UNIVERSITY OF LEEDS

This is a repository copy of Solution of the Cauchy problem for the Brinkman equations
using an alternating method of fundamental solutions.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/211242/

Version: Accepted Version

Article:

Karageorghis, A. and Lesnic, D. orcid.org/0000-0003-3025-2770 (2024) Solution of the
Cauchy problem for the Brinkman equations using an alternating method of fundamental
solutions. Numerical Algorithms. ISSN 1017-1398

© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part
of Springer Nature 2024. This version of the article has been accepted for publication, after
peer review (when applicable) and is subject to Springer Nature’'s AM terms of use
(https:/lwww.springernature.com/gp/open-research/policies/accepted-manuscript-terms),
but is not the Version of Record and does not reflect post-acceptance improvements, or
any corrections. The Version of Record is available online at:
http://dx.doi.org/10.1007/s11075-024-01837-5

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/




SOLUTION OF THE CAUCHY PROBLEM FOR THE BRINKMAN
EQUATIONS USING AN ALTERNATING METHOD OF FUNDAMENTAL
SOLUTIONS

ANDREAS KARAGEORGHIS AND DANIEL LESNIC

ABSTRACT. In this paper, we intend to formulate and solve Cauchy problems for the Brinkman
equations governing the flow of fluids in porous media, which have never been investigated before
in such an inverse formulation. The physical scenario corresponds to situations where part of the
boundary of the fluid domain is hostile or inaccessible, whilst on the remaining friendly part of the
boundary we prescribe or measure both the fluid velocity and traction. The resulting mathematical
formulation leads to a linear but ill-posed problem. A convergent algorithm based on solving two
sub—sequences of mixed direct problems is developed. The direct solver is based on the method
of fundamental solutions which is a meshless boundary collocation method. Since the investigated
problem is ill-posed, the iterative process is stopped according to the discrepancy principle at a
threshold given by the amount of noise with which the input measured data is contaminated in
order to prevent the manifestation of instability. Results inverting both exact and noisy data for
two and three-dimensional problems demonstrate the convergence and stability of the proposed
numerical algorithm.

1. INTRODUCTION

The study of viscous fluid flows is essential when modelling the flow in carbonate reservoirs in
petroleum engineering [15] and porous media [3,4]. Such flows (also called the Stokes resolvent
|25]) can be obtained from the unsteady Stokes equations governing the slow viscous flows of
incompressible fluids through a Laplace-transform-type procedure. Besides other features, the
two—dimensional Brinkman exterior flows do not exhibit a Stokes-like paradox, [18].

In the inverse formulation that we propose — termed the Cauchy problem — one portion of the
boundary is accessible and one can prescribe on it both the fluid velocity and traction, while the
remaining hostile part of the boundary is inaccessible to inspection or measurement. The unique
continuation property of the unsteady Stokes system [5]| may be used to establish the uniqueness of
solution of this Cauchy problem for the Brinkman system. Other features of the investigation will
distinguish between the cases when the over— and under—specified disjoint boundaries are open or
closed curves/surfaces. The solution to the linear but ill-posed inverse Cauchy problem will be
found by extending the alternating algorithm developed in conjunction with the boundary element
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method in [1], where the corresponding Cauchy problem for the Stokes flow was solved. The well-
posedness of the mixed problems [12] that need to be solved at each iteration are established in
suitable function spaces. Furthermore, recasting the differential boundary value problem (BVP)
into an equivalent boundary integral form (based on employing the fundamental solution for the
Brinkman system developed in [23]|) constitutes an important asset to the analysis and to the
numerical implementation based on the method of fundamental solutions (MFS), [11,24].

The plan of the paper is as follows. The mathematical formulation of the general problem under
consideration is given in Section 2, while the definitions and notation employed in the analysis
are provided in Section 3. In Section 4 we describe the alternating algorithm to be used for
the solution of the Cauchy problem. The unique solvability of the two BVPs involved in the
alternating algorithm, as well as a convergence proof of the algorithm are proved in Section 5. In
Section 6 a description of the application of the MFEFS with the proposed algorithm is detailed,
and in Section 7 we present some implementational considerations related to the technique. The
results of several numerical experiments in two and three dimensions are analysed in Section 8
and, finally, in Section 9 some conclusions and ideas for future work are outlined.

2. MATHEMATICAL FORMULATION

The dimensional forms of the Brinkman equations modelling the viscous incompressible fluid flow
through a bounded porous medium 2 C R, where d = 2 or 3, are given by [16]
in Q (2.1)

V-u=0
where (p, @) are the (superficial) pressure and velocity of the fluid flowing through the porous
medium, K is the permeability of the porous medium, f is the dynamic fluid viscosity and g, is
the effective (dynamic) viscosity associated with the Brinkman term that is added to the classical
Darcy equation to model more accurately fluid flows in highly-porous media. Before performing
any analysis all quantities should be non-dimensionalised. Let us introduce the non-dimensional
variables

u=1u/uy, &==a/a, p=pa/(fing),

where a is a characteristic length dimension of Q) and ug is a characteristic fluid speed. Then, in
non-dimensional form the system (2.1) recasts as [11]

1
Au—=-Vp—r?u = 0
H oQ (2.2a)

Y

V-u=0

where Q denotes the domain Q scaled with its characteristic length dimension a, u = j. /[ is
the viscosity ratio and k? = a?/(uK) represents the non-dimensional resitivity of the porous
medium. For simplicity, we have assumed that there are no external forces in the system, but a
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non—-homogeneous known or unknown force term may also be considered in the right—hand side
of the first equation of (2.2a), see [19,20].

