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GOOD FUNCTIONS, MEASURES, AND THE KLEINBOCK-TOMANOV
CONJECTURE

VICTOR BERESNEVICH, SHREYASI DATTA, AND ANISH GHOSH

ABSTRACT. In this paper we prove a conjecture of Kleinbock and Tomanov [13, Conjecture FP]
on Diophantine properties of a large class of fractal measures on Qp. More generally, we
establish the p-adic analogues of the influential results of Kleinbock, Lindenstrauss and Weiss
[11] on Diophantine properties of friendly measures. We further prove the p-adic analogue of
one of the main results in [10] concerning Diophantine inheritance of affine subspaces, which
answers a question of Kleinbock. One of the key ingredients in the proofs of [11] is a result on
(C, a)-good functions whose proof crucially uses the Mean Value Theorem. Our main technical
innovation is an alternative approach to establishing that certain functions are (C, a)-good in
the p-adic setting. We believe this result will be of independent interest.
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1. INTRODUCTION

The problems considered in this paper go back to the landmark work of Kleinbock and
Margulis [12] from 1998 which settled the Baker-Sprindzhuk conjecture and ushered in ma-
jor sustained progress in the area of Diophantine approximation on manifolds. Several years
later Kleinbock, Lindenstrauss and Weiss [11] transformed the area by introducing the gen-
eral framework of Diophantine properties of measures and developing the relevant Diophantine
theory for a large natural class of measures on R™ which they named friendly measures. Specif-
ically, they proved that almost every point in the support of a friendly measure is not very well
approximable by rationals. Since the class of friendly measures includes smooth measures on
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nondegenerate manifolds, [11] generalizes the results of Kleinbock and Margulis [12]. Moreover,
there are many other interesting examples of friendly measures such as measures supported on
self-similar sets satisfying the open set condition [11, 20], Patterson-Sullivan measures associ-
ated with convex cocompact Kleinian groups [18] and Patterson-Sullivan measures associated
with some geometrically finite groups [3].

In another direction, Kleinbock and Tomanov [13] proved p-adic, and more generally S-
arithmetic, versions of many of the results from [11]. In particular, they established the S-
arithmetic analogue of the Baker-Sprindzhuk conjecture. In the same paper, Kleinbock and
Tomanov conjectured that p-adic analogues of the main results in [11] should hold, see Conjec-
ture FP in [13], where ‘FP’ stands for ‘Friendliness of Pushforwards’. Conjecture FP requires
establishing certain properties of pushforwards of measures subject to natural constrains, and
via the theory developed in [13], it leads to a coherent theory of Diophantine approximation over
Qp. In this paper we settle this conjecture in full and prove several related results. Recently,
there has been considerable progress in understanding p-adic Diophantine approximation on
manifolds. We refer the reader to [4, 5, 6] for its account.

One of the main technical points of [11] is Proposition 7.3. This establishes that certain
maps are “good” with respect to friendly measures. We provide all relevant definitions later
in the paper. The proof of [11, Proposition 7.3] crucially uses the Mean Value Theorem which
is unavailable in the p-adic setting and thus represents the main barrier to establishing the
aforementioned conjectures in the p-adic case. In this paper we develop a new technique that
bypasses this barrier and thus enables us to develop a coherent theory of Diophantine approx-
imation for friendly measures on Qj.

2. MAIN RESULTS

While postponing the definitions that we use until Section 3, we now state our main results.
In what follows, given a measure x on an open subset U of Q¢ and a map f : U — Q©, f,u will
denote the corresponding pushforward measure on Q7, where v is either a prime number p or
oo. Thus Q, is either @, or R. Our first main theorem reads as follows.

Theorem 2.1. Let U be an open subset of QF, and £ : U — Q". Let ju be an absolutely decaying
Federer measure on U. Suppose that f is a C'™' map that is nonsingular and l-nondegenerate
at p-almost every point. Then . is friendly.

One of the main results in [11] is the above theorem for v = co. Thus Theorem 2.1 is new
when v is a prime number p. As a corollary of Theorem 2.1 we prove the following theorem
which resolves the conjecture of Kleinbock and Tomanov appearing as Conjecture FP in [13].

Theorem 2.2. Let pu be a self-similar measure on the limit set of an irreducible family of
contracting similitudes of Q% satisfying the open set condition, and let £ : Q4 — Q" be a smooth
map which is nonsingular and nondegenerate at p-almost every point. Then £, u is strongly
extremal.

We recall that a measure p on Q7 is called strongly extremal if p-almost every point is not
“very well multiplicatively approximable”. This implies that p is extremal, i.e. that p-almost
every point is not “very well approximable”. We refer the reader to Section 11 of [13] for the
definitions of these Diophantine properties.

Another main theorem of this paper is the p-adic analogue of the results of Kleinbock [10]
regarding Diophantine approximations on affine subspaces. For the definitions of Diophantine
exponents w(-) of measures and subspaces, the reader is referred to Section 3.8 and [5].
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Theorem 2.3. Suppose L is a d-dimensional affine subspace of Q. Let 1 be an absolutely
decaying and Federer measure on Q% and let £ : Q% — L be a smooth map which is nondegenerate
in £ at p-almost every point of Q4. Then w(fu) = w(L).

When v = oo, the above theorem is one of the main results in [10]. When v is a prime
number, Theorem 2.3 is new.

2.1. Difficulties in p-adic fields. We want to point out the main difficulties in proving The-
orem 2.1 in an ultrametric set-up.

e There is no analogue of the Mean Value Theorem for p-adic continuously differentiable
maps, not even for C'!' maps defined in Section 3.4. But the proof in case of R ([11])
uses the Mean Value Theorem in a crucial manner.

e In order to bypass the use of the Mean Value Theorem, one may use the definition of C*
maps. It is here that the difference quotients @5 as in Section 3.4, kick into the picture.
Note that ®4 is a multivariable function, even for maps from Q, to Q,. This makes the
analogue of many crucial lemmata in [11] very different.

e The relation between ®Ff’ with f**! for any C**! function from Q, to Q,, poses
diffficulties in various parts of the proof.

e For maps in higher dimensions, we use combinatorial arguments throughout the paper.
For instance, we need to know the exact error terms in the higher dimensional “Taylor
theorem” in Q2. This seems to be unavaliable in the literature and we provide the
necessary arguments in Section 11.

e For the convenience of the reader, we have provided a detailed discussion of the main
obstacles and our strategy in overcoming them in the simplest non-trivial case in Sec-
tion 5.

We conclude this section with some remarks.

Remarks.

(1) There has also been recent interest in the question of Diophantine approximation in
positive characteristic, when one approximates Laurent series by ratios of polynomials.
The positive characteristic version of the Baker-Sprindzhuk conjectures were settled in
[7]. The methods of this paper can be adapted to the function field setting in a relatively
straightforward manner as they work over any ultrametric field.

(2) Similarly, it is possible to extent our main results to more than one place of Q, namely
to the S-arithmetic setting.

(3) In a forthcoming work, we will use the results in this paper to investigate badly approx-
imable points on manifolds in @Q,. In short, we establish the p-adic version of the main
results of [2].

3. PRELIMINARIES

In this section we recall some terminology and definitions from [11, 13] and [10]. Our expo-
sition necessarily follows these papers quite closely.

3.1. Besicovitch spaces. A metric space X is called Besicovitch [13] if there exists a constant
Nx such that the following holds: for any bounded subset A of X and for any family B of
nonempty open balls in X such that every x € A is a center of some ball in B, there is a finite
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or countable subfamily {B;} of B with

14 < Z 15, < Nx. (3.1)

Let us recall [13, Lemma 2.3 ].
Lemma 3.1. For a metric space X, let us define

Mx :=sup{k | there are balls B; = B(x;,1;),1 <i <k, s.t Ni=y B; # 0, x; ¢ U; B},
and for any ¢ > 1,

there are x € X,r > 0 and pairwise disjoint balls
Dx(c) := sup {k ‘ }

By, -+, By of radius r contained in B(x,cr)
If both Mx and Dx(8) are finite, then X is Besicovitch.

For any ultrametric space, any two balls either do not intersect, or one is contained inside
another. Hence My = 1 for any ultrametric space.

Now when X = Q,, since the balls are all of radius p" with n € Z, a ball of radius p”
can contain at most p many disjoint balls of radius p"~!. Hence Dx(8) < oo for X = Q,
and applying Lemma 3.1 it follows that Q, is Besicovitch. One can also see that R?, Qg are
Besicovitch spaces; see [16, Theorem 2.7] and [1, Corollary 4.13].

In particular, we will use later that NQg = 1 since any two balls that intersect in this
nonarchimedean space are contained in each other. Readers are also referred to [14, 15] for
examples of several Besicovitch spaces.

3.2. Federer measures. Let u be a locally finite Borel measure on a metric space X, and U
be an open subset of X with u(U) > 0. Following [11] we say that p is D-Federer on U if

B(x,3
xEsupp p, 7>0 ,u(B(x,r))
B(z,3r)CU

We say that p as above is Federer if, for p-almost every x € X, there exists a neighbourhood
U of x and D > 0 such that p is D-Federer on U. We refer the reader to [11] and [13] for
examples of Federer measures.

3.3. Nonplanar measures. Suppose p is a measure on Q%. We call p nonplanar if (L) = 0
for any affine hyperplane £; of Q%. Let f = (f1,---, f,) be a map from Q¢ — Q". The pair
(f, 1) will be called nonplanar at xo € Q¢ if, for any neighbourhood B of g, the restrictions of
1, f1,---, fn to BNsupp p are linearly independent over Q,. This is equivalent to saying that
f(B N supp u) is not contained in any proper affine subspace of Q?. Note that for d = n, if p
on Q7 is nonplanar then (Id, x) is nonplanar at p almost every point.

Suppose f : X € Q¢ — £ C Q" be a map, i be a measure on X, and £ be an affine subspace
of Q7. Then (f, i) is called nonplanar in £ if

L = (f(BNsupp p))a,

for every nonempty ball B such that u(B) > 0; see [10]. Here (M), means the intersection all
subspaces in Q7 containing M.
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3.4. C* functions in Q?. We recall the definition of p-adic C* functions, following closely the
exposition in [13]. We refer the reader to [17] for a detailed treatment of p-adic calculus. Let
f:U CQ, = Q, be a function and assume that U does not have any isolated points. The
first difference quotient ®! f of f is the function of two variables given by

‘r R
O f(r,y) = %jy) (v,y €U, z #y)
defined on
VU :={(x,y) €U xU |z #y}.
We say that f is C! at a if the limit
lim &' f(x,y)

(z,y)—(a,a)

exists, and that f € CY(U) if f is C* at every point of U.
More generally, for & € N set

VU = {(21,...,21) € U* | 2 # x; for i # 5},
and define the k-th order difference quotient ®* f : VF1U — Q, of f inductively by ®°f := f

and
QR f(wy, g, ) — OV (g, @3, p)
T — T2 '
We say that f is C* if ®* f can be extended to a continuous function ®*f : U**! — Q,.
Also, we say that f is C* at a if the limit

o f(a,..., a) = lim O f(21,. .., Trpr)

q)kf(xla Ty, Thy1) =

exists. By [17, Theorem 29.9] f € C*(U) if f is C* at every point of U. It can be shown that
C* functions f are k times differentiable, and that

[P @) = KO (o, w).

