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ARTICLE INFO ABSTRACT

Keywords: The determination of a concise model of a linear system when there are fewer samples m than
LASSO regression predictors n requires the solution of the equation Ax = b, where A € R™" and rank A = m, such
Sparsity

that the selected solution from the infinite number of solutions is sparse, that is, many of its
components are zero. This leads to the minimisation with respect to x of f(x,4) = ||Ax — b||§ +
Allx|l;, where A is the regularisation parameter. This problem, which is called LASSO regression,
yields a family of functions x,.,(4) and it is necessary to determine the optimal value of 4, that
is, the value of 4 that balances the fidelity of the model, || Ax,.,(4) — b|| ~ 0, and the satisfaction
of the constraint that x;,, (1) be sparse. The aim of this paper is an investigation of the numerical
properties of x,.,(4), and the main conclusion of this investigation is the incompatibility of
sparsity and stability, that is, a sparse solution x,.,(4) that preserves the fidelity of the model
exists if the least squares (LS) solution x;; = A'b is unstable. Two methods, cross validation and
the L-curve, for the computation of the optimal value of 4 are compared and it is shown that the
L-curve yields significantly better results. This difference between stable and unstable solutions
x;; of the LS problem manifests itself in the very different forms of the L-curve for these two
solutions. The paper includes examples of stable and unstable solutions x;; that demonstrate the
theory.

Cross validation
L-curve

1. Introduction

Many problems yield data in which there are fewer samples m than predictors n, and they require the computation of a solution
z of the least squares (LS) problem?

z=arg min ||[Ax—b|2, AER™",  m<n. 1)
xeR” 2

This is an underdetermined set of equations, and if rank A = m, the minimum norm solution is

xis=ATb=AT(AAT) b, ©))
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The general solution of (1) is z = x;; + v where v is an arbitrary vector that lies in the null space of A. This problem yields, therefore,
an infinite number of solutions and it is necessary to select one solution from this infinite number of solutions. This selection is
made using the criterion of sparsity, that is, the number of non-zero entries in x;; + v is minimised because it is desired to construct
a simple, concise and computationally efficient model. This criterion is motivated by the many examples, including the analysis of
microarray data, image processing and face recognition, in which sparsity arises.

A sparse solution of (1) is achieved by constraining ||x||;, which leads to LASSO (Least Absolute Shrinkage and Selection Operator)
regression [1],

Xiasso(A) = arg min f(x, 2) =arg min {||Ax —bll3 + AllxIl; } 3)

where A > 0 is the regularisation parameter and

1
" »
nxnf(lefl"), p=120,  x={x}.
i=1

The solution X, (4) is a family of functions parameterised by A, and two methods, coordinate descent [2,3] and LARS (Least Angle
Regression) [4], are used to solve (3) for a given value of A. The methods differ because LARS provides a piecewise linear solution
of (3) but the solution from coordinate descent is defined on a grid of points.

It is often stated that x,,,(0) is equal to x;; for m < n, but this is incorrect because x,,,(0) is equal to the set S of the infinite
number of solutions z defined in (1), and x; is the member of S that has minimum 2-norm [5, p. 16]. Coordinate descent does not
return x;, when A = 0 because it does not use the minimum norm criterion for the selection of a solution in S.

The aim of this paper is an investigation of the numerical properties of xj,,,(4), and the main result is that a necessary condition
for the existence of an optimal sparse solution of (3), that is, a sparse solution that preserves the fidelity of the model, is that x;; be
unstable, such that a small relative error in b yields a much larger relative error in x;;. Furthermore, an optimal sparse solution does
not exist if xy is stable because there does not exist a value of A such that || Ax},s, (1) — b||, and ||x},5,(4)||; assume, approximately,
their minimum values. This result requires that a refined condition number of the minimum norm solution x;; be developed, and
this is addressed in Section 2. This refined condition number shows a difference between stable and unstable LS problems, but the
condition number x(A) of A does not reveal this difference.

