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An Algebraic QFT Approach to the
Wetterich Equation on Lorentzian Manifolds

Edoardo D’Angelo, Nicolo Drago, Nicola Pinamonti® and
Kasia Rejzner

Abstract. We discuss the scaling of the effective action for the interact-
ing scalar quantum field theory on generic spacetimes with Lorentzian
signature and in a generic state (including vacuum and thermal states,
if they exist). This is done constructing a flow equation, which is very
close to the renown Wetterich equation, by means of techniques recently
developed in the realm of perturbative Algebraic Quantum Field the-
ory (pAQFT). The key ingredient that allows one to obtain an equation
which is meaningful on generic Lorentzian backgrounds is the use of a
local regulator, which keeps the theory covariant. As a proof of concept,
the developed methods are used to show that non-trivial fixed points arise
in quantum field theories in a thermal state and in the case of quantum
fields in the Bunch-Davies state on the de Sitter spacetime.
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1. Introduction

In this paper we extend functional renormalization methods to obtain flow
equations for the effective action @ la Wetterich in curved Lorentzian back-
grounds and in generic states. Here we study the case of a real quantum scalar
field, but the main ideas and methods we use here are applicable to other
types of fields. To derive the flow equations, we work in the recently developed
framework of perturbative algebraic quantum field theory [10,31,38,39,41, 59]
(pPAQFT) in the functional approach [11]. However, using ideas similar to those
of [16] the obtained result is valid also in an exact sense.

Our method is based on the average effective action approach to the func-
tional renormalization group, which was developed in a broad range of appli-
cations from the seminal papers of Wetterich [66,73,75]. In Wilson’s modern
formulation of the renormalization group [76], short-distance fluctuations are
progressively integrated-out, obtaining a coarse-grained, low-energy descrip-
tion of a system from its microscopic degrees of freedom.

In the functional approach [5], the fundamental object is the generating
functional for the 1PI Feynman diagrams, regularised introducing a momen-
tum cut-off which suppresses long-range fluctuations. The average effective
action acts as a microscope with variable resolution, which permits to move
from the fine-grained, microscopic description to the rough, macroscopic view.
The equation governing the flow of the fluctuations from the microscopic to the
macroscopic scale is the Wetterich equation [74], developed from earlier ideas
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of Polchinski [57]. Within the functional approach, non-perturbative meth-
ods to approximate the Wetterich equation have been developed, opening the
possibility to study non-perturbative effects in highly correlated systems. The
Functional Renormalization Group (FRG) has found numerous applications
ranging from statistical physics to high-energy particle physics (QCD in par-
ticular), with the generalization of the Wetterich equation to include gauge
fields [61], and to approaches to quantum gravity based on the asymptotic
safety scenario [8,52,60].

Most results within the FRG approach have been derived in Euclidean
spaces. Investigations on Lorentzian signature FRG flows, based on analytic
continuation of Euclidean correlation functions, have been initiated in [29]. A
different approach, based on real-time Schwinger-Keldysh formalism and the
spectral representation of correlation functions in Minkowski spacetime, has
been developed in [4,42-45,54] and is currently under investigation. Finally,
a Lorentzian study of Asymptotic Safety in quantum gravity, based on a 3+1
decomposition of the metric, can be found in [51].

Nice reviews on the use of the functional renormalization group method
related to asymptotic safety can be found in [26,53,55,64,65]. Recent impor-
tant developments in the latter research area include [28], which postulates a
flow equation for the graviton spectral function in Lorentzian signature. Our
current work adds to this by providing a framework where this flow equation
can be derived from first principles and further generalized to curved space-
times with Lorentzian signature.

The Wetterich flow equation is usually derived in the following way: one
starts with considering I + J, where I is the action of the given theory and
J = [jx is the term describing the smearing of the field y with an external
current j. Consider Z(j) = (exp(il 4 i.J)), the generating functional for the
time-ordered correlation functions of the theory. The connected, time-ordered
correlation functions are obtained from W = —ilog Z by means of functional
derivatives. Having a full control over Z or W would allow one to obtain the
precise form of the correlation functions of the theory and hence would provide
access to the interacting quantum theory.

Since the direct analysis of Z is usually impractical, it is slightly better to
study the associated effective action T'. To obtain T, one starts by introducing
the field ¢ defined as the first functional derivative of W, and thus depending
on j. In the literature ¢ is called the classical field because it arises from an
expectation value. The relation between ¢ and j can be inverted, at least in per-
turbation theory, giving j = j4. The effective action I(¢) = W(js) — [ d?ajyed
is then obtained from W by means of a Legendre transform. The effective
action T’ encodes all the information on the quantum correlation functions,
as the original Z(j). Even though the effective action [ is local in the free
case, when one includes interactions it contains an infinite series of possibly
non-local terms, and as such can be computed only perturbatively, in some
cases as a sum of the 1PI Feynman diagrams. As such, one introduces a suit-
able regularization, taming the infrared (long-range) quantum fluctuations. In
order to do so, one artificially adds a contribution @), quadratic in the fields,
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to the action in the generating functional Z(j). The regulator @ depends on
a scale parameter k and hence both the generating functional Zj or W and
the effective action Ty depend on k. Their behaviour under changes of the
parameter k is governed by certain flow equations.

In particular, the Polchinski equation is an equation for the derivative
with respect to k of Wy, while the Wetterich equation involves the k-derivative
of Ti(¢) = Tk(¢) — Qr(¢) and it takes the well known form

Iy, = %<(F1(<2) + Qf))_l,aka)> ,

where (-, )5 is the standard pairing on M? = M x M. Furthermore, (l",(f) +
122))_1 is just W,EQ). Hence, the non-uniqueness of the inverse of (1",(3) + Q,(f)),
present in the Lorentzian case, is not an issue when W is the starting point of

the construction, so that W,§2) is the distinguished inverse.
In order for this equation to be useful, the regulator Qs needs to have

certain properties [49,50]:

e it should vanish in the limit &k — 0, so that the original theory is recovered
in that limit;

e it should suppress all the quantum fluctuations in the limit k¥ — oo, so
that in that limit one obtains a theory governed by a classical action;

e at finite k, it should behave as an effective mass term to control potential
infrared divergences;

e at finite k, it should vanish at high momentum to not alter drastically
the short distance behaviour of the correlation functions.

In the original approach and for Euclidean field theories, @y is chosen
as a momentum cutoff. One of the most used sharp cut-offs assumes a sim-
ple expression in the Fourier transform of its second functional derivative, as
Agf) (p) = —(k? — p*)0(k? — |p|?), where 6 is the Heaviside step function. It
has been discussed in [48] that this regulator meets all the requirements listed
above, and furthermore permits to keep the technical difficulties in practical
computations under control. When such a regulator is used, the source term
at the right-hand side of the flow equation of the effective action I', has a peak
in a vicinity of |p|? ~ k2, while both high and low momentum modes are sup-
pressed. This gives rise to a flow in Wilsonian sense, for which at scale £ only
the spectrum of the various propagators at momentum squared equal to k2
matters, thus providing an interpretation of the used regularization at scale k
as a coarse-graining procedure. Unfortunately, in position space, the regulator
Q1. introduced above turns out to be non-local. For this reason, it is difficult
to extend similar techniques to field theories on generic curved backgrounds.
Similarly, if the state in which the theory is constructed is not a vacuum, it
is not clear if this choice of regulator completely regularises the theory. This
happens, for example, with the Wetterich equation in the case of thermal fields
[49,71]. Another problem of a non-local regulator is that the original analy-
sis is conducted assuming the vacuum state and for Euclidean quantum field
theories, and the naive translation of Q,(f)(p) to spacetimes with Lorentzian
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signature would alter the principal symbol of the equation of motion governing
the evolution. This could potentially affect the results on the solvability of the
equation of motion of the theory even in the non-interacting case.

As discussed in [50], it is still possible to use a local, mass term regulator

,(62) ~ k% at the price of introducing a different regularization procedure of
the ultraviolet regime. This last requirement is not an issue in approaches to
interacting field theories, which are automatically ultraviolet finite, like those
analysed in [11]. When a local regulator is used, the source term of the flow
equation for the effective action is not anymore peaked around momenta of
scale k and hence the interpretation of the flow equation one obtains gets
modified. The flow equations can then be interpreted as the flow of the theory
under variations in the mass parameter.

Furthermore, if Qf is local, the perturbatively constructed S-matrix (used
to build interacting fields needed to describe the generating functional Z(j))
is formally unitary. This implies in particular that, in the Lorentzian case, the
effective action obtained from that W (j) is real-valued. On the contrary, the
S-matrix constructed with non-local regulators is in general non-unitary (for
states which are not the Minkowski vacuum, see for example [72]) and thus
the corresponding effective action could in principle be complex-valued, with
an imaginary contribution due to the form of the non-local regulator, and not
to intrinsic properties of the investigated physical system. We refer to [19] for
a discussion on the issues arising in the connection between Euclidean and
Lorentzian approaches to the Wetterich equation.

Finally, a mass term regulator appears to be useful whenever one is inter-
ested in preserving the analytical structure of the propagator, without intro-
ducing cuts or poles. Such a propagator corresponds to the Callan-Symanzik
propagator with Z, = 1 defined in Eq. (5) in [28], where the FRG is applied
to the spectral function of the graviton propagator.

In this paper, we introduce a version of the effective action that can be
analysed on generic curved spacetimes and in generic quantum states. In or-
der to achieve this result, we employ methods of the perturbative Algebraic
Quantum Field Theory (see e.g. [10,31,41,59] for reviews and the references
therein). In particular, the formulation of interacting theories provided by
PAQFT does not make use of any representation provided by the reference
state, and in the renormalization procedure used to perturbatively construct
interacting fields only the position-space representation of the propagators is
needed, with no reference to their Fourier transform. Every element of the
theory is by construction ultraviolet regular; this is particularly useful for our
purposes, because there is no need to select a 0, which cuts the high momenta.
Following the ideas similar to those presented in [49] and to obtain flow equa-
tions which are tractable on generic spacetime, we choose the regulator to be
local in the field to keep covariance. Moreover, the local regulator Q) acts as
an artificial mass contribution to the field to tame infrared problems. Its form
is

Qu00) = [ dsa(an’(a),



2300 E. D’Angelo et al. Ann. Henri Poincaré

where ¢ grows as k? for bosonic fields (the only ones we consider here in order
to keep the discussion simple). Local regulators like the one analysed here have
been already used in the literature, in [28] as discussed above but also e.g. in
[49,50], to analyse states at finite temperature.

In this paper we show that an equation similar to the Wetterich equation
can be obtained for the effective action on generic spacetimes and for generic
background states. Furthermore, we show that in the case of the Minkowski
vacuum it gives results qualitatively analogous to the one obtained with non-
local regulators. However, the presence of a local QQp—whose second functional
derivative contains a Dirac delta function—leads to two main differences: (a)
the pairing on the right-hand side of the Wetterich equation effectively acts
only on M and not on M?; (b) the contribution of (F;f) + Q,(f))*l(x, y) needs
to be evaluated at coinciding points. This second modification is not an issue
because the local fields present in @ are normal-ordered, and so the coinciding
point limit we have to consider is finite without requiring extra regularizations.
Furthermore, a key difference from the Euclidean case is that the inverse (F,(f) +
Q,(f))’1 is not unique in Lorentzian spacetimes. The choice of the inverse we

make is (F,(f) + Qf))’l = W152) and it depends on the choice of a reference
state, and introduces a state dependence in the flow equations.
Taking into account all this, we conclude that the modified Wetterich
equation takes the form
i

Ty = lim —~ | dzd r® .\ .y
Lk = lim 2Oqr(z) (T} —aqp)  (z,y) rlz,y)l .

y—z 2

On the right-hand side H r(z,y) is a counter-term implicitly defined—cf.
Eq. (48)—and it is related to a Hadamard parametrix whose asymptotic be-
haviour in the limit  — vy is universal, and can be obtained from just the
background geometry and the free (linearized) equation of motion of the the-
ory [10,15,38]. The subtraction described above appears to be very close to the
known point-splitting regularization usually employed to get expectation val-
ues of Wick powers in curved backgrounds. The use of a Hadamard parametrix
constructed with local properties of the metric only, and not the subtraction
of the two-point function of a state, is necessary to keep the theory covariant
[15,38]. As we shall see later, its presence is essential in the case of Minkowski
vacuum to get a flow of the effective action qualitatively similar to the one
obtained with non-local regulator.

We also discuss an approximation scheme which is used to get approxi-
mated solutions of the obtained flow equation. The developed method is then
applied in special cases. The first case is a quantum field theory on a Minkowski
spacetime in the vacuum, in which our results are similar to the one obtained
with non-local regulators. We then pass to discuss the case of fields in a ther-
mal state, getting results similar to those presented in [50]. Finally, to prove
that the method is directly applicable to the curved background, we analyse a
quantum field theory in the Bunch—Davies state on the de Sitter spacetime. We
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refer to [3] for an analysis, similar in spirit to the one presented in this paper,
focused on cosmological spacetimes and on the case of a non-local regulator.

The paper is organized as follows. In Sect. 2 we collect some known facts
about pAQFT methods used in the paper. Section 3 contains the analysis of the
effective action and its regularization. In Sect. 4 we present the derivation of the
flow equation. Section5 contains the analysis of the approximation methods
used, and finally, in Sect. 6 we discuss some explicit examples of the flow
equations. Conclusions and outlook are presented in Sect.7. We collect some
more technical results in the appendices.

2. Perturbative Algebraic Quantum Field Theory
2.1. Classical Field Theory

In this section, we give a brief overview of the functional approach used in
the perturbative construction of interacting quantum field theory, recently
developed in the context of Algebraic Quantum Field Theory (AQFT) [11].
This approach can be applied in full generality to gauge field theories, but, in
this paper we restrict our attention to scalar fields for simplicity. For a thor-
ough treatment and further references, see [10]. In what follows, we consider
a d-dimensional globally hyperbolic spacetime (M, g) [36] whose metric has
signature — + ... +.

