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We present an approximation method based on the mixing formula (Hull and White 1987, Romano and
Touzi 1997) for pricing European options in Barndorff-Nielsen and Shephard models. This approximation
is based on a Taylor expansion of the option price. It is implemented using a recursive algorithm that
allows us to obtain closed form approximations of the option price of any order (subject to technical
conditions on the background driving Lévy process). This method can be used for any type of Barndorff-
Nielsen and Shephard stochastic volatility model. Explicit results are presented in the case where the
stationary distribution of the background driving Lévy process is inverse Gaussian or gamma. In both of
these cases, the approximation compares favorably to option prices produced by the characteristic func-
tion. In particular, we also perform an error analysis of the approximation, which is partially based on the
results of Das and Langrené (2022). We obtain asymptotic results for the error of the N

th order approx-
imation and error bounds when the variance process satisfies an inverse Gaussian Ornstein–Uhlenbeck
process or a gamma Ornstein–Uhlenbeck process.

Keywords: Barndorff-Nielsen and Shephard models; Stochastic volatility; Option pricing; Closed-form
approximation; Taylor expansion;

JEL Classification: C63

1. Introduction

In this paper, we present a new approximation method for pricing European options in Barndorff-
Nielsen and Shephard stochastic volatility models (Barndorff-Nielsen and Shephard 2001b,a). Nico-
lato and Venardos (2003) show that it was possible to construct a closed formula for pricing Eu-
ropean options in Barndorff-Nielsen and Shephard models, using the characteristic function. For
this type of model, estimation results from historical data showed that the parameter representing
the mean reversion rate could have large values (Hubalek and Posedel 2011, Guinea Juliá 2022).
When the mean reversion rate is high, the characteristic function becomes numerically unstable
(see Guinea Juliá (2022, Section 4.5)). Because of that, it is convenient to have an approximation
formula for pricing European options.
A first approximation result for option prices in Barndorff-Nielsen and Shephard models was

given by Schröder (2014), who used Laguerre series to construct an approximation for option
prices when there is no correlation parameter included in the model. Arai (2022) proposed another
approximation method, which showed that for these models it is possible to construct an Alòs type
formula (Alòs 2012), which is a generalisation of the Hull-White formula (Hull and White 1987)
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that allows for correlation parameter. The approximation method presented in this paper follows a
different approach. We construct an approximation formula using the Romano and Touzi formula
(Romano and Touzi 1997) and then we use the N th order Taylor expansion to approximate option
prices. We construct a bound for the error using the results of Das and Langrené (2022), who built
an error bound for a second order approximation of the Heston model (Heston 1993) based on
the Romano and Touzi formula. The bound given by Das and Langrené (2022) for the high-order
derivatives that appear on Taylor’s remainder is stochastic; see Das and Langrené (2024). We prove
that these high-order derivatives can be bounded by a deterministic function when the volatility is
bounded from below, as in the Barndorff-Nielsen and Shephard model. Furthermore, we generalize
these results to N th order approximations and adapt them to the Barndorff-Nielsen and Shephard
model. This allows us to get asymptotic results for the error approximation and error bounds
when the variance process follows an inverse Gaussian Ornstein–Uhlenbeck process or a gamma
Ornstein–Uhlenbeck process.
Despite the fact that a closed formula for European options exists through the characteristic

function; the proposed approximation formula can be helpful for both practitioners and academics.
The approximation formula works well for high values of the mean reversion rate, where the closed
formula is known to be unstable; see Figure B8. Since 2nd and 3rd order approximations can be
computed almost instantaneously, practitioners can use these approximations to obtain the initial
value of the parameters that can be used in a calibration procedure. From an academic point of
view, as far as we know, this is the first time that an N th order approximation formula for a
European option has been derived, accompanied by a complete analysis of the error in a stochastic
volatility model. We believe that it might be possible to extend these results to recent versions
of the Barndorff-Nielsen and Shephard model (Salmon and SenGupta 2021) for which no closed
formula exists. Some of the ideas in the error analysis could well be applied to models where
the volatility is bounded away from zero; see, for example, the Jacobi stochastic volatility model
(Ackerer et al. 2018).
This paper is organised as follows. Firstly, we introduce the Barndorff-Nielsen and Shephard

model in Section 2. The approximation formula is derived in Section 3. This approximation formula
depends on several moments of the integrated variance process. We build a recursive procedure to
compute these moments in Section 4. The approximation error is discussed in Section 5. Numerical
results are shown in Section 6, where we compare the numerical values given by our approxima-
tion method with the prices given by the characteristic function. In Appendix A, we construct a
deterministic bound for the high-order derivatives of the error term. Analytical formulas for the
characteristic functions are given in Appendix B.

2. Preliminaries

Consider the Barndorff-Nielsen and Shephard model with a fixed time horizon T > 0 (Barndorff-
Nielsen and Shephard 2001a,b, cf.). Take as given an equivalent martingale measure Q in the
class of structure-preserving equivalent martingales introduced by Nicolato and Venardos (2003,
Theorem 3.2). The price process S = (St) of the stock is defined as

St = eXt for all t ∈ [0, T ],

where the dynamics of the log price process X = (Xt) and the stochastic volatility process σ = (σt)
under Q are given by

dXt =
(

r − λκ(ρ)− 1
2σ

2
t

)

dt+ σtdWt + ρdZλt, X0 = x0, (1)

dσ2
t = −λσ2

t dt+ dZλt, σ2
0 > 0. (2)
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Here r ∈ R is the interest rate, λ > 0 is the mean reversion rate, W = (Wt) is a Brownian motion,
Z = (Zt) is a (Lévy) subordinator process independent of W and κ is the cumulant generating
function of Z1, in other words,

κ(θ) = lnEQ

[

eθZ1

]

for all θ ∈ R.

We define

κ̂ = sup{θ ∈ R : κ(θ) < ∞},

assume that κ̂ > 0 and that the correlation parameter ρ ∈ R satisfies

ρ < κ̂. (3)

This is a relaxation of the usual condition ρ ≤ 0.
Since Z is a non-negative Lévy process, it has finite total variation on a bounded interval (Cont

and Tankov 2004, Proposition 3.10) and the cumulant generating function of Z1 can be written as

κ(θ) = bZ +

∫ ∞

0

(

eθx − 1
)

v(dx) for u ∈ R,

where bZ ≥ 0 and v is the Lévy measure of Z. By the Lévy-Khintchine representation (Sato 1999,
p. 37), the process Z has Lévy triplet (γ, 0, v) where

γ = bZ +

∫

|x|≤1
xv(dx)

(Cont and Tankov 2004, Corollary 3.1).
The process σ2 is an Ornstein-Uhlenbeck process with stationary distribution D. These processes

are usually called D-Ornstein-Uhlenbeck processes. This type of processes are built from self-
decomposable distributions D (Valdivieso et al. 2009). Examples of self-decomposable distributions
are the gamma distribution and the inverse Gaussian distribution (Schoutens 2003, Section 5.5). It
is possible to show the existence of an Ornstein-Uhlenbeck process with stationary distribution D

if the distribution D is self-decomposable (Valdivieso et al. 2009). In this paper we use two types
of D-Ornstein-Uhlenbeck processes as examples, namely the gamma Ornstein-Uhlenbeck process
and the inverse Gaussian Ornstein-Uhlenbeck process.
The solution of the stochastic differential equation (2) can be written as

σ2
t = e−λt

(

σ2
0 +

∫ t

0
eλsdZλs

)

for all t ≥ 0.

The distribution of the random variable σ2
t will depend on the self-decomposable distribution D.

Define the integrated variance as

It =

∫ t

0
σ2
sds for all t ≥ 0.

We have

It = σ2
0α0,t +

∫ t

0
αs,tdZλs (4)

3
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where

αs,t =
1

λ
(1− e−λ(t−s)) for all s, t ≥ 0 (5)

(Nicolato and Venardos 2003, (2.5)).
Let (FW

t ) and (FZ
t ) be the filtrations generated byW and Z, respectively, and define the filtration

(Ft) as

Ft = FW
t ∨ FZ

λt for all t ≥ 0.

