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THE METHOD OF FUNDAMENTAL SOLUTIONS FOR SOLVING
SCATTERING PROBLEMS FROM INFINITE ELASTIC THIN PLATES

ANDREAS KARAGEORGHIS AND DANIEL LESNIC

ABSTRACT. We investigate different variants of the method of fundamental solutions for solving
scattering problems from infinite elastic thin plates. These provide novelty and desirable ease of
implementation as direct accurate and fast solvers to be used iteratively in solving the correspond-
ing inverse problems. Various direct problems associated with physical states of clamped, simply
supported, roller—supported and free plates can be solved efficiently using the proposed meshless
method. In particular, the numerical implementation performed for clamped plates leads to results
showing very good agreement with the analytical solution, where available, and with previously
obtained boundary integral method solutions. As for the inverse obstacle identification, the study
further develops a constrained nonlinear regularization method for identifying a cavity concealed
in an infinite elastic thin plate that has important benefits to the structural monitoring of aircraft
components using non—destructing material testing.

1. INTRODUCTION

In the context of the Helmholtz equation and Maxwell system being the two main models of acous-
tic and electromagnetic scattering from obstacles, respectively, |9], recently, a few studies on the
scattering of biharmonic waves in thin plate elasticity have emerged [10,21,22,24]. These resulted
from two active engineering areas. One is seismic cloaking aimed at protecting an infrastructure
from earthquakes [26], and the other is the use of platonic crystals designed to harness or guide
destructive wave energy for constructive purposes [10,11].

Prior to this study, boundary integral methods (BIMs) [3,10,24] have been developed for solving
the direct scattering of flexural waves on thin plates such as those governed by equations (2.1)—(2.3)
below when the cavity D is known. Interior associated vibration problems when the governing
equation (2.1) holds inside the bounded domain D have also been considered using BIMs in
[20,23,27] and, in [13,14], using the boundary particle method. In Section 3 we propose, apparently
for the first time, several meshless techniques based on the method of fundamental solutions
(MFS) [12]. This is a versatile alternative to BIMs for solving such problems because it does
not require meshing. Moreover, in Section 5 we investigate numerically the corresponding inverse
scattering problem, which requires identifying impenetrable obstacles from multistatic near—field
data.

Date: May 21, 2024.

2000 Mathematics Subject Classification. Primary 65N35; Secondary 65N21, 65N38.
Key words and phrases. Wave scattering, infinite elastic thin plates, method of fundamental solutions.



21

22
23
24

25

26

27
28
29
30
31

32
33
34
35

36
37

38

39
40
41
42
43
44
45
46

2 ANDREAS KARAGEORGHIS AND DANIEL LESNIC

2. MATHEMATICAL FORMULATION

We consider the scattering by an impenetrable planar bounded obstacle D C R? with sufficiently
smooth boundary, e.g. of class C?, in an infinite elastic Kirchhoff-Love thin (thickness h < 27/k)
plate connected medium Q = R?\ D given by (in the frequency domain), see [4],

A% — k% =0 in Q, (2.1)

subject to the radiation infinity condition
2

Ov ds =0 (2.2)

or

lim — ik0®

% J9B,(0)

and the boundary conditions
Bi(v* +u™) = By(v° +u™) =0 on 9D = 99, (2.3)

where ©v® is the scattered field, x > 0 is the wave number satisfying k? = w+/oh/D, where w is
the angular frequency, o is the mass density and D is the flexural rigidity of the plate. Also,
B,.(0) = {x € R?| |x| < r} is the disk centred at the origin of radius r > 0, '™ is an incident field
satisfying A%u'" — x4y = 0 in R? (for example, a plane wave u™(x1,z5) = €**1), and B; and
By are boundary operators giving the boundary conditions on 9D, for example:

(i) By = I, By = 0/0n (clamped plate)

(ii) By =1, By = M (simply supported plate)

(iii) By = 9/0n, By = N (roller—supported plate)

(iv) By = M, By = N (free plate),
where n = (ny,ny) is the inward unit normal to D, I is the identity trace operator, and M and
N are the normalised bending moment and transverse force given by, see [15],

I(Au)  I(Nou)

Mu :=vAu+ (1 —v)Mou, Nu:=— 5 pr (2.4)
t = (—ng,ny) is the tangent unit vector to D, v € [0,0.5) is the Poisson’s ratio and
Pu D?u 0*u 0*u Pu  J*u
9o Y v w2 _ 2_ 2\ _ (2= _Z = .
Mou = 0x? 92T 02105 Mz + 03 nz, Nou 0x1015 (nl n2) (81’% 89@’%) i

The clamped and free plate boundary conditions (i) and (iv) correspond to the Dirichlet and
Neumann boundary conditions associated with the fourth-order partial differential equation (2.1)
and physically they specify the plane displacement and the angle of rotation of the plate, and the
bending moment and the shear force, respectively, [5]. The unique solvability for the scattered
field v° € HZ () satisfying the direct problem (2.1)—(2.3) in cases (i), (ii) or (iii) for any £ > 0
holds [4]. In the case of free plates (iv) (modelling a hole D within the infinite plate) the unique
solvability holds for any x > 0 except for a countable set of wavenumbers (kn),oy satisfying

lim, o kn = 00. Note that in [10], the radiation condition (2.2) is replaced by the conditions

lim f( mﬁ) _0= lim f( (&) mM) | (25)

r—00 r—00
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MFS FOR SCATTERING PROBLEMS 3

Also, the radiation condition (2.2) is the same as the Sommerfeld radiation condition used for the
Helmholtz equation in acoustic scattering, see [9,15]. As remarked in [5], the reason why only one
radiation condition (2.2) is needed instead of a pair is that v® can be written as the superposition
of a propagative part vP* = —# (Av® — k?v°) satisfying the Helmholtz equation in € and an
evanescent part v = ﬁ (Av® + k*v®) satisfying the modified Helmholtz equation in 2, which
does not contribute to the far field since it is exponentially decaying. Furthermore, in addition to

v® = vP" +0v°¥ we also have that Av® = k2 (v — vPr).

