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❝❧♦s❡❞ ❝✉r✈❡s✴s✉r❢❛❝❡s✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r ❜✉t ✐❧❧✕♣♦s❡❞ ✐♥✈❡rs❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡
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❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠✱ ❛s ✇❡❧❧ ❛s ❛ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ■♥
❙❡❝t✐♦♥ ✻ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▼❋❙ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✐s ❞❡t❛✐❧❡❞✱
❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✼ ✇❡ ♣r❡s❡♥t s♦♠❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ t❡❝❤♥✐q✉❡✳ ❚❤❡
r❡s✉❧ts ♦❢ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✐♥ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥s ❛r❡ ❛♥❛❧②s❡❞ ✐♥ ❙❡❝t✐♦♥ ✽
❛♥❞✱ ✜♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✾ s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ✐❞❡❛s ❢♦r ❢✉t✉r❡ ✇♦r❦ ❛r❡ ♦✉t❧✐♥❡❞✳

✷✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠s ♦❢ t❤❡ ❇r✐♥❦♠❛♥ ❡q✉❛t✐♦♥s ♠♦❞❡❧❧✐♥❣ t❤❡ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✢♦✇
t❤r♦✉❣❤ ❛ ❜♦✉♥❞❡❞ ♣♦r♦✉s ♠❡❞✐✉♠ Ω̃ ⊂ R

d✱ ✇❤❡r❡ d = 2 ♦r ✸✱ ❛r❡ ❣✐✈❡♥ ❜② ❬✶✻❪




µe∆ũ−∇p̃− µ̃
K
ũ = 0

✐♥ Ω̃,
∇ · ũ = 0

✭✷✳✶✮

✇❤❡r❡ (p̃, ũ) ❛r❡ t❤❡ ✭s✉♣❡r✜❝✐❛❧✮ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✢✉✐❞ ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦r♦✉s
♠❡❞✐✉♠✱ K ✐s t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ t❤❡ ♣♦r♦✉s ♠❡❞✐✉♠✱ µ̃ ✐s t❤❡ ❞②♥❛♠✐❝ ✢✉✐❞ ✈✐s❝♦s✐t② ❛♥❞ µe ✐s
t❤❡ ❡✛❡❝t✐✈❡ ✭❞②♥❛♠✐❝✮ ✈✐s❝♦s✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❇r✐♥❦♠❛♥ t❡r♠ t❤❛t ✐s ❛❞❞❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧
❉❛r❝② ❡q✉❛t✐♦♥ t♦ ♠♦❞❡❧ ♠♦r❡ ❛❝❝✉r❛t❡❧② ✢✉✐❞ ✢♦✇s ✐♥ ❤✐❣❤❧②✲♣♦r♦✉s ♠❡❞✐❛✳ ❇❡❢♦r❡ ♣❡r❢♦r♠✐♥❣
❛♥② ❛♥❛❧②s✐s ❛❧❧ q✉❛♥t✐t✐❡s s❤♦✉❧❞ ❜❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐s❡❞✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧
✈❛r✐❛❜❧❡s

u = ũ/u0, x̃ = x̃/a, p = p̃a/(µ̃u0),

✇❤❡r❡ a ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❞✐♠❡♥s✐♦♥ ♦❢ Ω̃ ❛♥❞ ✉0 ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✢✉✐❞ s♣❡❡❞✳ ❚❤❡♥✱ ✐♥
♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ t❤❡ s②st❡♠ ✭✷✳✶✮ r❡❝❛sts ❛s ❬✶✶❪





∆u− 1

µ
∇p− κ2u = 0

✐♥ Ω,
∇ · u = 0

✭✷✳✷❛✮

✇❤❡r❡ Ω ❞❡♥♦t❡s t❤❡ ❞♦♠❛✐♥ Ω̃ s❝❛❧❡❞ ✇✐t❤ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❞✐♠❡♥s✐♦♥ a✱ µ = µe/µ̃ ✐s
t❤❡ ✈✐s❝♦s✐t② r❛t✐♦ ❛♥❞ κ2 = a2/(µK) r❡♣r❡s❡♥ts t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ r❡s✐t✐✈✐t② ♦❢ t❤❡ ♣♦r♦✉s
♠❡❞✐✉♠✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❡①t❡r♥❛❧ ❢♦r❝❡s ✐♥ t❤❡ s②st❡♠✱ ❜✉t ❛
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♥♦♥✕❤♦♠♦❣❡♥❡♦✉s ❦♥♦✇♥ ♦r ✉♥❦♥♦✇♥ ❢♦r❝❡ t❡r♠ ♠❛② ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ r✐❣❤t✕❤❛♥❞ s✐❞❡
♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✷❛✮✱ s❡❡ ❬✶✾✱✷✵❪✳

■♥ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠s ❛♥❛❧②s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ❜♦✉♥❞❛r②
∂Ω ✭❛ss✉♠❡❞ s✉✣❝✐❡♥t❧② s♠♦♦t❤✱ ❡✳❣✳ ♦❢ ❝❧❛ss C1✮ ❝♦♥s✐sts ♦❢ ❛ ❢r✐❡♥❞❧② ♣♦rt✐♦♥ Γ0 ❛❝❝❡ss✐❜❧❡
t♦ ♠❡❛s✉r❡♠❡♥t ✇❤✐❧st t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt Γ1 = ∂Ω\Γ0 ✐s ✉♥❢r✐❡♥❞❧② ♦r ❤♦st✐❧❡ t♦ ♠❡❛s✉r❡♠❡♥t
❞✉❡ t♦ ❡①♣♦s✉r❡ t♦ ❤❛rs❤ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✱ ❡✳❣✳ ❤✐❣❤ t❡♠♣❡r❛t✉r❡s✴♣r❡ss✉r❡s✳ ■♥ s✉❝❤ ❛
s✐t✉❛t✐♦♥✱ ✇❡ ♣r❡s❝r✐❜❡ t❤❡ ❈❛✉❝❤② ❞❛t❛

u = ϕ ♦♥ Γ0, ✭✷✳✷❜✮

❛♥❞

t = ψ ♦♥ Γ0, ✭✷✳✷❝✮

✇❤❡r❡ t r❡♣r❡s❡♥ts t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ✢✉✐❞ tr❛❝t✐♦♥ ❞❡✜♥❡❞ ❜②

t =
(
−p I+ µ

(
∇u+ (∇u)T

))
n, ✭✷✳✸✮

✇❤❡r❡ I ✐s t❤❡ ✐❞❡♥t✐t② t❡♥s♦r ❛♥❞ n ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Ω✳ ■♥ ♦❜t❛✐♥✐♥❣
✭✷✳✸✮✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ✢✉✐❞ tr❛❝t✐♦♥ ❞❡✜♥❡❞ ❜②

t̃ =
(
−p̃ I+ µe

(
∇ũ+ (∇ũ)T

))
n,

❤❛s ❜❡❡♥ ❞✐♠❡♥s✐♦♥❛❧✐s❡❞ ✇✐t❤ t = t̃a/(u0µ̃)✳ ❘❡♠❛r❦ t❤❛t✱ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✐♥ ✭✷✳✷❛✮
✐t ❢♦❧❧♦✇s t❤❛t

∫
∂Ω
u ·n dS = 0✱ ❜✉t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s s✐♥❝❡ t❤❡ ❉✐r✐❝❤❧❡t

✈❡❧♦❝✐t② ❞❛t❛ ✐s ♥♦t ♣r❡s❝r✐❜❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ❜♦✉♥❞❛r② ∂Ω✳

❚❤❡ t✇♦ ♣♦ss✐❜❧❡ ❣❡♦♠❡tr✐❡s ❢♦r t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❋♦r
t❤❡ ❣❡♦♠❡tr② ♦❢ ❋✐❣✉r❡ ✶✭❜✮✱ ✇❤❡r❡ t❤❡ s✉❜✲❜♦✉♥❞❛r✐❡s Γ0 ❛♥❞ Γ1 ❛r❡ ❝❧♦s❡❞ ❛♥❞ ❞✐s❥♦✐♥t ❝✉r✈❡s✱
♦♥❡ ❝❛♥ ❡①t❡♥❞✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ✭▲❛♥❞✇❡❜❡r✱ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♦r ♠✐♥✐♠❛❧
❡rr♦r✮ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✽❪ ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠✳ ❍♦✇❡✈❡r✱ ✐❢ Γ0 ❛♥❞ Γ1 ❛r❡ ♦♣❡♥ ❝✉r✈❡s ✇✐t❤ ❝♦♠♠♦♥
✧❝♦r♥❡r✧ ♣♦✐♥ts✱ ❛s ✐♥ ❋✐❣✉r❡ ✶✭❛✮✱ ♦♥❡ ❤❛s t♦ ♠♦❞✐❢② t❤❡s❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ✐♥ ❛♣♣r♦♣r✐❛t❡❧②✲
✇❡✐❣❤t❡❞ L2 s♣❛❝❡s✱ ❬✼❪✱ ♦r t♦ ❛♣♣❧② t❤❡ ❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❜❡❧♦✇✳

❚❤❡ ❛❜♦✈❡ ❈❛✉❝❤② ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r t❤❡ s❝❛❧❛r ▲❛♣❧❛❝❡ ❛♥❞ ❍❡❧♠❤♦❧t③ ❡q✉❛✲
t✐♦♥s✱ t❤❡ ✈❡❝t♦r✐❛❧ ❙t♦❦❡s ❛♥❞ ▲❛♠é ❡q✉❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦✉♣❧❡❞ t❤❡r♠♦✕❡❧❛st✐❝✐t② s②st❡♠ ✐♥
r❡❢❡r❡♥❝❡s ❬✶✱ ✾✱ ✶✹✱ ✶✼❪ t♦ ♥❛♠❡ ♦♥❧② ❛ ❢❡✇✱ ❛♥❞ t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❡①t❡♥❞ t❤❡ ✐♥✈❡rs❡
❛♥❛❧②s❡s ❢♦r s♦❧✈✐♥❣ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r t❤❡ ❇r✐♥❦♠❛♥ s②st❡♠ ❣✐✈❡♥ ❜② ✭✷✳✷✮✳

✸✳ ❉❡❢✐♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
d✱ ✇✐t❤ d = 2 ♦r ✸✱ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω ❢♦r t❤❡

❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❤❡ s❡q✉❡❧ t♦ ♠❛❦❡ s❡♥s❡✳ ▲❡t H1(Ω) ❞❡♥♦t❡ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s
✇✐t❤ t❤❡ ✜♥✐t❡ ♥♦r♠

||u||H1(Ω) =

(∫

Ω

u2 +

∫

Ω

|∇u|2
)1/2

.
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0

1

✭❛✮

0

1

✭❜✮

❋✐❣✉r❡ ✶✳ ❙❝❤❡♠❛t✐❝s ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✿ ✭❛✮ Γ0 ∩ Γ1 ̸= ∅
❛♥❞ ✭❜✮ Γ0 ∩ Γ1 = ∅✳

❚❤❡ s✉❜s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ H1(Ω) ✇❤✐❝❤ ✈❛♥✐s❤ ♦♥ ∂Ω ✐s ❞❡♥♦t❡❞ ❜② H1
0 (Ω)✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡

❜② H1
Γi
(Ω) t❤❡ s✉❜s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✐♥ H1(Ω) ✈❛♥✐s❤✐♥❣ ♦♥ Γi ❢♦r i = 0 ♦r ✶✳ ▲❡t H1/2(∂Ω) ❜❡

t❤❡ s♣❛❝❡ ♦❢ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ H1(Ω) ✇✐t❤ t❤❡ ✜♥✐t❡ ♥♦r♠

||u||H1/2(∂Ω) =

(∫

∂Ω

u2(x) ds(x) +

∫

∂Ω

∫

∂Ω

|u(x)− u(y)|2
|x− y|d ds(x) ds(y)

)1/2

. ✭✸✳✶✮

❇② r❡♣❧❛❝✐♥❣ ∂Ω ❜② Γi ✐♥ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♣❛❝❡s H1/2(Γi) ❢♦r i = 0 ♦r ✶✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡

H
1/2
00 (Γ0) :=

{
u ∈ H1/2(∂Ω) ✇✐t❤ u|Γ1

= 0
}

✇✐t❤ t❤❡ ✜♥✐t❡ ♥♦r♠

||u||
H

1/2
00

(Γ0)
=

(∫

Γ0

u2(x)

dist(x,Γ1)
ds(x) +

∫

Γ0

∫

Γ0

|u(x)− u(y)|2
|x− y|d ds(x) ds(y)

)1/2

. ✭✸✳✷✮

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ H
1/2
00 (Γ1)✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ t❤❡ ♣r♦❞✉❝t ♦❢ d s❛♠♣❧❡s ♦❢ ❛ s♣❛❝❡ X ✐s