It is essential for the approximation below to observe that the stochastic differential equation (1)
can be separated into terms connected with W and Z, respectively. Defining the auxiliary process
P = (Pt) as

Pt = eρZλt−λtκ(ρ) for all t ≥ 0,

we obtain

Xt = x0 + rt− 1
2It +

∫ t

0
σsdWs + lnPt,

St = S0Pte
rt− 1

2
It+

∫
t

0
σsdWs ,

for all t ≥ 0, which means that the distribution of St conditional on FZ
λt is lognormal, in other

words,

St|FZ
λt ∼ LN

(

lnS0Pt + rt− 1
2It, It

)

for all t > 0. (6)

3. Approximation

We focus on the payoff of a European put with expiration date T > 0 and strike K ≥ 0, the reason
being that the payoff is bounded. The price at time 0 of the put option under Q is

ΠP(S0,K, T ) = EQ
[

e−rT (K − ST )
+
]

= EQ
[

EQ
[

e−rT (K − ST )
+
∣

∣FZ
λT

]]

,

where ΠP (S0,K, T ) represents the put price in the Barndorff-Nielsen and Shephard model with
initial value of the stock price S0, strike price K and expiration date T .
The distribution of ST conditional on FT

λT is lognormal by (6), and therefore standard arguments
lead to a representation in terms of the familiar Black-Scholes-Merton formula, namely

EQ
[

e−rT (K − ST )
+
∣

∣FZ
λT

]

= BSP (S0PT , IT ) ,

where

BSP(x, y) = Ke−rTΦ(−d−(x, y))− xΦ(−d+(x, y)), (7)

d±(x, y) =
1√
y

(

ln
x

K
+ rT ± 1

2y
)

, (8)

4
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and Φ is the cumulative distribution function of the standard normal distribution. Hence the value
at time 0 of the put option is:

ΠP(S0,K, T ) = EQ [BSP (S0PT , IT )] . (9)

This representation dates back to the work of Romano and Touzi (1997) (and Hull and White
(1987) in the case ρ = 0).
The aim is to derive an approximation to (9) using a Taylor series expansion of BSP around the

point (S0, EQ[IT ]). To this end, we have the following result.

Theorem 3.1 For any N ∈ N, if

EQ

[

|PT − 1|n−k |IT − EQ[IT ]|k
]

< ∞ (10)

for all n = 1, . . . , N + 1 and k = 0, . . . , n, then ΠP of (9) can be approximated as

ΠP(S0,K, T ) = ΠN +RN ≈ ΠN , (11)

where the approximation is

ΠN = BSP(S0, EQ[IT ])

+

N
∑

n=2

1

n!

n
∑

k=0

(

n

k

)

Sn−k
0 EQ

[

(PT − 1)n−k (IT − EQ[IT ])
k
] ∂n BSP
∂xn−k∂yk

(S0, EQ[IT ]) (12)

and the remainder term is

RN =
1

N !

N+1
∑

n=0

(

N + 1

n

)

SN+1−n
0 EQ

[

(PT − 1)N+1−n (IT − EQ[IT ])
n

×
∫ 1

0
(1− u)N

∂N+1 BSP
∂xN+1−n∂yn

((1− u)S0 + uPTS0, (1− u)EQ[IT ] + uIT )du

]

. (13)

Proof. Using the N th order Taylor series with remainder in integral form (see, for example, Duis-
termaat and Kolk 2010, chapter 6), we obtain

BSP (S0PT , IT ) = BSP(S0, EQ[IT ])

+
N
∑

n=1

1

n!

n
∑

k=0

(

n

k

)

(S0PT − S0)
n−k (IT − EQ[IT ])

k ∂n BSP
∂xn−k∂yk

(S0, EQ[IT ])

+
1

N !

N+1
∑

n=0

(

N + 1

n

)

(S0PT − S0)
N+1−n (IT − EQ[IT ])

n

×
∫ 1

0
(1− u)N

∂N+1 BSP
∂xN+1−n∂yn

((1− u)S0 + uS0PT , (1− u)EQ[IT ] + uIT )du.

It is well known (see, for example, Proposition 5.1 in Section 5) that the derivatives of BSP of all
orders are well defined as long as they are evaluated at positive points. The derivatives that appear
in the approximation are well defined since S0 > 0 and EQ[IT ] > 0. The derivatives that appear in

5
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the error term, are well defined almost surely because

(1− u)S0 + uS0PT > 0, (14)

(1− u)EQ[IT ] + uIT > 0, (15)

with probability 1, for all u ∈ (0, 1). The approximation (11)–(13) is obtained after taking the
expected value under Q.

The integrability condition (10) as well as a method for computing the moments in (12), will be
covered in Section 4. We end this section by explicitly stating the second order approximation.

Corollary 3.2 The second order approximation for the European put option is

Π2 = BSP(S0, EQ[IT ])

+
1

2

∂2BSP

∂x2
(S0, E[IT ])S

2
0EQ

[

(PT − 1)2
]

+
1

2

∂2BSP

∂y2
(S0, E[IT ])EQ

[

(IT − EQ[IT ])
2
]

+
∂2BSP

∂x∂y
(S0, E[IT ])S0EQ [(PT − 1)(IT − E[IT ])] . (16)

where

EQ [IT ] = α0,T

(

σ2
0 − κ′(0)

)

+ κ′(0)T, (17)

EQ
[

(IT − EQ[IT ])
2
]

=
1

λ2
κ′′(0)

(

λT − 3

2
+ 2e−λT − 1

2
e−2λT

)

,

EQ
[

(PT − 1)2
]

= eλT (−2κ(ρ)+κ(2ρ)) − 1,

EQ [(PT − 1)(IT − E[IT ])] =
(

κ′(ρ)− κ′(0)
)

(T − α0,T ) .

where κ is the cumulant generating function of Z1.

Proof. Equation (17) is given by Barndorff-Nielsen and Shephard (2003, p. 289), while the rest of
the moments can be computed from Corollary 4.2 in Section 4.

4. Moments of price and integrated volatility process

The approximation (12) contains mixed central moments of the form

EQ

[

(PT − 1)n−k (IT − EQ[IT ])
k
]

(18)

where n ∈ N and k = 0, 1, . . . , n. In this section, we develop a method for computing these
moments for all k and n, whenever they are well defined. But before computing these moments,
we will construct a recursive formula that we will use to calculate the moments. Lemma 4.1 below
is key to obtaining these formulae (see Corollary 4.2), and will also be used later to help construct
a bound for the error term of the approximation; see Proposition 5.4. It reads as follows.

6
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Lemma 4.1 Let the process F = (Ft) be defined as

Ft = f(t) +

∫ t

0
(cαs,t + d)dZλs for all t ≥ 0, (19)

where f : [0,∞) → R is a continuous deterministic function and c, d ∈ R.
For any c, d ≥ 0 with max{c, d} > 0, any ℓ ∈ N0 such that ℓρ < κ̂ and any k ∈ N0 such that κ

is k times continuously differentiable in an open interval containing 0, we have

EQ

[

P ℓ
TF

k
T

]

= eλT (κ(ℓρ)−ℓκ(ρ))Hℓ,k,

where Hℓ,k satisfies the recursive relationship

Hℓ,0 = 1,

Hℓ,h = f(T )Hℓ,h−1 + λ

h
∑

i=1

(

h− 1

i− 1

)

Hℓ,h−iκ
(i)(ℓρ)

∫ T

0
(cαs,T + d)i ds (20)

for all h = 1, . . . , k.

Proof. Define the process P̄ = (P̄t) as

P̄t = eℓρZλt−λtκ(ℓρ) for all t ≥ 0;

then P̄ is a Q-martingale with respect to (Ft) (Pascucci 2011, Theorem 13.50). Define the proba-
bility measure Q̄ on FT by means of the Radon-Nikodym density

dQ̄

dQ
= P̄T ; (21)

then

EQ

[

P ℓ
TF

k
T

]

= eλT (κ(ℓρ)−ℓκ(ρ))EQ

[

P̄TF
k
T

]

= eλT (κ(ℓρ)−ℓκ(ρ))EQ̄

[

F k
T

]

.

Define

Hℓ,h = EQ̄

[

F h
T

]

for h = 0, 1, . . . , k;

then Hℓ,0 = 1. For h > 0, we have

Hℓ,h = M̄
(h)
FT

(0), (22)

provided that the moment generating function M̄FT
of FT under Q̄ is h times continuously differ-

entiable in an open interval containing 0.

