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Empirical Risk Minimization with
Relative Entropy Regularization

Samir M. Perlaza, Gaetan Bisson, Inaki Esnaola, Alain Jean-Marie, and Stefano Rini.

Abstract—The empirical risk minimization (ERM) problem with
relative entropy regularization (ERM-RER) is investigated under
the assumption that the reference measure is a o-finite measure,
and not necessarily a probability measure. Under this assump-
tion, which leads to a generalization of the ERM-RER problem
allowing a larger degree of flexibility for incorporating prior
knowledge, numerous relevant properties are stated. Among these
properties, the solution to this problem, if it exists, is shown
to be a unique probability measure, often mutually absolutely
continuous with the reference measure. Such a solution exhibits a
probably-approximately-correct guarantee for the ERM problem
independently of whether the latter possesses a solution. For a
fixed dataset, the empirical risk is shown to be a sub-Gaussian
random variable when the models are sampled from the solution
to the ERM-RER problem. The generalization capabilities of
the solution to the ERM-RER problem (the Gibbs algorithm)
are studied via the sensitivity of the expected empirical risk to
deviations from such a solution towards alternative probability
measures. Finally, an interesting connection between sensitivity,
generalization error, and lautum information is established.

Index Terms—Supervised Learning, PAC-Learning, Regulariza-
tion, Relative Entropy, Empirical Risk Minimization, Gibbs Mea-
sure, Gibbs Algorithm, Generalization, and Sensitivity.

I. INTRODUCTION

In statistical machine learning, the problem of empirical
risk minimization (ERM) with relative entropy regularization
(ERM-RER) has been the workhorse for building probabil-
ity measures on the set of models, without any additional
assumption on the statistical description of the datasets. See
for instance [3]-[5] and [6]. Instead of additional statistical
assumptions on the datasets, which are typical in Bayesian
methods [7]], relative entropy regularization requires a ref-
erence probability measure on the set of models, which is
external to the ERM problem. Often, such a reference measure
represents prior knowledge or side information and is chosen
for guiding the search of models towards those inducing low
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empirical risks with high probability over seen and unseen
datasets. From this perspective, the reference measure can be
seen as an additional degree of freedom to improve the gen-
eralization capabilities of machine learning algorithms based
on ERM-RER, e.g, Gibbs algorithms [5]], [8]-[15] and [16].
This new degree of freedom is one of the main motivations for
regularizing the ERM problem using relative entropy, or more
generally, any f-divergence regularization, as discussed in
[17], 18] and [[19]]. Beyond probability measures, as shown in
this paper, the reference measure can be any o-finite measure
with arbitrary support. The flexibility introduced by this gen-
eralization becomes particularly relevant for the case in which
priors are available in the form of probability distributions
that can be evaluated up to some normalizing factor, cf. [20],
or cannot be represented by probability distributions, e.g.,
equal preferences among elements of infinite countable sets.
For some specific choices of o-finite reference measures, the
ERM-RER boils down to particular cases of special interest:
(i) the information-risk minimization problem presented in
[21]; (#i) the ERM with differential entropy regularization
(ERM-DiffER); and (4¢i7) the ERM with discrete entropy
regularization (ERM-DisER). See for instance [22] and ref-
erences therein. From this perspective, the proposed ERM-
RER formulation yields a unified mathematical framework that
comprises a large class of problems.

When the reference measure is a probability measure, the
solution to the ERM-RER problem is known to be unique
and correspond to a Gibbs probability measure. Such a Gibbs
probability measure has been studied using measure theoretic
and information theoretic notions in [9]], [21], [23]-[30l];
statistical physics in [3[]; PAC (Probably Approximatively
Correct)-Bayesian learning theory in [31]]-[34]; and proved
to be of particular interest in classification problems in [5],
[12], 18], [35]-[37] and [38]. In the general case in which
the reference is a o-finite measure, a solution to the ERM-
RER problem does not always exist. Nonetheless, if it exists,
it is shown to be a unique Gibbs probability despite the fact
that its partition function is defined with respect to a o-finite
measure. The condition for the existence is mild and is always
satisfied when the reference measure is a probability measure,
as highlighted above. Interestingly, such a solution is mutually
absolutely continuous with the reference measure in most
practical cases. Interestingly, most of the properties known for
the classical ERM-RER problem are shown to hold in the most
general case. For instance, the empirical risk observed when
models are sampled from the ERM-RER-optimal probability
measure is a sub-Gaussian random variable that exhibits a PAC
guarantee for the ERM problem without regularization.



When the solution to the ERM-RER problem is used to sample
models to label unseen patterns, the process is known as the
Gibbs algorithm. One of the traditional performance metrics to
evaluate the generalization capabilities of the Gibbs algorithm
is the generalization error. When the reference measure is a
probability measure, a closed-form expression for the general-
ization error of the Gibbs algorithm is presented in [9], while
upper bounds have been derived in [[16], [21]], [28]]-[34], [39]-
[52], and references therein. In this work, a new performance
metric coined sensitivity, which quantifies the variations of the
expected empirical risk due to deviations from the solution
of the ERM-RER problem is introduced. The sensitivity is
defined as the difference between two quantities: (a) The
expectation of the empirical risk with respect to the solution
to the ERM-RER problem; and (b) the expectation of the
empirical risk with respect to an alternative measure. The
absolute value of the sensitivity is shown to be upper bounded
by a term that is proportional to the squared-root of the relative
entropy of the alternative measure with respect to the ERM-
RER-optimal measure. Such bound allows providing lower and
upper bounds on the expected empirical risk after a deviation
from the ERM-RER-optimal measure towards an alternative
probability measure. More interestingly, the expectation (with
respect to the probability distribution of the datasets) of the
sensitivity to deviations to a specific measure is shown to be
equal to the generalization error of the Gibbs algorithm. Using
this result, the closed-form expression for the generalization
error of the Gibbs algorithm presented in [9] is shown to
hold even in the case in which the reference measure is a
o-finite measure. Moreover, the generalization error is shown
to be upper bounded by a term that is proportional to the
squared-root of the lautum information between the models
and the datasets, cf. [53]. This bound is reminiscent of the
result in [30, Theorem 1] in which a similar bound is presented
using the mutual information instead of the lautum informa-
tion. While [30, Theorem 1] follows immediately from the
variational representation of relative entropy, c.f., [54, Lemma
4.18 (Transportation Lemma)], the new result follows from
the fact that the empirical risk when models are sampled from
the ERM-RER-optimal probability measure is a sub-Gaussian
random variable. Interestingly, the new upper-bound does not
require any of the conditions in [30, Theorem 1].

The remainder of this work is organized as follows. Section
introduces two optimization problems: the ERM and the ERM-
RER. The asymmetry of the relative entropy is analyzed in
the context of the ERM-RER and two variants, coined Type-I
and Type-II, are distinguished. The former considers the case
in which the regularization is the relative entropy of the
optimization measure with respect to the reference measure.
The latter considers a regularization by the relative entropy
of the reference measure with respect to the optimization
measure. Section presents the solution to the ERM-RER
problem in the general case and introduces its main properties.
Section [[V] introduces two new classes of reference measures
and the solution of the ERM-RER problem is shown to
exhibit different properties for each class. This section ends
by studying the ERM-RER problem in the special case in

which the reference measure is a Gibbs probability measure.
This special case exhibits a solution that is identical to the
solution to an ERM-RER problem whose reference measure
is the same used to build the above mentioned Gibbs measure.
Section[V]studies the properties of the log-partition function of
the ERM-RER-optimal probability measure. The first, second,
and third cumulants of the empirical risk when the models
are sampled from the ERM-RER-optimal measure and the
reference measure are respectively characterized. Section
and Section study the properties of the expectation and
variance of the empirical risk when the models are sampled
from the ERM-RER-optimal probability measure. These mean
and variance are compared with the mean and variance of the
empirical risk when models are sampled from the reference
measure. Section [VIII| introduces several explicit expressions
for the cumulant generating function of the empirical risk
when the models are sampled from the ERM-RER-optimal
measure. Using these equivalent expressions, it is shown that
empirical risk is a sub-Gaussian random variable when models
are sampled from the ERM-RER-optimal measure. Section
describes the monotonic concentration of the ERM-RER-
optimal probability measure when the regularization factor
tends to zero. Section [X]show that the empirical risk when the
models are sampled from the ERM-RER-optimal probability
measure exhibits a PAC-type guarantee with respect to the
ERM problem without regularization. Finally, Section [XI| stud-
ies the sensitivity of the expected empirical risk with respect to
deviations from the ERM-RER-optimal measure to alternative
measures and shows connections with the generalization error
and the lautum information. Section [XIIl ends this work with
conclusions and a discussion on the results.

II. EMPIRICAL RISK MINIMIZATION (ERM)

Let M, X and ), with M C R? and d € IN, be sets of models,
patterns, and labels, respectively. A pair (z,y) € X x ) is
referred to as a labeled pattern or as a data point. Given n
data points, with n € IN, denoted by (z1,y1), (x2,y2),

«+» (Tn,yn), the corresponding dataset is represented by the
tuple

z:((-rhyl)y(anyQ)7"'3((En7yn))G(XXy)n- (1)
Let the function f : M x X — Y be such that the label
assigned to the pattern z according to the model 8 € M is
f(8,x). Let also the function

0:YxY —[0,+0] 2)

be such that given a data point (x,y) € X x ), the risk induced
by amodel 8 € M is £(f(0,z),y). In the following, the risk
function ¢ is assumed to be nonnegative and for all y € ),

((y,y) = 0.

The empirical risk induced by the model 6, with respect to
the dataset z in (I) is determined by the function L, : M —
[0, +00], which satisfies

L2 (0) = - S C(F(0.20). ). ®
=1



Using this notation, the ERM consists of the following opti-
mization problem:

in L, (0). 4

min L- () 4)

Let the set of solutions to the ERM problem in (4) be denoted

by
= inL,(0). 5
T (2) £ arg min L (6) )

Note that if the set M is finite, the ERM problem in (4) always
possesses a solution, and thus, |7 (z)| > 0. Nonetheless, in
general, the ERM problem might not necessarily possess a
solution, i.e., [T (z)| = 0.

A. Notation and Main Assumptions

In the following, given a measurable space (2,.%), the
notation A (€2,.%) is used to represent the set of o-finite
measures that can be defined over (2,.#). Given a mea-
sure Q € A (,.7), the subset Ag (2, .F) of A (Q, F) con-
tains all o-finite measures that are absolutely continuous with
respect to the measure (). Alternatively, the subset /¢ (2, %)
of A (€, %) contains all probability measures P such that @ is
absolutely continuous with respect to P. Given a set A C RY,
the Borel o-field over A is denoted by % (A).

The main assumption adopted in this work is that the function
L. in (3) is measurable with respect to the Borel measurable
spaces (M, B (M)) and ([0, +o0], B ([0, +o0])).

B. Relative Entropy Extended to o-Finite Measures

In this work, the relative entropy, which is usually defined for
probability measures, is extended to o-finite measures.

Definition 1 (Generalized Relative Entropy): Given two o-
finite measures P and () on the same measurable space, such
that P is absolutely continuous with respect to (), the relative
entropy of P with respect to @ is

D(PIQ) = [ foog (S a@@.  ©

where the function dP is the Radon-Nikodym derivative of P
with respect to Q.

The relative entropy exhibits a property often referred to as
the information inequality |55, Theorem 2.6.3] in the case of
probability measures on (2,.%), with Q a countable set. The
following theorem explores this property in a more general
scenario.

Theorem 1: If P and @) are both probability measures on a
general measurable space (2, %), then,

D (P[Q)=0, @)
with equality if and only if P and @ are identical.

Proof: Consider the function f : [0,00) — R such that for all
€ (0,400), f(x) = zlog(x) and f(0) = 0. Note that f is

strictly convex. If P and @ are both probability measures on
the measurable space (€2, .%), the following holds:

p(PlQ)=[ {oos (o @) Q@ ®
~[ 1(55®) e ©
>1 ([ S @am) (10)
=f (1) (1D
-0 (12)

where the inequality (TT) follows from Jensen’s inequality [[56]
Section 6.3.5]. Equality in holds if and only if for all
T € supp @, %(aj) = 1, which implies that both P and @
are identical. This completes proof. ]

If @ is not a probability measure, then it might be observed
that D (P||Q) < 0. Consider for instance the case in which
P is a zero-mean Gaussian probability measure with variance
o? and @ is the Lebesgue measure on (R,%(R)). Hence,
the Radon-Nikodym derivative & 1 is the Gaussian probability

density function such that for all x € R,

dpP 1 ( x? )

—(z)= -— . 13

a0 (z) 5oz P\ "o,2 (13)
Under this assumption, the relative entropy of P with respect
to @ is the negative of the differential entropy of P. That
is,

(P||Q):—f log (2mec?)

with e¢ being Néper’s constant. See for instance [55} Ex-
ample 8.1.2]. Hence, D (P||Q) is negative for all o2 €

(14)

(5=, +00) and nonnegative for all 62 € (0, z--]. Finally,
note also that
lim D (P[|Q)=+o0, and (15)
020
lim D (P[|Q)=—oc. (16)
02—+400

A central observation from (T4) is that the equality
D (P||@) = 0 does not necessarily imply that P and @ are
identical measures. For instance, when ¢? = ;1 in (T3), it

holds that D (P||@Q) = 0, while P is a Gaussian probability
measure and @ is the Lebesgue measure.

The following property, known for the case of probability
measures as the joint-convexity of the relative entropy, is
extended by the following theorem.

Theorem 2: Let Py and P, be two probability measures and ()1
and Q2 be two o-finite measures, all on the same measurable
space. For all i € {1, 2}, let P; be absolutely continuous with
respect to @Q;. Then, for all A € [0,1],

D APy + (1 = A P2[[AQ1 + (1 — A)@Q2)
SAD (P1[|Q1) + (1 = A)D (P2|Q2) - a7
Equality in holds if and only if P, = P, and @1 = Qs.
Proof: The proof is presented in Appendix [A] ]



C. ERM with Relative Entropy Regularization

Given a dataset, the expected empirical risk induced by a
measure P € A (M, % (M)) is defined as follows.

Definition 2 (Expected Empirical Risk): Let P be a probability
measure in A (M, B (M)). The expected empirical risk with
respect to the dataset z in (I) induced by the measure P is

R. (P) = / L. (8) dP(8), (18)

where the function L is in (3).

The ERM-RER problem is parametrized by a o-finite measure
in A(M,Z(M)) and a positive real, which are referred
to as the reference measure and the regularization factor,
respectively. Let Q € A (M, % (M)) be a o-finite measure
and let A\ be a positive real. The ERM-RER problem, with
parameters () and A, consists of the following optimization
problem:

i R. (P)+ \D (P||Q), 19
peaoln ) (P)+AD (P||Q) (19a)
s. t. /dp(e) =1, (19b)

where the dataset z is in (IJ), and the functional R, is defined

in (T8).

D. Type-I and Type-II Relative Entropy Regularization

The optimization problem in (I9) is coined Type-I ERM-RER
in [57]] in the aim of distinguishing it from the optimization
problem

i R. (P)+AD (Q|P) . 20a
PGVQ{%{{@(M)) ( ) (QH ) (202)
5t / AP () = 1, (20b)

which is coined Type-1II ERM-RER.

The Type-II ERM-RER problem in (20), when @ is a probabil-
ity measure, exhibits a solution that is identical to the solution
to the following Type-I ERM-RER problem [57, Theorem 1]:

min
Pelg(M,B(M))

[108(8+ Lo )aP @)+ DPIQ), @1a)

s. t. /dP (0) =1, (21b)
where [ is a constant chosen to satisfy
/#dQ(u)—l (21¢)
B+L.(v) o

Essentially, by appropriately transforming the objective func-
tion, an equivalence can be established between Type-I and
Type-II ERM-RER problems. Hence, without loss of general-
ity, the remainder of this work focuses exclusively on Type-I
ERM-RER, which is simply referred to as ERM-RER.

III. THE SOLUTION TO THE ERM-RER PROBLEM

The solution to the ERM-RER problem in (I9) is presented
in terms of two objects. First, the function Ko, : R —+ RU
{+0o0} such that for all ¢t € R,

Ko (t)=log ( / exp (£ L, (8)) dQ(B)) ,

with L, in (@). Second, the set Kg . C (0,+00), which is
defined by

(22)

/CQ,zé{s € (0,400) : Kq,z (%) < +oo} . (23)

The notation for the function K¢ . and the set Kq , are
chosen such that their parametrization by (or dependence on)
the dataset z in (I) and the o-finite measure () in (I9) are
highlighted.

The following lemma describes the set K¢ .

Lemma 1: The set Kq » in 23) is a convex subset of R. If the
measure (Q in @I) is a probability measure, then, the set g
in (23) satisfies

Kg.= = (0, +00). 24)

Proof: The proof is presented in Appendix [B] ]

Using this notation, the solution to the ERM-RER problem
in (T9) is presented by the following theorem.

Theorem 3: If A € Kq -, with Kg » in (23), the solution to the
optimization problem in (I9) is a unique probability measure,

denoted by Pg‘)’z’\iz, which satisfies for all 8 € supp @,
_OlZ=z g\_ _ N
10 (0) exp( Ko.» ( )\) /\Lz (0)) , (25

where the function L, is defined in (3) and the function K .
is defined in (22).

Proof: The proof is presented in Appendix [C] ]

Contrary to the ERM problem in @), which does not nec-
essarily possess a solution, the ERM-RER problem in (I9)
always possess a solution when () is a probability measure.
This is essentially because the set K¢ . is the set of all
positive reals (Lemma , and thus, the condition A € Kg
is always verified. On the contrary, when () is a o-finite
measure, the solution to the ERM-RER problem in @I)
depends on whether A € K¢ .. If the solution exists, it
is P(Q’A_) in @25), which is a unique probability measure
referred to as the Gibbs measure [58|]. The function Kg . is
often referred to as the log-partition function, see for instance,
[59) Section 7.3.1].

The following lemma shows that the Radon-Nikodym deriva-
tive in (23) is both nonnegative and finite.
@)
©(Z=2

dP,
Lemma 2: The Radon-Nikodym derivative 10
satisfies for all 8 € supp @ that

in 23

(@)
< d‘P®|Z:z

10 (0) < 400,

(26)



4p@N
where the equality —35==(0) =
if L, (8) = +oo.

0 holds if and only

Proof: The proof is presented in Appendix [D} [ ]

An immediate consequence of Lemma [2] is the equality
A
P ({0 € ML, (8) = +00}) = 0.

Theorem |3| shows that the probability measure P(E)Cf)’zkz)z is
absolutely continuous with respect to the measure (). The fol-
lowing lemma shows that the converse is also true if and only
if the set of models that lead to an infinite empirical risk exhibit
zero measure with respect to the reference measure Q).

Lemma 3: The o-finite measure () and the probability mea-

sure P(S)Ql?’ZA:)z in (23) are mutually absolutely continuous if and
only if

Q{OeM:L,(0)=+c})=0. (27)
Proof: The proof is presented in Appendix [E] ]

The relevance of Lemma [3] is that it shows that if A €
Kq,=, the collection of negligible sets with respect to the
measure PCE)?’Z/\Z)Z in is identical to the collection of
negligible sets with respect to the measure ) in (T9), under
the assumption in (27). Such an assumption is trivially true
when the function ¢ in (2)) is bounded.

The following lemma shows that the negligible sets with
respect to the measure P(E)?’Z/\:)Z in (25) are invariant with
respect to \.

Lemma 4: For all (o, B) € Kg 2 xKq 2, with K¢ » in 23), as-

sume that the probability measures PCE)?’Z(QZ and Pé)?’zﬂz)z sat-

isfy (23) with A = o and A = 3, respectively. Then, Pglg’zo;)z

and P(Q’B)

©| 2z~ ATC mutually absolutely continuous.

Proof: The proof is presented in Appendix [F} ]

Particular assumptions on the set M and the reference mea-
sure @ lead to well-known instances of the ERM-RER prob-
lem in (19), as discussed hereunder.

A. Examples

Three examples are of particular interest: (a) The set M C R¢
is countable and the measure () is the counting measure in
(M, B (M)), which leads to the ERM-DisER problem; (b)
The set M is an uncountable subset of R<, and Q is the
Lebesgue measure on (M, % (M)), which leads to the ERM-
DiffER problem; and (¢) The set M and the measure @) form
a Borel probability measure space (M, Z (M), Q), which
leads to the information-risk minimization problem.

