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Timber shell structures are material efficient over large spans, and environmentally friendly due to the renewable
nature of the material. In realising such structures, digital fabrication and assembly techniques provide new
opportunities for the accurate conversion of complex digital designs into real components, allowing the gener-
ation of interlocking shell forms. Supporting falsework structures for shell construction present issues as a high
waste factor in their assembly, due to their often single-use, and highly custom nature. Additionally, such
segmented shells often rely on adhesives or additional fixings to constrain parts, reducing the potential for
disassembly and reuse. This work presents a design approach, developed to demonstrate the use of dovetail style
integral joints for maintaining structural stability through the assembly process, mitigating the need for false-
work. The proposed approach is based on making use of stability assessments, funicularity measures and
geometrical analysis of part interfaces to understand the behaviour of designed structures in an assembled state,
during assembly, and how parts may be inserted into each other. Relaxed funicularity of full shell designs is
quantified to assess fully assembled loading mechanisms, whereas the coupled rigid-block analysis (CRA) is used
to assess the stability during assembly and is validated by comparison to physical models. Using the part-part
interface geometry information and panel topology, inter-panel constraints are also assessed for both dovetail
and finger joints. The developed interlocking joints are shown to aid funicularity by improving tensile capacity.
Comparisons are made between inter-panel constraints and stability analysis data to show the relationship be-
tween interface geometry and stability. Together, these three techniques are shown to provide complementary
early-stage design feedback to aid in generating feasible, discrete shell constructions.

1. Introduction providing their own stability without need for external supports.

In thin structures, it is also currently commonplace to form-find

Well-designed shell structures offer many benefits for structural de-
signers, the most notable being relatively low material usage over large
footprints due to their efficient membrane-dominated load-carrying
mechanism. Traditionally, inherently stable geometries were found
through the observation of the shapes formed by hanging chains, soap
bubbles and other physical models. More recently, computational form-
finding techniques allow the exploration of a vast set of geometries, for
which the loading path falls fully within the shell thickness [1,2]. Such
designs are under pure compression without bending moments [3],
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optimal shapes for their specific load conditions through the use of
computational dynamics simulation [4]. Such simulation tools are now
integrated into the computer-aided design toolbox alongside parametric
software such as Grasshopper® [5], which allows the application of
algorithmic rules to generate geometries. The forms found are
well-suited to continuous shells such as those made from concrete, as
those by Torroja, Candela, Nervi and Isler [6]. Recently, driven by the
complexities of formwork construction and the benefits of prefabrica-
tion of shell elements for onsite assembly, research has increasingly
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focused on segmented shell design. Segmented shells can be generated
by stereotomic tiling of continuous shells into cut voussoirs, maintaining
their curved interior (intrados) and exterior (extrados) surfaces [7] or
approximating them with planar surfaces [8]. The Armadillo vault, for
instance, used a combination of curved and planar interface surfaces,
with only the curved interfaces supporting the loads [9]. The tessellation
employed relied heavily on manual design but demonstrated the gen-
eration of segmented shell forms, the ease of assembly using pre-
fabricated elements and the application of planarization to extrados.

It is often beneficial instead to design elements with parallel planar
intrados and extrados, for the use of materials such as sheet glass or
timber stock. Design of planar polygonal architecture requires approx-
imating the original geometry through planarization methods. The
variational tangent plane intersection (VTPI) technique is one
optimisation-based method of interest [10] where each polygonal face is
assigned a parallel plane, which may change orientation and central
position. By assigning energies to neighbouring panel edge distances and
vertices, the mesh can be relaxed towards a lower energy state, and
panel vertex positions and orientations can be found that satisfy
planarity and neighbour edge matching requirements. Alternative pla-
narization techniques exist such as agent-based methods, which are
being explored by ICD Stuttgart [11] which are performant yet more
complex to implement.

Hexagons are commonly used for panelling, due to the quality of the
approximations to the original design surface they can provide [12]. In
these approximations and their planarization, heptagons and pentagons
commonly arise, leading to the surface structure being described as
hexagon-dominant meshing [10]. Using hex-dominant meshes as the
basis for 3D voussoirs can lead to completely kinematically constrained
configurations for dome-like structures, which do not require additional
fixing once assembled. Sliding failure is however likely at openings and
edges without additional constraint [13]. Additionally, the generation of
these 3D voussoirs can lead to conflicts between the different design
goals, e.g. the matching of interface edges, planarity, shell curvature and
minimum panel sizes. Schwinn et al. (2023) have recently used
agent-based modelling to find appropriate geometry within design
constraints [14], which is performant yet complex to implement. The
ECHO shell project by Iuorio et al. (2019) outlined a design process
focusing instead on the use of form-finding software as an optimisation
tool for the generation of hex-dominant planar panels [15]. However,
there was little consideration for edge interface geometry due to the very
thin nature of the panels. Hence, the use of form-finding as optimisation
for thicker voussoir generation is open to exploration.

Beyond geometric design, it is imperative to be able to analyse the
stability of designed structures. Recent work by Gabriele et al. (2018)
[16] focuses on quantifying how close shell geometry is to funicularity.
Their R-funicularity approach gives a flexible definition of
compression-dominated structures, based on the ratio of local bending
to normal forces. Shell designs within funicularity limits are globally
stable. Hence, they are stable once fully assembled. However, tradi-
tionally scaffolding or falsework supports are required during the con-
struction, to temporarily support bending moments which may arise
before the full structure is in place. Formwork tailored for supporting the
assembly of a bespoke shell structure is attributed to a high proportion of
project cost and material waste, with one review citing formwork being
responsible for between 25 % and 45 % of the overall material waste
[17]. Therefore, reducing formwork usage is of paramount importance
to develop systems with lower carbon footprint.

