Commun. Math. Phys. (2024) 405:74 Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-024-04960-5 M ath emat i c al

Physics
®

Check for
updates

Stability of Regularized Hastings—Levitov Aggregation
in the Subcritical Regime

1 3

James Norris! ®, Vittoria Silvestri’, Amanda Turner

! Statistical Laboratory, University of Cambridge, Centre for Mathematical Sciences, Wilberforce Road,
Cambridge, CB3 OWB, UK.
E-mail: j.r.norris @statslab.cam.ac.uk

2 Department of Mathematics, University of Rome La Sapienza, Piazzale Aldo Moro, 5, 00185 — Rome,
Ttaly.
E-mail: silvestri@mat.uniromal..it

3 Department of Statistics, University of Leeds, Leeds LS2 9JT, UK.
E-mail: a.turner5 @leeds.ac.uk

Received: 5 April 2022 / Accepted: 1 February 2024
© The Author(s) 2024

Abstract: We prove bulk scaling limits and fluctuation scaling limits for a two-parameter
class ALE(«, n) of continuum planar aggregation models. The class includes regularized
versions of the Hastings—Levitov family HL(«) and continuum versions of the family
of dielectric-breakdown models, where the local attachment intensity for new particles
is specified as a negative power —n of the density of arc length with respect to harmonic
measure. The limit dynamics follow solutions of a certain Loewner—Kufarev equation,
where the driving measure is made to depend on the solution and on the parameter
¢ = a + 1. Our results are subject to a subcriticality condition ¢ < 1: this includes
HL (&) for o < 1 and also the case @ = 2, n = —1 corresponding to a continuum Eden
model. Hastings and Levitov predicted a change in behaviour for HL(«) at @ = 1, con-
sistent with our results. In the regularized regime considered, the fluctuations around the
scaling limit are shown to be Gaussian, with independent Ornstein—Uhlenbeck processes
driving each Fourier mode, which are seen to be stable if and only if ¢ < 1.
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1. Introduction

1.1. Hastings—Levitov aggregation. In many physical contexts there appear clusters
whose shape is complex, formed apparently by some mechanism of random growth.
It has long been a challenge to account for the observed variety of complex cluster
shapes, starting from plausible physical principles governing the aggregation of individ-
ual microscopic particles. For clusters which are essentially two-dimensional, there is
an approach introduced by Carleson and Makarov [4] and Hastings and Levitov [10], in
which clusters are encoded as a composition of conformal maps, one for each particle.
In this approach, a growing cluster is modelled by an increasing sequence of compact
sets K, € C which are assumed to be simply connected. We will take the initial set K
to be the closed unit disk {|z| < 1}. The increments K, \ K, _; are then thought of as
a sequence of particles added to the cluster. The idea is to study the clusters K, via the
conformal isomorphisms

®, : Dy — D,

where D), is the complementary domain C \ K,, and ®,, is normalized by ®,,(c0) = oo
and ®),(0c0) > 0. Then ®p(z) = z forall z and K, has logarithmic capacity @}, (c0) > 1
for all n > 1. This formulation is convenient because the harmonic measure from oo
on the boundary d D,,, which provides a natural way to choose the location of the next
particle, is then simply the image under ®,, of the uniform distribution on d Dy = {|z| =
1}. Having chosen a random angle ®,,4| to locate the next particle, and a model particle
P41 attached to K at ¢!©1, for example a small disk tangent to K, the cluster map is
updated to

Dy = Py 0 Fypg (D

where Fj,41 is the conformal isomorphism Do — Dg \ P,+1, normalized similarly to
®,,. Then ®,,41 encodes the cluster

Ky =K, U q>n(Pn+l)~
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Thus, once we specify distributions for the angles ®,, and model particles P,, we have
specified a mechanism to grow a random cluster.
We will write

cap(K,) = log ®'(c0), ¢, = log F, (c0)
and we will refer to cap(K,) as the capacity! of K,, and c, as the capacity of P,. Then
cap(K,y) =c1+---+cp.

We will be looking for scaling limits where the particle capacities ¢, and the associated
particles P, become small, but where n is chosen sufficiently large that the cluster
capacities cap(K,) grow macroscopically.

A simple case is to choose ®,+1 uniformly distributed on the unit circle and to take
P, = '@ P where P is a small disk tangent to the unit disk at 1, of radius r(c),
chosen so that P has capacity c. Then in fact (c)/+/c has a positive limit as ¢ — 0. The
location of the new particle ®,,(P,+1) is then distributed according to harmonic measure
on d K,,. However, if we assume that d K, is approximately linear on the scale of P, then
we would have

@y (Pus1) & @y (e O1) + @ ("Or+1) P )

so we would add an approximate disk of diameter proportional to /c| @;(ei Ont1y|.
In order to compensate for this distortion, Hastings and Levitov proposed the HL(«)
family of models where, once ©,,11 is chosen, we choose P, to be a particle of capacity

Crrl = | @) (") e,

Then, in the case o = 2, the particles added to the cluster would be approximately of
constant size. The approximation (2) is in fact misleading, at least on a microscopic
level, because 0 K, develops inhomogeneities on the scale of the particles. Nevertheless,
HL(2) has been considered as a variant of diffusion-limited aggregation (DLA) [28],
with some justification, see [10], derived from numerical experiments.

In general, the HL(«) model offers a convenient mechanism for such experiments,
and moves away from the lattice formulation of [28] which has been shown to lead to
unphysical effects on large scales (see for example [8]). Moreover, it might be hoped
that an evolving family of conformal maps would present a more tractable framework
for the analysis of scaling limits than other growth models, while potentially sharing the
same bulk scaling limit and fluctuation universality class. That is the direction explored
in this paper.

Besides the mechanism of diffusive aggregation, based on harmonic measure, there
is another one-parameter family of models, conceived originally in the lattice case,
called dielectric breakdown models [20], which interpolates between DLA and the Eden
model [7]. In the Eden model, each boundary site is chosen with equal probability. In
the continuum setting, for an Eden-type model we would choose an attachment point
on the boundary according to normalized arc length, which has density proportional to
|<I>’,l(ei9)| with respect to harmonic measure. We can widen our family of models to
include a continuum analogue of dielectric breakdown models (DBM) by choosing

P(O,41 € dO|d,) o | (/%) 7d6.

1 This is an abuse of terminology since it is then ¢ (Kn) which is the logarithmic capacity.
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The case n = —1 then provides a continuum variant of the Eden model.

In a law-of-large-numbers regime, it might be guessed that bulk characteristics of the
cluster for the model incorporating both the o and » modifications would depend only
on their sum ¢ = « + 1 since, once this is fixed, up to a global time-scaling, the growth
rate of capacity due to particles attached near ¢’? does not depend further on « or 7. We
will show, in the regime which we can address, that this is indeed true.

In this paper we investigate the two-parameter family of models just described, but
modified by the introduction of a regularization parameter o > 0, which controls the
minimum length scale over which feedback occurs through c¢,+1 and ®,,41. Specifically,
we require

P(Ons1 € dO|Dy) o< [@),(e70)[71dO,  cpyr = | D) (7O 3)

This model was introduced in [27] as the (discrete-time) aggregate Loewner evolution
model. We will require throughout that o >> ./c (and sometimes more) and we will
restrict attention to the subcritical regime ¢ < 1. This includes the Eden case (o = 2,
n = —1) but excludes continuum DLA (¢ = 2, n = 0). In the regularized models, we
will show fluctuation behaviour which is universal over all choices of particle family. Our
first main result shows that, in this regime, in the limit ¢ — 0, disks are stable, that is, an
initial disk cluster remains close to a disk as particles are added and its capacity becomes
large. Our second main result is to prove convergence of the normalized fluctuations of
the cluster around its deterministic limit, to an explicit Gaussian process. The constraint
¢ < 1 appears sharp for this behaviour: we see an explicit dependence of the fluctuations
on « and 1 and, in particular, an exponential instability of rate (¢ — 1)k in the kth Fourier
mode if we formally take ¢ > 1.

1.2. Statement of results. In this section, we define the continuous-time ALE(«, n)
model, which is our object of study, and we specify our standing assumptions for indi-
vidual particles. We then state our main results.

Our model is constructed as a composition of univalent functions on the exterior unit
disk D9 = {|z| > 1}. Each of these functions corresponds to a choice of attachment
angle & € [0,2m) and a basic particle P. Recall that Ky = {|z| < 1}. By a basic
particle P we mean a non-empty subset of Dg such that Ko U P is compact and simply
connected. Set D = Dy \ P. By the Riemann mapping theorem, there is a ¢ € (0, 00)
and a conformal isomorphism F : Dy — D with Laurent expansion of the form

F(z)=¢ (z + Zakz—k> : )

k=0

Then F is uniquely determined by P, and P has capacity c. Our model depends on three
parameters «, 7 € Rand o € (0, 00), along with the choice of a family of basic particles
(P© : ¢ € (0, 00)) with P©) of capacity c. The associated maps F, : Dy — D then
have the form (4) with a; = a(c) for all k. We assume throughout that F,. extends
continuously to {|z| > 1}. We require that our particle family is nested

P C P fore < e 5)
and satisfies, for some A € [1, 00),

§(c) < Arg(c) forall ¢ (6)
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where
ro(c) = sup{lz| —1:z€ PO}, 8(c)=sup{lz—1]|:z¢€ PO}

In our results, only small values of ¢ are of interest. For such ¢, the last condition (6)
forces our particles P() to concentrate near the point 1 while never becoming too flat
against the unit circle.
The following are all examples of particle families satisfying both conditions (5) and
(6):
P =1, 1+5(0), P

slit bump — {z€eDoy:|z—1] < ()}

and
PO ={zeDy:lz—1-r@]<r@)}. r)=5(c)/2

where in each case § is a suitable increasing homeomorphism of (0, co).

It will be convenient to place our aggregation models from the outset in continuous
time. By a (continuous-time) aggregate Loewner evolution of parameters «, n € R, or
ALE(«, 1), we mean a finite-rate, continuous-time Markov chain (®,),>¢ taking values
in the set of univalent functions Dy — Dy, starting from ®¢(z) = z, which, when in
state ¢, jumps to ¢ o F(g, ¢),¢ at rate A(6, ¢)d6/(2m), where

Feo(z) =€ Fe(e7%2), c®, ) =clg’ ()™, 1O, d) =c 1§ (7).
7

Since o > 0, the rate A(6, ¢) is continuous in 6, so the total jump rate is finite. The
model may be thought of equivalently in term of the random process of compact sets
(K1)r>0 given by

Ko={lzI <1}, K, =KoU{z€ Dyp:z¢& D (Do)}

The effect of the jump just described is then to add to the current cluster the set
¢ (e'? P@-9))) thereby increasing its capacity by c(6, ¢).

An explicit realisation of this Markov chain can be constructed as follows. Given a
univalent function ¢ : Dy — Dy, define the normalising constant

2w )
Zy = / ¢’ (e %) 7d6.
0

Starting from ®o(z) = z, suppose that a realisation of (®,)ogs<; has been con-
structed up to some ¢ > 0, and that ®; = ¢. Sample independently a random time
T ~ Exp(c~!Z4/(27)) and random angle ® with density function |¢’(e”*)|~7/Z.
Then set &y = ¢p fort < s <t +7T,and Oy = ¢ o Fe(0,4),0- It is straightforward
to verify that this construction gives a Markov chain with distribution corresponding to
the specification above.

Denote the jump times of the Markov chain by T, k = 1,2,.... By the explicit
construction,

@7, =P, 0 Fyupy
where F,, = Fc, e, for capacity C, and attachment angle ©®,, satisfying

P(On41 € dO|P7,) o |, (e7H)|71d0,  Cpyy = | D (77 Om1)| ™.
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O (I)f:Flono‘”OF”

Fi(z) = e"(')"F('Lv(e"'(‘)*':)

Fig. 1. Cluster map with n particles

Therefore, if T,, <t < T,4+1, we have
®, =Fjo---0F,
as in Fig. 1. Moreover, the capacity 7; of the cluster K, is then given by
T, =log ®(c0) = C1 + -+ + Cp.

For certain parameter values, the process (®;);>0 may explode, that is, may take
infinitely many jumps in a finite time interval. We will show in Proposition A.1 that
explosion occurs if and only if both < O and ¢ = « +n < 0, and in this case we
also have 7; — oo at the explosion time. This phenomenon is however irrelevant to our
main results on scaling limits, since explosion is excluded by these results (with high
probability) over the relevant time interval. Hence we will make no attempt to define &,
beyond explosion.