❞❡♥♦t❡❞ ❜② Xd✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② X∗ t❤❡ ❞✉❛❧ ♦❢ X✳
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✹✳ ❆❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠

■♥ t❤❡ ✐t❡r❛t✐✈❡ ❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮✱ ✇❡ ❡♠♣❧♦② t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ♠✐①❡❞ ❇❱Ps✿ 




∆u− 1

µ
∇p− κ2u = 0 ✐♥ Ω,

∇ · u = 0 ✐♥ Ω,
t = ξ ♦♥ Γ1,
u = ϕ ♦♥ Γ0,

✭✹✳✶✮

❛♥❞ 



∆u− 1

µ
∇p− κ2u = 0 ✐♥ Ω,

∇ · u = 0 ✐♥ Ω,
u = η ♦♥ Γ1,
t = ψ ♦♥ Γ0,

✭✹✳✷✮

✇❤❡r❡ ϕ ∈ H1/2(Γ0)
d ❛♥❞ ψ ∈

(
H

1/2
00 (Γ0)

d
)
∗

❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✭✷✳✷❜✮ ❛♥❞ ✭✷✳✷❝✮✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❛s ❢♦❧❧♦✇s✱ ✭s❡❡ ❬✶✱ ✷✱ ✾✱ ✶✹✱ ✷✷❪ ❢♦r ❈❛✉❝❤② ♣r♦❜❧❡♠s ❢♦r ♦t❤❡r ❡❧❧✐♣t✐❝
♦♣❡r❛t♦rs✮✿

❆❧❣♦r✐t❤♠

❙t❡♣ ✶✿ ❚❤❡ ❢✐rst ❛♣♣r♦①✐♠❛t✐♦♥ (u0, p0) ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❇❱P ✭✹✳✶✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ξ = ξ0 ∈
(
H

1/2
00 (Γ0)

d
)
∗

✳

❙t❡♣ ✷✿ ❍❛✈✐♥❣ ❝♦♥str✉❝t❡❞ (u2k, p2k)✱ ✇❡ ❢✐♥❞ (u2k+1, p2k+1)
❜② s♦❧✈✐♥❣ ❇❱P ✭✹✳✷✮ ✇✐t❤ η = u2k ♦♥ Γ1✳

❙t❡♣ ✸✿ ❚❤❡ ♥❡①t ❛♣♣r♦①✐♠❛t✐♦♥ (u2k+2, p2k+2) ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣

❇❱P ✭✹✳✶✮ ✇✐t❤ ξ = t2k+1 ♦♥ Γ1✳

❙t❡♣ ✹✿ ❚❤❡ ❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❝♦♥t✐♥✉❡❞ ✉♥t✐❧ ❛ ♣r❡s❝r✐❜❡❞

st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s s❛t✐s❢✐❡❞✳

✺✳ ❚❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ t❤❡♦r② ♦❢ ❬✶❪ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ st❛t✐♦♥❛r② ❙t♦❦❡s s②st❡♠ t♦ t❤❡
❇r✐♥❦♠❛♥ s②st❡♠✱ ✇❤✐❝❤ ❞✐✛❡rs ❜② t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ t❡r♠ −κ2u ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✷❛✮✳
❆❧t❤♦✉❣❤ t❤❡ ❛♥❛❧②s✐s ❜❡❝♦♠❡s ♠♦r❡ ✐♥✈♦❧✈❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①tr❛ t❡r♠s ♥❡❡❞❡❞ t♦ ❜❡ ❝♦♥✲
s✐❞❡r❡❞✱ t❤❡ q✉❛❧✐t❛t✐✈❡ ❛r❣✉♠❡♥ts ❛r❡ ❛❝t✉❛❧❧② s✐♠♣❧❡r✱ ❡✳❣✳✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❡♠♣❧♦② ❑♦r♥✬s
✐♥❡q✉❛❧✐t②✱ ❛♥❞ r❡s✉❧ts s❧✐❣❤t❧② str♦♥❣❡r✱ ❡✳❣✳✱ t❤❡ ♦♣❡r❛t♦r B ❞❡✜♥❡❞ ✐♥ ✭✺✳✸✷✮ ❜❡❧♦✇ ✐s ♣♦s✐t✐✈❡ ✐♥
t❤❡ ❇r✐♥❦♠❛♥ ❝❛s❡ κ > 0✱ s❡❡ s❡❝t✐♦♥ ✺✳✷✳✶✱ ✇❤✐❧st ✐♥ t❤❡ ❙t♦❦❡s ❝❛s❡ ✇✐t❤ κ = 0 t❤❡ ♦♣❡r❛t♦r B
✐s ♦♥❧② ♥♦♥✲♥❡❣❛t✐✈❡✳

❲❡ s❛② t❤❛t u ∈ H1(Ω)d ❛♥❞ p ∈ L2(Ω) ❢♦r♠ ❛ ❇r✐♥❦♠❛♥ ♣❛✐r ✐❢ ∇ · u = 0 ✐♥ Ω ❛♥❞
∫

Ω

[u,v]− 1

µ

∫

Ω

p∇ · v + κ2

∫

Ω

u · v = 0, ∀v ∈ H1
0 (Ω), ✭✺✳✶✮
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✇❤❡r❡ ∫

Ω

[u,v] :=
1

2

∫

Ω

d∑

i,j=1

(
∂ui

∂xj

+
∂uj

∂xi

)(
∂vi
∂xj

+
∂vj
∂xi

)
. ✭✺✳✷✮

❘❡♠❛r❦ t❤❛t ✐❢ (u, p) ∈ H2(Ω)d ×H1(Ω) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷❛✮✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❛ ❇r✐♥❦♠❛♥ ♣❛✐r✳
■♥❞❡❡❞✱ s✐♥❝❡ ∇ · u = 0 ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✷✳✷❛✮ ❛s

d∑

j=1

∂

∂xj

(
∂ui

∂xj

+
∂uj

∂xi

)
1

µ

∂p

∂xi

− κ2ui = 0 ✐♥ Ω, i = 1, d.

▼✉❧t✐♣❧②✐♥❣ t❤✐s ❜② vi ∈ H1(Ω)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r i ②✐❡❧❞s
∫

∂Ω

t · v =

∫

Ω

p∇ · v − κ2µ

∫

Ω

u · v − µ

∫

Ω

[u,v] , ∀v ∈ H1(Ω)d. ✭✺✳✸✮

❚❤✉s✱ ✐❢ v ∈ H1
0 (Ω)

d t❤❡♥ (u, p) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r✳

❯s✐♥❣ r❡❧❛t✐♦♥ ✭✺✳✸✮✱ ✇❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ✢✉✐❞ tr❛❝t✐♦♥ t ❢♦r ❛♥ ❛r❜✐tr❛r② ❇r✐♥❦♠❛♥ ♣❛✐r
(u, p) ∈ H1(Ω)d × L2(Ω)✳ ❋♦r t❤✐s✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ H1/2(∂Ω)d ❞❡✲
✜♥❡❞ ❜②

G(ζ) :=

∫

Ω

p∇ · v − µ

∫

Ω

[u,v]− κ2µ

∫

Ω

u · v, ✭✺✳✹✮

✇❤❡r❡ v ∈ H1(Ω)d ❛♥❞ v|∂Ω = ζ✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ v s✐♥❝❡ (u, p) ✐s ❛
❇r✐♥❦♠❛♥ ♣❛✐r✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ H1/2(∂Ω)d ♦❢ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ H1(Ω)d

✇✐t❤ t❤❡ ✜♥✐t❡ ♥♦r♠ ✭✸✳✶✮✱ ❢♦r ζ ∈ H1/2(∂Ω)d t❤❡r❡ ❡①✐sts v ∈ H1(Ω)d s✉❝❤ t❤❛t v|∂Ω = ζ ❛♥❞
||v||H1(Ω)d ≤ c||ζ||H1/2(∂Ω)d ✱ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t c ≥ 0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ζ✳ ❚❤✐s ✐♥❡q✉❛❧✐t②
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ● ✐♥ ✭✺✳✹✮ ②✐❡❧❞

|G(ζ)| ≤ c1
(
||u||H1(Ω)d + ||p||L2(Ω)

)
||v||H1(Ω)d ≤ c2

(
||u||H1(Ω)d + ||p||L2(Ω)

)
||ζ||H1/2(∂Ω)d , ✭✺✳✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ● ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ s♣❛❝❡ H1/2(∂Ω)d✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
✭✷✳✸✮ ❢♦r t❤✐s ❢✉♥❝t✐♦♥❛❧ ❜❡❧♦♥❣✐♥❣ t♦ H−1/2(∂Ω)d✳ ❯s✐♥❣ t❤❡ st❛♥❞❛r❞ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♦❢ t❤❡
s❝❛❧❛r ♣r♦❞✉❝t ✐♥ L2(∂Ω)d t♦ H1/2(∂Ω)d ×H−1/2(∂Ω)d✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✭✺✳✹✮ ❛s

G(ζ) =

∫

∂Ω

t · ζ. ✭✺✳✻✮

❚❤✐s ❡①t❡♥❞s ✭✺✳✹✮ t♦ ❛❧❧ ❇r✐♥❦♠❛♥ ♣❛✐rs (u, p) ∈ H1(Ω)d×L2(Ω)✳ ❚❤❡ ❡st✐♠❛t❡ ✭✺✳✺✮ ✐♠♣❧✐❡s t❤❛t

||t||H−1/2(∂Ω)d ≤ c2
(
||u||H1(Ω)d + ||p||L2(Ω)

)
. ✭✺✳✼✮

❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t t♦ Γ0✱ ✇❤❡r❡ (u, p) ∈ H1(Ω)d × L2(Ω) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r✱ ✐s ✉♥❞❡rst♦♦❞ ❛s ❛

❢✉♥❝t✐♦♥❛❧ ♦♥ H
1/2
00 (Γ0)

d✱ ❛♥❞ ❤❡♥❝❡ ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡
(
H

1/2
00 (Γ0)

d
)
∗

✳

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t|Γ0
∈
(
H1/2(Γ0)

d
)
∗

✳

▲❡♠♠❛ ✶✳ ❙✉♣♣♦s❡ (u, p) ∈ H1(Ω)d × L2(Ω) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r✳ ■❢ t|Γ1
∈
(
H1/2(Γ1)

d
)
∗

✱ t❤❡♥

t|Γ0
∈
(
H1/2(Γ0)

d
)
∗

✳
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Pr♦♦❢✳ ❋♦r ζ ∈ H1/2(Γ0)
d ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

F(ζ) :=

∫

Ω

p∇ · v − µ

∫

Ω

[u,v]− κ2µ

∫

Ω

u · v −
∫

Γ1

t · v, ✭✺✳✽✮

✇❤❡r❡ v ∈ H1(Ω)d ❛♥❞ v|Γ0
= ζ✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✺✳✸✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ✭✺✳✽✮ ✐s ✇❡❧❧✕❞❡✜♥❡❞

❛♥❞ ❜♦✉♥❞❡❞✳ ❋♦r t❤✐s✱ ✜rst ❧❡t ✉s ❝❤♦♦s❡ v1,v2 ∈ H1(Ω)d s✉❝❤ t❤❛t v1|Γ0
= ζ = v2|Γ0

✳ ❚❤❡♥✱

(v1 − v2) |∂Ω ∈ H
1/2
00 (Γ1)

d✳ ❙✐♥❝❡ (u, p) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r✱ ❢r♦♠ ✭✺✳✸✮ ✇❡ ❤❛✈❡
∫

Ω

p∇ · (v1 − v2)− µ

∫

Ω

[u,v1 − v2]− κ2µ

∫

Ω

u · (v1 − v2) =
∫

Γ1

t · (v1 − v2) .