3. THE METHOD OF FUNDAMENTAL SOLUTIONS (MFS)

We have implemented the following four MFS approaches for the solution of boundary value
problem (2.1)—(2.3):

3.1. First approach. We approximate the solution of (2.1)—(2.3) by a linear combination of
non-singular fundamental solutions [29]

2N
(@) =D ¢ G®,¢;), eQ=QU0, (3.1)
j=1
j:
to be determined by imposing the boundary conditions (2.3). In (3.1), G is the fundamental
solution of the operator in equation (2.1), which in two dimensions is given by, see [21],

G, &) = < (HS" (sl — ) ~ B (inla — £))) (3.2)

where (£ j)jzm are source points located inside D and (¢;) 72N are unknown complex coefficients

where Hél) is the Hankel function of the first kind of order zero. Note that approximation (3.1)
automatically satisfies the governing equation (2.1) in © and the infinity condition (2.2), see [5].

Assuming that D is a smooth, star—like domain with respect to the origin, in polar coordinates
its boundary dD can be parameterized as

x1 = r(9) cosd, xe = r(1) sind, v € [0,2m), (3.3)
where r is a smooth 2w —periodic function. We place M collocation points on 0D as follows:
2z = (D) (cos Do, i &m) . Oy =21(m—1)/M, m =T, M. (3.4)
We also place N sources on a pseudo—boundary 9D’ given by
€, =mr(Vy) (cosVy,sindy), £=1,N, (3.5)
and another N sources on a pseudo—boundary dD" given by
Enie =mr(0e) (costy,sindy), (=1,N, (3.6)

where ¥y = 2w (¢ — 1)/N and the contraction parameters 71,72 € (0,1) and 7y # 7.



70
71

72

73

74
75

76
7

78

79
80
81

82
83
84

85

86
87

88

89
90

4 ANDREAS KARAGEORGHIS AND DANIEL LESNIC

The imposition of the two boundary conditions in each of the cases (i)—(iv) yields a 2M x 2N
linear system of the form
Bl o b1
o= .

€ RM>*2N are defined by

where the matrices By, Bs
By = BiG(x;,¢;), By=ByG(x;,€;), i=1,M, j=1,2N,
and the vectors by, by € RM*! are defined by
by = —Biu™(z;), by = —Bou™(x;), i=1M. (3.8)

Having determined the vector of coefficients ¢ € R?¥*1 the approximation (3.1) may be calculated
anywhere in 2.

3.2. Second approach. Following the indirect boundary element formulation in [23, Section 4.1],
see also [20,27], we now approximate the solution of (2.1)—(2.3) by

N N Ve
(@) =) oGl &) +) di5m(@E), zel, (39)
7=1 j=1 n(g)
where (& j)jzﬁ are source points located inside D and (c¢;);_; and (d;);_7 are unknown com-
plex coefficients to be determined by imposing the boundary conditions (2.3). Note that in (3.9),
n(€) = (ng,, ng,) is the inward unit normal to the pseudo-boundary 0D’ on which the sources are
placed.

Assuming that, as in Section 3.2, the boundary 0D is a smooth, star-like curve with polar coor-
dinates described by (3.3), we again place M collocation points on 9D as in (3.4). We also place
N sources on the pseudo-boundary 0D’ given as

&, =nr(d) (cosy,sindy), £=1,N, (3.10)
where the contraction parameter n € (0,1).

The imposition of the two boundary conditions in each of the cases (1)—(iv) yields a 2M x 2N
linear system of the form

By | Bio Cc by
] o] - 5] 1
where the matrices Bi1, Bia, Bo1, Bas € RM*Y are defined by
By = BlG(wz‘,ﬁj), By = 318—G(ﬂ3i,€-), Bo1 = BoG(x4,§;), Boy = BQa—G(il%f')’
an(€) "SI ! on(g) "

fori =1,M, j =1, N, and the vectors by, by € RM*! are defined by (3.8). Having determineé the
vectors of coefficients ¢, d € RV*! the approximation (3.9) may be calculated anywhere in Q.
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MFS FOR SCATTERING PROBLEMS 5

3.3. Third approach. Following the indirect boundary element formulation (3.20) in [10], we
now approximate the solution of (2.1)—(2.3) by

N N lem -
_ ;cj Gu(z,&;) + ;dj M(m,gj), x €0, (3.12)

where (& j) _py are source points located inside D and (¢;);—1w and (d;);_; are unknown com-

plex coefﬁc1ents to be determined by imposing the boundary conditions (2.3). In (3.12), Gy is
the two—dimensional fundamental solution of the modified Helmholtz operator defined by

Gu(x, &) = S H (il — &), (3.13)
while Gy is the two—dimensional fundamental solution of the Helmholtz operator defined by

Cul, &) = LH" (sl — £]), (3.14)
The discretization details are identical to those in Section 3.2.

