0),(2,1,0,0),(1,1,1,0),
(1,1,0,0),(1,0,0,0),(0,0,0,0)}. (27)

In fact, the set A¥ is in bijection with the set
U ={(01,....00) |0 =0, 0, € {0,1}, s=1,--- k—1}.

Elements of U* are sequences of zeros and ones of length k with the last element 6; = 0. The
setU* has 2¥=! elements. The bijection with V¥ is given by the invertible linear transformation

0 if i<j
(al,...ak):(ﬂl,...,ﬁk)B, B,‘j:{ 1 if l}] 5 (28)

k
or simply o, = >~ 6,. Thus, we can rewrite the set N* given by (25) as

n=m

k—1
NFE = {a— (ar,a;---,04_1,0) GZ"‘ a; = 05, 0,€{0,1};i =1, k- 1}. (29)

Proposition 2. The cardinality of set N**' is 2%, and set A*T1N Z;‘H has a cardinality of
(k+2)2, 0<keZ

Proof. Due to the bijection (28), the first part of the statement is obvious. To prove the second
half, we define a subset of A**+! as ./\/(kj';rl = {a € NKH |O <a;=j< k}, whose cardinal

number is (f) Note that N*+1 = U]’-‘:OJ\/(";] and there is no intersection among any subsets
with different j. The set A“t1 N Z’;l can be obtained from the subset /\f(kﬁl :forany o € ' (k;)rl,
we can generate j more distinct elements in the set, namely, S~'a € A*T1 N Z];‘H \ N*+1 for
1 <1< «p. Thus its cardinality is

jo e (f) =2 (f) fij (f) — 2k okl = (k4 2) 2k

k
j=0 j=1

j
as stated in the proposition. O

Combining proposition 1 and the construction of the set A1 N Zg“ described in propos-
ition 2, we are able to explicitly write down the expressions of X(¥) in the quantum algebras:

9
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Theorem 3. Let J be either J, or Jp,. Then

wj(xac) ZZPQ orts (@) a4 (30)

aeN*kj=0

Using this theorem and (9), we can explicitly write down the quantum Volterra hierarchy.
In the quantum algebra 5 , for k € N, we have

Oy, (u E E Pa a1+] 73, (Ua—ay+j+1U — Ulla—a,+j—1)

aeN*j=0

§ : § : pIa v(a—ai+j,—2) _v(a—ai+),2)
a— a1+J (w Uo—artjrio ¥ U5 a—ar+j—1)»
aeNkj=0

€29

where the notation ug stands for the standard normally ordered monomial which is similar
to ug.

As an example, we work out the case when k= 3. The elements in the set N are listed
in (26). According to (31), we have

O, (1) = (327]’0) (w) (u3u2u1u - wuluzu,l) +P(31”,0,—1) (w) (u2u1u2 - uzu,lu,z>
+P((‘) 12y (W) (WM1M2M71 - Mu71M72M73) +P(j,‘”1’0) (w) (u%ulu - u3u,1)
+P(j(‘)’0 1y (W) (u%uz _ uuz,lu,z) +P(31“0 0 (@) (uzu%u — uzuz,l)
+P(0 %) (u1u3 —uu_u_ 2) +P<0 0,0) (@ ) (i — w )
= uspu U + u2u1u2 - uzu,lu,z —UU_U_ru_3+ uzulu - u3u,1
+(1 +w)(u|u2 — i u_ 2)+ (1 +w)(uzu%u — uzuz,l) +uud —uu_ iy +uiu— i,
where we compute P2(w) using (22) in proposition 1.

Although theorem 3 is valid for the quantisation ideal J;, to compute the quantum Volterra
hierarchy in the quantum algebra 2(5, is much harder since we do not have the similar result
for J; as the one in proposition 1 for J,.

When w =1, Gaussian binomial coefficients become the ordinary binomial coefficients.
Proposition 1 gives the formulas P, (1) for the commutative polynomials X®*) given by (16).