In this approach, classical observables are described by complex-valued
functionals F' € F over off-shell field configurations xy € C*°(M,R) with
certain properties. In particular, to implement locality, we require that the
functionals have compact support, i.e.,

supp F' := {& € M | V neighbourhoods U of z 3 x, ¢ € C*°(M"™ R),
supp) C U : F(¢ + x) # F (1)}
Furthermore, the functionals we are working with are smooth with respect

to functional derivatives, in the sense that for every n, the n-th functional
derivative obtained as

d’n
FOH)| = (FO 00,0 x e CEM),
t=0

is a well defined, compactly supported, symmetric distribution. To keep the
presentation simple, we also require that elements of F have only finitely many
non-vanishing functional derivatives.

Finally, we restrict the set to the microcausal functionals, satisfying a
particular condition on their wavefront set:

Fue :={F € F | F is smooth, compactly supported, and
WF (F")n (VL uV"h) =0},

where V+(_) denotes the closure of the subset of the cotangent space whose
elements have covectors in the future (past) light-cones. The vector space F,.
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is equipped with a weak topology induced by the natural topologies of dis-
tributions. Actually, we say that A; € F,. converges to A € F,. for | — oo

if for every n and for every field configuration x € C°(M;R), Al(”)(x) con-
verges to A () in D'(M™). We refer to [59] for further details. Two im-
portant subsets of the space of microcausal functionals are the local func-
tionals Fioc, whose n-th derivatives F(™ are only supported on the diagonal
D, = {(x1,...,20) C M™ | Vi,j x; = x;}, satisty WF(F(™) L TD,, and
are used to describe local interaction Lagrangians, and the regular functionals
Freg, satisfying WF(F™) = () Vn.

For example, consider the linear fields and the Wick powers used to con-
struct the interaction Lagrangians,

X;(x) = /Mddxf@c)x(x), X2 (x) = /Mddmﬂx)x(x)", f e M),

which are elements of F,. for every n. Here and in the rest of the paper,
d?z denotes the volume form on M induced by ¢ and the orientation of M.
Furthermore, we have that X is local and also regular while X}L with n > 1
is local but not regular. In the following, we will often use the integral kernels
of these local functionals with respect to f, and we denote them simply by
X" ().

The space F. is linear, and equipping it with the pointwise product
F-G(x) := F(x)G(x) and with the involution F*(x) := F(x), we obtain a
commutative s-algebra denoted by (F., -, *). The latter is the off-shell algebra
of classical observables of the classical field theory.

2.2. Deformation Quantization

In the case of quantum theories satisfying hyperbolic linear equations of mo-
tions, the quantum observables algebra is obtained from (F, -, *) by deform-
ing the pointwise product to a suitable non-commutative, associative product
which encodes the canonical commutation relations. Concretely, we consider a
free action for a scalar field
2
In(x) = —/ d’z <1VaxV“x + iR+ mx2> f (1)
M 2 2 2
where m is the mass of the field and £ its coupling to the scalar curvature R.
Furthermore, f € C2°(M,R) is an infrared cutoff, which is a positive function
equal to one on the portion of spacetime over which we want to test our theory
and guarantees that Iy is an element of F,.. This cutoff is eventually removed
by taking the adiabatic limit f — 1 in a suitable way [12].
From the above action, one derives the equations of motion Pyx = 0,
where Py is the linear, hyperbolic differential operator

Py=0-m? —¢R.

Here, O is the d’Alembert operator associated with the metric g. On globally
hyperbolic spacetimes, such operator admits unique advanced and retarded
fundamental solutions (or propagators) A4 r which in turn define the causal
propagator (or commutator function) A = Ag—A 4. The commutator function
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is then used to deform the commutative pointwise product of elements of Freg,
obtaining the standard quantum product. Concretely, we define the quantum
product * on Freg as

) 0
FxG:=Moelia2(F®G) Ta:= Az, y)—— ® ——dady
(Fea) Taim L ARG © 5
F,G € Freg,

where M maps the tensor product to the pointwise product, M(F ® G)(x) =
F(x)G(x). More explicitly,

[ele] . Qn
F*GZFG+Z;|<F(”), (;A> G(")>. (2)
n>1

Such a product implements canonical commutation relations between linear
fields, in the sense that

Xp Xplo =Xy # Xy = Xp# Xy =il [, A h)  f,h€CF(M)

and it is compatible with the involution *, (F'x G)* = G* x F**. Therefore, the
off-shell algebra of regular observables is given by

Areg - (»/Tregv*v *)

The free algebra A,e, is in fact generated by the identity, together with all
possible linear fields {Xy | f € C°(M)}, actually, every element of A, can
be obtained as the limit of a sequence of linear combinations of products of its
generators. The convergence of this sequence is taken with respect the topology
of F,,c we have briefly recalled above.

However, the algebra A, is too small to define a quantum theory, since
the product written above cannot be directly extended to non-linear local
functionals, like those necessary to describe interaction Lagrangians, or even
the stress-energy tensor of a free theory, because they are too singular. In order
to obtain a well-defined product among generic local fields we have to further
deform the product. This is done by using in the construction of the x-product
a suitable bidistribution A, in place of iA/2, of the form

A, = Ag+ %A (3)

where Ag is a real and symmetric distribution, while Ay solves the linear
equation of motion P, in the weak sense, and its wave front set satisfies the
microlocal spectrum condition [13,58]

WE(A4) = {(2, 55 ka, ky) € T*(M*)\{O} | (2, k) ~ (y, —ky), ko >0} (4)

where (z,k;) ~ (y,—ky) holds if  and y are joined by a null geodesic v,
g 'k, is tangent to v at = and —ky is the parallel transport of k, along ~.
Furthermore, k, >0 holds if g~'k, is future pointing. It is known that states
that are quasifree and have a two-point function ws satisfying this condition
exist. Furthermore, [58] has shown that these two-point functions have an
universal singular structure typical of Hadamard parametrices [46]. We shall
be more precise on that in the next section.
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Given Ay, F,. becomes a *-algebra with the quantum product A, de-
fined by

F*A+G:M06TA+(F®G).

The canonical commutation relations between linear fields hold also with this
further deformed product. Moreover, the -subalgebra (Freg, *a . , *) is isomor-
phic to Ayeg. The isomorphism « : Areg — (Freg, %A, *) is realised by
ang(F) eTasF T ! Ags(z,y) ”
A = ) As = 5 s(TY) =7~
) T2 e ox(2)ox(y)
We have thus obtained the extended algebra (F ., *a_ , *), which contains also
local functionals.

dady. (5)

The construction we have presented depends on the non-canonical choice
of Ag (or equivalently, of Ay) in (3). However, different choices of A produce
isomorphic extended algebras, the isomorphism being defined by

aAJr*AJr : (.FMC,*A+,*) - (]:MC’*A+’*)

with « given in (5). Hence, the x-algebras obtained with different two-point
functions satisfying the properties stated above are equivalent realizations of
the same extended algebra of fields, which we denote by A. The algebra A is
thus seen as an abstract *-algebra and every (F,., *a_ ,*) is a concrete faithful
representation of A. Abstract elements of A are represented in (Fc,*a, ,*)
by means of aa, . Hence, a particular choice of representation (Fc,*a_ ,*) of
A can be understood as a choice of reference frame to be used to represent
observables. However, this choice cannot play any role in the construction of
physically relevant observables. In this respect, we observe that linear fields are
invariant under the action of the isomorphisms « A, A+X t = Xy. However,
this is not the case for X% n > 1: for example,

QA+—A+X2 = X? + /./\/l ddx(A+ - AJr)(xvx)f(x)

Hence X? in (Fue,*a,,*) differs from X?p in (.7:“0,*5+,*), and furthermore
both of them cannot be covariant fields.

We shall take this observation into account later, when we discuss the
form of Wick-ordered polynomials. In particular, Wick powers : x" :g€ A
normal ordered with respect to the Hadamard function H (see below), are the
elements of A constructed as a_HX}‘.

2.3. States

In order to extract physical predictions from the algebra of observables A, one
needs to map the space of functionals to actual numbers, associating to every
element of A its expectation value. This is achieved by introducing a state w,
which is a positive, normalised, linear functional, initially given on A,., and
then extended to A.
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Thanks to linearity, a state w is determined once its n-point functions
(correlation functions)

W (X1, @) = w(x(zr) * ..o % x(2n))

are given as distributions on compactly supported smooth functions.

The algebra of observables is constructed as functionals over off-shell field
configurations, as the linear equations of motion can be implemented at the
level of states. Hence, the positive normalised linear functionals on A,., we
want to work with need to be compatible with the equations of motions. This
is done requiring that

Ker(w) D Freg - Xpy fs fecr(M)

namely requiring that the n-point functions w,, are weak solutions of the linear
equation of motion in any of their entries.

Among all possible states, we need to select a class of sufficiently regular
states, in order to extend them on A by continuity, hence completely charac-
terising the extended states by the same n-point functions. (Further details are
given in [59]). We can do this requiring that the state satisfies the microlocal
spectrum condition [67], i.e.: (i) the two-point function is such that (4) holds,
(ii) the one-point function is smooth, and (iii) the truncated n-point functions
with n > 2 are also smooth. It was proved in [58] that states which satisfy
the microlocal spectrum condition have a two-point function with an univer-
sal singular structure, known as Hadamard condition [46]. In particular, this
implies that, for y in a normal neighbourhood of x, the integral kernel of the
two-point function ws has the Hadamard form, namely

. [aiy - oeaves (53%) | +wee

WZ(xv y)

= H(z,y) + %A(m,y) + w(x,y) (6)

where u, v, and w are smooth functions, o.(z,y) = o(x,y) + ie(t(x) — t(y))
with t a generic time function, and o is the Synge world function, which is
one half of the squared geodesic distance taken with sign. The function u is
the square root of the van-Vleck-Morette determinant [56], so it is a purely
geometric object; v is uniquely fixed by geometry, the coupling constants and
mass parameters of the theory, and can be expanded in a formal power series
of o:

U(I7 y) = Z UTL(I7 y)(jn(l‘, y)a
n>0
such that only vy is relevant in the coincidence limit without derivatives. Fi-
nally, w remains an arbitrary, smooth function, containing the residual freedom
in the choice of the state. The additional freedom in the constant p is required
to have a dimensionless argument in the logarithm. Hence, in the coincidence
limit, the divergent part of the 2-point function is encoded in the Hadamard
function H(x,y) and in the causal propagator A, which are known a priori.
As examples, it is known that the Minkowski vacuum, or generic thermal
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states for the free theory in flat spacetime are Hadamard states, as well as the
Bunch—Davies states for linear fields on De Sitter spacetime.

Although the main results of this paper hold for an arbitrary state, we
will occasionally restrict our attention to states that are quasifree or Gaussian
for the free theory. Quasifree states are defined requiring that i) all odd n-point
functions vanish, and ii) even n-point functions can be computed from the two-
point function according to Wick’s rule [10]. Therefore, fixing the symmetric
part Ag of the two-point function uniquely identifies a quasifree state. These
are the states whose GNS representations are of Fock type. Notice, however,
that states that are quasifree for the free theory are not quasifree for the
interacting theory. We finally observe that if we are interested in computing
expectation values in a state w of A whose two-point function is Ay, it is
particularly useful to select the represent A with (Fc,*a,,*) where the *-
product is constructed with Ay . Then, the expectation value of F' € A in the
state w, is simply the evaluation of G = aa, (F') on the vanishing configuration,
namely w(F) = aa, (F)(0) = G(0).

2.4. Normal Ordering

Consider a representation (Fc,*a, ,*) of A. We observe that the deformed
*A_-product on F,. implements Wick theorem for the product of non-linear
observables. In fact, by construction

Xz(x) = 3}1—r>131c [X($> *AL X(y) - A+(I7y)]’

where x () *a, x(y) is the integral kernel of X xa, X, seen as a distribution
on f ® g, is always finite, and the same holds for higher polynomials. This
means that we can understand local functionals like X' in (Fc, %A, ,*) as
Wick-ordered monomials of the fields, where the Wick ordering is with respect
to A,. Namely

: }L:A+:=/ X" Al fdlz e A
M
where

:X?1A+: Oz_A+(Xf).

In this way : X? :a, € A is represented in (Fyc,xa,,*) as aa, : X? ‘A=
OéAJrOc,AJrXf = Xf.

However, as also discussed above, such normal ordering is not covariant,
because A is globally defined, and also because of the non-canonical choice
of the symmetric part in A;. Actually, the quasifree state constructed with
A, would represent a preferred reference state, in contradiction with the re-
quirements of the Equivalence Principle. One would like to perform normal
ordering with local quantities only; a possibility is to use the Hadamard func-
tion H given in (6) to extract the local singularity structure from A, , and
define a new normal ordering prescription accordingly:

i (2) = o px(e)? = Tim [x(2)x(y) — H(z,y)] (7)
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which is local and generally covariant. The drawback is that now one needs
to pay attention to the correction introduced in representing Wick-ordered
polynomials with respect to H, in the algebra constructed with the x-product
defined by Ay = H + iA/2 + w. For example, in view of (7) we have that
X2 im= a_gx? € Ais represented in F,. as

an, X2 (z) = X3 (2) + w(z,2)
and furthermore
o, (X (hexin (1) = aa. (X (@) %8, 08, (X ()
= (P (@) + w(z, 2) (X (y) + w(y, )
HAA (2, y)x(@)x(y) + 281 (2,9)* (8)

and so its expectation value in the quasifree state w whose two-point function
is Ay is

WX (@)% :x0m () = w(e, 2)w(y,y) + 2487% (z,y).
We finally observe that there is some freedom in the choice of H (as for example
the length scale p in the logarithmic contribution in H); furthermore, we could
add a covariantly constructed smooth part to H without breaking general
covariance. This freedom has been classified in [38-40] and at the level of the

Wick square it reduces to the choice of two real “regularisation” constants ¢y
and co

:X2:H::X2:H +clm2 + coR.

