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1 | INTRODUCTION

In a recent paper [5], Brownawell and the second author proved a result in connexion with Zilber’s
‘Strong Exponential Closure Axiom’ for ‘pseudo-exponential fields’ Over C, this axiom becomes
a conjecture, and it is formulated for irreducible algebraic varieties ¥V in C" X C*"*. Its non-strong
form, mentioned by Zilber [27, Corollary 4.5, p. 83] in connexion with C.,, (see also Bays and
Kirby [4, pp. 495 and 538, 539] on ‘exponential-algebraic closure’), states that if V is ‘normal’ (or
ex-normal) and ‘free’ (see later for discussions of these concepts), then V has a point of the shape

X1 es X X 1o s X)) = (20,0005 2y, €71, 0, 070, )

This shape makes evident the connexion with Schanuel’s Conjecture (see [14] and Zilber [26] for
much more, as well as the work [16] of the first author and also the more recent papers [7, 8] of
D’Aquino, Fornasiero and Terzo).
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Proposition 2 of [5, p. 448] proves the existence of (1.1) with these two hypotheses on V replaced
by a single one. Denote by 7 the projection from C" x C*"* to C". Then, if (the Zariski closure)
of 7(V) has dimension n, there is always such a point (1.1). This single hypothesis implies that
V is normal (but not that V is free). We remark that the proposition as stated in [5] appears to
require that ¥ has dimension n; however, if the dimension is n’ > n, then life just gets simpler
and we can adjoin n’ — n suitably chosen equations X; = 1. For n = 1, the proposition seems to
be reasonably well known; see, for example, Marker [17] (or Henson and Rubel [13] earlier). But
already for n = 2, it was new.

Our main purpose in this paper is to relax the condition that dim (V) = n. We may note that if
this dimension is 0, then 7z(V) is a single point (z,, ..., z,,) and now the existence of (1.1) is obvious,
provided that V itself has dimension at least n.

Our main result concerns the case dim 7 (V) = 1. Here too it is reasonable to assume that V
has dimension at least n: for example, it is not difficult to prove that if £ is a line in C" and K
is a translate of a group subvariety of GI! = C*" of dimension n — 2, both generic in a perfectly
explicit sense, then £ X K contains no point (1.1).

However, there are more subtle obstructions to solvability. A simple example is V defined in
C?2 x C*2 by

becauseif z; + z, = 1, then e”1e”2 = e # 1. There are similar examples with X; + X, = 1replaced
by

for any complex c and integers m,, m, not both zero. One can build analogous examples in C" X
C*" where 7(V) is contained in the hyperplane defined by

mX; +--+mX, =c. 1.4)

It turns out that this is essentially the only obstruction under our new assumption. Thus, we shall
prove the following result.

Theorem 1.1. Suppose that V is an irreducible algebraic variety in C" X C*", of dimension at least
n, such that the Zariski closure of 7(V) in C" has dimension 1. If (1.4) does not hold on V with any
complex c and any integers my, ..., m,, not all zero, then V contains a point (1.1).

For n = 1, this reduces again to the result in [17]; but already for n = 2, it is again new.

Note that the absence of relations (1.4) is what Zilber calls ‘free of additive dependencies
(over C)’ [27, p. 74]. When an obstruction (1.4) does arise, one can recover further information
inductively by means of ‘back-substitution’.

For example in C? x C*2 with V defined by
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any point (1.1) on V must lie on X, X, = e; thus, we can eliminate X,, X, to get down to

in Cx C*.

In Theorem 1.1, we focus on the existence of a single point (1.1), but our proof gives rather more,
as was the case in [5]. From the viewpoint of exponential polynomials, it is natural to consider just
the projections (z, ..., z,,), although we will mention another possibility later. In [5], we remarked
that the set of all such projections is not only infinite but even Zariski dense in C" (which is (V)
there). This was proved by a simple trick (see later); unfortunately, that does not work in our
situation if n > 1. Nevertheless, our method of proof shows that the set of (zy, ..., z,) is indeed
infinite and therefore Zariski dense in the curve (V).

In fact, for n = 1, the known results already lead to a fairly explicit description of the set Z =
Z of points (1.1) on an irreducible curve C in C X C* based only on the geometry of C. Namely,
if dim 7 (C) = 0, then 7(Z) is a single point, while if dim 7(C) = 1, then 7(Z) is infinite, hence
Zariski dense in 7z(C).

Now for n = 2, we can combine Theorem 1.1 with back-substitution and [5] to give a conclusive
result for 7(Z) and surfaces S in C? x C*? (we remind the reader that Schanuel’s Conjecture itself
remains unknown for n = 2). To state this, the following notation will be useful.

If the Zariski closure of 77(.S) is a line £ as in (1.3), which we may call a line with rational slope,
we write K for the set of (e?1, e?2) in C*? with (z;,z,) in L. This is an algebraic curve (and even a
translate of a group subvariety). Then, we write G = £ X K (still a translate of a group subvariety)
and

T=5SnG. .7

We will see in Section 5 that if the variety 7 is non-empty, then it is infinite.
Our result for n = 2 is as follows.

Theorem 1.2. Suppose that S is an irreducible surface in C> x C*2, and let Z = Z ¢ be the set of
points (1.1) in S.

(a) Ifdim 7 (S) = 0, then m(Z) is a single point, so Zariski dense in 7(S).
(b) Ifdim 7(S) = 2, then n(Z) is infinite, and even Zariski dense in 7(S).
(c) If dim (S) = 1 and the Zariski closure of m(S) is not a line of rational slope, then 7(Z) is
infinite, so Zariski dense in (S).
(d) Ifdim 7z (S) = 1 and the Zariski closure of (S) is a line of rational slope L, then the following
subcases depending on T in (1.7) are possible.
(d)) IfT isempty, then w(Z) is empty.
(dy) IfdimT = 2, then n(Z) is infinite, so Zariski dense in 7r(S).
(d3) IfdimT = 1, then the following subcases are possible:
(dyy) Ifdimz(T) = 0, then 7(Z) is non-empty and finite, so not Zariski dense in 7(S).
(dsy) Ifdim (T) = 1, then n(Z) is infinite, so Zariski dense in (S).

In particular, the only situation where there are no points (1.1) in S is (d;) of (d); a typical
example is (1.2), where now L is defined by X; + X, = e and K by X, X, = e. We stress that all
possible cases and subcases may happen.
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1.1 | A proof sketch

The key ideas of our proofs build on those of [17] for n = 1. We proceed to recall the arguments
there for the example X; = X.

To solve the resulting e = z, we look at the function ®(z) = e — z, an entire function of order
at most 1. Using Hadamard’s Factorisation Theorem as in [17] or better [15, XIII 3.5], we find that
if ® has no zeroes, then it is e® for ¢ entire. A standard application of Borel-Carathéodory (see
below) shows that ¢ is a polynomial of degree at most 1. So, there would be a, b in C with

e — z = e7+h, 1.8)

This can be disproved in an elementary way by repeated differentiation, or less elementary using
algebraic structure theorems of van den Dries [22] and of Henson and Rubel [13]; in our situation
for general n, it suffices to apply a well-known result of Ax [1] (which, in fact, is a functional
analogue of Schanuel’s Conjecture).

Let us examine more closely why our results are new for n = 2. Consider the example

X1X2:1, Xl +X2:1.

Solving for (1.1) is equivalent to solving the single (non-polynomial-exponential) equation
e“+ell?=1 (1.9)

in complex numbers z # 0, which does not seem trivial but one sees no obvious obstruction.
The basic argument in [5], finding a fairly obvious approximate solution (like z, = 2007i to
e? = z), then refining it and then using Newton’s Method to home in on an actual solution, seems
numerically to give convergence (see also Section 7). However, for

ef+ef =1 (1.10)

and z, = (2007i)1/2 = 4/10077(1 + i), the matter is less clear, and numerically, there are hints of
the ‘chaos’ which is well known to exist in Newton’s Method, with convincing convergence only
after 20 iterations. Curiously enough, it works fine for z, = —1/1007(1 + i).