The imposition of the two boundary conditions in each of the cases (i)—(iv) yields a 2M x 2N
linear system of the form

Ci | Cio & by
— | = |— 3.15
e -] a1
where the matrices Ci1, Cia, Co1, Cag € RM*N are defined by
oG oG
Cn = B1GM(5%€ ), Cia = Bla (; (5%5 ), Co = BQGM(wuf ), Cap = 52(.9”(15 (%‘ﬂfj%

fori =1,M, j = 1, N, and the vectors by, b, € RM*! are defined by are defined by (3.8). Having
determined the vectors of coefficients ¢,d € R¥*!| the approximation (3.12) may be calculated
anywhere in Q. We remark that if G and G, are swapped in (3.12), then we expect a similar
performance of the MFS in the framework of the third approach.

3.4. Fourth approach. Following the single-layer potential indirect boundary element formula-
tion (5.3) in [10], we now approximate the solution of (2.1)-(2.3) by

N
vi(@) = ¢ Gulz, &) + Zd Gu(z,§;), z€Q, (3.16)

7j=1
where (& -)J v are source points located inside D and (¢;);—1w and (d;);,_; are unknown com-

plex coefficients to be determined by imposing the boundary conditions (2.3). The discretization
details are identical to those in Section 3.2, while assuming that x? is not an interior Dirichlet
eigenvalue of —A in D', see [2,3].
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6 ANDREAS KARAGEORGHIS AND DANIEL LESNIC

The imposition of the two boundary conditions in each of the cases (i)—(iv) yields a 2M x 2N

linear system of the form
Dy | Dig c by
—| = |71, 3.17
oo | ] = ] 17
where the matrices Di1, Dia, Da1, Das € RM*N are defined by
Dy = BlGM(wi,fj)a Dy = B1GH(wi,§j), Dy = BZGM(wi>€j>7 Dy = BQGH(%',SJ%

for i =1, M, j =1, N, and the vectors by, by € RM*! are defined by (3.8). Having determined the
vectors of coefficients ¢, d € RV*!, the approximation (3.16) may be calculated anywhere in €.

4. NUMERICAL EXAMPLES FOR THE DIRECT PROBLEM (2.1)—(2.3)

The appropriate derivatives needed for the approaches described in Section 3 are provided in the
Appendix. The choices of the contraction parameters n;, 7o € (0,1) with 7y # 7, in the first
MFS approach and n € (0,1) in the other MFS approaches are based on trial and error. These
parameters are chosen to be neither too small (close to 0) to avoid the clustering of the source
points near the origin nor too large (close to 1) to avoid potential ill-conditioning caused by the
small argument |« — &| in the Hankel functions in expressions (3.2), (3.13) or (3.14), see also [19].
There is also the possibility of optimizing these contraction parameters [6] or to use the MFS
locally [7,8,28| but, for simplicity, these are not considered herein.

In all the numerical examples investigated in this section we take M = N such that the MFS
systems of equations (3.7), (3.11), (3.15) or (3.17) are square. It is also possible to consider
under—determined or over-determined scenarios 25|, which occur when M < N or M > N,
respectively, but, for simplicity, these are not considered in the current study.

4.1. Example 1. For a rigid circular plate of radius a centred at the origin the clamped plate
boundary conditions (i) apply yielding the solution to (2.1)—(2.3) for u™™(x) = €***, see [21],

v (r,9) = [AHV (k1) + BoKo(k7)] cos(nd), 7 >a, 9 €[0,2n), (4.1)
n=0
where
A o Jn(ka) K| (ka) — J)(ka) K, (ka)
n= —&nl
Hr(,l)(/ia)K,’](/ia) - H,gl)/(/m)Kn(/ia)
2en i
B, = , =1 e,=2forn>1.

(1) / . (1’
wka |Hy' (ka)K!(ka) — Hy ' (ka) K, (ka)

Details regarding the derivation of the quantities involved in (4.1) are provided in the Appendix.
We carried out numerical experiments for different radii @ and x and M = N. The exact solution
expansion was truncated at n = 30. We also chose 1; = 0.55 and 7, = 0.45 in the first approach
and n = 0.5 in the other approaches. The approximation and exact solution were calculated at
L = 25 uniformly distributed test points on a circle of radius b = 2a and we recorded the maximum
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138 absolute error E. Some results showing the convergence of the MFS approaches are provided in
139 Table 1. From this table it can be seen that the third and fourth MFS approaches are more
140 accurate than the first and second MFS approaches.

TABLE 1. Example 1: The maximum absolute errors Fj, between the exact solution
(4.1) truncated at n = 30 and the kth MFS approach for & = 1,2, 3,4, calculated
at L = 25 uniformly distributed test points on a circle of radius b = 2a, for various
numbers of degrees of freedom M = N and values of a and . Note that 8.94(-4)
stands for the scientific notation 8.94e-04 or the standard form 8.94 x107* of a
decimal number, etc.

a r M=N E E, B, E,

20 1.0 16  8.94(-4) 8.31(4) 981(4) 1.97(-4)
20 1.0 32  6.69(-8) 3.42(-8) 6.92(-8) 4.88(-9)
20 1.0 64  524(-14) 3.79(-14) 9.43(-16) 4.04(-15)