Previous works have taken advantage of reconfigurable formworks,
whether through mechatronic actuation [18] or mechanical design [19].
However, these studies primarily deal with the manufacture of concrete
continuum shells. In the case of segmented shells, others have made use
of robot manipulators as temporary supports as well as construction
agents, where multiple robot arms are used to provide scaffolding in key
locations whilst humans or other robots continue the shell assembly [20,
21]. Such operations however require high precision of calibration to
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understand the relative locations of the robots, and often require human
intervention as well as large amounts of sensing data. In purely me-
chanical designs, the ICD Stuttgart research group provided a key
development with the BUGA wood pavilion in 2014 [22], a successfully
built 200 m? structure constructed from a cassette system. The cassette
system used digitally fabricated hollow elements with hex-dominant
panelling, fixed together with adhesives, nuts and bolts [23]. Notably,
the system is supported during assembly by the connections between
panels, yet is still reliant on some point-support scaffolding. Addition-
ally, it was noted that the use of the fixing bolts constituted a large
proportion of the assembly time. Others have designed more reversible
fixing techniques for hex-dominant panels, with the ECHO shell making
use of bespoken 3D-printed mechanical connections to carry the bending
moment during the construction stage [24]. Also this shell is designed
with the intent of minimising formwork, yet still requires some small
degree of support during assembly as well as additional labour to apply
the joint fixtures. Research from Robeller et. al at EPFL (2017) used
quadrilateral cassette designs with interlocking integral mechanical
timber tabs to interlock elements between the cassettes [25], although
adhesives and mechanical fixings were also applied. Their Recycleshell
design alternatively used custom wooden bowtie fasteners which were
inserted during assembly [26]. Both the BUGA pavilion and the ECHO
shell clearly demonstrate the potential for the use of external joints and
fixings to resist bending moments in shells during assembly. However,
the use of support structures is still required. The mechanical designs of
EPFL demonstrate the potential for integrated mechanisms to hold ele-
ments together, yet still requires additional labour to ensure cohesion
between cassettes. Clearly, the reliance on additional fixings increases
construction time. A more efficient alternative could be to design locally
stable structures, i.e. structures which can fully support themselves
during the assembly process, without the need for any external scaf-
folding. Robeller’s work clearly suggests that this is possible using in-
tegrated joint geometry, although until now a purely integrated slotted
joint manufactured as part of the panel has not been demonstrated.
However, this would require estimation of the stability, deflections and
stresses present during the shell assembly.

The work, presented in this paper, presents a new approach for the
design and construction of shell structures which remain stable during
assembly. Expanding on the state of the art, it is sought to mitigate the
need for external scaffolding or the need for semi-permanent fixings.

In designing self-supporting assemblies, it is important to be able to
verify the stability of the structure throughout construction. Finite
element analysis (FEA) is often used as an advanced structural analysis
tool. It allows modelling of complex geometries, fine control over ma-
terial properties and accuracy. It is however computationally expensive;
accuracy comes at the cost of increasing mesh resolution and compu-
tation time. In the design of masonry shells, some authors have made use
of physics-based game engines such as Bullet [27] and PhysX [28] for
rapid testing of structural stability, however physics engines require
careful parameter tuning if they are to be stable [29], due to accumu-
lation of estimation error. Alternative mathematical models for rigid
bodies have been proposed, primarily based on the safe theorem of limit
analysis by Heyman [30]. The theorem states that for a statically inde-
terminate structure, if an admissible stress state can be found within the
structure which is in equilibrium, then the structure will be stable. The
rigid-block equilibrium (RBE) analysis is a formulation of such an
equilibrium problem which frames it as an optimisation [31-33], min-
imising the number of contact forces and using equilibrium and friction
relations as constraints, based on prior work by Livesley [34]. Based on
this formulation, Kao et al. wrote software tools to combine the rigid
block model with a kinematic approach, named the coupled rigid-block
analysis (CRA), which added virtual rigid-body motion [35]. The
method was demonstrated to correctly assess the stability of the Block
Group’s fully assembled Armadillo shell [9], along with local stability
assessment of assembly stages for a bridge model, however until now,
there has been limited work applying the technique to stages of shell
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assembly [36].

In addition to predicting whether a structure will be stable, it is also
important to know whether it will be feasible for assembly. Parts should
be realistic to assemble, and not merely be possible within computer
graphics. Elements can be designed in CAD with infeasible states, with
elements that block their insertion into each other, and would be
impossible to physically assemble. For example, two elements may be
designed to slide together in a way that they cannot realistically be built,
due to a third part blocking their insertion. This is a common problem in
assembly design which has been studied as part of the assembly
sequencing problem, found originally in research on computer graphics
[37]. Assembly sequencing is reviewed extensively by Jiménez [38], and
has been utilised for the robotic planning of motions to construct as-
semblies [22,39]. Using geometric data from parts, and by under-
standing how part interfaces contact each other, it is possible to find
feasible insertion directions for elements. It is also possible to use these
locally unconstrained direction vectors to then search for potential as-
sembly sequences, or to discover that an assembly is infeasible for
real-world construction due to blocking relationships with neighbours.
Huang et al. [40] used assembly sequencing for the design and robotic
assembly of structurally stable frame structures, however the focus was
on frame elements such as rods rather than volumetric panels. Other
authors have utilised computational dynamics engines to undergo
exhaustive testing of possible disassembly sequences [28], which again
can suffer from issues of numerical instability. In this work, the blocking
relationships between solid panels are explored, used to verify the
feasibility of a shell assembly. Additionally, joining techniques which
exhibit high kinematic freedom are shown to be unstable using rigid
body analysis.

2. Scope, novelty and structure of the paper

In this work, a segmented shell design approach is outlined, and a
novel integrative approach is proposed which combines the use of R-
funicularity, coupled rigid-block analysis, and inter-panel constraint
assessment. This paper demonstrates through mathematical, numerical
and prototyping analysis that the stability of the structure throughout
the entire assembly process can be described, and the relative potential
interactions of neighbouring panels can be given looking at geometric
constraints. In section 3.1, the design process of a planar-panelled
discrete shell structure is described, highlighting the techniques for
developing a funicular approximation to an intended geometry, then a
related panelled structure is developed using an innovative method of
converting mesh geometry to surfaces which are easier to work with for
panelling. In section 3.2, a joint design and propagation technique is
described which can be applied between panels to form insertional
joints. Three analysis aspects are then described relating to the fully
assembled, partially assembled and local part kinematic scales. In sec-
tion 3.3, the method of using R-funicularity to post-process FEA results is
described, for assessing the funicular stability of the fully assembled
structure. In section 3.4, the CRA analysis is introduced as a tool for
understanding the stability of the partially assembled structure through
rigid block mechanics. In section 3.5, local part-part relationships are
explored through geometric inter-panel constraint assessment, to ensure
that parts can be feasibly assembled without being blocked. Some initial
analyses are introduced through Section 3 to better demonstrate their
usage and setup. In Section 4, results of the analysis on the final designed
structure are demonstrated, with reflection on their significance. The R-
funicularity of the final design is described, showing that the joints infer
stability by estimating the tensile strength that they provide to a shell
(Section 4.1). Numerical analysis of the shell design through coupled
rigid block analysis are provided and validated, in order to demonstrate
the stability of the structure during its assembly (Section 4.2), and the
geometric inter-panel constraints are assessed for two different joint
styles to compare the kinematic effects to the stability data (Section 4.3).
Finally, in Section 5, the inter-related aspects of these analyses are
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discussed, and the benefits of their use as early-stage design tools are
highlighted. The combination of the linear-elastic FEA post-processing
of R-funicularity, and the rigid mechanics modelling of CRA is a novel
application which explores the effects of loading both within the body of
the shell and at panel interfaces. The application of joint kinematics
through geometric relationships is well-understood, however has not
previously been linked to the stability of a structure, and is shown to be
an early predictor in structural design for integrally joined panels.

