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Non-homogeneous Rapid Distortion Theory on transversely
sheared mean flows

M. E. Goldstein®, M. Z. Afsar' & S. J. Leib?

'National Aeronautics and Space Administration, Glenn Research Centre, Cleveland OH 44135, USA

’Ohio Aerospace Institute, Cleveland, OH 44142 USA

This paper is concerned with the small amplitude unsteady motion of an inviscid non-heat conducting
compressible fluid on a transversely sheared mean flow. It extends previous analyses (Goldstein, 1978b
& 1979a) which show that the hydrodynamic component of the motion is determined by two arbitrary
convected quantities in the absence of solid surfaces and hydrodynamic instabilities. These results can
be used to specify appropriate upstream boundary conditions for unsteady surface interaction problems
on transversely sheared mean flows in the same way that the vortical component of the Kovasznay
(1953) decomposition is used to specify these conditions for surface interaction problems on uniform
mean flows. But unlike Kovasznay’s (1953) result the arbitrary convected quantities no longer bear a
simple relation to the physical variables. A major purpose of this paper is to complete the formalism
developed in Goldstein (1978b & 1979a) by obtaining the necessary relations between these quantities
and the measurable flow variables. The results are important because they enable the complete
extension of Non-homogeneous Rapid Distortion Theory to transversely sheared mean flows.

Another purpose of the paper is to derive a generalization of the famous Ffowcs Williams and Hall
(1970) formula for the sound produced by the interaction of turbulence with an edge that is frequently
used as a starting point for predicting sound generation by turbulence/solid surface interactions. We
illustrate the utility of this result by using it to calculate the sound radiation produced by the
interaction of a two-dimensional jet with the downstream edge of a flat plate.

1. Introduction

The small amplitude motion of an inviscid non-heat conducting compressible fluid is governed by the
Linearized Euler Equations, i.e., the Euler equations linearized about an arbitrary, usually steady,
solution to those equations— customarily referred to as the base flow. The simplest case occurs when
the base flow is completely uniform. In a now classical paper, Kovasznay (1953) showed that the
unsteady isentropic motion on this flow can be decomposed into the sum of a purely vortical
disturbance that has no pressure fluctuations and an irrotational disturbance that carries the pressure
fluctuations. The latter satisfies a second-order wave equation when the flow is compressible and
should, as argued by Mohring (1976), either decay or propagate relative to the base flow. It can,
therefore be associated with the acoustic component of the motion on these flows. The former, which
moves downstream with the mean flow, i.e. it is a purely convected quantity, can be associated with the
remaining, hydrodynamic, component of the motion. Any convected velocity field will satisfy the
linearized momentum equation for this flow, but continuity only allows two of its components to be
arbitrary. These two quantities can then be independently specified as steady state boundary conditions
for unsteady surface interaction problems. This makes the Kovasznay decomposition particularly useful
for analyzing the interaction of turbulence (which corresponds to the hydrodynamic component of the
motion) with surfaces embedded in uniform mean flows (Sears, 1941), or in flows that become uniform
in the upstream region (Hunt, 1973; Goldstein, 1978a, 1979b). It is worth noting, however, that the
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Kovasznay decomposition is not unique because there are irrotational (homogeneous) solutions that
carry no pressure fluctuations. There have been many attempts to extend these ideas to non-uniform
base flows, but the situation is considerably more complicated when the entire base flow is non-
uniform.

The simplest case occurs when the base flowU is incompressible and the mean shear is uniform i.e.,
U =yy,where y isaconstantand y,,y,, y, are Cartesian coordinates, with y, being in the mean flow
direction. Then the two-dimensional small amplitude motion is determined by the linearized
incompressible vorticity equation (8/87+U8/8y1 )a)3 =0, where 7 denotes the time and ®, denotes

the two-dimensional vorticity perturbation. Orr (1907, see also Drazin & Reid, 1981, pp. 147-151)
pointed out that this equation, or equivalently the two-dimensional Rayleigh equation

2 2
i(i+Uija)3:£Q+Ui](a—2+a—2]v;:0, (1.1)
oy, \ 0t oy, or oy, )\ 0y; 2
which determine and the unsteady transverse velocity perturbation v;(yz,r) can be integrated to
obtain
0 0 0
[—2+—2va =—wc[r—i,y2], (L.2)
dy; Oy, , Yy,

where the imposed transverse vorticity perturbation @, can be an arbitrary function of its arguments.

Orr (1907) obtained an analytic solution to an initial value problem associated with this equation and
used it to study the development of the velocity and pressure fluctuations starting from some initial
state. But (1.2) can also be formulated as a steady-state (i.e. time-stationary) boundary value problem
whose formal solution is given by

T
0
v;(x’t):aj‘ Igo(x,t| y,r)a)c(r—%,szdydT, (1.3)
(e 2

wherex:{xl,xz}, y:{yl,yz} denote the two-dimensional Cartesian coordinates, the inner

integration is over the entire y, —y, plane, T denotes a large time interval and g,denotes a two
dimensional Poisson’s equation Green’s function that satisfies appropriate outgoing wave boundary
conditions (Morse & Feshbach,1953, p. 798).

Equation(1.2), which bears some relation to the so-called continuous spectrum, was extended to three-
dimensional compressible motions on general planar compressible shear flows by Goldstein (1978 b,
1979 a: hereafter referred to as G78 & G79, respectively)--who showed how their more general results
can be used to formulate surface interaction problems that are relevant to aircraft noise prediction. The
G78 & G79 results are a natural generalization of the vortical solution in the Kovasznay (1953)
decomposition in that they involve two arbitrary convected quantities, but neither of them can be
associated with a single component of the vorticity.

Rapid Distortion Theory (RDT) uses linear analysis to study the interaction of turbulence with solid
surfaces. It applies whenever the turbulence intensity is small and the time scale for the interaction is
short compared to the decay time of the turbulent eddies (Hunt, 1973; Goldstein, 1984). Most of the
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modern (i.e., non-homogeneous) RDT is concerned with small-amplitude vortical motion on potential
flows that originate from a completely uniform upstream flow (Sagaut & Cambon, 2008; Hunt, 1973,
1977; Goldstein, 1978a, 1979 b; An excellent review of the status of non-homogeneous RDT as of 1990
can be found in Hunt & Carruthers, 1990). However, very little has been done on non-homogeneous RDT
on transversely sheared mean flows or, more generally, sheared mean flows that originate from
transversely sheared mean flows in the upstream region --presumably because of the difficulty in
specifying upstream boundary conditions that can be controlled by the experimentalist .

In this paper, we consider the small-amplitude motion of an inviscid non-heat-conducting compressible
fluid on a general transversely sheared mean flow with the aim of providing upstream boundary
conditions that can be used to extend non-homogeneous RDT to flows of this type. The general
formulas derived in section 2 of this paper show that the bounded solutions to the linearized Euler
equations that govern the small amplitude motion on a transversely sheared mean flow involve two
purely convected quantities that can be arbitrarily specified as input conditions. In the absence of
scattering surfaces and other external sources the resulting flow consists entirely of subsonically
propagating disturbances, which cannot radiate to the far field when the base flow is subsonic and
unbounded (Goldstein, 2005 & 2009). This can easily be verified in any particular case by working out
the relevant far field expansion. It is therefore appropriate to identify the unsteady flow produced by
these convected quantities with the hydrodynamic component of the motion and use them to represent
the upstream turbulence in the RDT formulation of surface interaction problems on this type of flow.
But these quantities are not related to the physically measurable variables in any simple fashion. The
required relations are obtained by considering the doubly infinite flow that would exist in the absence of
any scattering inhomogeneities. This flow can be bounded or unbounded in the transverse direction, but
must be completely homogeneous in the streamwise direction, which means that it cannot produce any
significant change in the turbulence in that direction. It can be interpreted as the undisturbed flow that
would exist upstream of any sudden surface interactions that occur in the flow. The two arbitrary
convected quantities that appear in the general linearized Euler equation solutions derived in section 2
are then fixed by relating them to the physical variables on a flow of this type. This means that the input
disturbances for the RDT problem are taken to be the bounded hydrodynamic disturbances (also
referred to as “gust solutions”) on this streamwise homogeneous flow.

The paper begins by using a newly discovered relation between the G78 & G79 analysis and the
Rayleigh equation Green’s function to extend that analysis in a number of important ways. The results
allow us to use the Rayleigh operator Green’s function to write down a formal solution to the complete
inhomogeneous RDT problem including a very simple formula for the unsteady pressure (equation
(2.18) below) which generalizes the famous Ffowcs Williams and Hall (1970) equation (equation 6 in
their paper) for the scattering of sound by a half plane. The latter has frequently been used as the
starting point for analyses of solid surface interactions (most recently by Cavalieri, Jordan and Gervais,
2012), which are now of considerable interest because of their relevance to understanding and
predicting the noise produced by the complex installations effects in current and future aircraft
configurations. A major difference between the RDT approach and the Ffowcs Williams and Hall (1970)
approach is that the former explicitly accounts for the mean flow interaction effects—which can become
quite significant at the high Mach numbers of interest in aeronautical applications. Other important
differences are that the Ffowcs Williams and Hall (1970) result cannot be used to predict the source
convection velocity and does not account for trailing-edge vortex shedding-- both of which can
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significantly affect trailing-edge noise directivity. The generalized formulas can (as described in Hunt &
Curruthers, 1990) also be used to write down formal solutions to the complete RDT problems, which can
potentially be used to develop or calibrate algebraic turbulence models.

As in G78 & G79 the unsteady motion is determined by two convected quantities that can be arbitrarily
specified as boundary (or initial) conditions. But, as noted above, it is necessary to link these quantities
to physical (preferably measurable) flow variables in order to relate the solution to conditions that can
be controlled by an experimentalist. The necessary (explicit) relations for one of these quantities (which
is usually of lesser importance because it does not appear in most applications of the theory) has
already been given in Goldstein, Afsar and Leib (2013), while the relations for the other more important

quantity, say@_, are given in section 4 for an extensively studied class of transversely sheared mean

flows. As noted above, the result is obtained by assuming that the relation between @, and the physical

variables in the actual flow is the same as it would be for an idealized transversely sheared mean flow in
which any bounding surfaces that may be present in the flow are doubly infinite in the streamwise
direction (i.e., where the transverse boundary conditions are completely uniform in that direction). The
solution relating the Fourier transform of the relevant physical variable to the Fourier transform of
@, can then be inverted to obtain an explicit expression for the latter Fourier transform in terms of the

former for an important class of mean flows.

Section 5 shows how this result can be used to calculate the cZ)C spectrum, which turns out to be

independent of the streamwise coordinate, and can consequently be related to streamwise-
independent statistical quantities, even though the “gust solution” itself evolves in the streamwise
direction. We are, therefore, able to use these results in sections 5, 6.4 and 6.5 to relate the statistical
guantities, which are the main output of RDT to physically measurable statistical quantities that are
independent of their streamwise location and , therefore, provide appropriate input boundary
conditions for the streamwise inhomogeneous RDT problems. This is another important reason for
using the convected quantities that appear in the RDT solutions to formulate surface interaction
problems.