By reference to (1) and (3), it is immediate that the jump-chain (®7,),>¢ is exactly
the discrete-time aggregate Loewner evolution process (®,),>0 in the introductory
discussion. In particular, inthe case n = o = 0, (®;);>¢ is the original Hastings—Levitov
process embedded in continuous time as a Poisson process with jumps of rate ¢ 1. For
clarity, from now on we denote the discrete-time process by (@ﬂlsc)n>o. Prior work on
ALE models [21,27] was framed in terms of this discrete-time process. The continuous-
time framework allows a more local specification of the dynamics, without the need
to normalise the distribution of attachment angles. It further allows us to organise the
computation of martingales in terms of a standard calculus for Poisson random measures.

We can now state our first main result. Define

00, if¢ >0,
Iy = -1
]~ if¢ <O.
and for ¢ < f; set

. if¢ =0,
"7 ) "log(1 + 1), otherwise.

Note that ; — oo ast — t, forall ¢.
The result identifies the small-particle scaling limit of K; in the case { < 1 as a disk
of radius ™, with quantified error estimates. It is proved in Proposition 5.7. The range
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DBM, .,

O e . T
)
=~
b

Fig. 2. Domain of stability for ALE(«, 1)

of parameter values to which the result applies is indicated by the region shaded red
in Fig. 2, with diagonal lines showing parameter pairs (e, ) sharing a common bulk
scaling limit. Recall that 7, = log ®}(c0), which is the capacity of K;, and set

®,(z) = @ (2) /e

Theorem 1.1. Foralla,n € Rwith = a+n < 1, foralle € (0,1/3]andv € (0, ¢/4],
forallm e Nand T € [0,1;), there is a constant C = C(a, n, A, e,v,m,T) < 00
with the following property. In the case ¢ < 1, forallc < 1/C and all ¢ > ¢'/>~¢, with
probability exceeding 1 — c™, forallt < T,

2
eO'
|’Tt _ rtl < C Cl/2—v +Cl—4v -
e’ — 1

and, forall |z| =r > 1+cl/2—¢

o 2
|®,(z) —z] < C [ /ZV g e’
e’ — 1

Moreover; in the case ¢ = 1, for all ¢ < 1/C and all ¢ > c'37¢, with probability
exceeding 1 — ™, forallt < T,

2
eO’
|7; _ TZI g C cl/z—l) +cl—4v -
e’ —1
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and, forall |z| = r > 1+c'/*7¢,

1/2 5/2
ey — 2 < ¢ (e (— N o (N7
e’ —1 e — 1

We will show a similar result for the discrete-time process (QSiSC)n>o. Set

t];tdiSC — log(q)giSC)/(oo)’ (i)giSC(Z) — q)giSC (Z)/e']:ldisc‘

Define

00, ifa >0,
Ny = .
* la|~!, ifa <0

and forn < ny/c set

Jdise _ {cn, ifa =0, )

" a~'log(1 +acn), otherwise.

The following result is proved at the end of Sect. 5.2. The case « = 0 is Theorem 1.1
in [21] but with an improvement to the constraints on r and o, and the corresponding
upper bound, in the n = 1 case.

Theorem 1.2. For all o, n € Rwith{ = a+n < 1, forall e € (0,1/3] and v €
(0, /4], forallm € Nand N € [0, ny), not necessarily an integer, there is a constant
C=C(a,n, A, e,v,m, N) < oo with the following property. In the case ¢ < 1, for all
c<1/Candalloc > V2= with probability exceeding 1 — ¢, foralln < N/c,

2
o

. : _ e
|7;,dlsc _ T’;hsc| < Ccl 4v ( )

e’ — 1

and, forall |z =r > 1 +c'/?7¢,

o 2
Adisc oy 1/2—v , 1—4p €
| D, (2) ZI<C<C +c (e”—l) )

Moreover, in the case ¢ = 1, forall c < 1/C and all 0 > e3¢ with probability
exceeding 1 — ™, foralln < N/,

o 2
. : _ e
|7:1dlsc _ ‘L’SISC| < CCl 4v ( 1)

e’ —

and, forall |z] = r > 1+c'/?7¢,

12 52
|Ddse(z) —z| < C (MY < / ol <\
" = e’ —1 e’ —1 '
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We turn to our second main result, which describes the limiting fluctuations of
ALE(w, ). Denote by H the set of all holomorphic functions on Dy = {|z] > 1}
which are bounded at co. We equip H with the metric

d(f,g)=22—"< sup If(z)—g(z)IM)-
n=0

|z|>1+1/n
Then H is a complete separable metric space. Define for t < #;
®t(Z) = &’,(z) -2, \I/fap =7 — 1.

Let (B;);>0 be a (real) Brownian motion. Let (B;(k));>0 for k > 0 be a sequence
of independent complex Brownian motions, independent of (B;);>0. We can define

continuous Gaussian processes (I (k)),<,§ and (Ff ap),<,§ by the following Ornstein—
Uhlenbeck-type stochastic differential equations

dT, (k) = e~ %™ («/Ee—"ff/de,(k) —(1+(1— g“)k)l“t(k)e_”f’dt) , Tolk) =0,
drfap — U (e—nn/ZdBt _ grfape—ﬂ‘ndr) ; Fgap = 0.
We show in Sect. 6.2 that the series
o
M) =Y Tz ™*
k=0
converges in F, uniformly on compacts in [0, #; ), almost surely. In fact (f‘,) 1<t satisfies
the following stochastic differential equation in H
dft, = e~ («/Ee—"fﬂdé, — (Qo+ l)f‘,e_"”dt) Cfo=0

where Qo f(z) = —(1 — {)zf'(2) and
Bi() =) Bz
k=0

The following two results are proved in Sect. 6.

Theorem 1.3. Assume that { = a +1n € (—o00,1]. Fix T € [0,#;) and ¢ > 0 and
consider the limit c — 0 with o — 0 subject to the constraint

1/4—e
o> C1/5—e’ l~f§ =
c , ift =1.

Then
V200, Uy, o — (0, T <1

weakly in the Skorokhod space D([0, T], H x R).
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As in the bulk scaling limit, we can deduce an analogous discrete-time fluctuation
theorem. The case @ = 0 recovers Theorem 1.2 in [21]. Define for ¢t > 0

U@ = & @) — 2

We have seen already in Theorem 1.2, for N < ng, that (’Z;,diSC - t,?isc)ng N/c does not
fluctuate at scale /c. We can define a continuous Gaussian process (F;hsc)tqa in ‘H by

V2dB, — (Qg + 1)Idiscq;
3

dﬁdiso —
! 1+at

| Pge =0,

Theorem 1.4. Assume that { = o +1n € (—00, 1]. Fix N € [0, ny), not necessarily an
integer, and fix ¢ > 0. In the limit c — 0 with 0 — 0 considered in Theorem 1.3, we
have

—1/2 /\3,di r~di
Y (\yt/lgc)téN — (TN

weakly in D([0, N1, H).

1.3. Commentary and review of related work. Hastings and Levitov [10] introduced the
family of planar aggregation models HL(«), which are the cases n = o = 0 of our
ALE(«, n) model. They discovered by numerical experiments that, for small particles,
the models underwent a transition at « = 1: for « < 1 the cluster grows like a disk,
while for @ > 1 it exhibits fractal properties. There are two natural scaling-limit regimes
under which mathematical results have been established: capacity rescaling and the
small-particle limit. Under capacity-rescaling, the particle capacity parameter c is kept
fixed, and the cluster is rescaled to have logarithmic capacity 1, before the limit is taken
as the number of particles goes to infinity. This corresponds to studying the limit of
the map ®%%¢(z) as n — o00. Under the small-particle limit, the parameter ¢ — 0,
but the rate at which particles arrive is increased to ensure a non-trivial limit. This is
the regime followed in the present paper, and corresponds to studying the limit of the
process (CD%C) (2))r>0 as ¢ — 0, where n(t) is a suitable embedding of arrival times into
continuous time. In most results to date, the embedding n(¢) = |¢/c] has been used.

The HL(0) model is the most mathematically tractable model in the Hastings—Levitov
family as in this case the particle maps, F,, are i.i.d. It has been investigated rigorously
in a series of works [24] (existence of a bulk scaling limit under capacity rescaling),
[22] (bulk small-particle scaling limit), [26] (fluctuation small-particle scaling limit).
Several variants exist, for example [1,2] (versions of HL(0) grown in the upper half-
plane) and [14, 17] (anisotropic versions of HL(0)). The o -regularized variant of HL(«)
was proposed in [15], where it was shown for slit maps that, if o > (log(1/c))~!/?,
there is disk-like behaviour in the small-particle limit for all « > 0: it appeared that the
observed fractal properties of HL(«) foro > 1 were suppressed by strong regularization.
In contrast, for the weaker regularization used in the present paper, the conjectured phase
transition at @ = 1 (or { = 1) becomes visible at the level of fluctuations. The method
of [15] used a comparison with an HL.(0)-type model which breaks down for smaller
values of 0. Regularized versions of HL(«) under capacity-rescaling are considered in
[24] (estimates for the dimension) and [16] (fluctuation limit when 0 < o < 2 and
o = 0).
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The regularized ALE(«, n) model first appeared in [27] where it was shown that,
for slit maps, if « > 0 and n > 1, o-regularized ALE(«, 17) converges to a growing
slit in the small-particle limit, provided o — O sufficiently fast as ¢ — 0. This result
is a consequence of the singularities of the derivative of the slit map on the cluster
boundary, which causes the cluster growth to concentrate at the tips of particles. Similar
degeneracies are exploited in two recent papers [12,13]. In [12] it was shown that,
when n < —2, ALE(0, 1) converges to a SLE4 curve. It is conjectured that, by making
appropriate choices of particle shape, one can get convergence to SLE, for any « > 4.
In [13], itis shown that ALE(0, n), initiated from a needle-like configuration, converges
to a Laplacian-path model [5]. Another model that fits into this framework is Quantum
Loewner Evolution (QLE) [19]. The paper [27] contains a comprehensive discussion of
connections between these and related models, so we do not repeat this here.

A new approach was begun in [21], treating regularized ALE(0, 1) as a Markov chain
in univalent functions. By martingale arguments, a bulk small-particle scaling limit and
fluctuation scaling limit were shown, subject to the constraint < 1 and to restrictions
on o as a fractional power of c¢. These limits (in contrast to those above) turn out not to
depend on the details of individual particle shapes. In this paper, we extend the analysis
of [21] to ALE(«, n), subject now to the constraint { = «+n < 1. Thus we now include
regularized HL(«) for @ < 1. Hastings and Levitov had argued that there should be
a trade-off between « and 7, with only ¢ affecting the bulk scaling limit, and on this
basis proposed HL(1), that is ALE(1, 0), as a continuum variant of the Eden model.
A more direct continuum analogue of the Eden model is ALE(2, —1). Our results, in
the regularized case, both justify the trade-off argument and show a disk scaling limit
whenever ¢ < 1. On the other hand, we show that ALE(1, 0) and ALE(2, —1) have
different fluctuation behaviour. As in [21], the behaviour of fluctuations as a function of
¢ is consistent with the conjectured transition in behaviour at { = 1. We emphasise that
scaling limits for the conjectured supercritical regime { > 1 lie outside the scope of the
present paper.

Hastings and Levitov [10] identify a Loewner—Kufarev-type equation, which they
propose as governing the small-particle limit of HL(«), citing a discussion of Shraiman
and Bensimon [25] for the Hele-Shaw flow, where « is taken to be 2. This is the LK («)
equation, which is the subject of the next section. As noted by Sola in a contribution to
[18], there is a lack of mathematical theory for the LK(«) equation, except in the case
o = 2 when some special techniques become available (we refer the reader to [11] and
to the monograph [9] which contains an extensive list of references). In this paper, since
our focus is on clusters initiated as a disk, we are able to use an explicit solution of the
equation, along with its linearization around that solution, so we do not rely on a general
theory. However, the particle interpretation established here offers some evidence that
for @ < 1, the LK(«) equation may have a suitable existence, uniqueness and stability
theory, and that it may be possible to derive the equation as a limit of particle models.