❚❤✉s✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ F ✐♥ ✭✺✳✽✮ ✐s ✇❡❧❧✕❞❡✜♥❡❞✳ ❚♦ s❤♦✇ t❤❛t F ✐s ❜♦✉♥❞❡❞✱ ❧❡t v ∈ H1(Ω)d ✇✐t❤
v|Γ0

= ζ ❛♥❞ ||v||H1(Ω)d ≤ c||ζ||H1/2(Γ0)d ✳ ❚❤❡♥

|F(ζ)| ≤ c1

(
||u||H1(Ω)d + ||p||L2(Ω) + ||t||(H1/2(Γ1)d)

∗

)
||v||H1(Ω)d

≤ c2

(
||u||H1(Ω)d + ||p||L2(Ω) + ||t||(H1/2(Γ1)d)

∗

)
||ζ||H1/2(Γ0)d . ✭✺✳✾✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ F ✐s ❜♦✉♥❞❡❞ ♦♥ H1/2(Γ0)
d✳ ■❢ ✇❡ ❧❡t ζ ∈ H

1/2
00 (Γ0)

d✱ t❤❡♥ ✉s✐♥❣
✭✺✳✸✮ ❛♥❞ ✭✺✳✽✮ ✇❡ ♦❜t❛✐♥ t❤❛t F = t|Γ0

✱ ❛♥❞ t❤❡r❡❢♦r❡ t|Γ0
∈

(
H1/2(Γ0)

d
)
∗

✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳ □

❚❤✐s ❧❡♠♠❛ ❡♥❛❜❧❡s ✉s t♦ ❞❡✜♥❡ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮ ✇✐t❤ ϕ ∈ H1/2(Γ0)
d

❛♥❞ ψ ∈
(
H

1/2
00 (Γ0)

d
)
∗

✱ ❛s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r s❛t✐s❢②✐♥❣ ✭✷✳✷❜✮✕✭✷✳✷❝✮✳

✺✳✶✳ ❙♦❧✉t✐♦♥s t♦ t❤❡ ♠✐①❡❞ ❞✐r❡❝t ♣r♦❜❧❡♠s ✭✹✳✶✮ ❛♥❞ ✭✹✳✷✮✳ ●✐✈❡♥ η ∈ H1/2(Γ1)
d ❛♥❞

ψ ∈
(
H

1/2
00 (Γ0)

d
)
∗

✱ t❤❡ ♣❛✐r (u, p) ∈ H1(Ω)d × L2(Ω) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❇❱P ✭✹✳✷✮ ✐❢ ∇ · u = 0

✐♥ Ω✱ u = η ♦♥ Γ1 ❛♥❞
∫

Γ0

ψ · v =

∫

Ω

p∇ · v − κ2µ

∫

Ω

u · v − µ

∫

Ω

[u,v] , ∀v ∈ H1
Γ1
(Ω)d. ✭✺✳✶✵✮

◆♦t✐❝❡ t❤❛t ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❇❱P ✭✹✳✷✮ ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r ❛♥❞ t❤❛t t = ψ ♦♥ Γ0✳ ❈♦♥✈❡rs❡❧②✱

✐❢ (u, p) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r ✇✐t❤ u = η ∈ H1/2(Γ1)
d ♦♥ Γ1 ❛♥❞ t = ψ ∈

(
H

1/2
00 (Γ0)

d
)
∗

♦♥ Γ0✱ t❤❡♥

(u, p) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ❇❱P ✭✹✳✷✮✳

❙✐♠✐❧❛r❧②✱ ❧❡tt✐♥❣ ϕ ∈ H1/2(Γ0)
d ❛♥❞ ξ ∈

(
H

1/2
00 (Γ1)

d
)
∗

❜❡ ❣✐✈❡♥✱ t❤❡ ♣❛✐r (u, p) ∈ H1(Ω)d×L2(Ω)

✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ❇❱P ✭✹✳✶✮ ✐❢ ∇ · u = 0 ✐♥ Ω✱ u = ϕ ♦♥ Γ0 ❛♥❞
∫

Γ1

ξ · v =

∫

Ω

p∇ · v − κ2µ

∫

Ω

u · v − µ

∫

Ω

[u,v] , ∀v ∈ H1
Γ0
(Ω)d. ✭✺✳✶✶✮

❚♦ ♣r♦✈❡ t❤❡ ✇❡❧❧✕♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐r❡❝t ♠✐①❡❞ ❇❱Ps ✭✹✳✶✮ ❛♥❞ ✭✹✳✷✮ ✇❡ ❛❧s♦ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ❬✶✱ ▲❡♠♠❛ ✺✳✶❪✳
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▲❡♠♠❛ ✷✳ ▲❡t q ∈ L2(Ω)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts u ∈ H1
Γ0
(Ω)d s❛t✐s❢②✐♥❣

∇ · u = q ✐♥ Ω ✭✺✳✶✷✮

❛♥❞

||u||H1(Ω)d ≤ c||q||L2(Ω), ✭✺✳✶✸✮

✇❤❡r❡ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ q ❛♥❞ u✳

❚❤❡♦r❡♠ ✶✳ ✭✐✮ ▲❡t ϕ ∈ H1/2(Γ0)
d ❛♥❞ ξ ∈

(
H

1/2
00 (Γ1)

d
)
∗

✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(u, p) ∈ H1(Ω)d × L2(Ω) t♦ t❤❡ ❞✐r❡❝t ♠✐①❡❞ ❇❱P ✭✹✳✶✮✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡

||u||H1(Ω)d + ||p||L2(Ω) ≤ c

(
||ϕ||H1/2(Γ0)d + ||ξ||(

H
1/2
00

(Γ1)d
)

∗

)
. ✭✺✳✶✹✮

✭✐✐✮ ▲❡t η ∈ H1/2(Γ1)
d ❛♥❞ ψ ∈

(
H

1/2
00 (Γ0)

d
)
∗

✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(u, p) ∈ H1(Ω)d × L2(Ω) t♦ t❤❡ ❞✐r❡❝t ♠✐①❡❞ ❇❱P ✭✹✳✷✮✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡

||u||H1(Ω)d + ||p||L2(Ω) ≤ c

(
||η||H1/2(Γ1)d + ||ψ||(

H
1/2
00

(Γ0)d
)

∗

)
. ✭✺✳✶✺✮

Pr♦♦❢✳ ❲❡ ♦♥❧② ♣r♦✈❡ ✭✐✮✳ ❉✉❡ t♦ t❤❡ ❧✐♥❡❛r✐t② ♦❢ ❇❱P ✭✹✳✶✮✱ ❧❡t (u, p) ∈ H1(Ω)d × L2(Ω) ❜❡ ❛
s♦❧✉t✐♦♥ ♦❢ ✐t ✇✐t❤ u = ϕ = 0 ♦♥ Γ0 ❛♥❞ t = ξ = 0 ♦♥ Γ1✳ ❚❤❡♥✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✺✳✶✶✮ ♦❢
❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ❇❱P ✭✹✳✶✮✱ t❛❦✐♥❣ v = u ∈ H1

Γ0
(Ω)d ❛♥❞ ✉s✐♥❣ t❤❛t ∇ · u = 0 ✐♥ Ω ❛♥❞ t❤❛t

t = ξ = 0 ♦♥ Γ1✱ ✇❡ ♦❜t❛✐♥ ∫

Ω

{
[u,u] + κ2|u|2

}
= 0. ✭✺✳✶✻✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t u = 0 ✐♥ Ω✳ ◆❡①t✱ s✐♥❝❡ p ∈ L2(Ω)✱ ❢r♦♠ ▲❡♠♠❛ ✷ t❤❡r❡ ❡①✐sts v ∈ H1
Γ0
(Ω)d

s❛t✐s❢②✐♥❣ ∇ · v = p ✐♥ Ω✳ ❯s✐♥❣ t❤✐s v ✐♥ ✭✺✳✶✶✮✱ ✇❡ ❣❡t t❤❛t
∫
Ω
p2 = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p = 0

✐♥ Ω✳ ❍❡♥❝❡✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠✐①❡❞ ❇❱P ✭✹✳✶✮ ✐s ✉♥✐q✉❡✳

▲❡t ✉s ♥♦✇ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡♥ ϕ = 0 ♦♥ Γ0✳ ❚❤❡♥
❢r♦♠ ✭✺✳✶✶✮✱ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ (u, p) ∈ H1(Ω)d × L2(Ω) t♦ ❇❱P ✭✹✳✶✮ ✇✐❧❧ s❛t✐s❢②

∫

Ω

{
[u,v] + κ2u · v

}
= − 1

µ

∫

Γ1

ξ · v, ∀v ∈ V :=
{
v ∈ H1

Γ0
(Ω)d|∇ · v = 0 ✐♥ Ω

}
❛♥❞ u ∈ V.

✭✺✳✶✼✮
❙✐♥❝❡ t❤❡ r✐❣❤t✕❤❛♥❞ s✐❞❡ ♦❢ ✭✺✳✶✼✮ ✐s ❛ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥❛❧ ♦♥ t❤❡ s♣❛❝❡ V ✱ ❜② t❤❡ ❘✐❡s③
r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts u ∈ V s❛t✐s❢②✐♥❣ ✭✺✳✶✼✮ ❛♥❞

||u||H1(Ω)d ≤ c||ξ||(
H

1/2
00

(Γ1)d
)

∗ . ✭✺✳✶✽✮

❚♦ s❤♦✇ t❤❛t p ∈ L2(Ω) ❡①✐sts s✉❝❤ t❤❛t r❡❧❛t✐♦♥ ✭✺✳✶✶✮ ❤♦❧❞s✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧
P ♦♥ L2(Ω) ❜②

P(q) := µ

∫

Ω

{
[u,v] + κ2u · v

}
+

∫

Γ1

ξ · v, ✭✺✳✶✾✮



❇❘■◆❑▼❆◆ ❊◗❯❆❚■❖◆❙ ✾

❢♦r ❡✈❡r② v ∈ H1
Γ0
(Ω)d ✇✐t❤ ∇ · v = q ✐♥ Ω✳ ❚❤✐s ✐s ✇❡❧❧✕❞❡✜♥❡❞ s✐♥❝❡ ✐❢ ✇❡ t❛❦❡ v1✱ v2 ∈ H1

Γ0
(Ω)d

✇✐t❤ ∇ · v1 = ∇ · v2✱ t❤❡♥

P(∇ · v1)− P(∇ · v2) = µ

∫

Ω

{
[u,v1 − v1] + κ2u · (v1 − v2)

}
+

∫

Γ1

ξ · (v1 − v2) = 0,

✇❤❡r❡ ❢♦r t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ❛❜♦✈❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✺✳✶✼✮ ❢♦r v = v1−v2 ∈ V ✳ ◆♦✇✱ ✉s✐♥❣ ▲❡♠♠❛ ✷✱
❢♦r ❛♥② q ∈ L2(Ω) t❤❡r❡ ❡①✐sts v ∈ H1

Γ0
(Ω)d s❛t✐s❢②✐♥❣ ∇ · v = q ✐♥ Ω ❛♥❞ ||v||H1(Ω)d ≤ c||q||L2(Ω)✱

✇❤✐❝❤✱ ❜❛s❡❞ ♦♥ ✭✺✳✶✾✮✱ ②✐❡❧❞s t❤❡ ❡st✐♠❛t❡

|P(q)| ≤ c1

(
||u||H1(Ω)d + ||ξ||(

H
1/2
00

(Γ1)d
)

∗

)
||q||L2(Ω). ✭✺✳✷✵✮

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ✭✺✳✶✾✮ ✐s ❜♦✉♥❞❡❞ ♦♥ L2(Ω) ❛♥❞ ❜② t❤❡ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠ ✐s ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts p ∈ L2(Ω) s✉❝❤ t❤❛t

∫

Ω

p∇ · v = µ

∫

Ω

{
[u,v] + κ2u · v

}
+

∫

Γ1

ξ · v, ∀v ∈ H1
Γ0
(Ω)d, ✭✺✳✷✶✮

✇❤✐❝❤ ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ ✭✺✳✶✶✮✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ϕ = 0 ✇❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❛t ❛ s♦❧✉t✐♦♥ (u, p) ∈ H1(Ω)d × L2(Ω) ❡①✐sts✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✺✳✶✾✮ ❛♥❞ ✭✺✳✷✶✮ ✇❡ ❤❛✈❡ t❤❛t
P(p) =

∫
Ω
p2 ❛♥❞ ❢r♦♠ ✭✺✳✷✵✮ ✐t ❢♦❧❧♦✇s t❤❛t

||p||L2(Ω) ≤ c1

(
||u||H1(Ω)d + ||ξ||(

H
1/2
00

(Γ1)d
)

∗

)
. ✭✺✳✷✷✮

❈♦♥s✐❞❡r ♥♦✇ t❤❛t t❤❡ ❉✐r✐❝❤❧❡t ❞❛t❛ ϕ ✐s ❛r❜✐tr❛r② ✐♥ H1/2(Γ0)
d✱ ❛♥❞ ❞❡♥♦t❡ ❜② ϕ̃ ∈ H1/2(∂Ω)d

❛♥ ❡①t❡♥s✐♦♥ ♦❢ ϕ t♦ ∂Ω s❛t✐s❢②✐♥❣
∫

∂Ω

ϕ̃ · n = 0 ❛♥❞ ||ϕ̃||H1/2(∂Ω)d ≤ c||ϕ||H1/2(Γ0)d . ✭✺✳✷✸✮

❚❤❡♥ ❢r♦♠ ❬✷✶❪✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (ũ, p̃) ∈ H1(Ω)d × L2
0(Ω) t♦ t❤❡ ❞✐r❡❝t ❉✐r✐❝❤❧❡t