Section 6 illustrates the application of the generalized RDT formulation derived in this paper to
surface interaction problems (i.e., problems involving the interaction of turbulence with solid surfaces
and other non-uniformities) by using them to calculate the sound radiation produced by the interaction
of a two-dimensional jet with the trailing edge of a flat plate—a problem which is currently of
considerable interest because of its relevance to understanding noise production in future aircraft
configurations. Comparisons with recent experiments conducted at the NASA Glenn Research Centre
(Bridges & Brown 2013; Brown, 2012: Zaman, Brown & Bridges, 2013) are also presented in that section.

2. The basic formalism and comparison with the Ffowcs Williams and Hall and Orr
results

We suppose that the flow is inviscid and non-heat conducting and assume an ideal gas so that the
entropy is proportional to ln(p/py)and the squared sound speed isyp/ p, where p denotes the

pressure, p the density and ythe specific heat ratio. Then the inviscid pressure p’'= p— p,and
momentum flux

u, = pv, (2.1)

(4]
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perturbations (where vi’ denotes the velocity perturbation)on a transversely sheared mean flow with

pressure p,=constant, velocity U(yT) and mean sound speed squared c’ (yT) are governed by the

linearized momentum and energy equations

D.u.
Dr oy, ;
and
Dp' 0 2y, (2.3)
Dt /

j
where y, = {yz,y3} , y= {yl,yz, y3} = {yl,yT} and D, /Dt=0/ot+U0d/ oy, denotes the convective
derivative.

G79 points out that the momentum equation (2.2) will be identically satisfied for any function ¢ and

any purely convected function 8(1—()}1 /U), yT)when p'and u, are determined by
,__Dyg

Dt
D, 1
Dr 0y, ¢ Oy, Oy u
where 81-]. denotes the Kronecker delta, €k denotes the alternating tensor and
D,
l,:i_0¢+2a_U% (2.6)

' oy, Dr oy, oy
denotes a kind of generalized particle displacement.

The arbitrary function ¢ can then be adjusted to ensure that the energy equation (2.3) is also satisfied
by substituting (2.4)-- (2.6) into (2.3) to obtain

3
Di| 0 o[ O Db ;0000 Didl_ (2.7)
Dr| oy, \oy, Dr "oy, 0y) Dr
which can then be integrated to obtain
La¢=—a3c[f—h,yTj, (2.8)
U

where
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D; & (6D+8U8J 09)

‘Do 5‘y,« dy; Dr 0y, oy,

It is well known that the momentum flux perturbation, u, can be eliminated between (2.2) and (2.3) to
show that the pressure fluctuation p'also satisfies Rayleigh’s equation

Lp' =0, (2.10)

where

2 A 9 (2.11)
Dt\dy, oy, Dv") dy; 0y, 9y,

denotes the usual Rayleigh operator. It is easy to show that L is adjoint to the operator L, since, as can

D[@ , 0 DzjzaUé , 0

be readily verified,

VLM_MLHV:icz[ a DV+2M aU av au DOVJ
ay DT ayi ayl 8yi DT

i

D) 6 zﬁu DuDy Djv Dlu 0| ,0U oOu
+ ‘ + —U—5—v—5 |-2— | —Vv— (2.12)
ay oy, Dr Dr Dzt Dz oy, oy, 0y,
for any functions u,v . (Morse and Feshbach, 1953, p. 870, Tam and Auriault, 1998).
Let g (y,7| x,1) satisfying
Lg(y.7|xt)=6(y—x)5(r—1) (2.13)

be a Green’s function for the Rayleigh operator L which exhibits incoming wave behaviour as |y| —> 0,
where, as usual, the first two arguments denote the dependent variables and the second two denote
the source variables. Since this function represents the solution to (2.13) at the point (y,r)due to a
point source (or sink) at(x,t), it is reasonable to expect that it be related to its adjoint g, (x,t| y,r)
by the usual reciprocity relationg(y,r| x,t):ga(x,t|y,r)( Morse and Feshbach, 1953, Tam and

Auriault, 1998). Then since g, (x,t| y,r), satisfies (2.8) with a delta function source term and,
therefore, plays the role of the direct Greens function in the present context, we expect it to satisfy the
causality condition g, (x,t | y,f) =0,for all t<r.The Green’s function, g (y,r | x,t), will then vanish
for all finite y as = — oo ,since it vanishes for all T > ¢ by definition.

We also expect that the solution ¢(x,t)of (2.8)and its derivatives will vanish at the end points
x, = too for all finite t when @, is sufficiently compact--even when the base flow U is globally
unstable because the signal generated at y, T cannot reach these locations when ¢ =T is finite, which

means that ¢(y,2') should go to zero as y, — Foo for all finite 7. An alternate justification for this

(6]
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assertion can be found in Tam and Auriault (1998). And finally we assume that the initial conditions
require that¢(y,2')together with its derivatives vanish for all finite yas 7 ——o.

Letting v be the solution to (2.8) that satisfies these conditions, setting u equal to g (y,z'| x,t)

in(2.12), and applying the divergence theorem now shows that

¢(xaf)=—J- Ig(y,r\ x,t)c?)c(r—L,yT] dydr

v U(yT)

T
+J- J‘ﬁjc2 {g(y,r | x,1) A, — 5g(y6,;'j| x1) I;)f} ds(y)dr (2.14)

-T S

where T denotes a very large but finite time interval, V is a region of space bounded by cylindrical (i.e.,
parallel to the mean flow) surface(s) S that can be finite, semi-infinite or infinite in the streamwise
direction and 7= {#,} is the unit outward-drawn normal to S . We have omitted terms that are negligibly

small as T"— *oo and neglected the contribution from the end caps (as was done, for example, in Tam
and Auriault, 1998). This formula expresses the solution to equation (2.8) in terms of the volume source

distribution @, (T— Y /U(yT), yT) and the values of ¢ on some arbitrary cylindrical surfaces S (some

or all of which may be at infinity). The analysis is somewhat unconventional in that the direct Green’s
function g now plays the role of an adjoint Green’s function for the solution ¢ .

The surface terms drop out when the surface S is at infinity, i.e. V is all space, and in the more general
case, where the surface integrals do not vanish, equations (2.4) and (2.14)show that the pressure

perturbation p'(x,t) is given by

T 3
p,(x,t):j jDog(y9T| x;t)afv)c(z._ yl ,yrjdyd‘[
-T Vv

Dt U(y;)

_j.J. Dgg(yar|xJ)(ﬁﬂwcz)_Dg}/(y’Tlx’t) D§¢
Di? I Df D’

} ds(y)dr, (2.15)

-T S

where we have integrated by parts and put
Dy _ . 08(y7lx1)
DTZ J ayj *

Similar formulas can, of course, be written down for the momentum perturbation components u, (x,t) ,

(2.16)

which will, in general, depend on the second convected quantity 4 .
The surface integrals can frequently be eliminated by noting that the Green’s function g is not uniquely

determined by (2.13) and can be required to satisfy certain boundary conditions on the bounding
surface S . We could, for example, require that
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Dyy(y,7|x,1)

DF =0, for yeS (2.17)
t

and that Dgg(y,r| x,t)/Dt3and Dgy(y,ﬂ x,l‘)/Dt3 be continuous everywhere else in the flow: in

which case equation (2.15) would imply that ﬁjlj =0onS when p'(x,t) is determined by the relatively

simple equation

T

, Dlg(y,t|x,t) . 2.18

p(xaf)=J_[ Og(;;f' )wc T——U(y;),yr dydz (218)
T

-V

and (2.5) would then imply that

n; (X,1) = g1, %G_U{i 8(r—ﬁ,yT H (2.19)
c” Oy;| Oy U

on the surfaces S whose generators must be parallel to the mean flow but need not extend over the
entire range —o0 <y, <o (i.e. they can be finite, semi-infinite or infinite in the streamwise direction).

Equation (2.19) shows that pv| = ﬁiui (x,t) will be equal to zero on S when § coincides with one or
more of the constant mean velocity surfaces or, more generally, when 8(t—yl /U,yT)is chosen so
that the cross product of its gradient with the mean velocity gradient is tangent to.S wheny, € §. The
solution p'(x,t)to the RDT problem will then be independent of the second convected

quantityé}(r—y1 /U,yT) and the acoustic field will only depend on the single convected quantity
(T)C(T_yl /U(yr)ayr)-

Equation (2.18) can be interpreted as a generalization of the well-known Ffowcs Williams and Hall
(1970) formula (equation 6 in their paper) for the sound produced by the interaction of turbulence with
an edge that is frequently used as the starting point for analyses of solid surface interactions. It is
expected to provide a valid description of the flow even when the mean velocity is discontinuous across
certain surfaces, which could, for example extend downstream of the solid boundaries, provided that

Dgg(y,r| x,t)/Dt3 and Dgy(y,r| x,t)/Dt3 remain continuous across these surfaces: in which case

equation (2.15) would imply that ﬁjc2/1j and D¢/ Dt should be continuous there. This can be shown

heuristically by considering the generic flow configuration shown schematically in figure 1 where the
sub/super script + is used to denote quantities in the upper region and a minus sub/super script is used
to denote quantities in the lower region. (For the sake of clarity we only show a simple flat plate
configuration in the figure but the argument applies to much more general flows.)

(8]
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68 !
=
=

U_

Figure 1 Wake effects

Applying equation(2.15) to the upper region and the corresponding equation derived by applying
equation (2.12) and Green’s theorem to the lower region shows that

T
' D3g+(y’r|x:t) ~ Y
- _ dyd
p'(x,t) :[ ‘j o a,|t U(yT)’yT lyd T

+

T
Dyg. (y.7|xt) . . »n Dy, (y.7lx1)Dlg,
_J' I[ (R )= S| as(x)ar (2.20)
-1 sUS,
and
T
Dyg_(y.tlx,t) . 5\ Dy (y.z|xt) D¢
_J' J.[ = (A, 4;¢7)- Y 5| s (p)dz =0, (2.21)
-T sUs,

whenever the observation point x and source function @, are confined to the upper region and the

upper/lower Green’s functions g, satisfy the appropriate inhomogeneous Rayleigh equations
L g.(y7lxt)=56(y-x)5(r~1) (2.22)

together with the boundary condition (2.17)on the solid surface § . So adding equation (2.21)to (2.20)
and imposing the continuity requirements

v.(yrlxt)=y (y.7|x1), g (y.zlx1)=g (y.,z|x1), for yeS§,, (2.23)

where the D)y, / D’ are implicitly defined by (2.16) with D, / Dz =0/ 07 +U,0/ dy, denoting the

upper/lower convective derivatives ,shows that

(9]
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z 3
p/(x’t)zj. J.D0g+(yaf|x,t)a~)c [T— i ,yTdedT

Dt U(y;)

D¢’

J‘J‘[ g, y’T|xt)(ﬁjifc2) og (y’T|xt)(ﬁj,1j‘c2)}dS(y)dT

-T S

T
| Dog (vl xt) 5o ooy [Dor.(y.rlxt))(Dlig, D¢
—I In][ 0 o (Cf/ij —cf/ij) - = DF D7 Do ds(y)dr, (2.24)

-T S,

which, as indicated above, suggests that ﬁjczﬂj and D3¢/Dr3 will be continuous across S, when
p’ is given by equation (2.18) since g, is required to satisfy the boundary condition (2.17)on S and
ﬁj/’tji is still expected to be zero there: in which case equations (2.4) and (2.5) show that the physical

variables will then satisfy the usual jump conditions

nucl =D, (czﬁiﬁi)/Dr, p.=p. for y,eS,. (2.25)

The vortex sheet can, of course, support additional spatially growing instability waves that can be
generated by imposing a Kutta condition at the trailing edge or suppressed by imposing a boundedness

requirement on Dgg(y,r| x,t)/Dt3.