Our results depend on constraints on the regularization parameter o, though substan-
tially weaker ones than those used in [15]. These constraints limit the interactions of
individual particles and place us in the simplest case of Gaussian fluctuations. At a tech-
nical level, for Theorem 1.1, these constraints come from the need to have § (e?) < cfin
Proposition 5.3, while for Theorem 1.3 they are needed to show that the Poisson integral
process (IT;);>0 is a good approximation to the fluctuations in Proposition 5.7. In the
case ¢ = 1, the regularizing operator Q obtained by linearization of the LK(¢) equation
collapses from a fixed multiple of the Cauchy operator to o times the second derivative.
In general, for scaling regimes where o — 0 faster than our fluctuation results allow, it
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remains possible that ALE(w, 1) has different universal fluctuation behaviour, such as
KPZ, as has been conjectured for the lattice Eden model.

1.4. Structure of the paper. In the next section, we discuss the Loewner—Kufarev equa-
tion for the limit dynamics. Then, in Sect. 3, we derive an interpolation formula between
ALE(w, 1) and solutions of the limit equation. The terms in this formula are estimated
in Sect. 4. Equipped with these estimates, we show the bulk scaling limit in Sect. 5 and
the fluctuation scaling limit in Sect. 6. We collect in Appendix A some further estimates
needed in the course of the paper, including estimates on the conformal maps which
encode single particles and particle families.

2. Loewner-Kufarev Equation

Let S denote the set of univalent holomorphic functions ¢ on {|z| > 1} with ¢ (c0) =
and ¢’ (00) € (0, 00). Then each ¢ € S has the form

P(z) = e (Z + Zakzk>
=0

for some ¢ € R and some sequence (ai : kK > 0) in C. Fix parameters ¢ € Rand o > 0.
Given ¢ € S, consider the following Cauchy problem for (¢;);>0in S

¢ = algy) 9)
where
27[ 10 X ,g-
a($)2) = 2/ (2) ][ 7 [#' | ae.

The case o = 0 of this equation is the equation proposed by Hastings and Levitov as
scaling limit for HL.(¢), which we will call the LK(¢) equation. When ¢ = 0, the value
of o is immaterial and there is a unique solution given by

¢1(2) = do(e'2).

When ¢ =2 and o = 0, (9) is the Loewner—Kufarev equation associated to the Hele—
Shaw flow. For o > 0, we will refer to (9) as the o-regularized LK (¢) equation. We will
be interested in the subcritical case ¢ € (—o0, 1].

The general form of the Loewner—Kufarev equation is given by

i9

2w
¢ (2) = z¢t(z)/ — g (@9

with (u; : t > 0) a given family of measures on [0, 27r). Thus the o-regularized LK (¢)
equation is obtained by requiring that the driving measures are given by

0| ~¢
e(d9) = |g (™| doy ).
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Note that, when ¢ = « + 7, the density of these driving measures is the product of the
density of the local attachment rate and the local particle capacity (7) for ALE(«, 1). By
the Loewner—Kufarev theory, for any solution (¢;);>0 of (9), the sets

K; =C\{¢:(2) : |z] > 1}

form an increasing family of simply-connected compacts, with capacities given by

t
7 = cap(K;) = log ¢|(c0) = log (c0) + /0 15 ([0, 27))ds.

2.1. Linearization. We compute the linearization of (9) around a solution (¢;);>0. For
¥ holomorphic in {|z| > 1}, we have

d
Va(@)y)(z) = T a(@+ey)(2) = ¥ (Dh(z) — ¢z¢' (2)g(2)
0

e=

where

2 0
Z+e .
h(z) = f ; ¢/ (7% * do
0

— o0
and, setting p = v¥'/¢/,

ozl R N +i6
8() =]€ Z_jkﬁ (e”"”)| 7 Re p(e7'%)d6. (10)

Note that first-order variations in S have the form
o0
V(@) =8z+Y Yz ¥, seR, Y eC.
k=0

The process of first-order variations (v/);>0 around a solution (¢;);>0 can be expected
to satisfy the linearized equation

¥ = Va(p) ;.

2.2. Linear stability of disk solutions in the subcritical case. Fix 1y € (0, 00). A trial
solution ¢ (z) = e" z for (9) leads to the equation

'l:'t = e_U’.
‘We solve to obtain ()<t with 7, — oo ast — 1, given by

__[ro+ ifr =0,
"7 )" log(ef™ + 1), otherwise

where

oo, if¢ >0,
7 ef)c), ife <O.
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For the associated solutions (¢;) t<trs the the sets K; form a growing family of disks. We
call such a (¢t)t<r§ a disk solution.

For disk solutions, we have ¢} (z) = e™ for all z, so we can evaluate the integral (10)
to obtain

Va(p)y)(2) = 0¥ ()T

where

QY (2) = =2y (2) + £z (e72) = =Dy (2) + {e” 7 DY (e72). Y

Here and below, we write D/ (z) for the radial derivative zy'(z). Consider the action of
Q on the set of holomorphic functions on {|z| > 1} which are bounded at infinity. Then
Q is a multiplier operator

V() =) qhvnz", v =) vz
k=0

k=0
where
q(k) = k(1 —ge™7 D),
It is straightforward to obtain the following lower bounds. We have
k, if¢ <0,

qgk)y = {k/(1—10), ifc € (0, 1),
(1 —1/e)(ck?®) k), ifc =1.

Define fort > 0
P(r) = e 72, (12)

At least formally, at a disk solution, the linearized equation v/, = Va(¢, ), has solution
given by

Vi(2) = P(t; — 10)Y0(2). 13)

In the case 0 = 0, we have g(k) = (1 — )k so P(7)¥(2) = w(e(l’“tz) for suitable
Y. Thus, if ¢ > 1, as for example in the Hele-Shaw case when ¢ = 2, we see that v,
is holomorphic in {|z| > 1} only if vy extends to a holomorphic function in the larger
domain {|z| > e(!=9)@ =70} On the other hand, if ¢ < 1, then P(z; — 10) preserves the
set of holomorphic first-order variations, so the variation v, as given by (13) remains
holomorphic for all . We will show that this stability property in fact also holds whenever

o >0and¢ < 1.
27 )
1l = (]ﬁ Iw(re’6)|pd6>

Define for r > 1
1/p
For a multiplier operator M, given by

My =Y mkyz " Y@ =) et
k=0

k=0
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let us write A = A(M) for the smallest constant such that

m©@) <A, Y Imk+1) —m@)] < A
k=0

The Marcinkiewicz multiplier theorem is recalled in Sect. A.3. This implies in particular
that, for all p € (0, 00), there is a constant C = C(p) < oo such that, forall » > 1, we
have

Ml pr < CADDIY N p,r-

We use this criterion to obtain some estimates on the operators P(t) and D P(t) for
7 > 0.Note that,if 0 < m(k) < m™*,then A(M) < N(M)m™* where N (M) is the number
of maximal intervals of constant sign in the sequence of increments (m(k + 1) — m(k) :
k > 0).

Lemma 2.1. Foralln > 0 and all p € (1, 00), there is a constant C = C(n, p) < 00
such that, for all ¢ > 0, for all holomorphic functions ¥ on {|z| > 1} bounded at oo,
allt > 0andallr > 1, we have, for { < 1,

Clivrlp.r

ID"P(T)¥llp,r < W

and for¢ =1

Ce?"[Ylip.r

n
ID"P(@)¥llpr < " A oDy

Proof. Consider first the case where ¢ < 0. We split

q() = q1(k) +q2(k),  q1(k) =k, ga(k) = [¢|ke”*D,
Then, with obvious notation, P(t) = P;(t)P>(t) so
D" P(@)p.r < ID" PO pr P2l pr-

The sequence of multipliers k"¢~ for (—D)" P;(t) is bounded by (n/7)" and its
increments change sign at most once, so A(D" P;(tr)) < 2(n/t)". The sequence of
multipliers e ~771(®) for P,(t) is bounded by 1 and its increments change sign at most
once, so A(P>(t)) < 2. Hence | D" P(7)|lp,r < C/t" as claimed.

Consider next the case ¢ € (0, 1). We make another split

q() = q1(k) + k), qi(k) = (1 — Ok, qa(k) = chk(1 — e ®+D)y,

Then P(t) = P;(t)P>(t) again, where the notation now corresponds to the new split.
We have A(D" Pi(7)) < 2(n/((1 — ¢)1))" by the argument used for D" P; in the case
¢ < 0. The sequence of multipliers e =91 for P,(7) is bounded by 1 and is decreasing,
so A(P>(1)) < 1. Hence | D" P(7)lp,r < C/((1 —¢)7)" as claimed.

Consider finally the case { = 1. We now write

qk) = G +q3(k), k) = e~ (g1 (k) A k), qik) =k, qa(k) = ok?
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and write P (7) for the operator with multipliers e~™4® and so on. As already observed,
the sequence of multipliers k"e~k for (—D)" P;(t) is bounded by (n/7)" and its incre-
ments change sign at most once, so A(D" P1(t)) < 2(n/t)". The sequence of multipliers

ke Tk for (=D)" Py(7) is bounded by (n/(ot))"? and its increments also change
sign at most once, so A(D P>(7)) < 2. We use the inequality

lay vV by —ay Vv by| < |lay —az| Vv by — by

to deduce that A (DP (1)) < Ce® /(" A (oT)"?). Finally, it is straightforward to check
that the sequence of multipliers e~7%® for P;(r) is bounded by 1 and decreasing,

so A(P3(1)) < 1. Hence | D"P(D)lpr < ID"PO)p IP3 (@) pr < Ce /(" A
(o7)"?) as claimed. O

2.3. Transformation to (Schlicht function, capacity) coordinates. Write S| for the set
of ‘Schlicht functions at oo’ on {|z| > 1}, given by

={peS:¢(c0) =1}
It will be convenient to use coordinates (dA), 7) on S, given by
$(2) =e (@), T =log¢(c0).

Then ¢A> € Sy and © € R. It is straightforward to show that, for a solution (¢;);>0 to (9),
the transformed variables (qAS,, 7/)r>0 satisfy

(. 1) = b 1) = (b, 5®) (. 70) (14)

where
oi?

2
b(¢. 1)) = etz (z)f 9|¢( M40

. 2t .
- €7U¢(Z)][ 1§/ (70| ~4 o,
0
R 2T )
bcap(qb’ .[) — e—{'ff |¢/(60+19)|—§'d0.
0

On linearizing (14) around a solution (<;3,, 7/)1>0, We obtain equations for first-order
variations (Y, 1/ftC ap), >0 in the new coordinates, where now 1, is bounded at co for all

t, reflecting the normalization of ;. These are then related to the first-order variations
(¥t)r>0 in the old coordinates by

Ui (2) = " (P (2) + ¥y Py (2)).

For a disk solution (e)r<i,» we have ¢A>,(z) = z and b(¢A>,, 7) = (0,e7%7). The
equations for first-order variations are then given by

U@ = —(Q+ DI @i, ™ = -y
with solutions

Vi(2) = e TP, — o)io(z), Y = e EETT0 g,
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3. Interpolation Formula for Markov Chain Fluid Limits

‘We use an interpolation formula between continuous-time Markov chains and differential
equations, which we first review briefly in a general setting. This formula is then applied
to an ALE(«, 1) aggregation process (®;);>( with capacity parameter c, regularization
parameter o and particle family (PO : ¢ € (0,00)), taking as limit equation the
o-regularized LK(¢) equation with { = o + 1. We use (Schlicht function, capacity)
coordinates for both the process and the limit equation.

3.1. General form of the interpolation formula. Let (X;);>0 be acontinuous-time Markov
chain with state-space E and transition rate kernel ¢, starting from x¢ say. Suppose for
this general discussion that E = R“. Let b be a vector field on E with continuous
bounded derivative Vb. Write (§;(x) : t > 0, x € E) for the flow of b. The compensated
jump measure of (X;);>0 is the signed measure X on E x (0, c0) given by

X (dy, dt) = p*(dy, dt) —q(X,—.dy)dt, p*= > Sx..
t: X £ X

Set x; = & (xo) and define, for s € [0, t],
Zs =X + V& _5(x) (X5 — X5).

Then Zy = x; and Z, = X, and, on computing the martingale decomposition of (Z;) <,
we obtain the interpolation formula

X,—xt:M,+A, (]5)

where
M, = / VE(v) (v — Xy )% (dy, ds)
Ex(0,t]
and
t
A = /0 Vét—s(xs)(ﬁ(xs) — b(xg) — Vb(x5)(Xs — x5))ds

where B is the drift of (X;);>0, given by

Bx) =/E(y—x>q<x,dy>.