In Eq. (8), we kept explicit both the normal ordering prescription and
the dependence on A, in the *-product, to clarify their relationship. In the
usual QFT notation, one would leave implicit the x-product, writing explicitly
the normal-ordering prescription; in what follows, adopting the more usual
notation in the mathematical physics literature, we will keep the x-products
explicit but, without referring to a particular representation, we drop the subfix

A ; at the same time, if not strictly necessary, we keep the covariant normal
ordering implicit.

2.5. Interacting Theories

We now discuss the perturbative construction of interacting fields. The action
we are working with contains terms which give rise to non-linear contributions
to the equation of motion. In particular, the action takes the form

100 =T+ 3V = - [ ate (3009 SR+ e 2 ) 1 o)

where, as before, f is a cutoff introduced to keep I(x) € Fc. The cutoff f
is a smooth compactly supported function which is equal to 1 on the causal
completion of the region where we want to test our theory. The action [ is
divided into two parts: Iy, which coincides with (1) and gives rise to linear
equation of motion, and V, the interaction Lagrangian. With the methods
discussed above, we have now at disposal the free algebra A, and interacting

Rx—i—
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observables are constructed as a formal power series in the coupling constant
A with coefficients in the free algebra A.

The perturbative construction of interacting fields makes use of a new
operation, the time-ordered product 7. We start defining the T-product in the
subset of regular functionals Free in a manner similar to (2):

F-pG=Moe'r(F®Q)

that is,

FrG=FG+Y %(F(”), AZ G (10)

n>1

In the above equations, Ag is a Feynman propagator associated with A,
. i
Ap =0y iy = As + i(AR +Aa).

However, even if we are working with normal ordered quantities, the T-product
defined on Fie; cannot be extended to F.. Actually, multiplying local func-
tionals with overlapping support one encounters divergences that cannot be
treated with methods of microlocal analysis. Nevertheless, at least among local
functions, it is possible to construct time ordered products. Therefore, we in-
troduce an axiomatic prescription for the T-product on local functionals, seen
as a symmetric and multilinear map from multilocal functionals ]—'ﬁ? to A,
satisfying a set of conditions [11,12,38-40]. In particular, assuming the causal
factorization property,

T‘(F&7 ...7Fn, Gl, ) Gm) :T(Fl, ey Fn) *T(Gl, ceey Gm)
if J*(suppF;)NJ~ (suppGj) =10

and the symmetry of T, one gets that T is determined for arguments with pair-
wise non-overlapping supports, as in (10). To extend T also to local functionals
with overlapping supports, one may use a recursive procedure on the number
of factors, following the method originally presented by Epstein-Glaser [27].
Actually, using locality of the factors, multilinearity and field independence
(discussed later), one reduces the problem of constructing the time-ordered
product with n elements as the problem of extending suitable distributions
t, € CX(M™\D,,) defined outside the diagonal D,, to the whole M™ [12,38].
This can be done keeping fixed the Steinmann [70] scaling degree of the distri-
bution, up to an ambiguity which corresponds to the known renormalization
freedom.

The action of T" on local functionals maps local functionals to covariant
normal ordered ones [38], so that T(F) =: F :p; (see Sect.2.4 for the de-
scription of the normal ordering we are using) when not strictly necessary we
keep the latter operation implicit. Furthermore, the map 7', which is originally
defined on multilocal functionals, can also be extended to pointwise products
of local fields [30]. For more details, see [11,12,31,38-40].
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Having a definition of time-ordering at disposal, one can construct the
S-matrix of a local interaction as
AT

o ATV IV
S(V) = eV =TV =% TV V).
n n times

The S-matrix is an element of A[[A]] namely, a formal power series in the
coupling constant present in front of V' with coefficients in A satisfying
1. Causality: S(A+B+C) = S(A+B)xS(B) '« S(B+C) if J*(supp A)N
J(C) =0;
2. S(0)=1, SD(0)=1;
3. Field independence: S(V)M) = iS(V) .p ATV,
Using the S-matrix, we define the relative S-matrix as
Sv(F) = S(V) " % S(V + F) (1)

where the inverse is taken with respect to the x-product. Furthermore, we
have that for every real local V, S(V) is formally unitary, so S(V)~! = S(V)*.
Finally, interacting fields are represented in the free algebra by means of the
Bogoliubov map (also called quantum Mgller map)
i d
Ry(F) = —~SSy(tT™'F)| = S(V) ' % [S(V) -+ F. (12)
Adt ‘0
We can interpret Ry () as the interacting field because Ry () satisfies weakly

the equation of motion, in the sense that
Ry (Pox) + Ry (ATVY) = Pyx,

where TV () is just the first functional derivatives of the normal ordered local
potential. Hence, since the free equations of motion are encoded in a generic
state w, we have

w(Ry (Pox + ATV D)) = 0.

In the following, when not strictly necessary, we shall not write explicitly
the formal parameter A in the formulas and we shall denote the algebra of
formal power series simply as A[[V]]. We also stress that a sequence in A[[V]]
converges if the coefficients of the formal power series converge in the weak
topology of F,,. mentioned above. See [59] for further details.

Remark 2.1. The pAQFT formalism in the functional approach closely resem-
bles the usual pQF T formalism preferred in the physics literature. For example,
the time-ordered product in the vacuum state in the algebraic setting can be
regarded as the generalization of the (often ill-defined) path integral approach
in usual QFT, where n-point Green functions are computed from a path inte-
gral with Gaussian measure

(Tx (1) x(n)) = / Dex(a1)..-x ()

where (...) is the expectation value in the Minkowski vacuum state.
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At the same time, the interacting field Ry (x) defined by the Bogoliubov
formula is equivalent to the field in the interaction picture,

Xr=Ry(x)=S(V)" *[S(V) -7 x] =T(e") T (e x)

where in the last equality we dropped the *-product as it is common in the
physics literature. The main difference from the usual construction is that
this formalism does not make use of the vacuum representations of fields. At
the same time, local observables like the interaction Lagrangian are normal-
ordered in a covariant way. These two differences make the formalism directly
applicable to fields propagating on curved spacetimes, and more adequate to
analyse interacting quantum field theories in generic states.

There is, however, a price to pay. When dealing with e.g. the scattering
theory in QFT on flat spacetime, one usually takes expectation values in the
vacuum state on Minkowski; in this case, the Gell-Mann-Low formula permits
to simply factorise the x-product present in the Bogoliubov map,

w(S(V) T x8(V) 1 x) = w(S(V) Hw(S(V) 1 X)
= w(S(V))'w(S(V) 7 ), (13)

at least when the support of V' tends to the entire Minkowski spacetime namely
when the adiabatic limit is taken and the cutoff f in V in (9) is removed.
Assuming without loss of generality that f is equal to 1 in the neighbourhood
of an origin of M, the adiabatic limit is taken replacing the cutoff with f(z/n)
and eventually considering the limit n — oo of the various expectation values
of interests. A discussion about the validity of (13) for the case of massive
field can be found in Section 6.2 of [23] making use of estimates given in the
appendix of [24]. In this case, we have that

w(T (e X))
w(TeV)

with analogous formulas for the n-point functions; in the perturbative expan-
sion of the right-hand side, only time-ordered products appear. However, for
more general states (e.g. thermal states) or on curved backgrounds, the Gell-
Mann-Low formula fails in general, and the x-products play an important role
as new, oriented (as the product is non-commutative) internal lines in Feyn-
man diagrams. In this sense, the algebraic approach takes directly into account
all these effects.

w(Xy) =

3. Functional Renormalization

3.1. Generating Functionals

In this section, we introduce the generating functional Z(j) of the truncated
time-ordered products, and by doing so we generalize the results known on flat
Minkowski spacetime for quantum field theories constructed over the Minkowski
vacuum to curved spacetimes and to generic states.

Let’s start with the review of the standard definitions. On flat Minkowski
spacetime, the effective action is introduced as the Legendre transform of the
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generating functional of the connected interacting time-ordered products. The
latter is usually defined as follows: let j € C°(M) and let J(x) := X;(x) =
| jx. Denoting by wy the vacuum state on Minkowski spacetime, the generating
functional for the interacting time-ordered products is defined by

wo(S(V +J))

20) == 050

(14)

It then follows that
671
i"6j(x1) - 07 (an

where w§ denotes the connected part of wy, defined by

j log Z2(j)] ;-0 = W o Rv)(x(@1) 7 x(@n)) . (15)

67’1
. xx(@y)) = 1 *'X‘ . (16
fxln) 5 (0)) = et logwnlexp, (X)) (16)
Similarly the connected time-ordered functions of wy are defined by
677,

W x(@1) o1 o1 x(a)) 1= log wolS(X;)]| (17)

f=0"

0 f(x1) - 0f(an)
Notice that the previous equality uses the Gell-Mann-Low formula,

B . _ w(S(V) r A)
wo(RvA) = wo(S(V) % [S(V) - A]) = W :

As already discussed, this formula holds in the adiabatic limit, that is, in the
limit where the cutoff f in V given in (9) tends to 1 on the whole Minkowski
space. It reduces the complexity in the actual evaluation of wo(Ryx) as it
requires to compute only time-ordered products. Unfortunately, as discussed
above, this formula is not valid for states different from the vacuum one or on
general curved backgrounds, and it also fails if one does not take the adiabatic
limit. For this reasons, the definition of Z(j) has to be modified. Our approach
is to provide a definition of Z(j) which fulfils the defining property (15) and
which reduces to formula (14) for the case of the vacuum state on Minkowski
spacetime. With this in mind, we define, for an arbitrary but fixed Hadamard
state w on A,

Z(j) = w(Sv () = w[S(V) "' * S(V + J)] = w[RvS(J)], (18)

out of which Eq. (15) is verified by direct inspection. For w = wy (Minkowski
vacuum) and in the adiabatic limit, the definitions given in (14) and in (18)
coincide because of Gell-Mann-Low formula.
A remarkable property of Z defined in (14) is that Eq. (15) still makes
sense for j # 0; as a matter of fact
511

in0j(w) - - 6j(an
This shows that j-functional derivatives of Z(j) are physically meaningful also
for j # 0.

) log Z(j) = (wg o Rv4s)(x(®1) 7 -7 x(wn)) . (19)
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Unfortunately, Z(j) defined in (18) does not satisfy the property (19), as
one can see, for example, from the following computation:
w(SV) % [S(V +J) -7 x(2)])

w(Sv(J))
w(Sv (J) * Ry4yx(z))
= =: R 20
w(Sv())) wy(Rvisx(@)), (20)

where wy: A[[V]] — C[[V]] is a well-defined linear functional which, however,
fails to be positive.

To justify our definition of Z, recall that on regular functionals, one can
introduce the interacting star product as

Fxy G = Ry Ry (F) x Ry (Q)).

For a given state w of the free theory, the interacting state is defined by wy =
w o Ry, so the correlator of n interacting fields in such state is given by:

wv (X (1) %y -y X (7)) = w(Ry (x(21)) * - - - * Ry (x(20))-

The time-ordered version of %y coincides with -7 (see e.g. [22]) so the time-
ordered correlator of n fields in the interacting theory (interacting Green func-
tion) is given by

@) log Z(j) =

wy (x(@1) 77 X(@)) =wo Ry(x(x1) 71 x(@n)).
On the other hand,
oz
i"6j(1)...05(zn) | 0

so, for vanishing sources, the functional derivatives of (18) give exactly the
interacting expectation value of the time-ordered correlation functions.

In this sense, the defining property of Z as the generating functional
for the time-ordered correlation functions is satisfied also by our definition,
which generalises the usual approach to generic states and possibly curved
spacetimes. Moreover, as discussed in [22,47], if the support of F' does not
intersect the past of the support of G, (F' 2 G), the expectation value in the
interacting state of the time-ordered correlation functions, coincide with the
expectation value of the correlation function between interacting observables,
since,

=wo Ry (x(z1) 7 .. -7 x(21n)), (21)

F>G= Ry(FG)=Ry(F)*Ry(G). (22)

Coming back to the property (19), we show in the lemma below that it cannot
be fulfilled if one departs from the Minkowski vacuum. Hence, it is actually
not a sensible condition to require for general states.

Lemma 3.1. If w does not fulfil the Gell-Mann—Low formula given in (13),
there is no functional {(j) satisfying Eq. (19).