The incompatibility of sparsity and numerical stability has been established in feature selection and fMRI (functional magnetic
resonance imaging), and its extension to LASSO regression is the main result of the work described in this paper. In particular, Xu et
al. [6] show that an algorithm that is stable cannot identify redundant features and an algorithm that identifies redundant features is
not stable. Also, Baldassarre et al. [7] consider fMRI for model selection in brain decoding and they show that sparse models can be
unstable due to under sampling or slight changes in experimental conditions. The refined condition number developed in Section 2
quantifies the stability of the LS problem and it is required for the determination of the existence, or otherwise, of an optimal sparse
solution of (3). It is also shown in Section 2 that the association between an unstable LS problem and sparsity can be motivated by
comparison of the forms of LASSO regression and Tikhonov regularisation (ridge regression).

There does not exist, in general, a closed form expression for xj,,(4), but some of its properties are considered in Section 3. In
particular, it is shown that an optimal sparse solution that has many zero entries may not exist. The determination of the optimal
value A* of A is critical because a value that is too small may yield a model that is too complex and can be made simpler by the
elimination of more predictors, but a value that is too large may lead to a large error because the fidelity of the model is not preserved.
The method of cross validation (CV) [5, §6.2] is frequently used to compute the value of A* but it requires the determination of a
shallow minimum of a function, which is difficult. Another method, the L-curve [8, §4.6], is discussed in Section 4 and it is shown
that the curve has the form of an L if an optimal sparse solution that has few zero entries exists, and the value of A* is the value of A
in the corner of the L. Section 5 contains examples of stable and unstable LS problems that demonstrate the theoretical analysis, and
they show that the L-curve yields better results than CV. The paper is summarised in Section 6.

2. Condition estimation

The condition number «x(A) = ||A]| HATH of a rectangular matrix A, where A" is the pseudo-inverse of A, is a measure of the

stability of x;; = ATh, but it is shown in this section that x(A) may lead to an incorrect conclusion about the stability of x; . A refined
condition number that is a function of A and b is introduced and it is shown that, unlike x(A), it allows discrimination between
stable and unstable solutions xj,.

The simplest situation occurs when m = n, in which case x = A~!5 and

_lisxl ., _ bl
Il &

There are three points to note about x(A). It is assumed that A has full rank.

P

4

1. The expression (4) for k(A) assumes A is square and thus b lies in the column space C(A) of A, and x(A) and Ax/a» are finite. If,
however, b & C(A), then k(A) = ||A]| ”AT ” is finite but 4x/A» may be infinite.
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2. It is assumed in the expression (4) for k(A) that there are errors in b only and that A is exact. A more realistic scenario requires
that errors in A and b be considered, but the restriction of errors to b allows linear perturbation analysis to be used.

3. The maximum in (4) is taken with respect to all vectors 6b, b € R™, but b is specified in a given problem. It is therefore necessary
to consider the maximum value of the ratio Axis/as, where Axyg = [[6x]l/|x]|, with respect to all perturbations 6b for the given
vector b. This leads to the effective condition number of x;g, and it is considered in Section 2.1.

2.1. The effective condition number
The condition number x(A) is a function of A only, but x;; = A'b is a function of A and b, and it is therefore necessary to develop

a more general expression for the stability of x;. This revised measure, which is called the effective condition number n(A, b), is defined
in Definition 2.1, and an expression for it is derived in Theorem 2.1.

Definition 2.1 (Effective condition number). The effective condition number 7(A, b) of x;  is

S
AP T T

where Ab is defined in (4).