In the Cauchy problems analysed in this paper we consider applications in which the boundary
Q) (assumed sufficiently smooth, e.g. of class C') consists of a friendly portion Ty accessible
to measurement whilst the remaining part I'y = 0Q\I'y is unfriendly or hostile to measurement
due to exposure to harsh environmental conditions, e.g. high temperatures/pressures. In such a
situation, we prescribe the Cauchy data

u=¢ on Iy, (2.2b)
and
t=1 on Ty, (2.2¢)
where t represents the non-dimensional fluid traction defined by
t— <—pI Yo (Vu n (vu)T)) n, (2.3)

where I is the identity tensor and n is the outward unit normal to the boundary 0€2. In obtaining
(2.3), the dimensional fluid traction defined by

i = (—]31 + e (va + (va)T>) n,

has been dimensionalised with ¢ = ta/(uofi). Remark that, from the continuity equation in (2.2a)
it follows that |, 50 W dS = 0, but this condition is not required in the analysis since the Dirichlet
velocity data is not prescribed over the whole boundary 0f2.

The two possible geometries for the problem under consideration are presented in Figure 1. For
the geometry of Figure 1(b), where the sub-boundaries I'y and I'; are closed and disjoint curves,
one can extend, in principle, the iterative methods (Landweber, conjugate gradient or minimal
error) developed in [8] for the Stokes system. However, if Iy and I'; are open curves with common
"corner" points, as in Figure 1(a), one has to modify these iterative methods in appropriately-
weighted L? spaces, |7], or to apply the alternating algorithm described in Section 4 below.

The above Cauchy problems have been investigated for the scalar Laplace and Helmholtz equa-
tions, the vectorial Stokes and Lamé equations, as well as the coupled thermo—elasticity system in
references |1,9,14,17] to name only a few, and the purpose of this paper is to extend the inverse
analyses for solving the Cauchy problem for the Brinkman system given by (2.2).

3. DEFINITIONS AND NOTATION

Let © be a bounded domain in R, with d = 2 or 3, with a sufficiently smooth boundary 952 for the
functions defined in the sequel to make sense. Let H'(f2) denote the Sobolev space of functions

with the finite norm
1/2
[ (/ u2+/ yw?) |
0 o)
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r

0

Brinkman flow in

Brinkman flow in

FIGURE 1. Schematics of the inverse problem under investigation: (a) ToNTy #0
and (b) Ty NIy = 0.

The subspace of functions in H'(Q2) which vanish on 92 is denoted by HJ(€2). Similarly, we define
by H{ (Q) the subspace of functions in H'(€2) vanishing on I'; for i = 0 or 1. Let H'2(9Q) be
the space of traces of functions from H'(2) with the finite norm

lullson = [ @yastay+ [ [ P20 ’st<w>ds<y>)1/2. (31

By replacing 0 by I'; in (3.1), we obtain the spaces H'/2(I';) for i = 0 or 1. Finally, we define

Hl/2 (To) :=={u € HY2(09) with u|p, = 0}

with the finite norm

2l wle) — ()2 1/2
HUHH&{?(FO) = </F0 mds(m) + /FO . | (|;2= — y%” ds(x) ds(y)) : (3.2)

Similarly, one can define H&éQ(Fl). In what follows, the product of d samples of a space X is
denoted by X?. We also denote by X* the dual of X.




BRINKMAN EQUATIONS 5

4. ALTERNATING ALGORITHM

In the iterative alternating algorithm for solving the Cauchy problem (2.2), we employ the following
two mixed BVPs:

( 1
Au——Vp—r*u=0 in Q,

1
V-u=0 in €, (4.1)

t= 5 on Fh

L U= on [y,

and
4

1
Au—~Vp—r>u=0 in €,
1

V.u=0 in (4.2)
u=mn on I,
\ t = 17[) on F07

where ¢ € HY/2(I'g)? and v € <H362(F0)d> are the same as in (2.2b) and (2.2¢), respectively.

The alternating algorithm is as follows, (see [1,2,9,14, 22| for Cauchy problems for other elliptic
operators):

Algorithm

Step 1: The first approximation (wg,pp) is obtained by solving BVP (4.1)
with the initial guess £ =&, € (H&{Q(Fo)d) .

Step 2: Having constructed (wox,p2x), we find (woxi1,Poks1)
by solving BVP (4.2) with n = ug on T'.

Step 3: The next approximation (wgxio,poki2) 1S obtained by solving
BVP (41) with E :t2k+1 on Fl.

Step 4: The alternating algorithm is continued until a prescribed
stopping criterion is satisfied.

5. THEORY

In this section, we extend the theory of [1] developed for the stationary Stokes system to the
Brinkman system, which differs by the addition of the term —x?w in the first equation of (2.2a).
Although the analysis becomes more involved by the presence of extra terms needed to be con-
sidered, the qualitative arguments are actually simpler, e.g., there is no need to employ Korn’s
inequality, and results slightly stronger, e.g., the operator B defined in (5.32) below is positive in
the Brinkman case k > 0, see section 5.2.1, whilst in the Stokes case with £ = 0 the operator B
is only non-negative.

We say that u € HY(Q)? and p € L?*(Q) form a Brinkman pair if V-« = 0 in  and

1
/[u,v]——/pv-v—l—/iz/u-vzo, Vo e HY(Q), (5.1)
Q Q Q

!
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fmo=g [ 3 (55 (5 52) o2

Remark that if (u,p) € H*(Q)? x H'(Q) is a solution of (2.2a), then it is also a Brinkman pair.
Indeed, since V - u = 0 we can rewrite the first equation in (2.2a) as

S 2y —0inQ, i=T1.d
Z « Oz (895] 8@-) pox; R =0 k), i=1,d

Multiplying this by v; € H*(), integrating by parts and summing over i yields

/mt.v:/QPV.U—/QQM/Qu-U—u/Q[u,U], Vo e HY(Q) (5.3)

Thus, if v € H} (2)? then (u, p) is a Brinkman pair.

where

Using relation (5.3), we can now define the fluid traction ¢ for an arbitrary Brinkman pair
(w,p) € HY Q) x L*(Q). For this, let us introduce the linear functional on H'/2(9Q)¢ de-

fined by
G¢) = [ pVv—n [ fwo] =i [ weo, (5.4

where v € H'(Q)? and v|go = ¢. This definition does not depend on v since (u,p) is a
Brinkman pair. From the definition of the space H'/2(9Q)? of traces of functions from H'(Q)?
with the finite norm (3.1), for ¢ € H'2(9Q)? there exists v € H'(Q)? such that v|gq = ¢ and
[vllai@e < cl[Cllmi/20)e, where the constant ¢ > 0 does not depend on ¢. This inequality
together with the definition of G in (5.4) yield