Proof. Let ((j) be any generating functional fulfilling (19) for all n € N. For
n =1 we have

—ilog ¢(j)M (x) = w0 Ry 4 (x(x)) (23)
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By direct inspection we have

52
125J(Z1)5j($2)
1

= fmw(Rv+,JX($2)) T < T2

[W(RVH[ (z1) -1 x(22)])
W(Ry+x(71) * Ry 4x(22))] + 21 < 22

Az, 22) = log ¢(4)

2

= 3 sign(t(en) — t@2) Ry ox(a), Ry ox(@)l.),

where we used the symmetry of the left-hand side in z1, 2. By Eq. (19) for
n = 2 the right-hand side should be equal to

B(z1,22) = w(Rvis[x(z1) v x(72)]) — w(Ry 1 rx(z1))w(Rvisx(22)),
which in general is not the case, actually at zeroth order in the perturbation
parameter, for quasifree states and for ¢t(z1) > t(x2)

A(z1,22) = ésign(t(xl) —t(x2))A(x1, x2)), B(z1,x2) = Ap(x1,x2),

and Ag, the symmetric part of the two-point function, is present in B but not
in A. O

Even though the interpretation given by Eq. (19) is not at our disposal,
we can still make sense of the non-positive “states” wj defined in Eq. (20).
As a matter of fact, wy is a positive state on an algebra Ag[[V]] which is
isomorphic to A[[V]].
Proposition 3.2. Let U := Sy (J)/w(Sv(J)) € FucllV]]. Let Ag be the x-
algebra obtained equipping F.[[V]]
with the product ® and the x-involution g
A®B:=AxUxB, A :=U"x A" xU". (24)
Then, Ag is a unital x-algebra and wy, defined as per Eq. (20), is a state
on Ag. Moreover, the map <: A — Ag defined by ¢(A) := U* x A is a -
isomorphism, and ¢*wy = w.
Proof. By direct inspection, ® is associative with unit given by 1g = U* —
notice that U is unitary as V,J € Fjoc. Moreover ® and *g are compatible,
meaning that (A® B)*® = B*® ® A*®. Since *g is an involution, we have that
Ag is a unital x-algebra.
Now, let ¢: A — Ag be defined by ¢(A) := U* x A. Then ¢ is linear and
invertible, and it holds that
(A)®<(B)=U*"* AxLUxTU " xB=¢(AxB).
It follows that ¢ is a #-isomorphism. Finally

S*wi(A) i=wi(s(A) =w(A).
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Proposition 3.2 shows that the j-functional derivatives of the generating
functional Z(j), given in Eq. (18), are physically meaningful for j # 0. As
a matter of fact, such derivatives coincide with the connected time-ordered
functions (17) for the state w; on Ag. Notice that, as Ag[[V]] ~ A[[V]], the
latter state can be interpreted as a state on A[[V]] too.

3.2. Effective Action

Starting from the generating functional Z(j) defined in Eq. (18), we may
introduce the effective action I' using the standard definition. Let W (j) be
the functional defined by

Z(j) =", (25)
Notice that, on account of Eq. (15), we have
oW 1

m = TO)W(RV(X(QC))'

The effective action T is the functional defined by
L(¢) = W(jy) = Jo(9) (26)
where jg € C3°(M) is the current defined by
ow

0]

=0

=¢. (27)
J=Js
Proposition 3.5 given below shows that Eq. (27) has a unique perturbative
solution, so that Eq. (26) really defines a functional.

3.3. Regularised Generating Functionals

A direct computation of the generating functional Z(j) and/or of the effective
action is usually not feasible. The main idea of the Wilsonian renormalization
group is to progressively take into account high-energy degrees of freedom.
This is usually done introducing an artificial scale k, such that the modes with
energy E < k are suppressed. As discussed in the introduction, one introduces
the scale k so that in the limit k& — 0 one recovers the standard definition
for the partition function, thus taking into account quantum fluctuations at
all energies, while in the limit & — oo one obtains a theory governed by a
simple classical action. If this is the case, we can obtain information about the
full theory by analysing how the generating functional and the effective action
transform under rescaling of k.

The scale k is usually introduced adding a quadratic contribution in the
construction of Z. As discussed in the introduction, we use a local regulator

Q= [dra@x?®

and we study the behaviour of I' and W under changes of the scale k.
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Remark 3.3. We stress that the equation of motion for the action Iy, = Ip+Qy
reads Popx = Pox + QS) = (Po—qr)x = (O0—m?—qi)x = 0, so that g, really
plays the role of a mass term. Moreover, to avoid any confusion, we stress that,
in what follows, A will denote the x-algebra associated with the action Ij.

In this paper we chose qi(z) = k% f(x), where f is a compactly supported
smooth function which is usually 1 on large region of the spacetime and which
plays the role of adiabatic cutoff. Eventually, this cutoff is removed considering
a suitable limit in which f tends to 1.

Under that limit ), coincides with a mass contribution to the field,
and since usually massive fields show a better infrared behavior compared to
massless ones, Q plays the role of an infrared regulator.

We then propose the following definition for the regularised generating
functional Zj:

Zi(j) = w(S(V) P % S(V + J + Qu)), (28)
which reduces to the Z(j) given in Eq. (18) in the limit & — 0, since Qy
vanishes. Here, w is an arbitrary Hadamard state on A which is not necessarily
quasifree for the free theory.

This regularization is consistent with the usual IR regularization one can
find in the literature [5]. Actually, if the Gell-Mann-Low formula holds, we can
factor the definition of the relative partition function into

N 1 _Z ()
Zy(j) = mw(é’(v +J+ Qk))_.m

which, apart from a normalization constant w(S(V)), coincides with the usual
regularised path integral formulation. However, since the Gell-Mann-Low for-
mula is broken on a generic curved spacetime M or if the state w is not the
Minkowski vacuum, we shall derive the generating functional for the connected
correlation functions and the effective action starting from Z(j) instead of
Zr(J).

In analogy with the unregularised functionals, we define the regularised
generating functional for the connected correlation functions as

(29)

Wi (j) = —ilog Zk(j). (30)
The classical field ¢ at fixed current j € C3°(M) is then obtained as
oW, 1
= 5 @(Rv(SU + Q) 7 x(2)) = é(a). (31)

6j(x)  Zk(j)
As we show in Proposition 3.5, the relation between j and ¢ can be inverted
to get the current j = jg which solves (31) as a function of ¢, at least in the
sense of perturbation theory. Hence the Legendre transform can be applied to
W and it gives

Li(9) = Wiljs) = Jo(9)- (32)

where Jg(x) = X, (x) = [dajs(z)x(x). Finally, we can translate T to get
the average effective action,

Li(¢) = Ii(0) — Qu(9)- (33)
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By definition of the Legendre transform, the derivative of I'; gives the quantum
equations of motion

TS0
55 56 Jg -
Hence, from (34) and (31), we have

_jglx) 0
@) = 55ae) = 570y) d9() Lk T @)

[0 6
-/ 570(4) 39(2) 39(@) L+ T @)

_ / AT 1+ QP)(z,2)

(34)

52 Wy
6j(2)0j(y)

showing that Fff) + fo) = F,(f) — gk is (minus) the inverse of the interacting
propagator.

By direct computation, we find that the second functional derivative of
W]g is

(35)

W) 1 1, o lz) -
~isianio) =z (SO ISV T+ Q) r (@) X))
1 -1
—WW(S(V) *[S(V+J+ Q) 1 X(ﬂf)])

(S [SV + T+ Qu) 7 x(w)])

1 -1
= 27 (ST XISV + T+ Qu) 1 (@) X))

W @)W (y) (36)

In Sect. 5.1, using the principle of perturbative agreement, cf. “Appendix A”,
we will see that the second derivative of Wy, is, in certain limits, the Feynman
propagator for the regularised theory.

We finally notice that, as in the k-independent case, for finite j as well as
finite &, the functional derivatives of Wy (j) are not the connected correlation
functions; only taking the limits j — 0 and k¥ — 0 one recovers the meaning
of Wi as a generating functional of the truncated time-ordered correlation
functions.

Remark 3.4. One of the basic requirements for a well-defined S-matrix is that
it is unitary. It follows that Zj(j) is pure phase because it is the expectation
value of a product of unitary operators, thus Wy (j) := —ilog Z(j) must be
real. This in turn ensures the reality of the average effective action, implying
that quantum contributions to the action cannot give rise to complex couplings.

3.4. Properties of the Average Effective Action

3.4.1. Quantum Equations of Motion. Before applying our formalism to a par-
ticular example, we want to study some general properties of the average ef-
fective action I'j. First of all, we want to show that I'j, is well-defined, in the
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sense that the relation ¢ = ¢(j) given by Eq. (31) is invertible into j; = jg (o)
in the sense of perturbation theory —see [78] for a non-perturbative version
of this result on Euclidean space. We have the following proposition:

Proposition 3.5. Let w be a state on A and let ¢ € C°(M) be such that
¢ = iApjo, for some jo € C(M), while A is the Feynman propagator
of the theory we are considering. Then, outside of the adiabatic limit, there
exists a unique jo € C°(M)[[V]] which solves Eq. (31). Furthermore, jg can
be obtained solving

1

i=-Po-Q0) - 71

by induction on the perturbation order.

w(S(V) 1 # [S(V+Qr+ ) TVI]) (37)

Proof. We recall that Py¢ = Iél)(gb). By applying Py on both sides of Eq. (31),
we obtain

Pyp = w(S(V)" % [S(V + T + Qk) -1 Pox))- (38)

1
Z(j)
In fact, since P, is a partial differential operator, it acts only on the spacetime-
dependent quantities, i.e. x. Now, we can turn the T-product into a x-product,
because, if B is linear in the field configurations, it holds that

ApB=AxB+i / AN (2)A 4 (x,y) BY (y)dady (39)

given the relation Ap = Ay + iA 4 and the definitions of the products. Ap-
plying the above relation in (38), and recalling that Ph)A 4 = 0, we obtain

Pyp(z) =

1 -1y * x
Ze0) (w(S(V) S(V +J + Q) * Pox(z))

+iw(S(V) R S(V 4T + Qk)(1)<$))).
The first term in parenthesis vanishes, because w satisfies the free equation of

motion and thus w(A x Pyx) = 0, while the derivative of S in the second term
can be computed explicitly, leading to

1

Pyp=———

’ Zx(7)

Since J is linear in the field x, its first derivative gives the classical current
j(x). On the other hand, we have Qg)(x) (z) = —qx(x)x(x), and thus

W(SV) " % [S(V + Qx4+ J) -0 (TVD 4 QWM 4 JMY)).

1 _ 1
77 BT ISV + Qe ) 1 @ ()
1 -1
= —ay (j)w(S(V) *[S(V+Qr+J) 7))

= —qo=Q"(¢) .

This shows that Eq. (31) is equivalent to Eq. (37), which can be used to obtain
J¢ from ¢ as a formal power series in V.
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Notice that the obtained solution is unique and lies in C°(M)[[V]]. In
fact, at zeroth order in perturbation series, the equation simply gives

Jso(e)= —Pos(a) - Q" (9)(z) = —(Po - qu)(a), (40)
which is nothing but the free, regularised equations of motion. Furthermore,
Jo,0 € CP (M) because Pyp = —jo € C(M) by hypothesis, and outside the
adiabatic limit g is smooth and of compact support. Proceeding by induction,
we see that if j4 is compactly supported up to order V=1 then so is up to
order V™ because, denoting by jg , the solution up to order V",
w(S(WV) ' % (S(V + Qi + Jo 1) 7 TVM))

. . 1
Jon =160 — 57—
om0 e Gom1)

and outside the adiabatic limit 7V () is also of compact support. O

Remark 3.6. We observe that in the limit & — 0 the previous proposition
implies the well-posedness of the Legendre transform of W (j) to f‘(d)) also in
the unregularised case. Furthermore, Eq. (37) of Proposition 3.5 is nothing but
the quantum equation of motion (34). It can be used to obtain the form of the
effective action I'y. In particular, at linear order in V' and in the limit k£ — 0,
using Lemma B.1, Eq. (37) reduces to

jo = —Poo — @“’ ((7) 2 TVD)  mod O(V?)

= —Pyp — TV (iApjy) mod O(V?)
= —Pyp — TV (4) mod O(V?).

or
Recalling that @ = —j¢ we have that, up to normal ordering, at leading order

the effective action coincides with the classical action I.

3.4.2. Classical Limit. From Egs. (37) and (33), substituting the quantum
equations of motion (34), we get

T (6) = Pod + ———w (R (S(Qk + Jg) -+ TVD)). (41)
Z(Je)
We would like to compute the limit k& — oo from the above equation. In the
Euclidean case, this limit has been discussed in some detail in [63], where it
was shown that the average effective action and the bare action, in the & — oo
limit, differ by the infinite mass limit of a one-loop determinant.

To study the limit in our formalism, it is convenient to apply the pertur-
bative agreement [22,40,77], which we recall in “Appendix A”, ¢f. Egs. (78)
and (79) in particular. This way we may convert the non-commutative prod-
ucts x to k-dependent products *. In fact, at least when the state w is assumed
to be quasifree for the free theory, we have the following

Lemma 3.7. Let w be a quasifree state on A (associated to Iy), and consider
* and -p constructed out of the two-point function AL of w. Let % and -1,
the star and time ordered products of Ay, which descends from the action
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Iy + Qy, and constructed out of Ay = rq, Ayrg, with rg, given in Eg. (74)

of “Appendiz A” and rj, f:= f —qeAaxf. It holds that for every A € Fioc

w(Ry(S(Qk+J) 7 A) =SV) " % [S(V+Qk+J) 1 A

x=0

= Sk(mV = wQr) " *i [Sk(WV + J) -, %A]’
=0
“42)

where Sy s the S-matriz constructed with -1, and where the map i is given

in (75).

Proof. Up to a constant factor, the left-hand side of (42) can be obtained
evaluating S(V) 1SV +Qr+J+pA) on the state w and taking the derivative
with respect to u in u = 0. Hence we start rewriting S(V) ="'« S(V + Qr +J +
wA), inserting the identity 1 = S(V + Q) » S(V + Qi) 1:
SV) P % S(V+Qp+J+pA) =SV) % S(V+Qy)
*S(V+Qr) ' % S(V + Qp + J + pA)
= Rv(Qk) * Sviq,.(J + pA) .

The first factor can be rewritten using Eq. (78) of “Appendix A” as

Ry (Qr) = 7Q, Bk (v —qu) (76 Qk)-
The second term can be rewritten using Eq. (79) of “Appendix A” as

Sviqu(J + pA) = o, [Sk(nV) ™ xi S(nV + J +ynd)]
where we also used the identity v;.J = J because J is x-linear. Since r¢, inter-
twines * to xj and since erB‘XZO =DBorg, ’x=0 = B‘o because rg, (X)fo =0,
Eq. (42) follows. O

Theorem 3.8. Let (M, g) be an ultrastatic spacetime with bounded curvature,
let w be the ground state on A, and consider the limit where the support of
qr tends to M, namely where qi, = k*. Then the average effective action Ty,
coincides with the classical action up to a constant in the limit where q, = k*/2
and k — oo, namely, it holds that

r (@) — 19(9)

in the sense of pointwise converges of functions at any order in the coupling
constant.