1) ERM with Discrete Entropy Regularization: When the
set M C R? is countable and the o-finite measure @ in (T9)
is the counting measure in (M, % (M)), given a probability
measure P € A (M, % (M)), the Radon-Nikodym deriva-
tive g—P is a probability mass function, denoted by p. Thus,
the relative entropy D (P||@) is equivalent to the negative of
the discrete entropy induced by p [55, Chapter 2], denoted by

H(p). In this case, the ERM-RER in (I9) can be re-written
as the following ERM-DisER problem:

min »_ Ls (6)p(6) = AH (p), (28)

where the optimization domain in (28) is the set of proba-
bility mass functions that can be defined over the measure
space A (M, B (M)). In this special case, the probability
measure ng’z’\zz in whose probability mass function
is the solution to the ERM-DisER problem in satis-
fies

(Q.\) L.(0
AR (e -
dQ >y ( Lz(V))’
FPATTA

veM

which describes the discrete Gibbs probability measure
on A (M, B (M)), with temperature parameter A, and energy
function L, in (3).

2) ERM with Differential Entropy Regularization:
When M C R? is uncountable and the o-finite measure Q
in is the Lebesgue measure in (M, % (M)), for all
probability measures P € Ag (M,%(M)), the Radon-
Nikodym derivative % is a probability density function,
denoted by g¢. Thus, the relative entropy D (P||Q) is
equivalent to the negative of the differential entropy induced
by g [55, Chapter 8], denoted by h(g). In this special case,
the ERM-RER in (I9) can be re-written as the following
ERM-DiffER problem:

min / L. (6)g(6)d6 — Ak (g), (30)
M

g

where the optimization domain in (30) is the set of proba-
bility density functions that can be defined over the measure
space (M, % (M)). The probability measure Pgl?’z)‘:)z in
whose probability density function is the solution to the ERM-
RER problem in (30) satisfies

(@)
dP(-)|Z:z

dQ

exp (— LZA(G))

[l )

which describes the absolutely continuous Gibbs probability
measure with temperature parameter A and energy function L,

in (3).

Both, the ERM-DiffER and ERM-DisER problems are closely
related to those typically arising while using Jayne’s maximum
entropy principle [|60], [[61] for classification problems such as
those in [35]-[37]], and [62].

3) Information-Risk Minimization: When () is a probabil-
ity measure, the ERM-RER in (I9) is equivalent to the
information-risk minimization (IRM) problem in [21]. The
IRM problem in is known to possess a unique solution
equal to the Gibbs probability measure in (25), as indepen-
dently shown in [21]], [30], [S8]I, [63]l, [64] and [|65].

(0) = 3D




B. Bounds on the Radon-Nikodym Derivative

PN
The Radon-Nikodym derivative Q‘Z = in (23) is bigger for
models inducing smaller empirlcal risks, as shown by the
following corollary of Theorem

ap@»
Corollary 1: The Radon-Nikodym derivative —3&== in

satisfies for all (01,02) € supp Q x supp Q, with L, (02) <
L. (61), that

(Q,N) (Q.\)
dP@# (91 dP@i (92) (32)
dQ@ dQ ’

with equality if and only if L, (61) = L, (02).

The intuition that follows from corollary |I| is that under
the assumption that the ERM problem in (@) possesses a
solution in the support of the reference measure, i.e., 7 (z) N
supp @@ is not empty, with 7 (z) in (), the maximum of

the function 3‘5 = in (23) is achieved by the models in
Poize

T (2)Nsupp Q. When the Radon-Nikodym derivative —3¢

in 23) is either the probability mass function in (29) or the
probability density function in (3I), Corollary [I] shows that
the elements of the set 7 (z) N supp @ are the modes of the
corresponding probability density function or probability mass
function.

C. Asymptotes of the Radon-Nikodym Derivative
The following lemma describes the asymptotic behavior of

(Q.\)
in 25) when the

. L. dPgi, -
the Radon-Nikodym derivative —S&==
regulariation factor increases, i.e., A — 400 and the reference
measure () is a probability measure.

Lemma 5: Let the measure @ in be a probability

measure. Then, )for all @ € supp(@, the Radon-Nikodym
QX

dp
derivative 25:2 in (23] satisfies
4pQN
. O|Z==z
1 —=(0)=1. 33
R (33)

Proof: From Theorem it follows that for all 6 ¢
supp Q,

A L.(6
Jim dp‘ig) (0)= lim ——— t(,f( )
exp (— 3 ) dQ (v)
S (35)
/ aQ (v)
-1, (36)

where the function L, is defined in (3). This completes the
proof. ]

Lemma [5| unveils the fact that, when @ is a probability
measure, in the limit when A — <00, both probability
measures Pg‘QZA )z and ) are identical. This is consistent
with the fact that when A tends to infinity, the optimization

problem in (I9) boils down to exclusively minimizing the
relative entropy. Such minimum is zero and is observed when
both probability measures P(®Q|?Z>\:)z and () are identical (The-
orem [I). Such intuition breaks when the reference measure is
a o-finite measure, but not a probability measure. In such a
case, the relative entropy term in might be negative and
a minimum might not exist. See for instance, the case of the
relative entropy between a Gaussian measure and the Lebesgue

measure in (I4), which satisfies (16).

ap@»
The limit of the Radon-Nikodym derivative —35== in (23,

when )\ tends to zero from the right, can be studied using the
following set

L. (5)2{0 c M:L,(6)

<6}, (37

where the function L is defined in (@) and 6 € [0, +00). In
particular consider the nonnegative real

8. 2 inf {5 € [0,400) : Q (L2 (6)) >0}.  (38)

Let also L7, , be the following level set of the empirical risk
function L, in (3):

zé{B €supp@ : L. (0) (39)

=652}

Using this notation, the limit of the Radon-Nikodym deriva-
A

®|Zz==2

tive —5 in (23), when X tends to zero from the right, is
described by the following lemma.

Lemma 6: 1f Q ( ) > 0, with the set L7, and Q
the o-finite measure in (19), (t(lglt‘;l;l for all 6 € supp @, the

Radon-Nikodym derivative (3‘5 == in (25) satisfies
dp@N .
. O|Z==z
lim 0)= 1 £ - (40)
Aot dQ (©) Q (5227z> {oecy .}

Alternatively, if @ ( Z);) = 0. Then, for all 8 € supp Q,

4PN

. ©|Z=z ,_J too if0€Lf,
Jm—i0 (0)’{ 0  otherwise. “h
Proof: The proof is presented in Appendix ]
Consider that Q(ﬁ* > 0, with L3, in (39). Under

this assumptlon from Lemma [6] it holds that the probability
JA) *

measure P®| 7, asymptotically concentrates on the set L7

when A tends to zero from the right. More specifically, note



that for all measurable sets A C L , N supp@, it holds
that

(Q;N)
. . ®|Z==z
Jim P, (A= lim | —SE=(0)aQ(0) @
ars)
= [ Jim =S5 (6)10c.40Q(6) (43

:/ Q(cl*)]l{%%.z}]l{em}dQ(ﬂ) (44)
Q,z '

:Q<229,z) /]l{eeA}dQ (0) (45)
Q(A)
= (46)
Q(£h..)

where the equality in (@3) follows from Lemma [2] and the
dominated convergence theorem [56, Theorem 2.6.9]. The
equality in (@4) follows from Lemma [6] In the particular case
: : _ px : : (Q,\) *

in Wthh.A = E - in (@6), it holc.is that )\1;1%1+ .P®|Z:z (£52)
= 1, which verifies the asymptotic concentration of the prob-

ability measure Pglg’;iz on the set L7, ..

Another interesting observation is that the Radon-Nikodym

derivative ‘3‘5 == in (23) is a constant among the elements of

the set L7, . This can be assimilated to a uniform distribution
of the probability among the elements of the set L7, . in
the limit when A tends to zero from the right, as previously
highlighted in [23]-[25]] and [26]. This becomes more evident
in the case in which the set M is finite and () is the counting
measure. In such a case, the asymptotic probability of each
of the elements in L7, . when A tends to zero from the right
: 1

is 2k

Consider now that @ (/j’é}z) = 0, with £, , in (39). Under
this assumption, in the asymptotic regime when A — 0,
the measure P(E)C%Z:z is not a probability measure but either
the trivial measure or the infinite measure. This is typically
the case in which M = RY, the measure Q@ is absolutely
continuous with respect to the Lebesgue measure, and the
solution to the ERM problem in () has a unique solution
on the support of @, ie., L5, = T (2) and [T (2)] = 1,
which implies Q(Lf, ;) = 0.

An interesting question, which is left out of the scope of this
paper, is the rate at which Pg"?’z’\iz converges to such limiting
measure. The interested reader is referred to [23], [26], and

references therein.

The following lemma shows that independently of whether the

set L7, , is negligible with respect to the measure (), the limit

PN

when A tends to zero from the right of Pgrz” ( ‘éz> is

equal to one.

Lemma 7: The measure P(Q’)‘

G)|Z:)z in 23) and the set L7, .
in satisfy,

: (Q.N) * —
lim P (£5.)=1. (47)

A—01

Proof: The proof is presented in Appendix [H ]

Note that if the ERM problem in (@) possesses at least
one solution and such solution is within the support of the
measure Q, i.e., 7 (z) Nsupp@ # 0, then, when X\ tends
to zero from the right, the probability measure Pé)?;:)z
asymptotically concentrates on the solution (or the set of
solutions within the support of Q) to the ERM problem in (@).
Alternatively, in the case in which £, . N7 (2) = (), when X

tends to zero from the right, the probability measure Pé)?’;:)z

asymptotically concentrates on a set that does not contain the
set of solutions to the ERM problem in (). This observation
leads to the introduction to two new classes of reference
measures, namely, coherent and consistent measures, in the
following section.

IV. REFERENCE MEASURES

This section introduces two classes of reference measures,
namely coherent and consistent measures, and discusses the
special case of Gibbs reference measures.

A. Coherent and Consistent Reference Measures

A class of reference measures of particular importance to
establish connections between the set of solutions to the ERM
problem in @) and the solution to the ERM-RER problem
in is that of coherent measures. Let p* > 0 be the infimum
of the empirical risk L, in (3). That is,

p* = inf{L, (0):0 € M}.

Using this notation, coherent measures are defined as fol-
lows.

(48)

Definition 3 (Coherent Measures): The o-finite measure @)
in (T9) is said to be coherent if, for all § € (p*, +00), with
p* in (@), it holds that

Q (L2 (9) >0,
where the set £, (0) is defined in (7).
When the reference measure () in the EMR-RER problem
in (I9) is a coherent measure, it holds that for all § > p*, the
set L (J) in exhibits positive probability with respect to

the probability measure Pglz’z)‘iz in (23). The following lemma
highlights this observation.

(49)

Lemma 8: The probability measure Pg‘g’z’\iz in (23) satisfies

for all § € (p*, +0o0), with p* in [@8), that
P& (L2 (6))>0, (50)

with £, (6) in (@7), if and only if the o-finite measure @
in is coherent.

Proof: The proof is presented in Appendix [ ]

Under the assumption that the ERM problem in (@) possesses
a solution, it holds that

greli/\r/l[ L. (@)=inf{L. (0) : 0 € M}. (1)

Hence, when the o-finite measure @) in (I9) is coherent,

then

55, = ", (52)



with 65 _ in (38) and p* in @8), which implies that
0.2 CT(2), (53)

with 7 (2) in @) and £ , in (39). This observation, together
with Lemma [/} leads to the following result.

Lemma 9: Assume that the ERM problem in possesses a

solution. Then, the probability measure Pg‘g’z)‘:z in 23) and
the sets 7 (z) in @) and Lf, , in B9 satisfy
: (Q,X) * —

/\lg(r)1+ Poiz== (£5,-NT (2))=1,

if and only if the o-finite measure @ in is coherent.

(54)

Proof: The proof follows by observing that if () is a coherent
measure and the ERM problem in @) possesses a solution,
the inclusion in (53)) holds. Thus, from Lemmal(7] the equality
in (54) holds. Alternatively, when the measure @ in (I9) is
noncoherent, then o7, , > p*, which implies that £, , N

Q,z

7T (2) = 0. Hence, from Lemma [ it follows that

n PSR (L4, N T (2))=0,

lir (55)
A—0

and completes the proof. ]

The relevance of coherent measures in ERM-RER problems
is well highlighted by Lemma [9] Essentially, when the ERM
problem in (@) possesses at least one solution, the concen-
tration of the probability measure P('(-)Q|7Z)\:)z in (23) on the set
(or a subset) of solutions to the ERM problem in (@) occurs
asymptotically when A tends to zero from the right, if only if
the reference measure () in is coherent. Nonetheless, such
asymptotic concentration is not a guarantee that for strictly
positive values of A in (I9), the set 7 (z) in (B) and the
measure Pg"?’Z)‘iz in (23) satisty P(E)?;:)z (T (z)) > 0.1In order
to ensure this, another class of reference measures, known as
consistent measures, is introduced.

Definition 4 (Consistent Measure): The o-finite measure )
in (I9) is said to be consistent if Q) (L* _z) > 0, with L7, ,
in (39).

Note that every consistent measure is not necessarily coherent.
For instance, if () is consistent but 522)z > p*, with p* in (48))
and 657z in (38), then, for all § € (p*,éé,z), it follows that
Q (L, (9)) =0, and thus, @ is not coherent. Alternatively,
every coherent measure is not necessarily consistent. For
instance, if )E* z’ = 1 and @ is coherent and absolutely
continuous with respect to the Lebesgue measure, it follows
that () (LZM) =0, and thus, () is not consistent.

The relevance of consistent measures is highlighted by the
following lemma.

Lemma 10: The probability measure ©|Z==

set L}, , in (39) satisfy

PSR (£5,2)>0,

if and only if the o-finite measure () in (19) is consistent.

in (23) and the

(56)

Proof: When (@ is nonconsistent, it holds that (L’Z?)z) =0

PSR in @)

and thus, from the fact that the measure o7
=z

is absolutely continuous with respect to (), it holds that
PCE)?’Z’\lz <£227z) = 0. When @ is consistent, it holds

that Q( *Qz) > 0. Moreover, for all 6 € Lf, ., it holds

that L, (6) < 400 and thus, from Lemma [2} it follows that
ap(@:N)

f’ig:z (6) > 0. Hence,

(Q;N) * QA
Poizs (£4,2) = / dpPSTyY . (0) (57)
cy .,
arihy
- [ e 0)000) > 0.68)
ey, 4@
which completes the proof. ]

The following lemma highlights a central property of con-
sistent measures when the ERM problem in (@) possesses a
solution.

Lemma 11: Assume that the ERM problem in (@) possesses a
solution in the support of (). The probability measure P(E)Cf);:)z
in (25) and the sets 7 (2) in ) and L7, , in (39) satisfy

oz (L52NT (2))>0, (59)

if and only if the o-finite measure () in (19) is consistent.

Proof: The proof follows from Lemma [I0] by noticing that
when the ERM problem in (@) possesses a solution in the
support of (), the inclusion in (33) holds. |

The distinction between coherent and consistent measures
becomes more evident under certain conditions. Consider the
case in which M is finite. In this case, if the solution to
the ERM problem in (@) is in the support of the o-finite
measure (), then @ is both coherent and consistent. This is es-
sentially because all measurable singletons (models) in supp Q)
exhibit positive measure with respect to ). Alternatively, if the
solution to the ERM problem in is not in the support of
@, then @ is consistent but not coherent. Consider the case in
which M is the set R¢; the loss function £ in @I) is continuous;
and the ERM problem in (@) admits a unique solution. In this
case, any probability measure () absolutely continuous with
respect to the Lebesgue measure is a coherent measure, but it is
not a consistent measure. Alternatively, if the set of solutions to
the ERM problem in (@) exhibits positive Lebesgue measure,
then, the measure () is both coherent and consistent.

B. Gibbs Reference Measures

In model selection, a natural idea is to proceed by successive
approximations in the seek of lower computation complexity.
From this perspective, one might wonder whether the solution
to a current instance of an ERM-RER problem might serve as
reference measure for the next instance. In this section, it is
shown that this yields no benefit. Composing two successive
ERM-REM problems boils down to a unique ERM-RER
problem with the initial reference measure and a particular



regularization factor. Under the assumption that A € K .,

with Kq » in (23), the problem of interest is:
i R: (P) +aD (P|P§) 60
Pefq(M.(M) (P)+a ( I ®|Z:z> , (60)

S. t. (60b)

/ dP(0) =1,
where o« > 0; the reference measure P(E)?éAiz’ which satis-
fies (23), is the solution of the ERM-RER problem in (19);
and the functional R is defined in (T8). From Theorem [3} the
solution to the ERM-RER problem in (60), which is denoted

(PO a)
by P@|§f:z , satisfies for all € supp @ that

(P22, 0)
dP@\sz :

QA
dP@\Z:z

(6)=exp (*KP@,MZJ (,l) -~ éLz (0)) .(61)

e|z= «

The log-partition functions Kq . in (22) and Ko
o|z=2

in (6I) are strongly related, as shown by the following
lemma.

Lemma 12: The functions K¢ . in (22)) and Kng’zA:)zvz in (61)
satisfy for all ¢ € R,
Kooy ,()=Kq. (t - 1) — Kg.. (—1) (62
olz=2 A A
Moreover, for all t < 0,
KPé‘f’zﬁz,z (t)<0. (63)

Proof: The proof of (62) relies on the fact that for all

teweR: Kyexn _(v) <ooy, the function K @
in (61) satisfies o e
Kpgp, -0 4
=log ( / exp (t Ly (0)) dp(g%;iz(e)) (65)
—tog | [ expt L. (0) ‘%L ©)aQ6) | )
:10g(/exp(<t—§> LAH)—K@);(—E)) dQ(@)) (67)
:10g< / exp((tfi) Lz(e)) dQ(9)>7KQ7z<—§) (68)
i) (),

where the equality in follows from (23). Moreover,
from Lemma(EI, it follows that the function K .  is
©(z=2

continuous and nondecresing. Let s* € RU {400} be defined

by
s*&sup {1/ ER: Kpen L(¥)< oo} . (70)
®|Z=2"
If s* = +oo0, then for all t € R, K,  (t) < +o0, and

©|z=2’

the proof of (62) is completed.

Alternatively, if s* < +oo, it follows that for all ¢ > s*,

K@ (t) = +oo, which implies that K. (t— ) =
©|z=2% . . . '

400, as the function K . is also continuous (Lemma [T3)

and K¢ » (—%) < oo (due to the choice of \). Hence, in this

case, the equality in (62) is of the form +oo = +oo. This

completes the proof of (62).

The proof of (63) follows by noticing that for all ¢
and for all @ € supp @, it holds that exp (¢ L. (8))
Hence,

<0
< 1

Kpy  (t)=log ( / exp (t L, (e))dpcﬁ)?;;z(e)) (71)
<log ( / dp(gﬁ?;;z(e)) (72)
=0, (73)

which completes the proof. ]

The following lemma establishes that the solution to the ERM-
RER problem in (60) is identical to the solution to another
ERM-RER problem of the form

min
PeAg(M,B(M))

)D(PQ), (74a)

s. t. (74b)

with A € IC?Z, with K, in (23), and whose solution,

QTrr
~ta

denoted by P@\ 72, ", satisfies for all € supp Q,

The formal statement is as follows.

Lemma 13: Let a € (0,4+00) and A € Kg ,, with Kg »
@

P ) .
in (23). Then, the probability measures P(E)‘Z‘ZZ:’ ) in (1)

and P(Qﬁ>

o|z2- " in (75) are identical.