In fact, the method used in [17] works very well for (1.10): we find instead of (1.8)

2 2
e 467 —1=e% +bz+c’

which can be disproved as before. Our main contribution in this paper is to show that it extends
to (1.9) and our general situation.

As it stands, this argument fails for (1.9), because we have an essential singularity at z = 0.
Thus, we have to restrict to C \ {0}. But generally @ analytic on C \ {0} with no zeroes on C \ {0}
need not be e? for ¢ analytic on C \ {0}. A simple counterexample is ®(z) = z.

Littlewood [10, p. 392] said ‘it can pay to find out what is the worst enemy of what you want
to prove, and then induce him to change sides’. This we do here; the argument to prove ® = e?

constructs ¢ as
P'(2)
d >
/ ()
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and all we have to do is stay inside C \ {0} and ensure that the integral along the homology loops
containing z = 0 vanishes, which can be arranged by multiplying @ by a power of the ‘enemy’ z.
The upshot for (1.9) is that

e +e/? -1 =zme?@ (1.11)

for some integer m and some ¢ analytic on C \ {0}.
But now we will have to be more careful with Borel-Carathéodory and z = 0, and, in fact, it
yields only

¢(z) =az’ +bz+c+ d + % (1.12)
z z

now with an exponent of z bigger than one might expect and of course of 1/z too. Nevertheless,
still Ax’s Theorem leads to a contradiction.
For examples like

e+ el/(z3+z+1) =1,

we have to avoid three points, so three enemies, namely the three factors of z3 + z + 1, and leading
to homology of rank 3.
More generally, we have the following.

Example 1.3. Suppose that ® isanalyticon C \ {p;, ..., p,_;} and never vanishes there. Then there
are integers my, ..., my_; such that

(@) = (2= p))" (2= py )18
for some ¢ also analyticon C \ {p;, ..., Ps_1}-
Consider next the surface
X+X,+1=X;, X +X,=1
leading to

\/z3
€Z+e z+z+1=1‘

As the projection to C? is the affine part of an elliptic curve £, we can no longer work with C \ S for
afinite set S, and this particular problem concerns € \ {O} for the origin O. In fact, the homology is
the same as that of &, with rank 2, and so, we have to find two enemies. These can be written down
explicitly on the universal cover C of £ in terms of Weierstrass g and ¢ functions, or by integrating
suitable differentials of the first and second kind on &€ \ {O}. They are, in fact, the very simplest
examples of Baker-Akhiezer functions (see [3, Ch. XIV] and the foreword by Krichever), although
they were known to Weierstrass. For these, there seem to be no algebraic structure theorems, but
again, Ax suffices for a contradiction.

85UB0| 7 SUOWIWIOD aAee.D) |qeal|dde ay) Aq peusenob afe Sao1e YO ‘8sN JO S3|N. 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWB)W0D" AB| 1M AReIq jBU1|UO//:SANY) SUONIPUOD pUe SWie 1 8U1 89S " [Z0zZ/0T/8T] o Akiqiauljuo A|IM ‘891 Aq £Z92T Swid/ZTTT 0T/I0p/W0o" A8 | 1M AleJq 1 BU 1 UO"0SYRWPUO|//:Sdny Wwouy pepeo|umod ‘v ‘20z ‘XiZ09rT



6 of 26 | MANTOVA and MASSER

To see this in action, represent € \ {0} in the form y? = 4x3 — g,x — g; (a simple change of
variables suffices). Recall that € can be seen as the quotient of C by a two-dimensional lattice Q,
so we may think of functions on € \ {O} as doubly periodic functions on C \ Q. The associated
Weierstrass ¢ has the property that for every w € Q, there is a quasi-period 7 such that {(z + w) =
¢(z) + 1. Explicit enemies are then the functions e*¢(?)="Z for any non-zero w. The outcome is the
following analogue of (1.11).

Example 1.4. Suppose that ® is doubly periodic with respect to Q, analytic on C \ Q and never
vanishes there. Then there is a period w, with quasi-period #, such that

P(z) = 5(2)128(2)
for some ¢ also doubly periodic with respect to Q and analytic on C \ Q.

Going further, to solve

o +el/\/z3+z+1 =1,

we have to avoid an additional three points (the zeroes of z3 + z + 1), leading to homology of rank

5and differentials of the third kind or the Weierstrass sigma function (also Baker-Akhiezer). Here

too we get an analogue of (1.11). See (6.5), (6.13) and (6.16) in Section 6 for more examples.
Finally, consider

X)+x)=1, X +X,=1 (1.13)

leading to a curve C of genus 28 and homology rank 56. To write down the enemies as complex
functions (on the covering space) is not so easy without the aid of theta functions (in 28 variables),
but on the curve, the 56 enemies correspond again to a suitable choice of differentials of the first
and second kind (and generally, we need the third kind too).

After working out our proofs in terms of these explicitly constructed enemies, we realised that
there is a more abstract proof based on the canonical isomorphism between algebraic and analytic
de Rham cohomology of complex affine varieties, dating back to Grothendieck [12]. That paper
actually uses Hironaka’s resolution of singularities, but we found that this was not needed in our
situation (see Section 3 for more details). So, in the end, we were able to avoid any appeal to [12]
by using instead suitable differentials on the underlying curve. This is the proof that we present
here; nevertheless, we do give an account of the original more explicit constructions, also because
these seem to be helpful in obtaining effective versions of our results in which, for example, the
zeroes can be localised.

1.2 | Further remarks

In [5], with the points (1.1) on V projecting to a Zariski dense subset of C", we noted that this holds
even in a strong sense of being ‘relatively near’ to any one of ‘sufficiently many’ points on (27iZ)".
It would be interesting to obtain similar strengthenings in our present setup.

It is also natural to consider the distribution of the unprojected points (1.1). In the situation
of [5], the trick extends at once to show that they are Zariski dense in V itself. For if G in
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C[X,,...,X,,X;,...,X,] does not vanish on ¥, we may apply [5] to the variety in C"*! x C*+!
defined by the equations of V together with G = X, ;.

In our situation, the analogous statement is unclear, even for n = 2. This is illustrated by case
(c) in Theorem 1.2. Just for the example (1.13) the density in S would amount to the fact that
there is no G # 0 in C[X,, X ] such that G(z, e?) = 0 for all z with e? + em = 1, which does
not seem obvious.

In fact, this case (c) is the only problem, as will be established during the proof.

It would also be interesting to extend the investigations to (V) of other dimensions. The
simplest case of dimension 2 in C3 x C*3 leads to systems of equations such as

But it may be more difficult to find corresponding extensions of Theorem 1.2. This is because
of the obstructions coming from the concept of ‘normal’ (see [27, p. 75]). For C"* X C*", it amounts
to the following. For k = 1, ..., n and a matrix of k independent rows and n columns with integer

entries m; ;, we define a map u from C" x C*" to CK x C** by

n n n n
N 5N oM j oMk j
u(Xl,...,Xn,Xl,...,Xn)—<Z;m1ij,...,Z;mijj,l_[1Xj HlX] >
J= J= J= J=

Then one imposes the condition that dim (V) > k for all k and u.
If this condition fails, then some u()) may be too small to contain the analogues of points (1.1).
Note that normality is not a necessary condition; when n = 2, it fails for the example

Xl +X2=1, Xleze

with k = 1 and m;; = m,, = 1 whereas here Z is clearly infinite. We note that this surface is not
‘free’ (see [27, pp. 74-75]); in fact, it turns out that for n = 2, ‘freeness’ implies ‘normality’.