Theorem 2.1. The effective condition number n(A, b) of xs is

e [ L Ay (5)
T il T Al

where A € R™™",

Proof. It follows from (2) that

[[6x15| = HAT(SbH < HATH 16b]| = HA*H 15| Ab, 6)
and division by ||x;|| = HATI)H yields the expressions (5). Equality in (6) in the 2-norm holds when

“AT(SbHZ = ||A*||2 11661, = HZTHZ l6cll,,  6c=UTsb,

where the singular value decomposition (SVD) of A is UZVT and the singular values o;, i = 1,...,p, p=min(m,n), are arranged in

non-increasing order, o; > 0,1, i=1,...,p—1, [9, §2.4]. It follows that HZTHZ = 1/s,, and if

se=[0 - 0 6c, 0 - 0] =dce,  SceER”

where e, € R™ is the pth unit basis vector, then 6b = Uédc = é¢c, (Ue,). Thus,

|5cp’

Op

116611, = (5cp| and HAT(Ssz = ||2T5cH2 = = HATHZ 16611, .

and hence equality in (6) in the 2-norm is achieved when 6b is aligned along the pth column of U.
Equality in (6) in the 1-norm is attained when &b is aligned along the column of A" whose 1-norm is a maximum. In particular,
if A,T is the ith column of A%, the index ¢ is defined as
— 1 il = af
r=arg max laf] 4] =47
and 6b = éb,e,, where 6b, € R and ¢, € R™, then

o, =lon ', =1, =, v

The superiority of (A, b) with respect to k(A) follows because it is a function of A and b, and thus the conditions satisfied by A
and b such that x is stable, and x is unstable, can be deduced. The stability and instability of x;; are defined in Definitions 2.2 and
2.3, respectively.

Definition 2.2 (Stability). The vector xj, is stable if a relative error Ab in b of order of magnitude e causes a relative error Axg in x;
of the same order of magnitude,

Ab=0(e¢) and Axig = O(e).
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Definition 2.3 (Instability). The vector xj, is unstable if a relative error Ab in b of order of magnitude e causes a relative error Axy
in xj; of much greater magnitude,

Ab=0() and  Axy>O(e).

It is noted that x); may be stable for a perturbation 65, in b = b;, and unstable for a perturbation 6b, in b = b,.

This information on the stability or instability of x;; cannot be obtained from x(A), which is an advantage of #(A,b), but it
follows from (5) that n(A,b) is stable (unstable) if x;; is stable (unstable) [10, §4]. In particular, it is shown in [11, §3] that a
condition number of 7(A, b) in the 2-norm with respect to a perturbation in b is

An,(A,b)
Ab
to first order in &b, where, following the notation in (4) and (5),

<1+m(A,b), )]

AT DIl 51, (A, b sb
R L RN 11
[[ATa],

(A, b) lall,
and 67,(A, b) is the perturbation in #,(A, b).
The condition numbers x(A) and 5(A, b) differ because kx(A) is finite if A has full rank, but #(A, b) is infinite if x;; does not have
a component that lies in the column space of A, even if A has full rank, as shown in Example 2.1.

m(A,b)=

Example 2.1. Consider the matrix A and vector b,

2 -1 -2
A=12 0 and b= 1
1 -1 2

The condition number of A is x,(A) = 3.37 but it follows from (5) that #(A4, b) is infinite because x;; = 0 since b lies in the space that
is orthogonal to the column space of A,%

-1 0
brA=[0 0], x,=(ATA) Asz[O],

and thus «(A) is an incorrect measure of the stability of x;;. []

Example 2.2 considers the variation of n,(H,b), where H is the Hilbert matrix of order 11, as the components of b along the
columns of U, where UZVT is the SVD of H, change.

Example 2.2. Consider the Hilbert matrix H of order 11. The vectors b;,

by=U(C,i-1)+UC,D+UC,i+ 1), i=2,...,10,

were formed and the values of #,(H, b;) of the solutions x; = H~'b; of Hx; = b; were computed. It follows that b, is equal to the
sum of the (k — 1)th, kth and (k + 1)th columns of U, or equivalently,

c;=e_jt+e te,, i=2,..,10, c=UTbh.