The definition of C* functions of several ultrametric variables follows along similar lines. If
f is a Q,-valued function on U; x --- x Uy, where each U; is a subset of Q, without isolated
points, denote by ®¥f the kth order difference quotient of f with respect to the variable ;,
and, more generally, for a multi-index § = (iy,...,iq) let

dyf = DY o~-o<I>fi‘if.
It is not hard to check that the composition can be taken in any order. For any fixed j
permutation of coordinates in U;ﬁl does not change the function; see [17, Lemma 29.2 (ii)].
This “difference quotient of order 5”7 is defined on V"'U; x --- x VU, and as before we say
that f belongs to C*(U; x --- x Uy) if for any multi-index § with |8] := ijl i; <k, Ogf is
extendable to a continuous function ®gf : U x ... x Ut — Q,. As in the one-variable

case, one can show that partial derivatives dzf := 9;' 0 --- o 8261 f of a C* function f exist and
are continuous as long as |3| < k. Moreover, one has

Of(ar,...,xq) = B'Psf(z1,. ., 21, Tay -, Tq). (3.2)

where ! = H;l:l i;!, and each of the variables x; in the right hand side of Equation (3.2) is
repeated ;41 times. Lastly, we recall the definition of a function being nonsingular at a point.

Definition 3.1. A function C* function £ = (f1,---, f,) : U C Q% — Q" is called nonsingular

Il Bl e
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3.5. Nondegeneracy in an affine subspace. Following [10], we say that a map f : U — Q"
where U is an open subset of Q¢, is [-nondegenerate in an affine subspace £ of Q" at x € U if
f(U) c £, fis C' and the span of all the partial derivatives of f at x up to order [ coincides
with the linear part of £. We say that f is nondegenerate in an affine subspace £ of Q7 at
x € U if it is [-nondegenerate in an affine subspace £ of Q7 at x for some [ € N. We say that
f is (I-)nondegenerate at x € U if the above hold with £ = Q".

If M is a d-dimensional submanifold of £, we will say that M is nondegenerate in £ at
y € M if any (equivalently, some) diffeomorphism f between an open subset U of Q% and a
neighbourhood of y in M is nondegenerate in £ at f~!(y). We will say that f : U — £ (resp.
M C L) is nondegenerate in £ if it is nondegenerate in £ at A-almost every point of U, where
A is the Lebesgue/Haar measure on U (resp. of M, in the sense of the smooth measure class
on M).

3.6. Good maps and decaying measures. Let u be a locally finite Borel measure on Q¢
and U be an open subset of Q¢. Given A C Q¢ with u(A) > 0 and a Q,-valued function f on
4 et

[Fllpa="sup [f(x)l.,

rEANSupp
where | - |, is the standard v-adic absolute value. A p-measurable function f : Q% — Q, is
called (C, a)-good on U with respect to p if for any open ball B C U centered in supp(p) and
€ > 0 one has that

w({xe B |fx)l, <)) <C (m)amm. (3.3)

Similarly, a function f: Q% — Q, is called absolutely (C, a)-good on U with respect to yu if for
any open ball B C U centered in supp(u) and € > 0 one has

w(xe B 1f)l, <e}) <C (ﬁ)amm, (3.4

where || f|| g = supyep | f(%)|,. Since || f|l.5 < ||f|l5, being absolutely (C, a)-good implies being
(C, a)-good on U. The converse is true for measures having full support.

Remark 3.1. Note that if f is (absolutely) (C,a)-good w.r.t. u, Equation (3.3) and Equa-
tion (3.4) will remain true if the strict inequality in the left hand side is replaced by a non-strict
inequality. Indeed, we trivially have that {x € B | |f(x)|, <e} C {xe€ B ||f(x)|, <e+1/N}
for N > 1. Then, for example in the case of absolutely (C, «)-good functions, we get that

w({x e B | 1f0)l, <)) < p({xe B 1fx)], <<+ 1/N}) < C ([Tﬁ”v) u(B)

and it remains to let N — oo.

Next, let £ = (fi, -+, fn) : Q2 — Q" be a map, and p be a locally finite Borel measure on
Q?. We say that (f, u) is (C, a)-good at x if there exists a neighborhood U of x such that any
linear combination of 1, f1,--- , f,, is (C,«)-good on U with respect to u. We will simply say
(f, 1) is good at x if it is (C, a)-good at x for some positive C' and . We will say (f, i) is good
(on U) if it is good at p-almost every point x (of U). When pu is Lebesgue/Haar measure on

4 we omit ‘with respect to u’ and just say that the map f is good (at x). As is well known,
polynomials are (C, «)-good at every point for some C' and « that depend only on d and the
degree of the polynomial in question, see [19, Lemma 4.1]. In fact, there are many examples

of good maps. We recall Lemma 2.5 from [12] and Proposition 4.2 from [13] which show that
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nondegenerate maps are good. For the definition of C! maps in the p-adic case, the reader is
referred to Section 3.4.

Proposition 3.1 (See [12, Lemma 2.5] and [13, Proposition 5.1]). Let f = (f1,--, f,) be a C
map from an open subset U C Q¢ to Q" which is -nondegenerate in Q" at xo € U. Then there
is a neighbourhood V- C U of xqo such that any linear combination of 1, fy -+ f, is (C', a)-good
on V', where C', o > 0 only depends on d,l and the field. In particular, the nondegeneracy of £
in Q7 at xqg implies that £ is good at xg.

We further have the following corollary whose proof is identical to that of [9, Corollary 3.2].

Corollary 3.1. Let £ be an affine subspace of QF and let £ = (f1,---, fn) be a map from an
open subset U of Q¢ to £ which is nondegenerate in £ at xo € U. Then f is good at Xg.

Given C,« > 0 and an open subset U in Q”, we say that p is (absolutely) (C, «)-decaying
on U if any affine map is (absolutely) (C, a)-good on U w.r.t. p.

3.7. Friendly measures. We are now ready to define friendly measures following [11].

Definition 3.2 (Friendly measure). A locally finite Borel measure pv on QP is called friendly if
W is nonplanar and for p-almost every x € Q7 there exist a neighbourhood U of x and positive
C,a,D > 0 such that u is D-Federer on U and p is (C, «)-decaying on U.

Examples of friendly measures were constructed in [11] and their p-adic analogues were
desribed in [13]. We briefly recall the discussion from [13, Section 11.6]. Let “dist” be a metric
on Q7 induced by | - |,. A map h: Q! — QP is a contracting similitude with contraction rate
pif 0 < p<1and

dist(h(x), h(y)) = pdist(x,y) for all x,y € Q.

By a result of Hutchinson [8], for any finite family hy, ..., h,, of contracting similitudes there
exists a unique nonempty compact set (), called the limit set of the family, such that

@=Um@)

The family Ay, ..., h,, are said to satisfy the open set condition if there exists an open subset

U C Qp such that
hi(U)cU foralli=1,...,m,
and

By a result of Hutchinson [8], if h;,7 = 1,...,m, are contracting similitudes with contraction
rates p; satisfying the open set condition, and if s > 0 is the unique solution to the equation
>, pi = 1 then the s-dimensional Hausdorff measure H* of () is positive and finite. The number
s is called the similarity dimension of the family {h;}.

The family {h;} is irreducible if there does not exist a finite {h; }-invariant collection of proper
affine subspaces of Q. The following proposition is slightly stronger than [13, Proposition 11.3],
which in turn is a direct adaptation of [11, Theorem 2.3]. It provides a rich class of examples
of friendly measures.

Proposition 3.2. Let {hy,...,hy,} be an irreducible family of contracting similitudes on QU
satisfying the open set condition, s its similarity dimension, and p the restriction of H?® to the
limit set Q of the family {h;}. Then p is absolutely decaying and Federer.
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3.8. Diophantine exponents. For y € Q!, we define

1
w(y) =sup{w | gy + qof, < Ta ol for infinitely many (q, o) € Z"* \ 0}.

q, qO)”((l)Jo

Here || - || is the max norm in R"*!'. For a Borel measure pu on Q7, from [10] we recall the
Diophantine exponent w(u) of u to be

w(p) =supf{v : p({y | w(y) > v}) > 0}
If f: U CQf— Q"isamap such that, M = f(U), where U is an open subset of Q¢, we define
w(M) = w(f,\). Here X is the Haar measure on Q<.

4. PROOFS OF THEOREM 2.1, THEOREM 2.2 AND THEOREM 2.3

We need the following proposition in order to prove Theorem 2.1 and Theorem 2.3.

Proposition 4.1. Let f = (f1,---,f.) : U C Q% — Q" be a C*' map, and let xo € U be
such that £ is [-nondegenerate at xq. Let p be a locally finite Borel measure which is D-Federer
and absolutely (C, a)-decaying on U for some D,C,a > 0. Then there exists a neighbourhood
V C U of x¢g and a positive C' > 0 such that any

ge Ly = {Co+zcifi260,...,cn€<@y} (41)
=1

is absolutely (C', ﬁ)—good on V' with respect to pu.

This proposition is the key to establishing the theorems stated in Section 2 and requires new
technical ideas. We will prove it in the following sections. When v = oo, Proposition 4.1 was
proved in [11, Section 7]. One of the crucial facts used in [11] was the Mean Value Theorem.
Since there is no Mean Value Theorem in the p-adic setting, we have come up with a different
proof.

The following lemma gives a sufficient condition written in terms of u, for f, i to be friendly.

Lemma 4.1. Let ju be a D-Federer measure on an open subset U of Q% let £ : U — Q" and
C,K,a > 0 be such that

e for any x1,x9 € U one has that
1
Edist(xl,xg) < dist(f(x1), f(x2)) < K dist(xy,x3);

e any f € Lg is absolutely (C,a)-good on U with respect to p, where Lg as in Equa-
tion (4.1).
Then £, is friendly.

When v = oo the above lemma was proved in of [11, Lemma 7.1] and the same proof applies
verbatim when v is a prime number.