Proof: For all 6 € supp Q,

(5352.00)
dP®|Z‘Zz
dQ

dP(P(-(-B(\QZ )z,oz)

©)

arsy

O|Z==z
@
APy, d@

=exp <_ Kpop, - (_é) ~Ka- <_§)
- (éj%) Lz(0)>

—o (Ko (11 - (L Do) aw

(79)

O|Z==z

(6) (76)

(77)

where the e(%uahty in (76) follows from the fact that the

measure Pg @|z ="/ is absolutely continuous with respect to
PN and P(Q N s absolutely continuous with respect to

©|Z=z ©|Z=z
the measure @); the equahty in (77) follows from Lemma

and the equality in (79) follows from Theorem [3]

For all measurable subsets A of M, the following
holds:
(P520)
p@») =’
2’ @Z z
éé'i (A) / —2 S (0)dQ(6)  (80)
dP(ST?Z’H>
;de 0 (81)
| ——aqo)
(o)
= [ dPg 2.7 (6) (82)
A
(@qtr)
P@\z 2.0 (A, (83)
where the equality in (BT)) follows from (79). This completes
the proof. ]

The following theorem establishes a relation between the
solutions to the following optimization problems

min R. (P), (84a)
PeAg(M,B(M))
5. t. (P||P(S§|?ZA .) <c and (84b)
/ dP(0) =1, (84c)
and
i R, (P) +wD (P
penolin o) (P)+wD (P|Q), (85a)
s. t. / dpP (0 (85b)

with ¢ > 0 and w € Kq , with g » in 3), two constants;
P(S)Q’z/\iz the probability measure in (23); and R, the functional

in

From Theorem [3] the solution to the ERM-RER problem
in @®3), which is denoted by P satisfies for all 6 €

||Z==z’
supp @ that
(Qw)
dP@ ~ 1 1
_O|Z==z - _ )=
10 (9)—exp< K.z ( w) sz (0)) , (86)

where the function Kg . is in (22).

The following theorem formalizes the relation between both
optimization problems.

Theorem 4: Assume that ¢ and w in and satisfy

(Qw) (@N N _
<P®|z z||P@|Z z) = (87)
w1th Pgﬁz)‘ ) and P(Q w) , being the probability measures

and respectlvely Then, the solution to the opti-

mization problem in (84) is the probability measure ngzw )z

Proof: The proof is presented in Appendix [J| ]

V. THE LOG-PARTITION FUNCTION

This section introduces some properties of the log-partition
function K¢ . in (22)) using the notion of separable empirical
risk functions.

A. Separable Empirical Risk Functions

Separable empirical risk functions are defined with respect to
a measure P € A (M).

Definition 5 (Separable Empirical Risk Function): The em-
pirical risk function L, in (3) is said to be separable with
respect to a o-finite measure P € A (M), if there exist a
positive real ¢ > 0 and two subsets .4 and B of M that are
nonnegligible with respect to P, and for all (61,603) € Ax B,

L. (1)< ¢ <L (82) < +oc. (88)

In a nutshell, a nonseparable empirical risk function with
respect to the measure () is a constant almost surely. More
specifically, there exists a real a > 0, such that

)=a}) = 1.

From this perspective, nonseparable empirical risk functions
exhibit little practical interest for model selection.

QUOeM:L, (0 (89)

The definition of separability in Definition [5| and Lemma [3]
lead to the following lemma.

Lemma 14: The empirical risk function Lz in (@) is separable
with respect to the o-finite measure () in if and only 1f it
is separable with respect to the probablhty measure PL?

®|Z z
in 25).

Proof: Consider first that the function L, is separable with
respect to the o-finite measure (). Hence, there exist a positive
real ¢ > 0 and two subsets A and 5 of M that are nonneg-
ligible with respect to @, such that for all (61,05) € A x B



the inequality in (88) holds. Hence, from (88) the following
inequalities hold:

1 c 1
—XLZ (01)>7X > fXLz (62) > —oc0, and (90)
1 c 1
exp (_XLZ (01)> >exp (_X) > exp (_XLZ (02)> >0.(91)
This implies that
dP(E)Q)‘l 1
Poiz= _ R E)
a0 (61) > exp ( K.z ( )\> h\ 92)
AP
—ae - (62) 93)
> 0. 94

Using the inequality in and the facts that Q (A) > 0
and @ (B) > 0, the following holds

A dPgl;)
P (A= [ =SE=0)0Q(0) >0, ©5)
A d@Q
and
ar)
P B)= [ —SZ=(0)dQ(6) > 0. ©6)
5 dQ

which implies that the function L, is separable with respect

to the probability measure Pg‘?’z)‘iz.

Consider now that the function L is separable with respect to
the probability measure P(E)Ql’z)‘:)z. Hence, there exist a positive
real ¢ > 0 and two subsets .4 and B of M that are nonnegligi-
ble with respect to P2 | such that for all (61,02) € AxB

Q|Z=z>
the inequality in (88) holds. More specifically, PCE)Q|;:)z (A) >

0 and PéQ’Z’\iz (B) > 0. From Lemma [2| and the inequal-

ity in (88), it follows that for all pairs (61,02) € A X
(Qx Q.3

d
B, —357= (01) > 0 and —35== (02) > 0. Hence, from the
fact that P(QQ‘;\:),Z (A) > 0 and Pg"g’z’\iz (B) > 0, it follows

that @ (A) > 0 and @ (B) > 0, which implies that the
function L is separable with respect to the o-finite measure Q).
This completes the proof. [ |

Lemma |14 shows that separable empirical risk functions, and
only these functions, lead to ERM-RER-optimal probability
measures from which models are sampled with different
probabilities. For the case of nonseparable empirical risk
functions, all models are sampled from the ERM-RER-optimal
probability measure with the same probability.

B. Properties of the Log-Partition Function

The log-partition function K¢ . in (22) is a nondecreasing
continuous convex function as shown by the following lem-
mas.

Lemma 15: The function Kg . in is nondecreasing
and differentiable infinitely many times in the interior of
{te R: Kqg.(t) < +oo}.

Proof: The proof is presented in Appendix [K] ]

Lemma 16: The function Kg . in @2) is convex in
{t e R: Kq(t) < +oo}. Moreover, it is strictly convex if
and only if the empirical risk function L, in (3] is separable
with respect to the o-finite measure @ in (19).

Proof: The proof is presented in Appendix [[] ]

In Lemma it has been established that the log-partition
function K¢ . in is differentiable infinitely many times in
the interval {t € R : K¢ »(t) < +oo}. Let the m-th derivative
of the function K¢  in be denoted by K, g;) ‘R — R,
with m € IN. Hence, for all s € Kq .,

1 dm
K (_7) 2%
Q= s dtm

The following lemma provides explicit expressions for the
first, second and third derivatives of the function K .

in 22).

Lemma 17: The first, second and third derivatives of the
function K¢ . in (22), denoted respectively by K, 8 )z, K g )z,
and K., satisfy for all A € intKq,., with Kq,» in (23),

§L(-1)=[ = @args o,

Ko (1) o7

t=—1

s

(98)

k8. (3)=f (eo-xg(5)) ar.o.09
KS, (*%): / <Lz(e)KSL(i))gdP(gQ’Z*jz(e), (100)

where the function L, is defined in (3) and the mea-
sure PéQ"Z)‘lz satisfies (23).

Proof: The proof is presented in Appendix [M] ]

From Lemma it follows that if @ ~ PCE)C‘?’Z)‘LZ, with Pglg’z/\iz
in (23), the random variable
WAL (), (101)

with the function L, in @ possesses a mean, variance, and
third cumulant that are equivalent to K. (—%) in ©8),

z
Kg)z (—x) in @9). and KSL (—%) in (100), respec-
tively.

Note that if there exists a > 0 such that the log-partition
function K, ,, is differentiable within the open interval (—d, §)
and @ in (I9) is a probability measure, the function K¢ »
is the cumulant generating function of the random vari-
able

V2L,(0), with ® ~ Q. (102)

The following lemma leverages this observation.

Lemma 18: Assume that @ in is a probability measure
and that there exists real 6 > 0 such that the log-partition
function K¢, in 22) is differentiable within (—¢,d). Then,



the first, second and third derivatives of K ., denoted respec-
tively by KS)Z Kg,)z, and Kg)z satisfy

K, (0)= / L= (0)dQ(0), (103)
K2 (0)= / (Lz(a) ~ K (-D)de(a), (104)
K (0)= / (La0) K. (—i))SdQ(G), (105)

where the function L is defined in (3).

Proof: The proof follows along the same arguments of the
proof of Lemma ]

The mean, variance, and third cumulant of the random vari-

able V in (T02) are K, (0) in (T03), K, (0) in (T04),
and K ((23 )z (0) in (TO3), respectively.

VI. EXPECTATION OF THE EMPIRICAL RISK

The mean of the random variable W in (T0I) is equivalent
to the expectation of the empirical risk function L, with

respect to the probability measure Pglg’;iz in (23], which
is equal to R, <Pg‘2’z)iz>, with the functional R, in (I8).

Often, R, <P(£)C|?Z)‘iz) is referred to as the ERM-RER-optimal
expected empirical risk to emphasize that this is the expected
value of the empirical risk when models are sampled from
the solution of the ERM-RER problem in (I9). The following

corollary of Lemma [I7] formalizes this observation.

Pglg’zﬁz in (23) verifies

_ e (1
=x8.(-3):
where the functional R, and the function K g)z are defined
in and (98), respectively.

The expected empirical risk R, (
the following property.

Corollary 2: The probability measure
that

R, (P(Q’)‘) ) (106)

BO|Z=z

P& ) in exhibits

Theorem 5: The expected empirical risk R, (Pgﬁz’\iz)
in (I06) is nondecreasing with A € K ., with Kg » in @3).
Moreover, R, (Pé?;iz) is strictly increasing with A € g -
if and only if the function L, in (3) is separable with respect

to the measure Q.

Proof: The proof is presented in Appendix ]

The expected empirical risk R, (P(@ﬁ?ZAiz) in has been

shown to be nondecreasing with A in [9, Appendix E.4] for
the special case in which @) is a probability measure.

A question that arises from Theorem [5| is whether the
value R, (PéQ’Z’\lz> in can be made arbitrarily close
t0 4, ., with 07, . in (38), by making A arbitrarily small. The
following lemma shows that the value R, (P(E)QlZA:)J is often
bounded away from 567” even for arbitrarily small values

of .

Lemma 19: The expected empirical risk R, <P(£)Q‘Z)‘iz> in (T06)
satisfies,

A R
R (PST5),) = 062 (107)

where d¢, _ is defined in (38). Moreover, the inequality in (I07)
is strict if and only if the function L, in (3) is separable with
respect to the measure @ in (19).

Proof: The proof is presented in Appendix [O} ]

In the asymptotic regime when A tends to zero, the expected
empirical risk R, (ngz)‘iz) in (T06) is equal to 4 ., as
shown by the following lemma.

Theorem 6: The expected empirical risk R, (ng’z)‘iz)
in satisfies,
lim R, (PS5, )=05 ..

A—01

(108)
where 0,  is defined in (38).

Proof: The proof is presented in Appendix [P ]

The following lemma determines the value of the objec-
tive function of the ERM-RER problem in (I9) when it is
evaluated at its solution. This result appeared first in [11}
Lemma 3].

Lemma 20 (Lemma 3 in [|I1]): The probability mea-
sure Pg“‘?’zﬁz in (25) and the o-finite measure @ in (I9) satisfy

A A 1
R (PS2.) 42D (P 11Q)=AKqx (-1 ). (109)
Moreover, if the condition in holds, then,

1
Re (@)~ AD (QIPSY ) =Ko (-1 ). (10

where the functional R, is defined in (I8); and the func-
tion K¢ , is defined in (22).

Proof: From Theorem it follows that for all 6 ¢
supp @,

(@A)
dP®|Z:z

1 1

log

where the function L, is defined in (3). Thus,

)
A = A
D(PS2.1Q)= [ 105 | =02 0) | arg2. (0) an2)

1\ 1
=Ko (_X>_X /Lz (0)dPsHY(0)(113)
_ 1y 1 @)
= Kox (1) - 1R (PY.).

where the functional R is defined in (I8). This completes the

proof of (T09).

(114)



From Lemma [3] and (TTI)), it follows that

ar)
D (P2 )= [1oe [ =522 0) ) ae) ais)
1 1
~Kox(-3) + 5 [L @) 1
1 1
=Kq,= <_X) + XRZ (Q), (117)
which completes the proof of (T10). n

The following corollary of Lemma 20| characterizes the differ-
ence between the expected values of the random variables W

and V in (101) and (102), respectively.

PN

©| 7~ N (23) are both

Corollary 3: If measures ) and
probability measures, then,

(@)
Rz (Q) - R (P@\z:z>
(Q.\)
=\ (D (QIPS52.) + D (PSiz2.11Q))
The right-hand side of (TI8) is a symmetrized Kullback-
Liebler divergence, also known as Jeffrey’s divergence [60]],

between the measures () and PCS)I .- More importantly, when
(@, /\)

(118)

@ is a probability measure, it follows that D (

0 and D (Q||P@C|2Z/\ ) > 0, which leads to the followmg

corollary from Lemma [2

Corollary 4: If the o-finite measure @ in @ is a probability

measure, then, the probability measure P((a\ 7 s n (25) satis-
fies
A
R (PST72.) <R:(Q), (119)

where, the functional R, is defined in (I8).

VII. VARIANCE OF THE EMPIRICAL RISK

In Lemma [I3] it has be established that if there exists a
d > 0 such that the log-partition function K¢ . in 22) is
finite within the open interval (—d, 0) the log-partition function
Kq, . is differentiable infinitely many times within the interval
(—00,0). This together with the mean value theorem [67,
Theorem 5.10] lead to the following characterization of the
differences of the values Kg ) (—1) and Kg)z (0), with
t>0.

Lemma 21: If the measure @ in (I9) is a probability measure
and there exists a 0 > 0 such that the function K¢ , in 22)
is differentiable within the open interval (—§,4), then for all
t>0,

2 1 2 1 _ .3 1
Kg. (‘;) ~ KL (0= K. (_B> < +oo, (120)

for some S € (¢, +oo) where the functions Ké))z, and K( )
are defined in

Proof: The proof is an immediate consequence of Lemma
and the mean value theorem [67, Theorem 5.10]. W

The relevance of Lemma [21| lies on the fact that K (2) L (=3)

and K g )z (0) are the variances of the random Varlables W in

(T0TI) and V in (T02). See Lemma [T7] and Lemma [T8] Under

the assumptions of Lemma [21] it follows that the function
Kg))z is continuous in (—o0,d), where 6 > 0. Hence, for all
t > 0, the function K g’ )z achieves a maximum and a minimum
within the interval [,%’0]. Such extrema allow providing
lower and upper bounds on the variance Kéi ) (—%) of the

random variable W in terms of the variance K g )z (0) of the
random variable V, as shown hereunder.

Corollary 5: If the measure @ in (19) is a probability measure
and there exists a § > 0 such that the function Ko . in 22)
is differentiable within the open interval (—d,d), then for all
t>0,

2 1 2 1 2
KL (0) = e Kg. (—;) <K, (0) - ser,(121)
where
¢ in K® d
1= min K~ (s) an (122)
sE[—%,O] ’
o= max K5 (s), (123)
elto) @
and the functions K (2 ) ,and KO )z are defined in (97).

The inequality in (121)) reveals that under the assumptions of
Corollary ] in the asymptotic regime when ¢ — +oo, the

variances of the random variables W in (101) and V in (102)

are identical. Additionally, unlike the means Kg)z (—%)

and K ) (O) of the random variables W and V, which
satisfy K ‘0 L (—3) < 1) . (0) (Corollary , their vari-
ances Ké)z ( 1) and K( ) (0) might satisfy K(zy)z (-3) <
2 (2 (_1
K~ (0) or K7, (—%)
the function K g )z is positive or negative within the interval

[—+,0]. Using this observation the values Kg )z (—1). with

> Kéi )z (0) depending on whether

t >0, and K, g)z (0) can be compared as follows.

Lemma 22: Assume that the measure () in (I9) is a probability
measure and there exists a 4 > 0 such that the function
Kq.» in (22) is differentiable within the open interval (-4, J).
Hence, the following holds for all ¢ > 0:

o If for all s > ¢, K(S,)z (—é) < 0, then

2 2 1
KS(0) < K§, (—;> <doo;  (124)
e Ifforall s > t, K, (—1) > 0, then
1
K2, (—;) <K@, (0) < +o0;  (125)



o If for some s > t, K(‘Q:)z (—=1) =0, then there exists two

positive reals ¢; and cy such that

1

er<min{Ky), (—?) KS(0)} (126)
1

<max{K(), (—;) KSL (0} (27

<ca. (128)

Proof: The proofs of the inequalities in (124) and (123) are
immediate consequences of Lemma [2I] The 1nequa11t1es m
(126) and (128) follow from the fact that the funct10n K2 0. z,
which is continuous, exhibits critical points at —;, with s
satisfying K (3 )z (—1) = 0. Some of such critical points might
be local extrema of the function K g )z, either local minima or
local maxima. Hence, the inequalities (I26) and (128) follow
by choosing c; as the smallest minimum of the function K (2 )
within the interval E t,O]; and cy as the biggest maximum
of the function K(E? . within the interval [—%, O]. If none of
such critical points is a local extremum, then, and
hold with equality.

Lemma [21] and Lemma [22] show that the monotonicity of
the expectation of the random variable W in (IOI)), stated
by Theorem [5] is not a property exhibited by the variance
nor the third cumulant. The following example highlights this
observation.

Example 1: Consider the ERM-RER problem in (T9), under
the assumption that () is a probability measure and the
empirical risk function L, in (3)) is such that for all 8 € M,

0 if
LZ(O):{ 1 if

where the sets A C M and M \ A are nonnegligible with
respect to the reference probability measure (). In this case,
the function K¢ . in (22) satisfies for all A > 0,

0c A

0c M\ A, (129)

Ko (~3 )=tos( @) +en (-1 ) 1-Q(a)) ). a30

The derivatives KS ) Ké))z, and K& )z in of the func-

tion K¢, in (130) satisfy for all A > O

o ( 1\_ eXP(—l)( (A)) )
K A)@<A>+exp<—;)< —QA)’ (3
o (1) QU0-QU)ep(-})
=)= ; (132)
&(5) (Q<A>+exp(—%)<1—Q<A>>)2 "
(4
(A)—(1—-Q(A))exp(— i))
< QA) Texp (D (1-Q(A)) (139
Note that K, (1) > 0 if and only if
Q(A) — (1—Q(A)) exp (-%) 0. (134

Assume that Q (A) > i. Thus, it holds that for all A > 0,
the inequality in (134)) is always satisfied. This follows from
observing that for all A > 0,

QA

exp (—%) <1< m

Hence, if Q (A) > 2, for all decreasing sequences of positive
reals Ay > Ao > ... > 0, it holds that

1 2) ( 1 ) ) ( 1 )
~>K S K _—

4 Q,z A > Q,z Ao >
1

Alternatively, assume that Q(A) < 5. In this case, the
inequality in (134) is satisfied if and only if

A< (1og (m))l .

Hence, if Q (A) < %,
positive reals

<log(1_QC(iE)A)>)_l >SA > A >0 >0,

it holds that

L k@ K

AR ACIE
4 @z )\1 @z )\2

Moreover, for all decreasing sequences of positive reals

(%)
it holds that

Q(A)
(2) 1 ) ) ( 1 ) 1
KD (- Z)<ck? (=) <. <=
sz( v <FKa:l3) < <3

1in (136), (138) and (T39) follows by

noticing that the value Kg ) . (—=%) is maximized when A =

(log(lQ?f()“)» and Kg)z (-1) =1
Example [I] provides important insights on the choice of the
reference measure (). Note for instance that when the reference
measure assigns a probability to the set of models 7 (z) in (3
that is greater than or equal to the probability of suboptimal
models M \ 7 (z), ie, Q(T (z)) > 3, the variance is
strictly decreasing to zero when A decreases. See for instance,
Figure [I] and Figure 2] That is, when the reference measure
assigns higher probability to the set of solutions to the ERM
problem in (4), the variance is monotone with respect to the
parameter .

(135)

.> 0. (136)

(137)

then for all decreasing sequences of

.> 0. (138)

AL > XA > 0>

(139)

The upperbound by 7

Alternatively, when the reference measure assigns a probability
to the set 7 (z) that is smaller than the probability of the
set M\ T (2),i.e., Q (T (z)) < 3, there exists a critical point

-1
for A at (1og (122%()4) )) . See for instance, Figure More
importantly, such a critical point can be arbitrarily close to zero
depending on the value @ (A). The variance strictly decreases

-1
when A decreases beyond the value (log ( 1&%&“;‘) )) . Other-

wise, reducing A above the value (log ( ?/E‘A)

the variance.