1G] < a1 (|wllm oy + 1Pl 2@) ol r@ype < o (|wllmoe + plle2w) €] areeaes  (5-5)

which implies that the functional G is bounded on the space H'/2(99)%. We shall use the notation
(2.3) for this functional belonging to H~/2(92)?. Using the standard continuous extension of the
scalar product in L?(0Q)? to HY/2(0Q)% x H/2(0Q)%, we can write the functional (5.4) as

Gl = [ ¢ (5:5)
o0
This extends (5.4) to all Brinkman pairs (u, p) € H*()? x L?(2). The estimate (5.5) implies that
1Elli-1/200000 < 2 (1l + 1Ipll22(@) - (5.7)
The restriction of t to I'g, where (u,p) € H*(Q)? x L?(Q) is a Brinkman pair, is understood as a
functional on HSéQ(FO)d, and hence belongs to the space <H§(§2(Fo)d>*
We now give a condition which guarantees that t|r, € (HY2(Ig)?)".

Lemma 1. Suppose (u,p) € H Q) x L*(Q) is a Brinkman pair. If t|p, € (HY*(I1)%)" , then
tlr, € (HY*(To)?)".
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Proof. For ¢ € H'/2(Ty)¢ define the functional

F(C)::/va-'v—,u/g[u,v]—/ﬁzu/guﬂv—/ntﬂv, (5.8)

where v € H'(Q)¢ and v|r, = ¢. According to (5.3), it is enough to prove that (5.8) is well-defined
and bounded. For this, first let us choose v1,vy € H'(Q)? such that vy|r, = ¢ = va|r,. Then,

(v1 — v2) |aq € HSéQ(Fl)d. Since (u,p) is a Brinkman pair, from (5.3) we have

/QpV-('vl—vQ)—u/Q[u,vl—vg]—/ﬁ%/{lu-(vl—vg):/Flt-(vl—vg).

Thus, the functional F in (5.8) is well-defined. To show that F is bounded, let v € H!(Q)¢ with
'U’Fo C and ||’UHH1 )d < CHC||H1/2 (To)d+ Then

FO < ex (Il s + 1Pl + 1] vz oy ) 10l s

< ca (|l sy + lIpllzzie) + 181l gy ) 1€ i sacrope (5.9)

This implies that the functional F is bounded on HY2(To)% If we let ¢ € Hy)*(To)?, then using
(5.3) and (5.8) we obtain that F = t|r,, and therefore t|r, € (HY%(T'y)?)", which completes the
proof of the lemma. O

This lemma enables us to define the weak solution of the Cauchy problem (2.2) with ¢ € H'/2(T)¢
and 9 € ( HY(Ty)* ) . as a Brinkman pair satistying (2.2b)—(2.2c).

5.1. Solutions to the mixed direct problems (4.1) and (4.2). Given n € HY?(I';})? and
NS ( 1/2(F0) ) , the pair (u,p) € HY(Q)? x L?(Q) is a weak solution of BVP (4.2) if V-u =0
in Q, u=mnon Iy and

¢-v:/pv-v—ﬁ2u/u-v—u/[u,v], VveH%l(Q)d. (5.10)
To Q 0 0

Notice that a weak solution of BVP (4.2) is a Brinkman pair and that ¢ = 1) on I'g. Conversely,
if (u,p) is a Brinkman pair with u =n € H/>(I'}))?on 'y and t = 1) € ( 1/2(F0) ) on I'y, then
(u,p) is a weak solution to BVP (4.2).

Similarly, letting ¢ € HY?(T)? and & € (Hgéz(Fl)d>* be given, the pair (u,p) € H' ()% x L*(Q)
is a weak solution to BVP (4.1)if V-4 =01in , u = ¢ on I'y and

/Flﬁ-v:/Slpv-v—/izu/gu-v—ﬂ/g[u,v}, VUEHI{O(Q)d_ (5.11)

To prove the well-posedness of the direct mixed BVPs (4.1) and (4.2) we also need the following
lemma [1, Lemma 5.1].
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Lemma 2. Let g € L*(Q). Then there exists w € Hp (Q)? satisfying
Viu=q in Q (5.12)

and
u|l gy < cllgllz2@) (5.13)

where the positive constant c is independent ofq and u.

Theorem 1. (i) Let p € HY?(Ty)? and & € (HgéQ(Fl)d> . Then there exists a unique solution
(u,p) € HY(Q)? x L*(Q) to the direct mized BVP (4.1), which satisfies the stability estimate

el + ol < ¢ (Nl + €0 g ) (5.14)

(ii) Let n € HY*(T))? and ¢ € ( 1/2(F0) >* Then there ezists a unique solution
(u,p) € HYQ)? x L%*Q) to the direct mized BVP (4.2), which satisfies the stability estimate

el + Wl < e (il + 181 gy ) (5.15)

Proof. We only prove (i). Due to the linearity of BVP (4.1), let (u,p) € H*(Q)? x L*(Q) be a
solution of it with u = ¢ =0 on I'y and t = € = 0 on I';. Then, from the definition (5.11) of
a weak solution to BVP (4.1), taking v = u € H} ()% and using that V-« = 0 in  and that
t =& =0 on ['}, we obtain

/Q {u, ] + #%ul?} = 0. (5.16)

This implies that w = 0 in Q. Next, since p € L*(Q), from Lemma 2 there exists v € Hf, (Q2)?
satisfying V- v = p in Q. Using this v in (5.11), we get that [, p* = 0, which implies that p = 0
in Q. Hence, the solution to the mixed BVP (4.1) is unique.