20 2.0 16  1.29(-2) 1.29(-2) 3.25(-3) 3.57(-3)
20 20 32 164(-6) 1.07(-6) 1.87(-7) 1.09(-7)
20 2.0 64  3.88(-13) 2.71(-13) 3.84(-15) 1.51(-14)

20 30 16  4.70(-1) 4.81(-1) 7.14(-2) 6.80(-2)
20 3.0 32 272(-5) 2.14(-5) 297(-7) 1.89(-6)
20 3.0 64  3.32(-12) 2.42(-12) 2.10(-14) 6.93(-14)

30 1.0 16 2.75(-3) 2.62(-3) 6.88(-4) 8.21(-4)
30 1.0 32 359(-7) 2.09(-7) 1.15(-7) 2.44(-8)
30 1.0 64  1.56(-13) 9.20(-14) 1.79(-15) 6.98(-15)

30 20 16 4.70(-1) 4.81(-1) 7.14(-2) 6.80(-2)
30 20 32 272(-5) 2.14(-5) 297(-7) 1.89(-6)
30 20 64 3.17(-12) 2.21(-12) 1.24(-14) 5.68(-14)

30 3.0 16 1.34 137 6.40(-1)  6.38(-1)
30 3.0 32 153(-3) 1.50(-3) 9.54(-5) 1.02(-4)
30 30 64  9.24(-11) 5.70(-11) 1.75(-13) 6.29(-13)

141 4.2. Example 2. We next examine the solution of problem (2.1)—(2.2) with the clamped boundary
142 conditions exact solution

vi(@) = H" (s|lz — %)) + H (is]e — Z), @ € oD, (4.2)
ov® B Klx—T) n crr(1) e =
o) == [H (klz — &) +iHV (ke — =|)|, z € aD, (4.3)
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8 ANDREAS KARAGEORGHIS AND DANIEL LESNIC

where T is the location of a point source in D, in place of (2.3). The problem (2.1), (2.2), (4.2)
and (4.3) has the exact solution

V() = H (k| — z|) + H" (iklz — F)), = e (4.4)

This benchmark problem was considered in [10] for various shapes D, with smooth boundaries
0D whose parametric representations are given by & = r(¢) (cos J,sind) , ¥ € [0, 27), and:

0.55 (1 + 0.9 cos ¥ + 0.1sin(299))
14 0.75cos ¥ ’
(II) Peach shape: r(9) = 0.22 (2 + cos? ¥y/1 — sind}),
eanut shape: r =0. + 3 cos* V.
II) p h 9¥) = 0.275v/1 + 3 cos?

(I) Bean shape: r(9) =

The following non—smooth shapes with parametric representations given by
Y(0) = (N (9),7(?)), ¥ € 0,27), were also considered in [10]:

(IV) Drop shape: v1(9) = 2sin(9/2) — 1, 7,(J) = —sind,
(V) Heart shape: v, (9) = (3/2) sin(39/2), v2(9) = sin 9.
In the cases (IV) and (V), equations (3.4)—(3.6) are replaced by

%ﬁ{%@%%wwy m =1, M, (4.5)
& =m (m0),), (=1,N, (4.6)
and
Enie =12 (11(00),2(%)), (=1,N, (4.7)
respectively.

In shapes (I)-(IV), the location of the point source was taken at £ = (0.1,0.2), while in shape
(V) at © = (—0.5,0.2). The five shapes considered, as well as the locations of the point source
in each case, are depicted in Figure 1. As in [10], we took £ = 2. As in Example 1, we also
chose n; = 0.55 and 7 = 0.45 in the first approach and n = 0.5 in the other approaches. The
approximation and exact solution were calculated at L = 25 uniformly distributed test points on
a circle of radius 1 centred at the origin for shapes (I)—(I1I) and on a circle of radius 2 centred at
the origin for shapes (IV)—(V). We recorded the maximum absolute error E there and the discrete
L2-error norm & = ||v° — vi||2/v/L. The results for different degrees of freedom for each approach
and each shape presented in Tables 2 and 3 illustrate the convergence of the MFS approaches
with respect to increasing the number of degrees of freedom. It is noteworthy that, due to their
increased boundary curvature, the heart and peanut—shape geometries, require more degrees of
freedom than the other shapes to achieve a comparable level of accuracy.
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Bean shape L Peach shape L Peanut shape
05 0.5 0.5
-0.5 -0.5 -0.5
1 -1 1
1 0 1 -1 0 1 1 0 1
Drop shape 5 Heart shape
1
1
0 0
-1
-1
-2
-1 0 1 -2 0 2

FIGURE 1. Example 2: Shapes considered. The location of the point source x is
denoted by a red asterisk .

4.3. Example 3. As in [10], we examine the solution of problem (2.1)—(2.3) for a clamped plate
when the cavity D is illuminated by the plane wave with an incident angle 7/6 given by

m) _ einm-(cos(w/ﬁ),sin(w/G))’ = RQ, (48)

where D can be any of the shapes considered in Example 2. As this problem has no analytical
solution we shall use the numerical solution obtained for M = N = 2048 as the reference solution.
For simplicity, we shall use only the third and fourth MFS approaches, and calculate the far field
patterns vy at 32 uniformly distributed observation points on the unit circle. These far field
patterns are given, from [10], by

ei7r/4 N 8 (e*iﬂi'sj)

uinc(

vy () = ——= ) dj —=—=—= for the Third Approach 4.9
Noo( ) 8H7T — ) an<£) pp ( )
and
17r/4
vy ( Z cje “ik&&;  for the Fourth Approach, (4.10)
- V8K “
where & = x/r is the observation dlrectlon and r = |x|. As in Example 2, we took x = 2 and
chose n = 0.5.
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TABLE 2. Example 2: The maximum absolute error E and the discrete L2-error
norm & between the exact solution (4.4) and the MFS approaches calculated at
L = 25 uniformly distributed test points on a circle of radius 1 centred at the origin,
for various numbers of degrees of freedom M = N for the shapes (I)-(III).