Proof. We start with the quantum equation of motion given in the form (41)

) (9) = P + %(j)w(l%v(S(Q,€ +J) - TVD))

Using Lemma 3.7, we may rewrite it as

I0(0) = Pob+ 5o (Smkv Q) x [Se (Y 4 T) %TV“)D
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where wy, = worg,.
When g, tends to k2, wy, tends to the ground state related to the equation
Py¢ — k?¢ = 0 (The proof for the case of Minkowski background can be found
in Lemma D.1 in [22] and it can be generalized to generic ultrastatic spacetime
with bounded scalar curvature. See also [20] for the case of equilibrium states.)
The spacetime M is ultrastatic, hence, it admits a natural notion of time,
by means of which, M =R x X. Furthermore,

Py=0}-B—k*

where B is a self-adjoint operator on L?(X) whose spectrum is bounded from
below (by m? — £||R||«). Hence if k is sufficiently large, k is in the resolvent
set of B and thus for large k (B + k?)~! is a bounded positive operator. We
furthermore observe that for any N 3 [ > 0 and k?> > r, we can define by
spectral calculus (B + k?)~! and
1B+ Kl < ool v e L2(S),
(k*—r)

where 7 is a positive constant which is such that (m? — ¢R) > —r uniformly
on M.

With this at disposal, we can now construct the operators A+,k(t) and
Ak’ r(t) used as integral kernels of Apj and of Ay, by standard functional
calculus over the spectrum of B + k2, which is contained in R for sufficiently
large k. Hence, for every t

it VBT
Aoty = S
2V B+ k?
and
Api(t) == 0() A4 k(8) + 0(—t) Ay k(1)
and both are elements of B(L?(¥, dr) and their operator norms are such that
1 1
2VkZ =7 2WEkE =71

With these two operators at disposal we have that for every h,g € C3°(M).
@satrn) = [ at(Beyts = Ohalt)) 0

and similarly for Apj. With this observation and the estimates of A+,k and
Ap’k at disposal valid uniformly in time, we can estimate the distributions
A?,TZ: and A%f}c on M,

Operating as in Lemma B.3 we can observe that for every h, g € C°(O)
and with f € C°(M) which is 1 on O and for every | € N with C' a suitable

constant
Pl
’ <ha ]€2()1A+;]€g> ‘

1 C
< ﬁl\Péhl\zllfA+,kgllz < ﬁllpégllz\lfllz\\g\\z (44)

1AL k()] < IARR®)] < (43)

|<h’ A+,kg>|

IN
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where now the || -||2 norms act on L*(M, dz), and where we used the fact that
A, i is a weak solution of Py — k? in the first inequality, Cauchy-Schwartz
inequality in the second step and the uniform estimates (43) in the third one.
We can now generalize this observation to estimate

G

®

(F™AZLG™)| < o

for F,G in which are obtained as tensor product of local functionals and valid

for large k and for every [ € N. Actually, we observe that as an operator on
L?(X) @ L*(X)

(45)

1
i(VBi1 + k? + /By + k2)
= A+7k(tz - ty)A+’k(tz - tz)
Using this and other similar observations in estimates analogous to (44) we
get the desired (45). With this at disposal, we observe that the xj-product
reduces to the point-wise product in the limit £ — oo even if in one of the
factors (0 appears.
Using also Lemma B.1 we actually get that

O, Ao (te — ) A oty — 1)

W (Sk(’YkV — Q) "t x5 [Sk(veV + J) -1, %TV(l)])
lim

k—o0 Zk;(j)

W <Sk('7kv¢o) Ty vaVé3)>

Wk <5k (7 Vigo )>

where Fy (x) = F(x + ¢o) and where ¢g = iApj,;. We observe now that
in the limit & — oo, thanks to the estimate (43) the Ty-product among local
functionals reduces to a pointwise product. Furthermore, 7,7V ") = T, V(1)
¢f. Remark A.1 in “Appendix A”— and under the same limit 7, V1) tends to
V(). Finally, using (37) we get that in the limit & — oo, ¢ converges to ¢,
hence, since V' as a function of ¢ is smooth we obtain

Wk (Sk(’Yquso) Ty, %TVJS)>

Wi <Sk(7kv¢o)>

= lim
k—o0

= V()

lim
k—oo

and hence
1(6) —— Pos + VO (9) = 10 (9)

where I(¢) is the classical action and the limit holds in the sense of pointwise
convergence of functions. O

Although Theorem 3.8 is proved for the case of ultrastatic spacetime with
bounded curvature and for ground state, its thesis holds in a more general
setup. Indeed, the generalization to the case of states which satisfy a similar
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bound as those given in (43) is straightforward. Notice that equilibrium states
on flat spacetimes or Bunch Davies states in the case of de Sitter backgrounds
satisfy a similar estimate. This shows that the average effective action and
the classical action coincide, up to a constant, in the limit k¥ — oo; more pre-
cisely, the expansion at £ — oo coincides with the semiclassical approximation
described in Remark 3.6.

3.5. Parity of V'

Equation (41) is the starting point for a perturbative study of the average
effective action. In this section we want to analyse the quantum corrections to
the classical approximation of the effective action, and in particular we want
to see if the quantum corrections can violate the symmetries of the classical
action.

Since, in this paper, we will only study the O(1) scalar model, we study
the parity of the effective average action. In particular, if V' is even, y — —x
is the only symmetry of the classical action.

Proposition 3.9. Let V' be even with respect to x — —x, so that it contains an
even number of fields only. Then, if w is quasifree, the average effective action
Ty is also even.

Proof. Since @y, is ¢-even, to study the parity of I'y it suffices to study the
parity of I'y. We analyse the ¢-parity of I’y through Eq. (32):

T1(6) = Wi(js) — Jo(0)
= —ilog Zx(jp) — Jp(9),  Zik(jp) = w [Rv(S(Qr + Jp)] -

To this end we first analyse the y-parity of the involved functionals. Since V' is
x-even and x, -p preserve y-parity, it follows that Ry F' has the same x-parity
of F.

Since Q) is x-even and w corresponds to evaluation at y = 0, it follows
that the contribution

w[Rv(S(Qr + Jp))] = w [Rv(S(Qk) -7 S(Jp))] ,

contains only even powers of Jy, so this contribution is j4-even. It then follows
that Wy (jg) = —ilog Z(js) is je-even.

We now prove that jg4 is ¢-odd. With the observations already made, this
will imply that J4(¢) is ¢-even and so is 'y, because of Eq. (32). From Eq. (37)
we have

jo = —Pod - Q1" (8) - Zkgm‘” Ry (@ + ) 2 TVO) |

It follows that jy o (the O-th order in V' of j4) is ¢-odd. By induction, let
assume that the expansion jg , up to order V" is ¢-odd. For the expansion
Jém+1 up to V' we have

1

b1 = — 5w |Ry (S Jym) 7 TV,
Jon+1 Zk(j¢,n)w|: v (S(Qk+ Jon) T )]
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which is shown to be ¢-odd. Indeed, Zi(jg.n) is jpn-even and thus ¢-even,
moreover,

w [Rv (S(Qr + Jpn) T TV(l))} ,

contains only odd powers of j, ,,, because only x-even terms in S(Qr+Jp nt1) 7
TV provide a non-vanishing contribution to the expectation value—notice
that TV is y-odd because so is V(1) and also because the map T preserves
the x-parity. By the inductive assumption, we find that js n4+1 is ¢-odd. O

Hence, we see that quantum contributions cannot violate the parity of
symmetry of the starting classical action, at least in this simple example. This
observation will justify the ansatz (64) in actual computations of the flow.

4. Flow Equations

In this section, we derive the flow equations for the generating functionals as
differential equations in the scale parameter k. We are interested in particular
in deriving the equations for Wy, and I',, and in seeing the connection with their
Euclidean counterparts given respectively by the Polchinski [57] and Wetterich
[74] equations.

The flow equation for Wy can be computed from its definition, since
the k-dependence comes through the term Q(x) = —3 [ dzgi(x)x*(z) in the
definition of Zj:

2
*[S(V + T + Qi) -7 TX*(2)]). (46)

We recall here that w is an arbitrary (not necessarily quasifree) Hadamard
state on A. We shall see in a moment that this equation is a normal-ordered
generalization of the Polchinski equation to Lorentzian manifolds and generic
states.

From the flow equation for Wy, we can immediately write the flow equa-
tion for T'j:

Ty =0 Wi (jy) + <W;§1)(j¢), Okjp) — (D, 0kdy) = Wi (jy)

thanks to (31). Subtracting 9pQr(¢) to the left-hand side, we get the flow
equation for the average effective action I'y, defined in (33):

OhTk(9) = _%/dxak(ﬂc(x)

HWi(j) =+ / dxaqum%mw(swrl

1 ) i
[MW(RV(S(aM +Qr) 7 Tx (x))) —¢3(2)]. (47)

This flow equation, valid for local @, is a version of the Wetterich equation
that is valid on globally hyperbolic Lorentzian manifolds and for generic states.
Actually, analyzing the Bogoliubov map, we can see that the right-hand side of
the above equation is closely related to the interacting Feynman propagator;
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the difference is the factor S(Jy + Q) in the expectation value. However, ap-
plying the perturbative agreement—cf. Egs. (78) and (79) in “Appendix A”—,
we will see in the next section that, at least in the free case, the factor S(Qy)
can be absorbed in the regularised products, so that, taking the limit j = 0, in
which the correlation functions of physical interest are computed, we get the
interacting Feynman propagator for the regularised theory.

Equation (46) can be cast in the form of the Polchinski equation. Re-
membering that pointwise products are always implicitly normal-ordered with
respect to H, as was given in (6), we have

T0) = lin x(o) = 1) - () + 5w )

~ tim (o) o7 x(0) — (H(e) + Ar(e0) + §8a(00))
= Z}I_T{le x(@) v x(y) — Hr(z,y) ,

so that the right-hand side of (46) can be written using (36) as a normal-
ordered Polchinski equation:

1
oWy, = —3 /dxaqu(x)

1
Z1(5)

o <5(v>—1 * [S(V T4 Qu) {;E%X(”C) 7 x(y) ~ Hr(@, y’”)

.1 1 _
= _?}gr}v 3 dzOkqr () [Zk(j)w(S(V) !
SV + T+ Qu) -1 x(@) -+ x(w)]) — Hr(a,v)] (48)

where H r is a counter-term implicitly defined by the last identity. Equation
(47) then becomes
i FWi(i)
Ok Ty = lim f/dxaqu(a:) { —iHp(z,y)| . (49)
y—w 2 6j(x)3j(y)
Furthermore, by construction of H , the object in square bracket is at least
a continuous function on a sufficiently small neighborhood of the diagonal in
M x M.
Therefore, using (35), we can write the flow equation for 'y, in terms of
its second derivative, arriving at the Wetterich equation for a local regulator:

; -1
oy = —% /dx&‘qu(x) : [F,(f) - qk} He (x)

where : A 17 - (2) = limy ., (A(z,y) + iHp(z,y)), similarly to the procedure
necessary to evaluate the expectation value of normal-ordered quadratic local
fields by point splitting. Notice that the definition of Hp is rather implicit but
it can be computed when V' is quadratic—cf. Sect.5.1. Notwithstanding we
stress that our main focus is in Eq. (47), which should be regarded as the main
equation of interest.
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In [28], the use of a local regulator in the flow equation for the graviton
propagator implies the introduction of additional counterterms in the Wet-
terich equation, in order to regularize the UV divergences; in our discussion,
such a regularization is provided by the normal-ordering prescription. In this
regard, Eq. 6 in [28] shares many similarities with the flow Eq. (49) we derived.

Equations (47) and (46) then are the generalizations, for generic states
on Lorentzian manifolds, of the Wetterich and Polchinski equations, respec-
tively. They are interpreted in a different perspective, because a local Qy is not
simply an infrared cut-off but it can rather be interpreted as a perturbative
contribution to the mass of the theory. However, due to the finiteness of the
right-hand side of both equations, they give well-defined beta-functions for the
parameters.

4.1. Non-local Regulator Function

In the case of a non-local regulator Q) = —3 [ dadyqi(z,y)x(z) -7 x(y), at
least formally, we may get Zj from (28). Proceeding in this way, we obtain
flow equations similar to those already known in the literature. Actually, the
derivative of Wy, gives

) 1 !
Wy = O Wi(j) = 3 /dxdyak%(x,y)mw
*[S(V 4+ J+ Q) 7 x(x) 1 x(¥)])
We can rewrite the above equation as the Polchinski equation,
1
oWy = — 3 /dxdyak%(%y)

[ _ 6*Wi(4)

6 (x)5(y)
Analogously, the same derivation as before gives the flow equation for the
average effective action,

Ol'k(9) = %/dxdy@qu(x,y)

(sv)™

T Wé”(x)vvé”(y)}

[Z:(j)w(Rv(S(J 00 7 x(®) 1 x®)) - 6(2) <z><y>>>]
(50)

which can be cast in the form of the Wetterich equation:

. 1
1
Ol = —§/d$dyak%($7y) (Fl(f) - Qk) .

The interpretation of the Polchinski and Wetterich equations with a non-
local regulator is the same as in the standard functional renormalization group
approach: in particular, Eq. (47) tells us how the effective average action flows
with the scale k of the IR cutoff Qg, in terms of the full propagator of the
theory. An example of the use of this non-local regulator in the case of cosmo-
logical spacetimes can be found in the recent work [3].
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As they are, Eq. (47) and its non-local analogue (50) look intractable,
and therefore, in order to solve the equation, we need to identify suitable
approximation schemes.