Let us now prove the existence of a solution. Consider first the case when ¢ = 0 on I'y. Then
from (5.11), a weak solution (u,p) € H' ()4 x L?(Q2) to BVP (4.1) will satisfy

1
/Q{[u,v]%—ﬁ'?u-v}:—;/r £ v, VUEV::{UEH%O(Q)d]V~v:0inQ} and u € V.
1

(5.17)
Since the right-hand side of (5.17) is a linear bounded functional on the space V', by the Riesz
representation theorem it follows that there exists u € V satisfying (5.17) and

sy < €l g oy (5.18)

To show that p € L?(Q) exists such that relation (5.11) holds, let us define the linear functional
P on L*(Q) by

P(q) ::u/ﬂ{[u,v]+f<¢2u-v}+ A £ v, (5.19)
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for every v € H{ () with V- v = ¢ in Q. This is well-defined since if we take vy, v, € Hf ()7
with V - vy = V - vy, then

P(V-vy)—P(V-vy) /{uvl—vl]+ﬁu ('vl—v2}+ £ (v —vy) =0,
where for the last term in the above we have used (5.17) for v = v;—wvy € V. Now, using Lemma 2,

for any q € L*(€2) there exists v € H} ()¢ satisfying V- v = ¢ in Q and ||v|[1 0y < ¢|lql|120),
which, based on (5.19), yields the estimate

)] < (||u||H1 o+ 1€l )*)Hqupm (5.20)

This implies that the linear functional (5.19) is bounded on L?(£2) and by the Riesz representation
theorem is follows that there exists p € L?(Q) such that

/pV-v:u/{[u,v]+/<2u-v}+ £-v, VveH (Q)° (5.21)
Q Q Iy
which is the definition of the weak solution in (5.11). Hence, in the case ¢ = 0 we have proved

that a solution (u,p) € H'(Q2)¢ x L*(Q) exists. Moreover, from (5.19) and (5.21) we have that
P(p) = J,p* and from (5.20) it follows that

220y < e (s + el ) ) (5.22)

Consider now that the Dirichlet data ¢ is arbitrary in H'/2(T3)¢, and denote by ¢ € HY/2?(02)?
an extension of ¢ to 0f) satisfying

/ @-n=0 and ||@[|g2p0 < cll@llmmy)a (5.23)
o9

Then from [21], there exists a unique solution (w,p) € H'(Q)? x L2() to the direct Dirichlet
problem

1
Au—=-Vp—r>u=0 in €,

0
Vou=0 in Q (5:24)
u=¢@ on 01,
where L}(Q) := {p € L*(Q)| [,p =0} = L*(Q)/R. Moreover, from (5.23) and [21]
@] g1 (e + |l 2@)r < all@lmiooe < callell iz, (5.25)

From the weak solution definition (5.10) or (5.11) applied to the Dirichlet problem (5.24) it follows
that (4@, 7) is a Brinkman pair and that € := ¢ € H-Y/2(9Q)%. Then from (5.11) we have

M/Q{[a,v]m%-v}—/gﬁv-v:o, Vo € HH(Q) (5.26)
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Also, from (5.11), we have
u/{[ﬂ,v]—i—/iQﬁ-v}—/ﬁVm:— §-v, Yove (H, ()" (5.27)
Q Q '

Now let (w,p) € H'(Q)? x L*(2) be the weak solution to problem (4.1) with @ = ¢ = 0 on I,
and t = £ — & on I'}, which exists and is unique by the previous arguments. Therefore, from (5.21)
it satisfies

lﬁv-v:ué{mn¢+ﬁﬂn@+z;@—é)v,vveHgmﬁ. (5.28)

Then, (u,p) := (@,p) + (w,p) is the required solution of BVP (4.1), which satisfies (5.11) by
subtracting (5.27) from (5.28). Finally, the stability estimate (5.14) follows from (5.18), (5.22)
and (5.25). This concludes the proof of the theorem. O

Before we address the convergence of the alternating procedure described in Section 4, we give a
reformulation of the Cauchy problem (2.2).

5.2. Reformulation of Cauchy problem (2.2). We introduce the auxiliary operator
Dr, : H/2(T)® = HY (Q)? x L*(Q) defined by Dr,np = (u,p), ¥Yne HY*(T)),  (5.29)
where (u,p) solves BVP (4.2) with ¢ =1 = 0 on Iy, and

(
Ty, - <H1/2(r1) ) S HYQ) x LX(Q) defined by Tp, & = (u,p), VE € ( HYA (T, ) ) (5.30)
(

where (u,p) solves BVP (4.1) with u = ¢ = 0 on I'y. From (5.14) and (5.15) it follows that the
operators Dr, and 11, are bounded. Let us also define

Dr,¢ = (u,p) = the solution of (4.1) with ¢ = 0 on Ty,

Tr,%¥ = (u,p) = the solution of (4.2) with w =0 on I';
and
II (w,p) = u, Ar, = t|r, and I, (u,p) = ulr, for i =0, 1.

Now we can reformulate the Cauchy problem (2.2), as follows. Let & € <H562(F1)d)* and denote

by (wg,po) the solution of BVP (4.1). Clearly, (uo,po) = Tr,€ + Dr,. Now let (uq,p;) be the
solution of BVP (4.2) with uw = 1 = wy|r,. Clearly, (w1, p1) = Tr %+ Dr, Ir, (o, po). It is easy to
check that (uy,py) € HY(Q)? x L*(Q) is a solution of (2.2) if and only if & satisfies Ap, (w1, p1) = €.
We rewrite this equation as
£=DBE+h, (5.31)
where
B€ = ArlDrlnrlTF1£ and h = AF1 (DF1HF1DFOQO + TFO'QL') . (532)
Since the operators Dr, and T, are bounded, combined with (5.7) this implies that the operator

B: (Hl/Q(Fl) ) — <H01(<2(F1)d>* is bounded and that h € (Hl/z(f‘l) ) :
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As in [1, Section 7.2|, an equivalent norm in (HgO/Q(Fl)d> is given by

nm%zuéﬂwm+«%ﬁh (5.33)

where (u,p) = 11, &. The corresponding scalar product is defined as

£, = ’“‘/Q {fu,v] + K2u - v} | (5.34)

where (u,p) = 11, § and (v, q) = 11, (.