3. Methods

The stability of shell structures is well studied with respect to
continuous or gridshell forms [41] but is less well defined for segmented
shells. Such structures undergo displacements and stresses which can
arise due to constitutive properties such as material strength and den-
sity, and due to interactions between segments which make modelling
more complex. The aim of the current study is to connect the stability of
tessellated structures to their geometric design, and to understand the
stability both in the fully and partially assembled states whilst ensuring
feasible assembly. To achieve this, a case study approach is used. Spe-
cifically, a hexagonal segmented shell structure with interlinked dove-
tail jointed panels is developed, using a novel application of joint
propagation based on liaison matrices. Numerical analyses are devel-
oped to present the R-funicularity for the shell case, and to visually show
the effects of panelling on funicularity with a new graphical represen-
tation technique. The numerical model of coupled rigid-block analysis is
applied to a section of the shell and is validated using a 3D printed
prototype by comparison of displacement results, demonstrating its
potential as a tool in understanding construction stages for segmented
shells.

3.1. Case study design

In designing shells, a design intent is often specified. Such designs
could be free-form, in which case there is little chance that the shell is
funicular. To adjust such designs towards a funicular solution, an
approach is described to convert a free-form design into a similar form-
found one (Fig. 1). A base surface model seen in Fig. 1a, of footprint 3.2
x 1.6 m was conceived, with a height of 1.9 m, based on a section of a
sphere.

Parametric design tool Grasshopper’s [5] physics plugin Kangaroo
[42] is used to optimise mesh data-structures based on energy goals. A
desired input shell in the form of a non-uniform rational B-spline
(NURBS) surface was first converted to a mesh data structure, and
stiffness was applied to the mesh edges by setting a goal to minimise
edge lengths, simulating material stiffness. The base nodes at z = 0 have
constraints as pin-support boundary conditions, while to create a thrust
and generate pressure on the shell, a vertical load is applied upwards
through shell nodes, parallel to the Z axis of the design. Treating these
goals as energy criteria with different weights associated to them, the
design is subsequently optimised to minimise the energy within the
structure through a method similar to dynamic relaxation [3,43] to give
a form-found geometry with zero thickness. The design should be
approaching funicularity as the stress is concentrated longitudinal to the
mesh edges, dictating purely membrane loading.

To rationalise the designed continuous shell into a discrete panelled
structure, there are numerous techniques of generating repeating tes-
sellations. Tilings have been well-defined in planar rectangular regions
[44], and a standard technique for application to 3D surfaces is to
re-parameterise the tile vertices and edges on a planar rectangle into a
deformed NURBS rectangular grid. In the more general free-form case, it
is possible to tile surfaces through stitching together NURBS surfaces
[45], however this still relies on the use of quadrilateral patches. CAD
software has built-in functions for the approximation of NURBS surfaces
into meshes (which were used here for converting the initial free-form
design into a suitable mesh for form-finding), however the inverse
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Fig. 1. Design stages for the shell. a) Initial form intent. b). Meshing, and selecting the restrained mesh nodes (in red). ¢) Form-finding to give funicular geometry. d)
Conversion to loft-fitted surface. e) Panelling and planarizing. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)

operation has limitations. NURBS surfaces describe single, untrimmed
shapes with 4 edges and a rectangular UV structure, which is a restric-
tive requirement compared to meshes.

A solution was developed which approximates the form-found mesh
geometry back into an untrimmed surface. Contour curves were gener-
ated across the mesh, and broken lines were discarded. The desired ef-
fect is achieved by fitting a loft to these lines, which is inherently an
untrimmed surface (see Fig. 2). It should be noted that this procedure
will not work for most designs, while it is suitable for those with 4 edges
and a roughly quadrilateral design due to the inherent nature of single
NURBS surfaces.

Using this NURBS approximation to the form-found relaxation of
design intent, the design can now be tiled into a hex-dominant pattern.
Hexagons are selected due to the properties of hexagons to provide high
level of approximation of the base surface and the kinematic constraints

Fig. 2. Fitting a loft to the contours of a form-found surface. The curves are the
exact contours along the form-found mesh, whilst the surface geometry is the
lofted NURBS surface fitted to them. Note that fewer contours have been used
for visual clarity.

they can infer, as previously discussed. There are numerous software
tools designed for this purpose - in this case, the HexDivide component
from Petras Vestartas’ open source Ngon plugin [46] was used. Once
tiled, a planarization with similarities to VTPI optimisation was simu-
lated using Kangaroo in an additional form-finding stage. This acts to
relax the mesh to planarize its faces, following a similar procedure to
that employed for the ECHO shell [15]. The tile edges have length
constraints applied to keep them close to their original sizes, and
coplanar goals are set on the panel vertices to optimise towards planar
panels. A low-energy objective is a local set of points which are perfectly
planar, and the Kangaroo optimisation moves iteratively towards these
states, and if successful a planar tessellated geometry is found. This
procedure is not, however, guaranteed to find a stable solution. The
optimisation-based planarization can optimise early in local minima due
to the conflicts between goals, finding completely planar or otherwise
inappropriate geometries. This is mitigated through gradually
increasing the planarization goal weight, preventing the planarization
goal from dominating the optimisation. Once the procedure converges
on a set of planar panels that fit the structure, extrados are subsequently
generated in a process detailed below.

To generate extrados faces, a tapered extrusion procedure is
employed. By calculating the average normal of the neighbouring panels
at vertex points, the points are translated along this normal direction up
to a defined plane parallel to the panel (see Fig. 3) based on desired
thickness. In this way, the panels end up with regular thickness, and
wedge shapes which get wider towards the outside of the shell, while the
edge faces form outward slanting trapezoids. The warped transversal
faces that arise from lofting the interior and exterior faces are fully
connected to their neighbours allowing them to bear the weight of the
structure through the interfaces, although the degree of warping is
limited due to the low level of curvature. Regarding the complexity of
the manufacture for these warped faces, the authors have previously
developed a low-cost manufacture method for manufacturing the
designed panels with these graded surfaces in timber [47]. For this study
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Fig. 3. The tapered extrusion scheme. Taking the base vertex on the right, it is
translated along the average normal vector (black) of the three panels displayed
which it connects, onto a plane parallel to the panel (given by panel normal, in
blue). This leaves the system overlapping slightly at top faces dependent on
local curvature, but to a very small order for the panel thickness of 3.6 cm
modelled. Loft operations convert the lines to a solid panel. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.).

however, the panels are 3D printed to exactly represent the designed
load-bearing surfaces. The regular planar thickness however makes
manufacture and assembly easier, whilst the tapered shape is designed
to prevent sliding mode failure for the fully assembled structure, as the
wedge geometry constrains inward motion by panels. The procedure
relies on the use of positive curvature, as the external panel edges will
diverge allowing it to work for any thickness. In the case of zero local
curvature, the normal directions are perpendicular to the intrados
creating a sliding mode, and for negative Gaussian curvature, the normal
directions would converge to a focal point creating a thickness limit.
Alternative joint styles would be required to kinematically constrain
locally negative curvature regions.