It follows from (31) that the explicit formula for the whole hierarchy of symmetries of the
classical (commutative) Volterra lattice is

B (u ZZPa oty (1) (Mo—ay 41 — oy rj1), kEN.  (32)
aeNFkj=0

3. Quantum Hamiltonians for the quantised Volterra hierarchies

In the quantum theory we replace real valued commutative variables by self adjoint operators
with respect to some Hermitian conjugation {. The Hermitian conjugation 1 in algebra 2 is
defined by the following rules

wl=u,, of=a, (a+b)'=d"+bf, (ab)' =bTal, up,a,b e, aeC,

10
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where & is the complex conjugate of o € C. The Hermitian conjugation { can be extended to
the quantum algebras 25, and 25, by letting wh =w="!. The quantisation ideals J, (4) and J,
(6) are t—stable. We introduce the square root ¢ = e2i" of w = e with i € R a real constant
(an analog of the Plank constant). The quantised Volterra hierarchy in the quantum algebra
25, is presented in the form [1]

U, = q(uju—uu_y), u, = q* (S (X([))M—MS_I (X(é))), £eN. (33)
As a consequence of the results shown later in this paper, all these derivations are self-adjoint,

which justifies the rescaling by ¢°.
In the paper [1], we presented the Volterra lattice and its first symmetry in Heisenberg form

1
81‘1 (un):qflfq[Hhun]’ Hl: Zuk,
) keZ . (34)
O (Un) = —5— [Hayuy], Hy= ) (1} + weru + upttgq 1)
qg ~—4q kEZ

where H; and H, are self-adjoint, algebraically independent and commuting Hamiltonians in
Ay .

a

In the quantum algebra 25, with commutation relations (7) we can also write the
equation (3) in Heisenberg form

1
O, (un) = g [H2, ) .- (35

Note that in the quantum algebra A5, we have H, = H} and Hi = H,. In this section, we
derive the explicit expressions for the self-adjoint, algebraically independent and commuting
Hamiltonians of the Volterra hierarchy in both quantised algebras (5, and s, .

3.1. Quantum Hamiltonians Hy, in 25,

In section 2.2, we give the definition of the sets A*, Z& and V%, cf (14), (15) and (25) (or
equivalently (29)), whose elements o are associated to the k-degree monomials u,, for k € N.
We now define another set related to them, namely,

Mj={ae28|3ie{1,2,- k} suchthat oy =j}.

Clearly, we have
Mi=25nA" and N* C M.

Note that the definition of the polynomials P, (w) for v € M in (19), which can be extended
to the set Zg by the convention P, (w) = 0 if o ¢ M&.

We first prove several lemmas. In the proofs of these lemmas, we drop the up-index and
simply write P, (w) for P« (w).

Lemma 4. Let o € Zé be such that v(a, 1) =v(a,—1). Then PgiH(w) =P (w) and u
commutes with u,, in Ay, i.e. w3, ([u,us]) =0.

Proof. Itis obvious that u commutes with such u,, in 2(5, due to the commutation relations (5).
We now prove the rest of the statement by considering two cases. If v(«a, 1) = v(a,—1) =0,
that is, « contains neither —1 nor 1, this leads to P, 41 (w) = P,—1(w) = 0 since neither a + 1

1
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nor o — 1 is admissible (requiring to contain 0). If v(«a, 1) = v(a, —1) # 0, we also have that
v(a,0) # 0 since e € Z4. From (23) it follows that

v(a,—1) _ 1 v(a,l) _ 1
w w

Poyi(w)= mpa (W); Pa—i(w)= ml’a (w) (36)
implying Py 1(w) = Po—1(w). O

Lemma 5. Let Y) = S(XD)u — uS~"(XD). Then in the quantum algebra 25, we have

Po (W)

0 _ o

" Zj\/ekezz wr(@0) —1] o] 37)
ag

Proof. It follows from (19) that

3, (S (X(Z))> = Z Py (w) Ugti-

aEMg

Thus we have

. (5 (X))

Z Po (W) 3, (Ua+1u)

aeM
= Z Py (w) 73, (Uat1u) + Z Py (w) 73, (Uat1u), (38)
aeMé(waZ) aemﬁ,(o,—z)

where we use the notations Mf,(iu’) ={ae Mf}y(a,i) =v(a,j)} and m}i(u) = M\

Mi (i) In the same way, we have

7, (MS—I (X(f))) - Z P (w) 73, (utte—1) + Z Py (w) 73, (uttg—1).