We briefly mention some aspects of decidability and effectivity in our Theorem 1.1.

Already in Theorem 1.2 for n = 2, it may not be possible to decide for a given S which of the
various possibilities actually arises. Say the defining equations are just X; = 1, X; = 6 for some 0
in C, so we are in (d); we find that we are in (d,) or (d,) according to whether e # 6 or e = 6. Now
if @ is an explicitly given element of Q(7r), this may not be so easy, as, for example, with

V7S + 4 = 2.7182818086... ;

and, in general, it involves Schanuel’s Conjecture of course (see [14, p. 31]).

Furthermore, for three-folds in C3 x C*3, another obstacle arises. Take any absolutely irre-
ducible polynomial P in two variables over Q, and V defined by P(X,/(27i),X,/(27i)) =0
together with X; = 1, X, = 1. Then, the points (1.1) correspond exactly to the integral solutions of
P(x;,x,) = 0. If the genus here is at least 2, then we know no algorithm for finding these, as, for
example, with

4 4
X; —2x5 +x;%,+x; —n =0,

and, in general, it involves Hilbert’s Tenth Problem (see, e.g. [9]).
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We note also that just to decide if a variety is normal involves Zilber-Pink matters (specifically
the conjectures of intersection with tori or cosets as considered in [26, 27] for example).

Nevertheless, we shall give some simple effectivity arguments for special cases of Theorem 1.1
such as (1.9).

1.3 | Structure of the paper

The rest of our paper is arranged as follows.

In Section 2, we record some preliminary observations towards the proof of Theorem 1.1, includ-
ing the ‘punctured’ version of Borel-Carathéodory which avoids z = 0 and also the version of Ax’s
Theorem that we need.

Then, in Section 3, we construct suitable differentials on the underlying curve 7(V) and deduce
our special form of the Grothendieck result.

The proof of Theorem 1.1 follows in Section 4, and that of Theorem 1.2 in Section 5.

Then, in Section 6, we present the explicit versions of (1.11) for small genus, and finally, in
Section 7, we briefly explain about effectivity and Theorem 1.1.

We are grateful to David Grant for his help in connexion with the genus 2 constructions in
Section 6.

2 | PRELIMINARIES

From now on, V will be as in Theorem 1.1. When dim V = n, it will be important to know that V
is defined, apart from the equations defining the curve 7(V), by a single additional equation.

Lemma 2.1. Suppose thatV is an irreducible algebraic variety in C" X C*" of dimension n such that
the Zariski closure of (V) in C" is a curve C,. Let B, be the prime ideal of C, in R, = C[X}, ..., X,,].
Similarly, write B for the prime ideal of V in R = C[X, ..., X,;, X1, ., X, -

Then, there are F in B, notin MR, + *ByR for any monomial M in Xl, ,Xn, and G, in R, not
in Py, such that P is contained in G; YFR + PByR). Furthermore, if C, is a line, then we can take
Gy = 1;in particular, if n = 2 and C, is defined by the vanishing of a polynomial F, of degree 1, then
P =FR +FyR.

Proof. Let x,,...,X, denote the coordinate functions on C,, and call r, its coordinate ring
C[xy, ..., x,]. By considering elements of R as polynomials in Xy, X »» we see that the specialisa-
tion o from R to to[X;, ..., X,,] has kernel B, R (which lies in $B). We now pass into Ky[X, ..., X,,]
with the quotient field K, = C(xy, ..., x,,) of t,. We claim that c(B) is prime in to[Xj, ..., X, ], and
then by clearing denominators, we see that K,o(*B) is prime in Ky[X;, ..., X,,] too.

Indeed, suppose that Py, P, are in ty[X, ..., X,,] with P, P, in c(B). Clearly, P, = 0(Q,), P, =
0(Q,) with Q;, Q, in R, and P, P, = o(Q) for Q in *PB. Thus, Q;Q, — Q is in the kernel LR so
in *B. So, also Q;Q, is in *B. If Q, is in P, then P; is in o(*P) and similarly for P,; this gives the
above claim.

Now R /B has transcendence degree n over C, and it has a subfield R, /B, of transcendence
degree 1 over C; thus, R /*B has transcendence degree n — 1 over R, /P,,. It follows (see, e.g. [25,
p. 91]) that K,o(®) is minimal in the sense of [24, p. 238]. This latter reference (‘Principal Ideal
Theorem’) shows that K,o(*B) is principal, as Ky[X;, ..., X,,] is a unique factorisation domain.
We can further assume that the generator is in o(!3), so it is o(F) for some F in . If F were in
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MR, + PR for some monomial M as above, then o(F) = o(M)f for some non-zero f in r,, so
we could have taken the generator as M; however, that would imply that the projection of V to
C*" is empty, which is certainly not the case.

Finally, for each A in B, there is h, in K([X}, ..., X, ] with 6(A) = h,0(F) and there is g, # 0
in t, with g4 h, in ty[X3, ..., X,,]. In particular, g, = o(G,) for some G, in R, and g,h, = o(B,)
for some B, in R. Hence, A is in GXI(F R + PB,R) and the result follows on taking a finite basis
for .

If C, is a line, then r is isomorphic to some C[x], thus a unique factorisation domain. Then,
C[x][X;, ..., X,] is a unique factorisation domain, so o(*B) is principal and we may assume o(F)
to be its generator, in which case we find B = FR + ByR, or in other words, we may always
take g, = 1. In the special case n = 2 with *;, generated by a polynomial F, of degree 1, we find
P =FR + FyR.

This completes the proof. O

Thus, to find a point (1.1) on V, it suffices to solve F(z, ..., z,, €1, ... ,e*r) = 0 with (z,, ..., z,,)
on C, but Gy(z,, ..., z,) # 0.

Next, we recall a standard version of Borel-Carathéodory which estimates the absolute value
|¢o| in terms of the real part Rep,.

Lemma 2.2. For0 < r < R and any ¢, analytic on the disc |w| < R, we have

R+r

sup [¢p(w)| < sup Rey(w) + |¢0(0)|
lw|gr |w|<R
Proof. See, for example, [15, XII 3.1]. O

This is used in the classical theory to deduce from an inequality R, (w) < c|w|* (x > 0), for ¢,
entire and all |w| large, a similar inequality |¢,(w)| < ¢’ |w|*. We use it here to obtain the following
consequence for functions ¢ analytic only near (but not at) a finite point, which we can take as
z=0.

Lemma 2.3. Let ¢ be a function analytic on a punctured neighbourhood of 0 on which
Re(2) <

II"

for some real ¢, x > 0 independent of z. Then, there is a punctured neighbourhood of 0 on which

l$p(2)] <

|1<+1
for some real ¢’ independent of z.

Proof. Let0 < |z| < 26 be a punctured neighbourhood as in the assumption. The conclusion will
be about the neighbourhood 0 < |z| < 8. Write ¢; = sup,|—s |¢(2)|, and choose any z; with 0 <
|z;| < 8. We are going to apply Lemma 2.2 to carefully chosen w-discs with

2
w=z—0—

|z,

85UB0| 7 SUOWIWIOD aAee.D) |qeal|dde ay) Aq peusenob afe Sao1e YO ‘8sN JO S3|N. 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWB)W0D" AB| 1M AReIq jBU1|UO//:SANY) SUONIPUOD pUe SWie 1 8U1 89S " [Z0zZ/0T/8T] o Akiqiauljuo A|IM ‘891 Aq £Z92T Swid/ZTTT 0T/I0p/W0o" A8 | 1M AleJq 1 BU 1 UO"0SYRWPUO|//:Sdny Wwouy pepeo|umod ‘v ‘20z ‘XiZ09rT
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so that their centre w = 0 lies on |z| = . Accordingly, define

po(w) = ¢(w+5z—1>

|z
and
|z |
r=06—-1z, R=6—-—,
2
so that 0 < r < R. Now |w| £ R implies
2
lz| =|lw+d—|<R+6<26,
|z

and so the larger w-disc |w| < R is contained in the larger z-disc |z| < 26.