♣r♦❜❧❡♠ 



∆u− 1

µ
∇p− κ2u = 0 ✐♥ Ω,

∇ · u = 0 ✐♥ Ω,
u = ϕ̃ ♦♥ ∂Ω,

✭✺✳✷✹✮

✇❤❡r❡ L2
0(Ω) :=

{
p ∈ L2(Ω)|

∫
Ω
p = 0

}
= L2(Ω)/R✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✺✳✷✸✮ ❛♥❞ ❬✷✶❪

||ũ||H1(Ω)d + ||p̃||L2(Ω)/R ≤ c1||ϕ̃||H1(∂Ω)d ≤ c2||ϕ||H1/2(Γ0)d . ✭✺✳✷✺✮

❋r♦♠ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ❞❡✜♥✐t✐♦♥ ✭✺✳✶✵✮ ♦r ✭✺✳✶✶✮ ❛♣♣❧✐❡❞ t♦ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ✭✺✳✷✹✮ ✐t ❢♦❧❧♦✇s

t❤❛t (ũ, p̃) ✐s ❛ ❇r✐♥❦♠❛♥ ♣❛✐r ❛♥❞ t❤❛t ξ̃ := t̃ ∈ H−1/2(∂Ω)d✳ ❚❤❡♥ ❢r♦♠ ✭✺✳✶✶✮ ✇❡ ❤❛✈❡

µ

∫

Ω

{
[ũ,v] + κ2ũ · v

}
−

∫

Ω

p̃∇ · v = 0, ∀v ∈ H1
0 (Ω)

d. ✭✺✳✷✻✮
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❆❧s♦✱ ❢r♦♠ ✭✺✳✶✶✮✱ ✇❡ ❤❛✈❡

µ

∫

Ω

{
[ũ,v] + κ2ũ · v

}
−

∫

Ω

p̃∇ · v = −
∫

Γ1

ξ̃ · v, ∀v ∈ (H1
Γ0
(Ω))d. ✭✺✳✷✼✮

◆♦✇ ❧❡t (u, p) ∈ H1(Ω)d × L2(Ω) ❜❡ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✹✳✶✮ ✇✐t❤ u = ϕ = 0 ♦♥ Γ0

❛♥❞ t = ξ− ξ̃ ♦♥ Γ1✱ ✇❤✐❝❤ ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡ ❜② t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✺✳✷✶✮
✐t s❛t✐s✜❡s ∫

Ω

p∇ · v = µ

∫

Ω

{
[u,v] + κ2u · v

}
+

∫

Γ1

(
ξ − ξ̃

)
· v, ∀v ∈ H1

Γ0
(Ω)d. ✭✺✳✷✽✮

❚❤❡♥✱ (u, p) := (ũ, p̃) + (u, p) ✐s t❤❡ r❡q✉✐r❡❞ s♦❧✉t✐♦♥ ♦❢ ❇❱P ✭✹✳✶✮✱ ✇❤✐❝❤ s❛t✐s✜❡s ✭✺✳✶✶✮ ❜②
s✉❜tr❛❝t✐♥❣ ✭✺✳✷✼✮ ❢r♦♠ ✭✺✳✷✽✮✳ ❋✐♥❛❧❧②✱ t❤❡ st❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✺✳✶✹✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✽✮✱ ✭✺✳✷✷✮
❛♥❞ ✭✺✳✷✺✮✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳ □

❇❡❢♦r❡ ✇❡ ❛❞❞r❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❣✐✈❡ ❛
r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮✳

✺✳✷✳ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛✉①✐❧✐❛r② ♦♣❡r❛t♦r

DΓ1
: H1/2(Γ1)

d → H1(Ω)d × L2(Ω) ❞❡✜♥❡❞ ❜② DΓ1
η = (u, p) , ∀η ∈ H1/2(Γ1), ✭✺✳✷✾✮

✇❤❡r❡ (u, p) s♦❧✈❡s ❇❱P ✭✹✳✷✮ ✇✐t❤ t = ψ = 0 ♦♥ Γ0✱ ❛♥❞

TΓ1
:
(
H

1/2
00 (Γ1)

d
)
∗

→ H1(Ω)d × L2(Ω) ❞❡✜♥❡❞ ❜② TΓ1
ξ = (u, p) , ∀ξ ∈

(
H

1/2
00 (Γ1)

d
)
∗

, ✭✺✳✸✵✮

✇❤❡r❡ (u, p) s♦❧✈❡s ❇❱P ✭✹✳✶✮ ✇✐t❤ u = ϕ = 0 ♦♥ Γ0✳ ❋r♦♠ ✭✺✳✶✹✮ ❛♥❞ ✭✺✳✶✺✮ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡
♦♣❡r❛t♦rs DΓ1

❛♥❞ TΓ1
❛r❡ ❜♦✉♥❞❡❞✳ ▲❡t ✉s ❛❧s♦ ❞❡✜♥❡

DΓ0
ϕ = (u, p) = t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮ ✇✐t❤ t = 0 ♦♥ Γ1,

TΓ0
ψ = (u, p) = t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✷✮ ✇✐t❤ u = 0 ♦♥ Γ1

❛♥❞

Π(u, p) = u, ΛΓi
= t|Γi

❛♥❞ ΠΓi
(u, p) = u|Γi

❢♦r i = 0, 1.

◆♦✇ ✇❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮✱ ❛s ❢♦❧❧♦✇s✳ ▲❡t ξ ∈
(
H

1/2
00 (Γ1)

d
)
∗

❛♥❞ ❞❡♥♦t❡

❜② (u0, p0) t❤❡ s♦❧✉t✐♦♥ ♦❢ ❇❱P ✭✹✳✶✮✳ ❈❧❡❛r❧②✱ (u0, p0) = TΓ1
ξ + DΓ0

ϕ✳ ◆♦✇ ❧❡t (u1, p1) ❜❡ t❤❡
s♦❧✉t✐♦♥ ♦❢ ❇❱P ✭✹✳✷✮ ✇✐t❤ u = η = u0|Γ1

✳ ❈❧❡❛r❧②✱ (u1, p1) = TΓ0
ψ+DΓ1

ΠΓ1
(u0, p0)✳ ■t ✐s ❡❛s② t♦

❝❤❡❝❦ t❤❛t (u1, p1) ∈ H1(Ω)d×L2(Ω) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ξ s❛t✐s✜❡s ΛΓ1
(u1, p1) = ξ✳

❲❡ r❡✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ❛s

ξ = Bξ + h, ✭✺✳✸✶✮

✇❤❡r❡

Bξ = ΛΓ1
DΓ1

ΠΓ1
TΓ1
ξ ❛♥❞ h = ΛΓ1

(DΓ1
ΠΓ1

DΓ0
ϕ+ TΓ0ψ) . ✭✺✳✸✷✮

❙✐♥❝❡ t❤❡ ♦♣❡r❛t♦rs DΓ1
❛♥❞ TΓ1

❛r❡ ❜♦✉♥❞❡❞✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✺✳✼✮ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♣❡r❛t♦r

B :
(
H

1/2
00 (Γ1)

d
)
∗

→
(
H

1/2
00 (Γ1)

d
)
∗

✐s ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t h ∈
(
H

1/2
00 (Γ1)

d
)
∗

✳
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❆s ✐♥ ❬✶✱ ❙❡❝t✐♦♥ ✼✳✷❪✱ ❛♥ ❡q✉✐✈❛❧❡♥t ♥♦r♠ ✐♥
(
H

1/2
00 (Γ1)

d
)
∗

✐s ❣✐✈❡♥ ❜②

||ξ||2 := µ

∫

Ω

{
[u,u] + κ2|u|2

}
, ✭✺✳✸✸✮

✇❤❡r❡ (u, p) = TΓ1
ξ✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧❛r ♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ❛s

⟨ξ, ζ⟩ := µ

∫

Ω

{
[u,v] + κ2u · v

}
, ✭✺✳✸✹✮

✇❤❡r❡ (u, p) = TΓ1
ξ ❛♥❞ (v, q) = TΓ1

ζ✳

✺✳✷✳✶✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r B✳ ❲❡ s❤♦✇ t❤❛t ✐♥ ❛❞❞✐t✐♦♥ t♦ ❜❡✐♥❣ ❧✐♥❡❛r ❛♥❞ ❜♦✉♥❞❡❞✱
t❤❡ ♦♣❡r❛t♦r B ✐s ❛❧s♦ s❡❧❢✕❛❞❥♦✐♥t✱ ♣♦s✐t✐✈❡ ✭✐❢ κ > 0✮✱ ♥♦♥✕❡①♣❛♥s✐✈❡ ❛♥❞ ❞♦❡s ♥♦t ❤❛✈❡ ✶ ❛s

❛♥ ❡✐❣❡♥✈❛❧✉❡✳ ▲❡t ξ ∈
(
H

1/2
00 (Γ1)

d
)
∗

❛♥❞ ❞❡♥♦t❡ (v0, q0) = TΓ1
ξ✱ (v1, q1) = DΓ1

(v0|Γ1
) ❛♥❞

(v2, q2) = TΓ1
ΛΓ1

(v1, q1)✳ ❚❛❦✐♥❣ ❛♥♦t❤❡r ❡❧❡♠❡♥t ζ ∈
(
H

1/2
00 (Γ1)

d
)
∗

✱ ❞❡♥♦t❡ (w0, r0) = TΓ1
ζ✱

(w1, r1) = DΓ1
w0|Γ1

❛♥❞ (w2, r2) = TΓ1
ΛΓ1

(w1, r1)✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦♥ v2 ❛♥❞ w0 ②✐❡❧❞s

⟨Bξ, ζ⟩ = −
∫

∂Ω

t2(v2) ·w0 = −
∫

∂Ω

t1(v1) ·w1 = µ

∫

Ω

{
[v1,w1] + κ2v1 ·w1

}
= ⟨v1,w1⟩.

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❛t

⟨ξ, Bζ⟩ = −
∫

∂Ω

t2(w2) · v0 = −
∫

∂Ω

t1(w1) · v1 = µ

∫

Ω

{
[w1,v1] + κ2w1 · v1

}
= ⟨w1,v1⟩.

❍❡♥❝❡✱ t❤❡ ♦♣❡r❛t♦r B ✐s s❡❧❢✕❛❞❥♦✐♥t✳ ❚♦ s❤♦✇ t❤❛t B ✐s ♣♦s✐t✐✈❡ r❡♠❛r❦ t❤❛t ✐❢ 0 ̸≡ ξ ∈(
H

1/2
00 (Γ1)

d
)
∗

t❤❡♥ v1 ̸≡ 0 ❛♥❞ ⟨Bξ, ξ⟩ = ∥v1∥2 > 0✳ ❚♦ s❤♦✇ t❤❛t B ✐s ♥♦♥✕❡①♣❛♥s✐✈❡ r❡♠❛r❦

t❤❛t ✉s✐♥❣ ✭✺✳✸✸✮✱ ✭✺✳✸✽✮ ❛♥❞ ✭✺✳✸✾✮ ✇✐t❤ uk = vk ❢♦r k = 0, 1, 2, ✇❡ ♦❜t❛✐♥

||Bξ||2 = µ

∫

Ω

{
[v2,v2] + κ2|v2|2

}
≤ µ

∫

Ω

{
[v0,v0] + κ2|v0|2

}
= ||ξ||2.