5.2.1. Properties of the operator B. We show that in addition to being linear and bounded,

the operator B is also self-adjoint, positive (if x > 0), non-expansive and does not have 1 as

an eigenvalue. Let & € (H&éQ(Fl)d> and denote (vo,q) = Tr,&, (v1,q1) = Dr,(vo|r,) and

(v2,q2) = Tr,Ar, (v1,q1). Taking another element ¢ € <H0162(F1)d> , denote (wo,r9) = 11,(,

(wy,7) = Dr,wo|r, and (wa,73) = T, Ar, (w1,71). Then, using the corresponding boundary
conditions on vy and wy yields

(BE,¢) = —/mtg('ug) cwo = —/BQ ti(vy) wy = /L/Q {[v1,w1] + ko1 - w: } = (v1, wy).

In a similar way, we can obtain that

(€, BC) = —/mb(wz)'vo = —/{mh(wl) gl ZM/Q{[UJMM] +Rw; v} = (w,v).

Hence, the operator B is self-adjoint. To show that B is positive remark that if 0 # & €
(H(%Q(Fl)d) then vy # 0 and (BE,€) = ||v1||* > 0. To show that B is non-expansive remark
that using (5.33), (5.38) and (5.39) with u; = vy for k =0, 1,2, we obtain

1861 =1 [ {202 + 2o} < o [ {lon,vol + o’} = €]
Q Q

Finally, if 1 were an eigenvalue of B, then there would exist 0 # &, € (HgéQ(Fl)d) such that

B¢, = £,. This would mean that &, = t3(vs)|r, = ti(v1)|r, and since vi|r, = vo|r, this implies
that (v1,q1) = (vo, qo) because of the same Cauchy data on I'y. Furthermore, since vg|r, = 0 and
t1(v1)|r, = 0, this implies that (v, go) = (0,0) and hence &, = 0.

We can now address the convergence of the alternating procedure described in Section 4.
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5.3. Convergence of the alternating procedure.

Theorem 2. Let p € HY/2(['y)? and v € (H%Q(Fo)d> . Assume that the Cauchy problem (2.2)
has a solution (u,p) € H*(Q)? x L*(Q). Let (uy,px) be the k—th approzimate solution in the
alternating procedure described in Section 4. Then, for any initial guess & € (HSéZ(FO)d> , we

have that
lim |Jux — u|[grpe =0 and  lim ||px — pl|r2@) = 0. (5.35)
k—o0 k—o0

Proof. If we start with the initial guess & being the exact fluid traction on I'y, then we can
immediately see that (uy, py) is equal to the exact solution of the Cauchy problem for any k € N.
Thus, it is sufficient to prove the convergence relation (5.35) for the trivial solution (u,p) = (0,0)
for zero Cauchy data ¢ =1 = 0 on T'y. Following the ideas developed in [1,14], since u, = 0 or
t, = 0 on Iy, from (5.3) we have

”/Q (i wid + R} = —/F P (5.36)
In the same manner, since ug, = 0 on Ty, applying (5.3) Wit;l V = Ug and u = ug,_1, we obtain
/L/Q {[U2k—1, wgy] + Ko - U2k} = —/F tok—1 - Wak. (5.37)
Also, since to = tox 1 on I'y and using (5.36), from (5.37) we ollotain that
/J/Q {[U2k—1,u2k] + K U1 - U2k} = M/Q {[U2k, U] + fi2|u2k|2} -

This implies that

/ {[Uzk — U1, Usk — Ugk—1) + K7 Ugk — U2k—1|2}
Q

= / {{uar—1, war—1] + & |un1 [’} — / {[ua, uar] + £ ua]? } (5.38)
Q Q

Similarly,

/ {[U2k+1 — Usi, U1 — U] + K |Uokpr — U2k|2}
Q

= / {[won, uan] + £ |ua|*} — / {[wores1, warc1] + £ waii [} - (5.39)
Q Q

One may easily observe that ug, = uo(B*¢) for all k € N, and from the properties of operator
B described in Section 5.2.1, we obtain that ug, — 0 in H*(Q)?. Moreover, relations (5.38) and
(5.39) imply that

/ {[uar—2, wox—o] + K |uon—o|*} > / {[uar—1, wok—1] + £ |uo1|*} > / {{war, wor] + £ luok |’}
Q Q Q

which yields ug_1 — 0 in H1(2)%. Overall, we have that u, — 0 in H'(Q)<.
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To show that p, — 0in L?(Q), first from Theorem 1(ii), we can estimate the solution (a1, pai1)
of BVP (4.2) with ¢ = 0 as, (see (5.15)),

wai1|| g @ye + P2 llz2) < ellwad [ gz,

which implies that py; — 0 in L?(2). Next, from Theorem 1(i), we may estimate the solution
(Uok+2, Poxt2) of BVP (4.1) with ¢o = 0 as, (see (5.14)),

ool g1y + [|P2arsal|z2 @) < C||t2k+1|’< )
Observing that
lokt1 = (—P2k+1 I+u (VUQkJrl + (Vu2k+1)T>) n

and using that py. 1 — 01in L*(Q) and uy, — 0 in H(Q)? it follows that py, — 0 in L?(Q2). Thus,
overall, p, — 0 in L?(Q) which completes the proof of Theorem 2. O

6. THE METHOD OF FUNDAMENTAL SOLUTIONS (MFS)

In two dimensions, we approximate the fluid velocity w = (uy, u2) by uny = (un,, un, ), where

N
uy, () = Z (0;Gir(z, x}) + B,Gio(x, ), i=1,2, xe€Q, (6.1)
j=1
and the pressure p by py where
N
Z o Py(x,x)) + B;Pa(x, x))), x €, (6.2)
7=1
where (:13;) _1v are sources located outside the solution domain Q and (Gij); jor o and (F)i_; 5

represent the fundamental solution of the two-dimensional Brinkman and contmulty equations
(2.2a) given by, see e.g. [11,23,24],