M =N E(bean) &(bean) FE(peach) &(peach) FE(peanut) &(peanut)
First Approach

16 1.78(-4)  8.28(-5) 1.22(-3) 4.68(-4)  2.39(-2)  1.03(-2)

32 9.71(-7) 3.61(-7) 1.43(-7) 5.59(-8)  9.93(-4) 3.65(-4)

64 6.73(-14) 3.06(-14) 6.21(-12) 2.42(-12)  8.84(-8) 3.30(-8)
Second Approach

16 7.18(-4) 2.63(-4) 9.66(-4) 3.18(-4)  4.13(-2) 1.52(-2)

32 1.19(-6)  5.15(-7) 2.38(-7) 7.86(-8)  6.04(-4) 2.22(-4)

64 6.99(-13) 2.64(-13) 3.83(-12) 1.39(-12) 1.15(-7)  5.13(-8)
Third Approach

16 7.07(-3) 2.98(-3) 1.39(-3) 7.27(-4)  8.79(-3) 3.70(-3)

32 454(-6) 1.62(-6) 7.27(-7) 2.37(-7) 2.83(-4)  1.08(-4)

64 5.72(-12) 1.96(-12) 2.83(-14) 1.45(-14) 2.44(-7)  9.10(-8)
Fourth Approach

16 1.07(-4) 4.00(-5) 1.35(-4) 4.33(-5)  1.95(-2) 7.26(-3)

32 1.57(-7) 6.26(-8) 8.78(-8)  2.77(-8)  5.50(-4) 2.22(-4)

64 6.39(-14) 2.71(-14) 7.55(-15) 2.48(-15) 2.07(-7)  7.71(-8)

In Figures 2 and 3 we present the real and imaginary parts of the far field patterns of the reference
solution and the numerical solution obtained using the third MFS approach (the results obtained
with the fourth MFS approach were indistinguishable) with M = N = 32 for the smooth shapes
(I)—(I11), and with M = N = 256 for the non—smooth shapes (IV)-(V), respectively. Although not
illustrated, excellent agreement with the corresponding BIM numerical results of [10] is reported.
Also, in Tables 4 and 5 we list the errors F and £ obtained with different numbers of degrees
of freedom for shapes (I)—(III) and (IV)—(V), respectively. We observe that, as expected, for
the non-smooth shapes the convergence of the MFS with the number of degrees of freedom is
considerably slower.
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TABLE 3. Example 2: The maximum absolute error E and the discrete L2-error
norm & between the exact solution (4.4) and the MFS approaches calculated at
L = 25 uniformly distributed test points on a circle of radius 2 centred at the origin,
for various numbers of degrees of freedom M = N for the shapes (IV)-(V).

M=N E(drop) &(drop) E(heart) &(heart)
First approach

16 1.41(-3) 5.65(-4) 2.09(-2) 8.28(-3)

32 1.25(-6)  4.84(-7) 1.07(-3) 3.57(-4)

64 1.03(-11) 5.07(-12) 1.79(-6) 5.44(-7)
Second approach

16 6.42(-4) 2.86(-4) 5.34(-3) 2.34(-3)

32 9.88(-7) 4.70(-7) 2.69(-4) 1.03(-4)

64 5.62(-11) 2.12(-11) 2.71(-7) 8.57(-8)
Third approach

16 9.43(-3) 5.10(-3) 1.01(-1) 4.86(-2)

32 2.02(-3) T7.71(-4) 8.69(-4) 3.29(-4)

64 7.33(-7)  3.02(-7) 3.21(-7) 1.13(-7)
Fourth approach

16 7.42(-5)  4.00(-5) 3.08(-2) 1.25(-2)

32 4.80(-7) 2.17(-7) 1.51(-4) 5.88(-5)

64 2.06(-10) 7.55(-11) 7.34(-7) 2.37(-7)

TABLE 4. Example 3: The maximum absolute error E and the discrete L?-error
norm &£ between the reference solution and the third and fourth MFS approaches
for the far-field pattern calculated at L. = 32 uniformly distributed test points on
the unit circle, for various numbers of degrees of freedom M = N for the shapes

(I)-(T11).
M =N E(bean) &(bean) FE(peach) &(peach) FE(peanut) &(peanut)
Third approach
16 1.54(-1) 1.00(-1) 7.97(-2) 4.41(-2) 6.36(-2)  4.38(-2)
32 1.29(-2) 7.96(-3) 2.67(-4) 1.52(-4)  6.22(-3)  4.43(-3)
64 3.35(-4) 1.65(-4) 1.01(-7) 5.47(-8) 9.21(-8)  7.22(-8)
128 1.23(-6) 6.27(-7) 6.69(-9) 3.59(-9) 7.75(-14)  4.90(-14)
Fourth approach
16 1.02(-1) 5.62(-2) 2.85(-3) 158 (-3) 8.71(-3)  5.99(-3)
32 462(-2) 272(:2) 57L(-5)  34L(-5)  6.04(-4)  2.22(-4)
64 2.48(-4) 1.21(-4) 9.91(-8) 5.37(-8) 3.84(-9)  2.69(-9)
128 8.24(-6) 4.32(-6) 6.50(-9) 3.48(-9) 2.58(-13) 1.37(-13)
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TABLE 5. Example 3: The maximum absolute error E and the discrete L2-error
norm & between the reference solution and the third and fourth MFS approaches
for the far-field pattern calculated at L = 32 uniformly distributed test points on
the unit circle, for various numbers of degrees of freedom M = N for the shapes