Define ε = 1
2

(

κ̂
ℓρ − 1

)

; then ℓρ < κ̂
1+ε and moreover

θ(cαs,T + d) + ℓρ ≤ κ̂

1 + ǫ
for all s ∈ [0, T ] (23)

7



August 8, 2024 Quantitative Finance output

as long as θ ≤ θ̂, where

θ̂ =
κ̂

1+ε − ℓρ

cα0,T + d
> 0

because c, d ≥ 0 and max{c, d} > 0. For any θ ≤ θ̂, it follows from (19) and (21) that

M̄FT
(θ) = EQ̄

[

eθFT

]

= eθf(T )EQ̄

[

eθ
∫

T

0
(cαs,T+d)dZλs

]

= eθf(T )−λTκ(ℓρ)EQ

[

eℓρZλT+θ
∫

T

0
(cαs,T+d)dZλs

]

= eθf(T )−λTκ(ℓρ)EQ

[

e
∫

T

0
(θ(cαs,T+d)+ℓρ)dZλs

]

= eθf(T )−λTκ(ℓρ)+λ
∫

T

0
κ(θ(cαs,T+d)+ℓρ)ds

where the last equality is due to a result by Nicolato and Venardos (2003, Lemma 2.1).
We now show by induction that the hth derivative of M̄FT

satisfies

M̄
(h)
FT

(θ) = f(T )M̄
(h−1)
FT

(θ)

+ λ

h
∑

i=1

(

h− 1

i− 1

)

M̄
(h−i)
FT

(θ)

∫ T

0
κ(i) (θ(cαs,T + d) + ℓρ) (cαs,T + d)i ds (24)

for all θ < θ̂. The first derivative of M̄FT
can be computed directly using the chain rule and the

Leibniz rule as

M̄ ′
FT

(θ) = f(T )M̄FT
(θ)

+ λM̄FT
(θ)

∫ T

0
κ′ (θ(cαs,T + d) + ℓρ) (cαs,T + d)ds.

Assume now that (24) holds true for some h ≥ 1. Then

M̄
(h+1)
FT

(θ) = f(T )M̄
(h)
FT

(θ)

+ λ

h
∑

i=1

(

h− 1

i− 1

)[

M̄
(h+1−i)
FT

(θ)

∫ T

0
κ(i) (θ(cαs,T + d) + ℓρ) (cαs,T + d)i ds

+ M̄
(h−i)
FT

(θ)

∫ T

0
κ(i+1) (θ (cαs,T + d) + ℓρ) (cαs,T + d)i+1 ds

]

.

The desired result

M̄
(h+1)
FT

(θ) = f(T )M̄
(h)
FT

(θ)

+ λ

h+1
∑

i=1

(

h

i− 1

)

M̄
(h+1−i)
FT

(θ)

∫ T

0
κ(i) (θ (cαs,T + d) + ℓρ) (cαs,T + d)i ds

8
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follows after grouping like terms together and making use of the properties of the binomial function.
This concludes the inductive step.
Equations (22) and (24) give equation (20) for h ≥ 1, as claimed.

Some of the techniques used in the proof of Lemma 4.1 can be found in the existing literature; see
Habtemicael and SenGupta (2016, Lemma 4.3). Using Lemma 4.1, we can compute the moments
in equation (18). First, we need to apply the binomial theorem to obtain

(PT − 1)n−k (IT − EQ[IT ])
k =

n−k
∑

ℓ=0

(

n− k

ℓ

)

(−1)n−k−ℓP ℓ
T (IT − EQ [IT ])

k . (25)

Thus, the approximation reduces to computing mixed moments of the form

EQ

[

P ℓ
T (IT − EQ [IT ])

k
]

, where ℓ and k are non-negative integers. Using equations (4) and

(17) we have that

IT − EQ [IT ] = −λκ′(0)
∫ T

0
αs,Tds+

∫ T

0
αs,TdZλs. (26)

Lemma 4.1 then gives the following.

Corollary 4.2 For any ℓ ∈ N0 such that ℓρ < κ̂, and any k ∈ N0 such that κ is k times
continuously differentiable in an open interval containing 0, we have

EQ

[

P ℓ
T (IT − EQ [IT ])

k
]

= eλT (κ(ℓρ)−ℓκ(ρ))Hℓ,k,

where Hℓ,k satisfies the recursive relationship

Hℓ,0 = 1,

Hℓ,h =

(

−λκ′(0)
∫ T

0
αs,Tds

)

Hℓ,h−1

+ λ

h
∑

i=1

(

h− 1

i− 1

)

Hℓ,h−iκ
(i)(ℓρ)

∫ T

0
(αs,T )

i ds

= κ′(0) (α0,T − T )Hℓ,h−1

+

h
∑

i=1

1

λi−1

(

h− 1

i− 1

)

Hℓ,h−iκ
(i)(ℓρ)



T +

i
∑

j=1

1

j

(

i

j

)

(−1)jα0,jT



 (27)

for all h = 1, . . . , k.

Proof. The result comes from the application of Lemma 4.1 with d = 0, c = 1,

f(t) = −λκ′(0)
∫ t

0
αs,tds

= κ′(0) (α0,t − t) ,

9
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and from the fact that for i ∈ N,

∫ T

0
(αs,T )

i ds =
1

λi

i
∑

j=0

(

i

j

)

(−1)je−jλT

∫ T

0
ejλsds

=
1

λi+1



λT +
i
∑

j=1

1

j

(

i

j

)

(−1)j
(

1− e−jλT
)





=
1

λi



T +
i
∑

j=1

1

j

(

i

j

)

(−1)jα0,jT



 .

In conclusion, the approximation relies on the cumulant function κ of Z1 and its derivatives.
These are known explicitly for many D–Ornstein-Uhlenbeck processes; see Remark 1.

Remark 1 Notice that to be able to use the formula of Lemma 4.1 we need the cumulant function
of Z1 and its derivatives. Depending on the type of D–Ornstein-Uhlenbeck process we have different
formulas for the function κ. For example:

(i) If the squared volatility is an inverse Gaussian Ornstein-Uhlenbeck process (Nicolato and
Venardos 2003, p. 449), we have that the function κ satisfies

κ(θ) =
aθ√

b2 − 2θ
for a, b > 0. (28)

In this case κ̂ = b2

2 . For n ∈ N, the nth derivative of κ can be written as:

κ(n)(θ) = ϕna(b
2 − 2θ)−

2n−1

2 + (2n− 1)!!aθ(b2 − 2θ)−
2n+1

2 , (29)

where ϕn is defined recursively as

ϕn = ϕn−1(2n− 3) + (2n− 3)!! (30)

with ϕ1 = 1. Observe that the function κ and its derivatives are well defined when θ < b2

2 .
(ii) If the squared volatility follows a gamma Ornstein-Uhlenbeck process (Nicolato and Venar-

dos 2003, p. 449), the cumulant function is

κ(θ) =
aθ

b− θ
for a, b > 0. (31)

For this function of κ we have that κ̂ = b. In this case the nth derivative of the cumulant
function κ can be written as:

κ(n)(θ) = n!a(b− θ)−n + n!aθ(b− θ)−n−1. (32)

Notice that the function κ and its derivatives are well defined when θ < b.

10
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5. Approximation error

The focus in this section is on the remainder term RN of the N th order Taylor expansion, given
in (13). The expectation in RN combines a mixed moment with an integral of a partial derivative
of the Black-Scholes formula for the price of a put (see (7)–(8)). We will start by observing that
there is a pattern in the partial derivatives of BSP. This pattern can already be observed in the
third order derivatives, which are

∂3 BSP
∂x3

(x, y) =
−φ(d+)

x2y
(d+ +

√
y), (33)

∂3 BSP
∂y3

(x, y) =
xφ(d+)

8y5/2

(

(d−d+ − 2)2 − d2+ − d2− − 1
)

, (34)

∂3 BSP
∂x2∂y

(x, y) =
φ(d+)

2xy3/2
(d−d+ − 1), (35)

∂3 BSP
∂x∂y2

(x, y) =
−φ(d+)

2y2

(

d2−d+
2

− d+

2
− d−

)

, (36)

for all x, y ∈ R (Das and Langrené 2022), where

φ(z) =
1√
2π

e−
1

2
z2

for all z ∈ R

is the density function of the standard normal distribution. On equations (33)–(36), we have sup-
pressed the argument (x, y) from d±. The pattern for higher order derivatives is as follows.

Proposition 5.1 Every partial derivative of BSP of third or higher order takes the form

∂|ξ|BSP
∂xξx∂yξy

(x, y) =
Aξ

xny
m/2

φ(d+(x, y))Fξ(d+(x, y), d−(x, y),
√
y), (37)

where ξ = (ξx, ξy), ξx, ξy ∈ N0, m ∈ N, n ∈ Z, |ξ| = ξx + ξy ≥ 3, Aξ ∈ R and Fξ is a polynomial
in d+(x, y), d−(x, y) and

√
y, with degree at least one in either d+(x, y) or d−(x, y).

Proof. For brevity we suppress the arguments (x, y) in this proof. The claim holds when |ξ| = 3 by
(33)–(36); we proceed by induction. Suppose that (37) holds for some ξ with |ξ| ≥ 3. Noting that

∂d±
∂x

=
1

x
√
y
,

∂d±
∂y

= −d∓
2y

,
∂
√
y

∂y
= −

√
y

2y
,

we obtain

∂φ

∂x
(d+) = − 1

x
√
y
φ(d+)d+,

∂φ

∂y
(d+) =

1

2y
φ(d+)d+d−.