Gi(z,x') = S [(=1+ wrKi(kr) + k*r* Ko(kr)) 0y
+(xi — xZ)r(? (i (2 = KKy (kr)) |, i,k=1,2, (6.3)
/
Pum,a) ="k p=12 6.4
k(CC,CU) 27TT2 ) ) &y ( )

where = (21, 22), ®' = (2}, 25), r = | — &'|, (0i), ,_, o 15 the Kronecker delta tensor, and K, is
the modified Bessel function of the second kind of order n.
The fluid traction t = (t1,t5) is approximated by ¢ty = (tn,, tn,), where

N
ty, (@) =Y (a;Di(x, @) + B;Dp(m,x})), i=12 xcdQ, (6.5)
j=1
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where oG 0Gy G
_ 11 21 11
Dn— P17”L1+,U<261n1 <81 8,’1‘2) )
D= (220 4 (202, 902) )
8 T 8562
B Gn) ,, ;5%
DZI—_P1n2+M(<8x2 8x1> )
D22 = —P2 No + % (<8G12 aG22> ny + 2 8G22 nQ)
8I1 81’2
where [24]

IG . (. 2) = {(,
dxj 27T;m27‘4

+ (2 — 23,)035 + (2 — ) d5n) (2 — K*r° Ko (k)
(i — ) (w; — o) (wx — 27)

+ - [—8 + K1 K (kr)] } . 0,5, k=1,2, (6.6)

[2 — K rQKg(m’) — KPr Kl("”ﬂ Oik

see also [11, Appendix| for alternative forms. The corresponding expressions in three dimensions
are provided in the Appendix.

We also place the collocation points (2;,),,_13; on I'o and the collocation points (:n),,— 377237
on I';. Collocation of the M boundary conditions for u and ¢ at (alternatively) the M collocation
points on I'y and the M collocation points on I'y, yields 4M equations in the 2N unknowns
(aj);_1 and (B;),_7. This leads to a system of the form

n a n
AW {B] _ p. (6.7)
where the matrix A € R*™>2N for m =1, M; j =1, N, is defined by either
Agrr: Gll(wnm ) Agrl:)NJr] Gl?(mﬂ% ) Ag\l/ql)er] Gzl(wm’w;)’ Ag\r/lf)er,NJrj - Ggg(ﬂim,ﬂ);),

Ag}\)ﬂm,j = Du(xm, w;), Agzl\)ﬂm,NJrj = Diz(xm, :c;),

A:(’:Jl\)ﬂm,j = Dy (2, ), Ag}\)ﬂmwﬂ = Dyy(xy, @) for n =2k, keN,
or

ASL]) Dll(m’rrm ) AS;)N'FJ - D12(mm7 ) Ag\;)_,’_mj — DQl(iL‘m, ) Ag\;—f—m N+tj = DZQ(wm; m;)’
Ag]l\)ﬂ—‘rm ] Gll(mmy m;); Ag]l\}_,_va_’_j == GlQ(ZBm, w;),
Aélzl&mj G (Tm, ) A;(;Jlmrm Ntj = GQQ(CL’m,CL‘;) for n=2k+1, ke N.
Also, a = [aq, g, . .. ,aN] and 3 = [p1, s, . .. ,BN]T. Finally,

£ — {gp} for n =2k ke N,
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or

f(n):{:]p]7 for n=2k+1, keN,

where, with the notation of the algorithm (with the understanding that t, = &,) described in
Section 4,

En:tnv n, = Un+1, n € N.

Clearly, in the application of the algorithm, each of the above two matrices only need to be
computed once.

7. IMPLEMENTATION DETAILS

We consider the two configurations presented in Figure 1.

7.1. First configuration. We first examine the case displayed in Figure 1(a). Assuming that
the boundary 02 is a smooth, star-like curve with respect to the origin, in polar coordinates the
equation of 0f) is

x = (x,y) =r() (cosd,sinv), v € 0,27), (7.1)

where r is a smooth 2w—periodic function. Moreover, let us assume that the portion of the
boundary I'g is covered by 0 < ¢ < O, where © € (0,27). We place M collocation points on I'y
as follows:

T = 1(Up) (cO8Vpy,sinty,), V= (m—1)0/(M —1), m=1, M. (7.2)

We also place M collocation points on I'; as follows:

Trrem = r(Up) (cos@m,sm@m> , U =0+m@2r—0)/(M+1), m=1, M. (7.3)
Moreover, we take N sources on the pseudo—boundary 02" given as

& =nr(p)) (cosy;sing;), ¢;=2m(j —1)/N, j=1,N, (7.4)
where the magnification parameter n > 1.

In the general case when 0 does not have a polar representation (7.1), we place 2M bound-

~ YN
ary collocation points {wm}fnj\il on it. We also place the points {5]} on 02 and instead of
j=1
expression (7.4) for the sources, we take
éj:azc—kn(gj—wc) for j =1, N, (7.5)

where x. is the geometric centre of ).
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7.2. Second configuration. We next examine the case displayed in Figure 1(b). We assume
that the boundaries I';, 2 = 0, 1, are smooth, star-like curves with respect to the origin with polar
equations

x = (x,y) =ri(9) (cos¥,sind), v € [0,2m), (7.6)

where r;, © = 0,1, are smooth 2r—periodic functions. We place M collocation points on I'y and
I'y, respectively, as follows:

T =10(Vm) (co8Vy,sinty,), Uy =2m(m—1)/M, m=1,M, (7.7)
and
Zrrem = 11(Up) (€08 VU, sinVy,), Oy = 2m(m —1)/M, m =1, M. (7.8)
We also take N/2 sources on the pseudo-boundaries I'j and I'}, respectively, as follows
& =moroley) (cospy,sing;), ¢y =4n(j —1)/N, j =1,N/2, (7.9)
and
Enpaes = Mi(p;) (cosysingy), ;5 =4n(j —1)/N, j=1,N/2, (7.10)

where the magnification parameter 7y > 1 and the contraction parameter 0 < 7, < 1.