One difference between the present result (equation(2.18)) and the Ffowcs Williams and Hall (1970)
equation is that mean flow interaction effects are now explicitly accounted for—which is an important
consideration at the high Mach numbers of interest in aeronautical applications. But there are even
more significant differences between these results because (unlike the present solution) the Ffowcs
Williams and Hall formulation cannot be used to predict the source convection velocity, to which the
calculations presented in section 6 below show great sensitivity, and does not account for trailing edge
vortex shedding, which is known to have a strong effect on the directivity of the sound field. It should,

however, be noted that the Rayleigh equation Green’s function g(y,r| x,t) is now inhomogeneous in

the streamwise direction and, therefore, cannot be calculated by simply taking Fourier transforms in this
direction as is usually done in classical hydrodynamic instability theory.

The transverse velocity perturbation,

pv;(x,r)zui(x,t)g—g (2.26)
corresponding to (2.18) is given by
o Jax,
, X; Y (2.27)
pv, = J‘ J-gl y9T|x t T——) dydT,
ST ISR

[10]
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with
Dy 2Dy, ,0U 0

gi(y,T|x,t)E_[_

+ ~ ST| X1 ). 2.28
Dt\ ox, Dt Ox, ang(y o) (2.28)

Inserting equation (B.12) of Goldstein, Afsar and Leib (2013) into this result, noting that the integral over
the second term vanishes and that the relevant Poisson’s equation Green’s function is self-adjoint (i.e.

go (y,r| x,t) =g (x,t| y,t)) shows that it reduces to (1.3) for two dimensional incompressible
flows with constant mean shear when the arbitrary convected quantity @, (T— Y /U(yT), yT) is

replaced by the renormalized convected quantity
o, (t=y /U (y) ¥, )= (t=3 /U (y;). ¥ )[VU|/ &, (2.29)

which has dimensions of vorticity (based on the rescaled velocity u, ). Equation(2.27) which, like(2.18),
does not depend on the second arbitrary convected quantity 8(17— /U, y; )) is, therefore, a

generalization of the Orr result (1.3). The most significant difference is that the convected quantity @, is
no longer equal to the vorticity.

Equations (2.18) and(2.27), which are the fundamental results of the paper, can be viewed as a formal
solution to the complete non-homogeneous RDT problem (in the usual case where the solid surfaces are
aligned with the constant velocity surfaces). They effectively reduce the RDT problem to the problem of
finding the Rayleigh’s equation Green’s function that satisfies the appropriate boundary conditions on
the bounding surfaces S .(See example problem worked out in section6 below.)

In the absence of scattering surfaces and other external sources the unsteady motion given by
equations (2.18) and (2.27) consists entirely of subsonically propagating disturbances when the general
transversely sheared mean flow considered in this paper flow is purely subsonic and, therefore, cannot
radiate to the far field (Goldstein, 2005 & 2009). This can easily be verified in any particular case by
working out the relevant far field expansion. It is therefore appropriate to identify it with the
hydrodynamic component of the motion.

3. Representation of the fundamental equations in frequency space

Taking the temporal Fourier transform of (2.18), noting that g(y,r| x,t) satisfies the inhomogeneous

Rayleigh equation (2.13) and, therefore, depends on 7 and fonly in the combination —7 and using
the convolution theorem shows that

P (x:0)=(27) jeiwxl/U(yT)é(yT | x:0,0/U(y;))Q(y; @) dyy, (3.1)
y

where A, denotes the cross sectional area corresponding to the volume V',

P(x:0)=lmp'(x:0,T), Q(x:0)=lImQ(x:0,T), (3.2)

T—o© T

and
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L (o - 1T e
P(x:o T)Egie’wtp (x,0)dt, Q(y, CU,T)EE_J;elmZCUC(ZayT)dZ, (3.3)
and
1 o0
g(ylx:o 52—;[6 y,z'|x,) (r—7) (3.4)
denote appropriate Fourier transforms. The limit
é(yT|x:w,w/U(yT))Ek_)1$/rlr/1( )G(yTIx @, k), (3.5)
where
— ) 3 e—ikm 8 3 o iy, — .
G(yT | x.a),kl)z = {U(x )a—)q—la):| _J;Oe 1 lg(y| x.a))dyl (3.6)
satisfies the reduced Rayleigh equation
= V.G kK’ = 1
LG=V o —I—— |+|1- : G= o(x, — R (3.7)
GV ooy || ey | ey O

together with appropriate boundary and jump conditions, is assumed to exist--except, perhaps, at
certain discrete values of y, ,say y; :yn(a)), for n=,12,..., where G could become singular. This

could then generate potentially non-decaying modes (see, for example, Heaton and Peake, 2006) that
could play an important role in the surface interaction problems, which are, of course, the primary

application of the present paper. We have put U=U(yT) in (3.7)and used V, to denote the

transverse gradient operator
VTE{0/8y2,8/8y3}. (3.8)

Proof of these assertions for an arbitrary transversely sheared mean flows is beyond the scope of the
present paper, but verification for the important case of planar shear flows is given in Appendix A.

The inversion contour for the Fourier transform (3.6) should be indented around the singularities of the

reduced Green’s function C_}(yT | x:a),kl) in the appropriate half plane in order to satisfy the

relevant causality/boundedness condition, which implies that the integration contour for y, should
also be extended into the complex plane in order to insure that the relevant singularities of
(_?(yT | x:a),a)/U(yT)) contribute to the integral over A.. These real axis singularities are only

expected to occur at neutral instability points for the type of mean flow being considered here because
the Green’s function would then have a pole at the corresponding instability wave number, which must
lie on the critical layer at the neutral instability point. Squire’s theorem suggests that this will occur at a
small number of frequencies (usually one) for any given transverse wave number (or equivalently a small
number of transverse wave numbers for any given frequency) for incompressible planar mean flows.

[12]
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Similar behavior is expected to occur for other mean flows including axysymmetric jets. The singularities

of the reduced Green’s function (_?(yT | x; :a),a)/U(yT ))are therefore, also expected to be poles —

which means that their contribution to the integral over A, would remain finite (i.e. non-zero) at large
downstream distances and, therefore, dominate the flow in this region if they are included in the
solution.
A similar result can be obtained for the Fourier transformed transverse velocity perturbation \1 (x, 0))
by taking the Fourier transform of (2.27) and using the inhomogeneous Rayleigh equation (3.7) to
obtain

— 20U 1 iwx, /U(y;) = _
p(x)V (x,0)=—(27) ——Ie /Y T)Gi(yT |x:0,0/U(y;))Q(y;:0)dy,, (3.9)

ox, [VU| 3

where V| (x, a)) is defined in terms of
1

ﬂ(x:a);T)Ezﬂ

T .
J' e (x,1)dt (3.10)
-T

by (3.2) and
T
- [iklU(xT)—ia)] Ox,

G (y, | x:0k G(y, | x:o,k). (3.11)

Equation (3.1) is a very significant generalization of the two dimensional solution (2.38) and (2.42) of
G79 since it applies to any flow in which the generators of the bounding surfaces (which can be finite or
infinite in the streamwise direction) are parallel to the mean flow.

4. Relation between & and the physical variables

The focus of this section is on the streamwise-homogeneous “gust solution” which provides an
upstream boundary condition for the RDT solutions such as the one worked out in section 6 below. We
can think of it as being an upstream 'input' that generates a downstream 'response' when it interacts
with streamwise changes in the boundary conditions. It is desirable to relate the arbitrary convected

quantities, @, (t—y,/U,y;)and3(t—y, /U, y;), that appear in this solution to the physical
(preferably measurable) flow variables in order to properly represent the upstream boundary
conditions. The required relations for ®, (r— Y /U,yT) are worked out in this section.

The relations forS(r— A2 /U,yT) tend to be of lesser importance in the usual case where the solid
surfaces coincide with the surfaces of constant mean velocity or, more generally, when
S(T— »/U, yT)is chosen so that that the cross product of its gradient with the mean velocity gradient
is tangent to any solid surfaces that may be present in the flow, because the scattering problem can
then be formulated in terms of p’and pv| and its solution will be independent of&(’t—y1 /U,yT).

This quantity can, therefore, be specified after the fact when the solution is used to calculate the

streamwise and circumferential velocity components u, /pand u,/p—V' (x,t)(0U /ox;)/|VU

2

fori=2,3 respectively. Goldstein et al (2013) show thatS(r -y /U, yT) can be expressed as a

[13]



linear combination of Eoc (1’— A2 /U,yT)and the physically measurable variables. And since the results

of this section relate @, (‘c -y /U, yT) to these variables, this effectively determines 9(t—y, /U, y, ).

The “gust solution” is most easily dealt with mathematically by dividing the Rayleigh equation Green’s
function g(y,r| x,t) that appears in the time dependent solutions (2.18) and (2.27) into two

components, say

g(y.t|x,1)= g(o) (3.7l x,t)+g(s) (y.7] x,1), (4.1)
where g(o) (y,r| x,t) is defined on all space when the bounding surfaces § are all at infinity or,
more generally, satisfies (2.17) when they are not. The corresponding solution, given by (2.18) and
(2.27) with g(y,r | x,t) replaced by g(o) (y,r| x,t), represents the unsteady hydrodynamic motion

on the (completely homogeneous in the Yy, -direction) doubly infinite flow that was referred to as the

“gust solution” in the introduction. The remaining “scattered solution” g(s) (y,r| x,t) will satisfy the

resulting inhomogeneous boundary and jump conditions on the streamwise discontinuous surfaces S
and, therefore, be inhomogeneous in the streamwise direction.

The second “gust solution” equation given by (2.27) with g(y,r | x,t) replaced by g(o) (y,17| x,t)can
be thought of as integral equation that can be inverted to determine @, in terms of the physically

measurable variable pv| (x,t) . This is most easily accomplished by using the frequency representation
discussed in the previous section. Corresponding to the decomposition (4.1) the reduced Rayleigh
equation Green’s function (_}(yT | x: 0, kl) that appears in frequency domain solutions (3.1) and (3.9)
has the decomposition

G(yT | x:w,kl)=(_?(0) (yT | x:a),kl)+(_7(s)(yT | x:a),kl), (4.2)
where G (yT | x: a),kl)is either defined on all space when the bounding surfaces S are all at
infinity or it satisfies

n 9 GOy, |x:.k)=0, for y, €C, (4.3)
J

[a)—klU(yT )]2 Oy

(where C, denotes the bounding curve/curves that generate the doubly infinite surface/surfaces §')

when they are not.