1
) ) mcreases



In general, these observations suggest that reference mea-
sures () that allocate small measures to the sets containing the
set 7 (z) might require reducing the value A beyond a small
threshold in order to observe small values of Kg )z (f%),
which is the variance of the random variable W, in (TOT).
These observations are central to understanding the concen-
tration of probability that occurs when A decreases to zero, as

discussed in Section [[X]
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Fig. 1. Mean K(l) ( i) variance K(g) —

l
5(93 )z (_X) of the empirical risk in Example' with Q (A) =

, and third central moment

0.5 T

- 1
0.45 - ,”‘ _ KEZ?; (7%) 1
,/ _K(ZS) (_X)
0.4 4 _---KZ ( %) 4
! QA) =05
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Fig. 2. Mean KW (—l) variance Kg)z (—+). and third central moment

Q,z A
KS)Z (7X) of the empirical risk in Exarnple with Q (A) = 5

VIII. CUMULANT GENERATING FUNCTION OF THE
EMPIRICAL RISK
Consider the transport of the measure PCS)?Z . in (@23
from (M, B (M)) to ([0,+oc], Z ([0, +0cc])) through the

function L, in (3). Denote the resulting probability measure

0.8
07k .= " i
1
06 e _-K%z;(_i) i
' ,/ _Ké) (=3)
: 1
05 Y == K3 (=3) |
' ’ _— 194\ ' _
, A= (10g (Yg2Y)) 091024
041 ’ Q(A) =0.25 ]
0.1 w Bt ST e
10 10° 10 102

Regularization Factor (\)

Fig. 3. Mean K (1) (= %), variance Ky 2 1), and third central moment

L 1
Kg)z (_X) of the empirical risk in Example. Wlth QA =

n ([0, +o0], & ([0, +¢])) b PIEVQ‘Z)‘) _- That is, for all A €
2 ([0, +o)),
Py (A) =P (L21(A), (140)
where the term L' (A) represents the set
LY (A)2{v e M: L (v) € A}. (141)

Note that the random variable W in (I0T)) induces the probabil-
ity measure Pv(Vl’Z) . in ([0, +-00], Z ([0, +-00])). The objective
of this section is to study the properties of the cumulant
generating function of the probability measure PN e

W|Z z’
noted by J.gx : R — R U {+oco}, which satisfies for
all t € R,

Jz,o(t) = log (/ exp (tw) dP‘E‘?lé‘) z(w)) (142)
~ log ( / exp (1L (0) AP, (9)) 43

where the equality in (T43) follows from [56, Theo-
rem 1.6.12].

The following lemma provides an expression for J, g » in
terms of the log-partition function K¢ , in 22).

Lemma 23: If A € Kg., with Kg . in @23), then, the
function J ¢ » in (142), verifies for all ¢ € R,

JZ)Q))\(Q (144)

= KPCE-)?ZA)Z’Z (t)
1 1
= Ko (f - X) ~ K (‘x) (145)

+00 ,m
zzLKw (_l)
m:lm! Q= PV

with the function K¢ . in (22) and the function K, (m) in (7).

(146)



Proof: The proof of (144) follows immediately from (22) and
(T43). The proof of (I45) follows from Lemma 12} Finally, the
proof of (T46) follows by observing that a Taylor expansion
of the function K¢ . in (22) at the point —5, yields for all
te{reR:Kqg.(v) < +oo},

K

Ko (t)=Kg.- (—f) Z QZ( ) (t+ %) (147)

Choosmg ae{veR:Kg.(v

a — 1 in (147) yields

— §) < +oo} such that t =

+oo
1 1 o’ 1
K, z( —7):K . (—f) =K (—7), 148
e=\*7y)7"e A+;s! ez\"y) (14
which implies that for all t €
{veR:Kq.(v— 1)< +oo},
+oo
1 1 (s) 1
s (1-3) ~Hax(-3) 2586k (-5). 0
Let s* € RU {+occ} be defined by
xb 1
s™=sup {1/ €ER:Kg,» (u - X) < oo} . (150

If s* = +oo, thenforallt € R, K- (t — 1) —Kg.= (—3) <
+00, and thus,

+00> Joqa(t) = Ky (1) (151)

1 1
kg (1- 1) - Ko (D)2
Q h Q. )\( )
+o0o L,
= Z 7 getm) (_1>
ml @ VA

m=1

(153)

Alternatively, if s* < +oo, it follows that for all ¢ > s*,
Kq,= (t — 5) = +oo. From the fact that the function K¢ .
is continuous (Lemma | and Kq (f%) < 00 (due to the
fact that A € g in (23)), it follows that

e
- Z m' (m) (7l>’

m=1

too=Jy () = Kq.» (t

(155)

which implies that 37, £ Kg?) (—%) = +oo. Hence, in
this case, the equality in (146) is of the form +oo = +oc.

This completes the proof. [ |

Alternative expressions for .J ¢ » in (142) are provided here-
under.

Lemma 24: If X € Kg., with Kg, in @23), then, the
function J, ¢ » in ([42), verifies for all ¢ € (0, +00),

wax(-3)
Jesie) (o)

B|Z==z -D @\Z z

Hlorty)

(-)|Z z

”P(Q A)

©| 7= (156)

1
_ng

A)
P(Q ||

1 Q)
_QR (P®|Z z>+D e|Zz=2 (157)

<0, (158)

where the functional R is in (I8); the function K 0.5 _ is
®|z=2’

@Y

in (61); and the probability measures ©|Z—= e|z=x

are respectively in (23) and (73).

Proof: The proof of (I56) follows from (T09) in Lemma [20]
by observing that for all ¢ € (0, +00),

1
tK Q\ZA)z’z <_¥)

pQ A)z7t ( . ) N
=R, ( (E)‘;‘_Z )>+tD( C_,‘;‘Zz HP@?Z>Z) (159)
e\ (o)
=R.( Po 2t | +tD| Poize z||Pg|?Z>z . (160)

where the equality in (T60) follows from Lemma T3] The proof
of (I37) follows from (I10) in Lemma [20] by observing that
for all ¢ € (0, +00),

1
~Hpgy z<—z)
_R (P(Q ) ) tD(P(Q)\ || ( ®\Z>\>z’t)) (161)
B 0|Z=z 0|z=zI1©e|z=2
_ (@Q\) pl@) +)
=R (P@|z z) tD @\z z||P®|Z z | (162)

where the equality in (TI62) follows from Lemma [I3] which
completes the proof. [ |

From Lemma [13] and Lemma 23] it follows that the function
Jz,0.» in (T42) is increasing and differentiable infinitely many
times in the interior of it eER: K. (t — l) < +oo}. More-
over, note that ( 0, f] {t cER:Kg,» (t — l) +oo}
Denote by J( ) : R = R U {+o0}, with m € IN, the m-
th derivative of the function J, g » in (I42). That is, for
all s € R,

(m)

dm
Jooa(s) = dTsz,Q,A(t)) (163)

t=s
From Lemma@ it follows that for all m € N, and for all a €
R, the following holds,

(m m 1
J,Q),\( ):K(Q,z) <a—x),

where the function K" (m) denotes the m-th derivative of the
function K¢, in (]ﬁ See for instance, Lemma [I7] The

(164)



equality in (T64) establishes a relation between the cumulant
generating function J, g x and the function Kg .. This ob-
servation becomes an alternative proof to Lemma

The following theorem presents the relation between the

cumulant generating function J; g » and the functions K (l)z

and Kg)z in (98) and (@9).
Theorem 7: For all o € R, the function .J, ¢, in (I42) verifies
the following equality

1N 1 s
X) + §a2KC(2,),z ()
with

¢ e (min {—%,a — %} , max {—%,a — %}) , (166)

where the functions K3 )z and KO )z are defined in (98)
and (99), respectively.

Proof: From Lemma [I5] it follows that the function K¢ .
is differentiable infinitely many times in the interior of
{t e R: K »(t) < +oo}. Then, a Taylor expansion of the
function K¢ . in 22) at the point —% yields for all ¢ €
{veR:Kqg.(v) < +oo},

1
Kq.z ()=Kq,2 (*X)
+oo s
1 1 (S)( 1)
—(t+~-) K — . 167
+§5!( + )\) ez\73) {67
Choosing ¢ = o — 1, with « €

{veR:Kqg.(v—1)<+oo} in (I67), it holds from
the Taylor-Lagrange theorem [|68, Theorem 2.5.4] that

1 1 N
Ko (a=3)=Kox (-3) +ar (-5)

Jequ(a) = aKY), (— (165)

1
+50° KoL (6). (168)
where ¢ € (min{—%,a — +}, max{—5,a— 11},).
Let s* € RU {+occ} be defined by
1
s*£sup {1/ ceR:Kq. (u - X) < oo} . (169)

If s* = +oo, then for all « € R, Kg,. (afﬁ) —
Kg,. (—%) < +o00, and thus, the proof is completed by
noticing that from Lemma 23] it holds that J; ga(e) =

Kqz(a—-3) —Kqz (%)

Alternatively, if s* < 400, it follows that for all a > s*

Kq.. (a — X) = 4o00. From from Lemma it holds that

Jz.0.x(a) = 400, which implies that +oo = ozKég’) (—3)+
K(Q) (£), and thus, K( ) , (&) is infinite. Hence, in this

case the equality in @ is of the form +o0o < +oo. This
completes the proof. ]

In (I63), the parameter ¢ depends on «, as shown in
(T66). To highlight this dependence, in the following,
the parameter ¢ is denoted by &,. Using this notation,

the focus is now on the term K when o €

{teR: J,0(t) < +oo}.

. (&),

Theorem 8: The function J; ¢ » in (I42) verifies the following
inequality, for all @ € {t € R : J, o a(t) < 400},

Jeqa(a) < akl), (—%) + %oﬂﬂaz (170)
where (g, is finite, and satisfies
5Q,z:sup{ ES (a):ae (—oo,b—%)}, (171)
with
bEsup{t € R: J, o.(t) < +oc}, (172)

and the functions K, S)z and K g )z
respectively.

defined in (98) and (99),

Proof: The proof of the inequality in (T70) is trivial from
Theorem [7] and the choice of SB¢ . in (I7I). Hence, the
remainder of the proof focuses on proving that 8g , < +oc.
From Lemma [T5] and Lemma [23] it holds that

1
{t eR: JZ’Q,)\(t) < +OO}={?§€RZKQ7Z <t_X) <+OO},

which implies that the set {t € R: J, o a(t) < 400} is an
interval of the form (—oo,b), with b in (I72). This follows
from the fact that the function Kq . is continuous and
nondecreasing (Lemma [T3) and the fact that

11_1}1(1) Jz)Q)A(t)Z—I-OO. (173)
For all o« € (—o0,b), the function K g )z is
continuous  (Lemma ﬂj]) Hence, for all ¢ €
(min{—%,a — 1} max{—%,0— }}) C (—o0,b),
the value K (QQ)PZ (t) 1is finite. Moreover values
Kg)z (min {-%,a—5}) and K A})
are both finite. This implies that the functlon K%
achieves a minimum and max1mum within the closed
interval [min{f } max{ S — 7}] Thus, the
corresponding term K é?)z (&a) is ﬁmte.

the

) (max {1

In the asymptotic regime, when @ — —oo, the following

holds:
(=)
b) )\ .

The function Kg)z is continuous in (foo, 7%) as a con-
sequence of the inclusion (foo, f%) C (—00,b), and thus,
for all t € (—o0,—7), Kg)z(t) < 400. Moreover, from
the assumption that A € K ., with K¢ » in @3), it holds

that

lim &,€
a—r—00

(174)

1
li K( ) ()y=K? (—7) . 175
t;m ( ) Q,z )\ < +OO ( )



Alternatively,

im KS(t) (176)

_; @ (_1

- ()
2

Y kW _1)) @)

~ lim <Lz(0) KQVZ( ;) dPSiL0), (178)

=lim [ (L. (6))° dPSly) . (6)

— lim (K“) <—1>>2 (179)

t—0+ Q= t ’
=lim [ (L.(0))'dPG;) (0)~ (55.2)° (180)
=lim [ (L2(0))—35=5(6)dQ(0) - (%) (181)

(Qst)
P@\Z:z

of . d . 22
— [ 0?( 1w =52=%(6) |aQ(e)- (55,.)° (152

= 2 # (5% 2
_/(Lz(e)) Q(%,Z)]l{ge%yz} dQ(6)—(65..)" (183)
_ 2 TRy

W / (L0000~ (5. (184)
=(05.2)" — (95.2)" =0, (185)

where the equality in (T78) follows from Lemma [I7} the
equality in (T80) follows from Theorem [6] with d7, , in (38);
the equality in (I82) follows from the dominated convergence
theorem [56, Theorem 1.6.9]; the equality in (I83) follows
from Lemma [} and the equality in (I83) follows from the
definition of the set L7, , in (39).

Hence, from (T74), (T73), and (183), it follows that

QE@OOK({;L (&) € lo, max KS (c)] . (186)

ce(—oo,— %
where the maximum exists and is finite.

On the other hand, in the asymptotic regime, when o« — b~
two cases are considered: (i) b > 0; and (i) b < 0. In the
first case, the following holds from (166):

1 1
li “ {——,b——). 187
im §a€ i\ 3 (187)
The function Kg)z is continuous in (—%, b— %), as a con-
sequence of the inclusion (—%, b— %) C (—00,b), and thus,

forallt € (—5,b— 1), Kg)z(t) < 400. Moreover,

1

KS), (—X><—|—oo, and (188)
1

KS). (b - X)<+oo. (189)

This implies that when b > 0,

lim K5, (€a) €

a—b—

lo, [maX Kg}z(c)], (190)
ce

where the maximum exists and is finite.

The function K, g )z is differentiable infinitely many times

(Lemma within the interval (—oc,b). More specifically,
for all t € (—o0,b),

K0 = [ (Lo (0) exp (tLs (6) ~ Ko.x () dQ(6)

— (3, 0)",

Finally, In the second case, the following holds from

(T66):
lim §a€<b7 1 ,l)

a—b— )\’ A

The function Kg)z is continuous in (b — %, —%), as a con-
sequence of the inclusion (b— 3, —%) C (—o0,b), and thus,

forallt e (b—%,—3), Kg)z(t) < +400. Moreover,

(191)

(192)

1

KS, (b - X><+oo, and (193)
1

KS, <—X><+oo. (194)

This implies that when b < 0,

lim K, (€) €

a—b—

0, max K2 (o)], (195)
l ce(-1,-1] @
where the maximum exists and is finite. From all the above,
it holds that for all & € {t € R : J, g A (t) < +o0}, the value
Kg )z (&4 is finite, and this completes the proof. M

The main implication of Theorem [§] is that the random
variable W in (T01)) is a sub-Gaussian random variable with
sub-Gaussianity parameter (¢ . in (I71) [54, Section 2.3].
This follows by noticing that the function .J, ¢ » in (143) is
the cumulant generating function of the random variable W.
Hence, whenever it is finite, it is upper bounded as shown in
Theorem [§] The following corollary of Theorem [§] highlights
this observation.

Corollary 6: The random variable W in (I0I) is a sub-
Gaussian random variable with sub-Gaussianity parameter

BQ,Z in @

The relevance of Corollary [6] is that it highlights the fact that
when the models are sampled from the ERM-RER optimal
measure P(E)Q|é/\:)z in 23), the empirical risk with respect to
the dataset z is a sub-Gaussian random variable with sub-

Gaussianity parameter 8q . in (L71).

IX. CONCENTRATION OF PROBABILITY

Consider the following set,
No=W2{0eM:L.(0) <R (PSHL.)}, (196)

where the function L, is defined by @; the functional R,
is defined by (I8)); and the probability measure Pg‘?’z’\iz is
in (23). This section introduces two results. First, in Theo-
rem EI, it is shown that when A tends to zero, the set Ng »(\)



forms an indexed family of sets that is monotonic and de-
creases to the set

0.2 2L, ((522 2) s (197)

where d7, _ is defined in (38); and the set £ (7 ) is defined
in (37). Second in Theorem [0} it is shown that the probabil-
ity @?Z/\)z(/\/@ (\)) strictly increases when A tends to zero.
More importantly, in Theorem [I] it is shown that the limit
of the probability PCE)?Z)‘ L(NQ,z(X), when X — 0, is equal
to one. These observations justify referring to the set NV

the limit set. These observations are complementary to those
stated in Section and Section [[II-C ThlS section ends
by showing that the probability measure P(E)‘ ., concentrates
on a specific subset L7, . in (39) of the set N .. At the
light of this observation, the set E*Q L 18 referred to as the
nonnegligible limit set Finally, it is shown that when the o-
finite measure @ in is coherent, the sets N , and L7,

are identical.

A. The Limit Set

The set Ny »(A) in (I96), with A € Kg . and K » in 23),
contains all the models that induce an empirical risk that is
smaller than or equal to R, (P(E)Q‘)ZA ) @e., the ERM-RER-
optimal expected empirical risk in . This observation
unveils the existence of a relation between the set N
in and the set 7 (z) in (3)), as shown by the followrng
lemma.

Lemma 25: The set N  in satisfies

T (2) CNG.2» (198)
where the set 7 (z) is in (5). Moreover,
T (2) = N§ 2, (199)

if and only if (a) the ERM problem in (@) possesses a solution;
and (b) the reference measure @ in (I9) is coherent.

Proof: If the set T (z) in () is empty, the inclusion in (T98)
is trivially true. Assume that |7 (z)| > 0. Hence, the proof of
the inclusion in follows from observing that for all 8 €
T (2), it holds that L, (8) = p* < dg, ., with o5 , in (38)
and p* in (@8). Hence, 0 € NQ - Thrs completes the proof
of the inclusion in (I98).

The proof of the equality in (199) is presented in two parts.
In the first part, it is proved that if holds, then the ERM
problem in (@) possesses a solution and the measure @ is
coherent. The second part proves the converse. The proof of
the first part is as follows. Under the assumption that 7 (z) =

5. holds, it follows that ¢, . = p*, with p* in (@8), which
implies that the ERM problem in possesses a solution.
Moreover, for all § € (p*, +00), it holds that Q (L, (4)) > 0,
which verifies that the measure () is coherent and completes
the proof of the first part. The proof of the second part is as
follows. Under the assumption that the ERM problem in ()
possesses a solution and the measure () is coherent, it follows
that o, , = p*. Hence, T () = N}, ., which completes the
proof of the second part. ]

The following theorem highlights that the set Ng » (A) is
decreasing with .

Theorem 9: For all (A, A2) € Kg »xKq 2, with g , in
and A\ > \g, the sets Ny, (A1) and Ng » (X2) in (196)
satisfy

MO Ngz(M) 2 Ng.=(X2) D NG ., (200)

with NV, being the set defined in (I97). Moreover, if the
empirical risk function L, in (3) is continuous on M and
separable with respect to the measure ) in (T9), then,

M D Ng.=(A1) DNgz(X2) DN .. (201)

Proof: The proof is presented in Appendix ]

An interesting observation is that for all A € Kg ., with g
in 23), only a subset of Ng . (A) might exhibit nonzero
probability with respect to the measure Pgl?’z’\:)z in 23).
Consider for instance that the measure () in is non-
coherent (Definition . That is, d5, > p*, with &7,
in and p* in @8). Thus, for all v € (p*,éaz), it
holds that Q (£ (7)) = 0, with the set £.(-) in (37). From

Lemma this implies that for all v € (p*,éaz), the
measure Pg\?zl in (23) satisfies P((-)6|2Z/\)z (L (v)) =0, while

verifying that £, (v) € Ng . (A). These observations lead to
the analysis of the asymptotic concentration of probability in
the following section.

B. The Nonnegligible Limit Set

The first step in the analysis of the asymptotic concentration
of the probability measure P2 in (23) is to show that

O|Z==z
the probability P(Gﬁ?;l (Ng,z(\)) increases when A tends to

zero, as shown by the following theorem.

Theorem 10: For all (A,X2) € Ko x Kg.z, with Kg »
in 23) and Ay > X2, assume that the measures ples)

B|Z==z
and P(S)?ZAQ)Z satisfy (23) with A = Ay and A = Ao, respec-

tively. Then, the set Ng » (A\2) in (I96) satisfies
A A
0. < PE (Na.= (M) < Paly?L (No.z(he)), (202)

where strict inequality holds if and only if the function L is
separable with respect to the o-finite measure ().