Observe furthermore that

∂Fξ

∂x
(d+, d−,

√
y) =

1

x
√
y
Gξ(d+, d−,

√
y),

∂Fξ

∂y
(d+, d−,

√
y) =

1

2y
Hξ(d+, d−,

√
y)

11
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where Gξ, Hξ are polynomials in d+, d− and
√
y.

We now differentiate ∂|ξ| BSP

∂xξx∂yξy
with respect to x and y, respectively. To this end,

∂|ξ|+1 BSP
∂xξx+1∂yξy

=
∂

∂x

∂|ξ|BSP
∂xξx∂yξy

=
Aξ

xn+1y
(m+1)/2

φ(d+) [− (d+ + n
√
y)Fξ(d+, d−,

√
y) +Gξ(d+, d−,

√
y)]

and

∂|ξ|+1 BSP
∂xξx∂yξy+1

=
∂

∂y

∂|ξ| BSP
∂xξx∂yξy

=
Aξ

2xnym/2+1
φ(d+) [(d+d− −m)Fξ(d+, d−,

√
y) +Hξ(d+, d−,

√
y)] .

It follows that both ∂|ξ|+1 BSP

∂xξx+1∂yξy
and ∂|ξ|+1 BSP

∂xξx∂yξy+1 is of the form claimed, which completes the inductive

step.

It turns out that the partial derivatives that appear in the Taylor remainder term (13) are
bounded, in the following sense.

Proposition 5.2 For every ξ = (ξx, ξy), ξx, ξy ∈ N0 such that |ξ| = ξx + ξy ≥ 3, there exists a
function Mξ : [0,∞)× (0,∞) → [0,∞) such that

sup
u∈(0,1)

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

((1− u)S0 + uPTS0, (1− u)EQ[IT ] + uIT )

∣

∣

∣

∣

∣

≤ Mξ(T,K)

almost surely. Furthermore, the function Mξ is bounded and it satisfies

lim
T→0

Mξ(T,K) = ∞ for all K > 0, (38)

lim
K→0

Mξ(T,K) = lim
K→∞

Mξ(T,K) = 0 for all T > 0, (39)

if r 6= 0, then lim
T→∞

Mξ(T,K) = 0 for all K > 0. (40)

Proof. See Proposition A.4 in Appendix A.

Based on the result given in Proposition 5.2, it is possible to construct a bound for the error
term and show that the error disappears for small and large values of K.

Theorem 5.3 For any N ∈ N, if

EQ

[

|PT − 1|n−k |IT − EQ[IT ]|k
]

< ∞

for all n = 1, . . . , N + 1 and k = 0, . . . , n, then the remainder term of the Taylor approximation of

12
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Theorem 3.1 satisfies

|RN | ≤ 1

(N + 1)!

N+1
∑

n=0

(

N + 1

n

)

SN+1−n
0

× EQ

[

(PT − 1)N+1−n (IT − EQ[IT ])
n
]

M(N+1−n,n)(T,K) (41)

where Mξ(T,K) is as in Proposition 5.2. In addition,

lim
K→0

|RN | = lim
K→∞

|RN | = 0 for all T > 0. (42)

Proof. Direct application of Theorem 3.1 and Proposition 5.2 gives (41). Equation (42) follows
from (39).

5.1. Error bound when ρ ≤ 0

In this section, we derive a more precise error bound when ρ ≤ 0. From Theorem 5.3 and the
Cauchy-Schwarz inequality, we can obtain the following upper bound for the error

|RN | ≤ 1

(N + 1)!

N+1
∑

n=0

(

N + 1

n

)

SN+1−n
0 M(N+1−n,n)(T,K)

×EQ
[

(PT − 1)2N+2−2n
]1/2

EQ

[

(IT − EQ[IT ])
2n
]1/2

(43)

for N ∈ N \ {1}. Since ρ ≤ 0, the moments that appear in expression (43) are finite as long as κ is
2N + 2 times continuously differentiable in an open interval containing 0 (see Corollary 4.2).
In the case ρ = 0, Theorem 5.3 gives the error bound

|RN | ≤ 1

(N + 1)!

∣

∣

∣
EQ

[

(IT − EQ[IT ])
N+1

]∣

∣

∣
M(0,N+1)(T,K). (44)

From equation (43), we observe that the error depends on the moments of PT −1 and IT −EQ[IT ].
The moments of IT −EQ[IT ] were studied in Corollary 4.2. Now, we need to analyze the moments
of PT − 1.

Proposition 5.4 When ρ ≤ 0 and for any N ∈ N0 such that κ is N times continuously differen-
tiable in an open interval containing 0, we have

∣

∣EQ
[

(PT − 1)N
]∣

∣ ≤ GN ,

where GN is defined as

GN = EQ

[

(

−λTκ(ρ)

(

1

2
e−λTκ(ρ) +

1

2

)

+ |ρ|ZλT

)N
]

, (45)

13



August 8, 2024 Quantitative Finance output

and it satisfies the recursive relationship

G0 = 1,

Gh = −λTκ(ρ)

(

1

2
e−λTκ(ρ) +

1

2

)

Gh−1 +
h
∑

i=1

(

h− 1

i− 1

)

Gh−iκ
(i)(0)λT |ρ|i















(46)

for all h = 1, . . . , N .

Proof. Since ρ ≤ 0, Z is non-negative and λTκ(ρ) ≤ 0, we obtain

PT − 1 ≤ e−λTκ(ρ) − 1

≤ −1

2
λTκ(ρ)

(

e−λTκ(ρ) + 1
)

,

where the last equality comes from the fact that ex−1 ≤ x
2 (e

x + 1) for all x ≥ 0. From ln(x) ≤ x−1
for all x ≥ 0, we get the upper bound

1− PT ≤ − ln(PT )

= −ρZλT + λTκ(ρ)

≤ −ρZλT = |ρ|ZλT .

It follows that

|PT − 1| ≤ −1

2
λTκ(ρ)

(

e−λTκ(ρ) + 1
)

+ |ρ|ZλT .

Hence we have

EQ

[

|PT − 1|N
]

≤ EQ

[

(

−1

2
λTκ(ρ)

(

e−λTκ(ρ) + 1
)

+ |ρ|ZλT

)N
]

(47)

for all N ∈ N0. To obtain the recursive relation in equation (46), we just need to apply Lemma 4.1
with c = 0, d = |ρ| and

f(t) = −1

2
λtκ(ρ)

(

e−λtκ(ρ) + 1
)

.

As one can imagine, the bound for the error will depend on the type of Ornstein-Uhlenbeck
process that the squared volatility satisfies. We differentiate between the cases when the squared
volatility follows a gamma Ornstein-Uhlenbeck process or an inverse Gaussian Ornstein-Uhlenbeck
process.

5.1.1. Gamma Ornstein-Uhlenbeck process. If we assume that the variance process follows
a gamma Ornstein-Uhlenbeck process with parameters a, b > 0, one can construct an error bound
of the form O

(

1
bN+1

)

. But first, we need an upper bound for the moments of It−EQ [IT ] and PT −1.

14
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Theorem 5.5 When the variance is a gamma Ornstein-Uhlenbeck process, for N ∈ N we have

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N
]
∣

∣

∣
≤ aT

λbN
fN

(

a,
1

λ
, T

)

, (48)

where fN is a polynomial of a, 1
λ and T with non-negative coefficients. The bound for GN defined

in Proposition 5.4, satisfies

GN ≤ aλT |ρ|
bN

gN

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

(49)

for N ∈ N, where gN is a polynomial in a, λ, T , |ρ| and e−λTκ(ρ) with non-negative coefficients.

Proof. From (32), the derivatives of κ satisfy

κ(i)(0) =
i!a

bi
(50)

for all i ∈ N. We prove inequality (48) by induction. From Corollary 4.2, observe that for N = 1
and N = 2 we have

|EQ [(IT − EQ [IT ])]| = 0,

∣

∣

∣
EQ

[

(IT − EQ [IT ])
2
]
∣

∣

∣
=

2a

λb2

∫ T

0

(

1− e−λ(T−s)
)2

ds ≤ 2aT

λb2
,

so the result in (48) is satisfied for N = 1 and N = 2 with f1 = 0 and f2 = 2.
Let us assume that the claim in (48) is true for N and we will prove it for the case N + 1. From

inequality αs,T ≤ 1
λ , equation (27) in Corollary 4.2 and equation (50) we have

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N+1

]∣

∣

∣
≤ a

b

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N
]∣

∣

∣
T

+
N+1
∑

i=1

1

λi−1

(

N

i− 1

)

i!a

bi

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N+1−i

]
∣

∣

∣
T

≤ a

b

aT

λbN
fN

(

a,
1

λ
, T

)

T

+
N−1
∑

i=1

1

λi−1

N !