QA€M ) €My, (0,2)
We claim that
Z P, (W)Mafl = Z P, (w)uaJrl
aeM{f)(U’z) aeMgﬂm_’_z)

and that both sides commute with u in 25,. This is equivalent to

Z POH_l(w)ua: Z Pa—l(w)uom

ae/vl‘i]’(f,’]) aEMf,(—m)

which is indeed true using lemma 4.
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We then rewrite the rest of sums in (38) as

Pq (W)
Z Pa (UJ) Ug+1U = Z wl/(a,O)—O{V(a,—2) -1 [M,MOH_]]
O‘Gﬂg,(o‘fz) aeﬂg(o,,z)

= Y ey el

wu(a,l)—u(a,—l) —1

——
aEM  _yy

R Y ()
w a—1 (W
frd Z wu(a,l) _ wy(a’il) [M,ua].

—
aeM o _y

Similarly, we are able to show that

Wu(o¢,l) w
Z Pa(w)"maflz Z PaJrl( ) [uauoz]'

wv(al) — yr(a,—1)
via il
ae/\/l(o’z) aEM,l’(,l_’l)

Taking the difference yields

7O Z wY@=Dp, (W) i 110] — Z w’@Dp, (W) W], (39)

wvlal) _ yr(a,—1) wv(al) _ yr(a,—1)
¢ ¢
aeMy () a€EM

We simplify it by splitting into different cases. When v(a, 1)v(a, —1) # 0, a belongs to both
sums in (39). Using (36), the difference of fractions simplifies into

w’@=DP, (W) —w’@DP (W) Pa(w)
wrla) — yv(a,—1) T owv(e0)

o

When v(a,—1) =0 but v(«a,0)r(a,1)#0, « only appears in the first sum in (39) and
using (36) in that case one can write

Pafl (LU) _ Pa (w)
wvlal) - wv(0) —1°

Similarly, when v(«, 1) = 0 but v(a,0)v(a, —1) # 0, we have

Pa+l (UJ) o Pot (W)
wvla=1) _1 - wv(e,0) _1°

Finally, if v(a, —1) = v(«,0) = 0 but v(av, 1) # 0, then « appears in the first sum only in (39)

. P . .
and we can rewrite the term as Wfﬁi%‘;)_lu/gjq, where 3 is an element of N’ ¢ that is, to say

Be=0.
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In the mirror case where v(a,1) =v(a,0) =0 but v(«,—1) # 0, then « appears in the

second sum in (39) and we can rewrite the term as wfg%(;‘;ll
Y1 = 0.

Thus we have so far proved that
B P (w) Py (w)
Yz = Z wl/(oc,o) 1 [I/l, ua} + zj\:ﬂ] wl’(ﬁ,o) 1 [M,Mﬁ+1]
N

P, (w)
+ Z GO [,y —1].
YEME 71=0

u—_1, where vy € M5 is such that

Since elements u,, for o € /\/lg (1,—1) commute with u in 25, following from Lemma 4, one
can add them to the first sum in the above formula and it becomes

P, (W) Py (w)
Yt = Z e 1 [u,uq] + Zl O] [u,up41]

aeM§ BeEN
Py (w)
+ 0y o) ] (40)
yEME =0
Recursively applying (23), we get wf(fjr’,’f,%‘; )7 = WP(‘;%‘)’ )71 when o € M§ and o +m € M for

some m € Z. Hence, we can rewrite (40) as

1
Me T Y ey eenl

aENt k=—a;—1

Finally, adding extra shifts of u, does not change the sum as these commute with u, and thus
we complete the proof of the statement. O

Theorem 6. The quantum Volterra hierarchy (33) in the algebra 215, is presented in the
Heisenberg form:

O (un) = [He,un] (41)

i
2sin (%ﬁh)
where the Hamiltonians
wh—1 .
HZ - Z ZPZ" (W) mua+k, w = q2 = elh7 g S N (42)
aeNLkEL

are self-adjoint and commute with each other.