4.1. Proof of Theorem 2.1 using Proposition 4.1 and Lemma 4.1. Since f is a nonsin-
gular C'*! map at xg, we can find a neighbourhood V' of xq such that f|y is bi-Lipschitz; see
Lemma 11.4. This satisfies the first condition of Lemma 4.1. By Proposition 4.1, we have that
f and p satisfy the second condition of Lemma 4.1. Therefore, by Lemma 4.1 we have that f, u
is friendly.

4.2. Proof of Theorem 2.2 using Theorem 2.1. Theorem 2.2 follows by combining Propo-
sition 3.2 and Theorem 2.1 and [13, Corollary 11.2]
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4.3. Proof of Theorem 2.3 using Proposition 4.1. We first state the following theorem
which is [5, Corollary 6.2].

Theorem 4.1 ([5, Corollary 6.2]). Let p be a Federer measure on a Besicovitch metric space
X, L an affine subspace of Q7 and let £ : X — L be a continuous map such that (£, p) is good
and nonplanar in L. Then

w(Er) = w(L) = mf{w(y) | y € £} = inf{w(f(x)) | = € supp u}. (4.2)

Remark 4.1. Let i be a friendly measure on Q%, and let f : Q% — £ be an affine isomorphism.
Then by the above theorem, w(f,p) = w(L).

Since in Theorem 2.3, f is nondegenerate in £ at p almost all points, we get that (f, pu) is
nonplanar in £. If not, then there exists a ball B such that u(B) > 0 and an affine subspace
L' L' C L such that f(BNsuppp) C L. Let x € B Nsupp p such that all partial derivatives
of f at x up to order [ spans the linear part of £. But the fact (B Nsupp p) C L', implies all
derivatives at x must lie on the linear part of £’ which is proper in £ giving a contradiction.

Therefore, Theorem 2.3 follows from combining Proposition 4.1 and the above theorem. The
rest of the paper is spent on proving Proposition 4.1.

5. NOTES ON THE PROOF OF PROPOSITION 4.1

In this section, we consider the simplest nontrivial situation in which we attempt to explain
the obstacles we face and the ideas we use in the general case, where the obstacles and ideas
are less transparent. Recall that to validate Proposition 4.1 we need to demonstrate that under
certain conditions on the measure p and the map £ = (f1,---, fn) : Q2 — Q7 there exists a
neighborhood V' such that all linear combinations of 1, fi,--- , f,, are good w.r.t u, a concept
stated in Section 3.6.

5.1. Sufficient conditions. The task is that given any function g : B € Q¢ — Q,, defined on
a ball B of radius r, we want to find sufficient conditions on g, such that g is good in this ball
B w.r.t p; see Theorem 6.1. It is too ambitious to hope that the same conditions as in the real
case, [11, Theorem 7.6] would be enough. Next we discuss why this is so.

e Let us constrain ourselves to the d = 1 case. The lemmas [11, Lemma 7.4] and [11,
Lemma 7.5], which are crucial in [11, Theorem 7.6] are not clear in the Q, setting. For
instance, in [11, Lemma 7.4] it was shown that for any C' function on ball B C R of
radius 7, we have that

rinf |¢'(z)] < sup|g(x)].
z€B z€B

This is a direct implication of the Mean Value Theorem.

e However, the above is not true! in Q,. For instance, we may take B = Z,, and
g (X spait) = > sy aiv' for N € N. Then gy differes from the identity map by a
locally constant map. Hence for every = € Z,, |gi(2)|, = 1, whereas sup,.p |gn(2)], <
v~N. by definition. Hence for sufficiently large N, the above inequality is false. Nev-
ertheless, we can use the definition of C* functions; see Section 3.4 in order to prove a
weaker statement; see Lemma 6.1. In particular, for any C! function defined on a ball
B C Q, of radius r, we show that

r inf dlg(z,y)|, < su z)l,.
(a:,y)eBxB| g(z,y)| xeglg( )

'We are thankful to an anonymous referee who suggested the example we provide here.
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e For the same reason as above our Lemma 6.2 is weaker than [11, Lemma 7.5].

e Other than having two weaker lemmas, there is another issue that we face. In the real
case, we have that (¢') = ¢” for any C? function. But in case of any C? function g
defined on Q,, we have instead that

®lg (2, y) = P?g(z,x,y) + P*g(z,y,y).
Hence it is not immediately clear what sort of relation we have between

inf o2 , and inf |®¢ L.
e 5|20y 2l and - inf [0 (2, )
Since the first one is defined over a larger domain, one would expect that the first
quantity should be less than the second quantity upto some constant multiple. But the
second quantity is the infimum of a sum of two functions, hence there is a possibility
that it becomes 0.

To tackle the aforementioned obstacles we impose three conditions on g in Theorem 6.1, namely
Equation (6.9), Equation (6.10) and Equation (6.11). Since these conditions are a bit technical,
we refrain from stating them here, except for the most important one namely Equation (6.9)
which is discussed below. The latter two conditions showed up, albeit in a weaker sense, in the
real setting. The first condition Equation (6.9) however, is entirely new and an important idea
in our paper. No analogous version was needed in the proof of the real case. The second and
third conditions are stronger than the respective conditions in the real case, [11, Theorem 7.6].

As we prove the main theorem Theorem 2.1 with no extra assumption than those are present
in the real case, we need to show that these stronger sufficient conditions in Theorem 6.1 are
satisfied by any linear combination of 1, fi,--- | f,.

5.2. The first condition. The first condition Equation (6.9) in Theorem 6.1 is the hardest to
check among the three conditions in the theorem. In the case d = 1 and C* function g, note
that the first condition is to check a chain of inequalities as follows:

inf |[®"g|, < inf | '¢|, < - <« inf |®'¢g"!|, <« inf |g¥,. (5.1)
Here and elsewhere in this section we adopt the convention that

inf |®gl, = inf I g(xe, -zt for j=0,...,k.
|7 g| (:pl,---,wj+1)€B><---><B| g(z1 1) J
First, we show that polynomials satisfy all three conditions; see Theorem 7.1. We use the
trick of ‘proof by maximality’, which is also used in [11, Lemma 7.7]. But the proof in [11,
Lemma 7.7] uses the Mean Value Theorem and there were only two weaker conditions to check
unlike our case, where we need to verify three stronger conditions.

5.3. A very simple case of polynomials. Let us sketch how we handle the simplest nontrivial
case of polynomials, where three conditions in Theorem 6.1 are satisfied. Let P be a polynomial
over Q, in one variable such that sup,cp o1y [P(7)], = 1. Suppose k is the largest integer such
that there exists (1, -+, 2p1) € B(0, 1)*! with

1

|O*P(1,- -+ xppa)] > g

where o > 0 is carefully chosen. Such a k will exist since we started with a ‘normalized’
polynomial. Now for simplicity, let k¥ = 2. Hence there exists (a,b,c) € B(0,1)? such that

1

‘&)QP(CL, b, C)‘y > M.
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Then it is easy to see that for any (z,y,2) € B(0,1)3,
®*P(z,y,2) — ®*P(a,b,c) = ®*P(x,y, 2,a)(z —a) + P*P(z,y,a,b)(y — b) + D*P(z,a,b)(z — c).
Now we use ultrametric norm property to conclude that for any (z,y, 2) € B(0,1)3,
|®2P(x,y, 2)|, < max{|®*P(a,b,c)|,,|P*P(z,y, z,a)|,, ®*P(x,y,a,b)|,, |2 P(x,a,b)|,}.
By maximality of k = 2, the max in the above should be attained by |®2P(a,b, c)|,, giving
|®2P(z,y,2)|, > otz
This verifies the second condition Equation (6.10). Next we claim,
inf |®*P|, < inf [®'P'|,.
The following simple observation is key for verifying the first inequality in Equation (5.1). For
any (z,y,2) € B(0,1)3, we have that
20%P(x,y,2) = ®'P'(x,y) + ®*P(x,2,9,2)(z — ) + P*P(z,9,9,2) (2 — ¥). (5.2)
Now let inf |®!P'|, = |®'P'(c,d)|, for some ¢, d € B(0,1). For any z € B(0, 1),
120%P(c,d, )|, < max{|®'P'(c,d)|,, |®*P(c,c,d, 2)|,,|P*P(c,d,d, 2)|,}.
If for some z € B(0,1),|®'P'(c,d)|, > max{|®*P(c,c,d,2)|,,|P>P(c,d,d,2)|,} then we are
done. If not, then for every z,
120%P(c,d, 2)|, < |®*P(c,c,d, 2)|,, or [20°P(c,d, 2)|, < |®*P(c,d, d, 2)|,.

We choose « such that either case will contradict the maximality.

5.4. Approximations by polynomials. Once we show that polynomials satisfy all three
conditions in Theorem 6.1, we approximate difference quotients of functions of interest by
difference quotients of polynomials in a uniform manner; see Theorem 8.1.

Consider the d = 1 case. We show the following for any C'*! map f defined on B(y,r) C
B(0,1), and for every k <,

sup |(T’kf(21,227 C L Zh1) — (i)kpf,y,l(zlazm T 72k+1)|u
2z, €B(y,r)
i=1,- k+1

<rF sup @' f(wr, @2, ) — P (WY Uit o
xiyyieB(lyvq)v
i1, I

Here the [-th Taylor polynomial of f at y € B is denoted as

Pryu(x) = f) + @' fly.p)@—y)+--+ ' fly, -, y)(@—y)

We prove Equation (5.3) by induction on [. The following is typically refered as “Taylor’s
theorem” in Q,,

f(.lf) = Pﬁy,l(x) + (T)H_lf('ra Y, 7y)($ - y)l+17 (54)
which one can find in a simple manner, [17, Theorem 29.4]. In order to prove Equation (5.3)
by induction, we consider the function f.(z) := ®!f(z,z) restricting one coordinate. We

explore relations between ®'P;,; with Py, ;; see Lemma 8.1, which we then apply to prove
Theorem 8.1.

In higher dimension, one would expect to have an analogue of Equation (5.4), but we could
not find any reference where the error term is explicitly calculated, which we require. So in an
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appendix Section 11 we prove Taylor’s theorem in higher dimension with explicitly given error
term.

6. GOOD FUNCTIONS W.R.T. ABSOLUTELY DECAYING MEASURES

6.1. Notation. First of all, in what follows if there is no risk of confusion, we will omit the
subscript v from the notation of v-adic absolute value, e.g. given = € Q,, we will write |z| for
|z|,. It will be clear from the context which absolute value we use. Throughout, the norm || - ||
on Q° with ¢ € N induced by the v-adic absolute value will be the supremum norm. For any
multi-index = (i1, - - ,iq4) we denote |5| := iy + - - - + i4 by abuse of notation.