Then, for
z
|z, | 1z,
we have
o)
lwi| =1z ||]1 = —| ==z =) =,
|z |

and so w; lies on the smaller w-disc |w| = r. Thus, Lemma 2.2 implies

z
¢<5|z1|>

and the result follows. O

26 2%c 28
lz11/2 |z11%  |z1]/2

20t25c  4dcy
< *4a
|z |1 |z’

[$(z1)] = |¢o(w)| <

Finally, here is the result of Ax that we shall use.

Lemma 2.4. In characteristic zero, let K be a differential field with derivation D and constant field
C.Let&,..,E, beinK andlet &, ..., &, bein K* such that:

() D& =D /& (i=1,..,n);

2) mé&, + - +m,é, isnotinC forany my, ..., m,, in Z not all zero.

Then at least n + 1 among &4, ..., §,,, 51, s é’n are algebraically independent over C.

Proof. This follows at once from Theorem 3 of [1, p. 253] (with a single derivation); note that the
rank there is 1 because, for example, D, = 0 would imply &, in C, contradicting (2). Note also
that (2) implies that &, ..., §,, are all not in C, and, in particular, are all non-zero, which seems to
be an additional assumption of this Theorem 3 (and is superfluous anyway). O

In fact, we will not need the full force of [1], because we apply it with &, ..., &, in the func-
tion field K, of a curve with D = d/dz for some (non-constant) z in K. Then, in fact, §; =
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e, ..., é’n = eén are algebraically independent over K, (so we are rather with what is known in
the trade as ‘Ax-Lindemann-Weierstrass’). This could be seen directly by considering a relation
2%21 Be%m =0for f,,..., By in Ky and ay, ..., @y, in K|, different modulo C, dividing by the last
term, differentiating, using induction on M and finally comparing poles of D, /8, and Da,,.

It is convenient to record the following obvious consequence for n =1 (‘Ax-Hermite-
Lindemann’).

Corollary 2.5. In characteristic zero, let K be a differential field with derivation D and constant field
C.Let& and £ # 0bein K with DE = DE/& and & notin C. Then, £, £ are algebraically independent
over C.

3 | DUALITY AND PERIODS

Here we record a number of results on functions and differentials, first of all rational and then
only meromorphic, on an algebraic curve. Thus, let C be a complete smooth complex algebraic
curve of genus g > 0, and let S be a finite subset of C with cardinality s > 1. Denote by Cg the
(affine) curve C \ S. By (meromorphic) differential on Cy, we mean a differential 1-form, that is,
Yd® for , ¥ meromorphic on Cg; we call such a differential regular on Cg if it has no poles, and
rational if we can take ¥, ® rational.

Let Ag denote the space of all rational differentials that are regular on Cg, modulo the ones of
the form d¢ for ¢ rational and with no poles on Cg (we call those exact). In other words, Ag is the
first cohomology group of the algebraic de Rham complex of Cs.

Lemma 3.1. The linear space Ag has dimension 2g + s — 1. Furthermore, given some fixed P in S,
each element of Ag can be represented by a differential with at most simple polesin S \ {P,}.

Proof. This is fairly well known, but we show how to recover it easily from the Riemann-Roch
Theorem. For a given Z-divisor D, let L(D) be the space of all rational functions on C with divisor
atleast —D, and #(D) be its dimension. Let K, be the divisor of some rational differential form on
C, say dz for some non-constant rational function z. Then, Riemann-Roch states that

¢(D) = £(K, — D) + deg(D) + 1 — g. (3.1)

Furthermore, recall that #(K, — D) is also the dimension of the rational differential forms with
divisor at least D. See, for example, [21, p. 17].

Fix some P, in S. For positive m sufficiently large, consider the space of differentials with pole
at P, of order at most m, and at most simple poles on the rest of S (and no other poles). This has
dimension #(K, — D) for

D=-) P—(m-1)P,
PeS

and since here #(D) = 0, we get dimension m + s + g — 2. And the subspace of the exact ones
(which, of course, have no simple poles) has dimension £((m — 1)P,) — 1 = m — g — 1. Thus, the
quotient, which embeds naturally into Ag, has dimension 2¢g + s — 1.
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‘We now claim that all other differentials are equivalent to the ones above. Let § be a rational
regular differential on Cg. Suppose that § has pole of order k > 1 at some P in S \ {P,}. By (3.1),
for every m large enough, there must be a function s in £((k — 1)P + mP,) which is notin L((k —
2)P + mP,), thus with pole of order exactly k — 1 at P and no other poles except possibly at P,,. It
follows that § + adh, for some « in C, has pole of order < k — 1 at P, and the same poles as § on
the rest of S \ {P,,}. By an easy induction on the orders of the poles of § outside of P,, one finds f
such that § + df has poles of order at most one on S \ {P,}, as required. [l

For C and S as above, it is well known that the homology H,(Cg) of Cg = C \ S is free of rank
2g + s — 1 (see, e.g. [21, p. 101]).

Lemma 3.2. The pairing H,(Cg) X Ag — C induced by integration is non-degenerate.

Proof. Since H,(C) and Ag have both dimension 2¢ + s — 1, it suffices to observe the following: if
a rational regular differential § on Cg is such that .8 = 0 over every closed path I on Cg, then §
is exact, that is, § = d¢ for some rational function ¢.

Let 6§ be one such form. Then, for instance, /QQ d,with Q, in Cy fixed, defines a regular function
¢ on Cg, and we have § = d¢. Write § = fdz, where f, z are rational and z is a local parameter
at some Q in S. Clearly, if f has a pole of order k > 1 at Q, then for any ¥ > k — 1, there is c such
that |¢p(P)| < c|z(P)|7 for all P in a neighbourhood of Q. It follows that ¢ extends to a meromor-
phic function on C = C4 U S; thus, ¢ is rational by the Riemann Existence Theorem or Chow’s
Theorem. O

Lemma 3.3. Let @, ¥ be functions analytic on Cs. Then, there is a rational differential § regular on
Cs and a function ¢ analytic on Cg such that

Ydd = &+ de. (3.2)

Proof. Consider the periods given by the integrals y§r Ydd. By Lemma 3.2, there is a regular differ-
ential 6 on Cg with exactly the same periods. In particular, yfr Ydo = yfr d for every I in H,(Cs).
It follows that

Q
$(Q) = / (wdo — 5)

Qo

for some fixed Q, in Cy defines an analytic function on Cg, hence ¥d® — & = d¢, as desired. []

One can also deduce Lemma 3.3 from Grothendieck’s paper [12] (which is actually an extract
from a letter to Atiyah). It relates the complex cohomology (denoted by H*(X, C) there) to the
de Rham cohomology (denoted by H*(X,Q,) there), even for an algebraic variety & of any
dimension. The proof uses Hironaka’s resolution of singularities, which for curves X’ is classical.