Proof. The first part of the statement follows immediately from the definition of the quantised
hierarchy (33) and lemma 5. We now show all Hamiltonians Hy are self-adjoint. First note that,
for any nonnegative integers a and b,

<a+b1) _wa(lb)(a+b1) '
a w1 a w



Nonlinearity 37 (2024) 095033 S Carpentier et al

Fora € ./\/é, we have ¢ = Kay + Koy—1 + -+ K]+ Ko and 73, (uaT) :W(Ko“Na|—1+-..+mzh7|+m|m0)ua.
Thus it follows from proposition 1 that

Pga (wfl) — wffnof(nalna,_1+---+f~tzm+mno)Pga (w), ac N
and hence

w -1 -~
H} = Z e ] ng“ (w 1) ZSkﬂga (uaT) = H,.
aENt k€EZ

Finally, we show that the Hamiltonians commute with each other. Let ¢; and ¢, be two
positive integers and define Q = [Hy,,Hy,]. Then Q is of the form

Q = Z Z Ta (w) Ua+k

kEZ e N1+

for some fractions 7, (w). We know from [1] that [8,51 ,8,[2] = 0. Hence for any f€ 25, we
have

[Hg,,[ng,f” - [H€27 [waf” = [ 7[H€17Hf2]] = [ 7Q] =0.

Thus, if Q # 0, then every monomial of Q belongs to the center of 2;,, which is impossible
(see the proof of proposition 8).
O

We apply theorem 6 to find the Hamiltonians for lower numbers £. When ¢ = 1, we know
N ={(0)} leading to

H1 :Zuk.

k€EZ

When ¢ = 2, there are two elements in N2, namely, (1,0) and (0, 0). It follows from (20) (or
using proposition 1) that P g)(w) = 1 and P(g0)(w) = 1. Thus

H, :Zui—l—(w—i— I)Zuk+1uk.
keZ kez

These are the same as those given by (34).
When ¢ = 3, the set A”? is given by (26) and we have

Poioy(w)=1, Puiow)=1, Py (w)=1+w, Pgeogw) =1

Hence

H; = Zuz + (wZ +w+ l) Z (uk+2uk+1uk + u£+1uk + uk+1u,%) .
kEZ kEZ

For the quintic symmetry of the Volterra equation in A5, that is, ¢ = 4, the cardinality of
N*is 8 and whose elements is given in (27). Following (20) or using proposition 1, we get

P32,1,0) (W) =P21,0) (W) =Pi,1,0 (W) = Po,0,0,0) (W) =1
P10 (W) = P00 (@) =14+w; P (W) =P = 1+w+w’

15
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Thus using theorem 6 we obtain

Hy = Zui + (w2 + 1) (w+ 1)2Zuk+2ug+1uk + (l +w +w2) (w2 + l) ZMI%HMI%
kEZ keZ keZ

2 2 2 3 3
+ (w + 1) (w + 1) E (uk+3uk+2uk+1uk + U o Up1 Uk + U2 U1 U+ Upy Uk + uk+1uk) .
kEZ

3.2. Quantum Hamiltonians in 25,

We have shown in [1] that the derivations with even index ¢ in the nonabelian Volterra hierarchy
stabilise the ideal J,,. In this quantisation we can also find the Hamiltonians following the lines
of the proofs in the previous section, except that we now use the identity (24) instead of (23).
Because of the similarity we will omit the proof and simply state the result with examples.