5. Approximations

In this section we describe a procedure which provides a useful approximation
of the effective action I'y, which can be applied when the chosen reference state
w for the free theory is quasifree. It simplifies the computation of the effective
action and leads to the notion of beta-function associated with the parameters
of the theory I.

5.1. Free Case

In the case V' = 0, the flow equation for local regulator reduces to

Iy, = —% /dx&qu(x) {Z:(j)w(S(J) 7 S(Qr) v Tx(2)?) — ¢(x)?].

Instead of analyzing this equation directly, we study the form of 'y in the next
proposition.

Proposition 5.1. Let V = 0, let w be a quasifree state on A (associated with
Iy). Then the effective action Ty coincides with Iy up to a constant. Moreover,
for Wy defined as in Eq. (30), we have

OWe Ay e N (Apqr)™ A 51
o2 Fk = Z(—l) (Arge)"AF, (51)
n>0
where in this formula Ap is the linear operator associated to the Feynman
propagator with the Schwartz kernel theorem and gy, is a multiplicative opera-
tor. Furthermore, the series defining Apy, is perturbative in q. In particular,
the integral kernel of the operator Apy, is the Feynman propagator associated

to I()k.

Remark 5.2. Notice that the series in Eq. (51) should be considered in the
sense of perturbation theory with respect to ¢x. A rigorous construction of
Ay can be obtained using the classical Mgller map introduced in [22]. In
particular, consider
App = Ay +ilag

where A4 ; and Ay ; are obtained by means of the functional which realizes
the classical Mgller map rg,x = X — ArkqrX, X € C®(M) introduced in
Proposition 3.8 in [22] and recalled in (74) in the appendix. Actually by means
of Proposition 3.11 of [22] Ay x = rg, A4 rf), and Lemma 3.10 of [22] gives that
Apgp =A AVZQk- Furthermore, using recursively the latter relation we obtain
that

N
App = Z Aa(—qrAa) — Aa(—arAa) N gpAa .

=0
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With this observation and using the support properties of the advanced and
retarded fundamental solutions it is possible to prove that order by order in
powers of gg, Apy = Aﬂk. (See the derivation of (58) below in a similar
context for further details on this procedure.) As a matter of fact, the con-
vergence of the series can be addressed in specific scenario, e.g. Minkowski or
highly symmetric spacetimes.

Proof of Proposition 5.1. We shall prove Eq. (51), which, together with Eq. (35),

will lead to the proof of the statement about I'y,. We recall that W,il) () = ¢(x)
and that

2
5(%% - z:u)“(S (@i + ) 1 x(@) 7 X)) — S@)(y)

where Zj, = w(S(Qx + J)). We study

L o(S(Qu+ ) 1 x(@) T x (W) = Ap(z,y) + Zikww(czk +7) 1 x(@)x(®).

To deal with the contribution w(S(Qx + J) -7 x(2)x(y)), we consider the func-
tional

Q) = / dz [i(2)x(@) — ax(@)x(@)?] + / dady f(z, y)x(@)x ).

where f € C2°(M?). With this definition we have

5 _

—w(S(Qr +J) -7 x(x)x(y)) log(S(Qy))

1
Zk - Z(Sf($7y) ’f—

x=0

because we are working in a representation of A where w correspond to the
evaluation on x = 0. Since S(Qs) = Tlexp(iQs)] we can evaluate the log-
contribution using the linked-cluster theorem®:

S(Q5) = T(e'%) = exp [T9(e27)] 52)
Here T denotes the connected time-ordered product: shortly, 7¢(A ® B) cor-

responds to summing over all contributions of A -7 B which comes from a

1 See e.g. section 4.3.1 in [47] for a derivation of the formula expressing the linked cluster
theorem.
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connected diagram—cf. Eq. (17). For example we have, upon renormalization,
T(x* () @ X*(y)) = 2x(2)Ap(z, y)x(y) + A (2,y). We thus obtain

1 o J e/ iQf
ZW(S(Q+J) r x(@)x(y)) = mT (eg”) -
:TC< 9 @ x(@)x®) |y

= 37 L7 [6Qk + )" © x(@)x()] h=o

n>1

f
X

=y %TC [(iQk)®” ® x(:r)x(y)] Ix=0+

n>1

£ 21 [ @10 (100)°" @ x@x®)] e
n>0 "

Using the definition of 7¢ we have that the graph over which we are summing
in evaluating 7 [(iQx)®" ® x(z)x(y)] are all formed by n+2 vertices joined by
n+ 1 edges. The external vertices correspond to x(z) and x(y) the n internal
vertices correspond to Q. All these graphs are equal and differs only by the
possible n! permutations of the internal vertices. Hence

S LT[0 © x(@)x(0)] o = 3 ()" Arae(Dra)" Ard,)(x)

n>1 n>1

== AF,k(xay) - AF(xay) )

where Ap is considered as a linear operator acting on compactly supported
functions and d, is the Dirac delta function centered in y. Notice that Agy, is
a Feynman propagator associated to ;. Indeed, recalling that Py, = Py — qx
—cf. Remark 3.3 — we have

PoApg =Py Y (—i)"(Argi)"Ar
n>0
—i+qe Y (=) (Apa)"  Ar =i+ g Apk -
n>1

Furthermore, since J is linear in the field, Qy and x(z)x(y) are quadratic and
since T contains only connected components, we have that the graph over
which we have to sum to evaluate 7 [iJ ® iJ ® (iQx)®™ @ x(x)x(y)] |y=0 are
the connected graphs formed by n + 3 vertices and n + 2 edges. The external
vertices correspond to J and J. n internal vertices correspond to @y and the
remaining vertex to x(z)x(y). The latter is non local hence, this graph can
be seen as two-graphs, one joining J to y(z) and the other joining J to x(y).
Taking care of the possible internal vertices in this decomposition and on the
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possible positions of xx in the original graph we have the following

> L1 7 @00 6 (100" @ Y@ )] lveo

n>0

=> %TC [i] @ (iQk)®™ ® X()] |x=0
n>0
L e (67 ® (1Q)® © x(1)] [xeo = (2)(y)

I
1>0

where the last equality can be proven using again the linked cluster theorem
(52), observing that by definition

— i ) _ c( 1Qr+iJ
6(w) = Zo(8(Qu 1) 7 x()) = 7S T ™ e
= T*(e* ™ ® x(2))|x=0-
Summing up we have that
2 Wi(4)
= = A Z, .
si@ai) oY)

where the latter Feynman propagator is the QQx-massive one.
The latter equation, together with Eqgs. (35) and (51) entails that F,(f) (¢) =

Iéi)(gb) for all ¢. Moreover, since the action Iy is even and quadratic in the
field and Proposition 3.9 ensures that 'y is even, it follows that 'y, = Iy up to
a constant. 0

5.2. Local Potential Approximation

In the following, we illustrate how we apply the approximation scheme known
in the literature as local potential approximation (LPA) [25] to the Lorentzian
case, in order to find approximated solutions of the obtained flow equation for
the effective action.

We start analysing the right-hand side of (49). Firstly we observe that
W]EQ) satisfies the following equation

(T = a) W = =5 .

However, even if we knew I'y, we would not simply obtain W,gQ) from the
equation above for two reasons. The first difficulty lies in the fact that in
general I'y; is not quadratic in ¢ and thus (I‘,(f) — qi) cannot be easily inverted
to get WIEQ). Furthermore, even when I is quadratic, if I’,(f) contains a principal
symbol which is of hyperbolic type, as it would happen in our case, it is known
that there exists no unique inverse and thus it is not easy to pick up the inverse
corresponding to the expectation value in the state w which appears in the
definition of W.
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With this in mind, let us start with the obtained flow equation in the
form given in (47):

nL'i(¢) = —% /dfﬂak%(x) [Zk(lmw(Rv(S(% + Q) 7 TX(2))) — ¢°(2)

We stress that in the construction we have presented the state w has been
selected a priori: it does not depend on k£ and we do not want to change it
in the approximation we are going to discuss. Furthermore, to be as close as
possible to the standard literature, the reference state w for the free theory is
a quasifree Hadamard state.

The approximation scheme proceeds with an Ansatz for the effective av-
erage action in the form of a local potential approximation,

(o) = - [ ate (39.07°0+00(0)). 53)

As afirst approximation, we do not consider a k-dependent wavefunction renor-
malization in front of the kinetic term. We will comment on its inclusion in
remark 5.3 at the end of this section.

With this Ansatz, the left-hand side of the flow equation is OyI'y =
— [dz 0,Uk(¢). To approximate the right-hand side in a sensible way, we
proceed as follows. We expand T, close to a solution ¢.; of (34) for a vanishing

j:
Tk(8) = Tx(6a) + 5T (0)(0,0) + O(6%) = Th(e) + O(6)

where we introduced the fluctuation field ¢ := ¢ — ¢, and we have denoted

the truncated effective action by I'%.

The local potential approximation proceeds by assuming that I'; is the
average effective action produced by an action I§, in the very same way Iy is
the average effective action produced by I = Iy + V. By Proposition 5.1, the
action I has to be quadratic, because so is I',. Moreover, from Eq. (53) it
follows that the principal symbol of T is k-independent, so we must have

Ié = —/d{E <;VaXVaX+;U1§2)(¢cl)X2> 3
where U, ]EQ)(chl) is equal to the contribution to the truncated I'f coming from
the potential Uy. We proceed by comparing the “truncated” action I{ with the
full action I = Iy + V to find an approximation of the right-hand side of (47).
More precisely, we decompose the full action I = Iy + V in another free and
interacting part, namely I = I} +). We then rewrite the right-hand side of the
flow equation perturbing the system around I and discarding the correction
due to V in the right-hand side of (47). We thus have

I=I+V=1I,+V,

where I} := Iy + M and V :=V — M, with
2
M := _/dm(U,f)(qsd) —m? — gR)X7



Vol. 25 (2024)  An Algebraic QFT Approach to the Wetterich Equation 2331

Notice in particular that M depends on the non-trivial field background ¢.;.
Furthermore, its role is that of shifting the quadratic non-kinetic parts, origi-
nally present in Iy, to —U,g2)(¢cl)x2/2.

Truncating T' to I'* corresponds thus to discarding the V contributions
at the right-hand side of the flow Eq. (47), keeping however the choice of the
state w originally made. Stated differently, we are approximating the full, non-
linear action I with a quadratic one, I, which is the quadratic action whose
associated average effective action is I'j. The term M contains the residual
information about the interactions of the full Lagrangian. The action I§ then
contains the usual kinetic term, plus a non-trivial, classical background, acting
as a ¢.-dependent mass for the fluctuation field .

Within this truncation, we now study how the right-hand side of (47)
gets modified. In order to proceed, we make use of the principle of perturbative
agreement to analyse how the Bogoliubov map changes with this new splitting
(see “Appendix A” for a review). In fact, we want to use the Bogoliubov map
Ry constructed around the new action I§ and to consider only the zeroth order
contribution.

In particular, making use of Theorem 4.1 in [22], we have that—cf.
Eq. (78)—

M
Ry = Ryim =rmo Ry, 07,

where 7/ is the classical Mgller map, whose definition is recalled in the “Ap-
pendix A”—cf. Eq. (74)— and + intertwines the time ordered product 7' con-
structed with Ap with a suitably chosen time-ordered product Ty, for the free
theory If, actually YT = Ty;. In particular, the associated Feynman propaga-
tor Ap pr is the one associated with the quasifree state wys, whose two-point
function reads rpsAr}, where rps is given in Eq. (74). Furthermore, R% is
the Bogoliubov map (quantum Mgller map) constructed over the free theory
It. Hence, since

Ry (S(Js + Qi) -7 TX?) =1 (R%(SM(VQk +7Js) T VTx?))

holds, discarding the contributions containing V at the right-hand of (47) gives
the flow equation in the relevant approximation. Up to an integration over the
space it is given by:

_ Okqr

OhUk() = =5 (

wy (SM (vQk + Jg) -1y Tirx®) ¢2>
wy (SM(YQk + Jp)) 7
where we used the fact that vT'x? = Thsx?. The right-hand side of the previous

equation can be computed following the analysis presented in Proposition 5.1,
to obtain

3Ui(¢) = lim

O (WM(SM(’YQk +Js) 1 X(@) 70 X(Y))
y—z 2

war (SM(YQr + Jy))

Hpara(ay) - ¢><x>¢<y>) ,
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where we used the fact that vx = x. Hence
e Oka
OcUr(¢) = lim == () (Arak(y,2) — Hraai(y, 2)), (54)

where A g  is a Feynman propagator for the theory I} + Q) obtained from
the two-point function Ay of the state w and where Hp js 1 is the Hadamard
parametrix of the theory I} + Q. More precisely, arguing as in the proof
Proposition 5.1, we have that

Apak =Y (=1)"Dpa(qedpn)" (55)
n>0

where Ap yr = Ay pr+iA 4 is a Feynman propagator of the theory 1§, which
is obtained from Ap = A4 + iA 4 by means of the principle of perturbative
agreement. According to Lemma 3.1 and Proposition 3.11 in [22], see also
“Appendix A” and formula (74),

A p=ryoAqory, (56)
where rj; is such that,
rux =X — Ap e MD (x)

and Ap s is the unique retarded propagator of I¢.
We finally rewrite formula (55) in a simpler way. We start recalling that
AF,M = A+71\/[ + Z'AA,My hence,

Apark =Y (=) (Ay a4 184 ((Dyar +iBa )" (57)
n>0
according to Lemma 3.10 in [22], we have that
Aamr =ABam Z(%AA,M)” =Aam(I+@udamr) =Damrg,,
n>0
hence, rearranging the sum, we may rewrite (57) as
Ap g = 1A nk + [1+ Aa v rqr] Av mro,
+ ) (A s, ) (—aA urh,)"
n>1
= iAA Mk T QAL MG, — AMEGA+ 1T,
+ Z P(AL Mo, ) (—aAy M5, )"
n>1
where p = (1+A4 mrrqe) = (1+Ar v rqe — A kr) = rQ, — Anrkqr- Notice
that
—Anrae A ovr = Appi((Po+ M@ — qp) — (Po+ MP) ALy =0,

where in the last step we used the fact that Ay is a weak solution of Py +
M@ — g, in both entries while Ay a is a weak solution of P+ M@ Similarly
we have also that for every n > 2 (A+7Mr*Qk)(qkA+7Mrak)"—l = 0 because
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Ag mrd, (Po+ M@ — g;) = 0. Finally since ryr1q, (f) = ro, (rar(f)) we have
that
Apmg =1Bar4q, + IM+Q A+, - (58)
Combining all these observations, we conclude that the right-hand side
of (54) is nothing but the expectation value of 9@}, in a quasifree state was i
whose two-point function is
Ap Mk = I+ QA4 40 s (59)

hence

OUs(p) = —war 1[0k (Qr)], (60)

where @, is a properly normal ordered Wick square. Actually, for g, = k2f in
the region where the cutoff function f is 1, it can be evaluated as

+0,Uk(p) = 7}12% E(Asai(y, 2) — Hur(y, x)),

where Ag sk is the symmetric part of the two-point function Ay a7 p and
Hyy 1, is the Hadamard function related to the theory whose action is Ié +Qr =
I+ M + Q.