❋✐♥❛❧❧②✱ ✐❢ ✶ ✇❡r❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ B✱ t❤❡♥ t❤❡r❡ ✇♦✉❧❞ ❡①✐st 0 ̸= ξ0 ∈
(
H

1/2
00 (Γ1)

d
)
∗

s✉❝❤ t❤❛t

Bξ0 = ξ0✳ ❚❤✐s ✇♦✉❧❞ ♠❡❛♥ t❤❛t ξ0 = t2(v2)|Γ1
= t1(v1)|Γ1

❛♥❞ s✐♥❝❡ v1|Γ1
= v0|Γ1

t❤✐s ✐♠♣❧✐❡s
t❤❛t (v1, q1) = (v0, q0) ❜❡❝❛✉s❡ ♦❢ t❤❡ s❛♠❡ ❈❛✉❝❤② ❞❛t❛ ♦♥ Γ1✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ v0|Γ0

= 0 ❛♥❞
t1(v1)|Γ0

= 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t (v0, q0) = (0, 0) ❛♥❞ ❤❡♥❝❡ ξ0 = 0✳

❲❡ ❝❛♥ ♥♦✇ ❛❞❞r❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
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✺✳✸✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣r♦❝❡❞✉r❡✳

❚❤❡♦r❡♠ ✷✳ ▲❡t ϕ ∈ H1/2(Γ0)
d ❛♥❞ ψ ∈

(
H

1/2
00 (Γ0)

d
)
∗

✳ ❆ss✉♠❡ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✷✮

❤❛s ❛ s♦❧✉t✐♦♥ (u, p) ∈ H1(Ω)d × L2(Ω)✳ ▲❡t (uk, pk) ❜❡ t❤❡ k−t❤ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✐♥ t❤❡

❛❧t❡r♥❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡♥✱ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❣✉❡ss ξ ∈
(
H

1/2
00 (Γ0)

d
)
∗

✱ ✇❡

❤❛✈❡ t❤❛t
lim
k→∞

||uk − u||H1(Ω)d = 0 ❛♥❞ lim
k→∞

||pk − p||L2(Ω) = 0. ✭✺✳✸✺✮

Pr♦♦❢✳ ■❢ ✇❡ st❛rt ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ξ ❜❡✐♥❣ t❤❡ ❡①❛❝t ✢✉✐❞ tr❛❝t✐♦♥ ♦♥ Γ1✱ t❤❡♥ ✇❡ ❝❛♥
✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t (uk, pk) ✐s ❡q✉❛❧ t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❛♥② k ∈ N✳
❚❤✉s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡❧❛t✐♦♥ ✭✺✳✸✺✮ ❢♦r t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥ (u, p) = (0, 0)
❢♦r ③❡r♦ ❈❛✉❝❤② ❞❛t❛ ϕ = ψ = 0 ♦♥ Γ0✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✱ ✶✹❪✱ s✐♥❝❡ uk = 0 ♦r
tk = 0 ♦♥ Γ0✱ ❢r♦♠ ✭✺✳✸✮ ✇❡ ❤❛✈❡

µ

∫

Ω

{
[uk,uk] + κ2|uk|2

}
= −

∫

Γ1

tk · uk. ✭✺✳✸✻✮

■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ s✐♥❝❡ u2k = 0 ♦♥ Γ0✱ ❛♣♣❧②✐♥❣ ✭✺✳✸✮ ✇✐t❤ v = u2k ❛♥❞ u = u2k−1✱ ✇❡ ♦❜t❛✐♥

µ

∫

Ω

{
[u2k−1,u2k] + κ2u2k−1 · u2k

}
= −

∫

Γ1

t2k−1 · u2k. ✭✺✳✸✼✮

❆❧s♦✱ s✐♥❝❡ t2k = t2k−1 ♦♥ Γ1 ❛♥❞ ✉s✐♥❣ ✭✺✳✸✻✮✱ ❢r♦♠ ✭✺✳✸✼✮ ✇❡ ♦❜t❛✐♥ t❤❛t

µ

∫

Ω

{
[u2k−1,u2k] + κ2u2k−1 · u2k

}
= µ

∫

Ω

{
[u2k,u2k] + κ2|u2k|2

}
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t ∫

Ω

{
[u2k − u2k−1,u2k − u2k−1] + κ2|u2k − u2k−1|2

}

=

∫

Ω

{
[u2k−1,u2k−1] + κ2|u2k−1|2

}
−
∫

Ω

{
[u2k,u2k] + κ2|u2k|2

}
. ✭✺✳✸✽✮

❙✐♠✐❧❛r❧②✱ ∫

Ω

{
[u2k+1 − u2k,u2k+1 − u2k] + κ2|u2k+1 − u2k|2

}

=

∫

Ω

{
[u2k,u2k] + κ2|u2k|2

}
−

∫

Ω

{
[u2k+1,u2k+1] + κ2|u2k+1|2

}
. ✭✺✳✸✾✮

❖♥❡ ♠❛② ❡❛s✐❧② ♦❜s❡r✈❡ t❤❛t u2k = u0(B
kξ) ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t♦r

B ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t u2k → 0 ✐♥ H1(Ω)d✳ ▼♦r❡♦✈❡r✱ r❡❧❛t✐♦♥s ✭✺✳✸✽✮ ❛♥❞
✭✺✳✸✾✮ ✐♠♣❧② t❤❛t
∫

Ω

{
[u2k−2,u2k−2] + κ2|u2k−2|2

}
≥

∫

Ω

{
[u2k−1,u2k−1] + κ2|u2k−1|2

}
≥

∫

Ω

{
[u2k,u2k] + κ2|u2k|2

}
,

✇❤✐❝❤ ②✐❡❧❞s u2k−1 → 0 ✐♥ H1(Ω)d✳ ❖✈❡r❛❧❧✱ ✇❡ ❤❛✈❡ t❤❛t uk → 0 ✐♥ H1(Ω)d✳
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❚♦ s❤♦✇ t❤❛t pk → 0 ✐♥ L2(Ω)✱ ✜rst ❢r♦♠ ❚❤❡♦r❡♠ ✶✭✐✐✮✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ (u2k+1, p2k+1)
♦❢ ❇❱P ✭✹✳✷✮ ✇✐t❤ ψ = 0 ❛s✱ ✭s❡❡ ✭✺✳✶✺✮✮✱

||u2k+1||H1(Ω)d + ||p2k+1||L2(Ω) ≤ c||u2k||H1/2(Γ1)d ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t p2k+1 → 0 ✐♥ L2(Ω)✳ ◆❡①t✱ ❢r♦♠ ❚❤❡♦r❡♠ ✶✭✐✮✱ ✇❡ ♠❛② ❡st✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥
(u2k+2, p2k+2) ♦❢ ❇❱P ✭✹✳✶✮ ✇✐t❤ ϕ = 0 ❛s✱ ✭s❡❡ ✭✺✳✶✹✮✮✱

||u2k+2||H1(Ω)d + ||p2k+2||L2(Ω) ≤ c||t2k+1||(H1/2
00

(Γ1)d
)

∗ .

❖❜s❡r✈✐♥❣ t❤❛t

t2k+1 =
(
−p2k+1 I+ µ

(
∇u2k+1 + (∇u2k+1)

T
))
n

❛♥❞ ✉s✐♥❣ t❤❛t p2k+1 → 0 ✐♥ L2(Ω) ❛♥❞ uk → 0 ✐♥ H1(Ω)d ✐t ❢♦❧❧♦✇s t❤❛t p2k → 0 ✐♥ L2(Ω)✳ ❚❤✉s✱
♦✈❡r❛❧❧✱ pk → 0 ✐♥ L2(Ω) ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ □

✻✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ✭▼❋❙✮

■♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② u = (u1, u2) ❜② uN = (uN1
, uN2

)✱ ✇❤❡r❡

uNi
(x) =

N∑

j=1

(
αjGi1(x,x

′

j) + βjGi2(x,x
′

j)
)
, i = 1, 2, x ∈ Ω, ✭✻✳✶✮

❛♥❞ t❤❡ ♣r❡ss✉r❡ p ❜② pN ✇❤❡r❡

pN(x) =
N∑

j=1

(
αjP1(x,x

′

j) + βjP2(x,x
′

j)
)
, x ∈ Ω, ✭✻✳✷✮

✇❤❡r❡
(
x′

j

)
j=1,N

❛r❡ s♦✉r❝❡s ❧♦❝❛t❡❞ ♦✉ts✐❞❡ t❤❡ s♦❧✉t✐♦♥ ❞♦♠❛✐♥ Ω ❛♥❞ (Gij)i,j=1,2 ❛♥❞ (Pi)i=1,2

r❡♣r❡s❡♥t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ t✇♦✕❞✐♠❡♥s✐♦♥❛❧ ❇r✐♥❦♠❛♥ ❛♥❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s
✭✷✳✷❛✮ ❣✐✈❡♥ ❜②✱ s❡❡ ❡✳❣✳ ❬✶✶✱✷✸✱✷✹❪✱

Gik(x,x
′) =

1

2πµκ2r2
[(
−1 + κrK1(κr) + κ2r2K0(κr)

)
δik

+
(xi − x′

i)(xk − x′

k)

r2
(
2− κ2r2K2(κr)

)]
, i, k = 1, 2, ✭✻✳✸✮

Pk(x,x
′) =

xk − x′

k

2πr2
, k = 1, 2, ✭✻✳✹✮

✇❤❡r❡ x = (x1, x2), x
′ = (x′

1, x
′

2), r = |x−x′|✱ (δik)i,k=1,2 ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛ t❡♥s♦r✱ ❛♥❞ Kn ✐s
t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞ ♦❢ ♦r❞❡r n✳
❚❤❡ ✢✉✐❞ tr❛❝t✐♦♥ t = (t1, t2) ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② tN = (tN1

, tN2
)✱ ✇❤❡r❡

tNi
(x) =

N∑

j=1

(
αjDi1(x,x

′

j) + βjDi2(x,x
′

j)
)
, i = 1, 2, x ∈ ∂Ω, ✭✻✳✺✮
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✇❤❡r❡

D11 = −P1 n1 + µ

(
2
∂G11

∂x1

n1 +

(
∂G21

∂x1

+
∂G11

∂x2

)
n2

)
,

D12 = −P2 n1 + µ

(
2
∂G12

∂x1

n1 +

(
∂G22

∂x1

+
∂G12

∂x2

)
n2

)
,

D21 = −P1 n2 + µ

((
∂G11

∂x2

+
∂G21

∂x1

)
n1 + 2

∂G21

∂x2

n2

)
,

D22 = −P2 n2 + µ

((
∂G12

∂x2

+
∂G22

∂x1

)
n1 + 2

∂G22

∂x2

n2

)
,

✇❤❡r❡ ❬✷✹❪

∂Gik

∂xj

(x,x′) =
1

2πµκ2r4
{
(xj − x′

j)
[
2− κ2r2K2(κr)− κ3r3K1(κr)

]
δik

+((xk − x′

k)δij + (xi − x′

i)δjk)
(
2− κ2r2K2(κr)

)

+
(xi − x′

i)(xj − x′

j)(xk − x′

k)

r2
[
−8 + κ3r3K3(κr)

]}
, i, j, k = 1, 2, ✭✻✳✻✮

s❡❡ ❛❧s♦ ❬✶✶✱ ❆♣♣❡♥❞✐①❪ ❢♦r ❛❧t❡r♥❛t✐✈❡ ❢♦r♠s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥s ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s
❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❲❡ ❛❧s♦ ♣❧❛❝❡ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts (xm)m=1,M ♦♥ Γ0 ❛♥❞ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts (xm)m=M+1,2M

♦♥ Γ1✳ ❈♦❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ M ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r u ❛♥❞ t ❛t ✭❛❧t❡r♥❛t✐✈❡❧②✮ t❤❡ M ❝♦❧❧♦❝❛t✐♦♥
♣♦✐♥ts ♦♥ Γ0 ❛♥❞ t❤❡ M ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ♦♥ Γ1✱ ②✐❡❧❞s 4M ❡q✉❛t✐♦♥s ✐♥ t❤❡ 2N ✉♥❦♥♦✇♥s
(αj)j=1,N ❛♥❞ (βj)j=1,N ✳ ❚❤✐s ❧❡❛❞s t♦ ❛ s②st❡♠ ♦❢ t❤❡ ❢♦r♠

A(n)

[
α

β

]
= f (n), ✭✻✳✼✮

✇❤❡r❡ t❤❡ ♠❛tr✐① A ∈ R
4M×2N ✱ ❢♦r m = 1,M ; j = 1, N ✱ ✐s ❞❡✜♥❡❞ ❜② ❡✐t❤❡r

A
(n)
m,j = G11(xm,x

′

j), A
(n)
m,N+j = G12(xm,x

′

j), A
(n)
M+m,j = G21(xm,x

′

j), A
(n)
M+m,N+j = G22(xm,x

′

j),

A
(n)
2M+m,j = D11(xm,x

′

j), A
(n)
2M+m,N+j = D12(xm,x

′

j),

A
(n)
3M+m,j = D21(xm,x

′

j), A
(n)
3M+m,N+j = D22(xm,x

′

j) ❢♦r n = 2k, k ∈ N
∗,

♦r

A
(n)
m,j = D11(xm,x

′

j), A
(n)
m,N+j = D12(xm,x

′

j), A
(n)
M+m,j = D21(xm,x

′

j), A
(n)
M+m,N+j = D22(xm,x

′

j),

A
(n)
2M+m,j = G11(xm,x

′

j), A
(n)
2M+m,N+j = G12(xm,x

′

j),

A
(n)
3M+m,j = G21(xm,x

′

j), A
(n)
3M+m,N+j = G22(xm,x

′

j) ❢♦r n = 2k + 1, k ∈ N.