The streamwise homogeneous Green'’s functions g(o) (y,r| x,t)and G (yT | x: o, kl) will then

depend on y,and x, only in the combination x, — y,and we, therefore, write
G(O)(yT|x:a),k1)=é(°)(yT|xT:a),k1). (4.4)

It would seem appropriate to require that these solutions satisfy causality (and, therefore, include
contributions from the poles referred to in the previous section) if the base flow were laminar, but there

[14]
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does not appear to be any evidence of spatially growing or neutral instability waves for the naturally
occurring high Reynolds number turbulent base flows that are the focus of RDT. It, therefore, appears to
be more appropriate to impose a weaker boundedness condition (referred to as weak causality by
Dowling, Ffowcs Williams & Goldstein, 1978; see also Mani, 1976) on the applicable solution by
deforming the k, — inversion contour for the Fourier transform (3.6)into the upper half plane. Weak

causality implies that the solution satisfies the appropriate outgoing wave boundary conditions but
restrictions imposed by the initial conditions are relaxed.

It follows from the second line of (3.9) that the axial Fourier Transform,

p(x )V (x, 0,k P ) je lklxl_' (x a))dxl, (4.5)

of the density weighted “gust solution” transverse velocity p(xT )\_ﬁ(o) (x, a)) spectrum is given by

p(xT)Vfo) (x,:0,k)=
(4.6)

I5[ /U yT k]G (yT\x a)a)/U(yT))Q(yTia))dyT,

~(2n) =

|V | U| ox,
where (—;i(o) (yT | x, o, kl) is obtained by applying (3.11)to the decomposition (4.2).

Introducing any single valued coordinate transform, y, — {(f, 77} , for whichU =U (&) into this result

leads to the following equation
p(x )V (%, 0,k) =

—(znfw#— Cj (37 (&)1 % 0,0 B3y (£m): ) (&) dn,

(4.7)

where J((f 77) = (yz, y3)/8(§ 77) denotes the Jacobian, I denotes the integral over curves of

C

n

constant &, (kl), with &, (k1) being the nth root of

k(&) =k, (4.8)

where

k(&)=w/U(&) and k) =dk/dE] (4.9)

&=¢,°
and the sum is over the N roots of (4.9). By preselecting a set of N discrete points, say

X, = {x;l),x; ), ;3), . ,x;N)} ,equation (4.7) can be used to obtain a coupled set of integral equations

that can, in principle, be solved numerically to determine the unknown convected quantity
S_l(yr (fn,n) : a)) in terms of the Fourier transformed physical variable p(xT )VL(O) (xT L@, kl)

evaluated at these points. The kernel will also have to be computed numerically since

[15]
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G (yT (5,77) | x, o, kl) and, therefore, G (yT (§ 77)| X, @, kl) will satisfy a partial differential
equation (obtained from (3.7) under the change of variable y, — (5,77)) whose coefficients depend
on both £and7.

Analytical results can, however, be obtained in the important special cases where (f,n)are polar or
rectangular coordinates since the coefficient of the differential equation for G (yT (5,77)| X, .o, k1)
will then be independent of7. The transformed Green’s function G (yT (5,77)| X, :a),kl)

a(f,ﬁ)/a(xz,)g), where (f,ﬁ) denote the corresponding change in variable x, —>(f,ﬁ) such that

U(xT):U<92), will then depend on nand 7only in the combination 7—7 when each of the

bounding surfaces extends over a complete & =constant curve. (It is again important to note that
these requirements only apply to the “gust solution” and not to the downstream “scattered solution”,
which can be completely unrestricted.)

For definiteness, we only consider the case where&,n denotes the rectangular coordinate system
& =Yy,, =y, for which the Jacobian is unity (i.e., a two dimensional mean flow). It then follows from

the convolution theorem that

VO (x,, 3,0,k =—[sgnU (x, ]j e 3p(xT)\7l(°)(xT ‘o,0/U (y,))dx,
(4.10)
=)' T 6 (o 1 /U (3,) k[ 0k ).
where the &' s are given by(4.9), y\")is the nth root of
U(yg”)):U(yz), forn=1,2,...N, (4.11)
Oy, 1 o,k,) = j e "R Q(y, 1 w)dy, (4.12)

A n 1 < —X n .
Gi(o)(yg)lxzzw,kl,@)z ZJ. e GO (yg)>y3‘xzaxyo:a)’kl)d(y}_x3)’l=2’3 (4.13)

is just the spanwise Fourier transform of G (yT | x, o,k ) (since é = x,and 7] = x; in this case) and

¥, can be restricted to lie in an appropriate range.
Then since fl(ygn) (yz) : a),k3)only depends on y, with y,in this range while ‘}fo) (xz,yz,a),k3)and
G}‘” (yg") | x, :a),a)/U(yz),/g) depend on 'y, and x,, equation (4.10)shows that the

1,0 (N)

VL(O) (xz,yz,a),k3)can only be specified at N discrete points, sayx;’,x,”,...,x; ’ . This leads to a set

[16]
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of N linear algebraic equations in the N unknown Q(yg") (yz) l, k3),n =1,2,....N, or equivalently a
matrix equation with matrix eIements(27z')3 é§0)<y£") | x, :a),a)/U(yz),k3)/|K,;| . The latter can be
inverted to obtain a unique solution vector {f)( gl)(yz):oo,k3),f)(y§2) (yz):co,k3)

..... ,Q( M (y,): 0,k )}, when the determinant of the matrix is non-zero. The V") (x5, y,,0,k; ) are

determined at all other x, # xgl), gz),...,ng) by inserting this result into equation(4.10).

The matrix equation can also be solved when its determinant is equal to zero if the source vector
{\}fo) (xgl),yz,oa, k3),\7l(0) (xgz),yz,co,lg), ..... ,VL(O) ()cgN),yz,oa,k3 )} is required to satisfy certain
solvability conditions (i.e., that it is orthogonal to the eigenvectors of the transposed matrix). This

means that the number N’ of points at which the VL(O) (xz, V,, @, k3)can specified will be less than N

and there will, therefore, be certain arbitrariness in the choice off)(ygn) :a),k3) since the solution to

the matrix equation will be non-unique.

In planar shear flow with monotonic velocity profile equation (4.11) will have only one root and
therefore the sum in equation(4.10) will contain a single term. This equation can then be inverted to

obtain
— K'

n

(27z)’ é;o)(y2|x§1) :a),a)/U(yz),lg)'

VO (0, y 08

Oy, o,k,) = (4.14)

Equation (4.11) will have two roots for jet like flows where the mean velocity profile has a single
maximum: in which case there will be two terms in the sum over nin equation(4.10) at any given value

of x, . Since it is appropriate to require that the source points be symmetrically placed when the velocity

profile is symmetric about the single point y, =y, we can write the matrix equation for this case as

‘}EO)(xgl)’yzawal%) 5
= -(272')3—U (yz) X

U!
Vf‘))(xgz),yz,a),@) a)‘ (yZ)‘

éz(())(yz \xgl) Za),a)/U(yz)’k3)é§0)(2yd - |x§l) :w’w/U(yz)’k3) é(yz :a)’ka)
, (4.15)
(A}io)(y2 |x£2) :w,w/U(y2),k3)é§°)(2yd =Y, IX§2) 260,0)/U(y2),k3) é(zyd -y, @.k;)

for y, <y,. The Greens function égo) (y2 | xgl) co,0/ U(yz),k3),for velocity profiles of this type,
where the inverse mapping U (yz) — Y, is double valued, will have a critical layer singularity at the

symmetrically located point U(ygz)) =U (yz) in addition to fundamental singularity at the source

[17]
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point y, discussed in Appendix A. This causes some difficulty because (as shown in Appendix C) the

Rayleigh equations usually have to be integrated through this point in order to satisfy the requisite
boundary conditions. But since there is some flexibility in the choice of Green’s function, we can
eliminate these difficulties by allowing the Greens function to be complex and avoiding the second

critical layer singularity by supposing that w/k, =U (yz) has a small imaginary part that is set to zero

after the Green’s function has been calculated (as is usually done in applying the Briggs (1964)-Bers
(1975) procedure and as is done implicitly in working out the Wiener Hopf factorization in section 6.3
below). This procedure is made more explicit in the specific example worked out in section 6.3 (see
comments below equation(6.36)).

For more general mean flows and bounding surface geometries S_l(yr : a)) has to be determined by
solving the integral equation (4.7) in the single independent variable 1 or perhaps a finite set of such
equations for non-monotonic velocity profiles.

The resulting solutions Q(yg") (yz) lo, k3), for n=1,2can then be inserted into(3.3) and (4.12) and
the  Fourier  transforms can be inverted to calculate the unknown  source
functions @, (t—x1 /U(yT), yT) in terms of Fourier transforms of the” gust solution” transverse

velocities at certain preselected points, which can be interpreted as the pressures/transverse velocities
that would exist at those points in the absence of the scattering edges. These latter quantities therefore,
provide appropriate upstream initial/boundary conditions for the RDT turbulence/solid surface
interaction problem. But since the problem is linear, it follows from (3.9),(4.2)and (4.4) that the

complete solution to any problem where the surface extends continuously from —co < x; <o, say for

the Fourier transformed transverse velocity fluctuation ﬁi (xl,xz;k ,03) , must be of the form

V(x5 0,k) = I 2(y2|x1,x2;0),k3)§2(y2 L0, ky )dy,, (4.16)
I
knowledge of f).(y2 :a),k3) is all that is actually needed. A similar formula would, of course, also hold

for Fourier transformed pressure fluctuation f)'()cl,xz;k,(o) (see, for example, equation (6.1)below).

5. Relation between the &, spectra and measurable turbulence correlations

But only statistical quantities, such as
T

vi(x,t)v’l(i,t+r)5;i_r)130%J-v'l(x,t)vi(fc,t+r)dt (5.)

are of interest for the time stationary turbulent flows that are the main focus of RDT. For simplicity, we

only consider mean flows that are uniform in the x; - direction and suppose that the turbulence is

homogeneous in the spanwise direction. Then the space-time average

[18]
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<V'L(x,t)v’l(x1,)~c2,x3+773,t+z' —}T}Oﬁjj Vi (20 (%, %,, %, +175,1 +7)drdx, (5.2)

~T —o

will exist and be independent of#, x, and, it follows from the convolution theorem that

o0
2 j
—0 —

I oT— k;rh

e

8'—;8

vl (x,0)v] (%, %5, %, +773,t+z')>drd773

_ (20) tim L@k ) (xS 00k T) ]

, 5.3
T—o 2T ( )

where the asterisk denotes the complex conjugate and the notation for the Fourier transform,
A (xl,xz; w, k, :T) , is the same as that used in (3.2) and (3.3). The spectrum (5.3)of the RDT solution
(4.16) is, therefore, given by

! T T ¢(vhms) <v’L (2,0 )v (%, %, 2 +n3,t+1)>drdn3 =

(2n)’ 2.2
(5.4)
I f2(y2|x1,x2;(0,k3)2*(y2|x1,)~cz;co,k3)5(y2,)~/2:(x),k3)dy2d§2,
where L. denotes the range of the y, -integration. The spectrum
- Oy 1wk T (3, c 0,k T
S(Y2,y2:k3,m)z(2n)2}§130 by : )2T G, )
_100 [ (mrkm) it it dd
_%J. J.e < (1, yp)0 C(t+r,y2,y3+n3)> dn;, (5.5)

of the convected quantity @, (or source function) is independent of the streamwise coordinate y, (even
though the RDT solution spectrum is x, -dependent). Then since fl(yz :0),k3)= fl(ygn) :m,k3) for y,

in the appropriate range as n varies from 1 to NV, the solution to the matrix equation obtained from
(4.10) can be inserted into this result to relate S to the experimentally measurable transverse velocity
spectrum