Proof: The proof is presented in Appendix [R] ]

The following lemma highlights a case in which a stronger
concentration of probability is observed.

Lemma 26: Let the function L in (3) be separable with respect
to the o-finite measure @Q in (I9). Let also (A1, A2) € Ko,z X
Kg,z, with Kg » in 23), be two positive reals such that A\; >
)\2 and

Q(Max (M) N (W ) ) =0,

with the complement with respect to the set of models M.
Then, two measures P(E)Q‘?Z’\ 1)2 and P(Q ’\2) that respectively
satisfy (23) with A = Ay and A = X, verlfy that

PETA. (Ng.= (M) < PS5, (Ng = (M),

(203)

(204)



where, the set N . (+) is defined in (T96).
Proof: The proof is presented in Appendix ]

The following example shows the relevance of Lemma [26] in
the case in which the empirical risk function L, in (@) is
a simple function and separable with respect to the o-finite

measure @ in (19).
Example 2: Consider Example [I| Note that, for all A > 0,

0<R. (RS, <1, (205)

where R, (P(E)Q’Z’\iz) is the ERM-RER-optimal expected em-
pirical risk in . The equality in (203) implies that given
two reals A1 and Ay such that \; > Ay > 0, it holds that,

Na,= (M) N (Vg = (A2))°

={ve M:R. (PS772)) <L () <R: (PST,YL) ) (206)
=0, 207)
and moreover, Ng (A1) = Ng.(A\2). Finally, from
Lemma [26]

A A
PSR (Ng = (M) < Polp2l(Ng.=(Aa)). (208)
The main result of this section is presented by the following
theorem.

Theorem 11: The probability measure ©|Z—= in (25) satisfies

. A
Jim PGTY (No= (V) =1,

where, the set N » (A) is defined in (I96).

(209)

Proof: The proof follows immediately from Lemma [7| and
by noticing that for all A € Kq ., with Kg . in 23), the
sets L, . in and N, () in satisfies L7, , C
./V'Q7 2 ()\) |

Note that Theorem [T1] and Lemma [7] lead to the following
conclusion

. QA *
iy P (N (0125, =

which follows from the fact that L7, , C N, (A), with L7, |
in (39). This justifies referring to the set L7, , as the nonneg-
ligible limit set.

(210)

X. (0,€)-OPTIMALITY

This section introduces a PAC guarantee of optimality for the
models that are sampled from the probability measure Péﬁz;:)z
in (23) with respect to the ERM problem in (). Such guarantee

is defined as follows.

Definition 6 ((9, €)-Optimality): Given a pair of positive re-
als (6, ¢€), with € < 1, the probability measure P(E)Q’;:)z in (23)
is said to be (9, €)-optimal, if the set £ (¢) in (37) satisfies

PSR (L2(8) > 1 -

If the probability measure P(E)C\?’z)iz in 23) is (9, €)-optimal,

then it assigns a probability that is always greater than 1 — ¢

@211)
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to a set that contains models that induce an empirical risk that
is smaller than &. From this perspective, particular interest is
given to the smallest § and e for which ng’;‘iz is (9,€)-
optimal.

The main result of this section is presented by the following
theorem.

Theorem 12: For all (6,¢€) € (37, ,,+00) x (0,1), with &7 ,
in (38), there exists a real A € K¢ ., with g » in 23), such

that the probability measure P(@?’;‘iz is (9, €)-optimal.

Proof: Let 6 be a real in (56’27 +oo), with 65 _ in (38). Let
also A € Kq . satisfy the following equality:

212)

Note that from Lemma it follows that the function K S)z
is continuous. Moreover, from Theorem [6] it follows that such

a A in 2I2) always exists. From and (196), it holds
that

Nao.=(N) € L2 (6), 213)
and thus,
A A
PSR (L2(8) = PSS (No=(V). (214)
Let v be a positive real such that v < A and
PSY (No=(v) > 11— @15)

The existence of such a positive real v follows from Theo-
rem [[1} Hence, from (213), it holds that,

1— <Pyl (No.2 (7)) (216)
<PSL. (£2(9), 217)

where the inequality in follows from the fact
that Ng - (7) € Ng2(\) € L (6). Finally, the inequality
in implies that the probability measure Pg"?’z)iz is (0, €)-
optimal (Definition [6). This completes the proof. M
A stronger optimality claim can be stated when the reference
measure is coherent.

Theorem 13: For all (4, ¢) € (p*,+00)x(0,1), with p* in [@8),
there always exists a A € Kg », with Kg » in 23), such that
the probability measure PCE)QE’Z’\Z)Z is (9, €)-optimal if and only
if the reference measure (@ is coherent.

Proof: The proof is divided into two parts. The first part shows
that if for all (0,€) € (p*,+00) x (0,1), there always exists
a A€ Kgz, with Kg . in (23), such that the probability
measure P(ggl?’ZA:)z in (3) is (0, €)-optimal, then, the measure Q
is coherent. The second part deals with the converse.

The first part is as follows. Let v € K¢ » be such that

ng’zﬁz (L£2(0))>1—c¢, (218)



then, for all measurable subsets A of L, (d), it holds
that

1—e < PST (L2 ()
dP(Q»’Y) p(Qa"/)

= [ —°1Z=2\q0o (v %V v
- [F5e T waee [ SSEEwee),

which, together with Lemma [2] implies that there exists at
least one measurable subset A for which @ (A) > 0, and
thus,

(219)

Q(£z(0))>Q (A) >0,

which implies that the measure () is coherent. This completes
the first part of the proof.

(220)

The second part of the proof is as follows. Under the assump-
tion that the measure () is coherent, it follows that 522’ L =p.

Then, from Theorem it follows that for all (d,e) €

(65,2, +00) x (0,1), there always exists a A € Kqz,

with g » in (23), such that the probability measure P(E)Ql’z)‘:)z

is (0, €)-optimal. This completes the second part of the proof.
|

XI. SENSITIVITY AND GENERALIZATION

This section introduces the notion of sensitivity and establishes
its connections with the notion of generalization error of the
Gibbs algorithm, cf. [9].

A. Sensitivity

The sensitivity of the expected empirical risk R, in to
deviations from the probability measure Pglg’z’\iz in 23) to-
wards an alternative probability measure P € A (M, % (M))
is introduced as a novel metric to evaluate the generaliza-

tion capabilities of the ERM-RER-optimal measure Pg‘?’z’\lz.

Deviations from the probability measure P(E)QI’Z’\Z)Z towards
an alternative probability measure P would allow comparing
the ERM-RER-optimal measure with alternative measures (or
algorithms). For instance, if new datasets become available,
a new ERM-RER problem can be formulated using a larger
dataset obtained by aggregating the old and the new datasets,
cf. [11]] and [69]. Intuitively, the ERM-RER-optimal measure
obtained after the aggregation of datasets might exhibit better
generalization capabilities, see for instance [[11]. This analy-
sis is the motivation of the sensitivity, which is defined as
follows.

Definition 7 (Sensitivity): Given the o-finite measure ) and
the positive real A > 0 in (19), let S : (X x V)" x
ANg (M, B (M)) = (—o0,+0o0] be a functional such that

_ (@)
So(2,P)= { R=(P) =R <P®|Z:z>
+00
where the functional R, is defined in and the probability

if \e Ko .-

) (221)
otherwise,

measure Pglg’ZA:)z is in (23). The sensitivity of the expected
empirical risk R, due to a deviation from ch)c\?’z/\lz to P

is SQ7)\ (z, P)

21

Recently, the following exact expression for the sensitivity
So.a (2, P) in (221I) was introduced in [11].

Theorem 14 (Theorem 1 in [11|]): The sensitivity Sg x (2, P)
in (221) satisfies

SQ)\(Z,P)
=A(D(PSLLIQ)+D(PIPS;L.) -D(PIQ)), 222)

P&l s in @3).

The following theorem introduces an upper bound on the
absolute value of the sensitivity Sg x (z, P) in (2ZI)), which
requires the calculation of only one of the relative entropies
in Theorem

Theorem 15: For all P € Ag (M, % (M)), the sensitivity
So.x (2, P) in (2Z1) satisfies
A
S (= P)l<y/283 .0 (PP,
where the constant (g . is defined in (171).

where the probability measure

(223)

Proof: The proof is presented in Appendix ]

Note that equality holds in (223)) in the trivial case in which
the empirical risk function is not separable with respect to )
(Definition [3). In such case, for all P € Ag (M, Z (M)), it
holds that Sg » (2, P) =0 and Bg . = 0.

Theorem [I3] establishes an upper and a lower bound on the
increase and decrease of the expected empirical risk that
can be obtained by deviating from the optimal solution of
the ERM-RER problem in (I9). More specifically, note that
for all probability measures P € Ag (M, % (M)), it holds
that,

R:(P)=R. (PEyY )~ /285 .0 (PIPSy).) and (224)

R: (P)<Rs (PSyY) + /263D (PIPS,Y).

(225)

B. Generalization Error

This section unveils the interesting connection between the
notion of sensitivity and the notion of generalization error
of the Gibbs algorithm, cf. [9]. The Generalization error is
defined under the assumption that datasets are sampled from
a probability measure

PZEA((XXy)nay)v (226)

where .# denotes a given o-field on the set (X x ))". For
such a probability measure Pz in (226), let the set Ko p, C R

be
ﬂ ICQ,Z7

z€supp Pz

where the o-finite measure @ is in (I9). The set Kg, p,
in can be empty for some choices of the o-finite
measure (). Nonetheless, from Lemma [I] it follows that if Q
is a probability measure, then,

Kq,py = 227)

Ko,py = (0, +00). (228)



Under the assumption that datasets are sampled from Pz
in (226), the generalization error of the Gibbs algorithm with
parameters () and J, is defined as the expectation with respect
to the product measure Pglg’z)‘ ). Pz, with Pg‘g’z’\ ) in 23), of
difference between: (a) the population risk due to a model
0c M,

/ L. (6)dPy (=) (229)
with the function L, defined in (3)); and (b) The empirical risk
induced by the model @ with respect to a training dataset z,
that is, L. (@). More specifically, the generalization error of
the Gibbs algorithm with parameters () and A is

// </ L. (0)dPz (z) — L, (0)) dPglg’Z’\:)V (8) dPz(v)

=[([r-@arz =) arg o)

- / L, (8) dPs%,Y, (8) dPz(v) (230)
_ / ( / L. (6) PO (0)) APy (2)

- / L, ()P, (8) APz (v) @31)
- / (RV(PgQ>*))—R,,(P(S)?’Zﬁy))dpz(u), (232)

)

where the probability measure PCS,Q’)‘ satisfies for all sets A €

% (M),

PV (4) :/pé)Q";‘:)V (A)dPz (v),  (233)

and the functional R, is defined in (I8).

The following theorem establishes a connection between sen-
sitivity and generalization error in the particular case in which
@ in (19) is a probability measure.

Theorem 16: Under the assumption that datasets are sampled
from Pz in (@226), the generalization error of the Gibbs
algorithm with parameters () (a probability measure) and
A>0,is

/SQ,A (v, PE*M) dPz(v), (234)
where the functional Sg » is in (221I)); and the probability
measure P(E)Q”\) is in (233).

Proof: The proof uses the fact that under the assumption that
@ is a probability measure, for all v € supp Pz, it follows
from Lemma [1] that g, = (0,+00). This implies that for
all z € supp Pz and for all A > 0, the ERM-RER problem

in (I9), always possesses as solution the measure P(E)Ql)’ZA:)z
in (23). Thus, the measure P(@Q’A) in 233) is well defined.

Moreover, Sg .\ (z’P(E)QM\)) _R, (P(EDQ,A)) _R, (P(Q“\) >

B|Z==z
and the integral in (232) is also well defined, which completes
the proof. ]

Theorem [I6] provides an interesting viewpoint of the gener-
alization error. For instance, the probability measure P(E)Q”\)

22

in (226) can be understood as the barycenter of a subset
of A (M, % (M)) containing the solutions to ERM-RER
problems of the form in (I9), with z € supp Pz in (226).
Hence, the generalization error of the Gibbs algorithm is the
expectation (with respect to Pz) of the sensitivity of the
expected empirical risks R, in to variations from the

ERM-RER-optimal measure Pg‘g’zzz towards the barycenter,
)

i.e., the measure P(S)Q’)‘ .

The following definition extends the notion of generalization
error to Gibbs algorithms obtained by assuming that the refer-
ence measure @ in (I9) is a o-finite measure. This definition
also exploits the relation between the notions of sensitivity
and generalization error introduced by Theorem [16]

Definition 8 (Generalization Error of the Gibbs Algorithm):
Given a o-finite measure @@ € A (M, % (M)) and a real A >
0, let the functional Gg » : A (X x V)", . F) — (—o0, +00]
be such that

Gor(Pr)= /sQ,A(y,Pe )dPz(v) if AeKq.p, 235)

+00 otherwise,

where the functional S is in (221I); the set Kg p, is
in (227); and the probability measure P(E)Q”\) is in 233).
The generalization error induced by the Gibbs algorithm with
parameters () and A under the assumption that datasets are
sampled from the probability measure Pz, is Gg » (Pz).

The main difficulty for extending the notion of generalization
error to Gibbs algorithms obtained under the assumption that
the reference measure is not a probability measure, but a o-
finite measure, is that the integrals in (232) and (233)) might not
be well defined. This is essentially due to the fact that, while
the ERM-RER problem in (I9) always possesses a solution
when () is a probability measure, the existence of a solution
when @ is not a probability measure is subject to the condition
that for all z € supp Pz, A € Kq », with Kg » in 23). This
leads to the condition that A € Kqg p,, with the set Kg p,
in (227). When such a condition is not met, the definition of
sensitivity is void.

The following theorem provides a closed-form expression for
the generalization error of the Gibbs algorithm in the general
case in which the reference measure @ in (I9) is a o-finite
measure.

Theorem 17: If X € Kqg p,, with Kg p, in @27), the
generalization error Gg ) (Pz) in (233) satisfies

A A
Gox (Pz) = A (/D(PCE)QZ}JP(E)Q YaPz(v)

+f D(PéQ’”PéQ’ZAL)sz(w), (236)

where for all z € supp Pz, the probability measure Péﬁz;:)z

in (23); and the probability measure P(@Q”\) is defined in (233).

is

Proof: The proof is presented in Appendix [U] ]



The terms fD( @c‘?Z’\)VHPeQ A)> dPz(v) and

ID&; /\)HP@C‘QZ/\)U) dPz(v) in the right-hand side
are respectively the mutual and the lautum
information [53] induced by a joint probability measure Pg z
whose marginals are Pz in and P(E)Q’A) in (233). When
the reference measure @ in (I9) is a probability measure,
Theorem reduces to [9, Theorem 1]. Interestingly,
independently of whether the reference measure @ in (I9)
is a probability measure, or whether the n data points in
the datasets are independent and identically distributed, the
generalization error Gg » (Pz) in (233) is always a factor of
the sum of the mutual and lautum information induced by
the joint probability measure Pg z mentioned above.

Theorem [17] also provides an alternative interpretation of the
generalization error Gg » (Pz) in (235). Note that by writing
one of the factors in the right-hand side of (236) as

[ (G218 +

it becomes clear that Gg » (Pz) is the expectation with respect
to Pz of the symmetrized Kullback-Leibler divergence, also
known as Jeffrey’s divergence [66], of the probability measures
P(E)Qé/\iz and P(@Q”\). That is, the solution to the ERM-RER
problem in and the barycenter induced by Pz.

(@)

®|Z=v <PQ/\)||ngZA V)>dPZ(V)a

The following theorem provides an upper-bound on the gen-
eralization error of the Gibbs algorithm only in terms of
the lautum information induced by such a joint probability
measure Pg z.

Theorem 18: The generalization error Gg » (Pz) in (235)
satisfies for all A € Kg p,,

)dPz(v), (237)

0 <Goa(PZ)< 203 / D(PS*V|IPSEY,,

where for all z € supp Pz, the probability measure P(E)Ql Z’\)z

is in (23); the probability measure P(S)Q’A) is defined in (233);
and

og=sup{Boz:z€ (X x )"}, (238)
with B¢ . in (I66).

Proof: The proof of the inequality Gg x(Pz) > 0 fol-

lows from observing that for all v € (X x V)", the terms
Q.\) Q.\) QN1 (@A) Y -
(p(glz RS and D (P(S) ||P(§) ) V) in (@36) are

nonnegative (Theorem [I] . The proof of the remaining inequal-
ity follows from (235) and the following inequalities:

Go. (Pz)= /SQ_’)\ (u,P(E)Q’A)) dPz(v) (239)
g/ )SQ,A (V,Pg“))‘dpz(u) (240)

< / V280D (PEV P, )Pz (), 41)

By \
g/\/zag?p (PLVIPEY, ) dPy(v)

< QO'Q/D S VIPSSY,) APz (v), (243)

(242)

23

where the equality in (239) follows from (233)); the inequality
in follows from [56, Theorem 1.5.9(c)]; the inequality
in follows from Theorem the inequality in
follows from (238); and the inequality in (243) follows from
Jensen’s inequality [56, Section 6.3.5]. This completes the
proof. ]

In a nutshell, the generalization error Gg » (Pz) in 233) is
upper bounded up to a constant factor by the square root
of the lautum information induced by the joint probability
measure Pg 7z mentioned above. Theorem @] is reminiscent
of [30, Theorem 1], which provides a similar upper-bound on
Gg,x (Pz) using the mutual information instead of the lautum
information induced by the joint probability measure Pg z.
The interest in Theorem |18| for the specific case of the Gibbs
algorithm, lies on the fact that it holds under milder conditions
than those in [30, Theorem 1]. For instance, no additional
conditions on the loss function ¢ in (2) concerning sub-
Gaussianity are assumed. Moreover, the probability measure
Pz from which datasets are sampled is not necessarily a
product measure.

XII. CONCLUSIONS AND FINAL REMARKS

The classical ERM-RER problem in has been studied
under the assumption that the reference measure () is a o-
finite measure, instead of a probability measure, which leads
to a more general problem that includes the ERM problem
with (discrete or differential) entropy regularization and the
information-risk minimization problem. While in the case in
which the reference measure is a probability measure the so-
lution to the ERM-RER problem always exists, in this general
case, the existence of a solution is subject to a condition
that depends on the loss function, the reference measure, the
regularization factor, and the training dataset. When a solution
exists, it has been proved that it is unique. Additionally, if it
exists, such a solution and the reference measure are mutually
absolutely continuous in most of the practical cases of interest.
Interestingly, the empirical risk observed when models are
sampled from the ERM-RER-optimal probability measure is a
sub-Gaussian random variable that exhibits a PAC guarantee
for the ERM problem. That is, for some positive J and e,
it is shown that there always exist some parameters for the
ERM-RER problem such that the set of models that induce an
empirical risk smaller than § exhibits a probability that is not
smaller that 1 — e. Interestingly, none of these results relies on
statistical assumptions on the datasets.