Remarks. In the general case when ['y and I'y do not have a polar representations, arrangements
similar to those described in Section 7.1, see (7.5), can be applied for the distribution of the sources.
Also, in three dimensions, the curves I'y and I'; replaced by surfaces and the discretization of the
boundary 0f) is similar, using spherical coordinates.

7.3. Stopping criterion. Instead of the boundary condition (2.2b) we shall consider the noisy
data

Qon()isy(wm) - (1 + me) So(wm)? m=1,M, (7'11)

where (Xm),,—137; are pseudo-random numbers generated from a uniform distribution in [—1,1]
and p represents the percentage of noise. We stop the iterative process according to the discrepancy
principle at the first k for which

[l = @™ < lop — ™|, (7.12)

k

where the fluid velocity solution w? = [uy, (1), ..., un, (€ar), un, (€1), - . ., un, (ar)]" is calcu-

lated at the k*'-iteration.

8. NUMERICAL EXAMPLES

In all examples considered in this section we took © = 1 and k = 2, while mentioning that
numerical results presented in [10] in the case of exterior Brinkman flows did not show significant
change in accuracy when these non-dimensional parameters were varied.
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8.1. Example 1. We consider an annular domain, see Figure 1(b), where

Q= {(x,y)|R? < 2* + y* < R%}, with outer boundary Ty the circle of radius Ry, and inner bound-
ary I'y the circle of radius Ry, see [1]. We consider the exact solution which satisfies the Brinkman
equations (2.2a), [24],

u(z,y) = (cos(x)sinh(y),sin(z) cosh(y)) and p(x,y) = —uA? sin(z) sinh(y), (8.1)

and select the Cauchy data (2.2b) and (2.2¢) for ¢ and % on 'y corresponding to this exact
solution. We also take Ry =1, Ry = 2 and choose £, = 0. In the MFS implementation described
in Section 7.1, we took N/2 sources on an interior circle of radius 3/4 (1, = 3/4) and N/2 sources
on an exterior circle of radius 10/3 (9 = 4/3). Numerical results obtained with M = 40 and
N = 60 are presented and discussed.

In Figure 2 we present the variation of the norm of the error ||u —u?|| on the boundary I'; versus
the iteration number for no noise in the data (2.2b), i.e. p =0 in (7.11). From this figure it can
be seen that rapid convergence is achieved after only 10 iterations of the alternating algorithm
described in Section 4. The corresponding numerical solutions for w = (uy,us2), t = (t1,12) and
p on I'y obtained after 10 iterations presented in Figure 3 are in excellent agreement with the
analytical solutions derived from (8.1) and (2.3).

Norm of error in u on I'y

167
12} \
— b\
E/ \
—
8 0.8 \
= \
M oosf \
04
0.2 i B
0 ! ! ! ! ! !
1 2 3 4 5 6 7 8 9 10
iteration

FIGURE 2. Example 1: Variation of the error norm ||u —u?|| on I'; with iterations
in case of no noise.

Next we investigate the stability of the numerical solution with respect to noise in the fluid
velocity data (2.2b), simulated as in (7.11). The variation of the error norm ||[u® — ©"¥|| and
the straight line of the norm ||¢p — @"¥|| versus the iteration number for noise p = 1%, 3%
and 5% are presented in Figure 4. The points where the curves meet the straight lines yield the
stopping iteration numbers according to the stopping criterion (7.12). The numerical results for
u, t and p on I'; obtained by stopping the iterative algorithm at these thresholds presented in
Figures 5, 6 and 7 for p = 1%, 3% and 5%, respectively, indicate the stability of the numerical
solutions with respect to noise in the input data. From these figures it can also be seen that the
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FiGURE 3. Example 1: Results for u, ¢ and p on I'y, obtained after 10 iterations in
case of no noise.

numerical solutions become more accurate as the amount of noise p decreases. The recoveries of
the fluid traction and pressure on I'; are less accurate and stable than the fluid velocity because
of the derivatives involved, which result in instabilities related to the numerical differentiation of
noisy functions.

8.2. Example 2. We consider a peanut—shaped domain with the configuration depicted in Fig-
ure 1(a), where r(¢) in (7.1) is given by

r(9) = \/Cos(219) +14/1.1 —sin?(29), 6 € [0,2n), (8.2)

and the boundary I'y is described by © = 7, see Section 7.1 and Figure 8. Again, we consider
the exact solution (8.1), with £, = 0, n = 6, and present the results obtained with M = 40 and
N = 60.
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FIGURE 4. Example 1:

Norm of error in u on Iy

iteration
(c) p=5%

Variation of the error norm [|[u® — @"|| on Ty with
iterations for noise p = 1%, 3% and 5%.
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The MF'S approximations and exact values of u, t and p along 0f2 obtained after 10000 iterations,
no noise, are presented in Figure 9, whilst the results obtained when applying the stopping criterion
(7.12) for noise p = 1%, 3% and 5%, are presented in Figures 10, 11 and 12, respectively. The
same conclusions as in Example 1 regarding convergence and stability of the numerical solutions
can be drawn, although the number of iterations increases significantly in the current example due
to the presence of 'corners’ where boundaries I'y and I'; meet, which slow down the convergence
and affect the accuracy of any numerical scheme.
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FIGURE 5. Example 1: Results for u, ¢t and p on I', noise p = 1%, obtained after
7 iterations given by the stopping criterion (7.12).