1 SOV *
evaluated at the N’ discrete points xgl),xgz),...,xgm, igl),fcgz),...,fcg]v) when the base flow is two

dimensional.
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Equation (4.14)shows that this result, which only involves F, (x2| Yo, )72,0), k3)

=F (xz,x2| Vs Y, 0, ks ) evaluated at the single point "), can be written down explicitly as

S(y275/2 :k37('0):
(’JZFL (xgl)‘)’27)72’(9»]‘3)|U'(Y2)U'()~’2)|
(2n)66;§°)(y2|x§1);m,m/U(yz),k3)[ <°)(y2|x2 m,co/U(yz),/c3)T[U(yz)U(yz)]2

when mean velocity profile is monotonic. All the factors in this equation except ', (x2| yz,fzz,co,k3),

(5.7)

which is independent of the streamwise coordinate y,, can be calculated once the mean flow is

specified. But this function is related to the y, -independent--experimentally determinable--quantity

T ¢ k=) <pvl(0) (x,1) v (X, %, %, +175,0 + r)> dx,dx, , (5.8)

—o0

fl(xzaiz‘klalgl’m’z-)z 1 _T

(27)

with

<pv'l(0)(x,t)pv'l(°)()?1,)?2,x3+773,t+r)>_;1_r)£10§II v (x,) v (%), %y X, + 175,14 7) drdx,,

—T —©
(5.9)
since applying the convolution theorem to (5.6) and using the definitions (4.5) and(4.10) shows that

00 00

F, (x2,x2|y2,y2,a)k 2 I.[ ¢ e fL(xz,xz‘a)/U ¥,),@/U(5,):105.7 )dmdr (5.10)

This means that the streamwise independent transverse velocity correlation(5.8) will provide a suitable
Y, - independent upstream boundary condition for the RDT problem in this case—provided, of course,

that the integrals exist. This issue will be discussed in more detail when a specific model is introduced
for<pv'l(0) (x,t)pvl(o) (561,562,)63 +17;,t+ z‘)> in sections 6.4 and 6.5. A similar result can, of course, be

written down in terms of the pressure correlation.

6. Application to the jet -plate interaction problem

The purpose of this section is to demonstrate how the generalized RDT formulation developed in this
paper can be used to solve surface interaction problems of practical interest. To this end, we apply the
theory to the problem of a two-dimensional jet interacting with the downstream edge of the semi-
infinite plate. A schematic of the problem is shown in figure 2. This relatively simple geometry can be
used to represent the experimental configuration of a subsonic jet emanating from a large-aspect-ratio
rectangular nozzle in the vicinity of a flat plate recently considered at NASA Glenn (Zaman, Bridges
&Brown, 2013; Bridges and Brown 2013). A Computer —Aided design (CAD) drawing of the experimental
set up is shown in figure 3.

[20]
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Figure 2 Computational model of the Jet/surface interaction problem

Figure 3 Experimental Configuration for jet surface interaction. Figure courtesy Dr. James E.
Bridges, NASA Glenn.

The problem illustrated in figure 2 is formulated in the next sub-section and the fundamental equation
(2.18) is used to obtain the solution. The result is then utilized to obtain a formula for the acoustic
spectrum of the noise generated by the interaction of the jet with the trailing edge in terms of the

spectrum of the arbitrary convected quantity®,. This quantity cannot, however, be measured

experimentally and the results developed in section 5 of this paper are, therefore, used to relate it to
the transverse velocity spectrum, which we then represent by the experimentally based model (6.45)
below. The result is used to obtain predictions of the noise generated by the trailing edge interaction
which are then compared with the NASA Glenn data in section 6.5.

6.1 Formulation

We suppose that the vortical disturbance @, is confined to the jet and that the mean flow is
everywhere subsonic. Then, since the base flow is two dimensional, it follows that (_?(yT | x: o, kl)will

depend on x;,y, only in the combination x; —y,. Taking the Xx,-Fourier transform of equation(3.1)

yields

P (x,x, o EZLJ. ’kx3_’ (x:0)dx, =

[21]



=(2z)' [ e NG (3, 1 xx, 0,0/ U (3,),k )0y, 0,k ) dy,, (6.1)
0
where

Gy, 15,5, 10,k k) =G (3, | %, : @,k k) +GY (3, | X, %, 0,k k), (6.2)

with Q(y2 T, k3) given by (4.12). Equation (3.7) shows that the “gust solution”

G (y, | %, : 0,k k) = J. UmINGO) (| Xy @,k )d (v, —xy) (6.3)

1
27
satisfies the reduced inhomogeneous Rayleigh equation(A.3) withU (y,)=U, (y,), fory, >0,
U(y,)=0 fory, <0Oand

G>/<(Y2|x17x2:w>k1>k3)Eeikl(ﬁG($)()’2|X19x2:a)’k1’k3)
(6.4)
1 . f .
zz—e’k‘x‘j ™G (yT\x a)k)dy3, fory, >/ <0
T

are specific homogeneous solutions of this equation that have outgoing wave behavior at
y, = toorespectively. The gust component G(O)(y2|x2:a),kl,k3) can be identified with the

inhomogeneous solution (A.4) of (A.3) that satisfies the homogeneous boundary condition
6@0 /oy, =0, fory,=0,—0<y <o (6.5)

with }A’i(xz) interpreted as the homogeneous solution that exhibits outgoing wave behavior

atx, =tc0 and é(yz) interpreted as the second linearly independent solution that satisfies the

homogeneous boundary condition (6.5) when the source coordinate y, is positive/negative.

Applying the jump conditions(2.23) and using(2.16), (2.17),(3.4),(3.6),(6.4),(6.5) now leads to the
following Wiener Hopf problem for é>/<

J' —ikyy (kU | w— 1)2 A;(O|x1,x2:a),k1,k3)dk1=

(21 )2 o J‘ eiw(t—r)eikg(ys—xs)}/(y)z.| x,t)d(l‘—f)dy3 =0, —-oo< y, < 0, (6.6)
T —0

ge—38

[22]
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J‘ —zkm(kU / @ — 1) é;(0|xl,lea),k1ak3)dkl

= [ ™G (0] x,x, : 0,k k; ) dk,, —o0< y, <, (6.7)

and
sgn(x,) [ GO (01 x, 1 0,k k) di, + [ G (0] x,, %, 2 @,k K, ) dk,

o0

= [ ™G (0]x,x, : @,k k) dky, 0<y, <o, (6.8)

where
U, =U, (0), c, EC(O), (6.9)

A

>/<(0|x 'x a)’kl’k2) 6G>/<(y2|x1,x2 a)’kl’k )/ayz‘ >/<(0 60, 1° 3) >/<(y2 a)’kl’k3)/8y2‘y2:

and we assume, subject to subsequent verification, that G /< (y2 | X, X, : @, kl,kS) does not become
exponentially large as k, =0, 0<argk, <2 . Since outgoing wave solutions to (A.3) corresponding

to any fixed value of @, k,, k; can only differ from one another by a multiplicative constant, the specific

solutions G>,< (¥, | %, %, : @, k,, k) are related to arbitrary homogeneous solutions P/< (y, 0,k k, )

that have this behavior by

A A

G>/<(y2|x1’x2:a)’kl’k3)=I_)>/<(y2'a)k k ) (610)

G, (0| x,%, @,k.k) P_(0:0k,k,)

>//<

The Wiener Hopf problem(6.6)-(6.8) can easily be solved by standard methods (Nobel, 1988; Crighton
and Leppington, 1970; Jaworski and Peake, 2013). Details are given in Appendix B for completeness

sake. The results show that the Fourier transformed pressure f)'(x,,xz T, k3) is given by

. T 1U(y, A
p(xl,xzza),k3):(27r)3H(x2)J- P e (y2|x2 o,0/U (y,).ks)Q(y, :0,k;)dy,

0

© 2 A
27[ J- /U y2 l) P (y2 L, O)/U(yz)ﬂk3)R(y2|xl’x2 :k3;a))§)(y2 :a),k3)dy2, (6.11)
(0 w,0/U(y,), k)

0
where H ()c2 ) denotes the Heaviside function

A

ks )sgn (x )G (O|x2 kl,k3,a))

{0/ (). 6)[@/U () k] (642

1 5 ~
R()’2|X1,X2 k S 52—[0 lkx]

[23]
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and x, (kl,k3 ) denote bounded analytic functions in the upper/lower half planes that satisfy the
factorization condition

) E(O:a),kl,lg)_ﬁ’ (0: @,k k)

<

P (0:@,k,k,) P(0:@,k,k,)

<

ky)/ Kk (ki.ky) =T (@,k.k)=(kU, / o-1)

(6.13)

on the real k, —axis with the k, -integration contour in (6.12) being deformed to pass below the pole

ata)/U(y2) =k,. We can, however, interpret this integral as a Cauchy principle value when evaluating
the far field behavior of (6.11), since the contribution from that pole produces a term that behaves like
exp[ia)x, /U(y2 ):I , Which combines with the first term in (6.11) to produce a non- radiating

disturbance at subsonic speeds.

It now follows from the convolution theorem that

;(x;a))=(27;)2 Ij'z(y2|xl,x2,x3—y3:a))ﬁ(yT:a))dyzdy3, (6.14)
-0 0
where
< L d , /U(y ),k)
(o] 0)= [ R, ks0)(U, 10 ()1 L2200 U () k)
(y2|x a)) J;e (y2|XI = a))( ' (yz) ) IS (O:a)’a)/U(yz)sk3) 3

A

L] o £l o) 01 koo
S e (a)/U (¥, ,k3)[a)/U ¥,) kJ

27l

2 A
X(US/U(yz)_l) P (», "‘”a’/U(yZ)’k3)dk3dkl (6.15)

E'(O:a),a)/U(yz),k3)

The (y, -independent) invariant A given by(A.5) can be evaluated at y, =0 and the boundary
condition (6.5) can be used in (A.5) to obtain

(272')3 2P (0)P!,_(0)

(a)kk) [a) szUk]

for x,>/<0, (6.16)

which can be inserted into (A.4) to show that G (0 | x, 1k, k;, @) can be written as

o[ w—H(x, Uk] (X 0,k Ky )
(272')3c2P (O:a),kl,k3)

s T >/<

sgn(x,)G” (0] x, : @, k,, k) = for x,>/<0  (6.17)

[24]
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where U _ is defined by (6.9).

For aeroacoustic applications the interest is usually in the far field acoustic spectrum.