Fig. 1 shows that #,(H , b;) decreases monotonically as i increases, that is, as the space spanned by b changes from the columns of U
associated with the large singular values of H to the space spanned by the columns of U associated with the small singular values of
H. The maximum value of 7,(H, b;) occurs when b is a linear combination of the 1st, 2nd and 3rd columns of U, and the minimum
value occurs when b is a linear combination of the 9th, 10th and 11th columns of U. The condition number «,(H) is independent of
i and the error between it and #,(H, b;) increases as i increases. []

Example 2.2 shows that if m = n, then n,(A, b) = k,(A) if the dominant components of b = Uc are aligned along the first few
columns of U, that is,

N T B [

|C]|,|Cz ,|c,+2|,...,|cm|, r<<m.

Also, 1,(A, b) ~ 1 if the dominant components of b are aligned along the last few columns of U, that is,

ler]sleals - les| < esar] s |esaal - lem] s> 1.

These results follow from (5) and the SVD UZV7T of A because, if m = n,

3 A subscript to denote the norm is not assigned to #7(A, b) because it follows from (5) that (A, b) = oo in the 1,2 and co-norms.
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15 ’s s vs s 3 > >

log 712(H,bi)

Fig. 1. The condition number log,, x,(H) and effective condition number log,, #,(H, b;) against i, for Example 2.2.

|47, nei
B > (L llella — oM _pT
(A, b) = ||A+b||2 - ( ) ’ c= {cl}i=1 =U"b.

()

It follows that the limiting values of #,(A, b) are

m(Ab)~1 if |c[|—>oo as i—m,
(A, b) = ky(A) if

J;—il -0 as i—-m,
where the condition |¢;| - co as i — m implies that the dominant components of ¢ occur for large values of i, and the condition
leil/s; — 0 as i — m implies that the constants |c,| decay to zero faster than the singular values decay to zero. This condition is called
the discrete Picard condition [12].

Equation (7) has implications for LASSO regression (3) and Tikhonov regularisation,

X (i) =arg min {[[Ax = bl3 +ullxllz}.  w#20, ®)

because it is shown in [11,13] that an optimal value y* of yu exists only if the discrete Picard condition is satisfied, that is, x, is
unstable. It follows, however, from (7) that (A, b) cannot be determined accurately if x) is unstable, and this problem is addressed
by the inclusion of prior information. This is demonstrated by the application of Tikhonov regularisation (8) to image deblurring
because exact images satisfy the discrete Picard condition, which is the prior information. Similarly, it must be known a priori that
the LS problem (1) admits a sparse solution, in which case x;; and #(A, b) are unstable.

The association between stability and sparsity in LASSO regression can be motivated by comparison of (3) with Tikhonov reg-
ularisation (8) because, as noted above, a necessary condition for a regularised solution Xy, (#*) to exist is that x, is unstable.
Furthermore, the application of Tikhonov regularisation to a stable LS problem yields a solution xy,(#) whose error is large for all
u > 0. Lasso regression and Tikhonov regularisation differ in the form of the constraint but similarities between them are, nonetheless,
expected.

3. Properties of the solution of LASSO regression
A closed form expression for xj,.,(4) does not exist, unless the columns of A are orthonormal, and it is therefore difficult to

obtain theoretical results for LASSO regression. Some properties of the solution of LASSO regression can, however, be derived and
they are considered in this section. The SVD of A € R"™*" is

VT
U[Z 0ppm|VT=U[Z om,n,m][VIT], 9
2
where T € R™"™ is the diagonal matrix of the singular values o;, i = 1,...,m, of A, the columns of V; € R™ form an orthonormal

basis for the row space of A and the columns of V, € R™~™ form an orthonormal basis for the null space of A. It follows from
x;s = ATh =V, Z~1UT b that the general solution of (1) is z,

z=x,+Vod),  Az=A(x+Vod;) = Ax, =b, (10)

where d; € R"™™ is arbitrary. If the solution of (3) is x),4,(4) and its residual is ||r(4)||, where r(1) = Ax,5,(4) — b, then it follows
from (10) that

A (Xpass0(D) = VIZT'UTb = Vad)) = r(),
and thus
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17T 7T T _ —17/T
Xasso(D) = ViZTWUTb = Vad, = ATr(d) + Vady, AT =127'UT,

where d, € R" is arbitrary. It follows that

Xasso(A) = ViZTIUT (b + r(1)) + Vad, d=d, +d,,

ST (b+ (A
=[v Vz][ @)
=V1(A,b, ),

where
—17/T
t(A’M)Z[z U (db+r(l))]’

and the premultiplication of both sides of (11) by V7T yields

V Xasso D =Z0T (b+ (1) and V) xp0(A) =d.