The identification of martingales associated with finite-rate continuous-time Markov
chains is standard. The particular pathwise formulation in terms of the jump measure
used here is developed in detail in [6]. We will use this formula in a case where the
state-space E is infinite-dimensional. Rather than justify its validity generally in such a
context, in the next section, we will prove directly the special case of the formula which
we require. Note that the integrands in M; and A; depend on . Nevertheless, we will
call M, the martingale term and A; the drift term.
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3.2. Proof of the formula for ALE(a, n). Let (®;);>0 be an ALE(«, n) aggregation
process with capacity parameter ¢, regularization parameter o and particle family (P(©) :
c € (0, 00)). See Sect. 1.2 and (7) for the specification of this process. We use (Schlicht
function, capacity) coordinates, as in Sect. 2.3, to obtain a continuous-time Markov chain

(X0 = (&4, T7)i>0 in Sy x [0, 00). When in state x = (¢, 7), for all 8 € [0, 27),
this process makes a jump of size (A (6, z, c(9), ¢3), c(0)) at rate A(0)d6/(2m), where
AB.z,¢.0) = e “p(Fe(0.2) — $(2)
and
c(®) = c(0. ¢, 1) = ce*T|§ (1),
AO)=A0.p. 1) =c e TP (7M.

We can and do assume that the process is constructed from a Poisson random measure
pon [0, 2m) x [0, 00) x (0, co) of intensity Q) Ldodvdr by the following stochastic
differential equation:

d,(2) = . Hy (0, 2) L a0 14(d6, dv, ds),
E(t

T = /()Cs(9)1{v</\5(9)}u(d9,dv,dS)
E(t

where
E(t) = [0,27) x [0, 00) x (0, 1]
and
Hy(0,2) = A0, 2, Cs(0), Ds_), Cs(0) = c(0, Dy, T;),
As(0) = A0, Dy, T;).

We use the vector field b = (l;, b®) of the o-regularized LK(¢) equation (14), writ-
ten in (Schlicht function, capacity) coordinates. Consider the disk solution (x;);>0 =

(qAS[, T i<t with initial capacity to = 0, which is given by

A t, ifc =0, 00, ifc >0,
o=z, T = 3 3

c~Vog(1 +¢0), ifc £0, © = \jz|7!, ifc <o, (16)

We will compute the form of the interpolation formula in this case and then prove directly
that it holds. Note that
bxr) = (b, b™) (. 1) = (0, ¢™°7)
and, for y = (¥, ¥4P),
Vb()y = —e T (Q + D, Ly
and the first-order variation at time ¢ due to a variation y at time s < ¢ is given by

VE s (x5)y = (" T P(g, — 1)y, e STy cap),
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Write & for the compensated Poisson random measure
a(do, dv,ds) = u(de, dv, ds) — (d0/2m)dvds.

Fix r > 0 and set 7y, = t; — t,. We alert the reader to the concealed dependence of 7

on f. The martingale term M, = (M, M;*) in the interpolation formula may then be
written

My(2) = / o & PEH 0.9 e 00, dv.ds)
E(t
M[cap = / e_CfSCS(Q)l{UgAS(g)}ﬂ(dQ, dv, ds).
E(t)
The drift 8 = (8, BP) for (&, T) is given by
~ ~ 2” ~ ~ ~
B, 7)(2) =]€ A0, z,c(0,9,7), p)A0, ¢, T)dO,

2
B (p, T) = f (0, ¢, )L, ¢, T)db.
0

Write U (z) = $y(z) — és (z) = ®5(z) —zand U™ = 7, — 1,. Then we have formally
Vb(x)(Xy — x5) = —e C5((Q + Dy, ¢wg™)
and so
VE s (xg)Vb(xs) (Xy — x5) = —e ST (e 5 P(£)(Q + Dy, e ST e wi™),

The following interpolation identities may then be obtained formally by splitting equa-
tion (15) into its Schlicht function and capacity components.

Proposition 3.1. For all t < t; and all |z| > 1, we have
U (2) = My (2) + A (), W, = M;™ + A (17)
where
A = /O P (B )+ e (0 + D) (s,
AP — /Ot e (,B““’(Cf)S, T) — %% 4 ge 4T \pfa") ds.
Proof. Fixt < t;. For x € [0, t], recall that 7, = 7, — 7, and define for |z| > 1
Uy 1(2) = e T PEN(Dr — d)(2), WIT = e (T — T,

x,t

Set

Mx,t(z):/ e B P(F) Hs (0, )1 (v, @) (d0, dv, ds),
E(x)

MY :/ e 5 Cs(0) L, (0))1(d6, dv, ds)
E(x)
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and
~ X = A~ A A~
herr = [ PG (o T +e @+ 1) s,
x = N
AT = / e %% (ﬂcap(cps, T) —e t% 4 e tn \y§ap> ds.
0

We will show that, for all x € [0, ] and all |z] > 1,

Uy (@) = My (2) + Ar (), Wid = MYP + ASY

x,t = Myt x.t-

The case x = ¢ gives the claimed identities. In the case x = 0, all terms are 0. The
left-hand and right-hand sides are piecewise continuously differentiable in x, except for
finitely many jumps, at the jump times of (P )ogr<s, which occur when p has an atom
at (0, v, x) with v < A (0). It will suffice to check that the jumps and derivatives agree.

Now Axgt(z) and A;?? are continuous in x and, at the jump times of ®,, the jumps in
‘i’x,,(z) and \Il;fitp are given by
AV, (2) = e HP(T)ADL(2)
=e " PE)(e DDy o Fe9)(0..) — Pr)(2)
= e T P(TIH(0,2) = AMy(2)
and
AU = e EHAT, = e 0 (0) = AMY.

Soitremains to check the derivatives. We will use a spectral calculation for the semigroup
of multiplier operators P(tr) = e~ 72, whose justification is straightforward. Recall that
7, = e~ %%, We have

d

_ _ d _- s d _,: R
— T = —e T, e = e ol = e ST

dx dx dx

and
d _ —tt _
— P (1) = e " QP (1y).
dx

So, between the jump times, we have

ifvx,,(z) = et eTHP(F)(0 + DV, (2),

dx
d -
TV @) = —e e (- )

and

d - 27 _ A
Ix vt (2) = —][ e T P(T)H (0, D) A (0)d0 = —e  P(T) f(Dr, To) (2).
0

d S : .
o Mer = ‘]ﬁ e ECHO)AL(O)d = —e I (., Ty)
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and
A it (Beé e, ;
Ay (1) = e " P(T) (B(Py, Ty) +e (0 + 1Y, ) (2),
dx
d - A .
A = (ﬂ‘ap@x, Tp) — et 4 Lot \If;ap) :

Hence, between the jump times,

d . d - N
— Wy 1(2) = ——(My 1 (2) + Ax 1 (2)),
dx dx

d

d
—wr = a(

. MEP 4 AT

x,t

as required. O

4. Estimation of Terms in the Interpolation Formula

We obtain some estimates on the terms in the interpolation formula (17) for ALE(e, 1)
when it is close to the disk solution (16) of the LK(¢) equation, with ¢ = « + n. For
8o € (0, 1/2], define

To = To(80) = inf {r € [0,7;) : sup |F](e7"")| > &g or |¥;*| > &}.
0¢€l[0,2m)

We estimate first the martingale term and then the drift term.

4.1. Estimates for the martingale terms. Recall that the martingale term (M,, MtC ) in
the interpolation formula is given by

My (2) = / ¢ P H 0, D w00, dv. ds),
E(t

M,Capz/ )e_ﬁ”Cs(9)1{u<Ax(9)}ﬁ(d9,dv,dS)
E(t

where E(¢) = [0, 2r) x [0, o0) x (0, ¢] and
Ts=1—1, Cs@O)=c@ b, T;_), AgO) =10, D, T;_)  (18)
with
(O, . 7) = ce TP (TN, WO, ¢, 1) =T TP (e7H)| T
and
Hy(0,2) = A0, 2. Cs(0), D5-), A0z, ¢.9) = e “p(Fe(0,2) — $(2).

Consider the following approximations to M,(z) and M;*, which are obtained by re-
placing CiJS_ by 435, T;— by 7y and e €F.(0, z) — z by 2¢z/(e~?z — 1). (Under our
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assumptions on the particle family, the last approximation becomes good in the limit
¢ — 0. See Sect. A.2 and in particular equation (110).) Define

f,(z) = / =T P (5,4 )H(6, 2)2¢5 1wy i(d6, dv, ds), (19)
E(t)
e — / et e, 1 yen (O, dv, ds) (20)
E(t)
where
s =ce %, Ay =c le
and
(0.¢]
H®,z) = Z i+ 1)8 pk, (21
k=0

Lemma 4.1. Foralla,n e R,allp > 2andallT < t;, thereisaconstantC(o, n, p, T) <
oo, such that, for all c € (0, 1], all o > 0 and all §y € (0, 1/2],

| sup 1M, < CVe
1< Ty (B)AT P

and

I, s M =T, < Clet Ve,
1 1o(00)N

Proof. We write Ty for Tp(8¢) in the proofs. Consider the martingale (M;) 1<t given by

M, = / OO . s<myildo, dv.ds)
E(t

By an inequality of Burkholder, for all p > 2, there is a constant C(p) < oo such that,
forallt > 0,

1M1, < Cp) (IKMl5 + 1AM ) (22)

We write here M, for SUPs<; | M| and similarly for other processes. See [3, Theorem
21.1] for the discrete-time case. The continuous-time case follows by a standard limit

argument. Now
Tont 2
M), = / ][ X5 C4(0)2 A (9)dOdss
0 0

and

AM, = |M; — M,_| <" sup C;(0).
6€[0,2m)

Forallt < Ty AT and all 6 € [0, 277), we have
€1 <C, Gi(B) <Ce, AO) <Cle (23)
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so (M); < Cc and (AM)} < Cc. Here and below, we write C for a finite constant of
the dependence allowed in the statement. The value of C may vary from one instance to
the next. We remind the reader that C,(0) and A,(6) are defined at (18). Hence

1M, < CV/e

Since M[C P = etu M, for all t < Tp, the first claimed estimate follows.
For the second estimate, we use instead the martingale (M;);>( given by

M, = / ™ (Co(O) 1w, ) — Cslw<ay) Lis<r)A(do, dv, ds).
EQ)

Then

Tont 00 2 ) 5
(M), = / / ][ e (CS(Q)I{ngS(g)} — Csl{vgks}) dfdvds.
0 0 0

Fort < To AT and 6 € [0, 27r), we have
[Ci(0) — ¢ < Ccdo, [A(0) — | < Cdo/c (24)

SO
o° 2
/ (Ct(e)l{ngt(g)} — C,l{vg)ht}) dv < Ccép. 25)
0
Then (M); < Ccép and (AM); < Cc. Hence, by Burkholder’s inequality,

M, < Clc++/cdo).
Since MtC P _ Hfap = ¢~ 5u M, for all t < Tp, the second claimed estimate follows. O

Note that, since @, takes values in Sj, the holomorphic function U, () = &Dl(z) -z
is bounded at co and hence has a limiting value \ill (00). The same is true for the terms
M, and A, in the interpolation formula. Instead of estimating these terms directly, we
estimate first their values at co and then their radial derivatives D]\;It and DAI, since
this gives the best control of the derivative of CiD, near the unit circle, which drives the
dynamics of the process.