The overall effect of the rationalisation into a planar panelled
structure has a limited effect on the design envelope, and it may be noted
that the structure shown in Fig. 1e bears more resemblance to Fig. 1b
than 1d. The tessellation and planarization procedure is the largest
source of step-to-step change within the shell geometry, and causes the
panels to find a shape which more closely resembled the semi-spherical
base design due to the nonlinear interaction of edge length and planarity
goals. However, the planarization visually appears to counteract the
form-finding procedure. Further work could be developed to combine
the form-finding and planarization, to better link the design goals in a

1.0

a)
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single optimisation stage. The structural effect of this planarization will
be inspected more closely in Sections 3.3 and 4.1, demonstrating that
the joints work to maintain stability despite this shift away from the
funicular form.

3.2. Joints design

The goal of the design was to ensure a locally stable structure, that is,
one that could stand unaided during the assembly process. From some
standard woodworking joint styles, dovetails and finger joints were
identified as being potentially viable and manufacturable using digital
fabrication techniques.

3.2.1. Parameterisation of base joints

Basic parameterisations of both joint styles were initially created (see
Fig. 4). Joints were defined as planar curves to be extruded through
mated panels, with a base line of the curve being drawn between co-
ordinates (0,0) and (1,0) in the XY plane. Due to the use of the curves
for extrusion, they were closed to allow boundary surfaces to be created.
By allowing for the adjustment of the joint parameters, it would be
possible to make comparisons between different percentages of edges
covered by joints, as well as estimate their effect on deflection proper-
ties. For this work, the dovetail parameters were setasw = 0.3, =70°,
whilst the finger joints parameters were setas w = 0.2, h = 0.12.

3.2.2. Calculating panel liaison matrix

To reorient the scaled joints appropriately throughout the structure,
it was required to find the topology of the shell structure. In the authors’
previous work on shell assembly sequencing [39], the use of scripting
was demonstrated for iteratively searching to deconstruct a list of BREPs
into their respective faces and find neighbouring faces within a certain
tolerance. Using this approach, it is possible to compactly describe the
connections in an n-panelled structure as an n x n liaison matrix.

Taking the topology of a structure of n panels, and labelling the rows
and columns as i,j € 0...n, each item in the matrix for the traditional
binary liaison matrix encodes whether there is an edge, i.e. a neigh-
bouring face between two panels as a 1 or a 0 [38]. Some distinction
should be made, in that the term liaison matrix is used to describe “li-
aisons” or interactions between 3D panels at their edge faces, which
would generally be described as a face adjacency matrix in 2D meshes.
For the current research study, the liaison matrix was extended by
additionally comparing panel centroids, and altering the matrix such
that neighbours were assigned a + 1 or — 1 depending on whether they
are higher or lower than the test panel with reference to the base (Fig. 5).
For less regular structures, for example of anticlastic or variable curva-
ture, it might be more appropriate to measure distance in terms of dis-
tance in panels from the base, or in some other way consider panel
precedence. The modified liaison matrix now additionally encodes

-<l>-
Il ™
!
<W —
1.0
b) —— —

Fig. 4. Parameterisation of the two investigated joint styles, in blue, with vertical lines of symmetry. The reference line in black has length set as 1.0x the length of
the edge it will be oriented onto; the w and h parameters are a percentage of this base length. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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Fig. 5. An example hexagon panel assembly with the liaison graph overlay and associated extended liaison matrix. Note that the matrix could be made antisym-
metric by encoding horizontal neighbours as +ve or -ve depending on a relative horizontal location given a selected UV axis, in this case the y-axis shown.

precedence relationships in the structure. In addition, horizontal
neighbours could have different joint styles to vertical neighbours to
provide changing stiffness along principal stress directions. Horizontal
neighbours are shown encoded as values of 0.5, which could be made
positive or negative with relation to a selected horizontal axis (y-axis in
Fig. 5) to allow for separate treatment of horizontal neighbours. The
implementation is provided by iteratively testing the faces within the
structure for adjacency; whilst not necessarily the most efficient method
for gaining the structures topology, the face boundaries of interface
surfaces between panels can be found simultaneously, reducing further
computing overhead for modifying the joint edges.

3.2.3. Propagating joint designs

Jiménez described the use of such liaison matrices for understanding
precedence constraints in assembly sequencing [38]. Now they were
applied both for understanding precedence in the assembly and as a tool
for deciding where to place sets of joints. Provided the face boundary
structure and using Rezaei Rad’s exploitation of rigid transformations
[48], the previously designed joints in the world XY plane can be reor-
iented throughout the structure along neighbouring panel’s edges.

The parameterised joint curves were scaled to match the length of
each top edge, before being reoriented into the plane of the “male” part
that will be inserted into its neighbour. Using the liaison matrix, this is
decided by propagating male joints only to neighbours with relation-
ships described by a — 1 or 0.5, downwards or across. This ensures that
each part is inserted male into female from above, implicitly enforcing
the precedence requirement that parts are only inserted once all lower
neighbours are present.

Once the curves were propagated through the panel edges, they were
then converted into planar surfaces and extruded through the thickness
of the panel. To enable addition of joint tolerance, scaled copies of each
joint were made about centroids, with a scaling factor of Cjoin; > 1.0,
where Cjine = 1.0 represents a perfect fit and increasing values give
greater flexibility in the joint insertion. Cjyme =1.07 was used
throughout.

The extrusion direction for the joints is along the panel normal
vectors as described in section 3.1, meaning that the male surfaces end
up being perpendicular to the panel face whilst the sliding mode failure
of the structure is prevented by the graded edge interface (see Fig. 6). By
taking solid Boolean unions of panels with reoriented joint solids, and
solid Boolean differences of the neighbour panels with the scaled cutting
solids, the panels and their integral joints are generated (Fig. 7). The
panels are then able to be fitted via translation into multiple neighbours
simultaneously once all neighbouring female slots are located. As noted,
this use of the edge faces should constrain panels to prevent inward
sliding mode failure, where at least on edge has positive curvature

Fig. 6. Central panel in the structure with all male joints. The dovetail wedges
are extruded along the normal vector (arrow, blue) of the major panel surfaces;
the tapered extrusion of the panel edges themselves prevents sliding modes.
Note that the thickness of the panel is exaggerated for visual clarity. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

towards the outside of the structure, i.e. in the positive synclastic or
anticlastic case. In regions of negative synclastic curvature, alternative
joints would be necessary.