(IV)-(V).
M =N E(drop) &(drop) FE(heart) &(heart)
Third approach
128 4.14(-2) 2.25(-2) 9.30(+1) 4.13(+1)
256 8.27(-3) 4.24(-3) 4.66(-2) 2.42(-2)
512 4.09(-3) 2.34(-3) 3.33(-3) 2.19(-3)
1024 1.48(-3) 8.41(-4) 1.53(-3) 9.61(-4)
Fourth approach
128 3.27(-2) 1.71(-2) 6.01(+1) 3.08(+1)
256 8.60(-3) 5.47(-3) 2.07(-2) 1.07(-2)
512 4.37(-3) 2.63(-3) 4.66(-3) 2.77(-3)
1024 1.21(-3) 8.15(-4) 3.88(-3) 2.09(-3)

5. INVERSE PROBLEM

The inverse problem in which the obstacle D is unknown was investigated in [5] as a model arising
in the non destructive testing of the fuselage or wing of an aircraft. We formulate the inverse
geometric problem of detecting the obstacle D in an infinite plate from suitable measurements,
as proposed in [5]. We first assume that the unknown obstacle D is contained in some a priori
known disk Bgr(0) for some known radius R > 0. Then, for a point y € B(0) =: I', we denote
by v°(-,y) and 9°(-,y) the scattered fields associated with the incident point source and dipole
fields

W) = Gl) 6.)
and
W) = G () 5:2)

where n(y) is the outward unit normal to I' at y, respectively, via the corresponding solution of
the direct problem (2.1)-(2.3). Note that unlike the direct problem where the incident field u™®
entering (2.3) was required to satisfy A*u™ — x*u'™® = 0 in R?, see [4], in the inverse problem the

incident field is required to satisfy A%u" — k%u™® = 0 only in a domain including D, see [5].
The resulting compound of measured data
v(w,y) = f(w,y), (w,y)elxT, (5.3)
ov®
= I'xT 5.4
(@) (x.y) =g(®,y), (z,y)elxT, (5-4)

"(z,y) = f(®,y), (z,y) el xT, (5.5)
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ov’
m(way) - §<w7y)7 (way) el x F, (56)
called multistatic data, was shown to be sufficient for retrieving the obstacle D uniquely for both
the Dirichlet clamped plates and the Neumann free plates, see [4, Theorem 2.3|. In [4], the
linear sampling method (LSM) was developed for identifying the cavity D from the data (5.3)—
(5.6). In the present paper, we develop a nonlinear Tikhonov regularization MFS for solving the
inverse problem which is more precise and natural for solving nonlinear and ill-posed obstacle

identification problems [16,17].
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5.1. Numerical method for identification of cavity D. We first assume that the unknown
cavity D C R? is star-shaped with respect to the origin and its boundary 0D parameterized
by (3.3), where the polar radius r() for J € [0,27) is a smooth 27—periodic function, which is
unknown. For simplicity, we consider only the clamped boundary condition case (i) given by
. US ulnC

V¥ = —u"c, gn = —aan on 0D, (5.7)
but a similar analysis can be performed for the free plate boundary conditions (iv). We shall
use the Fourth MFS Approach and the first step is to fabricate the input data (5.3)—(5.6) that is
required to be inverted in order to identify the obstacle (3.3). This is achieved numerically using
the MFS approximation (3.16) with the sources (& J)j:ﬁ distributed as in (3.10), which satisfies

the governing equation (2.1) and the infinity condition (2.2). For each y € I', the unknown
coefficients (c;),_i and (d;),_1 are determined by imposing the boundary conditions (5.7) for

the point source incident field (5.1). Once these coefficients have been found, equation (3.16)
applied on I' provides the data (5.3). Also, the differentiation of (3.16) and application on I" given

by
N

Oy OGM 0Gy
o (&) ;21 % Bn(a) (x,&;) + ;:1 d; D) (z,¢;), xel, (5.8)
where ( ) (@)
aGM R\ — £] ‘n\x (1) .
gbm = H _¢.
8n(zc)(w’€]) 4‘:1:_5]’ 1 (1/€|$ 53’)a
OGu ik (®—¢&;) n(x)
et 8 )= H _¢.
8n(a:) (w7€_j) 4‘33_5]‘ 1 (/‘ilﬂl’ €j|)7
provide the data (5.4). The procedure is repeated for the dipole incident field (5.2) to provide the

data (5.5) and (5.6).
On choosing the points
Y =X, = R(cospp,sing), ¢p=2nk—1)/K, k=1K, (5.9)
on I', each of the data (5.3)—(5.6) generate a full matrix multistatic data compound given by
F=f(XnY))eir, G=0(XnY))ix,