Further, one can describe the pairing in Lemma 3.2 more explicitly by looking at period
matrices. Enumerate S = {P,, Py, ..., P,_;}. We can make a Z-basis

El,...,ﬁzg, Ml""’MS—l (33)

for H,(Cs) out of basis elements L, ..., £,, of H;(C) and small loops M, ..., M,_; around the
points Py, ..., P,_;, respectively, of S \ {P,}.
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By Lemma 3.1 applied to Sy = { Py}, S; = { Py, P1}, ... and linear algebra, we can make a C-basis

P15 sP245 015051 (3.4)

for Ag out of differentials of the second kind py, ..., o, (With pole at most in P, and residue zero)
together with o, ..., 0,_; (with simple poles exactly at P, ..., P_;, respectively, and only other
pole at P;)). Indexing the rows by the differentials and the columns by the loops, we get a period
matrix. The block IT of size 2¢ in the top left corner corresponds to the period matrix for the case
S = {P,}; hence, it is non-singular, and to its right there is a zero block. The block underneath II
we do not know, but to its right we get the diagonal matrix whose diagonal entries are the (non-
zero) residues of 74, ...,0,_; at P;,..., P;_;. We discuss in Section 6 some examples in which such
differentials can be made explicit via well-known special functions.

4 | PROOF OF THEOREM 1.1

It suffices to prove the result when V has dimension n. In fact, the hypotheses imply that the
dimension is n or n + 1, and in the latter case, we can simply adjoin X L, =C.

Let C,, be the Zariski closure of 7(V) in C", and let F, G, be as in Lemma 2.1. Let C be a com-
plete smooth model of C,, so that the coordinate functions x, ..., x,, on C, can be regarded as
rational functions &, ..., &, on C. Choose a non-empty finite subset S of C containing all the poles
of &,..., &, and the zeroes of G,(&,, ..., &,) (which is not identically zero). It will then suffice to
find a point of C¢ = C \ S at which the function

® = F(&), ..., £y, e, ., €5) (4.1)
vanishes.

Note that we can take S arbitrarily large, and this will show that the points (zy, ..., z,,, €71, ..., €%n)
of V project to a set which is Zariski dense in C,, as mentioned in Section 1.

We assume that there are no such points, and we will reach a contradiction. Thus, ® does not
vanish on Cg. By Lemma 3.3 applied to ¥ = 1/®, we have (3.2) for some rational differential § on
C, regular on Cg, and a function ¢, analytic on Cg.

Claim 4.1. Under the above assumptions, ¢ is rational on C.
Proof. We note that all periods of d®/® are in 27iZ, because any integral is the variation of log ®

continuously along the contour (‘Principle of the Argument’). As these are also the periods of
§ = d®/® — d¢, we can define exp(/ §) as a function on Cg, for example, as

Q Q
D,(Q) = exp (/Q 5) = exp </Q <(§' — dqb>> 4.2)

for any fixed Qg in Cg. Thus, d®,/®, = 6. Comparing this with (3.2), we deduce that

D(Q) = c,®(Qe? D, (c; = B(Qy)e * ) £ 0), (4.3)

and from this, we will estimate ¢(Q) as Q approaches some point P of S.

85UB0| 7 SUOWIWIOD aAee.D) |qeal|dde ay) Aq peusenob afe Sao1e YO ‘8sN JO S3|N. 10} ARid1T 8UIUO /8|1 UO (SUONIPUOD-pUR-SWB)W0D" AB| 1M AReIq jBU1|UO//:SANY) SUONIPUOD pUe SWie 1 8U1 89S " [Z0zZ/0T/8T] o Akiqiauljuo A|IM ‘891 Aq £Z92T Swid/ZTTT 0T/I0p/W0o" A8 | 1M AleJq 1 BU 1 UO"0SYRWPUO|//:Sdny Wwouy pepeo|umod ‘v ‘20z ‘XiZ09rT



14 of 26 | MANTOVA and MASSER

Let z be a local parameter at this P, so that we can regard everything in (4.3) as functions of
z. Suppose &1, ..., £, have poles of orders at most k > 0 at P. Then, |®(Q)| < c exp(c|z(Q)|~*) by
(4.1) for some ¢ independent of Q. Next, if we write § = 1dz, then 1 has a pole of order at most
ky > 0at P.In(4.2),itis not difficult to see that we can choose the contour to have length bounded
independently of Q (near P) and with || < c|z| %0, and it follows that | fQQO 8| < c¢|z| %o for some
c independent of Q (where for short z = z(Q)). Thus, |®,(Q)| ™' = exp(—R /Q?) 8) < exp(c|z| ko).
So, we get similar bounds for e = [¢;1®(Q)®,(Q)™], and it follows that

R(Q) = log|e* V| < c|z| ™
for ¥ = max{k, k,} and some ¢ independent of Q. By Lemma 2.3, we deduce
1$(Q)] < cfz| 7

Thus, ¢ is meromorphic at P, and so (as in the proof of Lemma 3.2, say by Riemann Existence) is
rational on C as claimed. O

We can now obtain our contradiction using Ax (Lemma 2.4) on (4.3). We can identify the func-
tion field K, = C(x,, ..., x,,) of the affine part of C with C(&,, ..., £,), and we take K = Ky(£,, ..., &,)
with &, = ef1, ..., €, = efn.

For a non-constant rational function z on C, we have a derivation D = d/dz on K with constant
field C = C, also acting on K|,. Note that (1) of Lemma 2.4 holds. With § = 1dz as above, we have
D®,/®, = 3 from (4.2) and so

D® = y® (4.4)

for y = ¢ + D¢ in K. Writing F = Y, F;M, for i = (iy, ..., i,,), where F; is in R = C[X}, ..., X,,]
and M; = X' - X", we get @ = Y, ;®; for y; in K, and

@ = &g

1 on
Also D®; /®; = &; for
§ =i D& + - +1i,D§,,.

We find from (4.4) the equations ) ; 8;®; = 0 for

Bi = Dy; + &vi — xvi

also in K.
If some f; # 0, this shows that the transcendence degree of K,(¢,, ..., £,) over K, is at most
n —1, so over C at most n, contradicting Lemma 2.4 (note that (2) there holds because we are
assuming that m; X; + --- + m,X,, is not constant on V). Thus, we may assume that all §; = 0.
Next, suppose that there are two different i,i’ with

Y=vi#0#yy =7
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Then,

ﬁ' ﬁ-/ D)/ Dy’
0=_1__1,=___}:+(§i_§i');
vy v 14 14

and it follows that D& = D& /£ for

« y’
§= 7’ §=m1§1+"'+mn§n

with (my, ...,m,) =i—1 # 0. Here, &, f are both in Ky, so algebraically dependent over C. Thus,
by Corollary 2.5, £ lies in C. However, this is also ruled out by our assumption on m;,X; + --- +
m,X,.

Thus there is at most one non-zero y;, and the Fy (i’ # i) are in the prime ideal *B,, of C in R,,.
But then F = F;{M; + Y;/; Fy My would be in M;R,, + ByR, excluded in Lemma 2.1.

This completes the proof of Theorem 1.1.

5 | PROOF OF THEOREM 1.2

We go through it case-by-case-by-subcase-by-subsubcase.

Case (a)

Here dim 7z(S) = 0, and the conclusion is clear. An example is X; = 0, X, = 0with Z as the single
point (0,0,1,1).

Case (b)

Here dim 77(S) = 2, and this follows from [5], even with Z dense in S. An elementary example is
X, =1,X, = 1with Z = 2riZ)?> x {1}°.

Case (c)

For dim 7z(S) = 1 and 7(S) not contained in a line of rational slope, the conclusion is essentially
our Theorem 1.1 for n = 2; we just have to recall the remark at the beginning of Section 4 that the
finite set S can be taken arbitrarily large. We have already given some examples but an elementary
oneis X, X, = 1, X;X, = 1 with Z as the set of all (z,1/z, €%, e!/?) with z + 1/z in 27iZ.