The sensitivity of the expected empirical risk to deviations
from the ERM-RER-optimal measure to alternative measures
is introduced as a new performance metric to evaluate the
generalization capabilities of the Gibbs algorithm. In particu-
lar, an upper bound on the absolute value of the sensitivity,
which depends on the training dataset, is presented. This bound
is formed by a constant factor and the square root of the
relative entropy of the alternative measure (the deviation) with
respect to the ERM-RER solution. Finally, it is shown that
the expectation of the sensitivity (with respect to the datasets)
to deviations towards a particular measure is equivalent to



the generalization error of the Gibbs algorithm. Equipped
with this observation, the generalization error is shown to be
in the most general case, up to a constant factor, the sum
of the mutual and lautum information between the models
and the datasets, which was a result known exclusively for
the case in which the reference is a probability measure,
cf. [9]. From this perspective, it is argued that the study of
the generalization capabilities of the Gibbs algorithm based
on generalization error is a significantly narrow view. This
is essentially because it is looking at an expectation of the
sensitivity to deviations to a particular measure, i.e., the
barycenter of the set of ERM-RER solutions induced by a prior
on the datasets. A broader view is offered by the study of the
sensitivity to deviations towards other measures, i.e., ERM-
RER-optimal measures obtained with different training data
sets. This approach has lead already to a few initial results in
[11] that highlight the connections to sensitivity, training error,
and test error. Nonetheless, the study of the sensitivity in the
aim of describing the generalization capabilities of learning
algorithms remains by now as an open problem.
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APPENDIX A
PROOF OF THEOREM

Consider the function f : [0, +00) — R such that

@) = { zlog(x()] ii

and note that it is strictly convex. From the assumption that
for all 4 € {1,2}, P; and @Q; are both measures on the same
measurable space (),.%), with P; absolutely continuous with
respect to Q;, let g : © — [0, 00) be the function

x>0

20, (244)

dAP+ (11—
d(AQ:1+ (1 -

A P)
NQ2)

(), (245)

g(x)=

where M is the Radon-Nikodym derivative of the

measure AP; + (1 — A) Py with respect to AQ1 + (1 — \) Q2.
Using this notation, for all A € (0, 1),

D (AP + (1 = A\)P[AQ1 + (1 — N)Q2)
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10, (247)

where the function f is defined in (244). Let 8; and (2 be the
following constants:

= /g(u)dQl(u) and (s = /g(u)ng(y). (248)
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From (247) and (248), it follows that for all A € (0,1),

D (AP + (1 = \)Pf[]AQ1 + (1 — N)Q2)
—AD (P1]|@Q1) + (1 = A\)D (P]|Q2)

=3 [ L (SD @6 ) a@u
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:—Aﬁlf<a) —(1_)‘)52f(@> (251)
1 1
—f (/\/BIE + (1 — /\)BQE) (252)
=—f(1) (253)
=0, (254)

where the inequalities in (249) and (252) follow from Jensen’s
inequality [56 Section 6.3.5] and the fact that the function f

is strictly concave. Note that from (248), in (249), for
all ie{1,2}, [ g(m)dQl( ) = 1; while in 252),

A+ (1= A= [ 9(r)A0Qs + (1-2)Q) () 259)
:/d AP+ (1- NP (v)  (256)

:)\/dpl(u)+(1—)\)/dP2(zx) (257)
=1. (258)

Given the strict convexity of the function f in (244), equality
in (249) and 252) hold if and only if P; = P> and Q1 = Q.
This completes the proof.

APPENDIX B
PROOF OF LEMMAT

The proof is divided into two parts. The first part is as follows.
Under the assumption that the set K - in (23) is empty, there
is nothing to prove. Alternatively, under the assumption that
the set Kg . is not empty, there always exists areal b € Kg .,
such that K . (f%) < +00. Note that for all 8 € M,

C o (7 L0)) = 5LO)esp(~7 L-(0)) 0,259)

with L. in (3). Thus, from (22), it follows that K¢ » (—%) is
nondecreasing with b. This implies that (0,6] C Kq .

Let b* € (0, 400] be
b* = supKo.». (260)
Hence, if b* = +o0, it follows from 23) that
Ko.= = (0,+00). 261)



Alternatively, if b* < 400, it holds that
(0,0") € Kg.» € (0,b"].

In either case, it follows that Kg . is a convex set. This
completes the first part of the proof.

(262)

The second part of the proof is under the assumption that @ is
a probability measure. Under this assumption, for all 8 € M
and for all for all ¢t > 0, it follows that

1
exp <7¥ Lz (0)) < 13
with L, in (3). Thus,

Ko » (—%):bg (/ exp (—% L. (0)> dQ(@)) (264)
log ( / dQ(B)) (265)

=0, (266)

which implies that (0, +00) C K .. Thus, if @ is a probabil-
ity measure, from (23)), it holds that K¢ . = (0, 4+00), which
completes the proof.

(263)

APPENDIX C
PROOF OF THEOREM [3]

The optimization problem in (19) can be re-written in terms of
the Radon-Nikodym derivative of the optimization measure P
with respect to the measure (), denoted by dp : M — [0,00),

which yields:

. dpP
s [ L (60) S5 0)d00)
dpP
+)\/—(0 )log @(0))dQ(0) (267a)

s. t. (267b)

| G50 -

The remainder of the proof focuses on the problem in which
the optimization is over the function dP instead of the measure
P. This is due to the fact that for all P € Ag (M), the Radon-
Nikodym derivate g—P is unique up to sets of zero measure with
respect to the measure Q. Let .# be the set of measurable
functions M — R with respect to the measurable spaces
(M, % (M)) and (R, Z(R)) that are absolutely integrable
with respect to (). That is, for all § € ., it holds that

/ 13(6)] dQ(8)<oo

Hence, the optimization problem of interest is:

min / L-(0)9(6)dQ(6)+ / 9(0)log(9(6))AQ(6) (269)

ge

s. t./g(@)dQ (0) =

(268)

(269b)

Let the Lagrangian of the optimization problem in be
the functional L : .# x R — R such that

L(g.8)= / Le ()9 ()dQ(v) + A / g (1)log(g () dQ(v)

5 ([owraQw 1),

(270)
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where [ is a real that acts as a Lagrangian multiplier due
to the constraint (269b). Let g : M — R be a function in
. The Gateaux differential of the functional L in at
(g9,8) € # X R in the direction of g, if it exists, is

dL(g,B;9)= (271)

—L(g+79,5)

v=0
The proof continues under the assumption that the functions
g and g are such that the Gateaux differential in (271] exists.
Under such an assumption, let the function r : R — R satisfy
for all « € (—¢, ¢), with € arbitrarily small, that

)= [ L) (g @) + 09 () 4Q )
+6( [ t90) +ag ) aQw) - 1)
2 [ @0) +ag () og(9(v) + g () dQ(w) @72)
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where the last equality is simply an algebraic re-arrangement
of terms. From the assumption that the functions g and g are
such that the Gateaux differential in exists, it follows
that the function 7 in (273) is differentiable at zero. Note that
the first two terms in are independent of «; the third term
is linear with «; and the fourth term can be written using the
function 7 : R — R such that for all & € (—e,€), with €
arbitrarily small, satisfies

#a)= [ (90)+ g (v)los(9 () + g () dQ() - @74

_A/f

where f : (0,400) — R is such that f(¢) = tlog(t). Under
the same assumption, it follows that the function 7 in (274) is
differentiable at zero. That is, the limit

) +ag(v)dQ (v), (275)

lim
5—0

1 N

Sy +8) = 7(7)) (276)
exists for all v € (—¢, €), with € arbitrarily small. Note that the
function f in is continuous and differentiable (with finite
derivate) in (0, 4o00). Thus, the function f is also Lipschitz
continuous. This implies that for all 8 € supp @, and for all

v € (—¢,¢€), with € > 0 arbitrarily small, it holds that

|f(g(0) + (v +0)3(0)) — f(g(0) +v5(0))|<c|g(0)

with § > 0, for some constant ¢ positive and finite. This
implies that

f(g(6) +

[16],(277)

(v+6)9(6)) — f(9(8) +3(0))
)

<clg(0)]. (278)



Using these arguments, the limit in satisfies for all v €
(—e, €), with € > 0 arbitrarily small, that

lim < (7 (7+5)—r( )
i [ L0012 GE090) 1600 12310 4
=\ / F(9(0) +3(6)3(6) 4Q(0) @79
(280)

where the function f:(0,4+00) — R is the derivative of
f. That is, f(t) = 1 + log(t). The equality in and the
inequality in follow from noticing that the conditions for
the dominated convergence theorem hold 56, Theorem 1.6.9],
namely:

e For all v € (
holds;

« The function § in satisfies the inequality in (268);
and

o For all 6 € supp @ and for all v € (—e¢,
arbitrarily small, it holds that

1o 19(0) + (7 + 8)5(8)) ~ £(9(6) +15(6))
0

—¢,€), with € > 0, the inequality in 278)

€), with € > 0

5—0
d .
:af(g(e) +79(0)) (281)
=1(9(8) +73(6))3(8). (282)
Hence, the derivative of the real function 7 in is
d
fa7(@)= [Lw)a0:)4Q0)+5 [ 90)1Qw)
+>\/ )(14+1og(g(v)+aj(¥))dQ(v).  (283)
From and (283), it follows that
9L (g, p:9)
— [0 L) +A L og(g)) +0)0Q0). 284)

The relevance of the Gateaux differential in (284]) stems from
[70, Theorem 1, page 178], which unveils the fact that a

necessary condition for the functional L in (270) to have
QN

dPgl ;- z’ﬁ) € # x R is that for all

a minimum at (

functions § € .,

4p@N
oL %,5;9 - 0. (285)
(Q,X\)
from. l| itJ/f/OH}?WS that —35== must satisfy for all
unctions § in that
0=
arsy
[ ey er( vriog( =52=5w) ) )5 |aQew),
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which implies that for all v € supp Q,

PN
L O|Z==z o
W)+ A 1+1og 10 (v) +8=0, (286)
and thus,
(Q:N)
dP@\Z z ( ):exp (_5+)\)exp<_|_z(l/)) (287)
aQ ) A
with 8 chosen to satisfy (2670). That is,
(Q )‘) z(V)
dP, exp
‘3‘5 z (v)= ( % ) (288)
[ew(-=2) aae)

=exp (—KQ’Z (—%) — %Lz (V)) .(289)

The proof continues by verifying that the measure P(GQ’;:)Z that
satisfies (288) is the unique solution to the ERM-RER problem
in (T9). Such verification is done by showing that the objective
function in is strictly convex with the optimization
variable. Let P; and P> be two different probability measures
n (M, % (M)) and let « be in (0,1). Hence,

R. (P + (1 —a)Py) + AD (P + (1 — ) P||Q)
=aR; (P1)+(1— )R, (P2)+AD(aP1 4+ (1—a)P2||Q)
a(Rz (P1) +AD(P|Q)) + (1 — ) (R (P2) + AD (FP[|Q))

where the functional R, is defined in (I8). The equality above
follows from the properties of the Lebesgue integral, while
the inequality follows from Theorem [2] This proves that the
solution is unique due to the strict concavity of the objective
function, which completes the proof.

APPENDIX D
PROOF OF LEMMA [2]

From Theorem [3] it follows that for all 8 € supp Q,

dpécg)z (@)=exp (—KQ,Z (—%) - %Lz (0)) (290)
<exp (—KQyz (—%)) (291)
<+00, (292)

where the inequality in follows from the fact that the
function L, is nonnegative; and the equality in (292)) follows
from the fact that A € Kq .. This completes the proof of
finiteness.

The proof of positivity follows from observing
that A € Kg. and thus, Kg.(—3) < +oo,
and thus, exp(—Kg=(—%)) > 0. Moreover, for

all @ € supp @, it holds that L, (0) <
that f%Lz (0) > —oo, and thus, exp (f

400, which implies
1Lz (6)) = 0, with



equality if and only if L, (6) = +occ. These two observations
put together yield

% (0)=exp (fKQ,z (*%) - %Lz (0)) (293)

d@
=exp (—K@)z (—%)) exp (—%Lz (0)> (294)
20, (295)

with equality if and only if L, (8) = +o0. This completes the
proof.

APPENDIX E
PROOF OF LEMMA 3]

The probability measure PCE)Q"Z’\; in (23) satisfies for all C €
& (M),

) o [
PO (€)= /C =% (0)dQ(0),

2
0 (296)
and thus, if Q (C) = 0, then
P (©)=0, (297)

JECRY

which implies the absolute continuity of ©|Z==

to Q.

Alternatively, given a set C € 9% (M), assume now
that PéQ"Z’\iz (C) = 0. Hence, it follows that

with respect

0=Ps%"_ (C) (298)
arsy)
| Z==2
=] ————(0)dQ (). (299)
[ =55= a0
From Lemma and the assump-
tion Q({@eM:L,(0)=+}) = 0, it holds that
for all 8 € supp Q,
arsy)
| Z==
a0 (@) >0, (300)
which implies that
ary
| Z==
—F—— (0)dQ (8)=0, (301)
| =52= )

if and only if @ (C) = 0. This verifies the absolute continuity

of ) with respect to P(E)Q'?’ZAZ)Z, and completes the proof.

APPENDIX F
PROOF OF LEMMA [4]

Consider the function g : M — [0, +00),
—1

dP(Q-,Ot) dP(Qﬁ)

B|Z==z O|Z==z
_ Telz== 2
9(0) 10 a0 (0) ) (302)
and note that for all & € suppQ \ {v €

M: L(v) = +4oo}, g(0) >
all 0 € {veM:L,(v)=+oc0}
follows from the assumption 0 - 5 =

0. Alternatively, for
, g(0) = 0, which

1
L=o.
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Consider a measure P on (M, % (M)), such that for all
sets A € B (M),

P(A) = / 9(0)dPS (6), (303)
A

and note that if Py _(A) = 0, then P (A) = 0. This implies

that P is absolutely continuous with respect to Pglg’zﬁz)z(.A).
Moreover, from (303)), it follows that
P(A)
-1
dP(Q’a) P(Qyﬁ)
= [ —2Z=2g)[ —22=%¢g) | PP (6 304
|52z =55=0) | arsile)  coy
-1
dP(QvO‘) (Q.B) dP(Qvﬂ)
_ C-)|Z:z/0 @\Z:zie @\Z:ze dQ 0)(305)
[ —a=e)( —55=0) | —S2=e)00)
dP(Q"a)
B|Z==z
= [ —Z2=2(0)dQ(6 (306)
| =55 w0 aqu)
- / dpsi (9) (307)
A
= PS5 (), (308)

which implies that the probability measures P in (303) and

Pg‘)’zaz)z are identical. Thus, Pg‘?’zo;)z is absolutely continuous
P(Qn@)

with respect to 0| Z=2" The proof that p@p

O|Z==z
continuous with respect to Pg‘?’zaiz follows the same argu-

ment. This completes the proof.

is absolutely

APPENDIX G
PROOF OF LEMMA [6]

From Theorem the probability measure P(E)QI’Z’\Z)Z in 23)
satisfies for all 6 € supp @,
qp@N exp (=)
©12=2g)— A 309
o ) (309)

Jon(-5) a0
= (exp (@) /exp(#) dQ(V)) - (310)

:(/exp(%(Lz(O)—Lz(u)))dQ(V)>1. (31D

Given 0 € supp @, consider the partition of supp ) formed
by the sets Ag(0), A; (0), and A, (0), which satisfy the
following:

Ao (0)2{v € suppQ : L, (0) — L, (v) =0}, (312a)
A (0)2{v € suppQ : L, (0) — L, (v) <0}, and (312b)
Az (0)2{v csuppQ : L, () — L, (v) > 0}. (312¢)



Using the sets Ag (6), A; (0), and Ay (6) in (BII), the
following holds for all 8 € supp Q,

=< /. O(B)exp(i<Lz<e>—Lz<u>>)dQ<u>
oGO -Le))iew
.

+f. 2(9)expG<Lz<0>Lz<u>>)dc2<u>> G13)
<Q<A0<e>>+ /. l(e)exp@Lz(mLz<u>>)dQ<u>
+A2(9)exng )dQ( )) . (314)
Note that the sets

{veswpQ:L:(v) =05}, (315)

{veswppQ: L, (v)>d5,}, and (316)

{vesuppQ:L; (v) <85.1}, 317)

with 65,  in (38), form a partition of the set supp Q. Following
this observation, the rest of the proof is divided into three
parts. The first part evaluates limy_,o+ ‘Z‘QZ” (), with 8 €
{IJ eM:L,(v)= 5&2#}' The second part considers the case
in which & € {veM:L.(v) >0} The third part
considers the remaining case.

The first part is as follows. Consider that 6 €
{u eM:L,(v)= 622%} and note that
{I/ EM:L,(v) =465 z} = LF .- Hence, the

sets Ap (0), A; (9),7and A3 (0) in B12)

following:

satisfy the

Ao (60) = L5 -, (318a)
A1 (0) = {p esupp@Q : Lz (1) > 65 .}, and (318b)
Az (0) = {pesuppQ: L. (1) <65} (318c)
From the definition of 522% in (38), it follows

that @Q (A2 (0)) = 0. Plugging the equalities in (318)
in (3T4) yields for all 0 € {v € M : L. (v) =5} },

(Q:\)
dP@)\Z z

d@

:(Q( /exng

0)

-))aQw >)1. (319)

30

The equality in implies that for all 6 €
veM:L.w)=65.} .
QN
lim dP@‘Z:z
A—0+t dQ

(320)

if Q(£5.)=0

otherwise. (321)

{ +o0
-y __r _
QL)
where the equality in (32I) follows from verifying that the
dominated convergence theorem [56, Theorem 2.6.9] holds.
That is,

(a) Forallv € A; (8), it holds that exp (1 (Lz (6) — Lz (v)))
< 1; and

(b) For all v € A, (0), it holds that

lim exp </1\ (L. (0) — L, (1/))) = 0. (322)

A—0t
This completes the first part of the proof.

The second part is as follows For all 6 > o7, , and for all 6
€ {v € suppQ : L. (v) = &}, the sets Ay (0), A;(6),

and As (0) in (B12) satisfy the following:

Ao (0)={p € suppQ : L (1) = 0}, (323a)
Ay (0)={p €supp@ : L, (i) >}, and  (323b)
Ag (0)={p € suppQ : L, () < é}. (323¢c)

Consider the sets

.A271 (O)é{/,l, S ./42 (9) :
.«42’2 (B)é{u € Ay (9) : (56; <L

Lz (p) <65}, and (324)
(1) <8}, (325
and note that A 1 (6) and A 5 (@) form a partition of A ().

Moreover, from the definition of d5 . in (3§), it holds
that

Q (A2, (0)) =0. (326)
Hence, plugging the equalities in (323) and (326)
in @I4) yields, for all 6 > &5, and for
al e {reM:L,(v)=07},
Q)
dP@\Z z 0

-))dQw)

/ exp QL
A1(6)

+/Az,2(e>exp(A(Lz @) - L. (v ))) dQ (v ))1. (327)



The equality in implies that for all 6 > 47, . and for

all 0 € {v e M: L, (v) =4},

(Q;N)
d]DG)|Z z

d@
:@% [ (G0 - Len)iew)

©)

A—01

wim [ oo (50 L. 0)) dQw) G29)
+Q (Ao (6)) ) B (329)
=<Agnoa+ / e (L0 - L)) Q)

+Q (Ao (6)) ) B (330)
=(Q (Ao (0)) + 0) ' (331)
—0, (332)

where the equality in follows by verifying that the
dominated convergence theorem [56, Theorem 2.6.9] holds.
That is,

(a) Forallv € A; (8), it holds that exp (§ (Lz (0) — Lz (v)))
< 1; and

(b) For all v € A, (0), it holds that

lim exp </1\ (L. (0) — L, (V))) =0. (333)

A—0+
This completes the second part.

The third part of the proof follows by noticing that the
set {v € suppQ: L. (v) < 5% .} is a negligible

set with respect to () and thus, for all 8 € {V €
PN

supp@ : Lz (v) < 65}, the value %(0) is im-

material. Hence, it is arbitrarily assumed that for all 8 €

{u €supp@ : Lz (v) <65, z}, it holds that

(@)
oz (6) =0.

0 (334)

This completes the third part and completes the proof.

APPENDIX H
PROOF OF LEMMA[]]

Consider the following partition of the set M formed by the
sets

A2{0 e M: L. (0) =65}, (335a)
A12{0e ML, (0) <.}, and (335b)
A 2{OeM:L.(0)>65,}, (335¢)
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with 65,  in (13;8[) and the function L, in (3). Note that A, =
Ly, .. with £, _ in (39) and
1=Pg%Y | (Ao) + PST5Y , (A1) + PSS (As) (336)
=Pgiz) )z (Ao) + P17, (Ao) (337)
~PaizL / dPgi;”.(0) (338)

where, the equality in (337) follows from noticing that

Pg‘gz’\ )Z(Al) = 0, which follows from the definition of J7, ,
in (38) and the fact that the probability measure ngz)‘ )z 's

absolutely continuous with respect to the measure Q.