The regularization which is provided by the point splitting procedure
discussed here is compatible with the principles discussed in [38], see also [41].
Furthermore, many explicit computations of similar contributions are already
present in the literature on flat and curved spacetimes (e.g. in de Sitter [18]).

Remark 5.3. We can slightly adapt the discussion above in order to include
a wavefunction renormalization. In this case, we start with an Ansatz for the
average effective action in the form

Lu@) = - [ e (E9.0v00+ Ui(o)
while we also modify the regulator into
(o) =% [ dhagu ()6 (w)

This approximation scheme is known as LPA’. First, we rescale the fields as
~1/2 .
¢ — 2, "¢, to obtain

= o (s (),

We can now argue as before, expanding the average effective action around a
solution ¢.; of the quantum equations of motion for vanishing j, and keeping
terms at most quadratic in the fluctuation field:

Ti(d) = Tr(da) — /ddl' <;vaw“¢ + %U,S) <:/z);k) ¢2> +O(¢%)
= Th(p) + O(¢?)

where U, 22) denotes the derivative with respect to the argument ¢/,/zx.
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The truncated average effective action I'; must come from a truncated
action of the form

1 ¢cl X2
It \v4 va (7(2)
0 / dx ( 9 aX X \[k 92

Comparing the truncated action with the full action I = Iy + V we see that
I=1+V =1+ M+YV, where now V=V — M and M is

M:/dx<m2+5R—U,§2> (\%k))’i

Scaling back to the original classical fields ¢ — /2, ¢ we obtain
U(z) . 2
M = /dx<m2 +ep— e (9a) l)>x.

2k 2
The approximation of the r.h.s now proceeds as before, arriving at (54).
The difference now is in the mass term M, which includes an additional
k—dependence in the wavefunction renormalization.
For example, in the simple case of the Minkowski vacuum as the reference
state w, with g = k2, taking the adiabatic limit and choosing a constant clas-
sical field ¢.;, the r.h.s. of the Wetterich equation in Fourier domain becomes

d Zkak(zkk2)
Ol = 2(2m)d /d L 2 (2) '
zx(p?* + k2 + mk) + U, (@)

Remark 5.4. In the computation described above we have transformed the
Wick square T'x? in Ty px? with a two-step procedure: (a) we moved T'x?
in Thsx? by invoking the principle of perturbative agreement; (b) we changed
Tarx? into Tarkx? roughly by computing w(S(Qx) 1y, Tarx?)/w(S(Qk))-

Although the net result is the same (i.e. we are changing the mass of the
theory), the procedures (a) and (b) are slightly different. This difference is par-
ticularly relevant once considering the ambiguities in the choice of Tx2, Tasx?2
and TMJCXQ. Indeed, since point (a) respects the principle of local covariance
[15], it follows that the ambiguities which define Tx? and Tax? have to be the
same. This is not the case when discussing the ambiguities of Ths xx?, since
there is no reason why (b) should respect the principle of local covariance,
because theories with different ks are in principle not deformable one into the
other. Thus, we are a priori free to make different choices for the ambiguities
defining T'x? and Ty, x?. This possibility will turn out to be quite useful when
discussing actual computation, cf. Sect. 6.1.1.

Taking successive functional derivatives with respect to ¢ on both sides
of (54) gives the beta-functions for the evolution equations of the running
coupling constants, defined as the coefficients of the Taylor series of Uy (o)
close to ¢ = 0 (which correspond to a local minimum of Uy (¢)):

¢2 4
Uk(¢):Uo,kJFmi?Jr/\kEJrO(éf’G)- (61)
In the previous discussion, we always tacitly assumed that the starting point
for the flow was the classical action Iy. Clearly, one may start the flow at a
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different scale A, where A — oo corresponds to the classical action Iy. Such
identification lets one interpret the beta-functions as the evolution equations
for the couplings.

The beta-functions are then defined as the evolution equations for the
dimensionless parameters m; and A, with respect to the renormalization time
t = log k/A, where A is the scale at which the renormalization starts. In powers
of k, the dimensions of the couplings are [m%k] = 2 and [\¢] = 4 — d. Then
we have

kakmi,ﬁ = k/‘_la]{;mi,ﬁ — 27’;[%76 (62)
kO he = K30 Ne + (d — 4) Ay, (63)

6. Applications
6.1. Local Regulator and the High-temperature Fixed Point in A¢*

As an application of the theoretical machinery presented in this paper, we ap-
ply our modified Wetterich equation to A¢* model at finite inverse temperature
(. The Lagrangian density for A¢* at finite temperature is given by

1 a A 4
c_—ivaxv X=X

We apply the renormalization scheme of section 5.2. We therefore linearize
the theory as a free theory for the perturbation ¢ with a mass term m? 4+ A\p
where p = ¢?/2. Following (61), our Ansatz for Uy (¢) is

¢)2
=5
The couplings m% . and Ag . can depend on the temperature as well as k, since,
for example, there will be contributions coming from the one-loop renormal-
ization of the thermal mass.

The right-hand side of the modified Wetterich equation in the LPA (54)
can be computed as follows. We choose as reference state an equilibrium state
with respect to Minkowski time evolution at inverse temperature 3, which is
also quasifree for the free theory. This is a KMS state for the free theory A = 0
whose two-point function is invariant under translations, and has the form (see

e.g. [22])

A (0, x40, y) = /

1
Ur(¢) = Uo ks + mi,gﬂ + é)wc,ﬂpz p (64)

d"'p P (x—Y)
(2m)d-1 2w

1 (e tw@—y")  giw@®—y°)
< [— 0w w1 >
(65)
where w = |p|. We follow the procedure discussed above to get the correspond-
ing
Af—,M,k = er-‘rMAf-r*Qk-ﬁ-Al'

Following [22], see also [9,20,21], and taking the adiabatic limit we have that
the two-point function of the state in which we compute the expectation value
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of the Wick square is

d—1
AP (2%, x;9°,y) = 4% p P (x=Y)
+ Mg\ E XYY (2m)d-1

1 e—in,k(wo—yO) ein,k(ﬂﬁO—yo)
2wpp < —edw T w1 ) (66)

where wps j, = \/w2 + mi s+ Ak,3P + qi. Notice that the w-factors associated
with the modes have changed, while this is not the case for the Bose factors.

The above two-point function differs from that of [50], since in our con-
struction the Bose factors are k-independent. The reason is that, in the deriva-
tion of the Wetterich equation we have presented in the previous sections, we
fixed the state once and for all in the original, unregularised theory.

One could ask what happens if, instead, one chooses different states at
different k’s. In the example of thermal states a possibility in this direction
would be to consider § which depends on k.

However, this introduces a new scale dependence through the choice of
states at various k£ in addition to the scale dependence one introduces in the
observables. As a consequence, the flow Eq. (54) would receive an additional
contribution from the derivative of the explicit dependence of the state on k
and the obtained equation will not be of the simple form given in (49). With
this in mind, we conclude that the flow Eq. (54) takes the form

OkUk(9) = lim (AFar iy, %) = H(y,x))%()
+ JE(AQMIC(% ) = AS,]W,k(ya @)%() (67)

The first contribution is the one which would remain in the limit 8 — oo,
namely when w is chosen to be the vacuum state, while the second is the
correction due to the temperature.

The flow equations for my, g and A g are obtained from the above, taking
on both sides of the equation functional derivatives up to order two with
respect to p and equating them for p = 0. Hence, to get the beta-functions for
both A and m we analyse these two contributions separately. We have that (in
the adiabatic limit and in the four dimensional case)

. Inqr(z)
A= 1 (AG 1 (0, 2) = AFar ey, 2) (0, 7)) =5

o 1 3 1 1 8qu((£)
o (27T)3 /d pr,;g (eﬁw — 1> 2




Vol. 25 (2024)  An Algebraic QFT Approach to the Wetterich Equation 2337

while, by employing the result recalled in “Appendix C”,

_ Orqr(x
B = yll_Ig(Ang,k(y, x) — H(y, m))T)
oL, k2 4+ mi g+ Mepp | Oau(@)
- gra i oo (£ :

(69)

the regulator ¢ is now chosen to be equal to ¢ = k?>—the corresponding
adiabatic limit has been tacitly taken.

6.1.1. Vacuum Case. In the limit of vanishing temperature § — oo we have
that the contributions due to (68) vanish, and in the four dimensional case we
are left with

Loopg2 oo K +mj,
kokUo,ie = @k (k” + mj;) log (Mg
1 k% +mj3
3 k>
ko, = 2.

@kg—i—mi

In terms of the dimensionless couplings, ﬁo,k = Upr/k* my = my/k and
Ar = A, the beta-functions then are

~ ~ 1 B B k‘2
kOpUo i, = —4Uo 1, + @(1 + M) [log (14 mj) + log (,ﬂ)}

- - 1 - k2] <
kopmi = —2m; + 32 [1 +log(1 +m3) + IOg(,uQ)] Ak

. 3N
wk’\’“:ﬁwmg

In the above equation, the arbitrary mass parameter p represents a residual
freedom in the ultraviolet renormalization scheme we have adopted. Hence,
the price to pay to have a local regularization term, is an additional freedom
in the beta-functions due to the ultraviolet renormalization scale u. However,
the additional freedom may be safely removed setting

1 = k. This is equivalent to tune the renormalization ambiguities of
T xx? which, we recall, are not forced to be the same as the ones present in
Tx?—cf. Remark 5.4. Notice that this choice would not change the form of the
Wetterich equation as it is made after deriving in k. We finally observe that
setting ;1 = k we can still identify a fixed point for M\ = 0 and for 1y, = 0, in
agreement with what one obtains using non local regulators, showing that the
only fixed point in four dimensions is the non-interacting one.
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6.1.2. High Temperature Limit. We now take the high temperature limit § —

1 1

0. We shall later approximate ———— ~ —— in some part of the computation.
ePv —1  Bw

Hence

P 1

27T2/ \/p+ mkﬁ +)\k[3 +leﬂkp_1

Expanding A up to order 2 in powers of p we get

k3 o° 1 1 Ak
A’:rﬂz/O dp® AT o
(pz T (mz,ﬁ) T 1) <p2 + (mzﬁ) + 1)

o

3 (Arkgp)? P
8k4 m S| efhr —1°
(p 4 (mee)? 4 1) ’
The contribution to the beta-functions due to A diverges as 1/ in the limit
8 — 0 while B stays bounded —cf. Eq. (68)-(69). Thus A dominates over B,
and we can drop the latter term when computing the flow equations for the
coupling parameters in the high-temperature regime. We then find

~ = ¢(3)
koLU, =0 A
kUo,k,5 0,k8 T B30
y _ 1 A
RO 5 = —2(0i p)? — 55—
- 2
(1 + mi”@)
3 (Akp)?

kak)\k 8= _)\k Bt =

b

82 3
s (1—|—77~?,i’6)2

where ( is the Riemann zeta function, and we introduced the dimensionless,
rescaled constants 007167@ = Uo,kﬁﬂZ/k, myg = mkﬁ/k and /N\kﬂ = )\kﬂ/(ﬂk).
In d = 4, one finds a non-trivial fixed point for U, = ((3)/2x2, m? = —2/5,
A = (8/3)7%(1 + m2)?/2. The minus sign in the mass fixed point indicates
that the symmetry x — —x is spontaneously broken in the chosen state.

To make it clearer, following [71], we can now repeat the above analysis,
in which the effective potential takes the simple form

Ak ¢*

.6 2
U, = 258, -7
k=5 (p £0,k.,3) P=3

which coincides with the effective potential written in Eq. (64) up to a constant.
The new parameter po x5 = ¢35 5/2 is the minimum of the potential, located

at U,gl)(gbo,k,g) = 0. The new parameters are then linked to the old coupling
constants, in particular m%ﬁ = —\,,8p0,k,3, While A\j g is scaled by a factor
3. The flow equation for these parameters can be obtained from those written
above.
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6.1.3. de Sitter Space. As a final application we show that the same methods
apply in the context of curved spacetimes; in particular we study (the lineariza-
tion of) Ax* in de Sitter space, defined as the four dimensional hyperboloid
embedded in five dimensional flat space via the equation

Xaanab = H_2

where H > 0 is the Hubble constant and 7 is the five-dimensional Minkowskian
metric. We consider the linear theory to be in the Bunch Davies state [17],
which is the unique quasifree maximally symmetric state on the de Sitter
spacetime. Following [1,7], the symmetric part of its two-point function is

2 (1 _,2
APy = FL O (3,8 e o)

- Sy 2 w2
167 cos(mv) p T Vs 2

where oF)] is the hypergeometric function, Z(z,y) = H?X%(2)X°(y)n. is
related to the geodesic distance d(z,y) = H cos(Z(x,y)) between z and y,
and
9 m2

=S 126+ - 70

v 1126+ (70)

where m is the mass of the quantum field and £ its coupling to the scalar
curvature.