Applied Numerical Mathematics 208 (2025) 297-309

(1)

Example 3.1 shows that if a sparse solution x4, (4) that has ¢ zero components is desired, then the optimal value(s) of 4 > 0 must
satisfy + homogeneous equations and thus the number of equations that must be satisfied by A increases as ¢ increases. Also, if
these ¢ equations do not possess a common solution, then a sparse solution, ¢ of whose components are zero, does not exist. Since

Xlasso
is, in general, defined by a different value of A.

(4) € R", the maximum number of forms of x,.,(4) that have 7 zero components is ('t'), and furthermore, each of these forms

Example 3.1. Consider (11) as the number of zero entries N'(1) in X, (4) increases. Let viT €R", i=1,...,n, be the ith row of V.
The values N'(4) = 1,2, k, n, are considered in order to show the trend in the results as A'(A) increases.

« M(A) = 1: It follows from (11) that if the solutions of q of the n equations

olt(A,b,1)=0, i=1,...,n,

are Ay, A,,...,4,, assuming the solution of each of these g equations is unique, then each solution x,4,(4;), i=1,...,q, of (3)

»Ags
has only one zero entry.
N'(A) =2: The values of A that satisfy the equations

o lwann =0 1<i<j<
u]T (A, b, 4) = ol <i<jZ<n,

(12)

for specified values of i and j return a solution x;,.,(4) that has two zero entries. There are (g) pairs of equations (12) and the
solutions x,,(4) of different pairs of equations, that is, different values of i and j, differ in the predictors whose values are set

to zero.
N'(A) = k: The values of 1 that satisfy the k equations

T

UI;J 0

v 0

RAt(Ab, =] .|, 1<p<py<--<pc<n,
] :

Upk 0

13)

for specified values of py, p,,...,py, return a solution X, (4) such that N(A) = k. There are (") sets of k equations (13) and
different sets of k rows of V' yield different values of 1. There may not, however, be a value of A that satisfies any of these sets
of equations, in which case there does not exist a solution x;,.,(4) that has k zero entries.

N'(A) = n: This condition implies X1asso(4) = 0 and thus the only solution of (11) is the trivial solution #(A, b, 1) = 0. It follows
from (3) that the condition N'(4) = n is obtained when A — oo, and thus from (11),

Alim r(A)=-b and lim d =0.

A—00

The examples in Section 5 show that the solution x;,.,(4) = 0 is also obtained for finite values of A. []

Example 3.1 shows that the probability that (1) homogeneous equations from the n components of xj,.,(4) in (11) have an

exact solution A = A, decreases as N(4y) increases, and thus the probability of a non-zero residual ||r(4p)||, increases as N'(4)
increases. This confirms that an optimal sparse solution has few zero entries (N (4) is small) and it suggests that ||r(/10)||2 increases

as 4 increases. The examples in Section 5 demonstrate these conclusions.
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2

1og || piien (1)

B — 00

pw=pu"

log | Azpiiep, (1) —

Fig. 2. The L-curve for Tikhonov regularisation.

4. The L-curve and the regularisation parameter

Example 3.1 shows that the value(s) of 4 that yield sparse solutions satisfy a set of homogeneous equations (13). These solutions
do not, however, necessarily guarantee the fidelity of the model and thus an efficient method for the computation of the optimal
value of A that yields a sparse solution that guarantees the fidelity of the model must be developed. This section considers two
methods, cross validation (CV) [5, §2.3] and the L-curve [8, §4.6], for the computation of the optimal value A* of A that yields a
solution x),,(4*) that satisfies these two criteria.