The above implies that
p@N
ez
Mmd@( 6) (339
pl@ >\)

ﬂ(@d@( 0) (340)

(341)

1= hm PQC‘QZ’\)Z(AO)—F hm

= hm P@?z)\)z(AO) /

= lim P@C‘QZA)Z (Ao),

A—0F

where, the equality in (340) follows from the dominated

convergence theorem [56} The?rerr)l 1.6.9], given that the
QX
Randon-Nikodym derivative ‘Z‘Z:z is positive and finite
(Lemma [2); and the inequality in (341) holds from the fact
ap@:N)
—36—-(0)=0

that for all @ € A, it holds that limy_, o+
(Lemma @ Hence, it finally holds that
Q) *

hm P@\ P (,C )

(342)

which completes the proof.

APPENDIX I
PROOF OF LEMMA

The proof is presented in two parts. The first part shows that
if for all § € (p*, +00), the inequality in (50) holds, then, @Q
is coherent. The second part shows that if ) is not coherent,
then there exists a 0 € (p*, +00) such that

PSEY (£ (8))=0.

(343)
The first part is as follows. Note that for all § € (p*,+00)
and for all @ € L. (0) Nsupp @, it holds from Lemma
that o)

dP@\Z z

d@

Hence, if for all § € (p*, 4+00), the inequality in (30) holds,
then

() > 0. (344)

0 < PSTY (L2 () (345)
= / drylyY . (6) (346)
L (8)
gy
= =2 (0)dQ (9), 347
L., "o @we, e



which, together with ([344), implies that for all § €
(p*,+00), Q (L~ (8)) > 0. Hence, Q is coherent.

The second part is as follows. Assume that @) is not coherent.
Then, there exists a § € (p*, +o00) such that Q (£, (4)) = 0.

Hence, from the fact that Pé?;lz is absolutely continuous

with respect to @, it follows that Pg‘g’z’\iz (L (8)) = 0. This
completes the proof.

APPENDIX J
PROOF OF THEOREM [4]

The optimization problem in (84) can be re-written in terms
of the Radon-Nikodym derivative of the optimization measure

P with respect to the measure P(@Ql,ZAiz’ denoted by deTPN
®|Z==z
M — [0, +00), which yields:
. dpP (Q.\)
min /Lz(l/)i(u)dP >’ _(v), (348a)
@.N e|z=z\V);
PENQ(M,B(M)) dPgly,
subject to:
dpP dpr
/ W(V)log W(u) dp(g?;;z@)gc, and (348b)
B|Z==z B|Z==z
dp (@)
O|Z==z

The remainder of the proof focuses on the problem in which

the optimization is over the function JTI?A) instead of the

©|z=2

measure P. This is due to the fact that for all P € Ag (M),

the Radon-Nikodym derivate dPEiTPN is unique up to sets of

®|z=2
zero measure with respect to the measure PCE)QI’Z/\Z)Z. Let A
be the set of measurable functions M — R with respect to
the measurable spaces (M, Z (M)) and (R, Z (R)) that are
absolutely integrable with respect to P@?’Z’\zz. That is, for all

g € A, it holds that

/ 19(0)| PSP (8)<oo. (349)

Hence, the optimization problem of interest is:
min [ L. (v) g (v) dPGTY, (v) (350a)
s.t: /g (v)log (g (v)) dPglg’Z)\:)z (v) <e¢, and  (350b)
/ g(0)dPSY (0) =1. (350¢)

The Lagrangian of the optimization problem in (330) is a
functional L : . x [0,+0o0)? — R of the form

Lig.a.0)= [ L ()9 () dPS )
va( [owonto ) ary )~
45 ([owrarg) w-1).

where the reals « and [ are both nonnegative and act as La-

grangian multipliers due to the constraints and (350¢),
respectively.

(351)
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Let h : M — R be a function in .# . The Gateaux differential
of the functional L in (351) at (g,«, 3) € .# x [0,+00)? in
the direction of h, if it exists, is

d
. A
aL (gvavﬂvh’) - d’}/r(’Y) )

v=0

(352)

where the real function r : R — R is such that for all v €
(—e€, €), with some € > 0, satisfies

(%)
_ / L. () (g (v) + 70 (1)) AP (v)

+a [ (o) +ahw)oslo)+9h0)aPE,2, () ~c)

1 ([ @) 4n 0 arg, 00 1),

The proof continues under the assumption that the functions
g and h are such that the Gateaux differential in (352) exists.
That is, the function r in (353) is differentiable in (—¢,€),
with some € > 0. Using the same arguments as in the proof of
Theorem 3] it follows that the derivative of the real function r

in (353) is

(353)

= / Lk () dPSY (V) +a / h(v)dPSY . (v)
+a [ hw)log (g () + 2 () APSY ()
48 [ 1) argp), w).

From (352)) and (354), it follows that
IL (g, B; h)
— [ b0 (L @) + 0 (14 Togg () + ) AP (v).G59)

(354)

From [70, Theorem 1, page 217], it holds that a necessary
condition for the functional L in to have a mini-
mum at (g,c,3) € A4 x [0,+00)? is that for all func-
tions h € .,

0L (g,a, B;h) =0, (356)
which implies that for all v € M,
L. () +a(l+logg(v))+ 5 =0. (357)
Thus,
g(v) = exp (7@7(11)) exp (75““), (358)
a a

where o and [ are chosen to satisfy their corresponding
constraints with equality. Denote by P* the solution of the
optimization problem in (84). Hence, from (338), it follows
that

ap* exp (—=2)
apan W= L. (0) N a0 O
dPgz= /exp (— z ) dPéQ"Ziz (8)
(0%



where « is chosen to satisfy

(P*||P@C|?Z*>z) =

(360)
From Lemma [3] it follows that the probability measure P*
and the o-finite measure () satisfy,

4PN
®|Z==z2
222 ()

dq

apr*
d@Q

dpP*

(@A)
dP@\Z z

(V)=

(361)

(362)

which implies that P* is a Gibbs probability measure
n (M, % (M)), with energy function L,, reference mea-
sure (), and regularization parameter %Jrl, where « is chosen

to satisfy (360). Let the positive real w be w £ -24- and note
that w € (0, A] and satisfies D (Pglzzw)z (v) ”P(S)C\?z/\)z> = c.

The proof ends by verifying that the objective function in (351)
is strictly convex, and thus, the measure P(E)I 7 s is the unique
minimizer. This completes the proof.

APPENDIX K
PROOF OF LEMMA [T3]

Note that for all (A, X2) € {z € R: K¢ () < +00}°, such
that Ay > Mo, it follows that for all @ € supp @, the inequality
exp (Mg Ly (0)) < exp (A1 Ly (0)) holds. This implies that
Kg.(A2) < Kgz(M) < +oo, which proves that the
function is nondecreasing.

The proof of continuity of the function Kg . follows from
observing that for all & € {x € R : Kg .(x) < +00}, it holds
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that
lim Ko..(0)=lim log ( [ exp (1L (6))dQ(0)) 365
—tog (Jim [exp(tL.(6)a0(0)) (66
—tog ( [ 1mexp (¢ L2 (0))00(0)) 67
—og ([ (@t 0)dQ0)  Gon
—Ko . (a), (369)

where and follow from the fact that both the
logarithmic and exponential functions are continuous; and the
equality in follows from the monotone convergence
theorem [56, Theorem 1.6.2]. This shows that the function
Kgq,» is continuous in {z € R: K¢ ,(z) < +00}.

The proof of differentiability follows by considering
the transport of the o-finite measure @ in from
the measure space (M, % (M)) to the measure
space ([0, +00),Z ([0, +00))) through the function L in (3).
Denote the resulting measure in ([0, +o00), 2 ([0, +00)))
by P. More specifically, for all A € Z(]0,+)),
it holds that P(A) = QH{OeM:L,(0)ecA}).
Hence, the function Kg . satisfies for all ¢ €
{reR:Kqg.(v) < +oo},

Ko ()-1og ( [ e (L. 0)a00)) 70

~tog ( [ (1) aP(w)).

where the equality (371) follows from [56, Theorem 1.6.12].
Denote by ¢ the Laplace transform of the measure P. That is,
forallt € {z e R: Ko »(z) < 00},

o(t) = /eXp (tv)dP(v).

Hence, ¢(t) = exp (K¢ - (t)). From [71, Theorem la (page
439)], it follows that the function ¢ has derivatives of all
orders in {x € R: Kg .(x) < +o0}, and thus, so does the
function K¢ , in the interior of {x € R: Kg .(x) < +o0}.
This completes the proof.

(371)

(372)

APPENDIX L
PROOF OF LEMMA [16]

Let (v1,72) € R?, with 77 # 72 and o € [0,1] be fixed.
Assume that Kg , (1) < +o00 and K¢ » (72) < +00. Then,
for all a € (0,1), the following holds

aKgz(m)+ (11— a)KQ, (72

=alog (/ exp (71 Ly (0 >

+<1—a>log(/ exp (2L (6)4Q0))  (373)

=log ((/ exp (1 Lz >a
+log ((/ exp (12 Lz )(1 a)> (374)



=log ( (/ exp (71 Lz (0)) dQ(0)>a

(fewtaLoam) ) @75)
=log < (/ exp (110l (6))" dQ(B));
([ewni-ar. @) 100)) ) 376

21og( [exp(ral.(@)esp(ral1-a)Lo(0))dQ(6)) (77

—tog ( [ exo (((na-+ 221 - )L (6) )dQ(0)) 379
=Kq.> (ma+y2(1-a), (379)
where the inequality in follows with @ = L and 1 - £
%; the inequality in (377) follows from Holder’s inequality.
Hence, equality in (377) holds if and only if there exist two

constants 31 and s, not simultaneously equal to zero, such
that the set

AL {0 e M:piexp(1ilL: (8) = Baexp (12L2 (0))}
—{oe Mo (n - )L 0) = 2}

B1
log@
:{OeM:Lz(e):m_Bjm)},

satisfies @ (A) = 1. That is, strict inequality in (377) holds if
and only if the function L is separable with respect to the o-
finite measure Q. When « = 0 or o = 1, the proof is trivial.
This completes the proof.

(380)

(381)

APPENDIX M
PROOF OF LEMMA [T7]

For all s € Kg ., with Kg , in @23), the equality in (97)
implies the following,

PR

1
e=\"73
d

-5 log </ exp (tL, (0)) dQ(B)) . (382)

[ L.(8)exp(tL, ()

_/ Jexp (tLz (v)dQ(v) @) t=—1 -
L. (8)exp (—1 L. () (384)

—exp(~Ko-(—)) / Lo (@)exp(~L-(0) ) a(0) (385
- / L @) exp (Ko (1) ~ T L-(0)) dQ(0)  G86)

S

(387)

where the equality in (383) holds from the dominated
convergence theorem [56, Theorem 1.6.9]; the equality
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in (383) follows from (22); and the equality in (387) follows
from (23).

For all s € Kq ., with K¢ » in 23), the equalities in (97)
and (386) imply that

2 1
K8 (-3)

Z% L. (0) o (Ko (1) + 112 (0)4Q(0)|  G89)
—[L® (K0 +L.©) -
o (Ko (1) + 112 (0) dQ(0)| (389)
Juo () )
exp <_KQ,Z (%) - éLz (9)) dQ(0) (390)

~[L.® (-

1 1 Q,s
=K, (‘g) /Lz (0)dPS%), (9)

1 S
D (1) + L) args @ eon

+ / (L= (0)*dPS%) (8) (392)
1\)\? .
A / (L= (8))"dPGT;, (6)  (393)

1\\? .
_ / (Lz ) - K, (—g» dPyy) . (6), (394)

where the equality in (389) follows from the dominated
convergence theorem [56, Theorem 1.6.9]; the equality
in (391) is due to a change of measure through the Radon-
Nikodym derivative in (23); and the equality in (393)) follows

from (387).

For all s € Ko », with Kg . in 23), the equalities in (©7)
and (393) imply that

(K5 (t))2 ) (396)
_/(Lz (6))? <(;1texp(—KQ7z (t)+1tL(8)) > dQ ()
2KY), () K5, (1) (397)




(L=()— K. (1) )exp(—Kq () +L2(6)) ) ldQ(O)
2KY), (1) K5, (1) (398)
- [ @) (10 - )
exp (Ko (1) - 1. 0) aq(0)
i () (2
_ / (L. (0))? <Lz 0) - KU, ( 1)) aPs) ()
—ox), (1) k@ () (400)

(401)

o ()
:/ (L. (0))° dp(@ﬁ?’zs):z 6) - K5, (—i>3 (403)

~3K), (—%) K5, (—i) (404)
_ / (Lz 0) — K, (_i))gdpg?;g @), (405)

where the equality in (396) follows from (23)); and the equality
in (397) follows from the dominated convergence theorem [56]
Theorem 1.6.9]; the equality in #00) follows from (23); and

the equality in @02) follows from (393).

This completes the proof.

APPENDIX N
PROOF OF THEOREM

The Proof is based on the analysis of the derivative
of KQl)z (f%) with respect to A in intKgq .. This is due to
Corollary @ For instance, note that

d @ \_d @ ( 1)
aRz (P@‘Z:z)_aKQ-,z _X (406)
1 o (1
=0, (408)

where the equality in (#07) follows from Lemma [T7] The
inequality in (408) implies that the expected empirical
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risk R, (P(@?ZAiz) = KS)Z (—%) in (T06) is nondecreasing
with respect to A. The rest of the proof consists in showing
that for all &« € Kg ., the function Kg)z in satis-

fies Kg)z (=1) > 0 if and only if the function L. in (3) is
separable. For doing so, a handful of preliminary results are
described in the following subsection. The proof of Theorem 3]

resumes in Subsection [N=B]

A. Preliminaries

Given a positive real A € K¢ -, with Kg . in 23), consider a
partition of M formed by the sets Ro(A), R1(A) and Ra2(A),
such that

(409c¢)

where the functional R, is in (I8) and the probability mea-

sure P(EDQ"Z’\; is in (23). The sets in (@09) exhibit several

properties that are central for proving the main results of this
section.

JECES

Lemma 27: The probability measure Pg7,~  in 25), satisfies

P (Ri(V) >0, (410)
if and only if
PSR (Ra(N) > 0, (411)

where the sets Ri(-) and Ro(-) are in (F09b) and @09d),

respectively.

Proof: The proof is divided into two parts. In the first part,
given a real a € g ,, it is proven that if the set R4 () is
nonnegligible with respect to Pg‘?’zaz)z , then the set R ()

P(Q’a)

is nonnegligible with respect to ©|Z==

proves the converse.

. The second part

The first part is proved by contradiction. Assume that

set Ro () is negligible with respect to PCE)("?’Z@:)Z . Hence, from



Lemma [T7] it holds that
m (1
15 ()
:/ L. (v) dPgﬁ’Z“:)z (v) + / L. (v) dPgIQ:Za:)z (v)
Ro(a) Ri(a)
+ / L. ) dPS (v) 412)
Ra(a)

- / L. (1) dPS%Y () + / L. (1) dPLsY | (v) (@413)
Ro(a) Ri(a)

]' (6%
=K{), (—5) Pg\g’ziz (Ro(a)) (414)
+ / L. (v) dPS3 | (v) (415)
Rl(a)
1 «
<k (~1) PEE) (Rofe)
1 «
+KG (*5> Pé?é:)z (Ri(a)) (416)

1 - o
k(1) (P92, Ro()) + PSR, (Ra(a))) @19y

1
(-}
Qz\"g )

which is a contradiction.

(418)

The second part of the proof follows the same arguments as
in the first part. Assume that the set R; («) is_negligible
with respect to P(E)C‘Q’Za:)z . Hence, from Lemma , it holds
that

m (_1

161 (-3)

_ / L. () PGS () + / L. () dPS2) . ()
Ro(a) Ri(a)

+ L. (v) AP (v)
Ro(a)

_ / L. () APES) () + / L. () APES), (v) 420)
Ro(a) Ra2(a)

1 a
=K (=2 ) PS5 (Roa)

(419)

+ / L. (v) dPSH (v) 21)
RQ(O()
1 a
KL () PO (Ro(a)
1 o
+Kg (—5) PS7. (Ra(a) (422)

1 o o
“KGL (2 ) (PS5 (Rofa) + PS5, (Ra(a)) 42

1
Qz\"g)

which is also a contradiction. This completes the proof.
|

(424)

A more general result can be immediately obtained by com-
bining Lemma [4] and Lemma [27]
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Lemma 28: For all o« € Kg, with Kg . in @23), the
measure Pg‘g’z)iz in (23), satisfies

P&, (Ri(a)) >0, (425)
if and only if
PSR, (Ra(a) > 0, (426)

where the sets Rq(«) and Ro(«) are in (@09B) and @09d),

respectively.

B. The proof

The rest of the proof of Theorem [3] is divided into two
parts. In the first part, it is shown that if for all a €
KQ, 2 Kg} (—é) > 0, then the function L, in (B) is
separable. The second part of the proof, consists in show-
ing that if the function L, is separable, then, for all @ €

Koz K5 (-1) > 0.

The first part is as follows. From Lemma[17] it holds that for
all v € Kg 2,

(2) 1
Ko (*a)

[(co-sn (L) wgne @
_/Ro(a) (LZ (6)— Ko (;))2 APyl () (428)
(@ () e )

1 2
+/m >(Lz (6) ~ Ko (E)) dPyly (8), (430)
2

where the sets Ro(a), Ri(a), and Ra(c) are respectively
defined in (409). Hence,

(2) 1
Koz (‘a)
W (I @
:/ (Lz 0) — KU, (—7>) P (6)
Ri(a) «

2
+ / (Lz 0) - K (—l)> AP (9). (432)
Ra(v) F\ 7=

(431)

Under the assumption that for all & € K, the function K, g)z
in @7) satisfies K, g )z (—é) > 0, it follows that at least one
of the following claims is true:

(a) Pg"?’zaz)z (R1(«)) > 0; and
(b) PSS, (Ra(a)) > 0.

Nonetheless, from Lemma it follows that both claims (a)
and (b) hold simultaneously. Hence, the sets R («) and Ro(«)
are both nonnegligible with respect to P(S)q‘?’za:)z and moreover,
it holds that for all (v1,v2) € Ri(a) X Ra(w),
1
too> L (v)> KL (1) sLa ), @)

where L, (1) < +oo follows from the fact that
ng’z’\lz {@eM:L;(0)=+}) = 0 (Lemma . This



proves that under the assumption that for all a €
Kqg,z Kg)z (fé) > 0, the function L, in (3) is separable
with respect to Pg"g’z) From Lemma it holds that the
function L, is separable with respect to (). This completes
the first part of the proof.

The second part of the proof is simpler. Assume that the
empmcal risk function L, in (@) is separable with respect
to P(E)Q'?Za That is, for all v € Kg ., there exist a positive
real ¢, > 0; and two subsets A( ) and B(vy) of M that are
nonnegligible with respect to P, @) iy (23) and verify that

O|Z==z
for all (v1,v2) € A(y) x B(%),

+oo > L, (11)> ¢y >L; (v2). (434)
From Lemma [I7] it holds that
(2) ( 1)
K _
Q.z ’)/
o VY gp@n
ox(-2)) arsiz. ) (435)
@ (L)) gp@n
/ ( - K$, <_;)) PGP 0) @36
(1) 1 2dP(Q,’Y) 2] 43
Q7z _; @\Z:z( ) 437)
/ Lz(0 KSL( )) dPyYy” (0) (438)
\(A(MUB()) TN
>0, (439)

where the inequality follows from the following facts.
First, if ¢, < KS )z —%), with ¢, in @34), then for
all v € B(y), it holds that KS)Z (7%) > cy > Ly (v), and

thus,
1 2
KS, (77)) . (440)
Ny

(g(v)K&L(i)f>(q

which implies,

T ONGE @)
[ (o (1) iz
1
>(07—K8,)z (—7» ngzﬁ (B (7)) (441)
>0. (442)

%) then for all v € A(v), it holds

1) l) and thus,
>

,Z

(-
(o5 (L))o (1)

which implies,

Second, if ¢, > K
that L, (v) > ¢y 2 K
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Hence, under the assumption that the empirical risk func-
tion L, in () is separable, it holds that for all v € Kg .,

Kg)z (—%) > 0. This completes the proof.