We proceed with the following Ansatz
1 2
Ur(¢) = mip+ EAkP27 p= %

Notice that, for the sake of simplicity, ¢ does not depend on k.
To apply the approximation scheme introduced above, we need first of
all to apply the maps which realise the classical transformation

BD _*x
rv+QeAg "M+Qy

However, instead of directly performing that computation, we observe that in
the adiabatic limit the obtained states share the same symmetry properties
as those of the original two-point function, because the classical Mgller map
preserves the spacetime symmetry. The only maximally symmetric state in de
Sitter is the Bunch Davies state and the original state is maximally symmetric;
hence, the new state needs to be a Bunch Davies state too with a mass m? =
mi + App + k2.

For massive theories, with a general, non-minimal coupling &, the renor-
malized expectation value (via the Hadamard procedure) of the Wick square
x? in this state is given by [6]

2
L { - % + {(mi + k% 4+ App) + <5 é)lQHz}

o)) )
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where ) is the digamma function, defined as the logarithmic derivative of the
Euler gamma function, v is as in (70) with mass square equal to m? + k2 + \gp,
and p is again an arbitrary mass parameter.

Starting from this expression for w(x?), the evolution equations become

kOpm3 = ]f;);’;{l 1iH2 —H/J( —1/> + 9 <2+u)
Ll D) ()

=2 (32) v (349
oD, (3) ()

) v i)

We can now define new, dimensionless couplings

Notice that, as in the thermal case, the appearance of a dimensionful param-
eter (H in this case) allows for a different scaling behaviour of the coupling
constants.

In terms of the rescaled couplings the beta-functions become

= - L hos 2 (32 ) o (340)
caolm i (e5) | (G-+) - (34}
kOp\e = 2X, — é’jjy{w (;’ u> — (;+y>
A S ORS
(G e Gt

By choosing p? = 12H?, we can remove all the dependence on the additional
parameter p. This is possible in de Sitter since we have a new mass scale H 2
which enters the flow equations as an “external parameter”, and does not
depend on the scale, similar to the inverse temperature § in the flow equation
for thermal theories we considered in the last section. Comparing with the
Minkowski equations, we see that the first term in the beta-function for e,
corresponds to an effective dimension of 2 in the flow equation for \j.

In the limit k?/H? — 0, corresponding to an inflationary regime in de
Sitter, the RG flow equations acquire a non-trivial fixed point (m?2, 5\*)
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Due to its complexity, we do not report here the full expression for general
¢. Choosing the conformal coupling & = 1/6, the non-trivial fixed point is given
by the simple expression

M2 o 0.164588 ), =~ 179.237. (72)

7. Conclusions and Outlook

In this paper, we employed the formalism of pAQFT to generalise the methods
of the FRG to globally hyperbolic spacetimes and for generic states of a scalar
field. We then showed, with the examples of the Minkowski vacuum, thermal
states, and the Bunch—Davies vacuum in de Sitter, how to perform practical
computations out of our formalism, that can be compared with the known
results in the literature.

From here, several interesting directions of research open. On the concep-
tual side, we notice how the entire construction is based on the definition of the
generating functional Zy(j) as the expectation value of a suitably regularised
relative S-matrix. It would be interesting, then, to make the connection with
the C*—algebraic approach to interacting QFT first developed in [16], where
primary objects are axiomatically defined relative S-matrices. Such a method
would go beyond the perturbative construction, permitting an exact reformu-
lation of the FRG equations.

The pAQFT approach already encompasses gauge theories [37] and per-
turbative quantum gravity [14] via the BV formalism [30,32]. The generaliza-
tion of our formalism to gauge theories seems in reach, and it would provide
a clear conceptual framework and a rigorous construction to e.g. the thermal
effects in non-abelian gauge theories, playing an important role in the phases
of QCD (see section 5 in [25] and references therein, with first developments
in [33,61,62]).

On the other hand, the generalization to quantum gravity would provide
mathematical tools to rigorously explore the UV properties of Lorentzian quan-
tum gravity, making contact with the rich literature of the asymptotic safety
community [26,60]. In particular, the pAQFT formulation of quantum gravity
is naturally developed in Lorentzian spacetimes, and it would be interesting
to compare it with the results obtained in Asymptotically Safe Lorentzian
Quantum Gravity [28,51]. pAQFT could in principle address long-standing
questions in the asymptotic safety program [8,19]: first of all, pAQFT could
provide a natural Lorentzian framework, without the need of a Wick rotation
to Euclidean signature; secondly, there are already developments on the use of
relational observables [2,14] which could be compared with cosmological obser-
vations. In particular, the role of the state in the flow equations, as emphasised
in our reformulation of the Wetterich Eq. (49), could provide a new perspective
on the objection raised by Donoghue [19], as the different possible runnings
of the Newton’s constant depending on the scattering process considered in
effective field theory.
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Finally, from a more practical point of view, our formalism provides a
natural language to discuss in a systematic way the flow equations in generic
states, as thermal states, or on curved spacetimes, where a natural notion
of a vacuum is in general not at our disposal. It would be interesting, for
example, to apply the formalism in cosmological situations, as in de Sitter
space, and compare the results with the existing literature [34,35,68,69], or on
black hole spacetimes, where self-interaction effects could provide instabilities
of the theory.
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A. Principle of Perturbative Agreement

In this appendix we recall some basic facts about the principle of perturbative
agreement. For further reading we refer to [40] and to [22,77].
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Let I be the action I := Iy + V where Iy and V are as in (9). Moreover,
let Q) the quadratic potential depending on a parameter k

Q) = [ dsalon’(). (73)

where g, = k*f € C°(M) and f € C2°(M) is the usual cutoff which can be
eventually removed by performing a limit f — 1 in a suitable sense. In what
follows we consider

Io=14+Qr=1Iv+(V+Qr) =Ipn+V=I0+V,

and we denote with x, -7, A, S, R (resp. *k, 1., Ak, Sk, Ri) the star prod-
uct, time-ordered product, algebra of observables, S-matrix and Mgller map
associated with Iy (resp. Iox), respectively.

Considering the (abstract, unreachable) interacting algebra Ay, , we have
two maps which defines a perturbative representation of Ay, in either A[[V}]]
or Ai[[V]] —depending on whether Q) is considered as part of Iy or of V.
These are the quantum Mpgller maps (12) Ry, and Ry y. which permit to
represent the generators of the interacting algebra, i.e the local interacting
fields, to A[[V%]] or in Ag[[V]]. Notice that the Mgller maps Ry, (resp. Ry v)
are constructed with the time ordered exponential of TV}, (resp. T;;V') in order
to make the above representation fully local and covariant. Notably, the two
representations are related as follows. First there exists a (classical Mgller)
isomorphism rq, : Ay — A defined by

TQy - A — A, (TQkF)(X) = F(erX) ) QX =X — AR,kaX (74)
where Apj is the retarded operator associated to Ioy. Notice in particular

that rq, intertwines between Iy, and Ip namely Iéllc)er = I(gl). (Notice that
the existence of Apj is ensured by the fact that @y is local and does not
contains second derivatives.) As a matter of fact not only A ~ A, but also
the time-ordered products can be related. In particular, using Y given in (5)

Yk - Froc = Floc y ’YkF = ei‘AF’kiAFFv (75)
is such that
V(1 G) = Ww(F) -1, %(G) . (76)

Remark A.1. The map v, can also be used to define a Wick-ordering map for
Ay [22,40]. In particular, given the Wick ordering map T': Floc — Fioc for the
algebra A, we consider 75 o T. At this stage one may prove, cf. [40], that the
renormalization ambiguities of the Wick ordering map 7" can be chosen so that
T =7 0 T: Floc — Floc is a Wick ordering map for Ayg.

It is not difficult to show that, in a perturbative sense,
Vi = Téi oRg, , (77)

where Rg, : A — A[[Q4]] is the (perturbative) representation of Ay in A[[Qx]].
The latter relation can be promoted to the interacting setting —i.e. V' #
0. In particular the following holds, cf. [22]:
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Lemma A.2. It holds that
Ry, =7¢, © Rk v © Vi s (78)
and similarly
Svi (F) = rQu Sk v (W F) - (79)

Furthermore, vV and V differs only by a different choice of renormalization
constants.

Proof. To prove Egs. (78) and (79) we proceed by direct inspection
rQ Sk v (W F) = rq, [Sk(veV) ™ xi Sk (W (F + V)]

= [rQ, Sk(v V)]~ ! *1Q, 0 ES(F+ V)

= [rqu k(1 V)] * Rg, S(F +V)

= [ro Sk V)] % S(Qr) "t x S(F + Vi)
Moreover

rQuSk(V) = 1o mS(V) = R, S(V) = S(Qr) ™+ S(Vi),
so that overall we have
Qi Sk v (W F) = [rQu Sk(we V)]~ *S(Qk) * S(F + V).
= [S(@Qu) " % S(Vi)] T % S(Qr) L x S(F + Vi) = Sy, (F).

This proves Eq. (79). Concerning Eq. (78) this follows by Eq. (79) as

(79)

d d
Ry, F' = mSVk (nF) m"”QkSk,'ka(ﬂ’YkF) =rQu Ry vk E

pn=0 pn=0

O

B. Technical Lemmata

We collect in this appendix some technical lemmata used in the main text.
The first is used to evaluate the effect of the product of the time ordered
exponential of local currents with a local field.

Lemma B.1. For all F € A we have
[S(]) -7 F)(x) = e 2r0)/2e 00 By 4+ iApj). (80)
Proof. By direct inspection we have

. 1 e
S(J) = e?i T(eﬁé’) Z n!2”A (zy)®2” i) — o= AF(3:3)/ 21T
n>0

Moreover for all F' € A we have
( iJ o F Z A®n ®n iJ( X)F(n)( ) _ eiJ(X)F(X+iAFj).
n>0 nt
Combining these results leads to Eq. (80). O
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Remark B.2. In the particular case of j = —Cél)qﬁ Eq. (80) simplifies to
[S(T) 7 F](x) = e PO F (x+9)
where we used that AF/J((JI) = 10.

In the next we analyse the vanishing of the various propagators of a
theory whose action is Iy + Qf in the limit k — oco.

Lemma B.3. Let qx(z) = k*f(z) where the cutoff function f € C>(M) is
positive and it is equal to 1 in D(O) C M. Let h,g € C*(O), it holds that

lim (h, Apxg) =0, lim (h, Ay xg) =0
k—oo k—oo

where Apy, is any Feynman propagator of the theory whose action is Iy + Qy,
and Ay i, the two-point function of the corresponding state.

Proof. We start analyzing the first limit. It holds that Apj is proportional to
a fundamental solution of the equation obtained from the differential operator
Py — qi, namely (Py — q1)Arprg = ig. Hence
1.
—(h, fAFkg) = 15 i(h, g) = (h, PoApkg)]-

Since f is 1 on the support of h we have that fh = h hence using Cauchy-
Schwartz inequality we get

|(h, fAFkG)
(gl + 1[fArkgl
where the norm || - || is that of L?(O,dx) and where we use the fact that Py is

formally self-adjoint on L?(O,dz). The latter inequality implies that for every
h e Cx(0)

1
S 7z (IRl + [ Porl])

(h, fAFL9)
(lgll + [[fAFxgl)
vanishes in the limit & — oo and thus
fAF LY
gl + 1 fArkgll

tends to the 0 of L?(O,dx) under that limit because C°(O) are dense. This
implies that

lim || fA gl =0.
We thus have that
|(hy Arkg)| < A fAFESI

and the right-hand side vanishes for k — +o00. Hence the first limit we wanted
to prove holds. We can use the same strategy to prove the that also the limit
of (h, Ay rg) vanishes for large k with the observation that A, ; is a weak
solution of Py — qy. O
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C. Hadamard Expansion of the Minkowski Vacuum Two-point
Function and the Wick Square

For a massive theory in even-dimensional Minkowski space, the Hadamard
distribution is known to depend on an additional arbitrary parameter u, and
it is given by [11]

(=12 ey P\ 2-a 5
HY (2, y) ZAS,k(%?J)‘FWM log ) Taja—1 ( M U)
where Ag j(z,y) is the symmetric contribution of the vacuum two-point func-
tion, I,,(x) is the modified Bessel function of the first kind and o = gup(x —
y)(x — y)? is the squared geodesic distance. The mass term for the linearized
theory is M2 = k2 + mi + Agp. In the coincidence limit, ¢ — 0 and

M2,
Ig/o_ ~
d/2 1(.T) 2d/2_1r(d/2)

Therefore, the ¢ dependence drops and we obtain

2 d/2 d/2-1 2 2
x*(x) (-1) / 9 9 k* +mi + App
w [ 5 } T(d/2) ()12 E*+my + Agp og —

(81)

We notice that the Hadamard distribution explicitly depend on the scale k,
which was not the case for the state. The reason is that, under a change in the
mass parameter, the massive Minkowski vacuum is mapped into the massive
Minkowski vacuum with the rescaled mass; in particular, this implies that the
singularity structure of the 2-point function is modified by the mass rescaling.
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