Theorem 7. The quantum Volterra hierarchy (33) in the quantum algebra 215, is presented in
the Heisenberg form:

w?—1
)V(Ouo)

Oy (un) = m |:Ii12€7un} , Hy = Z Z Pl ((—1)kw> Uotks

Q€N kEL ((—1)ku

(43)

where w = g* = " h € R and ¢ € N. Moreover, all Hamiltonians are self-adjoint and com-
mute with each other.

We apply theorem 7 to write down the quantum Hamiltonians for the cubic and quintic
members of the Volterra hierarchy in 25, .

Example 1. The cubic symmetry of the Volterra equation corresponds to ¢ = 1 in theorem 7.

We have N2 = {(1,0), (0,0)}. It follows from (21) that P(jl”’o) (w)=1and P{g ) (w) =1.Thus

I:IZ = Zui + Z (1 + (—l)kw> Upet-1 U,
kEZ kez
which is the same as those given by (35).
Example 2. When ¢ = 2 in theorem 7, the set N'* is given in (27). From (21) we get
Pi2.1,0)(wW) =P2,1,0(w) =Pi,1,1,0(w) = P0,0,0,0) (w) =1
P,1,10)(w) = P00 (W) =1 —wi P,i00w) =Puoeo =1+w+uw’

Thus, using theorem 7 we obtain
Hy= Zu‘,: - (w4 —-1) Zuk+2uf+]uk+z (w?+1) (W + (-Dfw+ 1) ugui
kEZ kEZ keZ

+ Z (w2 + 1) (1 + (- l)kw) (uk+3uk+2uk+1 u + u§+zuk+| u + M,SH_I Wi+ gy 1 + Mk+3uk+2u1%+1) .
kEZ
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3.3. Periodic quantum Volterra system

The infinite Volterra hierarchy admits a periodic reduction u, 3 = u, for any integer period
M. The periodic reduction can be obtained by taking a quotient of the algebra 2( over the ideal
Ty = ({ttus-m — tn tnez)- The ideal Zy, is obviously 9;,—stable. We denote the quotient algebra
Ay = A Ty ~ Cluy, . .., up). The M—periodic Volterra system and its symmetries are the sets
of M equations of the form (1) and (2), where the index n € Zy = Z /MZ.

The quantisation ideal J, is S-stable, that is, S(J,) = J,. Thus the quantum algebra
Ay, admits a periodic reduction for any M >2 and 2§, =25 /7y is isomorphic to
Clut,...,up),/I¥, where

Ciﬁ,u = (uput] — Wi Upg, Unlpt| — Wty 1Un, Unlm —Unlty ; 1 <n<m <M, 1 <m—n<M-—1).

In contrast to the infinite case, the algebra 21§, has a nontrivial center Z(25,).

Proposition 8 ([15]). If M is odd then Z(2$,) = C[C], where C = upup—1 - - -uy. If M is even,
then Z(5,) = C[Cy,Cy| where Cy = upr— upr—3 -+ - uy and Cy = upgipg—2 -+ - Up.

Proof. [15] We consider the monomials uj\”; . --u?u’i‘, where the powers i, are nonnegative
integers, as a basis for the algebra 2(§,. Since the commutation relations in 2§, are homogen-
eous, the center is generated by monomials. A monomial u}s - - uu! belongs to the center if
and only if

— [y 02,0 T O P S P N /R i o I 1
0= [upy- - uiui ,u,| = (w W) g ul P uul forall n € Zy.

Therefore i,,, = i, for n € Zy;, which yields the claim due to the M—periodicity of the indices.
O

The central elements are first integrals (constants of motion) of the corresponding quantum
periodic Volterra system. In the periodic case equations of the quantum Volterra hierarchy can
also be written in Heisenberg form (41) with the commuting self-adjoint Hamiltonians (42)
being the finite sums

0
Ho=Y Y Paw)—oo——tiasr, CEN. (44)

v(e,0) _
Q€N KELY “ !