6.2 Far field behavior and the acoustic spectrum

Since the arbitrary outgoing wave Rayleigh’s equation solutions fA’>/< (xz;kl,kS,a)) behave like

FA,>/< (xz;kvkpa)) —> A (kl,k3,a))exp—\/kf +k; —k; |x2

where k, =@/ c,and the phase of ,Wc]z +k; —kZ isequal to -(iﬂ/Z)H(ki —k —k32), where H

denotes the Heaviside function, it follows from (6.15) that

, as |x| oo (6.18)

kl,k3)q)

>/<

T
2(y2,x,a))—>%j Ie

—00 —00

(ky ks, y,,0)G (3,10 ks, /U (y,), @)dkydk,  (6.19)

as|.? ,X, —> Fo0, where

k_(kky, @)U H () 0-1] A, (k.k;, 0)

B Y 7 FR N P E ) e
PA(gkkkkwaz) N +zlc§_k; (621
h=k, (:os0+i\flmsiné’sim//+k2 sinédcosy, (6.22)
%" =2+ 22 +(x,— )", ¥=|¥|{cosd,sinGsiny,sinGcosy} and we have put
G(y,10:k,0/U(y,).0)= @' (3 :0.0/U(y,).k)(U, /U(yZ)_l)z . (6.23)

(2z) P (0:0,0/U(y,).k;)

The integral in (6.19) can be evaluated by sequentially applying stationary phase to show that

7 (:‘c;yz,a))—>—MJMQK(kf”,k&‘),yz,a))é(yz 10:KY,0/U(y,),0), (6.24)

[+

2_ 2 2 2
, X, —> 100, where |x| =x +Xx +xj,

as|.?

kgs) =k, sinfcosy, kl(s) =k, cosé. (6.25)

[25]



Then since |E| ~ |x| -, /|x| = |x| — y;siné@cosy , it follows from (6.14) and (6.25)that the far field

acoustic spectrum

ZL ¢ p*(xt) p’ (xt+7)dr = ;irn;(x; w)[?(x, a))T /2T (6.26)
e, —0

is given in terms of the source spectrum (5.5) by

iTeiwrp‘?(x,t)p‘g(x)t+r)d‘£': (27[) k|Sm‘95m‘/f TTQ) (1 3 :yza )
bt 00

x®,_ (kK. 5,0)G( 3, 10: 6,0/ U (3,),0)G (5,10:67,0/U (5,),0)
xS (v, 5, : &), 0) dy,d, for x,>/<0.. (6.27)

The source function S(yz, v, :k3(s),a)) must, as indicated above, be modeled in terms of experimentally

measurable turbulence statistics. Details are given sections 4 and 5. In order to evaluate the remaining
factors in this formula it is necessary to first determine the homogeneous solutions
}z(yz:a),kl,k3),}3<(y2:a),kl,k3) of (A.3). These solutions can then inserted into (6.13) and the
(multiplicative) factorization can be carried out to determine x, and x_. The results are used in(6.18),
(6.20)and (6.23) to determine ®_,_and Gappearing in(6.27). These homogeneous solutions and,

therefore, the subsequent factorization must be  obtained numerically for 0(1) frequencies and

general mean velocity profiles. The Wiener Hopf factorization (6.13)can be performed, for example, by
using a procedure, such as the one given in Peake (2004) and Veitch & Peake (2008), to evaluate the
integrals in the general factorization formula given in Noble( 1958) numerically.

6.3 Low frequency limit

Since the experiments show that the radiated sound generated by the turbulent jet/trailing edge
interaction is of relatively low frequency and since our focus here is on illustrating the general approach
we simplify the computation of these factors by considering the asymptotic limit

wherek,, k, =0(kw),kw < 1. (This approximation is only made to simplify the computation of the

Green’s function and related quantities and will not be used when modeling S ). The details are given in
Appendix C, where it is shown that

’( (o, k) 1 +0(1), (6.28)

P(0:0,k k) (KU, o—1) k2 +k2 k2

[26]
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where U, =U(O) and

. (ko k) fre (ki) =Ty (@K, K) = 2 +0(1),  (6.29)

\/kz k2 1-sin’ @ cos” l//)

Causality considerations (Briggs, 1964 and Bers, 1975) then require that

\/k1 -k, (l—sin2 6 cos’ l//)”2

2

1

\/k1 +k, (1—sin2 0 cos’ y/)l/2
where the branch cuts are chosen so that arg, ,kf —(ki —kf) =-rH (ki —k/ —k32).

Equations(B.1),(B.9),(B.12) can be combined with(6.4) (6.10),(6.28) and (6.30)to show that

K (k&)= e &, (K k) = +., (6.30)

G(yT | x:a),kl)~(_7(s)(yT | x:a),kl)~k1_3/2, as k, —> oo, (6.31)
and it then follows from Abel’s theorem and equation (3.6) that

g(ylx:w)~y", as y —0, (6.32)

which means that the reduced Green’s function (_?(yT | x: 0w, kl) that appears in the first line of

equation (3.1)satisfies a Kutta condition at the trailing edge of the plate. Since the vortex sheet
instability waves have zero growth rate and becomes a purely convected disturbances in the low
frequency limit, the causality condition implied by the factorization(6.29) insures that they are
automatically included in the solution.

Substituting the low frequency results (6.28)-(6.30) into(6.20),(6.23) and (6.27) and using (6.10) and
(B.1) shows that the far field acoustic spectrum is now given by the following relatively simple formula

2 00 0O

[1 M (y, cosH]

(ﬂ—cosﬁ)S(yz,y2 k(),a))
[1 M( cos&]\/[l pM () |[1- M (5,)]

dy,dy,, (6.33)

where
. 12
E (l—sm2 6 cos’ 1//) , (6.34)
M(yz) :U(yz)/cwdenotes the local acoustic Mach number at the position y, and k3(s) is given by

(6.25). As noted above, this result is based on low-frequency asymptotics and may not completely
describe all of the physical processes involved in the trailing edge interaction. It should, however,
describe the experimentally observed low-frequency noise augmentation generated by this interaction

[27]
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and does have the advantage of being much more explicit than the exact O(l) frequency result(6.27). It

can therefore provide some insight into the physics that it does describe. For example, its integrand can
be interpreted as the product of the source function S with the directivity factor

[M()’z)M(fiz)T/z(ﬂ—cosH) |
[1—M(yz)cosej[l—M(yz)cosej\/[l—ﬂM(yz)][l—ﬂM(iz)]

which is independent of the surface velocity U, is symmetric about the plane of the plate

wherey =0, 7, and causes the sound field to vanish in that plane. This result is proportional

to (1 —CosS 8) / [1 -M (y2 )cos 8][1 -M (f}z)cos 6’] in the plane perpendicular to the plate where
w == (since B =1there). As expected, it reproduces the directivity found by Ffowcs-Williams Hall
(1970) when M(yz) =0, i.e. in the absence of a mean flow (see their equation 14) and, therefore,

implies that the directivity peaks at 90 degrees for low subsonic Mach numbers.

We again suppose that the mean velocity profile and the mean sound speed profile are symmetric about
the point y, =y, and choose xgl) and xf) such thatU (xgz)) = U(xgl)). The surface velocity must then
vanish and it follows from (C.8) that the determinant of the matrix in equation (4.15) is now equal to
zero (i.e. the matrix is singular) at lowest order of approximation since H (x2 — yz)H (y2 —xz) =0.This
means that the equation cannot be solved for Q unless [\}L(O) (xgl), V,, 0, k3),\}l(0) (xgz), Yy, @,k )}
satisfies appropriate solvability conditions which, as noted above, implies that only one of the

‘}l(o) (xgl), V,, @, k3), \}L(O) (xgz), ¥, , @, k3) can be specified independently and that there will be some
arbitrariness in the choice of Q . The lowest order matrix equation (4.15)also does not provide a
uniformly valid approximation to [‘}l(o) (xgl), ¥y, 0.k, ),\}L(O) (xgz), v, 0,k; )} since, as noted in Appendix
C, the O(kw) term in (C.8) can become smaller than the O(ki) term in the vicinity of the critical layer.

These difficulties do not occur when the O(ki)terms are retained in this latter equation. The upper

equation in the matrix (4.15)then becomes

Uy) k2 [KUG)-o]

VO (3 rm k) = -
Oy k) olU' () JZ+i2 =iz i (5,)

2 2 72 2 212 © oy
kl +k3 k. );d(kl +k3 k°°)+(k12+k32)j L)Z_LZ dy Q(yzza),lg)
k. Ya [klU(j/)—a)] k.

(28]
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Ya 2(x
+ y, (k +k; )I¢d§ Q(2y,—y,:0,ky) ¢, fory, <y,,(6.35)
0

with kK, =o/U (yz) when the measurement point x, is set equal to y, and the insignificant

O(ki ) terms are neglected in the coefficient. Then since

&er ¢_L d~:yd¢d~ (6.36)
k; I (kU (5)-w] & g '([[klU(ii)—a)]z '

when o/ k, =U (yz) and ® is assumed to have a small imaginary part in order to avoid the
secondary singularity discussed in the paragraph following equation(4.15) (which occurs at y, in the

first integral and at 2y, — y, in the second), this equation can be written more compactly by dividing

Q(y2 T, k3) into its even and odd symmetry components

Q(y,:w,k)= A((y2 -y,) :a),k3)+(y2 —yd)B((y2 ~y,) :a),k3) (6.37)

to obtain

‘}l(O)(yd,yba)akg,) =

O A O | N R R e R )
a)|U’(y2)| \/k12+k32—ki ic*(y,) K’

[A |y, — yd|B]

dy ||y, = va| B+2y,|y, - y4| B (6.38)

=2(k +k7) }j%

[kU )7 a):|

which can be further simplified by omitting higher order terms that don’t play a role in making the
approximation uniformly valid. To this end we suppose, for definiteness, thatc® =constant, U (yz) is

zero for |y2—yd|2td/2 and is given by
U(y,)=U,(y { -[2(y,- ) /t]}, for |y, —v,|<t,/2, (6.39)

with t, <2y, being the jet thickness. (see comment below (C.8)). Then since

T (3) dyzcz(yd)Uz(yz)(fd/2)4 yj ! dy

Va—ta/2 [klU(j))—(O]z Uja)z Ya—tg/2 [()7_ Ya )2 _(yz — Y4 )2:|2

[29]
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_c2<yd)u2<y2)<rd/z>“{ (/2 |{1n[<td/2>lyzyd|}m}, 640

W2 (v, -v,) (12 =(3,=v,) 2m=vil| (. /2)+]n. -]

where, as noted above, the second critical layer singularity is avoided by assuming that k, = a)/U(yz)

and, therefore, (y2 - yd) has a small imaginary part which is set to zero after the integration is carried

out (also see remarks below (C.7)).

Since the real part of (6.40) remains bounded when y, — y, (due to cancellation between the In term

and the first term in curly brackets), the lowest order uniformly valid approximation to equation (6.38) is
given by

VO (v, 0.0k )~

_ U(yz) [U(yd)_U(yz)](A_|y —y |B)+ ki(k12+k32) iﬂUz(yz)B ’ (641)
iU’ (y,)l < (y,) S L

and since the contribution from (6.40) is formally independent of the assumed velocity profile (6.39) it
is expected to be quite generic. However, it cannot by itself be used to determine the two quantities A

and B and, therefore, fl(y2 :a),k3). But since our purpose here is to obtain a simple result that

illustrates the general procedure, we set B=5b,A/y, (whereb,is an adjustable positive constant) to

obtain
VEO)(yd,yz,w,kz)z-i‘l[]],((y;z))‘ H[U(yzz)(ylj)(yz)] (1_|y2y_dyd|b°j

. K2 (K +K3) inU? (3,)by | Q(, :0,k;)

— (6.42)
kl +k3 —kw ()] U yd (14_ yz_yd bOJ
Ya
Inserting this into (5.5)and (5.6) leads to the relatively simple relation
Y2~ Ya Y2 = Va ~
, IR by || 1+ by |Fi(YasYa|Ya» Vo> o,k
~ . _‘U ()’2)U (yz)‘( Ya Oj( Ya 0] L( ¢ d| 22 3)
S(¥25 3 ks, 00) = . g - (6.43)
U(y,)U(3,)] E(yz:k3,m)[E(y2:k3,0))]
between § and Fl(yd,yd|y2,)72,0),k3) where
- - 21U ()4 ks | inU?
E(y2:k3,co)E[U(yd2) U(yz)](l_b’z yd|b0j+ [m () 3} mUz (”yz)bo_ (6.44)
¢’ (3) Ya Jor (U ()i -2 Uy,

We use this as the working formula for relating S to the measurable statistics.