Next, given a ball B in Q,, B" := B x --- x B C Q!, will denote the product of i copies of B
and y € B® will be written as (y;), thus y = (y;) € B". We set ¢; = (0,---,0,1,0,--- ,0) € Z,
where 1 is at the i-th place. Given a multi-index 5 = (i1, ..., 1q), we let 5(1) := 5+Zf:1 e;, thus
B(1) = (i1+1,...,ig+1). Wedenote by B(y,r) := {x | |[x—y]|| < r} aball centred at y of radius
r. Given a multi-index « = (i, -~ - ,iq), we also let B® = B(y,r)* := B(y1,r)" X+ x B(ya, r)
and denote by x, the elements of B*, thus x, = (x1, -+ ,X4) € B*, where x; € B(y;,r)". For
a function g : X — Q,, we set

inf|g| := inf [g(2)].

Similar notation will be used for supremum. Finally, given y € Q, and k € N, we let y* :=

(y,--,y) € QF and, given a multi-index 8 = (iy,--- ,iq), we let yg = (yi™, - g™,
thus yz dis an element of QT x ... x Q%! For a muti index 8 = (i1, - ,iq), let us recall
5' = Hj:l Z]'

Lemma 6.1. Let B be a ball in Q, of radius v := v="', where and t € N. Suppose that
f:B*— Q, is a C" map. Then for any multi-index 8 = (iy,--- ,iq) with |3 == i1+ +ig <1
we have that

it [ @af] < 18| f]| pa (6.1)
Vi1 Bx--xV'dB

where |B!] is the v-adic norm of B!, and || f||pe = Supyepga | f(X)].
Proof. Let x = (z1,--+ ,24) € BYand for j = 1,--- ,d define

Dif(x) = flar, - wjg, 25 + v w540, wg) — f(X).
Suppose that « € B, then « + kv € B for any integer k > 1. Then for any x € B¢,

1
Kkt

DY f(x). (6.2)

k t t
Qi f(rr, - i, Ty, VxRV T, Tg)

For k£ = 1, the above equality follows from definition. Suppose, by the induction hypothesis,
that the equality is true for k — 1 € N. This means that for any x € BY,

_ 1 B
(I)f 1f($1’ L1, 25, Ty + Vt? Ty + (k - 1)Vt’x]'+1’ U 7zd) = (k _ 1)!1/(1’071)th 1f(X)7
and Q¥ f(wy, -+ w0V ay RV w, - Ta)
1 _
= (k—l)'lj(kil)tD‘f 1f(x17"' 7'Ij—1,$j+yt,ﬂfj+1,“' ,.’L’d).



GOOD FUNCTIONS, MEASURES, AND THE KLEINBOCK-TOMANOV CONJECTURE 13

Now using the two above equalities and definitions,

]{il/tq)?f(xlf”axj—laxj7$j+yt7"'7$j+kyt7$j+1"'.’zd)
k—
:(I)j lf(xla"'7$j—1>$j+yt>""xj+kyt’xj+17""xd)_
@’?—1]@(1‘1,... xj_hxj7,1}j —|—l/t7--- ,IL‘]‘ + (k‘— 1)Vt,$j+1,"' ,xd)
1 b1 ¢ k—1
—W(D]’ flay, - ooy + v w, wg) — DfTH(x)

1 k
_ = O 1)tDjf(x).
Thus Equation (6.2) is valid.
Note that, by the ultrametric property, | D} f(x)| < [k!|7"|| f[| g, where |k!| is the v-adic norm
of k! € Z. Hence taking norms on both sides of Equation (6.2) gives

|k'|l/_kt|q);€f(xla y Lj—1,Lj5,Tj +Vta"' y Lyj —|—kj]jt7l’j+17-~- axd” S ||f||Bd'

Given a multi-index 3 = (i1, -+ ,i4), let D(x) = Di* o ---0 D’(x) and &5 = O 0 --- 0 DY
Therefore when |3| = m we get that

Dﬁ(x) = 5!thq)ﬁf<:f1,[lf1 +Vt7"' y L1 —|—z'1]/t7:[,‘2’--- 7$2+i2yt7"' ,Zlfd,l’d-‘-l/t,"‘ 7$d+idyt)‘
(6.3)
Again, since |Dg(x)| < || f| e, taking norms on both sides of Equation (6.3) gives

Cinf @ f] < BT £ pa.
Vi1Bx--xV'dB

O

Lemma 6.2. Let C' > 0 and o > 0 be given and let pu be an absolutely (C, a)-decaying measure
on U C Q. Let c,r,e >0, let B(y,r) C U be a ball centred at'y = (y;) € supp(p) and let
f:B(y,r) = Q, be a C" function with | > 2 such that

Vi)l = ¢ (6.4)

and

195f | 5ryrem < % for all multi-indices  with |G| = 2, (6.5)
where B(1) is defined in Section 6.1. Then

p(lx € Bly.r) | 1) <eh) < C (=) ulBly,n). (6.6)
Proof. First, observe that for x € B(y, ), by Proposition 11.1 and (8.1), we have that
d
1) = 1)+ S — ) f5) + S Bt ) [[

i=1 B=(i1, ia) Jj=1
|Bl=2



GOOD FUNCTIONS, MEASURES, AND THE KLEINBOCK-TOMANOV CONJECTURE 14

Here the coordinates of r® depend on x and y. Therefore

F(x) = F(y) = D (@i — yi) e, f(Fe,)

=1

< Irg'a}; [P f(x?)] H |2 — yy]"

Therefore, by the ultra-metric property, for any x = (x1,...,24) and xo = (22,...,29) €
B(y,r), we have that

(6.7)

|f(x )= [ f(¥e)l <

i=1
Now take xo € B(y,r) for which |f(x0)| < €, otherwise there is nothing to prove. Then, by
Equation (6.7), for any x € B(y,r) with |f(x)| < &, we have ‘Zle(:ci — x?)@eif(yei)‘ <e

Hence,
< 5} : (6.8)

Note that x — 3% (2; — 29)®,, f(F.,) is an affine map. Therefore, since y is absolutely (C, a)-
decaying on U, by definition, this affine map is absolutely (C, a)-good on B(y,r) C U w.r.t. p.
Further note that,

d

Z(‘CBZ - x’?)@ezf(yez)

=1

{XEBWW?IUQH<€}C{X€BWWH

d

Z( - )(I)elf(y'ez)

(6.4)
max > re.

x€B(y,r)

=T :[Iléla%}id ‘Qezf yez)

Hence, by the fact that the above affine map is absolutely (C, «)-good on B(y,r) w.r.t. u, and
in view of Remark 3.1, we get that

d

Z(l‘i - l'?)ci)ezf(yeb) <

=1

u{XEB@JH

} <c (=) uBly.m)

and Equation (6.8) now completes the proof. O

Lemma 6.3. Let f : B* C Q% — Q, be a C**1 map, where B is a ball of radius r > 0. Suppose
that there exists k € N and a multi-index 8 = (i1, -+ ,iq4) with |3| = k € N such that for any
two pairs of multi-indices (ay, o), (o, ab), with oy + e = f = o) + af and |oy| > ||, we
have that

inf |Pq,0a, f| < Coyor Inf [Por 8oy f] (6.9)
Blail+d gledl+d
and
Jnf [@sf] > £z (6.10)

for some Cy, o, > 1,5 > 0. Also, suppose that for some S > 0, for every multi-index o with
la| <k+1,

- S
sup (@ f| < I e (6.11)

Blel+d
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Then, if i; > 0, the function O, f also satisfies Equation (6.9), Equation (6.10) and Equa-

Capc,S .
tion (6.11) with multi-index 5 — e; with constants o B‘i =5 MS I— in place of s and S respec-
tively. Consequently we have that ’
s| B! S
- < |0, < — . 6.12
el < 10 e < T (612
Proof. By Lemma 11.1,
i+l
g (w1, wign) = D O g(@1, e Tt T, T Tt Tign), (6.13)
n=1
for a C7*! map g: Q, - Q, and i < j,5 > 0.
Using Equation (6.13) for g = 0., f we have,
(T),B—ejaej-f(xla ey X1, X, X, 7Xd)
ij—‘rl
= Z D f(X1s X1, Ty s Tyt Tjns Tjons Tt 1 * 7 s Tyl X1, * 5 Xa)-
n=1

Therefore Lemma 6.1 gives the following:

T LT SR R
BN g0 fllge = inf | [@5-c,0, f] 2 o, inf [2sf] = Wllfllgd-

(6.14)

Above we have used the fact that |5!| < |[(8 —e;)!| if i; > 1 an integer, which follows from the

ultrametric property of the norm on Q,. By Equation (6.11), ||0,, f| g« < £/ f||s. Combining
this with Equation (6.14) we have Equation (6.12).

U

Note that s <5, that follows by taking o = 8 in (6.11), and comparing it to (6.10). Define
Ao = {(a1,a)) | 3 g, oy multi-indices such that oy + as = o} + af = «, o] > |af|}.

Theorem 6.1. Suppose that f : B4 C Q% — Q, is a C** map, B C Q, is an open ball of
radius r > 0 and that for some k € N and multi-index 5 with |5| = k, f satisfies Equation (6.9),
Equation (6.10) and Equation (6.11). Let u be an absolutely (C, )-decaying measure on B2,

Then for any € < min(s, g) one has

2k

2k
w(fee s 115G <elflnh) <02 [ T Cow| o (5] emouts

|
(o1,0)EAg N

(6.15)
where i, = 2k+—11_2 fork>1, and ny =00 and 0! =: 1

Proof. Let us define the following set for 6 > 0
E(f,6,B") == {x € B"| |f(x)| < d}.

We will proceed by induction on k. If £ = 0, then by (6.10) and € < s, the left hand side set
of (6.15) becomes empty, so the left hand side is 0. On the other hand, Az = {0} and Cy > 1,
so the right hand side is infinite. Hence the conclusion of the theorem follows trivially in the
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case k = 0. Suppose 3 = (i1,--- ,iq) and 7; > 0. We know that J,, f satisfies the conditions
Equation (6.9), Equation (6.10) and Equation (6.11), by Lemma 6.3. Choose

1
5 — 52(77k_1+1) .