In contrast to the infinite dimensional case, only k = L%J first Hamiltonians are algebraically
independent first integrals and the rest are polynomials in the first integrals Hy,...,H; and
central elements of the algebra 21§,. Thus, periodic reductions of the Heisenberg equations (41)
are integrable quantum systems, since

1
#commuting Hamiltonians = 3 (M — #generators of the center).

The cases M = 3 and M = 4 are superintegrable [1]. The system of three (resp. four) equations
admits two (resp. three) algebraically independent quantum first integrals.

For example, in the case M = 3, the center of algebra (4 is C = uzuou;. There is only one
commuting Hamiltonian, namely, H; = u; + u, + u3. The Hamiltonians Hy, k > 2 are poly-
nomials in C and H;:

H,=H? Hy=H+3wC, H;=Hj+4u*(14+w)CHy, ... .

17
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In the case M =4, the independent first integrals are
Ci=uzuy, Co=uguy, Hi=uy+ur+u;+uy,

where C;, C, are central elements of 2Aj. The Hamiltonians Hy, k > 2 are polynomials in these
first integrals, namely,

Hy=H:-2(Ci+C)), Hy=H —3(C,+C)H,,
Hy=H}—4(Ci+C)H +4(1+w*) C1C+2(CT+C3), ... .
In the case M =5, there are two commuting Hamiltonians, namely, H; and H,, and we have

3 1 1 1
Hy = S HaHy — 5Hi, H, = HiH, + 5Hg - 5H‘l‘, -

In the case M = 6, the independent first integrals are Cy, C, as well as H, H;, and

3 1 1 1
Hs = SHH —§H§+3(CI+C2), H4:H%H2+§H§—5H§‘+4(cl+cz)H1, -

The quantisation ideal J; is S’-stable. Thus the quantum algebra 25, admits a peri-
odic reduction for any even M =2N >2. The algebra 5, =25, /Ty is isomorphic to
Cluy,...,up) /I, where

~M n .
Ty = (umy — wugstyg, Upty gy — (—1)" Wity 1, Unltyy + Uyl 5

I<n<m<M, 1<m—n<M-1).
Proposition 9 ([15]). Let M = 2N.
() If N is odd, then Z(A%,) = C[C), C,] where
Cy = uy—1upy—3---up, Cr = uptpg_2 - Us.
(ii) If N is even, then the center of Qlﬁ,, is generated by the elements
¢ = ul_usy_yul, G = ULy -5, C = upgps—1 -~ Uty

where the generators C , C> and C are algebraically dependent C1C, = wM2C2,

Proof. The proof is similar to the proposition 8. Details of the proof can be found in [15] O

Example 3. In the case M = 4, the center of algebra 214 is generated by C; = u3u?, Cy = udu3
and C = uquzupu . The Hamiltonian of the cubic member of the periodic Volterra hierarchy is

4
H, = Zu% + (1 — w) (uguy + uguz) + (14 w) (uzuy + ujuy) = H,
k=1

s where Hy = uy + us + u3z + u4. The elements By = uzu; and B, = uqup, commute with each
other, with H, and anti-commute with H, that is,

[B1,B1] =0, [3171112} =0, [Bz,ﬁz} =0, [Bi,H\|, =B H +HB; =0, [By,H] =0.

18
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Moreover, the generators of the center Z(2(}) can be represented as
C= w_]BzBl = ugusupu;, Cp= —B% = u%u%, C) = —B% = uﬁu%

In algebra A% we have the Hamiltonian I:I4 = I:I% — 2@1 — 26'2.
Since the elements By and B, commute with the Hamiltonian H,, and are not central, they
can be regarded as Hamiltonians of commuting quantum symmetries

O, () = [B1,uy] = 2uzuyuay, Or, (ttn) = [Bayuy] = 2uqupuy, ne€ Zy,

which is not possible in the commutative case.