6.4 Source Model

[30]
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The spectrum F'| (yd, yd|y2,)72,03, k3) , which is related to the cross correlation (5.9) of the transverse

velocity fluctuations by(5.8) and(5.10), needs be specified before this result can actually be used. This
guantity has been extensively measured and is the data is well documented in the literature. These
results are well represented by a model of the type (Leib & Goldstein, 2011)

e‘\/(’h/ll)z +[(771 —U(.r)/lo}2 +3/ly )2 ’ (6.45)

(PV (X5 45 X5,1) PV, (Fs Yo Xy #7758 +7)) = LY (X))
where 77, =X, —x,and X, E(x1 +)~c])/2 .

While we expect this quantity to be independent of the streamwise coordinate for the nearly parallel
flow being envisioned here, we initially allow W to decay in the streamwise direction in order to insure
convergence of the integrals in(5.10). Then it seems reasonable to set

_ (= 2
P(%)=We ", (6.46)
where W is expected to scale with the transverse component of the mean square turbulence

2 . .
momentum flux (pv'l) , L, L, are constants, with L, being a measure of the transverse extent of the
turbulence and the specific choice of L, , which is expected to be large in order to insure that the

correlation (6.45) is relatively independent of Xx,, will be specified in the next subsection.

Inserting this into (5.8)-(5.10) shows that
2
- L[ k= | 2
l@lolll;Poj Le i)

27U (/.Y + 7

Fi(xzax2|yza)~72va)ak3):[ 7> (6.47)

where kK, =0/U(y,), k, =o/U(y,)and
Z:Z(U(S’z)»U(%)) :l:(k3l3)2 +<k1 /2"'];1 /2_a)/Uc)2 I +1} . (6.48)
6.5 Final formula

Inserting (6.43) and (6.47)into equation (6.33) and appropriately accounting for the symmetry about
¥y, =y, shows that

Im(x)={ 1 ] (kwlollkl’}\}lOJ(ﬁ—COSQ)Io (Ma,0,y) (6.49)

47| x| U c,
wheref3 is given by (6.34),

U(ya)U(ya) M M5 3/2
IO(Ma,H,(//)E4J [ (7.) (yz)]

0 !; [I—M(yz)cos@][l—M()?z)cos@],/[l—ﬂM(iz)]U(yz)U(ﬁz)
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{a)lﬂe[h(klla)/ﬂz / 2\/;} dU (yz)dU (5;2)

J0-BM (57) (5 K, 0) | (5, :k3(5),a))}* [(@l/U) +2(U (3,).U(5,))]

with E is defined by(6.44), k") is given by(6.25) and

X =, (6.50)

MaEU(yd)/cw (6.51)
denotes the maximum acoustic Mach number.

As noted in the previous subsection, our interest is in the case where L, is large and the experimental

turbulence correlation (6.45) becomes independent of the streamwise coordinate x, . Then since

)
(Lighthill, 1964, p.17) ge_[q(kl_kl)/z} —>2\/56(k1 —lgl)as L —> o and

0)8(/(1 —/%)/Uz(yz)=5(U(y2)—U()72)) , it follows that

T c,M>*dM
I, —>4'[ ; ‘ 5 ; > (6.52)
2 (1-M cos )’ (1- BM)|E (v, k0,0 [ (@l /U, ) + 2(M)]
where we have put
x(M)=2(U(3,).U(»,)). (6.53)

Since ¥, scales with the velocity squared and it can be shown that /, ~1/® as @ — 0, this result

implies that the acoustic spectrum should scale with the 4™ power of velocity , which is consistent with
the 5" power of velocity scaling for the overall sound power level found by Ffowcs-Williams and Hall
(1970) when Strouhal number scaling is assumed.

6.6 Numerical results and discussion

The acoustic spectrum produced by the planar jet /trailing edge interaction can be computed by
inserting (6.52), with E given by (6.44), into(6.49), which was obtained by inserting the approximate
formula (6.43) for .S into(6.33). The exact result, which is given by the much less explicit formula (6.27) is
currently being computed (see Afsar, Goldstein & Leib,2013) but, for purposes of illustration, the
approximate equation (6.49) was used to obtain figure 4, which shows some typical results for the

normalized far-field pressure spectrum IOIOg[lw /(pf Ci DU, )J plotted against Strouhal number for
a range of peak acoustic Mach numbers, Ma . The mean density pis assumed to be constant and for

calculational purposes we approximate the symmetric mean velocity profile U(yz) =U, (yz) by

U(y,)=U, [e_az(yz_y")z et }/ [1—5&2([‘1/2)2} (6.54)
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over the range|y2 —yd| <t,/2 and set (OLD)2 =2.3 (where D is defined more precisely below) in

order to fit the mean flow measurements of Zaman, Brown and Bridges (2013).

120 120

Ma=0290
- = = Ma=070

—=—-= Ma=050

00

i e,
~

PSD (dB)
PSD (dB)

80

L e | L A | 6
8907 107 T0° %07
Strouhal number

107
Strouhal number

(a) 8=90",py =90° (b) 8=45,y =90°
Figure 4. RDT trends with Ma. Trailing edge at y,/D =1.2,x,/D =5.7 Source model constants are
¥, =0.04(pU,) I,/ D=0451/D=0011/D=001L =05D,L =2.5D, t, =2.2,
U =0.68U,,b, =04, |x|/D=100, and D=2.12".a) 8=90 ,y =90", (b), @ =45",;y =90°.
Figure 4, which is in qualitative agreement with experimental observations over the frequency range
where amplification occurs, shows that the peak noise levels occur at fairly low Strouhal numbers and

increase with increasing Ma . There is relatively little polar directivity, but the highest levels occur at
ninety degrees to the jet axis at low Mach numbers (as predicted by Ffowcs Williams and Hall, 1970) and

at smaller angles (around 45?) at higher Mach numbers. Equation (6.33) shows that the radiated sound
field is symmetric about the plane of the plate---suggesting a dipole-like behavior—but the two
Doppler factors in the denominator are reminiscent of a moving monopole type source.

As stated earlier, the model problem considered in this section can be used to represent the interaction
between a jet emanating from a large-aspect ratio rectangular nozzle with the trailing edge of a flat
plate. Recent experiments on this configuration were performed at NASA Glenn Research Center
(Zaman, Brown and Bridges 2013; Bridges and Brown, 2013). The relevant geometric parameters are
shown in figure 5.

I.v,, /D

Figure 5 Nozzle/plate configuration. Figure courtesy Dr. James E. Bridges, NASA Glenn.

Figures 6 and 7 are quantitative comparisons of the far-field pressure fluctuations’ power spectral

density per unit Strouhal number, in dB scale, PSD = 1010g(47'clmUd /Dpfef) (referenced
top,,, = 20 ppa), computed from the low frequency RDT result (6.49) with the acoustic data of

[33]
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Bridges and Brown (2013), taken in an anechoic facility validated for jet noise measurements (Bridges &
Brown 2005; Brown & Bridges 2006). The arbitrary length scale D is now taken be an equivalent nozzle

diameter defined by7t(D/2)2 =nozzle width x nozzle height with nozzle width=8 x nozzle height and =

2.12”in the Brown & Bridges (2006) experiments. The plate trailing edge was located at 1.2 equivalent
diameters from the jet centerline and 5.7 equivalent diameters downstream of the nozzle exit in the
case selected for these comparisons. Any “scrubbing noise’ that may have resulted from the flow along
the plate was deemed to be negligible in this case (see Zaman, Brown and Bridges, 2013).
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Figure 6 Predicted (curves) and measured (green/blue symbols above/below the plate) Power Spectral
Density (PSD) of the far-field pressure fluctuations at 100 equivalent diameters from nozzle exit (lossless
in dB scale referenced to 20 1 Pa ) as a function of Strouhal number, for Ma =0.9. Plate trailing edge

aty,/D=12,x,/D=5.7, D=2.12",U, =0.62U ,,y =£90°. Source model constants are the same
asinfigure4.a) 8=90"; (b) 8 =75;(c) 8=60"; (d) 8 =45
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Figure 7 Predicted (curves) and measured (green/blue symbols above/below the plate) Power Spectral
Density (PSD) of the far-field pressure fluctuations at 100 equivalent diameters from nozzle exit (lossless
in dB scale referenced to 20 1 Pa ) as a function of Strouhal number, for Ma =0.7. Plate trailing edge

aty,/D=12,x,/D=57,U,=0.5U,, w=190°.D=2.12". Source model constants are the
same as in figure 4.a) 8=90"; (b) @=75";(c) 8=60"; (d) 8=45".

Comparisons are presented for two jet exit acoustic Mach numbers, Ma, of 0.7 and 0.9, four polar
angles measure from the downstream jet axis 0=90",75°,607,45° and two azimuthal angles,

corresponding to observer locations above and below the plate (i =£90"). The trailing edge noise is
extracted from the total acoustic spectrum by subtracting out the noise from a free jet measured in the
same facility. The Strouhal numbers in these comparisons are restricted to a range where there is
significant amplification over the corresponding free jet noise. The source model parameters used in
the calculations are the same as those in figure 4.

The results show that the RDT based predictions are in good quantitative agreement with the data. The

theory indicates that the sound radiated above the plate is the same as that below (i.e. dipole-like
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directivity) which is also observed (to within experimental uncertainty) in the data. The agreement is
best at ninety degrees (parts (a) of the figures), where the low Mach number edge-generated noise is
predicted to be maximal (see eqns.(6.49) and(6.52)). But the agreement is still reasonable at forty-five
degrees, even though the edge-generated noise is difficult to isolate from the pure jet noise (Bridges
and Brown, 2013). Oscillations appear around a Strouhal number of 0.1 for all cases, suggesting that a
feedback-generated tone may be occurring in the experiment (Zaman, Brown and Bridges (2013),
Bridges and Brown, 2013).

7. Concluding remarks

This paper is based on the formal solutions (2.18) and (2.27) to the linearized Euler equations for
transversely sheared mean flows which, like the Kovasznay results for the unsteady motion on uniform

flows, involve two arbitrary convected quantities S(T—yl /U,yT) and ©, (T—yl /U,yT)that can be

associated with the hydrodynamic component of the flow and can, therefore, be used to specify
upstream boundary (i.e. initial) conditions for RDT problems that involve the interaction of turbulence
with solid surfaces. But, unlike the Kovasznay result, these quantities do not bear a simple relation to
the physically measurable variables that can be controlled by the experimentalist. A method for
determining these relations is, therefore, developed in sections 4 and 5. The results are used to relate
the statistical quantities that are the main output of RDT to physically measurable statistical quantities
that are independent of the streamwise coordinate. The general solutions (2.18)and (2.27) relating the
unsteady flow to these convected quantities therefore provide a natural way of inputting the upstream
boundary conditions into streamwise inhomogeneous RDT problems.