❆❧s♦✱ α = [α1, α2, . . . , αN ]
T ❛♥❞ β = [β1, β2, . . . , βN ]

T ✳ ❋✐♥❛❧❧②✱

f (n) =

[
ϕ

ξn

]
❢♦r n = 2k, k ∈ N

∗,
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♦r

f (n) =

[
ψ

ηn

]
, ❢♦r n = 2k + 1, k ∈ N,

✇❤❡r❡✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭✇✐t❤ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t t0 = ξ0✮ ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✹✱

ξn = tn, ηn = un+1, n ∈ N.

❈❧❡❛r❧②✱ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❡❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ t✇♦ ♠❛tr✐❝❡s ♦♥❧② ♥❡❡❞ t♦ ❜❡
❝♦♠♣✉t❡❞ ♦♥❝❡✳

✼✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s

❲❡ ❝♦♥s✐❞❡r t❤❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳

✼✳✶✳ ❋✐rst ❝♦♥✜❣✉r❛t✐♦♥✳ ❲❡ ✜rst ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳ ❆ss✉♠✐♥❣ t❤❛t
t❤❡ ❜♦✉♥❞❛r② ∂Ω ✐s ❛ s♠♦♦t❤✱ st❛r✕❧✐❦❡ ❝✉r✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥✱ ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s t❤❡
❡q✉❛t✐♦♥ ♦❢ ∂Ω ✐s

x = (x, y) = r(ϑ) (cosϑ, sinϑ) , ϑ ∈ [0, 2π), ✭✼✳✶✮

✇❤❡r❡ r ✐s ❛ s♠♦♦t❤ 2π−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡
❜♦✉♥❞❛r② Γ0 ✐s ❝♦✈❡r❡❞ ❜② 0 ≤ ϑ ≤ Θ✱ ✇❤❡r❡ Θ ∈ (0, 2π)✳ ❲❡ ♣❧❛❝❡ M ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ♦♥ Γ0

❛s ❢♦❧❧♦✇s✿

xm = r(ϑm) (cosϑm, sinϑm) , ϑm = (m− 1)Θ/(M − 1), m = 1,M. ✭✼✳✷✮

❲❡ ❛❧s♦ ♣❧❛❝❡ M ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ♦♥ Γ1 ❛s ❢♦❧❧♦✇s✿

xM+m = r(ϑ̃m)
(
cos ϑ̃m, sin ϑ̃m

)
, ϑ̃m = Θ+m(2π −Θ)/(M + 1), m = 1,M. ✭✼✳✸✮

▼♦r❡♦✈❡r✱ ✇❡ t❛❦❡ N s♦✉r❝❡s ♦♥ t❤❡ ♣s❡✉❞♦✕❜♦✉♥❞❛r② ∂Ω′ ❣✐✈❡♥ ❛s

ξj = η r(φj) (cosφj, sinφj) , φj = 2π(j − 1)/N, j = 1, N, ✭✼✳✹✮

✇❤❡r❡ t❤❡ ♠❛❣♥✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡r η > 1✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡♥ ∂Ω ❞♦❡s ♥♦t ❤❛✈❡ ❛ ♣♦❧❛r r❡♣r❡s❡♥t❛t✐♦♥ ✭✼✳✶✮✱ ✇❡ ♣❧❛❝❡ 2M ❜♦✉♥❞✲

❛r② ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts {xm}2Mm=1 ♦♥ ✐t✳ ❲❡ ❛❧s♦ ♣❧❛❝❡ t❤❡ ♣♦✐♥ts
{
ξ̃j

}N

j=1
♦♥ ∂Ω ❛♥❞ ✐♥st❡❛❞ ♦❢

❡①♣r❡ss✐♦♥ ✭✼✳✹✮ ❢♦r t❤❡ s♦✉r❝❡s✱ ✇❡ t❛❦❡

ξj = xc + η (ξ̃j − xc) ❢♦r j = 1, N, ✭✼✳✺✮

✇❤❡r❡ xc ✐s t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥tr❡ ♦❢ Ω✳
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✼✳✷✳ ❙❡❝♦♥❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❲❡ ♥❡①t ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✳ ❲❡ ❛ss✉♠❡
t❤❛t t❤❡ ❜♦✉♥❞❛r✐❡s Γi✱ i = 0, 1, ❛r❡ s♠♦♦t❤✱ st❛r✕❧✐❦❡ ❝✉r✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥ ✇✐t❤ ♣♦❧❛r
❡q✉❛t✐♦♥s

x = (x, y) = ri(ϑ) (cosϑ, sinϑ) , ϑ ∈ [0, 2π), ✭✼✳✻✮

✇❤❡r❡ ri✱ i = 0, 1, ❛r❡ s♠♦♦t❤ 2π−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ❲❡ ♣❧❛❝❡ M ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ♦♥ Γ0 ❛♥❞
Γ1✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢♦❧❧♦✇s✿

xm = r0(ϑm) (cosϑm, sinϑm) , ϑm = 2π(m− 1)/M, m = 1,M, ✭✼✳✼✮

❛♥❞

xM+m = r1(ϑm) (cosϑm, sinϑm) , ϑm = 2π(m− 1)/M, m = 1,M. ✭✼✳✽✮

❲❡ ❛❧s♦ t❛❦❡ N/2 s♦✉r❝❡s ♦♥ t❤❡ ♣s❡✉❞♦✕❜♦✉♥❞❛r✐❡s Γ′

0 ❛♥❞ Γ′

1✱ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢♦❧❧♦✇s

ξj = η0 r0(φj) (cosφj, sinφj) , φj = 4π(j − 1)/N, j = 1, N/2, ✭✼✳✾✮

❛♥❞

ξN/2+j = η1 r1(φj) (cosφj, sinφj) , φj = 4π(j − 1)/N, j = 1, N/2, ✭✼✳✶✵✮

✇❤❡r❡ t❤❡ ♠❛❣♥✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡r η0 > 1 ❛♥❞ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣❛r❛♠❡t❡r 0 < η1 < 1✳

❘❡♠❛r❦s✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡♥ Γ0 ❛♥❞ Γ1 ❞♦ ♥♦t ❤❛✈❡ ❛ ♣♦❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✱ ❛rr❛♥❣❡♠❡♥ts
s✐♠✐❧❛r t♦ t❤♦s❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✶✱ s❡❡ ✭✼✳✺✮✱ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡s✳
❆❧s♦✱ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ❝✉r✈❡s Γ0 ❛♥❞ Γ1 r❡♣❧❛❝❡❞ ❜② s✉r❢❛❝❡s ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
❜♦✉♥❞❛r② ∂Ω ✐s s✐♠✐❧❛r✱ ✉s✐♥❣ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✳

✼✳✸✳ ❙t♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✳ ■♥st❡❛❞ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✳✷❜✮ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ♥♦✐s②
❞❛t❛

ϕnoisy(xm) = (1 + χm♣)ϕ(xm), m = 1,M, ✭✼✳✶✶✮

✇❤❡r❡ (χm)m=1,M1
❛r❡ ♣s❡✉❞♦✕r❛♥❞♦♠ ♥✉♠❜❡rs ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ✐♥ [−1, 1]

❛♥❞ ♣ r❡♣r❡s❡♥ts t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡✳ ❲❡ st♦♣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝r❡♣❛♥❝②
♣r✐♥❝✐♣❧❡ ❛t t❤❡ ✜rst k ❢♦r ✇❤✐❝❤

||u2k −ϕnoisy|| ≤ ||ϕ−ϕnoisy||, ✭✼✳✶✷✮

✇❤❡r❡ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② s♦❧✉t✐♦♥ u2k = [uN1
(x1), . . . , uN1

(xM), uN2
(x1), . . . , uN2

(xM)]T ✐s ❝❛❧❝✉✲
❧❛t❡❞ ❛t t❤❡ kth✲✐t❡r❛t✐♦♥✳

✽✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

■♥ ❛❧❧ ❡①❛♠♣❧❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ t♦♦❦ µ = 1 ❛♥❞ κ = 2✱ ✇❤✐❧❡ ♠❡♥t✐♦♥✐♥❣ t❤❛t
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❬✶✵❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❡①t❡r✐♦r ❇r✐♥❦♠❛♥ ✢♦✇s ❞✐❞ ♥♦t s❤♦✇ s✐❣♥✐✜❝❛♥t
❝❤❛♥❣❡ ✐♥ ❛❝❝✉r❛❝② ✇❤❡♥ t❤❡s❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs ✇❡r❡ ✈❛r✐❡❞✳
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✽✳✶✳ ❊①❛♠♣❧❡ ✶✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❛♥♥✉❧❛r ❞♦♠❛✐♥✱ s❡❡ ❋✐❣✉r❡ ✶✭❜✮✱ ✇❤❡r❡
Ω = {(x, y)|R2

1 < x2 + y2 < R2
2}✱ ✇✐t❤ ♦✉t❡r ❜♦✉♥❞❛r② Γ0 t❤❡ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s R2✱ ❛♥❞ ✐♥♥❡r ❜♦✉♥❞✲

❛r② Γ1 t❤❡ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s R1✱ s❡❡ ❬✶❪✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❇r✐♥❦♠❛♥
❡q✉❛t✐♦♥s ✭✷✳✷❛✮✱ ❬✷✹❪✱

u(x, y) = (cos(x) sinh(y), sin(x) cosh(y)) ❛♥❞ p(x, y) = −µλ2 sin(x) sinh(y), ✭✽✳✶✮

❛♥❞ s❡❧❡❝t t❤❡ ❈❛✉❝❤② ❞❛t❛ ✭✷✳✷❜✮ ❛♥❞ ✭✷✳✷❝✮ ❢♦r ϕ ❛♥❞ ψ ♦♥ Γ0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❡①❛❝t
s♦❧✉t✐♦♥✳ ❲❡ ❛❧s♦ t❛❦❡ R1 = 1✱ R2 = 2 ❛♥❞ ❝❤♦♦s❡ ξ0 = 0✳ ■♥ t❤❡ ▼❋❙ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✼✳✶✱ ✇❡ t♦♦❦ N/2 s♦✉r❝❡s ♦♥ ❛♥ ✐♥t❡r✐♦r ❝✐r❝❧❡ ♦❢ r❛❞✐✉s ✸✴✹ ✭η1 = 3/4✮ ❛♥❞ N/2 s♦✉r❝❡s
♦♥ ❛♥ ❡①t❡r✐♦r ❝✐r❝❧❡ ♦❢ r❛❞✐✉s ✶✵✴✸ ✭η0 = 4/3✮✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ M = 40 ❛♥❞
N = 60 ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳

■♥ ❋✐❣✉r❡ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❡rr♦r ||u−u2k|| ♦♥ t❤❡ ❜♦✉♥❞❛r② Γ1 ✈❡rs✉s
t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r ❢♦r ♥♦ ♥♦✐s❡ ✐♥ t❤❡ ❞❛t❛ ✭✷✳✷❜✮✱ ✐✳❡✳ ♣ = 0 ✐♥ ✭✼✳✶✶✮✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✐t ❝❛♥
❜❡ s❡❡♥ t❤❛t r❛♣✐❞ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ❛❢t❡r ♦♥❧② ✶✵ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❛❧❣♦r✐t❤♠
❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r u = (u1, u2)✱ t = (t1, t2) ❛♥❞
p ♦♥ Γ1 ♦❜t❛✐♥❡❞ ❛❢t❡r ✶✵ ✐t❡r❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸ ❛r❡ ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ ✭✽✳✶✮ ❛♥❞ ✭✷✳✸✮✳

1 2 3 4 5 6 7 8 9 10

iteration

0
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0.8
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1.4

1.6

❋✐❣✉r❡ ✷✳ ❊①❛♠♣❧❡ ✶✿ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ♥♦r♠ ||u−u2k|| ♦♥ Γ1 ✇✐t❤ ✐t❡r❛t✐♦♥s
✐♥ ❝❛s❡ ♦❢ ♥♦ ♥♦✐s❡✳