(N + 1− i)!

ia

bi
aT

λbN+1−i
fN+1−i

(

a,
1

λ
, T

)

T

+
1

λN

(N + 1)!a

bN+1
T

=
aT

λbN+1
fN+1

(

a,
1

λ
, T

)

,

where

fN+1

(

a,
1

λ
, T

)

= afN

(

a,
1

λ
, T

)

T +
N−1
∑

i=1

ia

λi−1

N !

(N + 1− i)!
fN+1−i

(

a,
1

λ
, T

)

T

+
(N + 1)!

λN−1
.

15



August 8, 2024 Quantitative Finance output

We have just shown that the claim (48) holds for any N ∈ N.
We will now prove inequality (49) by induction. From (31) and (45), we observe that

G1 = −λT
aρ

b− ρ

(

1

2
e−λTκ(ρ) +

1

2

)

+
a|ρ|
b

λT

≤ a|ρ|λT
b

(

1

2
e−λTκ(ρ) +

3

2

)

,

where we have used the fact that ρ ≤ 0 in the last inequality, and hence

g1

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

=
1

2
e−λTκ(ρ) +

3

2
.

So the inequality (49) is satisfied for N = 1.
If we assume that the result in (49) is true for N , from (31) and (45) for the case N+1 we obtain

GN+1 = −λT
aρ

b− ρ

(

1

2
e−λTκ(ρ) +

1

2

)

GN +
N+1
∑

i=1

(

N

i− 1

)

GN+1−i
i!a

bi
λT |ρ|i

≤ −λT
aρ

b

(

1

2
e−λTκ(ρ) +

1

2

)

a|ρ|λT
bN

gN

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

+

N
∑

i=1

N !

(N + 1− i)!

a|ρ|λT
bN+1−i

gN+1−i

(

a, λ, T, |ρ|, e−λTκ(ρ)
) ia

bi
λT |ρ|i

+
(N + 1)!a

bN+1
λT |ρ|N+1

=
aλT |ρ|
bN+1

gN+1

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

,

where

gN+1

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

=

(

1

2
e−λTκ(ρ) +

1

2

)

a|ρ|λTgN
(

a, λ, T, |ρ|, e−λTκ(ρ)
)

+
N
∑

i=1

N !

(N + 1− i)!
gN+1−i

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

iaλT |ρ|i + (N + 1)!|ρ|N .

We have just proved (49).

Combining the results from Theorem 5.5 and Proposition 5.2 with inequality (43), we arrive at
the following error bound.

Corollary 5.6 When the squared volatility follows a gamma Ornstein-Uhlenbeck process and
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ρ ≤ 0, the remainder term of the N th order Taylor approximation of Theorem 3.1 is bounded by

|RN | ≤
√
aT

bN+1(N + 1)!

(

N
∑

n=1

((

N + 1

n

)

SN+1−n
0 M(N+1−n,n)(T,K)

×
√

aT |ρ|g2N+2−2n

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

f2n

(

a,
1

λ
, T

)

)

+ SN+1
0 M(N+1,0)(T,K)

√

λ|ρ|g2N+2

(

a, λ, T, |ρ|, e−λTκ(ρ)
)

+M(0,N+1)(T,K)

√

1

λ
f2N+2

(

a,
1

λ
, T

)

)

for N ∈ N \ {1}, where M(N+1−n,n), f2n and g2N+2−2n satisfy the properties in Proposition 5.2
and Theorem 5.5. In particular when ρ = 0, the error term can be bounded by

|RN | ≤ 1

(N + 1)!

aT

λbN+1
fN+1

(

a,
1

λ
, T

)

M(0,N+1)(T,K). (51)

Since κ(ρ) = aρ
b−ρ is a decreasing function with respect to the parameter b, Corollary 5.6 tells

us that if we fix all parameters in our model and we only allow to vary the parameter b, then the
error becomes smaller as b becomes bigger. In this case, the error bound of an option with strike
K and expiration date T have the form O

(

1
bN+1

)

.

5.1.2. Inverse Gaussian Ornstein-Uhlenbeck process. If the variance process follows an
inverse Gaussian Ornstein-Uhlenbeck process with parameters a, b > 0, we can give an error bound
for the N th order approximation of the form O

(

1
bN+1

)

. In the case ρ = 0, the error bound has the

form O
(

1
bN+2

)

. As we did before, we need to bound the moments of IT − EQ [IT ] and PT − 1.

Theorem 5.7 When the squared volatility follows an inverse Gaussian Ornstein-Uhlenbeck pro-
cess, we have

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N
]∣

∣

∣
≤ aT

λbN+1
fN

(

a,
1

λ
,
1

b
, T

)

(52)

for N ∈ N, where fN is a polynomial of a, 1
λ ,

1
b and T with non-negative coefficients. The bound

GN of Proposition 5.4 satisfies

GN ≤ aλT |ρ|
bN

gN

(

a, λ,
1

b
, T, |ρ|, e−λTκ(ρ)

)

(53)

for N ∈ N, where gN is a polynomial in a, λ, 1
b , T , |ρ| and e−λTκ(ρ) with non-negative coefficients.

Proof. From equation (29) we obtain that

κ(i)(0) =
ϕia

b2i−1
for all i ∈ N, (54)

where ϕi is defined recursively as ϕ1 = 1 and

ϕi = ϕi−1(2n− 3) + (2n− 3)!! for all i ∈ N \ {1}.
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For N = 1 and N = 2 we have that

|EQ [(IT − EQ [IT ])]| = 0,

∣

∣

∣
EQ

[

(IT − EQ [IT ])
2
]∣

∣

∣
=

1

λ

ϕ2a

b3

∫ T

0

(

1− e−λ(T−s)
)2

ds ≤ ϕ2aT

λb3
,

so the result in (52) is satisfied with f1 = 0 and f2 = ϕ2. If we assume that the claim (52) is true
for N , then by application of (27) in Corollary 4.2 and equation (54) we have

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N+1

]
∣

∣

∣
≤ a

b

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N
]
∣

∣

∣
T

+
N+1
∑

i=1

1

λi−1

(

N

i− 1

)

ϕia

b2i−1

∣

∣

∣
EQ

[

(IT − EQ [IT ])
N+1−i

]∣

∣

∣
T

≤ a

b

aT

λbN+1
fN

(

a,
1

λ
,
1

b
, T

)

T

+

N−1
∑

i=1

1

λi−1

(

N

i− 1

)

ϕia

b2i−1

aT

λbN−i+2
fN+1−i

(

a,
1

λ
,
1

b
, T

)

T

+
1

λN

ϕN+1aT

b2N+1

=
aT

λbN+2
fN+1

(

a,
1

λ
,
1

b
, T

)

,

where

fN+1

(

a,
1

λ
,
1

b
, T

)

= afN

(

a,
1

λ
,
1

b
, T

)

T

+

N−1
∑

i=1

1

λi−1

(

N

i− 1

)

ϕia

bi−1
fN+1−i

(

a,
1

λ
,
1

b
, T

)

T

+
1

λN−1

ϕN+1

bN−1
.

We have just proved inequality (52) by induction.
The second inequality will be proved by induction as well. Using the derivatives of the cumulant

function (28) and (45) in Proposition 5.4, for the initial case we have

G1 = −λT
aρ

√

b2 − 2ρ

(

1

2
e−λTκ(ρ) +

1

2

)

+
a|ρ|
b

λT

≤ a|ρ|λT
b

(

1

2
e−λTκ(ρ) +

3

2

)

,

where we have used the fact that ρ ≤ 0 and g1 is

g1

(

a,
1

λ
,
1

b
, T

)

=
1

2
e−λTκ(ρ) +

3

2
.
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If we assume that the result in (53) is true for N , for N + 1 we obtain the following inequality

GN+1 = −λT
aρ

√

b2 − 2ρ

(

1

2
e−λTκ(ρ) +

1

2

)

GN

+

N+1
∑

i=1

(

N

i− 1

)

GN+1−i
ϕia

b2i−1
λT |ρ|i

≤ −λT
aρ

b

(

1

2
e−λTκ(ρ) +

1

2

)

a|ρ|λT
bN

gN

(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

+
N
∑

i=1

(

N

i− 1

)

a|ρ|λT
bN+1−i

gN+1−i

(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

ϕia

b2i−1
λT |ρ|i

+
ϕN+1a

b2N+1
λT |ρ|N+1

=
aλT |ρ|
bN+1

gN+1

(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

,

where

gN+1

(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

=

(

1

2
e−λTκ(ρ) +

1

2

)

a|ρ|λTgN
(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

+
N
∑

i=1

(

N

i− 1

)

gN+1−i

(

a, λ, T,
1

b
, |ρ|, e−λTκ(ρ)

)

ϕiaλT |ρ|i
bi−1

+
ϕN+1|ρ|N

bN
.

This ends the induction procedure.