We now consider 7z(S) of dimension 1 and contained in a line of rational slope L. Say that L is
defined by m; X, + m,X, = c with m;, m, integers not both zero and c complex, as in (1.3). Then,
K is given by

XMmxMm=e¢ (5.1)

with é = e€. Recall that 7 from (1.7)is T =SNC =S N (L XK).
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Subcase (d,) of case (d)

Here, the set 7 is empty, and the set Z of (z;, z,,e%1,e%2) in S lies in G and so in 7, hence Z is
empty. We already gave the example (1.2).

Subcase (d,)

Here dim 7 = 2, and we can even show that Z is dense in S. Note that in this case, S =G =T
(because S and @ are irreducible surfaces), and thus, Z coincides with the set of (z;, z,, €1, %2)
with (zy,z,) in L. It is now not difficult to see, using the algebraic independence of z and e?,
that Z is Zariski dense in S; for example, if m, # 0, it contains the set of (z, z’, 7, ez/) as z varies
in C, where z’ = (c — myz)/m, (see also the parametrisations (5.2), (5.3) below). An example is
X, +X, =1, X, X, = ewith Z as the set of (z,1 — z,e?,e!7?) for z in C.

Finally, we settle the remaining cases with dim 77 = 1.

Subsubcase (d;,) of subcase (d;)

Here dim 7z(7") = 0. Since the set 7(Z) is contained in 7(7), it must be finite or empty. Thus, Z is
finite or empty as well.

In fact, Z cannot be empty. Namely, for each Q in 7r(7"), the fibre 771(Q) in 7 has dim 7~1(Q) <
1, and there must be Q with equality. As 7 isin G = £ X K, the fibre must be the whole of Q X K.
Writing Q = (z;, z,), we see that in particular (z;, z,, €“1, €%2) is in the fibre, so in 7 and therefore
S.

An example is X; + X, =1, X; + X, X, = e with Z as the single point (0,1, 1, ¢). However,
changing the second equation here to X, —Xf + X, X, = e gives an extra point (1,0,e,1), and
so, Z need not be a single point as in case (a).

Subsubcase (d;,)

This final possibility, dim 7z(7") = 1, involves the operation of ‘back-substitution’ toland in C X C*,
so we give the full details. For the moment, we assume only the hypotheses in (d), that is, 77(S)
has dimension 1 and is contained in a line £ of rational slope.

We can suppose that m;, m, are coprime. Fix integers a,, a, with a;m; + a,m, = 1. We can
parametrise £ by

X, =aqc+m)Y, X,=a,c—mY, (5.2)

and correspondingly K by
X, = cuym, X, = elym, (5.3)
By Lemma 2.1, our S is defined by m; X, + m,X, = c and F = 0. Thus, 7 is defined by m; X; +

m,X, =c¢, (5.1) and F = 0. We now check, as mentioned in the introduction, that if 7 is non-
empty, then it is infinite.
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For this, we define a morphism f from S to G, by f(X,X,,X,,X,) = X" X)?.If f were not
dominant, then X I" 1)?;" 2 would be a constant ¢’ on S. Then S would be contained in £ x K’ for
some translate K’ of K. As m,, m, are coprime, K’ is irreducible; so S = £ x K’. Now, in fact,
K' = K, else S and ¢ = £ x K would not intersect and 7 would be empty. Thus, S = LXK =G
and 7 = S is certainly infinite (and we end up in subcase (d,)).

Thus, we can suppose that f is dominant. Now the Fibre Dimension Theorem [6, p. 228] says
that f~1(¢) = 7 has dimension at least 1; and this finishes the checking.

Define D in C x C* as the set of (Y, Y) with G = 0, where

G =G(Y,Y) = F(a,c + m,Y,a,c — m Y, em Y™, ¢%2Y ™),

Then, (5.2), (5.3) define a map ¢ from D to 7. Its inverse is given by, for example,

Y =aX, —a)X,, Y=XX",
and so, we have isomorphisms.

Therefore, returning to our subsubcase (d;,), we must have dim D=1.1In particular, G is not
identically constant.

However, it may not be irreducible; but any irreducible factor gives an irreducible curve. There
is at least one of these curves, say D, on which Y is not constant, else Y would take at most finitely
many values on D and then (X;, X,) would take at most finitely many values in ¢(D) = 7 by (5.1),
contrary to our assumption dim 7z(7) = 1. Therefore, by Theorem 1.1, the set W of points (w, e*)
on D project to a Zariski dense subset of C. It follows that 7(p(W)) is Zariski dense in 7(S).
Finally, ¢(W) is contained in Z by (5.2) and (5.3).

An example is (1.5); the choice a; = 0,a, = 1leadsto Y = X;, Y = X, and so (1.6).

6 | EXAMPLES

We can actually go further with (4.3) in the style e + e!/? — 1 = ze#(@ of (1.11). Namely, the
period matrix just after (3.4) is some invertible M. Thus, we can act on (3.4) by 27xiM ! to get 27il),
for the identity matrix of order h = 2¢g + s — 1, and then integrating these and exponentiating as
in (4.2) gives @, ..., @, analytic on Cg and never vanishing there. Now the period (row) vector of
d®/® is 27rim for some m = (my, ..., my,) in Z". and so, we find
=" - @ e (6.1)

in (4.3).

Originally, we proved (6.1) for small genus actually by constructing @, ..., ®;, directly in an
ad hoc fashion. As some amusing formulae turned up, we feel that it may be of some interest to
present our constructions here.

Caseg =0

Now C may be taken as P;, which we identify with C U {co}.
If s = 1, then h = 0 and there is nothing to do. So, we assume s > 2.
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If S contains oo, then S = {o0, py, ..., ps_1}, and clearly z — p,, ...,z — p,_; are the desired ®;’s.
And indeed, we find d(z — p;)/(z — p;) = dz/(z — p;) = o; satisfying exactly the same conditions
as in the original (3.4). The period matrix in Lemma 3.2, with the homology basis (3.3), is 27il_,;
(provided that we choose the appropriate orientations). Thus,  in Lemma 3.3 for general ® must
have a decomposition

5 = m10'1 + -+ ms_las_l

now with integer coefficients. And so, ®,(z) = (z — p;)™ ---(z — p;_;)™-1 in the proof of
Claim 4.1. Thus, if ® is any function analytic on Cg and not vanishing there, it has the form

q)(z) = (Z — pl)ml vee (Z — ps_l)ms—le‘;b(z)

for some ¢ also analytic on Cyg, exactly as in Example 1.3. The special case s = 2 and p; =0 is
(L.11).
If S = {py, p1,---» Ps_1} does not contain oo, then we can use in a similar way, for example,

Z— D Z— Ps—1
z—p, " z=Dpo

Caseg =1
Now C can be taken as an elliptic curve &, with origin O, whose affine part is
¥ =4x* — g,x — gs.

It is parametrised by the Weierstrass functions x = ¢(z),y = ¢'(z) with corresponding period
lattice Q.

Now examples of ® are not so easy to write analytically as z — p; but we found the following,
at first for S = {O}. Take any period w in Q. It has a corresponding quasi-period 7 defined by
¢(z + w) = {(z) + n for the associated Weierstrass zeta function. Then,

(I)(w)(z) = o®S(@)-nz (6.2)
is doubly periodic. This is because
wl(z+ @) —n(z+d) =w(z) —nz + wj —nd

for any other period & with quasi-period #; and the Legendre relations show that w7 — n@ is in
27iZ. In fact, we have here the very simplest form of a Baker—Akhiezer function, with an essential
singularity at z = 0; see [3] Chapter XIV and in particular page xxviii of Krichever’s foreword for
more general versions, although this particular example does occur, even for arbitrary genus, in
Weierstrass [23, p. 312]. It clearly does not vanish on & for S = {O}.