3.3. Numerical analysis through R-Funicularity

The relaxed funicularity approach was used to assess the closeness of
shell designs to a fully funicular, compression dominated structure. By
quantifying the funicularity, and by estimating the effect of the joints on
the structure’s tensile capacity, the designed structure will be shown to
be stable despite issues with the high bending moments due to the
planarization. The method will be outlined here and demonstrated on
the original, continuous shell prior to planarization, whilst in Section
4.1, the funicularity will also be assessed for the final segmented
structure, taking into account the effects of the joints on the structure.
The relaxed funicularity (or R-funicularity) method works on the basis
that fully funicular forms are free of bending moments, which is highly
beneficial for globally stable shell designs. In this work, the method was
selected to quantify the funicularity of the shell, examining regions
“generalised eccentricity”. R-funicularity combines the resultant
bending moments and normal forces within the designed fully-
assembled shell as a scalar field, as a post-processing technique based
on finite element analysis. This field simply demonstrates proportions of
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Fig. 7. Flowing and extruding joint curves through the shell geometry. First, a) top edges are found, b) joint designs are scaled and rotated to match male panel
planes, c) the curves are extruded with longer, larger red volumes indicating cutting solids, blue indicating joints to union, d) final shell. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

bending moment stress to normal stress, showing regions that are more
prone to separation or require external support. They are used here to
give quick visual description of stress conditions through the shell,
aiming to show the funicularity at a glance.

By taking the definition of funicularity, that is having purely in-plane
membrane forces and zero out-of-plane bending forces, Gabriele et. al
proposed a criteria to assess the proximity to a funicular solution [16].
The method is briefly summarised here. Defining the local membrane
and bending forces acting at a point on a shell as N;; and M;; respectively,
where i,j € 1, 2 representing two local orthonormal axes and Ny5 = Noj
represents the transverse shear force. Through eigendecomposition of
the force formulations, defining a direction angle in the local plane of @
where a € [0, 27], the normal force and bending moment acting along a
direction can be expressed as:

(o) = (i) + (5 ) (55 w
M(a) M M M, sin(a)
where N = Nlﬁerzz7 M = MuJZerz’ N _ Nu;sz and M _ Mn;Mzz_
Generalised eccentricity is defined as the ratio of bending to normal
forces at a particular location, e(e) = M(a)/N(a). By sampling the ec-
centricity through a shell and comparing it to an admissibility interval
[—h/6, h/6] where h is the thickness of the shell, the shell meets the
middle-third criterion if the eccentricity is everywhere within this
bound. A recent addition in the topic [49] suggests the modification of
the normal force matrix to account for the tensile limit force N;, making
the adjusted eccentricity e;(a) = M(a)/(N(a) — N;). The tensile limit
force is estimated using an empirical formula for wooden dovetail joints

[50] as N; = 474N, based on the smallest panel edge length of 145 mm,
thickness of 36 mm and using joint parameters described in section 3.2.

In order to quantify how close the sections are to the relaxed funi-
cularity criteria, the principle eccentricities are taken to be e; and e,
calculated by eigendecomposition [16], and the principle eccentricity
with the largest magnitude selected as shown in Eq. (2):

Capsmr = argmax(|x|) 2
xefer.ea}

For comparison with the eccentricity bounds [ — Ah, 1h], where 1 is
the eccentricity limit, the maximum absolute value of the principal ec-
centricities is normalised as:

€absmax — Ah
Ah

Note that through this conversion to a normalised eccentricity factor
using a value of 1 = 1/6, Fpy values 0 < Fpye < 1 indicate a region
which fully meets the relaxed funicularity middle third criterion (A =
1/6), whilst values 0 < Fsne < 3 indicate those where the bending
force lies within the material thickness (Fig. 9).

This formulation provides a graphical representation of the forces
and funicularity through the shell. Fig. 9a demonstrates regions (in blue)
of potential concern where the bending moments are significant, and
comparison to the FEA results of Fig. 8 show that these points correlate
well to the tension in the shell. Fig. 7.b demonstrates how these regions
act; pink regions are those where the shell transitions between tension
and compression, indicating where additionally the bending moment
changes direction. The analysis based on the adjusted eccentricity pre-
dicts a fully R-funicular shell..

Fpunic =1+ 3
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Fig. 8. FEA results for the initial shell form-found in Grasshopper. a) Fyax values through the shell in N/m. Note that the darker blue region indicates a small amount
of tension, up to 25 N/m. b) Myax values through the shell thickness in Nm/m. ¢) My values through the shell thickness in Nm/m. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

3.4. Stability assessment through coupled rigid-block analysis (CRA)

Whilst the R-funicularity approach is useful for determining the
funicularity and suitability of a fully assembled shell to support itself
through compression, it is not designed for discretised structures. The
setting up of FEA models for segmented integrally joined shells is
complex owing to modelling all possible interactions. The coupled rigid-
block analysis is an optimisation based approach used to assess the
stability of an assembly comprising of rigid blocks [51]. The analysis
was implemented via the Python package COMPAS CRA [52] within the
design software for the purpose of assessing stability of the designed
structure, not only when fully assembled but also throughout the as-
sembly process.

To validate the CRA analysis for such discretised shells, a subsection
of the full shell was selected for manufacture. Testing was done by
comparison of CRA to measurements of the deflected height for the
central 3D printed panels.

By adding a small change to the code for COMPAS CRA to describe
extra loads in [53], it can also allow the addition of external forces to the
model and thus estimate the effects of additional dead loads on the
structure. The models are exported to Python using JSON data, which
were analysed for stability and displacement at various steps through
the assembly process before being passed back to CAD for inspection.

3.5. Infinitesimal blocking relationships and inter-panel constraint
assessment

Assembly sequencing allows a different insight into the assembly,
allowing us to find a) if it is possible to assemble the arch using trans-
lational movements, and b) a sequence of parts and insertion directions.
This research study focuses on the former objective. Previous work [39]
detailed the implementation of this process and the software compo-
nents created towards assembly sequencing, and the aspects relating to
inter-panel constraints are briefly touched upon here.