Lemma 4.2. Foralla,n e Rwith =a+n < L, allp >22andall T < t, there is a
constant C(a, n, A, p, T) < oo, such that, forallc € (0, 1], allo > 0, all 59 € (0, 1/2]
andallt < T,

1
| sup M0l <Ccp/2<1+ / ||ws<oo)1{s<To(5o)}||ﬁds)
s<To(8p)At 0

and

| sup IMs(OO)—ﬁs(OO””ﬁ
s<To(So) At

p LN
<C(<C+ C50> +Cp/2/ ||"Ijs—(oo)1{s<To(80)}||st)'
0
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Proof. By considering the Laurent expansions of F, and QAS, we have

A8, 00, ¢, §) = ap(c)e'® + (¢ — D (00), ¥ (2) = d(z) —z. (26)

Consider the martingale (M;) 1<t given by
M, = / e (ao<cs<9))e"9 + (e OO — 1>\ifs_(oo>) <A, ). s<10)1(d0, dv, ds).
E(t)

Then M,(oo) = e "M, for all t < Ty. By Proposition A.5, |ag(c)] < Cc for all c.
Hence

Tont 2w
o= [ e
0 0

ToAnt "
< Cee®™ / (1 + U5 (00)>)ds
0

ao(Cs(0))e'? + (e GO — 1)\115_(00)‘2 As(0)dOds

and, for p > 2, since

i0 —Cy(0) : P
ap(Cs(0))e'” + (e — DWW (00)| lwga,@).s<tpyir(dl, dv, ds)

(AM); 1P < / e’
E

)

we have
Tont 2
IAMYIL <E / f e
0 0

Tont R
< cc"—lef”fJE/ (1 +|W,_(00)|P)ds.
0

a0(Cs )¢ + (eSO — ), _(oo)|” A, (0)d0ds

The first claimed estimate then follows from Burkholder’s inequality (22).
For the second estimate, we consider instead the martingale (M;), <, given by

M, = / ev ( (ao(Cs(G))l{ngs(o)} - 2Cs1{ugxs}) e'?
E(t)

+(e OO~ 1)‘i's—(oo)1{v</\s(9)})l{SéTo}/l(de’ dv, ds).

Then Mt(oo) — ﬁt(oo) = e~ "M, for all t < Tj. By Proposition A.5, we have |ag(c) —
2¢| < Cc3/2. We combine this with (23) and (24) to see that

goe)
/0 lao(CrON 1<, @) — 2¢t <y | dv < C@P/27 4 P~ 150) < C(eP +cP o).

The second estimate then follows by Burkholder’s inequality as above. O

Recall that, for p € [1,00) and r > 1, we set

27 )
Wl = (ﬁ Iw(re’9)|”d0>

For a measurable function W on Q2 x {|z| > 1}, we set

2 )
1l = (E / |w<re19>|pd9)

1/p

1/p



Stability of Regularized Hastings—Levitov Aggregation Page 25 of 78 74

Lemmad4.3. Foralloa,n e Rwith =a+n < L alle € (0,1/2), all p > 2 and all
T < t;, there is a constant C(a,n, €, A, p, T) < 00 such that, for all ¢ € (0, 1], all

0>0aldye (0,1/2landallt < T, forallr > 1+c"?7¢ for p = (1+7r)/2, we
have, in the case ¢ < 1,

s<t

. C.e R .
Il Dt <ol < < (1 +rsup||Dws_l{saowo)nnp,p) (%)
(27)
and

| DM, = TI) 1<ty 0 llpor

Cyc B r Cc r 2
;/_ (x/%ﬂ’sup ||D‘I’s—1{s<To(60)}II|p,p> (r — 1) +— ( > (28)

s<1 r \r—1

<

while in the case ¢ = 1 the same bounds hold with (rrj) replaced in the first term on
172
the right-hand side by (rrTl) + \/%; (rrTl) )

Proof. Recall that we write Ty for To(8p). Fix t < T < t;. For s € [0, t], we will write
7y for 7, y = 7, — 1. Consider for |z| > 1, the martingale (M, (z))og<x<: given by

M) = [ . e, scmid0. dv. d5),
E(x)
H;(0,2) = e “DP(%,)Hy (0, 7).
By Burkholder’s inequality, for p > 2 and all |z| > 1,

1M,y < Cp) (KM@Y + IAM @)1 - (29)

On the event {t < Tp}, we have DM, (z) = M;(z) so, on taking the |||, --norm in (29),
we obtain

~ 1/2
I DI <yl < 1Ml < €Y (MO 155, + I AMO) 1)

(30)

Now
Tont 2r
(M(2)); = / ][ |H, (0, 2)|* Ay (0)d0ds
0 0

and

(AM(2))f < sup |H, (0, 2)]. (3D

s<Tont,0€[0,27)

Also

(AM(2))fIP < /

|Hy (0, 2)1P 1<, 0).5<T0)14(d6, dv, ds)
E(t)
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SO

Tont 27
I(AM @)l < E/ ][ |Hy(0, 2)|” As(8)dOds.
0 0

We have Ag(0) < C/cforalls < Ty and 8 € [0, 27r). Hence

Tont 2
(M (2)); / ][ |H 0, Z)| dOds (32)
and
C Tont 2w )
MO lpr < /0 ]ﬁ 1,0, )12, dods. (33)
Similarly,
C ToAt 2r
laMOIIE, < ZE /0 ]ﬁ 16,0, )II%,dods. (34)

We will split the jump A(®, z, c, $) as the sum of several terms, and thereby split
H (6, z) and hence M, also as a sum of terms. For each of these terms, we will use one
of the inequalities (32), (33) and one of (31), (34) to obtain a suitable upper bound for
the right-side of (30). These bounds will combine to prove the first claimed estimate.

Recall that é(z) =z+ &(z), )
AO.z.c.$) = Bo(0.2.0) + (TP (Fe(6.2) = 1(2)) (35)
where
Ao, z,¢) =e “Fe(0,2) — z.

We further split the second term by expanding in Taylor series, using an interpolation
from z to F.(0, z). For u € [0, 1], define

Feu(0,2) =@z £.(0,2) = log(F.(8, 2)/2).
Then F,0(0,z) = zand F, 1(0, 2) = F.(0, z). Fix ¢, 6 and z and set
g(u) = e "YU (Fe (0, 2))
then

k

gV =e )" (I;.)(—C)k_jfc(@, 2 DI (Feu(0, 2)).

j=0
Set m = [1/(8¢)] and recall that our constants C are allowed to depend on €. Then

e P (Fe(6,2) — V(z) = g(l) —g(0)

_ (k)(O) / (1— u) 2 ()i
k=1
m+1
=Y Ak@.z.c.9) (36)

k=1
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where, fork =1, ..., m,

=

ALO, 2.0 = > <'j‘.)(—c)k—f [0, 2)/ DI (2)

_‘
k! =0
and

R 1 /!
Bni®.ze ) == [ 1= wye
m: Jo

m+1

> (m: 1)(—c>'"“—f £26, 2 DI (Fu(0, 2)du.

j=0
Let us write
HY(0.2) = Ao(0. 2, Cs(0)).
H{(0,2) = Ar(0,2,C5(0), 5-), k=1,...,m+1
and
HY0,2) = e “DP(5,)H! 0, 2)

and

Mi@) = [ HfO,D1p<a,@.5<ni(do, dv, ds).
E(x)
We consider first the contribution of
Ao(0,z,0) =e “Fc(0,2) -z
We make the further split Ag = Ag,0 + Ao, 1, Where

(e.¢]

ao(0)z : ~

AO,O(G’ Z, C) = T = ao(c) E el(k"'l)gz k
ez -1 =

and

—c ap(c)z
Aot (6,2,0) = e Fo0, ) — g — —DT_
ez —1

We will exploit the more explicit form of Ag g, whichis the main term as ¢ — 0 under our
particle assumptions (4), (5) and (6), to obtain better estimates. We have, with obvious
notation,

o
HY(0,2) = ap(C5(0)) ) &/ *D0z7*
k=0

so, fort > 0,

o
DP()H) (0, 2) = ap(Cs(9)) Y ' D (ke 71 W7,
k=1
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By Proposition A.S5, |ap(c)| < Cc for all ¢. So, for |z] =rand T > 0,

2
IDP(1)HO(0, )| < CCZkI’_k < CC( ’ ) (37)

r—1

and

2

o
Zei(k+l)9(_k)e—fq(k)z—k de

k=1

21 2
f IDP(t)HY?(0, 2)>d6 < cC2][
0 0

o0
< C6‘2 Z k2e72rq(k)r72k'
k=1

Hence we have

ToNt 2
(MO0 (2)), / ][ IDP(z)H>'(6, 2)|*dbds

k2 —2k

< CcZkzr_zk/ —25q0) g6 < Ccz o
q
k=1

We used the facts that (d/ds)Ty = —7; and 7y, = e~ %™ and €™ < C to see that, for all
A >0,

t _ t _
/ e *Bds < C / re B ids < C. (38)
0 0

We will use similar estimates for other integrals of (7;)<, without further explanation.
Now g (k) > (1 — ¢*)k so we obtain, for ¢ < 1,

2
(MO0(2)), < CC( : )
r2 \r—1

On the other hand, for ¢ = 1, we have g (k) > ((ck*) A k)/C so we obtain

o< () i ()
(M (Z)>l<r2<<r—l> +a r—1/,)

We use (31) and (37) to obtain, for |z| = r > 1,

Cc r 2
(AM®0(2))F| < sup IDP(7)H>®, 2)| < ( )
s<TyAt,0€[0,27) ro\r—1

On substituting the estimates for (M%%(z)), and (AM 0’0(z));“ into (30), we obtain for
r>1+4/cand p >2,for¢ <1,

CJe( r

0,0

Il < S5 () (9)
r r—
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while, for ¢ =1,

0,0 C\/E r 1 r 1/2
< () 7= () ) (@0)

We turn to the contribution of Ag ;. Fors < Tp and all 6 € [0, 277), we have

Cs(0) < Cc. 41)

By Proposition A.6, there is a family of functions (Q, : u € [0, 1]), each holomorphic
on {|z| > 1}, such that

C./ulz|
10u(2)] < ' 5 (42)
|z — 1]
and such that
1 Cs(6)
H(0,2) = Ao.1 (0,2, Cy(8)) = e O /0 04 (6. 2)du 43)

where 0,0, z) = ¢'? 0, (e 7). We use the Laurent series
o
Qu(2) =) a,k)z™
k=1

to write

% , Cs(9)
DP(t)H>' (0,2) = &® Z(—k)e*fﬂ“el(k*‘)%*k/ ay (k)du.

k=1 0

Hence we obtain, for [z] =1 > 1,

Cc @ Cce3? , 3
|DP(r)H£’1<e,z>|</ >k lauk)ldu < — ( )
0 k=1

r—1

where we used

N - 12 /oo 1/2
Zkriklau(k)ldu < <Z kZ(V/p)Zk) (Z |a”(k)|2p2k>
k=1 k=1 k=1

and

o 3
Cu r
2 =2k __ 2
Z|au(k)| 4 —||Qu||2,p<r_2<r_1> :
k=1
Now

o0

2
f IDP(1)Qu(0,2)?d0 =) " ke > 4® |y (u)*r =
0

k=1
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s0, using again (38),

t 2 2
_ k2 |ax ()| ?r

DP (%) 0,0, 2)|?d0ds < § —
/0 7€ IDP(E)Qu(, 2)dbds < — 4k

Hence, using the same lower bounds for g (k) as above, we obtain, for { < 1,

o 2 2 —2k Cu r 4
/][ |IDP(%,) Qu(8, 2)*dOds < C2k|ak(u)| < (:>

and, for { =1,
t 27 4 3
- Cu r 1 r
/ ][ |DP (%) Q4(0, 2)>dbds < —2(< ) +— ( ) )
0 Jo r r—1 o\r—1
Hence, for |z| = r > 1 and ¢ < 1, we have
C Tont B 2
(M*1(2)), < —/ e*“][ |DP(z,)H' (0, 2)|?dOds
c Jo 0
C Tont 2 Cc 2
<S4 (/ |DP(fs)Qu(9,z)|du> dods
¢ Jo 0 0
Cc Tont 2w
c / / ][ IDP(%,) Qu(0, 2)|*d0dsdu
o Jo 0

<C r 4/CC d Cc? r 4
<3 u=—
r2\r—1 0 " r2 \r—1

while, for ¢ = 1, similarly,

o (1))
(M> @) < r2 ((r—l) +a r—1 '

Also, for all s < Tp and |z] = r > 1, we have

0,1 =\ 770.1 cc? r ’
[AMg " (2)| < sup |[DP(T)Hg ' (0, 2)] < .
s<To r r—1

Hence we obtain, for p > 2andr > 1 +/c, for ¢ < 1,

2
0,1 < Cc r 44
M < S (L @

r —

and, for { = 1, similarly,

C 1 1/2
e < S () () v = () ) @

We consider next, for k = 1, ..., m, the contribution of

k

N 1 k . A
MOz, 0,9) =53 (J.)(—c)k—f fe0,2 D7 (2).
1
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In order to avoid the appearance of a spurious log term in the case ¢ = 1 we treat this
contribution a little differently. We take an additional derivative, estimate the derivative
and finally integrate that estimate. We have

fe(6,2) =/ L,(0, 2)du
0

where L, (0, z) = ¢/ L, (e7?z) and L, (z) is given by (117). Then

HY0,2) = Av(B, 2, C5(6), W)