See also Pellarin [20] for analogues of Baker—-Akhiezer in positive characteristic.

In fact, we get two for the price of one by taking basis elements of Q = Zw; + Zw, and corre-
sponding 7, 1, so ®;, ®, (note that these depend on the choice of basis, but the multiplicative
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group they generate does not). As ¢’ = —g, we find

do;
= @@tz = xS (=12,

1

There are loops L, £, with

d_'x:a)l., &z—}?l (121,2)

c, Y c, Y

i i

(of course, the differentials here are possible p;, p, in the modified (3.4) above), and so, the periods
we want are

— =0, — = +27i
c, P c, 1

do do

—2 = 427, —2=0
c, © c,

by the more precise form of Legendre (depending on orientation). This does not quite give 27il,, =
2mil, for the case S = {O}; but at least we get 27iU for unimodular U with det U = +1. This is
already enough to imply that any function @, analytic on £ and never vanishing there, has the
form & = fD;nl d:';nze"5 for ¢ also analytic on &g; which is equivalent to Example 1.4.

For more general S ={O,P,,...,P,_;} containing O, we found other examples as follows.
Suppose P # O; then we can write P = (g(u), ' (1)) and define

P(z) = —G(j(;)u)eug(z) (63)

for the Weierstrass sigma function (note that this depends on the choice of u but if we change u
by a period w, then ¥® changes by ®® up to constants). It is analytic on £ with O, P removed
and never vanishes there. It too is a Baker-Akhiezer function (and almost certainly known to
Weierstrass) with its essential singularity at z = 0. That distinguishes it from a similar expression
occurring in the exponential map for a multiplicative extension of £, which has e¢®? in place of
(@),

As o’ /o = ¢, we obtain

dy®
pu)

= ({(z —u) = {(2) — ugp(2))dz, (6.4)

which by the addition theorem for ¢ is

14/ (2) + @' (w) > dx xdx
S+ z—— = —ug(z) |dz=-{(u)— —u——+6
<§(> D g~ 4P (S —uTE 46
for the perhaps more classically familiar
_1y+p'Wdx
P 2x—pw v

Both have residue divisor P — O.
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Thus,with P = P, ..., P,_; (of course, givingriseto o, ..., 0,_; in(3.4) above) and M, ..., M_;
as in the proof of Lemma 3.2, we obtain in the bottom right block of the period matrix a diagonal
matrix with entries +27i. So, again something unimodular and corresponding ¥, ..., ¥,_;.

Therefore, any function ®, analytic on £ and never vanishing there, has the form

@ = Q@Y . Pl 1ef (6.5)

s—1

for ¢ also analytic on &s.

Occasionally, we can find simpler W. For example, if P = (e, 0) is a point of order 2, then ¥ =
X — e = g(z) — eis analytic on &g for S = {O, P} and never vanishes there (even without essential
singularity). And if say e = go(w/2), then indeed

@)y
P2 == o/ Dre@ ()

And if our S = {P,, Py, ..., P,_,} does not contain O, then we can simply use the group law to
reduce to {0, P; — Py, ..., P,_; — P} thus obtaining for example ®“)(z — u,) in place of (6.2).

Case g =2
Here it will suffice to deal with a complex hyperelliptic curve H whose affine part is defined by
y? = x> + byx* + b,x* + b3x? + byx + bs (6.6)

with the discriminant of the right-hand side non-zero. We are therefore using the notation of
Grant [11]. Of course, there is no longer a parametrisation by C. To obtain the analogue of g and
so on, we must embed H into its Jacobian, which is parametrised by 2,

. . . . . T, T
We originally constructed examples of ® using theta functions. We fix a matrix T = < 1'1 . >
2

in the Siegel upper half space. We have a standard theta function 6(z) defined for z = (?) by
2

6(z) = ) exp(mi(p'Tp + 2p'z))
pEZ?

with column vectors p. It satisfies

0(z+e)=06(z), 6(z+e,)=06(z)

fore, = <(1)> , € = <(1)), as well as

O8(z + t;) = c; exp(—27iz;)0(z), 6(z+t,) = c,exp(—27iz,)0(z)

fort, = <I_.[1> , = <:> and constants c;, ¢, (see, e.g. [18, pp. 118-120]).
2

So, the ‘Baker zeta functions’

1 06
¢ = 56_21’ =

158
00z,
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satisfy

$1(z+e) =81(2), {1(z+e,) =¢(2), {1(z+ty) = 2mi+{(2), §1(z+t,) =((2), (6.7)

gz(z +e)= fz(z)a gz(z +e,)= fz(Z), fz(Z +t)= §2(Z), gz(z +t,) =27+ gz(z)- (6.8)
So, miraculously
D, =ef1, D, =eb2 (6.9)

are ‘quadruply periodic’ (also known to Weierstrass). Suitably translated, these generalise one of
the ®@ = ¢®$(2)=72; in fact, here w = 1 and 7 = 0 in the new normalisation.
‘We need another pair corresponding to w = 7. A short calculation shows that

$G3=181+ 18+ 2wz, =718 + 1,8, + 27iz,
satisfy

$3(z+e) ={5(2) + 27, $3(z+ey) = {5(2), $3(z+1t)) =5(2), {5(z+ty) =(3(2),  (6.10)

$a(z +e)) = {4(2), 4(z+€y) = (y(2) +27i, {4(z +t)) = (4(2), $4(z+ty) =4(2).  (6.11)
Thus,

@, = e‘r]§]+f§2+27rizl’ P, = eS1+ 0 +2miz, (6.12)

will do (known, of course, to Weierstrass).

These are functions on open subsets of C?, and we get functions on # by taking restrictions to
a one-dimensional analytic set. So, we have to understand their poles, which just come from the
zeroes of 6. In the usual notation, we choose basis elements A, A,, B;, B, (aka L, L,, L5, L, in
(3.3) above) for the homology of H in the standard way and then differentials p,, p, of the first

kind on H normalised such that the respective integrals of <5 1> are the columns e, e,, t;, t,.
2
Then,
Q
/oo P1
Q=

/oo P2

embeds H into C?/A for the lattice generated by these columns.

The Riemann Vanishing Theorem implies that there is some u, such that 8(z) = 0 if and only
if there is Q in H with z = u, — ¢(Q) modulo A (see, e.g. Corollary 3.6 of [18, p. 160]). In particular,
O(u,) = 0 (in fact, because our H is hyperelliptic, we have u, = e; + %ez + %tl + %tz, in %A but
not A — see, e.g. [19, 3.80, 3.82] — however, if we wanted to progress to curves of genus g > 3
which are not hyperelliptic, then we should forget this explicit value).

Now the trouble with (6.9) and (6.12) is that theta functions tend to have two zeroes when
restricted to e(H) (or even infinitely many, such as 8(u, — €(Q)) for example). We can overcome
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this problem for S = {P,} provided that P, is not one of the six Weierstrass points, which are oo
and the five points with y = 0 on (6.6). Namely, consider

A(Po)(Q) = Q(uo - 2E(PO) + £(Q)).

This vanishes if and only if there is Q" in H with u, — 2e(P,) + €(Q) = u, — &(Q") modulo A; that
is,

£(Q) +&(Q") = &(Py) + &(Py) mod A.

If at least one of Q,Q’ is not P,, then by Abel-Jacobi, there is a rational function on H with a
double or single pole at P, and no other poles. However, by the definition of Weierstrass point,
that is impossible. Thus, Q = P, (= Q') and in particular A®0) is not identically zero on H.

Thus, (6.9) and (6.12) restricted to z = u, — 2e(P,) + £(Q) provide functions

(Po)  gPo)  5Po)  &(Po)
(DIO’(DZO’(I)3O,(I)4O

analytic on H; (for this singleton S) never vanishing there (also Weierstrass-Baker-Akhiezer).