The general procedure is shown in Fig. 10 working on a single
interface, although for calculation the spheres of blocking directions are
discretised into a test set of possible vectors, distributed evenly. The

normal directions of all the planes comprising an interface surface, for
panel i from neighbour j (with neighbours given by the previously
generated liaison matrix), can be collected into a set, Xnormarij- Addi-
tionally, a set of test vectors of unit length, X, is generated, evenly
sampling 3D space through a Fibonacci sphere. By comparing every
interface vector with every test vector, the condition for a direction that
the panel motion is blocked translationally by a neighbour is:

?test . ?nomull >0 (4)

and these matching vectors are added to a set Xpjocked ij, Whilst free di-
rections are the set difference of test vectors and blocked vectors,

Xfreei.j = Xiest \Xblockedi.j~ %)

As panels are added to the structure, further neighbours block mo-
tion of parts, increasing the number of constrained translational di-
rections for each panel:

Xfree~i.Total = Xﬁ'ee-i‘ngbrl meree-i,nger n... anree~i,ngbrN (6)

where Xfe.itoral is the total set of free directions for element i and
Xfree-ingben 1S the set of free directions of element i with respect to a
particular liaison. The number of test vector directions which are
blocked, or conversely, the number of free test vector directions,
quantify the level of part constraint or freedom, which can thus be
assessed based purely on the geometry of part-part interfaces and
neighbour topology of the structure. It is possible that a panel has no free
insertion directions, that is, for panel i the set Xpe.; rorar is €mpty. In this
case, an alternative assembly sequence should be sought with alterna-
tive preceding neighbours, or if this is not possible, the design is infea-
sible and should be reconsidered [39].

4. Results
4.1. Funicularity of the final design

The shell was analysed using FEA software SAP2000 for the
segmented case, with pinned based nodes and gravity applied
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Fig. 9. a) Proposed graphical representation of the R-funicularity, showing values of Fpy;c. For this form-found shell of thickness 3.6 cm and span 1.6 m, 85.5 %
meets the middle third criterion while 94.5 % is within the shell thickness. Figures are dimensionless. b) highlights areas where the force axis, or both the force and
moment axis are crossed, such that the region is either changing from tension into compression (pink), or additionally regions of contraflexure, where there is also a
predicted change in sign of bending moment (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

throughout to test static dead loading capability. A timber material was
modelled of density 600kg/m®, modulus of elasticity 13.7 GPa, Poisson’s
ratio 0.4. By exporting the FEA results to CSV files, the intermediate
steps could be assessed using the R-funicularity approach within a user
friendly CAD environment, to examine the necessary design steps
approach or diverge from an “ideal” funicular shell. For the panellised
shell described, the panels are joined into a single kinked mesh surface
comprising of a set of thin shell analysis elements (Fig. 11). A linear
elastic analysis is used, with the base points constrained by pin supports.
The use of a single continuous mesh is justified by the assumption that
the panels remain locked for the assembled shell, such that normal
forces are transferred through the panel edges.

From Fig. 12a, which shows the maximum normal forces on the shell
elements, it can be seen that the majority of the 3.6 cm thick shell ex-
hibits compressive (negative) force, with some tensile regions appearing
in a band towards the base signified by the lighter region. This suggests a
potential failure area for the shell approaching the base.

In Fig. 12b, which views the bending moments on the shell elements,
high positive bending moment regions are exhibited at the central free
edges of the structure, as well as a small section towards the edges at the
base. This suggests possible regions of non-funicularity, which could be
mitigated by using edge supports. Without panel joints the regions at the
edges would likely be a collapse area due to loss of panel cohesion. Large
negative bending moments are also shown on the angular regions at
panel edges, suggesting that the structure is held stable by shared panel
edges where joints lie.

Taking the normal force and bending moment force tensors, the R-
funicularity of the structure was analysed at each element using Eq. (1),
and normalised to check how close the structure is compared with an
ideal R-funicular shell.

Fig. 13 shows a graphical representation of the eccentricity of the
shell using the normalised eccentricity from (3). The shell is provided
with a material thickness of 3.6 cm and has a max span 1.59 m, while the
material is selected as Birch (E = 13.7GPa, Poisson’s ratio v = 0.4). By
counting the discretised mesh faces that meet design criteria, 55.9 % of
the planarized shell meets the middle third criterion and can be thus
considered R-funicular, whilst 79.5 % of the shell meets the 1 =
1/2 criteria. Halving the thickness to 1.8 cm, 70.9 % meets the middle
third RF criterion, whilst 87.8 % meets the 1 = 1/2 criterion. Fig. 14
shows the eccentricity ranges for the regions highlighted in Fig. 13. In
Fig. 14b, the effective tensile force formulation is applied on the 3.6 cm
thick shell, having the effect of shifting the graph to the left. Note that
using the effective eccentricity, the entire shell is R-funicular within the
0 < Fjynic < 1 admissibility range.

4.2. Initial validation of CRA for local assembly stages of a 3D printed
shell subsection

The entire rigid block assembly was incorporated into the CRA solver
initially to verify the stability of the structure. A material density of 1.25
g/ cm? is used, with a PLA-PLA friction coefficient of 0.3824 [54]. The
solver predicted that the structure would be fully stable once assembled,
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Fig. 10. The blocking directions acting along a single panel interface. a) The panel in the structure being inspected (white) with the panel for insertion (blue). b) The
directions which each face of the interface blocks for the neighbours translational movement are shown, on a panel viewed from above. ¢) The union of the blocking
directions viewed from above. The blocking directions leave a small section of the sphere shown in black, which is unblocked - this is the set difference of all possible
directions and the union of blocked directions. d) The small remaining set of vectors with translational freedom for this interface are highlighted, from the side. This
shows the possible insertion vectors for the neighbouring panel. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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Fig. 11. Structure discretisation scheme in red, tile edges in black. The dis-
cretisation is generated by connecting vertices of panels to the geometric cen-
tres, giving 5-6 elements per panel for this hex-dominant tiling, before refining
the mesh. This maintains the sharp edges between panels for FEA.

despite the non-funicular regions predicted by the R-funicularity anal-
ysis. A 3D printed model of an arch section was then created, with the
CRA analysis run on the same set of panels for comparison. By removing
segments of the fully assembled arch in both the analysis and the
physical model, the suitability of CRA for the assessment of the dovetail
joint design at maintaining stability during assembly could be verified..

Going through the assembly steps for the 3D printed arch model
depicted in Fig. 15b, the structure was predicted by CRA to be stable
during the intermediate assembly stages. Assessment is made by
removing panels from the full arch and comparing to the same CRA
model — referring to Fig. 15b, test case 1 requires removing the central
member (labelled 1); case 2 requires additionally removing the two
panels either side (labelled 2), and so on. The stability relies on the
friction between joints to counter the cantilevering effect on the struc-
ture, and the physical model assembled by hand matched these

10

predictions (Fig. 16). The deflected heights at the furthest extent were
measured and compared to predictions from CRA.