LA [ C® I
= — (.)(—CS(G))"_’ / L0, z)du | D'¥;_(z) (46)
k! j:O ] 0
SO
D?P(v)HX (0, 2)
= L0y p P, )+~ ij <k>(—c @)
koo T K\ y
Cs(0) Cs(0) .
/ / D*P(t)(Luy,...u; 0, )D! Vs _)(2)duy ... du;
0 0 ’
where

Hence, for s < Tp,

ID2P(t)H (6, 2)| < CK|D?P(1)¥,_(2)|

SO
2 1/2
(f |DZP(fS)Hf(9,z)|2d9>
0
k . rCc Cc
< CCkhs(Z)*'CZCk*J/ / Rsouy, .., uj(z)dul...duj
0 0
j=1
where



74 Page 32 of 78 J. Norris, V. Silvestri, A. Turner

By Proposition A.6, for |z| =r > 1+ 4/cand u < Cc,

ILu(2)] < |ZC_'Z'1|
SO
. \I-IP
Lol < € (755)

and so by Proposition A.7,for j = 1,...,kand p = (r +1)/2 and p’ = (3r + 1) /4, for
¢ <1,

2. N
”hs,ul,...,uj ”p,r < ”D P(Ts)”p,p’—w”Lu],...,uj ||2,p’||D]\IJS—”p,p’

cof(—=) A AR 1D, |
S N = o - .
r—1 2 ) \r—1 r—1 STRpp

In estimating || D P (7)|| p.o'—r» We used the better of two estimates — either the case
n = 0 of Lemma 2.1 in conjunction with (119) or the case n = 2 of Lemma 2.1. A
similar but easier estimate holds for |||l -. Now

' C Tont 2 ) ~ " )
(DM*(2)): < = |D”P(T5)Hg (0, 2)|°dOds
0 0

so,forr > 1+./cand ¢ < 1,

DM )l py2.r

C ToNt . k i Cc Cc 2
< _/ <C ||hs”p,r+ZC _]/ / ”hs,ul ..... u/-”p,rdulu-d”j) ds
¢ Jo = 0 0 '

4k—3 Tont 4
r r 1 -
<cH | — / A — |IIDYs_|? d
c — A — 7 DYl ,ds
T 4
<ce(- /W ") A L) ipd, 2 ds
r—1/Jo r—1 T} p-p

and so

4
DM Ol par < Ce [ ——) sup 1D 1is<ry 50 -
tlip/2r S 1 p s—Hs<To} lllp.p
r—= s<t

We used here the inequality

o p
/ aP AsTPds < ( >ap_1 47)
0 p—1
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which holds for alla > 0 and all p > 1, to see that

! r\* 1 ! A\t 1 r\°
L) o [ () ()
0 r—1 T, 0 r—1 T, r—1

For p > 2 andr > 1, we have

C ToAt 2w B
lADME I, < B / ][ 12 P (&) HE(O, )}, do0ds
0 0

and, from (46), for r > 1 + 4/c, estimating as above but now using the second estimate
of Proposition A.7, we get

N . A N2 N e VI
|D°P(zs)Hs (0, ) pr < Cc A= ] 1D¥s—|Ip.p

r—1 72 r

<C Y AL r o\ DY ||
x Cc = _
r—1 2)\r—1 STApp

Il (ADMFO)ENI5.

r p—1 Tont r 2p 1 R
< cer! ( ) e [ (( ) A Tp)nuws_nﬁ,pds
r—1 0 r—1 I

3p—2
ceert ()" DY, _1 p 48
s Ce 1 sup | s—{s<To} H|p,p' (48)
r— s<t

so, forr > 1+ ./c,

On substituting the estimates for (DM k(z)), and (ADM k(.))f into (30), we obtain for
r>1+/candp >2,for¢ <1,

r

r —

2
DM < € (5 ) sup Db ey )
s<t

In the case ¢ = 1, we have to modify the above estimation in using

5 r\ (1 1
1D P(f)¢||p,r<C<(r_1> A(;V;>>IIWIIM~

‘We obtain in this case

2 3/2
r 1 r A
DMk <C + — su DY 1y .
H| t H|pvr «/E< <}" — 1) \/_O' (r — 1) > Sgl? |H ' ls<To) |Hp)p

(50)

Now, since the holomorphic functions M,k and \fJS, vanish at oo, we have

® DM¥(az
Mf(z):—/ —;( ) da
1
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and, fora > 1,

”“pv—”pa,o _”lpv ”pp

s0, on integrating (49) and (50) we obtain, for ¢ < 1,

r A~
88l < € (5 ) sup Dt - 61
s<t

while, for ¢ =1,

r 1 r 12
Mk <C —_ )y —=(— D,_1
oy, < cve( (75) + = (7)) sllobsctoen s,

(We remark that, if a similar argument is used to estimate ||| M*|||, » directly, then one
obtains the same estimate (51) for ¢ < 1 but one faces in the case { = 1 the integral

| (i) s
A —ds.
o \r—1 0T

The p = 1 case of (47) then generates a log term, which our method avoids.)
We consider finally the contribution of

m+1
Aps1(0,2,¢,9) = / (1 = u)"e=c" Z (m * 1)

J

(52)

(=)™ £.(0, z)fDW(Fc,u(e, 2)du.
Then
H"™10,2) = Aps1(0, 7, Cs(0), ¥s-)

m+1
:_/(1 w)e —C(9)uZ(m+1)

J

(=CsO"' fe,0)0, 2 D)5 (Fey0).u(6, 2)du.
By Proposition A.5, we have

C
110, 2)] < l,%

Hence, fors < Tpand 7 > 0,

IDP(T)H™ 0, )l p.r
< CMMNDP @) Y5l pr + CIDP ) p s

m+1

D feu0) O ) pp DTV (Fe,0).0(0, ) oo,
j=1
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By Lemma 2.1, for ¢ < 1,

r 1
DP(t < C A—.
IDP@)p.p (}_1) -

We have

J=1/p
' - r
I fe, @)@, ) Nl < Cc? <r u 1)

and, since |F; , (0, z)| = |z|, we have

. . r j—1+1/p .
1D/ (Fey0).u(@, Nlloo,pr < 1D Ws—loo,pr < C <:) I1DWs—Ilp,p-

Hence, for ¢ < 1, we have

2, 1
DP(t)H"\ (6 ccem (VA1 * N e
IDP@H O < Cm (L) A ) () 1DE

80, using (33),

] _— r dm+2  ,Tont r 2 1
Mm+ . < C m+ - / . D“I’
1M Ol < Ce (r - 1) () 2w )ie,

and so

4m+3
r ~
M Oellpj2.r < €2 (— - 1) sup [ D¥s1is<mll,
s<t

2
,
<ce(55) swlpintien I,

s<t

Here we have used our choice of m > 1/(8¢) and the assumption r > 1 + c1/27¢ to see

that
r dm+1
G (_) <c.
r—1

The bound (48) remains valid with M™*! in place of M k. Hence for ¢ < 1

r A
7l < €32 (7 ) sopll D - (53
s<t

For ¢ = 1, given the weaker bound for || D P(7)|| »,» in Lemma 2.1, we adapt the argument
as above to obtain

(1 M™ N el pyar

< r 2 r
SCe\l—) *5 7 S‘ilt)|||D“I"l{?<To}|”pp
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where log term has been absorbed using our choice of m, and then

1 r 172 ~
WV iiaz. <C r_ 4+ — DV, 1 .
il < eve( (75 )+ 2 (7)) sliobtien
(54)

Now

m+1
My =M+ M)+ Mf
k=1

and we have shown that all terms on the right-hand side can be bounded by the right-hand
side in (27), so this first estimate is now proved.

It remains to show the second estimate. Fix # > 0 and consider, for |z| > 1, the
martingale (I, (z))x>0 given by

Iy (z) = / e S P(Z,)DH(®, 2)2¢s lw<o,, s<roit(dl, dv, ds).
E(x)
Set My (z) = M2°(z) — T (z). Then

Mx(z)z/ e (ao(Cs (0N 1 wa, @) — 2¢5 1<)
E(x)
DP(t)H (0, 2)ls<n(d0, dv, ds)

and

m+1
D(M[ —ﬁ[) =Ml‘ _Hl‘ ZMt'i'MtOJ +ZMtk
k=1

For all but the first term on the right, the bounds (44), (45), (51), (52), (53), (54), are
sufficient for (28). It remains to show a suitable bound on M,. We use the estimate (25)
to see that, for ¢ < 1,

B Tont (o) 2 ~
(M(Z))t:/o /0 ]ﬁ e 2% ag(Cy(0)) Ly a, 0))

— 2¢5 1wy P IDP(F)H (0, 2)|*d6dvds
Ccdo r 2
<
r2 r—1
while for ¢ = 1 we obtain similarly

- Ccég r 2 r
s S84+ (5)

Otherwise we can proceed as for M to arrive as the following estimates, which suffice
for (28). For ¢ < 1, we have

- C\/cdo r Cc r 2
it < S22 (25 )+ 52 ()

r—1 r \r—1
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while for ¢ =1

- C./cdy r 1 r 172 Cc r 2
(1Ml p,r < +—= +— :
’ r r—1 Jo \r—1 r \r—1

4.2. Estimates for the drift terms. We turn to the drift terms, beginning with estimates
for the drift (8, B%) of the ALE(«, n) process. Recall that (7;),>0 has drift given by

2
BB, ) = ][ c0, . 0, §, 1)d6
0

where

(0, $, ) = ce TP ("D |7, MO, h, 1) = c TP (7M.

Lemma 4.4. Forall; e Rand all T < t;, there is a constant C(¢, T) < oo such that,
forall 6g € (0,1/2], allt < T, all(j; € Syand all T > 0, we have

1B (B, T) — e 5T + e Ty < O8]

vyheneveii W Pl < 8o and [/ (%) < 8¢ for all 6, where U, =1 — 1 and
V() =¢@) -z
Proof. We have

c(O. 6. MO, b, T) = e 5 TIP (€7 TE = e TE e 14 (7O
and, for |w| < 1/2,

M+w|*=1— CRew+e(w), |e(w)] < C|w|2

SO

¢, M0, ¢, 1) = e (1= ¢u™ = LR Y (@) 4110, 4. 7)) (55)
where
7. 6, 1) < C8 (56)

<

whenever W,C | < 8y and |@’(e”+i9)| 8o for all 6. For<13 e Sy, 1} is holomorphic in

{Iz| > 1} and bounded at oo, so

2
][ Re ¥/ (e°*%)do = 0. (57)
0

The claimed estimate follows on integrating (55) in 6. O
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Recall that the drift of (dADt)go is given by

2
B(p,1)(z) = ][ AB,z,¢0,p, 1), P)A0, P, T)dO
0
where
A2, 0,0) = e “G(Fe(0,2) — (2),  Fel®,2) = ¢ Fu(e 2.
It is convenient in the following statement to use the notation

@1l p,r0 =l — ()l p,r
for functions ¢ holomorphic in {|z| > 1} and bounded at co.

Lemma 4.5. Forall a,n € Rand all T < t;, there is a constant C(a,n, A, T) < 00
with the following property. Forallc € (0,1/C), allo > 0,all§p € (0,1/2],allt < T,
all € Sy and all t > 0, we have

1B, T)(00) + e E7(Q + D (00)| < C(8ov/c +83) + Clc+80)|(00)|  (58)
whenever Wl Pl < 80 and |1// (€Y < 8¢ for all 0, where 1//, =1 — 17 and
V(2) =¢@) —z
Moreover, for all a,n € R, all e € (0,1/2], all p > 2 and all T < 1, there is a
constant C(a, n, A, &, p, T) < oo with thefollowmg property. Forall c € (0,1/C], all

o>0allsye(0,1/2,allt <T, all¢p € Syandallt >0, forallr > 1+c'/>~¢ and
p = (3r+1)/4, we have

18(d, T) +e 5™ (Q + DVl pro

<G (1, ")) %0 (4 4 DY
S og P B og 1 r p.p

Cépr/C r Cc r ~
L Chove ( ) +— ( )rannp,p (59)
r r—1 r \r—1

whenever W, P| < 80 and W (€719 < 8¢ for all 6.