As for the periods, we have, for example, d®, /®, = d{;, and so, the integral of CI>§P°) around
say A, corresponds to the change in ¢, (u, — 2¢(P,) + £(Q)), which is zero by the first of (6.7). So,
we see that the periods of dfbgp‘)) / CDEPO) are

0, 0, +27i, 0

(depending on orientation) and likewise from (6.8), the periods of dCD;PO) / dJEP") are
0, 0, 0, +27i.

And from (6.10) and (6.11), we find that the periods of dtbgp‘)) / ngPO), d(DiP") / CI)iPO) are

+27i, 0, 0, 0

0, +2xi, 0, 0,

respectively. So, once again, we get a matrix M, = 2ziU for unimodular U. Thus, any function @,
analytic on Hj for this S = {P,} and never vanishing there, has the form

m m m m
@ = (o) (@57) 7 (@) (o) e (6.13)

for ¢ also analytic on Hj.

But what about S = {P,} for a Weierstrass point P,? The above fails because 170 is then iden-
tically zero on H thanks to the function x or 1/(x — e) for the zeroes e of the right-hand side of
(6.6).

If Py = oo, for example, then we could try to flip back into the construction in Section 3, because
P1, P2, P3, P4 can be taken as the well known

dx xdx x*dx x3dx

y oy’ oy oy

(6.14)
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The right linear combinations appear to be connected to the ‘Legendre relations’ of [2, p. 14],
and then, one would have to integrate and exponentiate. However, the analogue of (6.14) for a
Weierstrass point P, # oo seems messy.

Alternatively here is a dirty trick that works for any Weierstrass point P,. We choose any Q, not
a Weierstrass point and as above

A Q)(Q) = 8(u, — 2¢(Q,) + £(Q))

has a double zero at Q = Q, and no other zero. Similar arguments show that
HQAQ) = 6(uy — £(Qp) — (Py) +£(Q))

has simple zeroes at Q = Q,, P, and no other zero. Thus, (u(@)* /A(Q0) has a double zero at Q =
P, and no other zeroes or poles. And so,

exp(2¢;(uy — £(Qy) — e(Py) + z) — ¢;(uy — 26(Qy) + 2)) (i=1,2)

are the analogues of (6.9) for example.

And the new period matrix is just 2M, — M, = M,, the old period matrix.

This settles (6.13) for singletons S = {P,}. For general S = {P,, P;,...,P,_;} (s > 2), we write
down the analogue of (6.3) as

P (z) = e(;(;)u)eu1§1(z)+“2§2(z), u= (Zl) (6.15)
2

also quadruply periodic. If P # oo, then

6(u, —(P) +£(Q))

vanishes at Q = P, co and nowhere else. So, if also P, # oo, then taking z = u, — ¢(P,) + £(Q) and
u = ¢(P) — (Py) in (6.15), we get a function WPo.P) analytic on H with P,, P removed and never
vanishing there (also Baker-Akhiezer).

Then, d¥%o-P) /w(PoP) i a rational differential on H whose residue divisor is the divisor P — P,,
of ¥(Po-P) jtself, and so integrating over a small loop around P gives +27i. In fact, it is only 6(z — u)
in (6.15) that causes the pole of the differential at P.

One could go further as in (6.4) by using the ‘Baker g functions’

@ij=—2_§; (i,j=1,2)
and even g, ;. (not quite as in [2, p. 38] or [11, p. 99]), and this would lead to the corresponding
differentials (3.4) on H.

Anyway, doing the above for P = P, ..., P,_; leads to the usual unimodular matrix, so we con-
clude that if S = {P,, Py, ..., P,_;} does not contain oo, then any function @, analytic on Hg and
never vanishing there, has the form

P = <¢§Po)>m‘ ((DgPo))mz<¢(3Po>)m3<¢iPo)>m4 (q;(Po,Pl))”l (IP(PO’Ps—l))ns_l o? (6.16)

for ¢ also analytic on Hy.
Presumably, co can be handled with more dirty tricks.
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Probably, these constructions extend to any genus g > 3, at least if Py, P,,...,P,_; are in
‘general position’.

7 | EFFECTIVITY

Here, we sketch some possibilities for effective versons of Theorem 1.1. For simplicity, we restrict
ourselves to genus g = 0.

The basic idea can be illustrated with n = 1 and V in C x C* defined by X; = X ; so, we want a
zero of ®(z) = e? — z. We will localise in the sense of finding some explicit R such that there is a
zero z, with |z,| < R. Of course, there are many direct ways of doing this, but they do not extend
to general n.

So, let us suppose to the contrary that for some R > 0, there is no z, with ®(z;,) = 0and |z,| < R.
Now the (classical) argument shows that ® = e? for some ¢ analytic on the disc |z| < R. So,

Rp(z) = log |e? — z| < log(eR® + R)

on this disc.
As e#©) = ®(0) = 1, we can assume ¢(0) = 0. Then, Lemma 2.2 with r = R/2 gives

sup |p(2)] < 210g(eR +R).
|z|<R/2

This says that [¢| = O(R) on ‘large’ discs; thus, ¢ ought to be ‘almost’ a linear polynomial az + b.
More precisely, if ¢(z) = 2120:0 akzk, then we could show that the a; (k = 2,3,...) are ‘small’, so
that ®(z) is ‘near’ e®**?, As one might guess from (1.8) in the discussion of Section 1, this could
be disproved with an appropriate ‘effective’ extension of Ax’s Theorem. In fact, such an extension
can be supplied; however, here we can take a short cut as follows.

We look at just
log(e® + R
la,| = L/ <¢>(?dz <8 og(e > ). (7.1
27i |z|=R/2 Z R
On the other hand (recall a, = 0),
14324 = fmz = 9@ = 14 a,z + <a2 + la%)z2 + (7.2)
2 2

and we deduce a; = 0 and a, = 1/2. This contradicts (7.1) for R = 17.

For n = 2 and say X, X, = 1, X; + X, = 1, we propose to find R such that there is a zero z, of
d(z) =e* + el/zZ — 1 with 1 /R < |z5| < R. Now we have to use Laurent series, and we can show
that ®(z) = z"e#® holds as in (1.11) with ¢(z) = 3}° _ a,z*, and that g; fork > 3and k < -3
are ‘small’. Thus, ¢ is near az? + bz + ¢ + d/z + e/z? as in (1.12). This time a short cut by equat-
ing coefficients does not seem so easy as in (7.2), but ‘effective Ax’ can be used, or also repeated
differentiation (here five times suffice) to deduce a contradiction for large R; provided that we can
also estimate the exponent m.

This latter problem seems not entirely trivial. If we take R > 1, then the method shows that

1 do

m=+—

+— —. (7.3)
27 |z|=1 0]
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We politely asked Maple to compute this but it refused to answer. Finally, we realised that this
was due to zeroes z, with |z,| = 1. Writing z = ¢/, drawing a graph to guess a rough solution and
then refining with Newton gives indeed the pair

—0.08285557733006468223 ... +.9965615652358371338 ... 1.

So, we did actually stumble on zeroes!

Incidentally, this leads to a one-sentence proof that there is a zero, because ®(e'!) is continuous
from R to R with value 2¢e — 1 > 0 att = 0 and value 2¢~! —1 < O att = 7.

If R > 2 and for some reason we had taken say |z| = 2 in (7.3), then Maple would have obliged
with something looking suspiciously like m = 1 (and other more theoretical considerations lead
to arigorous bound — we found |m| < 62 for example). Such shady calculations suggest that there
is a pair of zeroes with 7 < |z,| < 8 (our own value for R was about 10%).
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