The results in the above example can be generalised to the case when M = 2N and N is even.
In Ql,bw the elements B = up—up—3---u; and By = upup—» - - - up satisfy the commutation
relations

[Bi,ur], = [Ba, ], =0, ke Zy,
[B1,B>] = [31,1:122} = Bz,fl’ze} =0, teN,

and the generators of the center Z(2(2,) can be represented as

N(N—1) N(N—1) (N—1)(N=2)
2

Cl :(71) : B%? 6‘2:(71) B%v C:(fl) z wliNBZBh

where C;,C, and C are same as in the second statement of proposition 9.

4. Summary and discussion

In this paper, we present explicit expressions for the infinite hierarchy of quantum
Hamiltonians corresponding to both quantisations of the Volterra hierarchy, namely, quant-
isation ideals J, and Jj, and show that they are self-adjoint and commute with each other.
Moreover, the dynamical equations of the quantum hierarchy can be written in the Heisenberg
form using these Hamiltonians. The proofs mainly rely on the explicit expressions of the
Volterra hierarchy on a free associative algebra.

The quantum algebra 215 [w] can be regarded as a deformation of the commutative algebra
2 = Ay, [1] = Clu,;n € Z). It is well known that taking the classical limit 2 — 0, and thus w =
¢ — 1, one can equip 21 with a Poisson al gebra structure and turn the Heisenberg equations
into the corresponding Hamiltonian ones [8, 16, 17]. Let us denote by a € 2l the limit of a €
s, [w], that is, a = limp_,ga. It is clear that for any a,b € 25, [w] the commutator [a,b] €
(w—1)25,[w] and thus we can define the bracket

- . 1

2

The bracket (45) is a Poisson bracket on 2l. Indeed, it is C—bilinear and skew symmetric sat-
isfying the Jacobi and Leibniz identities. Thus, we have

{Mm, un} = (6m,n—1 - 5m,n+l) Umlp. (46)
It follows from theorem 6 that
. 1 ~
O, (uy) = lim ————— [Hy,u,) = {un, He }

h—0 g—3ilh _ p3ith

19



Nonlinearity 37 (2024) 095033 S Carpentier et al

where

- .1 P, (1)

Hy = lim ~H, = ke

S Wk Z Z V(a,O)u +k
kEZ aeNt

Hence the densities hy of the local conservation laws for the Volterra hierarchy are given by
Hy= ZkEZSk(hf) with

-~ P, (1) 1 (Ko +Ka—1—1 Ko+r1—1\ (K] +Ko—1
hy = = ! !
‘ Z V(a,O) to Z ( Koy ) ( K2 ) < K1 >”(¥a

K
aEN® aENt X

where we recall that k; = v(a, i) is the number of i’s in «. Indeed, we have

~ _ W2 ~ w3

h; = u, ]/ZQZE#»M]M, h3:?+u1u2+u%u+u2u1u,
2 3 u' 2 2,35, 3
h4:u3u2u1u+u2u1u+ulu+Z+2u2u1u+u2u1u +§u1u +uwu, -

As a byproduct of our results, we obtained explicit expressions for all local classical
Hamiltonians &, of the classical commutative Volterra hierarchy. Traditional approaches [5],
based on the Lax representation of the Volterra lattice or the transfer matrix approach, enable
one to find a generating function for the Hamiltonians, but not their explicit expressions.

The quantum algebra 25, [w] can be regarded as a deformation of the noncommutative
algebra A= 25,[1]. A Poisson algebra structure and Hamiltonian description of equations
associated with deformations of noncommutative algebras have been recently developed in
[15].

In the classical theory of integrable systems with commutative variables and systems on
free associative algebra, there are numerous powerful tools and useful concepts, including
Lax representations, Darboux transformations, recursion operators, and master symmetries
[12, 18-20]. Their connections with the concept of quantisation ideals have not been explored
yet. Developing this aspect of the theory will enable us to take advantage of a wide range of
results in integrable systems and to advance the theory based on quantisation ideals.
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