The results derived in this paper were used to extend Non-homogeneous Rapid Distortion Theory to
transversely sheared base flows. The extended theory can be used to obtain solutions to turbulence-
surface interaction problems that include the effects of rotational mean flows. An example of the type
of problems to which the theory can be applied is given in Section 6. It shows how the results developed
in this paper can be used to predict noise generated by the interaction of a two-dimensional jet with a
semi-infinite flat plate — a problem of significant current interest. The exact results are valid for all (i.

e., 0(1) )frequencies, but low frequency asymptotics were used to obtain specific formulas that have

the advantage of being much more explicit than the 0(1) frequency results and can, therefore, provide

some insight into the physics that they describe.

The formalism can, of course, be applied to many other RDT problems involving the interaction of
turbulence with surfaces embedded in transversely sheared base flows or, more generally, in vortical
base flows that asymptote to transversely sheared mean flows in the upstream region.
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Appendix A. Green’s function for 2-D base flow

The reduced Green’s function

N A 1 “ il v2a—x —
G(y2|x2:a),k1,k)zgj. et 3)kG(yT|xT:a),k1)d(y3—x3) (A.1)

for the planar mean flow

U=U(y2), C=c(y2) (A.2)

satisfies the reduced Rayleigh equation

da c’(y:) dG +11- ()
@ |[0-U()k ] @] | [o-U(n)k]

whose solution is given by

(k) +k)) G =—2=2, (A.3)

At()’2)i)¢(x2)

é(x2|y2):é(y2|x2): A(k k 60)
10735

fory, >/<x,, (A.4)

where é(yz),f{(yz)are the homogeneous solutions of (A.3) that exhibit appropriate boundary

conditions at the outer/inner edges of the shear layer and, according to Abel’s theorem,
(27) | B, (3) P (3,) =P (3,) B! (1) ]

Ak k)=— (A.5)
( 1 3) I:a)—U(yz)kl:Iz
depends on the normalization of13+ (yz),ﬁ_ (y2) but is independent of y, . So the limit
lim  A(k,k;, o) (A.6)

k—o/U(y,)
is expected to exist and be non-zero except at perhaps at a finite number of points, say
¥, =

that (A.3) posses two linearly independent solutions, say 131 (yz), P (y2), that behave like

131(y2)=0((a)—klU(y2))3)=0((y2—ygo))3), (A7)

(a)), for n=,12,...for any value of k,,®. Moreover it follows from the method of Frobenius

If’z(yz):a+bﬁl(yz)ln(a)—klU(yz))+0(a)—klU(y2)), (A.8)

(0)

asy, = ¥, 3 Y

, Where y;”is a point where U(y2 )= w/ k, and a,b are normalization constants. So
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limyz){ér(yz :kl’k:%aa))aﬁ_(yZ Ikl,k3,a))} =

k—o/U(
Y, =const.
lim, {Ii(yz :w/U(y§°)),k3,a)),I3_(y2 :w/U(y§°)),k3,w)} (A.9)
Ny
ygo) =const.

is also expected to exist and be non-zero since Ifl(yz),é(yz)must be linear combinations of
P (yz),}f’2 (y,) -1, therefore, follows from (A.1)and (A.4) that the limit (3.5) also exists and is non-zero

everywhere except at the finite number of points where A is equal to zero. But since A(a), kl,k3) =0is
the dispersion relation for the linear instability waves these points will correspond to the neutral wave

numbers, say, klN:a)/U(yév) which must lie on the critical layer at some transverse
position y, = y2' .

For example Squire’s theorem shows that the neutral instability point will occur at a fixed value of

®/ k, and k12 +k32 when the flow is incompressible. A singular point, is, therefore, expected to occur at

a fixed value of @ for each value of k; .

Appendix B Solution to The Wiener Hopf problem

Equation (6.6) and(6.7) imply that

G (0]x,x, @k, k)
(kU,/w—1Y’
where the £ subscripts now denote analytic functions in the upper/lower half k, -plane, and it follows

from equations (6.8) and (6.10) that

H (x,x :k,k,)= =G (0] x,x, : @,k k, ), (B.1)

sgn(x,) I NGO (0] x, 1w,k k, ) dk,

- (B.2)

+ T G (0] x,%, 0,k k) (U, | @—1) " Ty (,k,k, )dk, =0, for y, >0,
where I', (a), kl,k3), which is defined in (6.13), satisfies (6.13) and is, therefore, independent of the
(0 | x,,x, : @, kl,k3)to the Wiener Hopf problem (6.6)-(6.8). Inserting
G (0] x,x, : @,k k)
(kU, / o—-1)
=H, (x,x,:k,k,)T,(,k k) (B.3)

solutions G

>/<

F,(x,x, tk,ky)+F (x,x, :k,ky )

Ly (@.k k)

into (B.2) shows that
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o0 0

F,(x,%, k)=~ 217[ I ¢ it i sgn(x, )G'
0 —0

(0|x1,x2 :a),lgl,kS)dlgldy1 =
(

O|x2:a),l€1,k3)
kl

dk,, (B.4)

0)
1 7 " sgn (x, )é(o)

27l

Ean!

which implies that

H, (xl,x2 :kl,k3)1<+ (kl,k3)—lg(kl,k3)F7(x1,x2 Zkl,k3)=l('7 (kl,k3)F+ (xl,x2 :kl,k3) (B.5)

when T (k,,k, )is factored as

K, (k. ky)/x_ (k. k) =T, (,k k). (B.6)
It then follows that

Jo (%, %,k k) —H, (x,x, t kL k) ke, (k& ) =

(B.7)
J_ (%%, k kg )= (ky k) F(x,x, 2k, ky ) = E,

where E(xl,xz,kl,k3)is an entire function of k,and J, (x],x2 :kl,k3) satisfies the jump condition

Jo (%%, tkky ) =T (%, %, kL k) = k(K ky ) F, (%, x, 0k ky ) (B.8)
Since &, (k,,k; )~k "'* as k, — oo while equation(B.12) below shows that J, ~1/k, ask, —> o

equations (B.1), (6.10), together with Liouville’s theorem show that the solution
é>/< (y2 | x,,x, : @, kl,k3) will only decay as k;, — o0 when the entire function E(x],xz,kl,k3) is set

equal to zero, which as usual, produces the minimum edge singularity at y, =0. We, therefore, set
J, (%%, kL, ky ) = H, (x,x, 1k k) &, (kL k). (B.9)
But applying the Plemelj formulas (Woods 1961) to (B.4) shows that
Fo(x,% 1k, ks 0) = F (x,%, :k, ko) =—sgn(x,) e G (0| x, : @,k k), (B.10)

where F_ (xl,x2 :kl,k3;a)) is an analytic function in the lower half k, plane which is bounded at infinity.
Inserting this into (B.8) shows that

K (x,%, Kk, ko) =T, (%, k,k;o)=x_(k,k, )sgn(x, )" G, (0| x, : k,, ky, ), (B.11)
where K_(x,,x, 1k, ky;0) = J_(x,,x, 1k, ky; @)+ F_(x,,x, :ky,ky; @) k_(k;,ky; @) is an analytic

function in the lower half k, -plane with analytic behavior at infinity. Applying the Plemelj formulas to
this result yields
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1 ] < K;(k
J+(x1,x2:k1,k3;a)):_2_m;1_>n&) k—k —iS
i 1

’k3)sgn(x2)ei/€)€lé(0) (lez :lg,k3,60) d]g (B 12)

It, therefore, follows from(6.1)-(6.4) , (B.1), (6.10)and (B.9) that the solution for the Fourier transformed
pressure ﬁ'()cl,x2 T, k3) is given by equations(6.11) and (6.12).

Appendix C Low frequency limit

In this Appendix we consider the asymptotic limit where k,,k, = O(kw),kw < land suppose that

X,,¥, 20 . Then the relevant homogeneous solutions to equation to equation (A.3) are given by

P (v, :kyk)=P.(y, :k,,k3):fgexp—«/k12 +k2-Ky, (C.1)

P (3, k)= A exp—Jl +KZ =k y, + B expJk? +k2 —k2 y, (C.2)

in the outer region where k_y, = 0(1) and by

. 2
l_«fklz +kj — k. {kiyzj‘|:(klU:a)) ki:|d)”;} —f—O(ki), (C.3)

é(yz:k1ok3):A> K2 c

Y2

. K+ k2 — k2 2 (kU - )
P(yzzkl,k3)—(A+B)(AB)%{kf}yzj{ﬁki}dy} (C.4)

o0

in the inner region where y, = 0(1) . The inner boundary condition (6.5)on
G" (y2 | x, :a),kl,k3) implies that A = B_in equation (C.7) and it follows that

P (y,:k.k)=2A +O(k?) for y,=0(1). (C.5)
Equation(A.3), therefore implies that

N kU(v,)-o] | kv —2 (k2 +k2 -k
P>(y2:k]ak3):_&|:l C2(2 ) :I 1 k23 _yZ( 1 kji )

e <) A el _
+(k; +k3)£ G o] F dy|+O(k2) for y,=0(1) (C.6)

and
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(s )-o] ff, <0l 46

) ~ 3
dy+O (k2 Vfor y,=0(1), (C.
o dw) o [KUS) Ok Jfor 3, =0(1) (€7

2

where, as explained in the paragraph following equation(4.15) the relevant solution is obtained by
assuming that @ has a small imaginary part when @/ k;is set equal U in order to avoid the second

critical layer singularity that would otherwise occur at the symmetrically locate point 2y, —y, (since

U(y,) =U(2y,—,)). It now follows that Fo(a),kl,k;‘) and 13>(y2 :a),a)/U(yz),lg)/

13; (O co,0/U (y2 ),k3 ) are given by equations (6.28) and (6.29)respectively.

It also follows from (C.6) together with equations (3.11),(4.13)(6.16),(C.3)(C.4),(A.4) and (B.5) of
Goldstein et al, (2013)(see comment below equation (4.6)), that the transverse velocity Green’s

functlonG (y2 | x, : o, a)/U(yz) k ), which appears in equation (4.10), is given by

k’ +O(k2) [kU x2 ]

GAgo) ()’2 | xz) == 3 s
(27) k' +k K ic*(x,)
X, 2(~ 2 2 g2 k2+k2—k2
xz—(kf+k3)jL)y)dy H(y—x, )| o (K +k k)

ku()-o] | G

k)| S ) B 7 -y, (C.8)
)] roG)-a] Rl

to within an O(ki)error. This result applies even when the shear layer has finite width and U’ is

therefore, discontinuous at some points. Notice that the lowest order term in this equation vanishes at
the critical level where y, = x, while the higher order terms do not, which means that the lowest order
approximation is not uniformly valid in y,, x, . But integrating by parts and comparing the result with the

local Frobenius solution shows that the two term expansion has the correct critical layer behavior and
therefore provides a uniformly valid result.
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