F = (f(Xk,Ye)>k = G= (9( X5 Y 0))p o1t -

Summing up, the whole inverse model consists of the following assembly of discretized equations
resulting from (5.8) applied for '™ given by (5.1) and (5.2), and equations (5.3)-(5.6):

N N
Z ¢;(Y)Gu ((rm COS Upn, T SIN 0,y €j> + Z d;(Y¢)Gu <(rm COS Uy T SN0y, Ej)
j=1

Jj=1

+ G <(rm c0S Vs 'm sin@m),YO =0, m=1,M,/(=1,K, (5.10)
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Y oG 5 ; . oG . ;
ZCJ(Yz)an(;A) ((rm COS Uy, Ty SIN ﬁm),£j> - Zdj(Yﬁ)an<i) ((rm €08 Uy, Tp SIN ﬁm),§j>
Jj=1 =1
oG ~ =
+ on(z) <(’”m €08 Urn, T Smﬂm),Ye) =0, m=1M (=1K, (5.11)
N N -
D (Y)Gu (Xi &) + > dj(Y)Gu (Xi,€)) = [(X, Y, k(=1K, (5.12)
Jj=1 j=1
N N
jzlcj(YE)an(w) (X, 5) + jzldj(Yé)an(m> (X0,&;) = 9( X1 Ye), k(=TK, (513)
N N ) N ~ N
> (Y )Gy ((rm €08 Uy, T SIN 19m),€j> +Y " d;(Y )Gy <(rm €08 Uy, T SID ﬁm),5j>
=1 pu
oG ~ o
+ nly) <(7“m cO8 Urn, T'm Smﬁm),Ye> =0, m=1LM,(=1K, (5.14)
N N
. oG - o 5 Ple ) o
ZCJ(YE)W(ZUM) ((rm coS Wy, T SIN ﬂm),€j> + Zdj(Yﬁ)an<i) ((Tm €08 Uy, Tp SIN ﬁm),§j>
j=1 pu
2*G ~ o
+ onleTonta] (v €08, P sin ). Y ) =0, m =T, (= TR, (5.15)
N N
Y GV )Gy (X1 &) + > di(Y )G (X1,&)) = f(X, V), k(=1K, (5.16)
j=1 j=1
im@ O (X6 +i3m>aﬂ (X0&) = (X0 Y0), k(=LK (517)
=1 ’ On(x) Y e ! on(x) i b s 1%
where 7, = r(¥,), m = 1,M. Along with ¢;; = ¢;(Yy), djy = d;(Yy), & = &(Y)

and czjg = czj(Yg), for j = 1,N,¢ = 1, K, this amounts to M + 4N K unknowns entering the
AMK + 4K? equations (5.10)—(5.17). This system of nonlinear algebraic equations is solved by
minimizing the least—squares residual penalised by the first—order regularizing term of the form
A 2%21 (Tmt1 — rm)2, where A > 0 is a regularization parameter to be prescribed and, by conven-
tion ryr41 = r1, which implies C''-smoothness of the cavity D. The resulting nonlinear Tikhonov
regularization functional is given by

M
TA(C,D,C,D,7) := [|F(C,D,C,D,7) = b|P + A (rms1 — 7m)” (5.18)
m=1

C = (en)ywirr D= (o)yrmein: =@ mmein: D= () TN
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r = (rm),,_737, 0 1s a vector of AMK + 4K? components containing the unknown data in the

right—hand side of (5.10)~(5.17), and F(C,D,C,D,r) is the functional built by assembling the
appropriate expressions in the left—-hand side of (5.10)—(5.17). The minimization of (5.18) subject
to the simple bounds

O<rp, <R for m=1M (5.19)

is performed using the MATLAB® toolbox routine 1sqnonlin, which has proved a versatile and
easy to use software in several nonlinear minimizations resulting from solving numerically inverse
and ill-posed problems, see e.g. [16-18|.

Remark. The routine 1sgnonlin minimizes the sum of squares of real equations in real unknowns.
Hence, in the implementation, we need to provide it with the real and imaginary parts of the
complex equations (5.10)—(5.17) leading to a total number of 2 x (4M K + 4K?) equations. Also,
we need to consider the real and imaginary parts of the complex coefficients cj¢, dj¢, ¢jo and chg,
for j =1,N,¢ =1, K, which in addition to the (real) radii 7,,, m = 1, M, lead to a total number
of M + 2 x (4N K) unknowns.

5.2. Numerical implementation. In the numerical implementation of the described method we
consider the identification of a circular disk scatterer D = B;(0) of radius 1 centred at the origin
from the measurements (5.3)—(5.6). We first fabricate the input data (5.3)—(5.6) using the Fourth
MFS Approach given by expansion (3.16) in Section 3.4. We take kK = 1, and M = N = 32,
n = 0.5. The results for the data (5.3)—(5.6) are given in Table 6 for R = 2 and K = 2. In the
inverse problem we use this data as input in the inverse problem that we solve, as described in
Section 5.1, and take M = N = 16 (which is different than the direct problem solver in order to
avoid committing an inverse crime) and n = 0.5. This leads to a total of 288 (real) equations in
272 (real) unknowns.

With M = N = 16 and K = 2, equations (5.10)—(5.17) form a nonlinear system of 4M K +4K? =
144 equations with M +4N K = 144 unknowns, which is solved by minimizing (5.18) subject to the
constraints (5.19) from the initial guess Y = 0.5 for m = 1, 16 and C® = D© = C© = D© = .
The numerically obtained results without regularization, i.e. A = 0, for the cavity D are illustrated
in Figure 4 for various numbers of iterations showing convergent and accurate reconstructions.