In Table 1, there is significant deflection in the structure, which is
most noticeable at case 1, with a maximum drop of 28% at the end point
and least visible for the parts closest to the base. A relatively small sag is
exhibited in the fully assembled arch, as would be expected since the
arch has support from both ends and is based on a funicular form.

The modified CRA Python script with added loads was tested against
the assembled arch model by gradually increasing vertically downward
dead loads on the top central panel, first in 10g increments and then a 1g
search space once the failure region was found, ultimately predicting a
max load of 823 g; the arch spanned 510 mm with a max height of
250 mm and panel thickness 5 mm. A further R-funicularity analysis
was also made on this same subsection of shell, for comparison (Fig. 17).
The assembly was tested physically using a 3D printed prototype, and
the structure successfully supported a 590 g measuring tape (Fig. 18). It
should be noted that it was precarious and seemed unlikely to accept any
more mass, as the panels were shifting and pushing outwards towards
the base. Another R-funicularity analysis with a conservative tensile
limit force of 20 N was run for direct comparison with this loaded state,
and the failure of the arch aligned with the two regions noted as blue in
Fig. 17, around 3 panels up on the R-funicularity plot where the shell is
non-funicular. This failure is predictable for the form as it has not been
specifically designed with this external force in mind, and the failure
region highlighted by Fig. 17 is commonly indicated as a maximum
bending moment region in arches [55]. The actual loading capacity is
lower than that predicted by the analysis; the conclusion is that this is
due to the manufactured PLA model having a lower coefficient of fric-
tion than estimated from previous research, due to manufacturing tol-
erances in the joints.

4.3. Comparison of joint styles

Applying the same CRA case study to a finger jointed version of the
structure, whilst the fully assembled arch was found to be stable as
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Fig. 12. FEA results for the planarized hex-dominant shell. a) Fyax values through the shell in kN/m. The yellow region is fully in compression. b) Myax values
through the shell thickness in Nm/m. ¢) My values through the shell thickness in Nm/m. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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Fig. 13. R-funicularity analyses for the hexagonal shell. Green areas close to meeting the middle-third criterion (<1/6), yellow being within the material thickness
(<1/2). Highlighted are some points for inspection. a) shows the normalised funicularity values. b) highlights areas where the force axis, or both the force and
moment axis are crossed, such that the region is either changing from tension into compression (pink), or additionally regions of contraflexure, where there is also a
predicted change in sign of bending moment (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

expected due to its funicular nature, only cases 4 and 5 (see Fig. 15b)
were predicted stable from the set of reduced arches, with the mass of
panels in longer cantilevered assemblies causing rotation about the joint
interface and failure.

Inter-panel constraint assessment also provided some differing re-
sults between the two joint styles (Fig. 20). The dovetail style is kine-
matically self-constraining, such that at any time, only the uppermost
members without higher neighbours can be removed. Comparatively for
the finger-jointed structure, there is more freedom within the structure
at any time — large areas of panels could be removed at once, as the
panels are not blocked translationally by their higher neighbours. This
means that panels could also be removed from the middle of a structure,
which while it may be of some benefit to assembly, would increase risk
for sliding mode failure.

Interestingly, the inter-panel constraints are noted in this case study
to complement the conclusions of the CRA analysis. While a fully con-
strained set of panels as described by Fig. 20a are not necessarily a
precursor to a feasible assembly, they do seem to increase the likelihood
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of local stability.
5. Discussion & conclusions

The approach outlined for generating shell forms shows benefits in
the use of an extrusion regime for the panel and joint vertices. Varying
extrusion vectors prevents sliding failure of structures through dead
gravity load; this is corroborated by the CRA and model results for the
partial structures, where cantilever effects are allowed by the constraints
imposed through the wedge-shaped extrusions. In generating the shell,
the conversion from meshes back to a single untrimmed NURBS surface
using mesh contours is a minor contribution, necessary to make use of
most panelling tools which project hexagons using UV parameterisation.
This conversion is however only suitable for a small subset of shells,
namely arches or extruded catenaries where the majority of the shell
runs parallel to a single longitudinal axis, and other explorations in
literature exist which apply in more general cases. Alternative tech-
niques for tiling the more general shell should be explored, which are
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Fig. 14. a) Bending moment (divided by shell thickness) against normal force, demonstrating the eccentricity of the points in Fig. 13 in all directions. b) The effective
eccentricity graph, using a tensile limit force Ny = 474N. The dashed line shows the shift that the tensile limit force imparts in the X-direction.

a)

Fig. 15. a) Subset of panels from the full shell in Fig. 11 tested via CRA and through 3D printing. Red panels are those set as fixed base points for CRA modelling. b)
Numbered sequence of panels removed during the test. Number labels denote that these panels, and those of lower numbers are removed for this case number. Case
0 is the fully assembled arch.

Fig. 16. The partially assembled 3D printed arch with 3 central panels removed (case #2, see Fig. 15b). Note that the red dot indicates the point at which the left
hand height measurement is taken for this case, whilst the blue indicates the right. As predicted, the cantilever is self-supporting through the friction and rotational
action on joints. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Comparison of predicted vs measured deflection heights and prediction error for 3D printed arch vs. CRA model, with cases from Fig. 15b, taking measurements from

both left and right free ends.

Case # Design height (mm) Predicted height (mm) Measured height (mm) Difference (mm) % Deflection Error (%) Average absolute error (%)
hy hp B o — By B — hg oo P et el
ha Fim 2
L R L R L R R L R L R
0 250 246 241 239 243 240 2 1 3 2 1 0 1
1 250 246 187 201 179 190 8 11 28 23 4 6 5
2 239 228 198 201 202 194 4 7 15 15 2 4 3
3 213 197 190 183 190 179 0o -4 1 9 0o -2 1
4 178 156 165 150 166 148 1 2 7 5 1 1 1
5 133 108 129 108 129 105 0o -3 3 3 0o -3 1
to changes in sign of normal and bending forces. The normalisation of
ﬁ—:‘\ the eccentricity gives a method of generalising the R-funicularity mea-
- surement to remove the reliance on shell thickness, allowing for ease of
comparison between different designs and presenting information in a
useful manner for identification of non-funicular regions; the use on the
arch model for example demonstrates a failure region when subjected to
a vertical point load. The R-funicularity assessment based on principal
eccentricities is not necessarily ideal due to the problems introduced by
y | T the changes in sign of forces, and a better approach might be to look at

Fig. 17. The R-funicularity analysis for the arch subsection of the shell, using a
tensile limit force of N, = 20N.

not so reliant on using UV-parameterised surfaces, and other research is
focused on such free-form surface tiling [45], however for cases with 4
edges which can be described as a quadrilateral mesh, the approach
described is acceptable.