Cross validation requires that the data be divided at random into a training set and a test set, and the results from the training
set are assessed by computing the response of the test set for a range of values of 4. This process of random division of the data into
a training set and a test set, and assessing the results of the training set, is repeated, typically ten times, which yields ten estimates
of the prediction error. The average error, for each value of 4, is calculated and it leads to 10-fold CV. The optimal value A* of 4 is
the value of A for which the mean squared error (MSE), as a function of A, assumes its minimum value [5, §2.3]. The examples in
Section 5 show that this minimum may be shallow, which makes the computation of A* difficult.

The L-curve is used for the computation of the optimal value of u in Tikhonov regularisation (8) and it can be extended to LASSO
regression for the computation of the optimal value of 1. Consider initially the L-curve in Tikhonov regularisation, which is a plot of
logy ||*ikn (#0)||, against log, || Axje () — b||, as a function of u. If the discrete Picard condition [12],

leil

Oi

-0 as i-om, c= {ci}:il =UTp, (14)

where U is defined in (9), is satisfied and the noise is white, the curve assumes the form of an L, as shown in Fig. 2.% As u increases
from zero, ||xpyq,(1)||, decreases and || Axpyq, (1) — b||, is approximately constant, until 4 = x*, which is the value of y in the corner
of the L. As y increases from p*, ||xpyq,(1)||, is approximately constant and || Axpyq(#) — b||, increases. The value u* is the optimal
value of y because || Axyq,(#) — b||, and ||xpyq ()|, attain, approximately, their minimum values for y = y*, and thus this value of
u balances the fidelity of the model and the constraint on ||x||,.

The discrete Picard condition (14) implies that the constants |c;| decay to zero faster than the singular values ¢; decay to zero,
in which case the effective condition number #,(A4, b) of x|, = A'b is approximately equal to its maximum value, K5 (A), if b lies in
the column space of A and the decay (14) is sufficiently rapid [10, §4]. Equation (14) must be satisfied in order that a parametric
plot of log; || *rixn(#)||, against log;q || Axrixn (1) — b||, assume the form of an L [8, §4.6]. If, however, (14) is not satisfied, the curve
assumes a different form.

The extension of the L-curve from Tikhonov regularisation to LASSO regression yields a plot of logy ||Xjss0(4)||, against
2108 || AXja550(4) — b||, as a function of A. The curve assumes the form of an L if x); is unstable and x},.,(4*) has few zero en-
tries, in which case the optimal value A* of A is the value of A in the corner of the L. The minimum norm solution x;; is used
in Tikhonov regularisation but as stated in Section 1, coordinate descent does not select this solution from the infinite number of
solutions z in (1). Also, the solutions x;; and Xy, (¢) are orthogonal to the null space of A, but this orthogonality property does
not extend to xp,,,(4) because the solution from coordinate descent includes a component that lies in the null space of A. This
difference between the solutions of LASSO regression and Tikhonov regularisation may account for differences in the L-curve for
these problems.

5. Examples
This section contains three examples that demonstrate the theory in the preceding sections. All computations were performed

using MATLAB R2022a, which uses coordinate descent to compute X, (4) for given values of 1. The default values for the number
of iterations and threshold for convergence of the algorithm, 105 and 10~ respectively, in the function lasso were used.

4 White noise is a stationary time series whose autocorrelation is zero. Thus the correlation coefficient of all pairs of values of white noise taken at different times
is zero.
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4+ o noise 4
mmwith noise

6r

-8r

10 20 30 40 50 60 70 80 90
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Fig. 3. The components log,, | x| of x; = A"b, with and without noise, for Example 5.1.
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Fig. 4. The components 10, | Xjas50,i(A*)| Of X155 (4*), where 4* is the optimal value of 4 computed by 10-fold CV, with and without noise, for Example 5.1.

Example 5.1. Consider a random matrix A € R3*% and a vector b € R to which noise &b is added such that the signal-to-noise
ratio (SNR) is l18ll/|lé5]l, = 30. The condition number and effective condition number are x,(A) = 6.87 x 107 and #,(A, b) = 7.81 x 10°
respectively.