Next, in order to test the stability of the numerical reconstruction we perturb the data (5.3)—(5.6)
of Table 6 by replacing f(Xy, Y,) with (14p o) f (X, Y), k, £ = 1, K, where p is the percentage
noise added and [011,01.2,---501.K5 0215+ 502K --- 5 QK,K]T is a random noisy variable vector
with components in [-1,1] obtained via the MATLAB® command -1+2*rand(1,K). Similarly
for g, f, . Figure 5 presents the numerically retrieved cavity after 200 iterations for p = 5% and
various values of A\. From this figure it can be seen that stable and accurate reconstructions of

the cavity can be achieved by a suitable choice of the regularization parameter, e.g. A = \(5%)
between 10? and 103.
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TABLE 6. The data (5.3)—(5.6) fabricated by solving the direct problem using the
fourth MFS approach with M = N = 32 and n = 0.5.

(X, Y1) = ((2,0),(2,0)) | 0.0644-0.0868 | 0.0371+0.05081 | 0.0371 0.05081 | -0.0335  0.0054i
(X1,Y5) = ((2,0),(=2,0)) | -0.00110.05001 | -0.0507-0.00771 | -0.0507-0.00771 | 0.0155-0.0469i
( ),(2,0)) [-0.0011+0.0500 i | -0.0507-0.0077i | -0.0507-0.00771 | 0.0155-0.0469i

,(=2,0)) | 0.0644-0.08681 | 0.0371+0.0508i | 0.0371+0.0508i | -0.0335-+0.00541

niter=1 niter=5 niter=10

niter=50 niter=100 niter=200
FIGURE 4. Results. The reconstructed cavity (red dots) after various numbers of
iterations, no noise and no regularization.

6. CONCLUSIONS

In this paper, the MFS has been developed for the first time in the relevant literature for solving
both direct and inverse scattering problems from infinite elastic thin plates. In this practical
scenario the bi—Laplacian of the scattered field is augmented by a lower—order term.
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-0 A= 10 A=107
A=10°3 A=10%

QQ

FIGURE 5. The reconstructed cavity (red dots) after 200 iterations for various values
of the regularization parameter A and noise p = 5%.

Four variants of the MFS have been investigated. From the results reported in Section 4, the
performance of all four approaches with respect to accuracy is similar when compared with the
analytical solutions available for Examples 1 and 2, or with a reference solution or the BIM
numerical results of [10] for Example 3, which does not possess an explicitly available analytical
solution. From the ease of implementation standpoint, clearly the first approach (described in
Section 3.1) is the simplest as the approximation involves only one fundamental solution (basis
function). However, in contrast to the other three approaches (described in Sections 3.2-3.4),
the drawback is that two pseudo—-boundaries instead of one need to be chosen. As elaborated at
the beginning of Section 4, this is not such a serious drawback as, provided that the choices are
reasonable, the position(s) of the pseudo—boundary(ies) do not significantly affect the solution’s
accuracy. The second and third approaches are potentially more tedious to implement due to the
presence of the (extra) derivatives in expressions (3.9) and (3.12), especially in cases where the
boundary condition operators By and B, in (2.3) involve higher-order derivatives, rendering the
coefficient matrices resulting from these two approaches more vulnerable to ill-conditioning. We
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should also mention that all four proposed approaches are considerably simpler than their BIM
counterparts as they are meshless and do not involve troublesome integrations.

As for the inverse analysis undertaken in Section 5, the identification of an unknown cavity con-
cealed in an infinite plate has been accomplished by the fourth MFS approach combined with a
constrained minimization embedded in the MATLAB® routine 1sqnonlin. The numerical results
obtained for both exact and noisy input near—field multistatic data reveal satisfactorily stable and
accurate reconstructions.

Acknowledgments. No data are associated with this article. For the purpose of open access, the
authors have applied a Creative Commons Attribution (CC BY) licence to any Author Accepted
Manuscript version arising from this submission.
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374 APPENDIX
375 We shall be repeatedly employing the identity [1]

d nH" (2)
—HW n
z

dz " (Z): _Hr51+)1(2>7

376 and for the evaluation of the Hankel function H" (2) we used the MATLAB® command besselh(n, z).
377 To impose the boundary conditions (2.3) in (i) and (ii) we need the following derivatives:

First Approach.

S—g@@ = —;(,f(w—‘fg), (10 (sl — &) — i Gl - €)] =12
378
- 8327?(%5) R i1 (sl — €]) + B (inlz - €))]
50 +% [Hél)(ﬁ!w—ﬂ)+H§”(m|a:—£|)},
227(;(:1:,5) = —m [inl)(/d:B — &)+ HY (irz — EI)}
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0x107 (,£) =
where = (z1,25) and € = (£, &2).

Second Approach.
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Third Approach.
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Fourth Approach.
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Example 1. In Example 1 we used the following identities for the derivatives of the Bessel
functions of the first kind and order n, J,(z), and the modified Bessel functions of the second kind
and order n, K,(z), [1]:

d nJn(2) d nK,(2)

%Jn(Z) = > - Jn+1<z)> %Kn('z) = B Kn+1(2).

For the evaluation of the functions J, () and K,(z) we used the MATLAB® commands besselj (n, 2)
and besselk(n, 2), respectively.
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