8.3. Example 3. We consider a spherical shell  C R3, where

Q = {(z,y,2)|R? < 2* + y* + 22 < R3}, with outer boundary Ty the sphere of radius R,, and
inner boundary I'; the sphere of radius R;. We consider the exact solution which satisfies the
three—dimensional Brinkman equations (2.2a), [24],

w(z,y,2) — (Cos(x) sinh (y—;;> sin(z) cosh (%) sin(z) cosh (ﬁ;)) ,

. . y+z
z,y,2) = —pA?sin(z)sinh : 8.3
pene) = - sinfa)snh (177 (8.3)
and take the Cauchy data (2.2b) and (2.2¢) for ¢ and % on I'y corresponding to this exact
solution. We take Ry = 1, Ry = 2 and choose £, = 0. In the MFS implementation similar to
that described in Section 7.1 for a similar annular geometry to that depicted in Figure 1(a) but




BRINKMAN EQUATIONS 21

Velocity u, Velocity u,,
= ) ) ) 1 r ) ) )
=1 1 =
g0 )
S q+r . . . . 3 Al . : - . |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
/(2 ) /(2 )
Traction t1 Traction t2
=
<
ey =
-4 : : : : -5 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
9/(2 ) 9/(2 )

Pressure p

Exact
— — — Approximation

p(R1,9)

FIGURE 6. Example 1: Results for u, ¢t and p on I', noise p = 3%, obtained after
4 iterations given by the stopping criterion (7.12).

in three-dimensions, i.e. a spherical shell, we took N/2 sources on an interior sphere of radius 3/4
(n = 3/4) and N/2 sources on an exterior sphere of radius 16 (ng = 8).

The collocation points on the unit sphere were distributed as follows. We placed M, points on a
generating semicircle on the zz-plane with —7/2 < ¢ < ¢/2 avoiding the endpoints, and then we
rotated this semicircle about the z-axis with 0 < 6 < 27 producing M, points on each circle. The
resulting points are thus

T e = (S0 0,y cOS Py, €OS O, COS Py, SIn Py )

where 0,, = 2m(m —1)/M;, m =1, M, ¢y = 7¢/(My+1), £ =1, M,. The collocation and source
points corresponding to each of the four spherical surfaces (two and two, respectively) required
in the MFS are generated in this way. A typical such distribution is presented in Figure 13(a).
To obtain a more uniform distribution of the boundary collocation points and sources on their
respective spherical surfaces, we have also used the so—called Fibonacci sphere algorithm, see,
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FIGURE 7. Example 1: Results for u, ¢t and p on I', noise p = 5%, obtained after
3 iterations given by the stopping criterion (7.12).

e.g. |6], generating a typical such distribution presented in Figure 13(b). Similar results have been
obtained and therefore only the results obtained by the former distribution are illustrated.

The MFS approximations and exact values of w, t and p along the circle 2% + y*> = 3/4 on
the surface I'y obtained with M = 400, N = 512 after 500 iterations, no noise, are presented
in Figure 14, whilst the results obtained when applying the stopping criterion (7.12) for noise
p = 1%, 3% and 5% are presented in Figures 15, 11 and 17, respectively. The same conclusions
as in Example 1 regarding convergence and stability of the numerical solutions can be drawn,
although more iterations are required due the increased dimensionality of the problem.

9. CONCLUSIONS

In this paper, ill-posed Cauchy problems for the Brinkman system in isotropic porous media have
been solved using an alternating iterative algorithm equipped with an efficient MFS solver. This
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numerical algorithm was proved to be convergent for exact data and stable (if stopped according
to the discrepancy principle) for noisy data. Numerical results obtained for both two- and three-
dimensional problems have confirmed the numerical analysis. Future work will deal with extensions
associated to the Brinkman equations in anisotropic media [13].
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APPENDIX

In three dimensions, we approximate the fluid velocity w = (ug,us,u3) and the pressure p by
uy = (un,, un,, uy,) and py, respectively, where

N
uy, () = Z (oG (e, x}) + B;Gi(x, x)) + 7, Gis(x, wg)) . i=1,2,3, €, (A.1)

j=1
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(a) (b)

FiGURE 13. Typical node distributions on sphere.

and the pressure p by py where

N
pn(x) = Z (a;Pi(x, ) + B;Pa(x, &) + v, Ps(x, x))), @€, (A.2)
=1
where
2.2 —KT
Gz, x') = pr (=14 (1+ &r+ £*?) e™") 0y
+ 2 (—(—f—lﬂ“"—/ir)e )7 ,L,R=1,4,9, ()
T — T,
Pi(x,x) = P k=1,2,3, (A.4)

is the fundamental solution of the three-dimensional Brinkman and continuity equations (2.2a),
see e.g. [23,24]|. The approximation for the fluid traction t = (t1,%2,t3) is tx = (tny, tNy, ENs),
where

N
=> (o ')+ B;Do(w, @) + 7, Ds(m,x)), i=1,23 x€d  (A5)

Jj=1

with

Dit = — Py, +HZ @il’j + a;’?) ng, i,0=1,23 (A.6)
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FIGURE 14. Example 3: Results for u, t and p along the circle 22 + y* = 3/4 on
the surface I'; obtained after 500 iterations in case of no noise.

The partial derivatives needed in (A.6) are given by, [24],

0Gix 1
Ox; — ATuk?

rd {<xﬂ o ZL';) [3 - (3 + 3krr + 2/4,27“2 + /{37“3) e—m"j| 5i

+ ((zk — 23,)0i5 + (2 — 2})dk) [3 — (3 + 3wr + £%r?) ]

(2 — @) (x; — 25)(2x — 73)

r2

[—15 + (15 + 1567 + 6517 + £°1%) ] } . 0,5, k=1,2,3.
(A7)
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FIGURE 15. Example 3: Results for u, t and p along the circle 22 +y? = 3/4 on the
surface I'y, noise p = 1%, obtained after 63 iterations given by the stopping criterion
(7.12).
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FIGURE 16. Example 3: Results for u, t and p along the circle 22 +y? = 3/4 on the
surface I'y, noise p = 3%, obtained after 33 iterations given by the stopping criterion
(7.12).
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FIGURE 17. Example 3: Results for u, t and p along the circle 22 +y? = 3/4 on the
surface I'y, noise p = 5%, obtained after 28 iterations given by the stopping criterion
(7.12).