Finally, from Theorem 5.7, Proposition 5.4 and equation (43), we have the following error esti-
mate.

Corollary 5.8 When the variance follows an inverse Gaussian Ornstein-Uhlenbeck process and
ρ ≤ 0, the remainder term of the N th order Taylor approximation of Theorem 3.1 satisfies

|RN | ≤
√
aT

bN+1(N + 1)!

(

N
∑

n=1

((

N + 1

n

)

SN+1−n
0 M(N+1−n,n)(T,K)

×
√

aT |ρ|
b

g2N+2−2n

(

a, λ,
1

b
, T, |ρ|, e−λTκ(ρ)

)

f2n

(

a,
1

λ
,
1

b
, T

)

)

+M(0,N+1)(T,K)

√

1

b2λ
f2N+2

(

a,
1

λ
,
1

b
, T

)

+SN+1
0 M(N+1,0)(T,K)

√

λ|ρ|g2N+2

(

a, λ,
1

b
, T, |ρ|, e−λTκ(ρ)

)

)

for N ∈ N \ {1}, where M(N+1−n,n), f2n and g2N+2−2n satisfy the properties in Proposition 5.2
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and Theorem 5.7. In particular when ρ = 0, the error term is bounded by

|RN | ≤ 1

(N + 1)!

aT

λbN+2
fN+1

(

a,
1

λ
,
1

b
, T

)

M(0,N+1)(T,K). (55)

In this case, the cumulant function satisfies κ(ρ) = aρ√
b2−2ρ

and it is a decreasing function with

respect to the parameter b. From Corollary 5.8 the error is bounded by a function of the form
O
(

1
bN+1

)

and when ρ = 0, the error bound has the form O
(

1
bN+2

)

.

6. Numerical examples

In this section, we compare the approximation result with the option price closed formula, computed
using the characteristic function and the formula provided by Carr and Madan (1999), when the
variance is an inverse Gaussian or a gamma Ornstein-Uhlenbeck process. Appendix B contains the
characteristic functions that we use to compare our approximation results.
The homogeneity property of the Black-Scholes put price (Joshi 2001) gives us

ΠP (S0,K, T ) = KΠP

(

S0

K
, 1, T

)

.

For simplicity the numerical results in this section correspond to the put prices of the form
ΠP (x, 1, T ) for various values of the moneyness x.
To compute the approximation formula in (12), we need the first N derivatives of the cumulant

generating function κ and 2nd to N th order derivatives of BSP. The derivatives for the cumulant
generating function can be obtained from Remark 1 for inverse Gaussian and gamma Ornstein-
Uhlenbeck processes. Higher order derivatives of BSP can be derived from the second order deriva-
tives shown in Remark 2 by using a symbolic programming language; we use SageMath (The Sage
Developers 2023).

Remark 2 The second order derivatives of BSP are

∂2 BSP
∂x2

(x, y) =
1

x
√
y
φ(d+(x, y)),

∂2 BSP
∂y2

(x, y) =
x

4y3/2
φ(d+(x, y)) (d−(x, y)d+(x, y)− 1) ,

∂2 BSP
∂y∂x

(x, y) = − 1

2y
φ(d+(x, y))d−(x, y)

for all x, y ∈ R (Das and Langrené 2022).

Figure B1 shows put option prices using the approximation formula (12) when the squared
volatility is an inverse Gaussian Ornstein-Uhlenbeck process. We compute approximations from
2nd to 6th order. Figure B1 additionally contains the absolute error between the price obtained by
the characteristic function and the price given by the approximation formula, defined as

Absolute Error = |PriceCF − PriceApprox| ,

where PriceCF is the option price given by the characteristic function and PriceApprox is the option
price given by the approximation formula. We note that the approximation closely resemble the
option values determined by the characteristic function.
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Figures B2 and B3 show the absolute value of the error between the prices given by the char-
acteristic function and the approximation formula in log10 scale for various expiration dates when
the variance process is an inverse Gaussian Ornstein-Uhlenbeck process. We use the log10 of the
absolute error instead of the error itself since it allows a more compact representation. Notice that
if the absolute error is of the order 10−6, then the log10 of the absolute error has an approximate
value of −6. The parameter b in Figure B2 is valued at 80, whereas in Figure B3, it is 20. Note that
when the parameter b increases, the error decreases. The results in Corollary 5.8 are consistent with
this. Similar outcomes can be achieved if the squared volatility is a gamma Ornstein-Uhlenbeck
process. This is shown in Figures B4 and B5. Similar to the preceding instance, the error decreases
with increasing parameter b. Observe that the inverse Gaussian and gamma model parameters are
identical in Figures B2-B5. That being said, the inverse Gaussian model yields smaller errors than
the gamma model. Equations (48) and (52) provide the reason for that: the moments of the inverse
Gaussian model decrease faster with respect to b than the moments of the gamma model.
We conduct numerical experiments in Figures B6 and B7 to confirm the asymptotic results in

Theorem 5.3, for the gamma and inverse Gaussian Ornstein-Uhlenbeck processes. These figures
show the absolute error between the prices given by the characteristic function and the approx-
imation formula. Observe that the absolute error converges to zero when the strike reaches zero
and infinity. Note again that the error associated with the gamma model are larger than for the
inverse Gaussian model.
Finally, we examine the stability of put option prices as the mean reversion rate λ increases.

Figure B8 displays the option prices given by our approximation, the prices given by a Monte Carlo
approximation (Schoutens 2003, p. 69), and the prices obtained by the characteristic function. As
we can see in Figure B8, when λ increases second and third order approximations remain stable.
For large values of λ, however, the price provided by the characteristic function is unstable.We
observe that the prices provided by the second and third order approximations are similar to those
provided by the Monte Carlo approximation.

[Figure 1 about here.]

[Figure 2 about here.]

[Figure 3 about here.]

[Figure 4 about here.]

[Figure 5 about here.]

[Figure 6 about here.]

[Figure 7 about here.]

[Figure 8 about here.]

7. Conclusion

In this paper, we constructed approximation formulas for the Barndorff-Nielsen and Shephard
model using the Romano and Touzi formula (Romano and Touzi 1997). Approximation formulas
based on the Romano and Touzi formula have been implemented before for other models, like the
Heston model or the GARCH diffusion model (Drimus 2011, Barone-Adesi et al. 2005). However,
the authors only implemented second and third-order approximations. In our case, we can compute
a closed-form approximation formula for any order.
Additionally, we performed an analysis of the error, based on the results given by Das and Lan-

grené (2022). We extended the results of Das and Langrené (2022) for 3rd derivatives to derivatives
of any order. These results showed that the error disappears for small and large values of K. We
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also gave an estimate for the error term. When ρ = 0, the error bound for the N th-order ap-
proximation is of the form O

(

1
bN+1

)

and O
(

1
bN+2

)

when the squared volatility follows a gamma
Ornstein-Uhlenbeck process or an inverse Gaussian Ornstein-Uhlenbeck process, respectively. When
ρ ≤ 0, the error term can be bounded by an estimate of the form O

(

1
bN+1

)

for gamma and inverse
Gaussian models. As far as we know, these results have never been obtained for approximations
based on the Romano and Touzi formula. Finally, we did numerical experiments that support the
theoretical results obtained in Sections 3–5.
This paper presented results for Barndorff-Nielsen and Shephard models in which the squared

volatility follows a gamma Ornstein-Uhlenbeck process or an inverse Gaussian Ornstein-Uhlenbeck.
These results can be used for other Barndorff-Nielsen and Shephard models in which the variance
process follows another type of Ornstein-Uhlenbeck process, like the tempered stable Ornstein-
Uhlenbeck process (Schoutens 2003, p. 68-70). The only requirement is knowledge of the cumulant
function κ and its derivatives. For future work, this type of approximation can be used for more
advanced versions of the Barndorff-Nielsen and Shephard model, such as the fractional Barndorff-
Nielsen and Shephard model (Salmon and SenGupta 2021) or the generalized Barndorff-Nielsen
and Shephard model (SenGupta 2016).

Disclosure of interest

There are no interests to declare.

Declaration of funding

No funding was received.

References
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Guinea Juliá, Á., Incorporating market attention in option pricing with applications to Bitcoin derivatives.
PhD thesis, University of York, 2022.