Proof. We use the split (35) and the Taylor expansion (36) to write

m+1

AW@.z,c.9) = Ao®.2.0) + Y Ap(O. 2, ¢, )

k=1
where m = [1/(8¢)]. We further split

2c ~
AoO,z,¢) = %+A0(9,z,c) (60)

and

A6, z, ¢, %) = (DY () — ¥ (2) + A1 (6, z, ¢, ).
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Note that we now split Ag slightly differently to the split Ag = Ag,0 + Ag,1 used for
the martingale term: where before we had ap(c) we now approximate by 2¢, putting an
additional error into the remainder term Ag. Set

m+l
5(9, z,¢, <13) = AO(G, z,c)+ Al(é‘, Z,C, 1}) + Z Ar(0, z, c, 1&)
k=2

and note that
~ ~ 2 n N - n
e P(Fe(0.2)) — d(2) = ¢ (# + D (2) — wz)) +A@.z.c. ). (6])

We use equation (55) to write

. 2 2 . . . .
b D)) = ][ (% + DY (@) — ww) c(®, $, 1O, §, T)do
0 e Wz —1
2 R R .
+][ A, z,c0,¢,1), YN0, ¢, T)dO
0
2 ,
— ST ][ (DI&(Z) _ E/A/(Z) + # ( é.l/jcap —¢Re 1&/(60+19)>> do
0 e -
2
et 0.4 e
0 e tz—1
2
+ (DY (2) — lﬁ(z))][o (c(O, ¢, DO, ¢, ) — et 7)o

21
+][ A@©,z,¢0,¢,1), V)10, $, T)d6.
0

Now 1/}’(z)—> 0 as z — 00, SO

{7 o b 2 cap 70,00
e (Db =@ e (1= U™ = eRe ) a0
0 0z —
= (D) V@) - ;e—“Dw(e"@) == 1Q+ DY Q).
Hence

B, T)(00) + 5™ (Q + 1) (o0)
2 2
=2e 7t ][ ¢v(0, ¢, T)do — IZI(OO)][ (8, d, MO, ¢, T) — e $7)db
0 0

27
+ ][ A, 00, c(0, ¢, 7), VIMO, $, T)dO (62)
0
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and

B, 1)) +e T (Q + D (2)

A~

2
_ 2z
— e iT ]ﬁ (0.4, 1)de

21

+ (DY (2) — ¥(2)) A O, d, MO, p,T) — e 7)o
2
+][ A(Q’Z’C(Qv é’ t)! sz))“(ey (2;, T)de (63)
0

We will estimate the terms on the right-hand sides of (62) and (63), assuming from now
on that 7, ¢ and 7 are chosen so that |y, "?| < 8o and |/ (e?*?)| < 8 for all 6.
From (55) and (56), we have |y; (0, ¢, ©)| < C82 and

2
(€O, p, MO, b, T) — e $™)dO| < Cy.

0

We use (26) to see that

A0, 00, ¢, ) = A, 00, ¢, ) — 2ce'? + e (00)
= (ag(c) — 20)e'? + (7€ — 1 + ¢) Y (00).

Write ¢(9) for ¢(8, ¢, 7) and A(0) for A(0, ¢, 7). Then
lc(0) — ¢;| < CSoc,  |A(O) — As| < CSoc™!
and, by Proposition A.5, we have
lao(c(6)) —2¢(0)] < Cc*/%, |(ap(c(6)) — 2¢(6)) — (ap(er) — 2¢1)| < Cc¥/?8.

We can now estimate in (62) to obtain (58).
It remains to prove (59). For |z] = r > 1, we have

2 261’0 . 5 2 1
— (0,0, 1)dO| < C§ ———d6
]ﬁ e~ 07 — 1%( .7 ' 0]€ le=if7 — 1|

< — | l+log| — . (64)
r r—1

Since 1/7 is bounded at 0o, by Marcinkiewicz’s multiplier theorem, || 1/A/ lp,r0 <C Dtﬁ lp,r
forall p > 1 andr > 1. Hence

2
H (DY (z) — ¥ (2)) ; (cO, ¢, A0, 0, 1T) — e 5™)do

p.r,0
< C8lIDY NI p.r- (65)
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It remains to deal with the final term in (63). We first estimate the function obtained on
replacing c(6, ¢, T) and A(0, ¢, T) in that term by ¢, = ce ™% and A, = ¢~ le™"%. Note
that, in the case F.(z) = ¢z and m = 1, the Taylor expansion (36) has the form

e P(eD) — ¢(2) = (DY (2) — Y (2))
1
+c2/ (1 — w)e (D> (ez)
0
—2DVY (ez) + Y (e 2))du.

On the other hand, by Cauchy’s theorem,

2
O(F(0,2)d0 = ¢(e2).

Hence, on integrating in 0 in (61), we see that
2 B R 1 R R R
][ A@®,z,c,9)do = c2/ (1 = w)e (D> (e™z) — 2DV (¢ 2) + ¥ (e“2))du
0 0

so, forr > 1and p = 3r+1)/4,

2 R
H][ A, ., ¢, Y)rdO
0

r ~
< Cc DYl p,p- (66)
0 r—1

It remains to deal with the error made in replacing c(0, 43, 7) and A (6, q; 7) by ¢;
and X,;. We make a further split

AoB,z,¢) = Aoo(B,z,¢) + Ao 1(8,2,¢), AMB,z,¢) =A@, z,¢)+Ao1(8,2,0)
where

ap(c)z

(ao(c) —20)z
=10, 1’ :

ANo1(0,2.¢) = ——
0,10,z,¢) p—

Aoo(B,z,¢) =e “F(0,2) — 7 —

Thus Ao,o = Ao,1, as considered in estimating the martingale terms, and AO,I is the
additional error introduced by the new split (60). We first estimate the Ag ; term. Since
1Y P < 8o and |/ (e *1?)| < 8 for all 6, we have

(0, ¢.7) — el < Cedo,  |A(0, . 7) — M| < Cdo/c.
Hence, by Proposition A.5, forc < 1/C,
(@0 (c(8, ¢, 7)) — 2¢(8, ¢, TAO. ¢, T) — (ao(cs) — 2c)hi| < Cdo/c
and, estimating as for (64), we obtain

120,16, ., c(8, , THAO, ¢, T) — Ao.1(6, ., cOA N p.ro

< Chove (1 +log (L» 67)

r r—1
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By Proposition A.5, forc < 1/C,

|A © )< CC3/2|Z|
» %, C X >
0000,z P
and, for ¢, ¢z € (0, cl and |z]| > 1+ /c,
- B c B
Bo0®, 2 e1) — Roo(, z, ) < YA —call]
’ ’ le=i07 — 1|2
SO
Céo/clzl

180,000, 2, ¢(8, ¢, THAO, . T) — Ap.0(0, 2, c)A| < =7 — 112

so, for |z] =r > 1 +4/c,

2
- o o - Cépa/c
][ |A0,0(97 Z, C(Gv ¢a ‘E)))»(@, ¢v ‘C) - AO,O(ev 2, Cl))"l|d0 < r \/1_
0 _
We have
. . F.(6, .
A1(0,z,¢,¢) = <log< C(z Z)> - c> Dy (2)
s0, by Proposition A.5, forc < 1/C,
- A Cc A
1A10, 2, ¢, V)| S ——5——7 DY ()]
le=z — 1]
and, for ¢y, ¢z € (0,c]and |z| > 1+ 4/c,
Cley —cal | =
1A1(0, 2. c1.9) — A1(0. 2, 2, P)| < m|D1/f(Z)|
SO
- A o ~ Cép
[A1(0,z,c(0, ¢, A0, ¢, T) — A1(0, 2, )M | < |_,9—| V()|

so, for z] = r = 1+ 4/c,

2w
][ |A1(9’ Z,C(Q, ¢7 T)))\'(ev ¢a T) - A](ev Z,Ct))\.tlde
0

< Céo <1+log( )) DY (2)].

Fork =2,...,m, we have

M:

Ap0,z,¢,%) = i
j=0

(’;) (=" £0,2)/ DI (2)

(68)

(69)
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where f. (0, z) = log(F.(0, z)/z). By Proposition A.5, forc < 1/C and |z| =7 > 1,

0.9 < —o
0, DS le=if7 — 1]
and, for c1,cp € (0,cland |z| =r > 1+ 4/c,

Cler — ealr

[fe®.2) = fea . DI S 0=,

so,for j =0,1,...,k,

k—1 J
k—j i k= i Cc" e —alr
e fer .2 =& for 0. )| < — g

z—1}J
SO
k i .
|Ak(O. 2. c. P)] < Cckzmwwm
j=0
and
| A0, 2. cm&)—Akw z. 02, 1/3)|
F ey —02|Z| 7, D/ (2)|
SO
1A (6. 2, c (0, ¢3 )10, ¢3 ) — Ac(0. 2, ¢
k 1
< OZ p=TE D/ (2)|
SO

2
][ | Ak (O, z, c(0, ¢, T)AO, ¢, T) — Ak(0, 2, c1)A|dO
0

k=1 k
_ r P A
< e 150(r_ 1) > I @)

j=0

and so, for r > 1+2./c,

27
H (Ak(O, ., c(8,h, T)IAEO, ¢, T) — Ak(6, ., c)r)db

p.1,0

2%—2 2
—_— r 7 r )
< Ccck1g, (—r — 1) IDY1lp,p < Cedy (:) 1DV llp,  (70)

where we used the inequality ||1//||p ro < C||D1p||p » inthe j = 0 term.
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1/2—¢

In the final step, we use our assumption that » > 1 + ¢ and our choice of

m = [1/(8¢)] to see that

. ’ 2m+1+1/p r 2
c < Cc .
r—1 r—1

1! Em+1
Am+1(9,Z,C,W):%/O(l—M)m€CMZ( . )

=0~ 7

Recall that

(=)™ (8, 2)) DI (Fe (8, 2)du
and, for |z| = r > 1, since |F, , (0, z)| > r, by (118), we find, for o’ = (7r + 1)/8,

I/p
N r AN
| D/ (Feu(0,2))] < C (:) DYl -

So, for|z| =r > 1,

r

1/p m+1
~ r ~
| A1, 2, ¢, )] < C™*! (r - 1) (|e_iez - 1|) D"l

SO

2
f | Ams1 (0, 2 (0, B, DA, $.7) — Bna1 (0. 2, c)hi|d6
0

m+1/p
m+1.7
) D™ Al p, o

r—1

<Ccm<

and so

2
H]ﬁ (Am+l(6, 3] C(es ¢’ T)))"(Qv ¢3 T) - AI’l1+1(91 ) C[))\.[)de

2m+1/p .
) 1DV lp., < Cc<r_1

The claimed estimate is obtained by combining (64), (65), (66), (67), (68), (69), (70)
and (71). O

p.r0

) IDV 1. p- (71)

<CA™ (
r—1
Recall that the drift term (A;, A,Cap) in the interpolation formula (17) is given by
t
@ = [ TP o) (BT + e @+ D) @i
0
!
A(t:ap — / e S(m—1) (ﬁCﬂP(q)S’ T) — e 8T 4 é-e—ifs \Ijﬁap) ds
0
where \pﬁap =7, — 175 and \ils () = CiDS (z) — z. Recall also that

To(So) = inf {r € [0,2,) : sup |W/(e"M%)| > 8o or [W;™| > 8o}.
0€l0,2m)
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Lemma 4.6. Forall { € Rand all T < t;, there is a constant C(¢, T) < oo such that,
forallo > 0, all g € (0,1/2) and allt < Ty(S9) AN T, we have

|AT®P| < C83.

Proof. Forall t < Ty(80) At and all 6, we have |W,*?| < 8y and |¥](e”*)| < & for
all 6. Hence, by Lemma 4.4, for t < Tp(5p) A T,

1
AT < emem / 5B (Dy, Ty) — e T 4+ ge R WP |ds < €.
0

O

Lemma4.7. Foralla,n e Rwith¢ =a+n < landall T < t;, there is a constant
C(a,n, A, T) < oo with the following property. For all ¢ € (0,1/C], all 0 > 0, all
80 € (0,1/2]andallt <T

tATo(80)

sup Ay (00)| < C(8ov/c +83) + C(c + 89) / |¥(00)lds.  (72)
s<tATy(80) 0

Moreover, for all sucha, nand T, forall ¢ € (0, 1/2] and all p > 2, there is a constant
C(a,n, A, e, p, T) < oo with the following property. For all c € (0,1/C], allo > 0,
all 6o € (0,1/2]and allt < T, forallr > 1+c1/2_8,for,0 = (1+7r)/2, we have in the
case { < 1

Il DA <1y 8033 Il p.r

() (85 (5
(ol 5)) s oo (9ot

(73)

while for { = 1 the estimate (73) holds with the first factor of 1 +1og(;-=) replaced by
1 +log(;5y) + f in each term on the right.