Applying the induction hypothesis, we get

K (E(@ejf,5||06jf||3d,Bd)) <

Qkfla k—1

1 C2 7ev52 «
C2k71 H Caha’l ( B.B—e; 577k71au(Bd).

— el 2
(Oél,a’l)efl/j_ej |(5 ej)-|a S

(6.16)

Let us choose t = r\/g. For every y € B*Nsupppu \ E(0, f,0]|0e, f||pa, BY), consider the

ball B(y,t). By the choice of ¢, and the fact that s < .S which we noted earlier, we have that
B(y,t) C BY. Since y ¢ E(0e, [, 0|0, fll s, B,

|8€Jf(Y)| Z 5||a€jf||Bd
and, by Equation (6.11) for every f, multi-index, with |5,| = 2, we have

ellfllpeS _ ellfllp

rie 12

_ S
[Ds, fll Baypsm < ﬁ||f||3d =

Now we can use Lemma 6.2 and Equation (6.12) and conclude that

(y,t) VE(f,ellfllgs, BY))

u(B
©6) (el flp )
e ( 6 fl ) #Pe0)

(6.12) 50/35_6_7" o
< ) J
o(%5et) s

1 \/g a8%
<cce, —[X=2) = .
- Ccﬁﬁ—@j ’B]‘a < S > 5(1 (B(Y7t))

By the Besicovitch covering property of Qf, one can cover B* Nsupp p\ E(0,, f H(?e] fllga, BY)

by balls B(y,t) with multiplicity 1. This means (3.1) holds with Ny = 1, X Q%; see §3.1.
Hence

i (BN @180, e, BY) (Y ECS.ellf 10 BY)
. 1 (VS &3 (6.17)
SCCB”BejW<T> z_aM<Bd>
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1

Recall that 0 = ¢*™-1+tD Then combining Equation (6.16) and Equation (6.17), we have that
u(BYNE(f ¢l fll g+, BY))

ok—1q ) , o
1 Cﬁ B—e-S
< o2t Coi o B—e; P~
- (o a’]S_EIAB o |(ﬂ - ej)!la ( 52 'u’( )+
1 —ej
VAN
ces - - Bd
B,B—e; ’Blla( s > Sa (BY)

2k

< 02! C A A
= H Oél,all |5|’a g +6_a ILL( )

(a1,0h)€As

2kq
k
1 S\* _mere
< C2kz H C’aha,l W <§) 52(7lk—1+1)M(Bd).
(o1,a))EAR ’
Hence, the theorem is proved with n, = ﬁ, which gives n, = m

7. POLYNOMIALS SATISFYING THE HYPOTHESES IN THEOREM 6.1

Let us denote by Pg; the family of polynomials of degree [ in d variables.

Lemma 7.1. Suppose P € P4, be a nonzero element and n: NU {0} — N be a function such
that n(n+1) > n(n)+1. Suppose k is the largest integer such that there exists 3, a multi-index
with |B] = k, with

= 1
for some (x1,--+ ,x4) € B(0,1)°W . Then for every (y1,--- ,ya) € B(0,1)1),
= 1
[P P(y1, -, ya)| > AL (7.1)
Proof. Note
(BBP(Xh U 7Xd) - éﬁp(yla e 7Yd)
d—1
= q)ﬁp(yl? LY X, X2, 00 7Xd) - q)ﬁp<y17 LY Y X2, 00 7Xd)
7=0
d—1 %41
= (CDBP(Yh Y T s Tl +1—q Y511 0 s Yilg X2, ,Xq)
j=0 ¢=0
- (i)BP(YIa Y L1,y Tl —g YiH1,1 0 s Ygl,g+1s X2, ,Xd))
d—1 %j+1
= Do, P(Y1, ¥ Tjat s 5 Tjliijp+1mgs Yi1Ls " Yk Lg+1s Xjt2, -+, Xa)0jq
j=0 q=0
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where 6, = (2j41,5;,1+1-q — Yj+1,4+1)- Therefore, we have
[@P(x1,-+  Xa)| = [PsP(y1, -+, Xa)
<m Xlglf«gi {|‘i>ﬁ+ejP(Y1, LY T s T i =g Y5115 s Yirg41, X2, ;Xd)|} .
We proceed by contradiction. Suppose there exists a (yq,--- ,yq) € B(0,1)*") such that

= 1
[P P(y1,- -+ ,ya)| < CISE (7.2)

Then we have
1 1 1
i) S k) T o+
The above will imply that there exists 0 < j < d —1, and 0 < g < 44 such that

< |<I)/3P(X17"' 7Xd)| - |§)/3P(YI7"' 7Xd)|-

_ 1
|<I>,3+ejP(Y1,"' 7 Y L4115 Tl +1—g Yi+1,15 5 Yj+1,g+1, Xj42, , Xa)| > )

Since | + e;| = k + 1, the last inequality contradicts the maximality of k. O
In the following theorem «, ay, o), a9, @y and  are all muti-indices.

Theorem 7.1. Fizd andl. There exist s,.S > 0 and a collection U 7 < {Cay o * (a1, 0)) € Az}
of constants greater than 1 such that for any nonzero P € Pq; the following are satisfied.

o There exists k < | and a multi-index 8 = (i1, - ,iq) with |3| = k € N such that, for
every an + ap = f = o + aj, |aa| > |,
inf  [0,,00,P| <Cu o inf  [®y 0, Pl (7.3)
B(0,1)lo1 |+d 13(0,1)\a’1\+d 1oz
and B
B(O%Ifmd [PaP(x1, -+ Xa)| > || Pl po,1)e- (7.4)
[ ]
sup [P P(x1,- -+, Xa)| < S|P,y V | > 0. (7.5)
B(0,1)lel+d

Proof. Without loss of generality we assume that ||P||g1)¢ = 1. Let a > 0 be an integer such
that - < |i| = |i[, fori =1,--- 1. Consider the function n : NU{0} — N, n(n) := na+na+1.
Let k be the largest integer such that there exists a multi-index 8 = (i1, -+ ,iq) with || = k
and (x;,--- ,%q) € B(0,1)°") such that

1
UGN
Such a k exists because for £ = 0 the above inequality holds by the fact that || P| g1y = 1
and 7(0) = 1. Also note that k¥ <[. By Lemma 7.1, we have that

|<I>5P(X1, ceeXg)| >

B(o,lgwme [®sP] > pi(k)+1°

(7.6)
If £ = 0 then Equation (7.3) will be true trivially. So, let us assume k # 0.
Claim 1: We claim that for any j = 1,--- ,d if 7; > 0 then

inf  |BsP| < li;|"  inf  [®s_..0, Pl (7.7)

B(0,1)!81+d B(0,1)!81-1+d
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Let (x9,---,x9) € B(0,1)#=%)M) be such that

1 0 pr— 0 0 DY 0
B(O,ll)r\lﬂf\‘—ud |®ﬁ*€ja€jp‘ o ]ég,ej&ejP(xl, vxd)"

Now by Lemma 11.2, for any (xi,--- ,%4) € B(0,1)%1),

’ljé/gp(xl, cee 7Xd)

= @Bfejaejp(xl, s X1, LGt Ty X1, , Xd)
iJ

+ g q’mejp(xl, s X1 TG0 Lgi—1y Ly Ljiy Ljitly * " 5 Lhig+1s Xjdly, " ° ,Xd)(ﬂfj,ijﬂ - -l"gz)
i=1

(7.8)
If for some z;,, .1 € B(0,1),

& 0 0 0 0 0 .0 .0 0 0 0
I?jf |(I)B+ejP(X17 X gy 5 i1 L Ly L1yt s L L+l X, ; Xq)|
)
3 0 0 0 0 0 0
< |q)ﬁ—€j8€jp(x17 B A ERE R R FER A El 7Xd)|

then Equation (7.7) holds using Equation (11.5). If not, then for every z;; 11 € B(0,1) there
exists some 1 < ¢ < 4; such that

T 0 0 0 0 0 0 0 0 0 0

’(I),BJrejP(Xl? s X s i1 Vs Ly L1t s L Vi1 Xt ;%)
£ 0 0 0 0 0 0

> ‘(pﬂ_ejaejp(xl7 Xy T X, 7Xd)|'

Since |ij| > -, we have that

1 |4 -
J .
Vn(k)—l—l—l—a Vﬂ(k)_i,-l < |Z] | |®BP(X17 ’ Xd)‘
ES 0 0 0 0 0 0 0 0 0 0
P, POXKL X Ty T T T Tty 5 T Tty Ko 5 Xg) |-
Now note that
1 1 1

S T1ra) © (et (bt Datl)  pu(hrl)’

which will give a contradiction to the maximality of k. This yields Claim 1.

Claim 2: If ¢; > 1 then we claim that

] 0 O <li; — 17" 1 0 . P .
B(o,ll)rlllfﬁ—1+d [®5—c, 0, Pl < 13 = 1 B(o,ll)?ﬁf|—2+d [@5-2¢;0e, P (7.9)

Note that Claim 1 and Equation (7.6) imply that

inf  |®y 0., P| >

B(0,1)8=1+d

PEESET (7.10)
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Now observe that by Lemma 11.2, for any (x;,--- ,x4) € B(0,1)#=e)1)
(7’] - 1)6)5*€jaejp<x17 U 7Xd)

= ‘I)szejazejp(xl, X1 TG, L —1, X, , Xd)
ij—1
+ E (I)ﬁaejp(xla s X1 TG0 Lgi—1y Ly Ljio Ljitly =" 5 Ly Xj+1, " " >Xd)($j,ij - ﬂsz)
i=1
Lemma 11.1
(I),B 2e352e3 (X1, X1, T, y Lgij—1s Xjp1, "0 , X4)
i;—1
+ g (E Ppge, Pt > (754, — 254),
=1 =
where ty; = (X1, X1, T4, Tj1, - 5 Tjby Tibs Tiba1, " > Lji;» Xj41, -+, Xa) has coordinates

in terms of x. In the last line of the above equality, in particular, we use Lemma 11.1 to get

D0, P(X1,+ X1, W1, i1y Loy Tjiy Tjig 1,7 5 Tjiyy Xjg1, oo 5 X (g Pgie, Pty ) :

Note that Vn(k)nlleLQa > yn<k+1) Hence the same argument as in Claim 1 using Equation (7.10)
yields Claim 2.

Claim c : Continuing this iterative method we get that for any j =1,--- ,d,if i; > c+1
then,

. = | . =
3(0,11)%fl—c+d |(I>5—cejacejp| S |ZJ C| 3(071)\1»({{6—14-!1 ‘(Dg,(c+1)ej8(c+1)ejp‘. (7.11)
Claim (8 —e;, 8 —e; — e,,): We claim that
i 0 0, <l |7t i P . ) . .
3(0,11)?;\71% [®5-c; 0, P| < liml B(o,ll)rwlﬁf\fud [®5—cjenOesten | (7.12)

If4,, > 0 and i; > 0 then by Lemma 11.2 and Lemma 11.1 for any (xy, - - - ,x4) € B(0,1)#=)®)
one can write the following:

im(i)ﬁfejaejp(xlv U ;Xd>

- q)ﬁfejfemaej%»emp(xla e 7Xm717xm,1; e wrm,im;Xerl; T 7Xj*17xj,17 Tt 7'rj,ij7Xj+17 e 7Xd>
+ Z (Z CI),B+3 tbz ) ('xm,im+1 - xm,i)a
i=1 b=1
where
/
bi — (x1,- - s X1 Omiy Xt 15" 7+ 5 Xj—1, Kjiby Xj41, " ,Xg4), and
Omi = (Tm,1s "+ s Tonis Tongir Tt 1, s Tmgit1) AN Ky = (Tj1, Ty Ty Tjpr1, 7‘rj:ij>

have coordinates in terms of x. The deduction of the above from Lemma 11.2 and Lemma 11.1
follows the same way as in (the first unnumbered equations) Claim 2. Now the same argument
as in Claim 1 using Equation (7.10) yields Claim (8 — e;, 5 — e; — €,,). One can continue with
the same arguments and get Equation (7.3).