Habtemicael, S. and SenGupta, I., International Journal of Financial Engineering, 2016, 03, 1650027.
Heston, S.L., A closed-form solution for options with stochastic volatility with applications to bond and

currency options. The Review of Financial Studies, 1993, 6, 327–343.
Hubalek, F. and Posedel, P., Joint analysis and estimation of stock prices and trading volume in Barndorff-

Nielsen and Shephard stochastic volatility models. Quantitative Finance, 2011, 11, 917–932.
Hull, J. and White, A., The pricing of options on assets with stochastic volatilities. The Journal of Finance,

1987, 42, 281–300.
Joshi, M., Log-type models, homogeneity of option prices and convexity. QUARC, Royal Bank of Scotland

working paper, 2001.
Nicolato, E. and Venardos, E., Option Pricing in Stochastic Volatility Models of the Ornstein-Uhlenbeck

type. Mathematical Finance, 2003, 13, 445–466.
Pascucci, A., PDE and martingale methods in option pricing, 2011, Springer.
Romano, M. and Touzi, N., Contingent claims and market completeness in a stochastic volatility model.

Mathematical Finance, 1997, 7, 399–412.
Salmon, N. and SenGupta, I., Fractional Barndorff-Nielsen and Shephard model: applications in variance

and volatility swaps, and hedging. Annals of Finance, 2021, 17, 529–558.
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Appendix A: A bound for the derivatives of the error term

In this section, we show that high order derivatives of BSP that appear in the error term (13) is
bounded by a deterministic function when the volatility is bounded from below. First, we have the
following auxiliary result.

Lemma A.1 Let f : (0,∞)× [c,∞) → [0,∞) be a continuous function with c > 0 that satisfies

lim
y→∞

f(x, y) = 0 for all x ∈ (0,∞), (A1)

lim
x→0

f(x, y) = lim
x→∞

f(x, y) = 0 for all y ∈ [c,∞). (A2)

Then the function f has a finite maximum on (0,∞)× [c,∞).

Proof. When f(x, y) = 0 for all (x, y) ∈ (0,∞) × [c,∞), the proof is trivial and the maximum is
zero.
Assume now that there exists some (x0, y0) ∈ (0,∞) × [c,∞) such that f(x0, y0) > 0. Let us
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define the function g : [0,∞)× [c,∞) → [0,∞) as

g(x, y) =

{

f(x, y) if (x, y) ∈ (0,∞)× [c,∞)

0 if (x, y) ∈ {0} × [c,∞).

Observe that the function g is continuous on [0,∞)× [c,∞). From conditions (A1)–(A2) we get

lim
(x,y)→(∞,∞)

g(x, y) = 0. (A3)

By the definition of the limit, we have that, for any ǫ > 0, there exists δ > 0 such that |g(x, y)| < ǫ

for all (x, y) ∈ [0,∞)× [c,∞) with x2 + y2 > δ2. Let us define

Aε = {(x, y) ∈ [0,∞)× [c,∞) : x2 + y2 ≤ δ2}.

If we pick ǫ < f(x0, y0), then we know that if the maximum of g exists then it must be in the set
Aε. Because Aε is compact and g is a continuous function, we know that g has a maximum on Aε

and hence g has a finite maximum on [0,∞)× [c,∞). Finally, notice that

max
(x,y)∈[0,∞)×[c,∞)

g(x, y) = max
(x,y)∈(0,∞)×[c,∞)

f(x, y). (A4)

This can be proved by contradiction. If equation (A4) is not satisfied, then the maximum value of
g is zero, but this is not possible since g(x0, y0) > 0.

Lemma A.1 can now be used to bound high order derivatives of the BSP.

Proposition A.2 For every C > 0, ξ = (ξx, ξy), ξx, ξy ∈ N0 such that |ξ| = ξx + ξy ≥ 3, there
exists a function Mξ,C : [0,∞)× (0,∞) → [0,∞) such that

max
(x,y)∈(0,∞)×[C,∞)

∣

∣

∣

∣

∣

∂|ξ|BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

= Mξ,C(T,K).

The function Mξ,C is bounded, and for fixed K and T its behavior is characterized by the functions
ζ and η, respectively, where

ζ(T ) = Aζe
−Eζ(rT )2−DζrT

∣

∣

∣

∣

∣

nζ
∑

k=0

ckζ(rT )
k

∣

∣

∣

∣

∣

,

η(K) = AηK
−Eη lnK−Dη

∣

∣

∣

∣

∣

nη
∑

k=0

(−1)kckη(lnK)k

∣

∣

∣

∣

∣

,

where Aζ , Aη, Dζ , Dη ∈ R, nζ , nη ∈ N0, c0ζ , . . . , cnζζ , c0η, . . . , cnηη ∈ R and Eζ , Eη > 0. In particu-
lar,

lim
T→0

|Mξ,C(T,K)| < ∞ for all K > 0, (A5)

lim
K→0

Mξ,C(T,K) = lim
K→∞

Mξ,C(T,K) = 0 for all T > 0, (A6)

if r 6= 0, then lim
T→∞

Mξ,C(T,K) = 0 for all K > 0. (A7)

Note that the functions ζ and η depend on the lower bound C.
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Proof. From Proposition 5.1 we can express the derivatives of BSP as

∣

∣

∣

∣

∣

∂|ξ|BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

=
|Aξ|

xny
m/2

φ(d+(x, y)) |Fξ(d+(x, y), d−(x, y),
√
y)| (A8)

for (x, y) ∈ (0,∞) × [C,∞), where m ∈ N, n ∈ Z, Aξ ∈ R and Fξ is a polynomial in d+(x, y),
d−(x, y) and

√
y, with degree at least one in either d+(x, y) or d−(x, y). Since high order derivatives

satisfy the structure in equation (A8), the arguments in the proof of Lemma 5.1 of Das and Langrené
(2022) apply directly and allow us to obtain

lim
x→0

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

= lim
x→∞

∣

∣

∣

∣

∣

∂|ξ|BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

= 0 for all y ∈ [C,∞),

lim
y→∞

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

= 0 for all x ∈ (0,∞).

Hence equation (A8) satisfies conditions (A1)–(A2), and we can apply Lemma A.1. This means
that the absolute value of the derivative of BSP has a maximum on (0,∞) × [C,∞). There exists
a point (x∗, y∗) ∈ (0,∞)× [C,∞) that satisfies

max
(x,y)∈(0,∞)×[C,∞)

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

=
|Aξ|

xn∗y
m/2
∗

φ(d+(x∗, y∗)) |Fξ(d+(x∗, y∗), d−(x∗, y∗),
√
y∗)| . (A9)

Proceeding as in the proof of Lemma 5.2 of Das and Langrené (2022), if we fix all the variables,
except the expiry date T , equation (A9) can be expressed as

ζ(T ) = Aζe
−Eζ(rT )2−DζrT

∣

∣

∣

∣

∣

nζ
∑

k=0

ckζ(rT )
k

∣

∣

∣

∣

∣

,

where Dζ ∈ R, nζ ∈ N0, c0ζ , . . . , cnζζ ∈ R and Aζ , Eζ > 0. It is clear that when T → ∞, ζ goes
to zero, and when T → 0, the limit of ζ is Aζ |c0ζ |. Similarly, if we fix all the variables except the
strike price K, then (A9) becomes

η(K) = AηK
−Eη lnK−Dη

∣

∣

∣

∣

∣

nη
∑

k=0

(−1)kckη(lnK)k

∣

∣

∣

∣

∣

,

where Dη ∈ R, nη ∈ N0, c0η, . . . , cnηη ∈ R and Aη, Eη > 0. The function η goes to zero when
K → ∞ or when K → 0.

We now consider how the maximum will behave when the volatility can reach the value zero.

Proposition A.3 The function Mξ,C : [0,∞)×(0,∞) → [0,∞) defined in Proposition A.2 satisfies

lim
C→0

Mξ,C(T,K) = ∞ for all T,K > 0. (A10)

Proof. By application of Proposition 5.1 and the proof of Lemma 5.1 of Das and Langrené (2022)
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we have that

lim
y→0

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

(x, y)

∣

∣

∣

∣

∣

=

{

∞ when ln x
K + rT = 0,

0 when ln x
K + rT 6= 0.

(A11)

From equation (A11) it is clear that the supremum on the set (0,∞)×[0,∞) is reached at (x∗, y∗) =
(

Ke−rT , 0
)

and hence (A10) is satisfied.

The next result comes from the fact that Z is an Lévy subordinator. Since Z is a non-negative
and a non-decreasing process, αs,T ≥ 0 for all s ∈ [0, T ] and by equation (4), we have the lower
bounds

IT = σ2
0α0,T +

∫ T

0
αs,TdZλs ≥ σ2

0α0,T > 0

for all T > 0 and

(1− u)EQ[IT ] + uIT ≥ σ2
0α0,T (A12)

for all u ∈ (0, 1) and every T > 0, with both bounds holding almost surely. Hence, we obtain the
following result from (A12) and Proposition A.2.