Fig. 3 shows, on a semi-logarithmic plot, the LS solution x;; = A"b, with and without noise, and the large difference between the
two solutions follows from the large value of #,(A, b). The matrix A and vector b were chosen such that 40 components of x; are
about 10,000 times larger than its other 50 components and thus the constraint on ||x||; is expected to have the greatest effect on
these large components, such that x4, (4*) has 40 zero components.

The solution of (3) using 10-fold CV, with and without noise, is shown in Fig. 4. The solution in the absence of noise has 25 zero
components, and the effect of the noise 6 is significant because there is a large difference between the solutions with and without
noise. It follows that the results using 10-fold CV are computationally unreliable.

Fig. 5 shows the variation of the MSE with respect to 4, with and without noise. The minimum of each curve is very shallow and
thus the optimal values of A are badly defined. Fig. 6 shows the L-curves, with and without noise, and the optimal values of A are
their values in the corners of the curves, which are well defined. The optimal value of A in the presence of noise is its value in the
corner, on the line segment of maximum gradient on the curve, as shown in the graph. The normalised residuals at A = A* are

No noise: J* =8.68x 105, W =10-3,
2

With noise: 4% = 6.05 x 10~7, W =1.79% 102,
2

Fig. 7 shows the variation of the number of zero entries N (4) in xj,s,(4) with A, with and without noise, and the optimal values
A* of A computed by the L-curve and 10-fold CV are marked on the graphs. The value of A* computed by the L-curve is numerically
stable because N'(A*) = 40, which is the number of components of x|, that are significantly larger than its other 50 components,
with and without noise. The values of N (4*) computed by 10-fold CV are N'(A*) = 25 in the absence of noise and N'(1*) = 85 in the
presence of noise, which shows that the method is numerically unstable, and it explains the large difference in the graphs in Fig. 4.
Fig. 8 shows the solution xj,.,(4*), where A* is the optimal value of A calculated by the L-curve (Fig. 6). The noise does not change
the zero or non-zero property of the components of xj,.,(4*), but it does change the values of its non-zero components. []

Example 5.2. Let A € R be a random matrix and let noise 6b be added to b € R such that SNR = 30. Sixty components of x;
are 10,000 times larger than its other 30 components and thus the constraint on ||x||; is expected to have the greatest effect on these
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Fig. 5. The variation of the MSE with A using 10-fold CV (a) without noise, and (b) with noise, for Example 5.1. The figures include error bars for each value of 4 and
the largest value of A that is within one standard error of the minimum MSE.
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Fig. 6. The L-curves, with and without noise, for Example 5.1.

large components, such that x,,,(4*) has 60 zero components. The condition number and effective condition number are x,(A) = 83
and #,(A, b) = 24.3 respectively, and thus x4 is stable.

Fig. 9 shows the L-curves, with and without noise, and it is seen that ||x},s,(4)||; is approximately constant and || AX},e0(4) — b||,
increases as 4 increases from 4 =0 to 4~ 1072, As 4 increases further, ||Xj,s,(4)||; decreases, and || Ax,e0(4) — b||, increases and it
is then approximately constant at 10~*. The figure shows there does not exist a value of 4 such that ||x},650(4)]|; and || Ax1ae50(4) = 8|,
attain, approximately, their minimum values, and Fig. 10 shows the variation of the number of zero entries N (1) in xj,.,(4) as a
function of A. It is seen that a sparse solution exists for many values of A, but the figure does not reveal information on the fidelity
of the model for each value of A. This information is readily obtained from Fig. 9, which shows that a sparse solution with a small
residual exists for many values of A. Figs. 9 and 10 show, however, that an optimal value of 4 and an optimal sparse solution do not
exist. [
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Fig. 8. The components 10g |Xj,550,(A*)| Of X}, (4*), where 2* is the optimal value of A computed by the L-curve, with and without noise, for Example 5.1.