◆❡①t ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♥♦✐s❡ ✐♥ t❤❡ ✢✉✐❞
✈❡❧♦❝✐t② ❞❛t❛ ✭✷✳✷❜✮✱ s✐♠✉❧❛t❡❞ ❛s ✐♥ ✭✼✳✶✶✮✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ♥♦r♠ ||u2k − ϕnoisy|| ❛♥❞
t❤❡ str❛✐❣❤t ❧✐♥❡ ♦❢ t❤❡ ♥♦r♠ ||ϕ − ϕnoisy|| ✈❡rs✉s t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r ❢♦r ♥♦✐s❡ p = 1%✱ 3%
❛♥❞ 5% ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❝✉r✈❡s ♠❡❡t t❤❡ str❛✐❣❤t ❧✐♥❡s ②✐❡❧❞ t❤❡
st♦♣♣✐♥❣ ✐t❡r❛t✐♦♥ ♥✉♠❜❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r
u✱ t ❛♥❞ p ♦♥ Γ1 ♦❜t❛✐♥❡❞ ❜② st♦♣♣✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❛t t❤❡s❡ t❤r❡s❤♦❧❞s ♣r❡s❡♥t❡❞ ✐♥
❋✐❣✉r❡s ✺✱ ✻ ❛♥❞ ✼ ❢♦r p = 1%✱ 3% ❛♥❞ 5%✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥❞✐❝❛t❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ♥♦✐s❡ ✐♥ t❤❡ ✐♥♣✉t ❞❛t❛✳ ❋r♦♠ t❤❡s❡ ✜❣✉r❡s ✐t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ t❤❛t t❤❡
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Exact

Approximation

❋✐❣✉r❡ ✸✳ ❊①❛♠♣❧❡ ✶✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ Γ1✱ ♦❜t❛✐♥❡❞ ❛❢t❡r ✶✵ ✐t❡r❛t✐♦♥s ✐♥
❝❛s❡ ♦❢ ♥♦ ♥♦✐s❡✳

♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❜❡❝♦♠❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛s t❤❡ ❛♠♦✉♥t ♦❢ ♥♦✐s❡ p ❞❡❝r❡❛s❡s✳ ❚❤❡ r❡❝♦✈❡r✐❡s ♦❢
t❤❡ ✢✉✐❞ tr❛❝t✐♦♥ ❛♥❞ ♣r❡ss✉r❡ ♦♥ Γ1 ❛r❡ ❧❡ss ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ t❤❛♥ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ❜❡❝❛✉s❡
♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥✈♦❧✈❡❞✱ ✇❤✐❝❤ r❡s✉❧t ✐♥ ✐♥st❛❜✐❧✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢
♥♦✐s② ❢✉♥❝t✐♦♥s✳

✽✳✷✳ ❊①❛♠♣❧❡ ✷✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♣❡❛♥✉t✕s❤❛♣❡❞ ❞♦♠❛✐♥ ✇✐t❤ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✲
✉r❡ ✶✭❛✮✱ ✇❤❡r❡ r(ϑ) ✐♥ ✭✼✳✶✮ ✐s ❣✐✈❡♥ ❜②

r(ϑ) =

√
cos(2ϑ) +

√
1.1− sin2(2ϑ), θ ∈ [0, 2π), ✭✽✳✷✮

❛♥❞ t❤❡ ❜♦✉♥❞❛r② Γ0 ✐s ❞❡s❝r✐❜❡❞ ❜② Θ = π✱ s❡❡ ❙❡❝t✐♦♥ ✼✳✶ ❛♥❞ ❋✐❣✉r❡ ✽✳ ❆❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✽✳✶✮✱ ✇✐t❤ ξ0 = 0✱ η = 6✱ ❛♥❞ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ M = 40 ❛♥❞
N = 60✳
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✭❛✮ ♣❂✶✪
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✭❜✮ ♣❂✸✪
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✭❝✮ ♣❂✺✪

❋✐❣✉r❡ ✹✳ ❊①❛♠♣❧❡ ✶✿ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ♥♦r♠ ||u2k − ϕnoisy|| ♦♥ Γ0 ✇✐t❤
✐t❡r❛t✐♦♥s ❢♦r ♥♦✐s❡ p = 1%, 3% ❛♥❞ 5%✳

❚❤❡ ▼❋❙ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❡①❛❝t ✈❛❧✉❡s ♦❢ u✱ t ❛♥❞ p ❛❧♦♥❣ ∂Ω ♦❜t❛✐♥❡❞ ❛❢t❡r ✶✵✵✵✵ ✐t❡r❛t✐♦♥s✱
♥♦ ♥♦✐s❡✱ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✾✱ ✇❤✐❧st t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥
✭✼✳✶✷✮ ❢♦r ♥♦✐s❡ p = 1%✱ 3% ❛♥❞ 5%✱ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✶✵✱ ✶✶ ❛♥❞ ✶✷✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
s❛♠❡ ❝♦♥❝❧✉s✐♦♥s ❛s ✐♥ ❊①❛♠♣❧❡ ✶ r❡❣❛r❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s
❝❛♥ ❜❡ ❞r❛✇♥✱ ❛❧t❤♦✉❣❤ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ✐♥ t❤❡ ❝✉rr❡♥t ❡①❛♠♣❧❡ ❞✉❡
t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✬❝♦r♥❡rs✬ ✇❤❡r❡ ❜♦✉♥❞❛r✐❡s Γ0 ❛♥❞ Γ1 ♠❡❡t✱ ✇❤✐❝❤ s❧♦✇ ❞♦✇♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
❛♥❞ ❛✛❡❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛♥② ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳
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Exact

Approximation

❋✐❣✉r❡ ✺✳ ❊①❛♠♣❧❡ ✶✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ Γ1✱ ♥♦✐s❡ p = 1%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
✼ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮✳

✽✳✸✳ ❊①❛♠♣❧❡ ✸✳ ❲❡ ❝♦♥s✐❞❡r ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ Ω ⊂ R
3✱ ✇❤❡r❡

Ω = {(x, y, z)|R2
1 < x2 + y2 + z2 < R2

2}✱ ✇✐t❤ ♦✉t❡r ❜♦✉♥❞❛r② Γ0 t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s R2✱ ❛♥❞
✐♥♥❡r ❜♦✉♥❞❛r② Γ1 t❤❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s R1✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡
t❤r❡❡✕❞✐♠❡♥s✐♦♥❛❧ ❇r✐♥❦♠❛♥ ❡q✉❛t✐♦♥s ✭✷✳✷❛✮✱ ❬✷✹❪✱

u(x, y, z) =

(
cos(x) sinh

(
y + z√

2

)
, sin(x) cosh

(
y + z√

2

)
, sin(x) cosh

(
y + z√

2

))
,

p(x, y, z) = −µλ2 sin(x) sinh

(
y + z√

2

)
. ✭✽✳✸✮

❛♥❞ t❛❦❡ t❤❡ ❈❛✉❝❤② ❞❛t❛ ✭✷✳✷❜✮ ❛♥❞ ✭✷✳✷❝✮ ❢♦r ϕ ❛♥❞ ψ ♦♥ Γ0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❡①❛❝t
s♦❧✉t✐♦♥✳ ❲❡ t❛❦❡ R1 = 1✱ R2 = 2 ❛♥❞ ❝❤♦♦s❡ ξ0 = 0✳ ■♥ t❤❡ ▼❋❙ ✐♠♣❧❡♠❡♥t❛t✐♦♥ s✐♠✐❧❛r t♦
t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✶ ❢♦r ❛ s✐♠✐❧❛r ❛♥♥✉❧❛r ❣❡♦♠❡tr② t♦ t❤❛t ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❛✮ ❜✉t
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Approximation

❋✐❣✉r❡ ✻✳ ❊①❛♠♣❧❡ ✶✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ Γ1✱ ♥♦✐s❡ p = 3%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
✹ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮✳

✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥s✱ ✐✳❡✳ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧✱ ✇❡ t♦♦❦ N/2 s♦✉r❝❡s ♦♥ ❛♥ ✐♥t❡r✐♦r s♣❤❡r❡ ♦❢ r❛❞✐✉s ✸✴✹
✭η1 = 3/4✮ ❛♥❞ N/2 s♦✉r❝❡s ♦♥ ❛♥ ❡①t❡r✐♦r s♣❤❡r❡ ♦❢ r❛❞✐✉s ✶✻ ✭η0 = 8✮✳
❚❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ✇❡r❡ ❞✐str✐❜✉t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ♣❧❛❝❡❞ M2 ♣♦✐♥ts ♦♥ ❛
❣❡♥❡r❛t✐♥❣ s❡♠✐❝✐r❝❧❡ ♦♥ t❤❡ xz✲♣❧❛♥❡ ✇✐t❤ −π/2 < ϕ < ϕ/2 ❛✈♦✐❞✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✱ ❛♥❞ t❤❡♥ ✇❡
r♦t❛t❡❞ t❤✐s s❡♠✐❝✐r❝❧❡ ❛❜♦✉t t❤❡ z✲❛①✐s ✇✐t❤ 0 ≤ θ < 2π ♣r♦❞✉❝✐♥❣ M1 ♣♦✐♥ts ♦♥ ❡❛❝❤ ❝✐r❝❧❡✳ ❚❤❡
r❡s✉❧t✐♥❣ ♣♦✐♥ts ❛r❡ t❤✉s

xm,ℓ = (sin θm cosϕℓ, cos θm cosϕℓ, sinϕℓ) ,

✇❤❡r❡ θm = 2π(m− 1)/M1, m = 1,M1, ϕℓ = πℓ/(M2 +1), ℓ = 1,M2✳ ❚❤❡ ❝♦❧❧♦❝❛t✐♦♥ ❛♥❞ s♦✉r❝❡
♣♦✐♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r s♣❤❡r✐❝❛❧ s✉r❢❛❝❡s ✭t✇♦ ❛♥❞ t✇♦✱ r❡s♣❡❝t✐✈❡❧②✮ r❡q✉✐r❡❞
✐♥ t❤❡ ▼❋❙ ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥ t❤✐s ✇❛②✳ ❆ t②♣✐❝❛❧ s✉❝❤ ❞✐str✐❜✉t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✸✭❛✮✳
❚♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ❛♥❞ s♦✉r❝❡s ♦♥ t❤❡✐r
r❡s♣❡❝t✐✈❡ s♣❤❡r✐❝❛❧ s✉r❢❛❝❡s✱ ✇❡ ❤❛✈❡ ❛❧s♦ ✉s❡❞ t❤❡ s♦✕❝❛❧❧❡❞ ❋✐❜♦♥❛❝❝✐ s♣❤❡r❡ ❛❧❣♦r✐t❤♠✱ s❡❡✱
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❋✐❣✉r❡ ✼✳ ❊①❛♠♣❧❡ ✶✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ Γ1✱ ♥♦✐s❡ p = 5%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
✸ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮✳

❡✳❣✳ ❬✻❪✱ ❣❡♥❡r❛t✐♥❣ ❛ t②♣✐❝❛❧ s✉❝❤ ❞✐str✐❜✉t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✸✭❜✮✳ ❙✐♠✐❧❛r r❡s✉❧ts ❤❛✈❡ ❜❡❡♥
♦❜t❛✐♥❡❞ ❛♥❞ t❤❡r❡❢♦r❡ ♦♥❧② t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡ ❢♦r♠❡r ❞✐str✐❜✉t✐♦♥ ❛r❡ ✐❧❧✉str❛t❡❞✳

❚❤❡ ▼❋❙ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❡①❛❝t ✈❛❧✉❡s ♦❢ u✱ t ❛♥❞ p ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ x2 + y2 = 3/4 ♦♥
t❤❡ s✉r❢❛❝❡ Γ1 ♦❜t❛✐♥❡❞ ✇✐t❤ M = 400✱ N = 512 ❛❢t❡r ✺✵✵ ✐t❡r❛t✐♦♥s✱ ♥♦ ♥♦✐s❡✱ ❛r❡ ♣r❡s❡♥t❡❞
✐♥ ❋✐❣✉r❡ ✶✹✱ ✇❤✐❧st t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮ ❢♦r ♥♦✐s❡
p = 1%✱ 3% ❛♥❞ 5% ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✶✺✱ ✶✶ ❛♥❞ ✶✼✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s
❛s ✐♥ ❊①❛♠♣❧❡ ✶ r❡❣❛r❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥✱
❛❧t❤♦✉❣❤ ♠♦r❡ ✐t❡r❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ❞✉❡ t❤❡ ✐♥❝r❡❛s❡❞ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✾✳ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✐❧❧✕♣♦s❡❞ ❈❛✉❝❤② ♣r♦❜❧❡♠s ❢♦r t❤❡ ❇r✐♥❦♠❛♥ s②st❡♠ ✐♥ ✐s♦tr♦♣✐❝ ♣♦r♦✉s ♠❡❞✐❛ ❤❛✈❡
❜❡❡♥ s♦❧✈❡❞ ✉s✐♥❣ ❛♥ ❛❧t❡r♥❛t✐♥❣ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡✣❝✐❡♥t ▼❋❙ s♦❧✈❡r✳ ❚❤✐s
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1