Proposition A.4 For every ξ = (ξx, ξy), ξx, ξy ∈ N0 such that |α| = ξx + ξy ≥ 3, there exists a
function Mξ,β(T ) : [0,∞)× (0,∞) → [0,∞) such that

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

((1− u)S0 + uPTS0, (1− u)EQ[IT ] + uIT )

∣

∣

∣

∣

∣

≤ Mξ,β(T )(T,K)

for all u ∈ (0, 1) almost surely, where Mξ,β(T ) is defined as in Proposition A.2 and β(T ) = σ2
0α0,T .

In addition,

lim
T→0

Mξ,β(T )(T,K) = ∞ for all K > 0, (A13)

lim
K→0

Mξ,β(T )(T,K) = lim
K→∞

Mξ,β(T )(T,K) = 0 for all T > 0, (A14)

if r 6= 0, then lim
T→∞

Mξ,β(T )(T,K) = 0 for all K > 0. (A15)

Proof. If we fix a expiry date T > 0, then from Proposition A.2 and (A12), we have that

sup
u∈(0,1)

∣

∣

∣

∣

∣

∂|ξ| BSP
∂xξx∂yξy

((1− u)S0 + uPTS0, (1− u)EQ[IT ] + uIT )

∣

∣

∣

∣

∣

= Mξ,β(T )(T,K),

almost surely. The result in (A14) comes from (A6). Observe that the lower bound of (1−u)EQ[IT ]+
uIT depends on the expiry date T . This means that the limits of Mξ,β(T ) when T → 0 and T → ∞,
have to be treated carefully. When T → ∞, we have that

lim
T→∞

β(T ) =
σ2
0

λ
> 0.

Since this limit is bounded away from zero, from Proposition A.2 we obtain the result in (A15).
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The result in (A13) is satisfied due to Proposition A.3 because

lim
T→0

β(T ) = 0.

Proposition A.4 allows us to construct deterministic bounds for the derivatives that appear in
the remainder term (13). These bounds are finite for every T,K > 0 and are well-behaved for small
values of K and for large values of K and T . However, these bounds are large when T is near zero.

Appendix B: Characteristic functions

In this section, we present the characteristic functions of the log price that are used in Section 6.
We use the characteristic function of the log price to compute the values of European put prices
using the formula given by Carr and Madan (1999). We assume that the options prices given by
the characteristic function of the log price, represent the true price of options. In Section 6, we have
compared the option price given by the characteristic function with the approximation method.
For a general Barndorff-Nielsen and Shephard model, the characteristic function of the log price
at time T > 0 is:

E
[

eiuXT
]

= eiuX0+iurT−iuλκ(ρ)T− 1

2
(iu+u2)

σ2
0
λ
(1−e−λT )

eλ
∫

T

0
κ(iuρ− 1

2
(iu+u2) 1

λ
(1−e−λ(T−s)))ds, (B1)

where κ is the cumulant generating function of Z1 (Nicolato and Venardos 2003). We observe that
the characteristic function of XT depends on the type of D-Ornstein-Uhlenbeck process we use for
modelling the variance process. In this paper, we focus only on two types of D-Ornstein-Uhlenbeck
process. From equation (B1) it is clear that all Barndorff-Nielsen and Shephard models have the
same characteristic function except for the Riemann integral that appears in equation (B1). The
value of this integral depends on the type of D-Ornstein-Uhlenbeck process.

(i) When the variance process σ2 follows an inverse Gaussian Ornstein-Uhlenbeck process, the
integral that appears in equation (B1) satisfies the following equation

λ

∫ T

0
κ

(

iuρ− 1

2
(iu+ u2)αs,T

)

ds

= a
(

√

b2 − 2f1(u)−
√

b2 − 2iuρ
)

+
2af2(u)

√

2f2(u)− b2

[

arctan

(
√

b2 − 2iuρ

2f2(u)− b2

)

− arctan

(
√

b2 − 2f1(u)

2f2(u)− b2

)]

, (B2)

where

f1(u) = iuρ− 1

2λ
(u2 + iu)

(

1− e−λT
)

, (B3)

f2(u) = iuρ− 1

2λ
(u2 + iu), (B4)

(Nicolato and Venardos 2003).
(ii) In the case the process σ2 is a gamma Ornstein-Uhlenbeck process, the integral of equation
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(B1) can be written as

λ

∫ T

0
κ

(

iuρ− 1

2
(iu+ u2)αs,T

)

ds = a(b−f2(u))
−1

(

b ln

(

b− f1(u)

b− iuρ

)

+ f2(u)λT

)

, (B5)

where f1 and f2 are defined as in equations (B3) and (B4) respectively (Nicolato and
Venardos 2003).

Remark 3 We detect a small typo in the characteristic functions of Barndorff-Nielsen and Shephard
models given by Nicolato and Venardos (2003) and by Schoutens (2003, p. 87). This typo is related
to the functions f1 and f2 defined in equations (B3) and (B4) respectively. In the formula given by
Nicolato and Venardos (2003) and Schoutens (2003, p. 87), the factor 1

λ appears to be missing in
f1 and f2. For example, to obtain equation (B5) it is possible to show that

∫ T

0
κ

(

iuρ− 1

2
(iu+ u2)

1

λ

(

1− e−λ(T−s)
)

)

ds =
2a

λu2 + (−2iλ2ρ+ iλ)u+ 2λ2b
Fκ(s)

∣

∣

∣

∣

T

0

, (B6)

where

Fκ(s) = − ln
(

u (i+ u) e−λ(T−s) − u2 + i (2λρ− 1)u− 2bλ
)

bλ

+ u ln
(

e−λ(T−s)
)

(

iρλ− 1

2
i− 1

2
u

)

.

Notice that the denominator in equation (B6) can be written as

λu2 +
(

−2iλ2ρ+ iλ
)

u+ 2λ2b = 2λ2(b− f2(u)).

For the numerator, we need to evaluate the function Fκ at s = T and at s = 0. For Fκ(T ) we
obtain

Fκ(T ) = − ln ((ρiu− b) 2λ)

and in the case of Fκ(0) we have

Fκ(0) = − ln (2λ (f1(u)− b)) bλ− λ2Tf2(u).

So from equation (B6) we have that

∫ T

0
κ

(

iuρ− 1

2
(iu+ u2)

1

λ

(

1− e−λ(T−s)
)

)

ds

=
2a

2λ2(b− f2(u))
(Fκ(T )− Fκ(0))

=
a

λ2(b− f2(u))

(

− ln ((ρiu− b) 2λ) + ln (2λ (f1(u)− b)) bλ+ λ2Tf2(u)
)

=
a

λ(b− f2(u))

(

b ln

(

b− f1(u)

b− iuρ

)

+ λTf2(u)

)

,

as required. It is also possible to show the result that appear in equation (B2), but the proof is
quite tedious and it is omitted here.
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Figure B1.: Put option prices with expiration date T = 1 and absolute value of the error when the
squared volatility follows an inverse Gaussian Ornstein-Uhlenbeck process with parameters a = 20,
b = 5, λ = 0.5, ρ = −0.5, r = 0.05, and σ2

0 = 0.5.
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Figure B2.: Absolute value of the error when the squared volatility follows an inverse Gaussian
Ornstein-Uhlenbeck process with parameters a = 20, b = 80, λ = 0.5, ρ = −0.5, r = 0.05, and σ2

0

= 0.5.
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Figure B3.: Absolute value of the error when the squared volatility follows an inverse Gaussian
Ornstein-Uhlenbeck process with parameters a = 20, b = 20, λ = 0.5, ρ = −0.5, r = 0.05, and
σ2
0 = 0.5.
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Figure B4.: Absolute value of the error when the squared volatility follows a gamma Ornstein-
Uhlenbeck process with parameters a = 20, b = 80, λ = 0.5, ρ = −0.5, r = 0.05, and σ2

0 = 0.25.
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Figure B5.: Absolute value of the error when the squared volatility follows a gamma Ornstein-
Uhlenbeck process with parameters a = 20, b = 20, λ = 0.5, ρ = −0.5, r = 0.05, and σ2

0 = 0.25.
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Figure B6.: Absolute value of the error when the squared volatility follows an inverse Gaussian
Ornstein-Uhlenbeck process with parameters a = 10, b = 20, λ = 0.3, ρ = −0.5, r = 0.05,
σ2
0 = 0.25 and S0 = 100. We fix the expiration date T = 1 and vary the strike price.
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Figure B7.: Absolute value of the error when the squared volatility follows a gamma Ornstein-
Uhlenbeck process with parameters a = 10, b = 20, λ = 0.3, ρ = −0.5, r = 0.05, σ2

0 = 0.25 and
S0 = 100. We fix the expiration date T = 1 and vary the strike price.
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Figure B8.: Put option prices with T = 1 and S0 = K = 100 when the squared volatility follows an
inverse Gaussian Ornstein-Uhlenbeck process with parameters a = 1, b = 10, ρ = −0.3, r = 0.05,
σ2
0 = 0.5 and λ is varying.
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