The proposed joint propagation technique considers the relative sizes
of panels by scaling and reorienting a base joint design. The technique
also allows for rapid changes to the joint style. It relies on the basis that
there is only a single interface edge between panels and would require
modification to work also with concave edged tiles. The technique is
more generally suited to forms of positive gaussian curvature, although
it would be possible to use multiple joint styles applied selectively
throughout a structure dependent on local curvature.

The considered R-funicularity approach, and the proposed graphical
representation provide a reasonable general overview of the shell forces
and funicularity, along with how the different regions act with relation

sampling the eccentricities over a range of angles to ensure that they all
lie within the eccentricity bounds. Regardless, conclusions can be drawn
from the images generated about how the shell will act, where failure
areas may occur (as seen in the dead loading of the 3DP structure), and
locations which may require additional formwork. Further, the use of
the tensile limit force formulation predicts that the joints, which confer
tensile strength on the structure by both their shape and through fric-
tion, can maintain the R-funicularity of the structure preventing its
collapse.

While the R-funicularity approach deals with the fully constructed
shell, acting as a useful postprocessing step on the linear elastic FEA
analysis, CRA is shown to be a better assessment of stability for discrete
structures. CRA here demonstrates how, despite regions of low funicu-
larity, joints can take on the introduced tension and bending moments to
maintain structural stability, agreeing with the tensile limit force
formulation. Additionally, the technique is shown to predict the stability
for intermediate assembly stages, and indeed verifies the feasibility of
the dovetail joint style in self-supporting the 3DP arch during con-
struction. Further work should be done to assess the changes in deflec-
tion introduced by altering joint parameters, and to understand the
increase in error introduced by scaling on the deflection predictions.
Possible causes for this worth examining further could include part
tolerances along with the virtual displacement calculations provided by
CRA. The stability assessment appears sound, although one caveat is that
it is a technique designed for rigid blocks such as masonry, and as such,
would be less appropriate for more flexible panels over larger scales.

Fig. 18. Dead load testing. a) The shape of the structure can be seen with a mass on the central panel. b) The CRA model of the structure with its ultimate load, where
the panels are predicted to separate (original design in black, failure mode in red). (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)
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Fig. 19. Predicted failure of the finger jointed design.

Fig. 20. The results of the assembly sequencing/free direction testing for test structure of 9 panels. a) The dovetail joint system has only 1 panel which isn’t
completely constrained by its neighbours (the top panel #8). b) Each finger jointed panel has at least 1 vector of translational freedom, by which the panel can slide

causing failure during assembly.

The developed inter-panel constraint assessment gives a visual rep-
resentation of local part freedom, providing a way of understanding
constraints. Additional work could demonstrate, through graph search
techniques, the use of these constraints to find feasible assembly se-
quences, as discussed by other authors [28,38]. The constraints show
some correlation with the results of CRA, with finger jointed panels,
which have lower levels of inter-panel constraint, being more suscepti-
ble to sliding failure and unsuitable for unsupported assembly here.

In comparing the different approaches used, the R-funicularity
analysis is based on a linear elastic finite element analysis, using a
continuous mesh to approximate the compressive and bending force
through the assembled shell. A continuous mesh is justified here by the
assumption that the panels have tight enough joints to transfer loads
through interface edges. Using coupled rigid block analysis, which
works on the non-linear behaviour of friction and contact forces acting
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between discrete elements, there is shown to be some alignment when
comparing to the non-funicular regions arising on the RF plot of the arch
subassembly. There are accuracy benefits to using a linear analysis at the
large scale, and using a non-linear analysis for the smaller scale, as it is
easier to estimate discrete panel behaviour and movement using the
discrete analysis. It could be informative to use non-linear FEA analysis
of structures and make comparisons, particularly at larger scales where
the error induced by using rigid blocks will be higher.

A single case study has been conducted examining a single simple
shell design using FEA and rigid body analyses. It has been demonstrated
however that the tensile limit force extension of R-funicularity can
correctly predict the stability of segmented shells with integral joints,
provided the tensile force that joints can confer is calculated. Further
design explorations should be made particularly for shells with openings
and for a wider range of joint styles. The approach of using a rigid body
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mechanics formulation has been shown to correctly predict the stability
of the structure at intermediate design stages for this study, relying on
cantilevering effects to avoid formwork. This is shown to correlate with
R-funicularity results for the provided example. The methodology
applied should also be applicable to more free-form designs, where the
CRA analysis and the tensile limit force can be used to predict stability
caused by integral joints, despite issues with funicularity. The use of the
discrete analysis is somewhat limited by elastic effects, and the scale of
the structure should be considered when applying to ensure that flexural
effects don’t invalidate the predictions. Ongoing work could consider
the applicability of the proposed approach to also assessing complex
geometry curvature, and the capability of the discrete analysis in
particular at modelling regions of negative local curvature. Such designs
would require careful reconsideration of the joint style to ensure that
panels remain kinematically constrained.

The presented integrated approach to the design of discretised shells
highlights the combined use of 3 different computational tools, showing
their complementary use to provide early-stage design feedback. R-
funicularity demonstrates the funicularity and therefore ability to self-
support once fully assembled, as well as quantifying the change intro-
duced to a form through different design stages. CRA acts as a predictor
for the stability of the structure once discretised into panels with joints,
allowing understanding of the stability of intermediate assembly stages;
and inter-panel constraint assessment is utilised to display the part
insertion vectors allowed between neighbouring parts, highlighting
constrained directions in the assembly to compare between panel joint
designs and show the implications of joints on the assembly sequence.
Using the combination of these tools, designers can access a range of
information describing numerous hierarchical degrees of discrete shell
structures’ stability, ranging from the full shell down to the individual
panel. With a 3D printed model, this work has demonstrated that the
stability assessment is correct for a certain scale, using no external
scaffolding, adhesives or fixtures, as opposed to the previously cited hex-
dominant shell designs. Further research will be required to demonstrate
the culmination of these works into a full shell demonstrator in timber,
to further assess suitability of the combined design approach at struc-
tural scales. With integrated analyses, the use of computational tools and
design feedback will clearly become increasingly ingrained into current
design software, to further blur the lines between architecture and en-
gineering. Such tools for stability analysis and part design can, and
hopefully will, lead towards rapid improvements in the speed of real-
isation and quality of construction for computationally designed,
feasibly fabricated architectural structures.
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