0

❋✐❣✉r❡ ✽✳ ●❡♦♠❡tr② ♦❢ ❊①❛♠♣❧❡ ✷✳

♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ ✇❛s ♣r♦✈❡❞ t♦ ❜❡ ❝♦♥✈❡r❣❡♥t ❢♦r ❡①❛❝t ❞❛t❛ ❛♥❞ st❛❜❧❡ ✭✐❢ st♦♣♣❡❞ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❞✐s❝r❡♣❛♥❝② ♣r✐♥❝✐♣❧❡✮ ❢♦r ♥♦✐s② ❞❛t❛✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ❜♦t❤ t✇♦✲ ❛♥❞ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ❤❛✈❡ ❝♦♥✜r♠❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✳ ❋✉t✉r❡ ✇♦r❦ ✇✐❧❧ ❞❡❛❧ ✇✐t❤ ❡①t❡♥s✐♦♥s
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❇r✐♥❦♠❛♥ ❡q✉❛t✐♦♥s ✐♥ ❛♥✐s♦tr♦♣✐❝ ♠❡❞✐❛ ❬✶✸❪✳

❉❡❝❧❛r❛t✐♦♥s✳

❊t❤✐❝❛❧ ❛♣♣r♦✈❛❧✿ ◆♦t ❛♣♣❧✐❝❛❜❧❡✳
❆✈❛✐❧❛❜✐❧✐t② ♦❢ s✉♣♣♦rt✐♥❣ ❞❛t❛✿ ◆♦t ❛♣♣❧✐❝❛❜❧❡✳
❈♦♠♣❡t✐♥❣ ✐♥t❡r❡sts✿ ❚❤❡ ❛✉t❤♦rs ❞❡❝❧❛r❡ ♥♦ ❝♦♠♣❡t✐♥❣ ✐♥t❡r❡sts✳
❋✉♥❞✐♥❣✿ ◆♦ ❢✉♥❞✐♥❣ r❡❝❡✐✈❡❞✳
❆✉t❤♦rs✬ ❝♦♥tr✐❜✉t✐♦♥s✿ ❇♦t❤ ❛✉t❤♦rs ❝♦♥tr✐❜✉t❡❞ ❡q✉❛❧❧②✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ◆♦ ❞❛t❛ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❛rt✐❝❧❡✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♦♣❡♥ ❛❝❝❡ss✱ t❤❡
❛✉t❤♦rs ❤❛✈❡ ❛♣♣❧✐❡❞ ❛ ❈r❡❛t✐✈❡ ❈♦♠♠♦♥s ❆ttr✐❜✉t✐♦♥ ✭❈❈ ❇❨✮ ❧✐❝❡♥❝❡ t♦ ❛♥② ❆✉t❤♦r ❆❝❝❡♣t❡❞
▼❛♥✉s❝r✐♣t ✈❡rs✐♦♥ ❛r✐s✐♥❣ ❢r♦♠ t❤✐s s✉❜♠✐ss✐♦♥✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❇❛st❛②✱ ❇✳ ❚✳ ❏♦❤❛♥ss♦♥✱ ❱✳ ❆✳ ❑♦③❧♦✈ ❛♥❞ ❉✳ ▲❡s♥✐❝✱ ❆♥ ❛❧t❡r♥❛t✐♥❣ ♠❡t❤♦❞ ❢♦r t❤❡ st❛t✐♦♥❛r② ❙t♦❦❡s

s②st❡♠✱ ❩❆▼▼ ✽✻ ✭✷✵✵✻✮✱ ✷✻✽✕✷✽✵✳
❬✷❪ ❏✳ ❇❛✉♠❡✐st❡r ❛♥❞ ❆✳ ▲❡✐t❛♦✱ ❖♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ✐❧❧✕♣♦s❡❞ ♣r♦❜❧❡♠s ♠♦❞❡❧❡❞ ❜② ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s✱ ❏♦✉r♥❛❧ ♦❢ ■♥✈❡rs❡ ❛♥❞ ■❧❧✕P♦s❡❞ Pr♦❜❧❡♠s ✾ ✭✷✵✵✶✮✱ ✶✸✕✷✾✳
❬✸❪ ❍✳ ❈✳ ❇r✐♥❦♠❛♥✱ ❆ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡ ❡①❡rt❡❞ ❜② ❛ ✢♦✇✐♥❣ ✢✉✐❞ ✐s ❛ ❞❡♥s❡ s✇❛r♠ ♦❢ ♣❛rt✐❝❧❡s✱

❆♣♣❧✐❡❞ ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤ ❆✶ ✭✶✾✹✾✮✱ ✷✼✕✸✹✳
❬✹❪ ▲✳ ❉✉r❧♦❢s❦② ❛♥❞ ❏✳ ❋✳ ❇r❛❞②✱ ❆♥❛❧②s✐s ♦❢ t❤❡ ❇r✐♥❦♠❛♥ ❡q✉❛t✐♦♥ ❛s ❛ ♠♦❞❡❧ ❢♦r ✢♦✇s ✐♥ ♣♦r♦✉s ♠❡❞✐❛✱ P❤②s✐❝s

♦❢ ❋❧✉✐❞s ✸✵ ✭✶✾✽✼✮✱ ✸✸✷✾✕✸✸✹✶✳
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❋✐❣✉r❡ ✶✵✳ ❊①❛♠♣❧❡ ✷✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ ∂Ω✱ ♥♦✐s❡ p = 1%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
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❬✷✷❪ ❉✳ ▼❛①✇❡❧❧✱ ❑♦③❧♦✈✕▼❛③✬②❛ ✐t❡r❛t✐♦♥ ❛s ❛ ❢♦r♠ ♦❢ ▲❛♥❞✇❡❜❡r ✐t❡r❛t✐♦♥✱ ■♥✈❡rs❡ Pr♦❜❧❡♠s ❛♥❞ ■♠❛❣✐♥❣ ✽

✭✷✵✶✹✮✱ ✺✸✼✕✺✻✵✳
❬✷✸❪ ❈✳ P♦③r✐❦✐❞✐s✱ ❇♦✉♥❞❛r② ■♥t❡❣r❛❧ ❛♥❞ ❙✐♥❣✉❧❛r✐t② ▼❡t❤♦❞s ❢♦r ▲✐♥❡❛r✐③❡❞ ❱✐s❝♦✉s ❋❧♦✇✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②

Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✷✳
❬✷✹❪ ❈✳ ❈✳ ❚s❛✐✱ ❙♦❧✉t✐♦♥s ♦❢ s❧♦✇ ❇r✐♥❦♠❛♥ ✢♦✇s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❋❧✉✐❞s ✺✻ ✭✷✵✵✽✮✱ ✾✷✼✕✾✹✵✳
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Exact

Approximation

❋✐❣✉r❡ ✶✷✳ ❊①❛♠♣❧❡ ✷✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ♦♥ ∂Ω✱ ♥♦✐s❡ p = 5%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r
✻✼ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✭✼✳✶✷✮✳

❬✷✺❪ ❲✳ ❱❛r♥❤♦r♥✱ ❚❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ♦❢ t❤❡ ❙t♦❦❡s r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥s ✐♥ n ❞✐♠❡♥s✐♦♥s✱ ▼❛t❤❡♠❛t✐s❝❤❡
◆❛❝❤r✐❝❤t❡♥ ✷✻✼✲✷✼✵ ✭✷✵✵✹✮✱ ✷✶✵✕✷✸✵✳

❆♣♣❡♥❞✐①

■♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② u = (u1, u2, u3) ❛♥❞ t❤❡ ♣r❡ss✉r❡ p ❜②
uN = (uN1

, uN2
, uN3

) ❛♥❞ pN ✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡

uNi
(x) =

N∑

j=1

(
αjGi1(x,x

′

j) + βjGi2(x,x
′

j) + γjGi3(x,x
′

j)
)
, i = 1, 2, 3, x ∈ Ω, ✭❆✳✶✮
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✸✳ ❚②♣✐❝❛❧ ♥♦❞❡ ❞✐str✐❜✉t✐♦♥s ♦♥ s♣❤❡r❡✳

❛♥❞ t❤❡ ♣r❡ss✉r❡ p ❜② pN ✇❤❡r❡

pN(x) =
N∑

j=1

(
αjP1(x,x

′

j) + βjP2(x,x
′

j) + γjP3(x,x
′

j)
)
, x ∈ Ω, ✭❆✳✷✮

✇❤❡r❡

Gik(x,x
′) =

1

4πµκ2r3
[(
−1 +

(
1 + κr + κ2r2

)
e−κr

)
δik

+
(xi − x′

i)(xk − x′

k)

r2
(
3−

(
3 + 3κr + κ2r2

)
e−κr

)]
, i, k = 1, 2, 3, ✭❆✳✸✮

Pk(x,x
′) =

xk − x′

k

4πr3
, k = 1, 2, 3, ✭❆✳✹✮

✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡✕❞✐♠❡♥s✐♦♥❛❧ ❇r✐♥❦♠❛♥ ❛♥❞ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s ✭✷✳✷❛✮✱
s❡❡ ❡✳❣✳ ❬✷✸✱ ✷✹❪✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ✢✉✐❞ tr❛❝t✐♦♥ t = (t1, t2, t3) ✐s tN = (tN1

, tN2
, tN3

)✱
✇❤❡r❡

tNi
(x) =

N∑

j=1

(
αjDi1(x,x

′

j) + βjDi2(x,x
′

j) + γjDi3(x,x
′

j)
)
, i = 1, 2, 3, x ∈ ∂Ω, ✭❆✳✺✮

✇✐t❤

Diℓ = −Pℓ ni + µ

3∑

k=1

(
∂Giℓ

∂xk

+
∂Gkℓ

∂xi

)
nk, i, ℓ = 1, 2, 3. ✭❆✳✻✮
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Exact

Approximation

❋✐❣✉r❡ ✶✹✳ ❊①❛♠♣❧❡ ✸✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ x2 + y2 = 3/4 ♦♥
t❤❡ s✉r❢❛❝❡ Γ1 ♦❜t❛✐♥❡❞ ❛❢t❡r ✺✵✵ ✐t❡r❛t✐♦♥s ✐♥ ❝❛s❡ ♦❢ ♥♦ ♥♦✐s❡✳

❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♥❡❡❞❡❞ ✐♥ ✭❆✳✻✮ ❛r❡ ❣✐✈❡♥ ❜②✱ ❬✷✹❪✱

∂Gik

∂xj

=
1

4πµκ2r5
{
(xj − x′

j)
[
3−

(
3 + 3κr + 2κ2r2 + κ3r3

)
e−κr

]
δik

+((xk − x′

k)δij + (xi − x′

i)δjk)
[
3−

(
3 + 3κr + κ2r2

)
e−κr

]

+
(xi − x′

i)(xj − x′

j)(xk − x′

k)

r2
[
−15 +

(
15 + 15κr + 6κ2r2 + κ3r3

)
e−κr

]}
, i, j, k = 1, 2, 3.

✭❆✳✼✮
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Exact

Approximation

❋✐❣✉r❡ ✶✺✳ ❊①❛♠♣❧❡ ✸✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ x2+y2 = 3/4 ♦♥ t❤❡
s✉r❢❛❝❡ Γ1✱ ♥♦✐s❡ p = 1%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r ✻✸ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥
✭✼✳✶✷✮✳

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❈②♣r✉s✴ Πανεπιστημιο Κυπρου✱
P✳❖✳❇♦① ✷✵✺✸✼✱ ✶✻✼✽ ◆✐❝♦s✐❛✴Λευκωσια✱ ❈②♣r✉s✴Κυπρος
❊♠❛✐❧ ❛❞❞r❡ss✱ ❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ❛♥❞r❡❛s❦❅✉❝②✳❛❝✳❝②

❉❡♣❛rt♠❡♥t ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ▲❡❡❞s✱ ▲❡❡❞s ▲❙✷ ✾❏❚✱ ❯❑
❊♠❛✐❧ ❛❞❞r❡ss✿ ❛♠t✺❧❞❅♠❛t❤s✳❧❡❡❞s✳❛❝✳✉❦
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Exact

Approximation

❋✐❣✉r❡ ✶✻✳ ❊①❛♠♣❧❡ ✸✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ x2+y2 = 3/4 ♦♥ t❤❡
s✉r❢❛❝❡ Γ1✱ ♥♦✐s❡ p = 3%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r ✸✸ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥
✭✼✳✶✷✮✳
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Exact

Approximation

❋✐❣✉r❡ ✶✼✳ ❊①❛♠♣❧❡ ✸✿ ❘❡s✉❧ts ❢♦r u✱ t ❛♥❞ p ❛❧♦♥❣ t❤❡ ❝✐r❝❧❡ x2+y2 = 3/4 ♦♥ t❤❡
s✉r❢❛❝❡ Γ1✱ ♥♦✐s❡ p = 5%✱ ♦❜t❛✐♥❡❞ ❛❢t❡r ✷✽ ✐t❡r❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥
✭✼✳✶✷✮✳