APPENDIX O
PROOF OF LEMMA [10]

Consider the partition of the set M formed by the sets Ay,
Ay, and A; in (333). From (98), for all A € K¢ -, with K -
in (23), it holds that,

1
k6L (-5)
= /A L. (6) dPST7” (6) + /A L. (0)dPST,.(8) (446)
+[ Lo e

_ @A)
_/AU - (0)dPS)

(447)

(6) + /,4 - (0)dPSTY (8) (448)

=05 2 @QZA>z(£*Q,z)+A L, (0)dpc5)c‘2;>z(9) (449)
200,z 9(0\22/\)z(‘c* 2) 00,2 @ﬁgz/\)z(«‘b) (450)
=002 (451)

where the equality in follows by noticing that Q) (A;) =
0, which implies that Pg7~ z(Al) =0 (Lemma i the equal-
ity in @#49) follows from noticing that Ay = L, , with L7, ,
in (39); and the equality in (@30) follows from . This

completes the proof.

APPENDIX P
PROOF OF THEOREM

From (@49) in the proof of Lemma [T9] it holds that

(1) ( 1)
lim K9 (—=
b0 @2\ Ty
= lim 8, PG5 (Ch,2)+ lim / (0)dPSE,Y (6) (452)
A *
= lim 47, @?Z)z( Q.2)
Q)
+lim [ Ly (0) —2Z== (9)dQ(6) (453)
A—=0F J 4, dQ
PN (o
= lim g - Peiz2.(Lo.2)
QN
+ / L. (6) lim oiz-- (0)dQ(6) (454)
.Az A—0+ dQ
A *
=65, lim POl (L5 ) (455)
75@27 (456)

where, the equality in (@54) follows from noticing two
facts: (a) For all A € K¢ ., the Randon-Nikodym deriva-

is positive and finite (Lemma ; and (b)
Ap@™

For all @ € Ay, it holds that limy o+ —55—= () = 0

(Lemma [6). Hence, the dominated convergence theorem [56]

Theorem 1.6.9] holds. The inequality in (@33) follows from

Lemma [7] This completes the proof.




APPENDIX Q
PROOF OF THEOREM

From Theorem 3] it follows that for all (A1, A2) € K = xKq =
with A\; > Ao,

(QA2)

AP dp
O|Z==z B|Z==z
L@ =52 a)a0(e)> [ Lula)— 92 H@)Q@).
which implies the following inclusions:
Rl ()\Q)gRl()\l)7 and (457&)
R2(A1)CRa(A2), (457b)

with the sets R1(-) and Rz(-) in @09). From (196), it holds
that for all ¢ € {1, 2},

No.2(Ni) = Ra(Ni)S, (458)
where the complement is with respect to M. Thus, the
inclusion in (457b) and the equality in (458)) yields,

Naz(A1) 2 No.z(A2). (459)
The inclusion M DO Ng (A1) follows from (196). Al-

ternatively, the inclusion Ng »(A2) 2 Néz, follows from
Lemma and from observing that for all v € J\/'éyz,

R: (Pgiz2L)>00,- = L= (),

A (460)

which implies that v € N »(A2). This completes the proof

of (200).

The proof of (201)) is as follows. From the intermediate value
theorem [67, Theorem 4.23] and the assumption that the
empirical risk function L in is continuous on M, it follows
that for all A € Kq -, there always exists a model § € M,
such that

L. (6) = / L. (@) dPGT5Y  (e), 461)
which implies that R (A) is not empty, and as a conse-
quence, N = () = Ro (A)UR; (A) is not empty. Hence, for
all @ € Ry (A1) it holds that @ ¢ Ng . (A2). This proves that
the elements of Ry (A1) are in N » (A1) but notin N » (A2).
This, together with @59), verifies that
./V‘Q7z (/\1)3/\/’(97,% (/\2) . (462)
The strict inclusion M D  Ng (A1) is proved by
contradiction. Assume that there exists a A € Kg.
such that M = WNg.(\). Then, Ro(\) = 0 and
thus, P2V (R, () = 0, which together with Lemma

BO|Z==z

implies that PgT/~ (R1 (M) = 0 and consequently,

ng’zﬁz (Ro (V) = 1. (463)

This contradicts the assumption that the function L, is sepa-
rable (Definition [5). Hence, M D Ng . (A1).
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Finally, the strict inclusion Ng »(X2) D N, is proved by
contradiction. Assume that there exists a A € Kg,. such
that N . = Ng =(A). That is,

(6eM:L.(6) <5,

=N5 2 (464)
=No.-(\) (465)
_ . m (_1

f{GGM.Lz(G)gKQVZ( A)} (466)

Hence, three cases might arise:
(a) there exists a A € Kq,», such that &7, ,
and it holds that

1
{I/ EM:05, <L:(v)< KS)Z (_X>} =0

< KoL (-3)

(b) there exists a A € Kg -, such that 05,2 > K(l,)z (_%) and
it holds that

1 1 *
or (c) there exists a A € Kq, such that 05, =
(1)
KQ,z (_%)
The cases (a) and (b) are absurd. Hence, the proof is complete

only by considering the case (c). In the case (c), it holds
that,

Ri(N={veM:L(v) <.}, (467)
and from the definition of d¢, , in (38), it holds that
A
PSTY, (R1 (V) =0. (468)
From Lemma [27] and (@68}, it follows that,
PSR (R (M) =0. (469)
Finally, by noticing that
A A
1=PS)  (Ro(\) + P2 (Ry (V)
+P5TY (Ra (W) (470)
=Pzl (Ro (V). “71)

reveals a contradiction to the assumption that the function L,
is separable with respect to Pglg’z/\iz (and thus, separable
with respect to ¢ by Lemma [I4). This completes the proof

of 20T).

APPENDIX R
PROOF OF THEOREM [10]

The proof of (202)) is based on the analysis of the derivative
of P(S)Q’Z’\iz (A) with respect to A, for some fixed set A C
%’(MB More specifically, given a v € Kg ,, it holds
that

dP(Qa’Yl
P& (A)= /A 0722 (@)dQ (),  (472)

dQ



and from the fundamental theorem of calculus [67, Theo-
rem 6.21], it follows that for all (A1, \2) € Kg» X Kg.»
with Ay > Ao,

PaTa (A) = PETZ2) (A)

A1
d

_ / S PSL (A dy (473)
A1 d dPQ’Y .

A / e‘Z @) dQ (a)dy  (474)
A1

/ / @‘Z — 2722 (0)dQ (a)dvy,  (475)
A2

where the equality in (]Z:LZ[) follows from @72); and the
equality in @73) holds from Lemma 2] and the dominated
convergence theorem [56, Theorem 1.6.9].

For all 6 € supp Q, the following holds,

(Q;N)
d dPgizZ = (

d\ dQ

=

(476)

d@
(Q,N)
1 dP@|Z z
T2 dQ
1 dpa»

oz o) (L0 [Lwardw).

Plugging @79) into @73) yields,

Q,\1 QA2
PSR L<A> PSR (A)

P(Q”Y)

//\ e|z 2 (a)

(Lot~ / L () APS)., () 4Q (@) dy
[

Note that for all & € N » (A2
()\25 A1)9

(478)

479)

(480)

—/L( )APgl (v ))dpé,‘f;>z( )dn.
(481)

), it holds that for all v €

L. () — / L. (v) dPS (v) <0, (482)
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and thus,

(L0 (LS ) APy (<o,
/NQ =(2)Y ( / )

(483)

The equalities in @81) and @83), with A = N . (), imply
that

P22 (N2 (M2))<0. (484)

PSIZY. Wa.z (h2) = PSTZ2)

The inequality 0 < P(E)le/\ I)Z(NQ,Z()\Q)> in @202) is
proved by contradiction. Assume that for some A €
Kqs it holds that 0 = Py’ (Ng=(2). Then,

Pl (Ro(N2)) + PSlaY .(Ri(X2)) = 0, which implies

that Pglgz)‘ )Z(R2(/\2)) = 1, which is a contradiction. See for

instance, Lemma 28] This completes the proof of (202).

The proof of strict inequality in (202)) is divided into two parts.
The first part shows that if for all pairs (A1, A2) € Kg - xKg. 2
with A1 > Ao,

P (Ng.=(M)) < P52, (Ng.=(N2),  (485)

then the function L is separable with respect to (). The second
part of the proof shows that if the function L, is separable
with respect to (), then, for all pairs (A1, A2) € Kg,» X Ko 2
with A1 > Ao, the inequality in #83) holds.

The first part is as follows. In the proof of Theorem [J] it is
shown (see (@8T)) that for all pairs (A1, \2) € Kg,» X Kg 2
with A\ > Ao,

P®C|2Z>\lz (NQ z ()‘2)) PCS)C‘QZAZL (NQz ()\2))
A1 1
Az AfQ z(Az)ry ) K(l) (_7))CIP(®(\‘?Z’Y)z(a)d’y

(486)

Assume that for a given pair (A,X2) € Kg. x Koz,
with Ay > Ay, the inequality in (@83) holds. Then,

from (486),

0
A
! 1 (1) @)
>/ / —(Lz(a)—K z( ))dP (a)dy
ra NG00 ,.YZ Q, v ®|Z=2

A

' 1 ( <1>< 1)) @)
— —(La(a)=KP (=Z))ar dv,
/}\2 /7210\2)72 2 ( ) Q,z v e|z= z( )

(487)

where the equality in (@87) follows from noticing
that Ro (A2) and Ry (A2) form a partition of Ng . (A2),
with the sets Rg(A2), Ri(A2) and Ng . (A2) defined

n (@09a), (@09b), and (196), respectively.

The inequality in (@87) implies that the set R; (\2) is nonneg-
ligible with respect to Pg‘”)Zﬁ , for some v € (A2, A\1). Hence,
from Lemma 28] it follows that both sets R+ (A2) and R (A2)

are nonnegligible with respect to PGC‘?ZW )z



From the arguments above, it has been proved that given a
pair ()\1,)\2) S K:Q7z X K:Q7z with Ay > Ao, if

A A
PSIY (Ng.= (M) < PS5 (N = (M2)),

then there always exists a positive v € (A1, A2) such that
the sets R1 (A\2) and R2 (A2) are not negligible with respect
to P(S)?glz' Moreover, such sets R (M) and Ro (\g) satisfy
for all (Vl, V2) € Ry ()\) X R ()\),

(488)

1
+o0 > Ly (v1)> K, (——) >SL. (v2),  (489)

A

which together with Deﬁnitionﬂ_gl verify that the function L is
separable with respect to ng’ZLz (and thus, with respect to @

by Lemma [T4). This ends the first part of the proof.

The second part of the proof is under the assumption that
the empirical risk function L, in (3] is separable with respect
to Q (and thus, with respect to Pglggzz by Lemma .
That is, from Definition @ for all v € Kgq,, there exist
a positive real ¢, > 0 and two subsets A(v) and B(v) of M
nonnegligible with respect to P(E)?’ZQZ in (23) that verify that
for all (v1,v2) € A(y) x B(y),

L. (v1)> ¢y >L, (v2). (490)

In the proof of Theorem [9] cf. @8], it has been proved that
given a pair (a1, a2) € Koz X Kg.z, with aq > v > ag, it
holds that for all subsets A of M,

Polzts ()= Pz (A)

[ o o - () Jaris
:/m/“lz (Lz (@)~ K, (-%))dp(ﬁ)?’;;z (a)dA. (491)

Hence, two cases are studied. The first case considers

that 1
ey < K (1) (492)
’ Y
with ¢, in (@90). The second case considers that
1
e 2 kL (1), (493)
' Y
In the first case, it follows from (T96) that
B(y) CNo.= (7)), (494)
which implies that
PSD . WNox (M)ZPS, (B() (495
>0, (496)

where, the inequality in (@96)) follows from the fact that 13 (vy)
is nonnegligible with respect to P This implies that the

BO|Z==z
set Ng - (77) is not negligible with respect P(E)Q\);lz' Moreover,

from (T96) and @94), it follows that for all & € N . () and
for all A € (y,a1),

L. (a) — / L: (v)dPST,Y, (v)<Ls () — ¢, (497)

<0, (498)
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where the inequality in (@97) follows from (@92); and the
inequality in (@98) follows from (@90). Thus,

on 1 1 A
/ /N . (Lz (@)~ K, (—X)>dP(£)Q|Z:)z(a)d>\<0,
Y ,z Y

which implies, from @91), that

P (No= (7)) = Poi7, (Na.= (7))<0. (499)

Assume now that ¢, > KS)Z (—%) Hence, the following
holds
A(v) CR2(v), (500)

which implies that

PEY_(Ry(1)2PEH . (A()
>0,

(501)
(502)

where the inequality in (502) follows from the fact that A (v)
is nonnegligible with respect to Pé?;iz- This implies that

the set Ry () is not negligible with respect Pg‘?’zﬁz. From

Lemma 27} it follows that both Ry (-y) and R4 (7) are nonneg-

ligible with respect to P(e(fgiz' Using this result, the following
holds,

PSS Wox ()2PS), (Ri(7))  (503)

>0, (504)

which proves the set N . () is nonnegligible with respect

(@)
t0 Pojy,-

From (I96) and Theorem [3] it follows that for all & €
Ng.» (7) and for all A € (v, a1),

0L, () — / L. (v)dPSTS, (v) (505)
>L, (o) — / L. (v) dPSY | (v). (506)

Thus,

P s
v NG AT @z

which implies, from @91), that

1
(—X))dng;:)z (a)dA<0,

PSS (Ng= (1) = PSIEL, (Ng,= (4))<0. (507)

This completes the proof.

APPENDIX S
PROOF OF LEMMA [26]

The proof is based on the following two observations. First,
note that (Ng. - (A2))° = Ra (\2), with the set Ry (-) defined
in (409c). Second, note that

Na.z (M)=Ng.z (A2) U(Ng.z (M) N Rz (X2)), (508)



and the fact that the sets Mg » (A2) and (Ng -
are disjoint. Hence, for all i € {1, 2},

(A1) NR2 (A2))

éﬁz) LN ()

PE(-)A|Z) z(NQZ AQ )

UWNQ,z(A )ﬂRz(AQ))) (509)

Pgiz) 2 (NQ,Z (A1) NRa ()\2)) (510)
=Py Z<NQ,Z (A2) ) (511)

where the equality in (S10) follows from Lemma [3] and the
equality in (203).

Finally, under the assumption that the empirical function L,
in () is separable, it holds from Theorem [I(] that

A A
PET (Na.=(M)) < P72, (Ng =(V). (512)
Plugging (5311)) into (512)), with ¢ = 1, yields,
A A
PSY (Ng.2() < P72l (No 2 (M), (513)

and this completes the proof.

APPENDIX T
PROOF OF THEOREM [13]

Consider the following lemma.

Lemma 29: Given two probability measures P, and P»
over (M, % (M)), with P, absolutely continuous with respect
to P, the following holds for all z € (X x V)",

R. (P) — R, (P1) (514)
<in (D (Pell P +log (fexp(t (L2(6) - RZ<P1>>)dP1<0>)>
~t<0 P ,

where the function L, and the functional R, are defined in
and in (I8), respectively.

Proof: From [54, Corollary 4.15, Page 100], it follows that the
probability measures P; and P, in (M, % (M)) satisfy the
following equality:

D(PA|Py)=sp / £(8)dPy(6)—log / exp(f(8))APy(8), (515)

where the supremum is over the space of all measurable func-
tions f with respect to (M, % (M)) and (R, % (R)), such
that [exp (f(0))dP; (0) < cc. Hence, for all z € (X x ))"
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and for all ¢ € (—o0,0), it follows that the empirical risk
function L, in (3) satisfies that

D (|| P1)
>/th (0)dP; (0) — log/exp (tL, (8))dP (6)

(516)
(517)

~log [ exp (tL: (0) — tR (P1)) AP, (0) (519)

—tR.(Py) R (P)) —log / exp(tLL(8) — tR.(P))APy(8),(520)

which leads to

Rz(PQ)_Rz(Pl)
D(P,||P1)+log [exp(t(L
t
Given that ¢ can be chosen arbitrarily in (—o0,0), it holds
that

R.(Ps)—

2(0)_

RPOIIAO) o)

R.(P1)
< in f D(P||P1)+log [exp(t(L
te( ,0) t

(0)—R.(Pr)))dP.(0)

which completes the proof. ]

From Lemrna it holds that the probability measure
in (23), satisfies for all P € Ag (M, B (M)),

. D P||P(Q>\)z
R. (P) — R, (Péffz”zkte(lflio) <(®|Z>
Jos(Jexp (Lz(0>K§L( %))drsiz. )2(9)>>, (523)

t

where the function K, ¢ ) is defined in (98) and satisfies (T06).

Moreover, for all t € ( 00,0),
1 A
(1)) artiito)

log (/ exp (t <|—z (@) — KSL
=log (/ exp (tL, (0)) dPg‘QZ’\)z(OO - tKS,)z (_X)(SM)
=J.qn(t) — tKY), <—§)

1
<122
2 ﬁ Q,z’
where the equality in (523)) follows from (143); the inequality

in (320) follows from Theorem [7} and the constant Sg . is
defined in (T66).

Plugging (526) into (523) yields for all ¢ € (—o0,0),

R (P) —R= (P§75),)

D (P|PS,) +

\tE(—oo,O) t

(525)

(526)

thIBQ
279 (527)



Let the ¢ € R be defined as follows:

c 2R (P)—R: (PS5Y,) . (528)
Hence, from (527), it follows that for all ¢t € (—o0, 0),
1
ct— 56 . <D (PIPG.). (529)

The rest of the proof consists in finding an explicit expression
for the absolute value of ¢ in (529). To this aim, consider the
function ¢ : R — R such that
1
¢(a) = 5042557,27
and note that ¢ is a positive and strictly convex function
with ¢(0) = 0. Let the Legendre-Fenchel transform of ¢ be
the function ¢* : R — R, and thus for all x € R,

(530)

¢*(x) = max xt — ¢(t). (531)
te(—00,0)
In particular, note that
X A)
¢*(c) < D (PIPSTSY,) - (532)

Note that for all z € R and for all ¢ € (—o0,0), the
function ¢* in (531) satisfies

ot - 2885 < 9*(@) = a0 (0) — (0 (@),

where the term o*(x) represents the unique solution in «
within the interval (—oc, 0) to

(533)

o (za— ¢ (a)) =z — aﬂéyz =0 (534)
That is,
x
0" (@)= (535)
Q,z
Plugging into (533) yields,
2
T
¢ (r)=5o5—- (536)
265 .

Hence, from (532) and (533), given c¢ in (528) for all ¢ €
(70050)

ct - ft%,z <¢*(c) < D(PIPSTY,), (537
and thus, )
c @)
PPN (538)
25@ ( I 6|z= )
This implies that
A)
¢ < /282D (PIPSY.) (539)
and
QN
> /283D (PIPS), (540)
which leads to
A
Jr@re) - [Loars;) o)
<\/25Qz (PIPZY.)., (541)

and completes the proof.
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APPENDIX U
PROOF OF THEOREM [17]

Under the condition that A € Kgq p,, from Theorem [14] and
Definition [§] I it follows that the generalization error Gg » (Pz)

in (233) satisfies
A A A
Goa (P) =X [ (D (P, 1Q) + D (P& PSR,

—D (P§V)Q) JaPz(v),

([
A A)
/ D(PGVIPSSY, ) dP (v)>7 (543)
where the equality in (343) follows from the fact that
x) A
[ (p(P§:2,1@) - (RS 1) )aPat)

(542)

P(Q A)

>\
S IPS ) AP (v)

— [D(PS2,1@)arz0)-D(PE1Q) (544)
éQ WA)
[ [ ﬁ@ aPE (0) | Pr(v)
D(PSVQ) (545)
@A)
_ / /log ﬂ(e) aPE (0) | dPy(v)
JICRY;
- [1og (—(@)dP S0 (546)
(QA
_ / /1og ﬂ(a) dP (0 | dPy(v)

d (Q A)
/ < / log <4(0)) dpgiY V(a)) dPz(v) (547)
p@N

:/</<log ﬂ(e)

+log (—Me)))dP@?;)V(e))dPZ(u)

Ppl@A)

e|zZ A
/ ( / log 4'“)”(0) drglY,

(548)

(9)> dPz(v) (549)

A) W)
— [D(rg2) U|P<Q )dP(w).

The equality in follows from ([233); and the equality
in (548) follows from the fact that the measures () and
Péé:w with v € supp Pz, are mutually absolutely con-
tinuous. This completes the proof.

(550)
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