The upper bound, Equation (7.5) follows from the observation that P — ||P| (1)« and
P — max, ||®.P| B(0,1)lel+¢ are two norms on Py, a finite dimensional vector space over Q,.
Hence they must be equivalent.
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It is clear from (7.6), that we may take s = —d—. Also note that Cy,, o1, we find in the
proof depends on the indices of aq, o), 8, and since |S| < [, these constants can be made only
dependent on [ and d; see (7.7), (7.9), (7.11), (7.12). O

8. APPROXIMATION BY POLYNOMIALS

Let us denote ¥ := (y,--- ,y) € Q¢ fory € Q,, and k € N. Wedenote yg := (yi' ™, - yi™h),

Y

where 3 = (iy,--- ,iq). Suppose that f : B¢ C B(0,1)¢ — Q, is a C"*! map for some [ € N.
For a multi-index § := (i1, -+ ,i4) we set Lgy(x) := H;i (zj —y;)%, where y € QZ. When
B =0, we define Lg, = 1. Note that

(I)ﬁ/Lﬁy = 1, when 6 = ﬂ/,

and

(I),B/L[j,y = 0, when ﬁ 7é B/, ‘/8’ = |ﬁ/|

We denote the [-th Taylor polynomial of f at y € B? as

Prya(x +Z > Baf(¥s) Loy (x). (8.1)

k=1 |B|=k

Note that it follows from the definition that,

Dpre, f(2,55) = Porer f (Tprer) + (2= 1) Pproe (2, T ) (8.2)

Let us denote fi(x) := @eif(a,x(i)), where (a,x®) := (21, -+, 2i_1,a, T, Tiy1, -+ ,2q) for

x€BY ac B,andi=1,---,d. Also, for x5 = (X1, -+ ,Xq) € B?, let us denote (a,xg)) =
(Xla' T ,Xi_l,a,Xi,XH_]_,' B d) and ((I b Xﬁ ) (X17 X1, Q, baxi7Xi+17 e 7Xd)'

Therefore note by definition,

(T)aJreif(yu igl)) afl (Xa(l))

Lemma 8.1. Suppose that = € B,y € B Let f: B*C B(0,1)? = Q, a C™*! map. For any
multi-index o with |a| <1 —1 and for any X.q) € B*W and i =1,...,d we have,

(i)a-i-eipf,y,l(zv ngn)
= (2= 9)Pare, Pry,y11(2 x50 + ®aPryy1o1(Xa)).
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Proof. Let us note that
Poie, Prya(2,x))
= B f(8)Pare, Loy (2, X))+ + D pf(75)Pase Loy (2, X0))

|8]=0 18]=1
-N' 3 Vse) Pt L @+ i Vse) Pt L @
e S (YBte)Pase, Liprey (2 X)) + - + e S (VBte) Pase, Liprey (2 Xy 1)
|8]=0 |8]=l—1

= (i)aJrei Ley x Z (i)ﬁJreif(yﬂHi)LB,y +-t Z (i)ﬁ+€if(yﬁ+ei)[’b’,y (Z7Xof()1))
181=0 1Bl=1-1

= Doye, | Loy X | D Pafi () Loy ++ D Cafi(¥a)Lay | | (2.x)
181=0 18=1-1

= (iOH»ei (Lehy (sz y.l— 1)) (Z nggl))
= Le,y(z )Pae, (Pf;,y,l—1> (Z7X(()j()1)> + Pq <Pf§i,y7l—1) (Xa(1))-

In the equations above, by x we mean multiplication of functions. The last line follows from
Lemma 11.3, which is a version of the chain rule. O

Theorem 8.1. Suppose that f : B(y,r) C B(0,1)¢ — Q, be a C™** map, then for any
0<[nl <1, _ _
sup Dy f (xn(1)) = Py Prya(x501))]

xn(l)GB(Y7T)n(1)

< ,rl*\?ﬂ sup ’(i)gf(wﬁ - (i)ﬁf(WQH
wi,wa€B(y,r)f),
|Bl=!

Proof. We proceed by induction on [. If | = 0, then |n| = 0 and Pjyo(x) = f(y), hence
the statement of the theorem follows for [ = 0. Assume the the statement is true for [ — 1.
We examine 1 a multi index with || < [ in three cases, |n| = 0,/ and 1 < |n| <1 — 1. Let
l—1>k>1and fix any 1 <i <d. Take @ be a multi index such that |a| = k — 1. Let

M = sup [@sf(w1) — Ppf(wa)l.
wi,w2EB(y,r)?1),
1Bl=l
By the induction hypothesis, we have for any x,1) € B(y, )"V,

‘(T)apféi,y,lfﬂxa(l)) — (I)af;i (Xa(l))l < Tl_kM. (85)

(8.4)

Also using induction we have for any (z, X((;()l)) € By, 7‘)“*61'
|<i>a+6iné yi-1(%, ngl)) — Do, [, (2, X )| Y § (8.6)

On the right hand side of Equation (8.5) and Equation (8. 6) M appears because for any multi

index  with |5| =1—1, q)gf (W) = Ppe, f (i, wD).
Note that

i)a+eif(z X&?l)) = (Z - yi)ci)oé—l-?e'f('z Yi, X 8(1 ) + (I)a+e f(yza v ))
= (2 = 9)Pase Sy, (2:%X500) + Pafy, (Xa(n):
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In the last line of the above equality, we use the definition of the function f;l (x) = @, f(y;,xD).
Therefore, by Lemma 8.1 we have the following;:

|Pose, Prya(z. X)) = Pacre, f(2, %)) < 7' FML (8.7)
Now let us take a multi-index «, such that |o| =1—1, then we have
(T)a+eipf,y,l(za XS()l)) = (i)oz+eif(ya+ei)'
Therefore for any (z,xal()l)) € B(y,r)*te,

’(Da+€if(y@+ei) - (T)a+e¢f<za Xa(1))| < r'M. (8.8)
Now suppose k& = 0, then by Proposition 11.1 we have,
x i 7 +1 i
|f<X) - Pf,y,l(x>| < \Brlggllfl |<I>5f(x1, T Ty y/?%?ll )" >ydd+1>L5,Y<X)|
B=(0,+,0,i,++ sia),
1;>0
j=1,.d
Note that for 5= (0,---,0,4;,--- ,44),7; > 0 above,
d
Loy(x) = [ (s — y)" = (2 — 43) Lo, y(x).
s=j

Since x € B(y,r), and |5 — e;| = [, the right hand side of the above inequality can be bounded
above by the following,

l F3 ii41+1 ig+1
<r |5I‘Ii?i(17 ‘(I)ﬁf(xlf" l’],yj ’ng_:ll )T 7ydd )( ]_yj)‘
B:(Ov“' 707ij7"' 7id)»
;>0
j=1,.,d
Since for any multi-index (3,
T 7 -‘rl 1
(I)Bf('rh"' x]ay] 7yjj—:11 y T 7ydd+1>( j_yj)
- iiiq1+1 i = 1j11+1 )
:q)ﬁ—ejf(l'ly"' 7xj7yj 7y]]++11 y T >ydd+1) q)ﬁ—ejf(xly"' [E] laay] 7yjj-:11 y T 7ydd+1)7
we conclude that for any x € B(y,r), we have that
|f(x) = Pryi(x)] < r'M. (8.9)
Hence Equation (8.7), Equation (8.8) and Equation (8.9) yield the theorem.
O

For f = (f1, -, fu) we define
Sf = {Co+01f1 ++Cnfn | mZan|cz| = 1},
where f;: BC B(0,1)¢ - Q, foralli=1,---.n

Lemma 8.2. Suppose that f = (fi, fo, -+, fa) : B C B(0,1)¢ — Q" is a C'! map, and
xog € B. Then for any € > 0 there exists a neighbourhood V- C B of xo such that for any ball
B(y,r) C V, for any multi-index 8, 0 < |B| <1, and for any g € 8¢, we have

sup @69(3’(5(1)) D Pyy 1(Xp1))] < er! 1A, (8.10)
xﬂ(l)EB(y,'r)ﬁ(l)
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Proof. Using Theorem 8.1 it is enough to show that for any € > 0, there exists a neighbourhood
V such that for any B(y,r) C V, we have

sup |Psg(wi) — Ppg(we)| < €

wi,wo€B(y,r)P1),

18]=t
for any g € 8¢. Since the family {®gg | [5] = [, g € S¢} is equicontinuous, for any & > 0, we
can always guarantee a neigbourhood V' (g) such that |®gg(w1) — Pzg(w2)| < € for all 5 with
|ﬁ| = l7 B(y,?”) - V(g)v Wi, Wa € B(yar)ﬁ(l) and g€ Sf~ 0

9. NONDEGENERACY AND NORMALIZATION

Lemma 9.1. Suppose that £ = (fi, fo, -+, fn) : B C B(0,1) — Q" is a C'™! map, which is
l-nondegenerate at xo. Then there is an open set xo € Vo C B and n > 0 such that for any
B(y,?”) C% ’ andgesﬁ

lgll ) = 07! (9.1)
and P
1Py il _ (9.2)
19l Bey.r)

Proof. Let Vi be an open ball such that f = (fy,---, f,) is nondegenerate for any y € Vj. Let
us rescale Py as
Qqy(x) = Pyyi(x +y),x € Qf,

where g € 8¢. Let us equip Py, with the norm || - ||4; that is the maximum of all the v-norms
of all coefficients. By nondegeneracy of f and compactness of 8¢ and Vj, we have that the
set {Qyy : g € 8,y € Vo} is bounded away from 0, which means for all g € 8¢, y € Vb,
|1Qq.yllas > m for some n; > 0. Moreover, we can rescale again, for eachy € Vg andr = v=% > 0
such that B(y,r) C Vy, we define

iy(x) =1 Qyy (V).
Since {Qgy : g € 8,y € Vp} is bounded away from 0, we will have {QF, : g € 8¢, B(y,v™ ") C
Vo} is also bounded away from 0. The reason is ||QF [|a; > ||Qq.yllas, since norm of S-th coeffi-
cient in ng is greater than norm of S-th coefficient in @),y for every multi-index 3, |5| <. By
comparing with the norm P — || P||p(0,1), the above implies that for all g € 8¢, [|QF, || 50,1« > 1
for some 1 > 0. This gives us for all B(y,r) C V5 and g € 8.
1Py ill By = v R Qg 01 = '