Example 5.3. Let A € R> be a random matrix and let noise b be added to b € R such that SNR = 30. The condition number
and effective condition number are x,(A) = 7.50 x 107 and #,(A, b) = 4.33 respectively, and thus x4 is stable. Although x,(A) is
very large in Example 5.1 and this example, the values of #,(A, b) show that Example 5.1 and this example define, respectively, an
unstable LS problem and a stable LS problem.

Fig. 11 shows the components of x;;, with and without noise, and they are similar because #,(A, b) = 4.33. Fig. 12 shows the
variation of the MSE with A, with and without noise, and it is seen that neither graph possesses a unique minimum because the MSE
is constant for A > 100 in both graphs and thus the optimal values of 4 satisfy A* > 100. It follows from Fig. 14, which shows the
variation of the number of zero entries N (1) in Xj,q,(4) With A, that X}, (4*) = 0, with and without noise.

Fig. 13 shows the L-curves, with and without noise, and it is seen that the curves are similar, that they are significantly different
from the L-curves in Fig. 6, and that they are similar to the L-curves in Fig. 9. It is noted that the L-curves in Fig. 6 are for an unstable
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Fig. 9. The L-curves, with and without noise, for Example 5.2.
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Fig. 10. The number of zero entries N'(4) in X, (4) as a function of A, for Example 5.2.
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problem, and the L-curves in Figs. 9 and 13 are for stable problems. Fig. 13 shows that there does not exist a value of A for which
%1250 (A)||; and || Axpass0(4) — b||, attain, approximately, their minimum values, and thus an optimal sparse solution does not exist.
It is noted that the residuals || Axj,s,(4) — b||, are many orders of magnitude larger in Fig. 13 than in Fig. 9.

Fig. 14 shows the variation of the number of zero entries N'(4) in X,4,(4) with A, with and without noise. The results for these
four scenarios are almost identical and thus the graph in Fig. 14 is representative of the results for all the scenarios. The figure shows
that a sparse solution exists for —6 < log; A < 1.5, but Fig. 13 shows that there does not exist a value of 4 such that || Ax},.,(4) — b||,
and ||x},550(4)||, @ssume, approximately, their minimum values, and thus an optimal sparse solution does not exist. []

Some components of xj, in the examples are significantly larger than its other components, and they therefore allowed the ability
of the L-curve to identify the number of zero entries in x;,,,(4*) to be considered. Many other examples, which are not included
in the paper, showed that the results are unchanged when an unstable LS problem, without specification of the magnitudes of the
components of xj,, is considered. In particular, (i) a sparse solution exists if x;; is unstable and xj,4,(4*) has few zero components,
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Fig. 12. The variation of the MSE with A using 10-fold CV (a) without noise, and (b) with noise, for Example 5.3. The figures include error bars for each value of 4
and the largest value of 4 that is within one standard error of the minimum MSE.
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Fig. 13. The L-curves, with and without noise, for Example 5.3.
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Fig. 14. The number of zero entries N'(4) in X, (4) as a function of A, from 10-fold CV and the L-curve, with and without noise, for Example 5.3.

in which case the L-curve displays a sharp corner and the number of zero components in xj,.,(4*) does not change in the presence
of noise, (ii) the variation of the MSE with A displays a shallow minimum and it is therefore difficult to calculate the value of A*,
(iii) the L-curve returned much better results than 10-fold CV, and (iv) a sparse model can be computed for a wide range of values
of A, but the existence of a sparse model does not guarantee that it is an accurate model, and thus an optimal sparse solution may
not exist.

6. Summary

This paper has considered some properties of the solution of LASSO regression for an underdetermined equation and it was shown
that they are dependent on the stability, or otherwise, of the solution of the LS problem. In particular, an optimal sparse solution
with few zero entries exists if x; is unstable, and an optimal sparse solution does not exist if x;; is stable. It was also shown that the
L-curve yields much better results than CV and it is stable in the presence of noise. The number of equations that must be satisfied
by A increases as the number of zero components in xj,.,(4) increases, and thus an optimal sparse solution that has many zero
components may not exist.
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