Now using Lemma 8.2, for || = 0, for sufficiently small V4,

1 _ 1
sup |g(x) — Pyyu(x)| < —vp = ="
x€B(y,r) 14 1
Hence, we have
l9llsty.r) = r'n. (9.3)

Note,

1
1Poyllseyr < max(=rum. 9]l se.n)-
Hence by Equation (9.3) we have,
1PoyillBiy.ry < lgll .-
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Similarly we get,
195y < By illBiy.r)-
Therefore,
HPg,y,lHB(yJ) —1
191l 5y.r) '
O

Similar to the way we have normalized polynomials to make them functions in the unit ball
B(0,1)¢, we will normalize functions in 8¢. So for Vj a sufficiently small neighbourhood of xq,
B(y,r) C Vo and g € 8, and r > 0 is a power of v, we define the function

Iry.g(X) = ||g||B(yJ‘)g(y + T_lx)a

which is defined on B(0,1)%. We note that the above normalization and shift in the definition of
Jry,g are taken such that using v-adic norm, [|g,.y ¢l s 12 = 1. We also consider the collection

S(f,V) :={9ryqs | g €8¢ Bly,r) CV}

Lemma 9.2. For any € > 0 there exists a neighbourhood V- C B of xqo such that for any
¢ € S(f,V) one has

max sup (@ — PPy 00)(xp0))| < e (9-4)
|B|1<i+1 xﬁ(l)GB(071)ﬁ(1)

Proof. Let us choose a small V' that we get from Lemma 8.2 and Lemma 9.1. Let us denote
y; + X = y;j +r (@, ,Zji4+1), and y + r'xga) = (1 + Xy, L ya + 771x,) Note
that if ¢ = g,y , € G(f, V), then

= 9l By = _
Do (xp01)) = T|—5‘y‘1’ﬁg(y +r'xp01)

and
= 191l By z -
PsFs00(xs) = = PoPyya(y + 77 %s0m)-

Hence, we have

(P — PpPyo1)(Xp1))]
18]
T 0 - T —_
= ToToas1Bagy 77 %) = ¥ Py + 7 a0l

Using Lemma 8.2 and Lemma 9.1 for || <[ we get,

18]
_ _ , )
(s — @5P¢,o,z)(xﬁ(1))| < ng.l 1Bl — ¢

For || = [ + 1 by compactness, we have a K > 0 such that ||®zg||y < K for all g € 8¢,

||(I)B¢ - i)ﬂPQO’l“B(OJ)””d :||é5¢||B(071)l+1+d

,,nlJrl - ) .

- Sup |Psg(y +7 xp1))| < =K <,
HgHB(y,r) Xg(1)EB(0,1)1+1+d n

if V' is small enough. U
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10. COMPLETING THE PROOF OF PROPOSITION 4.1

Theorem 10.1. Let B C B(0,1)? C Q, be an open ball and let f : B — Q" be a C™*! map
which is | nondegenerate at xo € B. Let p be a measure which is D-Federer and absolutely
(C,)- decaying on B for some D,C,a > 0. Then there exists a neighborhood V-C B of x¢ and
a positive C' such that for any g € S¢ is absolutely (C’ a')-good on V' with respect to p.

Proof. By Theorem 6.1, it suffices to find Cy, o, s, S for multi-index a;, ) and V' C B such
that for any ¢ € G(f, V) there is a multi-index g with |5| = k& € N such that, for every
o1+ g = 6 - O/l + 0/27 ‘a1| > ‘O/1|?

inf ’(i)alaOng‘ S 0011,0/1 inf ‘(i)o/l 80/2¢|

B(0,1)le1l+d B(O,l)‘ain

and

inf |Pgop| >
B(O}gw+d| s| > s,

and for each |n| <k +1,

Using Lemma 9.1, we can choose Vj around xq such that for B(y,r) C Vg, g € 8¢,

1Poy il By = 19l By

This implies

1 _
sup |Pyyi(y+7r 1X)| =1.

| Pso.llBo) = 75—
191l By.r) xeB(©0.1)

Now using Theorem 7.1 we can find |[3| = k < [ and s,5,Cq, o« > 0 such that, for every
651 + Qg = ﬁ = O/l + 0/27 ‘a1| > ‘O/1|7

inf (ia @a P < Ca o inf (ia, aa,P ’ 10.1
pobuie BP0l < Cov | inf | 190 0o Poo (10,1

and
£, 1®sPs01 > 10.2
B(ou}w' s Fo0il > s (10.2)

and
19, Ps0:llBoymi+a < SV |n| > 0. (10.3)

Note that from Equation (10.1) for 8 = o} + o4, || > |a}| we have,
inf |(I)5P¢’0 l| < Cﬁ a inf ’(T)o/l 8a§P¢707l|.

B(0,1)k+d L (o)t I+
Let us take a € N such that ,,la < MaXy, fay=p=a) +al C~' .. Hence by Equation (10.2) we

a1,ah
have that
= S
inf  |®y 0,y Pyoyl > sC7L, > —. 10.4
B(O,l)la'1|+d‘ o1 Oy P01 Ber 7 pa (10-4)

Let us take 0 < e < 5. If o) + o = f3, then for any z’ € B(0, 1)""1‘+d, by Lemma 11.1,
q)alaQQP(p,ol Z(I)ﬁp¢0l(tﬁ) and CI) 8 Z(I)ﬁgb tﬂ

ts
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where tg has coordinates in terms of z'. It should be clear that applying Lemma 11.1 multiple
times will give tg’s, whose coordinates will be a variation of coordinates of z’. Therefore by
Lemma 9.2 and the equality above, and property of ultrametric norm, we have

190 Oa, @ — Py Dot Pl . <E. (10.5)

071)|0/1H-
Since € < £, by Equation (10.4) and Equation (10.5) we have that for any z’ € B(0,1)l*11+4,
|(I)O/1 8a5¢(z’)| = |(I)o/1 80/2 P¢7071(Z/)| (106)

for any of + o4, = 8. Hence by Equation (10.1) we have, for every oy + as = = o + ab,
|Oé1| > |O/1|7

lllf |éalaa2¢| S Calya’l lnf |§)allaa/2¢|

B(0,1)le1l+d B(071)\a/1\+d
By Lemma 9.2 and Equation (10.2), we get that for any x1) € B(0,1)%®,

s < max(|Psp(xs))| €)-
Since € < % we get,

inf [Pgp| > s.
(s 12001 > 8

Now for upper bound, we apply Lemma 9.2 and use Equation (10.3) to get

19,0 5o,1)r+a < max(e,S) =S
for every |n| <1, since e < 5 < S.

11. APPENDIX

In this appendix, we will prove the following proposition which can be thought of as the
analogue of Taylor’s theorem for real variables. One of the main issues here is the careful
computation of the ‘error’ term as we need it for Theorem 8.1. In the one dimensional case,
the proof is much easier, and is well known [17, Theorem 29.4]. We could not find a reference
in general and so we provide a proof. Let us recall that for a C* function f : Q¢ — Q,, we
denoted by Py x the Taylor polynomial of f at y € Q%; see (8.1).

Proposition 11.1. For a C'™*t map f: Q¢ — Q, andy € Q¢, we have the following for k < I:
fx) = Pryrx) + > Bsflrnyituet L u ) Ly (x)

|Bl=k+1
6:(?17"’7@1)
11>0
+ Z Opf(wr,mo, 52, y5 -y ) Ly (x) : (11.1)
|8|=k+1
B=(0,i2,"- ,iq)
i2>0

+ - i)(k—s—l)edf(xlv s, Xd, y§+1)L(k+l)ed,y(X)

Remark 11.1. We remark that Proposition 11.1 differs from the Lagrange remainder formula
and also from the Mean Value theorem. Let us explain the simplest meaningful case to point
out the difference. Let g : Q, — Q, be a C? map. Proposition 11.1 shows

g(x) = g(y) + gy, y) (= — y) + P*g(z,y,y)(x — y)*. (11.2)
———

g'(y)
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Note that the remainder term contains the function @2gievalua,ted at (x,y,y) and the function
®2g has a larger domain than that of ", and 3g"(z) = ®?g(z,z,2) for all z € Q,.
On the other hand for a function v : R — R a C? map, by Lagrange form, we have
1
V(@) =) + ¥ () —y) + Z¥" () —y)*,

where ¢ is a point between x and y in R. Proposition 11.1 is the generalization of (11.2) in
higher dimensions.

Proof. We proceed by induction on k and accordingly, set k = 0. Then,
fx) = f(y)

I
.M&

f(x17”' y Li—15Yis Yit1, " " ;yd) - f(xh”' y Li—15 Tiy Yig1, " " 7yd)

=1

(I)eif(xb s X1, Ly Yis Yir1, v?/d)Leg‘,y(X)'

I
.M&

=1

Since Py o(x) = f(y), we have the statement to be true for £ = 0. By induction hypothesis
let us assume that the statement is true for £ = m:

f(x) = Prym(x)+ L+ + Iy, (11.3)
where o
T 15 1541+ 7
IJ = Z (I)ﬁf(xlv 7x]7y]J7ij-:11 )" 7ydd+1)Lﬁ,y(X>‘
Bl=m+1
ﬁ:(oz'"707ij7"'7id)

ij >0
We want to show that the statement is true for k =m +1 <.
We know by definition, that the coefficient of a term in the summand I is,

_ . 11 1 _ D41 ol 1
(I)ﬁf($1,yil,y;2+ y T 7y2ld+ ) :(I),Bf(yiﬁ_ 7y;2+ s T ayfid—’— )
iq+1

+ (T)ﬁ+€1f<xla yil+1a y;Q—Ha Yy )LELY(X)'
We also have, that the coefficient of a term in the summand I is,

_ . 11 P
qDﬁf(%,sz,y%Zayéﬁ PE 7yzld )
F io+1 i3+1 iq+1 T io+1 i3+1 tq+1
:(I)ﬁf(xla y;2+ ay?—i_ PI >y[lid ) + (I),B-i-ezf(xla X2, y;2+ ay?—'— s T >y2ld )Leg,y(x>

=B f(yr, oy YY) Bpe, f(n, o,y T YR YT Ly ()

-+ CT)IB+31 f(LUl; Y1, y§2+17 y§3+17 e 7yz1d+1)Lel,y(X)'

Continuing like this we get that the coefficient of a term in I is,

(i)(m+1)edf(x17 c sy Xd, ygl+1)

= (i)(m—l-l)edf(xl; s, Td—1, y;nJrZ) + (i)(m-i,-Q)edf(xl, T, T4, y:in+2)Led,Y(X)
= q)(m-f—l)@df(le s Yd-1, ng-z) + (I)(m+1)ed+ed_1 f($17 Ty &d-15Yd-1, ycrln+2)L€d717y(X)
+ q)(m-&—?)edf(xlv c X4, yZln+2)L€d7y(X)

s

—1
(m—i—l)edf(yla o Yd—1, ytTJrZ) + cT)(m—i—l)ed—i-ejf(xla Xy, Yyt >y¢T+2>L€j,Y(X)
J

1
+ i)(7n+2)€df(xl7 Ty Td, yZanrz)L@dQ’(X)‘

KA
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One can observe that in all of the above, we can rewrite each coefficient in /; as a sum of terms,
where the first term is @5 f (yy, - - - ,yj_l,y;jﬂ, e ,y&”l)Lﬂ,y(X), and 5= (0,---,0,45,--- ,iq),%; >
0,|8] = m + 1. Therefore, we can rewrite Equation (11.3) and use the previous equations as
follows,

f(x) = Prym(x)+ Z D5 f(¥5) Ly (x)+

|8l=m-+1
Z (i)ﬁf(xla yilv y;r’_lv e 7y2ld+1)L/37Y(X)
|f|.=m+?)
e (11.4)
+ Y PBf(enwe s uE -y Ly ()
||=m-+2
B=(0,i2,"- ,iq)
i2>0

+ .+ é(erQ)edf(ml: e, Ty, y;”+2)L(m+2)ed,y(X)~

Since Prym11(X) = Prym(X)+ 22 52mi1 s f(¥5)Lsy(x), we have the statement to be true for
k = m + 1. This completes the proof. O

We also give proof of the following lemmata whose statements is used in the paper several
times.

Lemma 11.1. Let g : Q, — Q, be a C**1 map. Then for any y1,--- ,yps1 € Q,,

Ci)kg'(yl, T ,yk+1) = (I)ng(yhyl,ym ce 7yk+1) + -+ ékﬂg(yhyz, T 7yk7yk+17yk+1)-

Proof. We will prove this by induction on k. If k = 0, then ®°¢'(y) = ¢'(y) = ®'g(y,y).
Suppose by the induction hypothesis, we know the conclusion for any k, 1 < k < i. Now we
wish to show that for k£ =7 + 1 the conclusion of this lemma holds.

Note that for any (yi,--- ,yrs1) € VFIQ,

<T>ig’(y1,y3, T ,yi+2) - @ig/(yz, T 7yi+2)

‘i’iﬂgl(yh T ,yi+2) =
(y1 - y2)

Using the induction hypothesis,

@ig’(yl,y;;,-u 7yi+2)
= @ng(yl, Y1,Y3, 7yi+2) + CI’ZHQ(%, Y3, Y3, Ya, -+ 7yi+2) et CI)H_lg(yla Ysy oy Yit2,s yi+2)

and

(T)igl(ym o Yiva)
= O g(y2, Y2, Yir2) + O (Y2, Y3, Ys, Y Yin2) o O G(Ya, o e, Yia).
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Now substituting the above two, we get

@“g’(yh L Yiga)

_ q)i+1g<y17 Y1,Y3, - 7yi+2) B q)i+1g<y27 Y2,Y3, - 7yi+2)
Y1 — Y2

+

<T>i+2g(y1,y2, Ys, Y3, - - - ,yi+2) + -+ @iﬁg(yl, Y2, Yit2, yi+2)
— S g(yr, v, s, Yive) — gy, g, i)
- Y1 — Yo
D g(yr, yo, -+ s Yir2) — PLG(Y2, Yo, U3, - -+ Yiro)
Y1 — Y2
O 2g(y1, y2, Ys, Y3, -+ s Yina) + o+ O 2g(Y1, yas o Yiva, Yira)
= O 2g(y1, Y1, Y2, Y3, -+ Yivz) + P EG(y1, Y2, Yo, Yz, - -+ Yiga)F

+

+

CT)iJng(yla Y2,Y3, Y3, - 7yi+2) +oeeet @i+2g<y17 Y2, 5 Yit2, 3/@'+2)-
Thus the proof is completed using the above and the definition of ®*1¢’. 0
Lemma 11.2. For f = (i1, ,iq) any multi index with |5| = | and any (X1, - ,Xq) €

B(0,1)5D) for any f: Q% — Q,, that is C'*', 1 < j < d, we get

zjéﬂf(xlv o 7Xd)

= (I)ﬁ—ejaejf(xh”' y Xj—1y Lg 1y 5 Ty X1, , Xd)
i]
+ E q’ﬂ+ejf(X1,"' y Xj—1, L5103 L1y Ljir Tgis Ljitls " 5 Tgig+1, Xjt1s " ,Xd)(xj,in —xj,i)-
i=1
(11.5)
Proof. First note that by Lemma 11.1,
q),@—ejaejf(xh s X1, T, Ly X1, ,Xd)
= P f(X1, X1, T, Tj1, Tjgy o 5 Ty, Xyl o0 5 Xa)+
o+ Dpf (X, 1 Xj—1, Lj1, L5255 Ljiz—1y Ljigy Liigs Xj+1, """ , Xd)-
Also, note there are i; many summands in the above sum.
Then by definition, for any 1 <i < 4j,
Dpf(x1,- -+ Xa) = Paf(Xa, X1, Ty1s v Tt Ty Ty i1 5 Ty X+ 5 Xd)
=Qpe; f(X1, X1, B0, Tty T Ty Tt > Ty Tt X+ 5 Xa) (L4010 — i)
Combining these two observations, the lemma follows. 0

The following is a version of [17, Lemma 29.2, (v)]. We provide a proof to make this article
self contained.

Lemma 11.3. Let g : Q¢ — Q, be C'1 map. For any o multi-index with |a| = I, we have the
following, for any z € Q,,Xa1) € QUitd 1 <i<d,

(I)a_g.ei (Lei,yg) (27 Xt()j()l))

- 2. (11.6)
= Lei,y(z)q)a—i-eig(za X((I()l)) + (I)ag(Xa(l))~
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Proof. The proof is done by induction on I. When [ = 0, then a = 0, Suppose (z,x) € Q4+!,
z# x; and 1 <7 < d. Then

CI)ei(Lei,yg)(xlu oy Xi—1, 2, Ly Ly, 0 0 ,Id)
_ oy, iy, 2, i, - 2a) — (20— 9i)g(X)
z — T

= (2 — 1) Pe,9(2,x9) + g(x).

Then taking limits gives us Equation (11.6) for [ = 0. Now suppose by the induction hypothesis,
that Equation (11.6) is true for when |o| <1 — 1. Now let us take a such that |o| = [, and fix

i, where 1 <4 < d. There exists some 1 < j < d such that a = 3 + e;, where |3| =1 — 1. Then
for z € Q,,x,01) € QLaHd; Tj1 7 Tj2,
(I)oa—&-ei (Lei,yg) (Z, XSgl))

Py (Ley9) (2 %0 50) = Parei(Leuyg) (2, X005 1)

Y

Tj1 — Tj:2

where Xo1)1 = (X1, X1, 52, Tji;41, Xj41, -+ ,Xg), and similarly for Xq1);2 with 2,
missing from X,(;) among the j-th corodinates. Now using the induction hypothesis, we get

Ppie;(Leiy9) (2, f‘g()l)gg) = Le,y(2)Ppre,9(2, &221)73‘,2) + Ppg(Xa()j2)-
and

e, (Leiyd) (2 %0y 51) = Leny () 4ei (X000 1) + Pag(Kaqry ).
Using the above two, and a = 4 ¢;, we get
(Z - yi)q)ﬁ-i-eig(za )A(,(j()l),j,z) - (Z - yi)q)ﬁ-i-eig(za &ggl),j,l)

Parte; (Leiy) (2, Xaq)) = PR— + Dgie,9(Xa())
7 B

= (2 = ) Pare,9(2, X)) + Pag(Xan))-

O

Lemma 11.4. Suppose £ = (f1,--+, fn) : U C Q¢ — Q" is a nonsingular C™' map at xq, we
can find a neighbourhood V' of x¢ such that £|y is bi-Lipschitz.

Proof. For simplicity of notation and to make it more readable, we give a proof for d = 2. The
proof for the other cases is exactly the same. Note that, for x = (z1,23),y = (y1, y2), for every
1< <n,

fi(x) = fily) =fi(w1, v2) — filw1,92) + filw1,92) — filyr, vo)
:(i)ezfi(xlvx% y2>($2 - y2) + (T)elfi(xlayla y2>(£C1 - yl)

This implies that
f(x) —f(y) = Acy(x —¥)", (11.7)

where

(I)elfl<xlayl7y2) (I)€2f1<x17x27y2)
Ay = : :

(Delfn(xla Y1, y2) ¢€2f’n<x17 T2, y2)
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Let us also denote by Axy (7, s) the 2 x 2 matrix with 7, s-th rows from the above matrix Ay .
Note that Ay, x, = VE(x¢), by (3.2). Since f is nonsingular at x¢, we know Vf(x() has rank 2.
This implies that there exist 1 < iy < 75 < n such that

N ae1fi1(x) 8‘32fi1(x)
AXO,XO(?/I’Z2) - 8elfi2(Xz) aezfiz(XE)

is invertible. By continuity of the determinant function, there exists a neighborhood ball V'
(which is both open and closed) of xg, such that for any x,y € V, we have that Ay (i1, 72) is also
invertible. Moreover, using the ultrametric norm, one can also guarantee that | det(Axy (i1, 2))|
is nonzero and constant on V' x V. Thus (x,y) — A} (i1,i2) is a continuous map defined on
V x V. Hence

Il =yl < 1 Acy (i, i2) [ Ay (i1, 2) (x — y) . (11.8)

Also
[ Axy (i, i2) (x = ¥) "l = [1(firs fia) (%) = (firs fia) ) < (IEGx) = £ (11.9)
Since (x,y) — || Ay} (i1,42)|| is continuous on V' x V', and V' is a compact ball, there is a K; > 0
such that [|AL}(i1,42)|| < K. This together with (11.8) and (11.9) completes the proof of
the lower bound in the Lipschitz condition. The upper bound follows from (11.7) using the

compactness of V' and continuity of the map (x,y) — [|[Axy||-
U
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