We remark that some of the log terms in (73) can be avoided when ¢ < 1 by the same
strategy used for (51). However, this does not work in the case { = 1 because that
strategy also replaces the term \/LE by % which, for our main results, leads to a weaker

conclusion. The \/LE in (51) arises in a different way. Since spurious log terms for ¢ < 1

do not affect the main results, and to economise the argument, we will not present the
slightly stronger estimates than (73) that are available for ¢ < 1.
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Proof. The estimate (72) follows immediately from (58). Set p’ = (3r+1)/4.For¢ < 1,
by Lemma 2.1, we have

I DA<t por

Tont B A .
< |||/O e DPE) By, T) + e (0 + Dy )ds .
t
< /() |||DP(‘ES)(IB(CDS7 Ts) + e_KTS(Q + l)qjs)l{ngo} |||p,r ds

505 _ B ! r 1
< Csup[[(By. Tp) + e (0 + DF) gty [l ppro / (—) A L.
st 0 r—1 Ts
74)

By Lemma 4.5, for s < T,

I18(Ds, T5) + 5% (Q + D5l .0

Cs? Cd .
< -9 <1+10g <L>> + — (1+1 g<L))r”Dws”pp
r r—1 r r—1 ’

Cépa/c r Cc r A
+ — — DY
r (r—1>+ r <r—1>r” slp.p

so, fors < ¢,

Il (B(®s, T5) + ™5™ (0 + DU 1 s<riplll .0

Cs? r Céo r .
<—(l+log(—))+—(1+log rsup || DYy syl p.o
r r—1 r r—1 s<t

CéoJc [ r Cc r
+ + — D\I/ Lys .
(L) S (r_l)rsupn <rit N

s<t

Since

! r 1 r
AN—ds <C|1+log
0 r—1 Ty —1

these estimates combine to prove (73). In the case ¢ = 1, the estimate of Lemma 2.1
leads to a different integral on the right in (74), for which we have the following bound

N o e G G )

Hence we obtain the modified form of (73) claimed for { = 1. |
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5. Bulk Scaling Limit for ALE(«, 1)

Recall that we write our ALE(c, n) process (®;);>0 in (Schlicht function, capacity)
coordinates (dA>,, 7,), and that we set

U(2) = D1 (2) —hi(2), WP =T —1

where (¢3,, T i<t is the disk solution to the LK(¢) equation with initial capacity tgp = 0.
We obtained the following interpolation formula (17)

U@ = M@ + A, W = M+ AT
and have estimated the terms on the right-hand sides in the preceding section. We now put

these estimates together to obtain first L”-estimates and then pointwise high-probability
estimates which allow us to prove Theorems 1.1 and 1.2.

5.1. LP-estimates. Recall that
To(80) = inf {t € [0,7,) 1 sup W/ (e”*)| > 8o or [W;™F| > 8 ).
0€[0,27)
Proposition 5.1. For all o, € R, all p > 2 and all T < t;, there is a constant

C(a,n, p, T) < oo such that, for all ¢ € (0, 1] and all 69 € (0, 1/2],

sup WPl < C(We+ )

t<T ATo(80)
and
sup WP — 1) ||p < C(c++/cdo +83)
1T ATo(do)
and
sup Wy (00)l], < C(Ve+83)
t<T ATo(do)
and

| sup ¥ (c0) — ﬁ,(oo)|“p < C(c++/cdo+83).
t<T ATo(S0)

Proof. The first two estimates follow immediately from Lemmas 4.1 and 4.6. From
Lemmas 4.2 and 4.7, we obtain, forallt < T,

t
| swp 1ol < C/er s+ ¢ [ Il anlbds
s<tATo(80) 0

from which the third estimate follows by Gronwall’s lemma. The fourth estimate follows
from the third, together with Lemmas 4.2 and 4.7. O
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Fix o > 0 and set

Re " L—1+logk Ri=RrR+ R 1 -1+
= s fred (0] s = =N = —_—.
F—1 & ! Jo ! Jo
Define
8(r) = (WCR +85L% + 8o5/cLR)/r, 8(r) = /cR + 8L, (75)

81(r) = (VCRy +83LL1 +805/cL1R)/r, §1(r) = /cRy +8LLy. (76)
The next estimates follow immediately from Lemmas 4.3 and 4.7.

Proposition 5.2. Foralla,n € Rwith¢ = a+n < 1,alle € (0,1/2],all p > 2 and all
T < t;, thereis a constant C(a, n, A, &, p, T) < oo with the following property. For all
ce (0,1, allsy e (0,1/2], allr,e® > 1+c"*Candallt < T, setting p = (1+r)/2,
we have, for ¢ < 1,

l D®t1{t<To(50)}|||p,r < Co(r) + Cg(”) sup |||D®S71{S<To(5o)}|||p,ﬂ (77)

St

while, for ¢ =1,

Il D Ly<ry@on llpr < C81() + C81Gr) sup || DY Tis<ryoon llpo - (78)

St

The preceding estimate may be improved by an iterative argument to obtain the
following result.

Proposition 5.3. Foralla,n € Rwith = a+n < 1,alle € (0,1/2],all p > 2 and all
T < 1, thereis a constant C(a, n, A, &, p, T) < oo with the following property. In the
case ¢ < 1, forallc € (0,1), allr,e’® > 1+ 2 and all t < T, forallv € (0, ¢/2],
setting 8o = c'/>7Ve% /(e” — 1), we have

n CJe( r Cel=2 e’ \? r 2
1DV Lp<ro@onllpr < = <r_1)+ . (e(,_l) (1+10g <m>> :

Moreover, in the case ¢ = 1 and e < 1/3, forall ¢ € (0,11, all ¥ > 1+ c'/?>7¢, all
e > 1+c'BP%andallt < T, forv e (0,82, setting 89 = c'/>7e? /(e — 1) we
have

Il DW: V<o ot Il p.r

<) () )
+CClr_2U <6:6_1>2<1+10g( rl) \/15) <1+10g< rl)>. (79)

Proof. We begin with a crude estimate which allows us to restrict further consideration
to small values of c. The function ®,(z) is univalent on {|z| > 1}, with ®,(z) ~ z as
7 — 00. So, by a standard distortion estimate, for all |z| =r > 1,

. 1
d(z) — 1] <
101(2) =1l < 7
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and so

A A 1
IDWellp,r = rl®) — Llp, < 7 (80)

It is straightforward to check that this implies the claimed estimates in the case where
¢ > 1/C, for any given constant C of the allowed dependence. Hence it will suffice to
consider the case where ¢ < 1/C.

Consider first the case { < 1. On substituting the chosen value of §¢ in (75), we

obtain
1 1-2 e’ ? 2, 1 e’
_ —2v —v
5(r)—;<ﬁR+c <ga_1) L +c <66_1>LR),

8(r) = JcR+c'* <L> L.

e’ —1

Note that, for p = (1+r)/2, we have R(p) < 2R(r)and L(p) < 2L(r),s08(p) < 45(r)
and §(p) < 48(r). Note also that, for r > 1 +¢'/274/2 and ¢® > 1+ ¢!/?7¢, for all
sufficiently small c,

C*8(r) <2C* (¢* + ¢?(1 +log(1/c))?) < P < 1

where C* is the constant in Proposition 5.2. We restrict to such c¢. Set Co = 1 and for
k > 0 define recursively Crs1 = 2K*1Cy + 1. We will show that, for all k > 0, all
r>1+25c1/27¢2 andall 1 < T,

(C*5(r)k
oo

Il D%zl < ¢ (25

+ c*a(r)> . (81)

The case k = 0 is implied by (80). Suppose inductively that (81) holds for k, for all
Fo> 1 +2kcl2-¢/2 gnd all t < T. Take r > 1+ 2k+1c1/2=¢/2 and + < T. Then
p=+1/2>21 +2kc/2=8/2 g0 forall s < ¢,

: (C*5(p)* (C*5(r)*
1D 1<yl < G (205 C0r

-1

] +c*3(p)> < 2k+‘ck(

+ C*(S(r)) )

Since r > 1+¢'/27¢/2 we can use Proposition 5.2 with ¢ replaced by & /2 and substitute

the last inequality into (77) to obtain

S (C*S(r))k“
1D 1 <ryonllp.r < 2 C (T

* 9 k+1
< Cous (M

+ C*S(r)a(r)> +C*8(r)

r—1

+ C*S(r)) .

Hence (81) holds for £ + 1 and the induction proceeds. Choose now k = [3/¢]. Then

®35 vk ck/3
(C*5(r)) < c < c

< < <8(r).
r—1 r—1 r—1 ")
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For c¢ sufficiently small, we have &2 < 27%/2 Then, for all r > 1+ c/?7¢, we have
r > 1+2kc1/2=8/2 50 we obtain
(C*5(r)*

A A

+ c*s(r)) < 2C,C*8(r).

For c sufficiently small, we have

so this is a bound of the claimed form.
We turn to the case ¢ = 1. On substituting the chosen value of §¢ in (76), we obtain

1

81(r) = — (ﬁRl +c7R)’LL + ¢ VR (%)L, R>,
r

81(r) = /Ry +c*""R(e°)LL,.

Note that, for p = (1+7r)/2, we have R1(p) < 2Rq(r) and L1(p) < 2L1(r) o) 81(,0) <
481 (r) and 8, (p) < 48,(r). Note also that, for r > 1+ c/27¢/2 and ¢” > 1+ ¢!/3~¢
for all sufficiently small c,

>

C*8(r) <4C* (% + 2 (1 +1og(1/0)?) < P < 1

where C* is the constant in Proposition 5.2. We restrict to such ¢. Set Co = 1 and for
k > Odefine recursively Cy4; = 2%**1Cy +1. Then, by an analogous inductive argument,
we obtain, forall k > 0,allr < T andallr < 1+ 2kcl/2
- (C*5) (r))k
I DY L <ryonlll p.r < Ci <ﬁ +C*01(r) ). (82)

Choose now k = [1/¢] and assume that » > 1 +¢'/27¢. Then

8 k ek
1" < o Clgsl(r).
—

r—1 " r—1
and, for ¢ sufficiently small, we have ¢® < 27% sor > 1+2%!2 and so
I D¥ 1 <ryoonlll p.r < 2C*Cidi (r).
O

We note also the following estimates, which are deduced from (28) and (73) using
the estimates of Proposition 5.3

Proposition 5.4. Foralla,n € Rwith = a+n < 1, alle € (0,1/2], all p > 2 and all
T < t;, thereis a constant C(a, n, A, &, p, T) < oo with the following property. In the
case { < 1, forallc € (0,1], allr,e® > 1+ V2 and all r < T, forallv € (0, e/2],
setting 89 = c'/?>7Ve /(e” — 1), we have

B A C r 2 r
DY =T lu<reonllpr < —{el =) +Vedo | —
2
r
+82(1+1 o .
(1o (5)) )
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Moreover, in the case ¢ = 1l and e < 1/3, forallc € (0,1], allr > 1 + 2= all
e >1+c3 ¢ andallt < T, forv € (0, €], setting 5o = cl/z_vea/(e" — 1), we have

Il DO, = T Le<apson Nl p.r

) = )Y ()= () )
el ) )

We turn now to some estimates needed for the discrete-time results Theorems 1.2
and 1.4. Write V; for the number of particles added by time ¢ and define for t < 7,

v =a N((L+2)%5 —1).

It is straightforward to see that, for all o, n € R, we have v, — ny ast — 1;. Also

t
eV =/ clipga,@)ym(db, dv, ds), v =/ e 1" ds. (83)
E(t) 0

Proposition 5.5. For all a,n € R, all p > 2 and all T < t;, there is a constant
C(a,n, p, T) < oo such that, for all ¢ € (0, 1] and all 9 € (0, 1/2],

| sup eV —wl|, < CWe+8)).
1<T ATo(do)

Proof. Recall from Sect. 3.2 that
'
T= [ COlenmud.dud. = [ s
E() 0
where
Cs(0) = c| @, (™)™, ¢ =a+n.

If we substitute the explicit appearances of « in the preceding line by 0, then C;(0)
becomes ¢ and e 4% becomes e "% . Then, applying these substitutions in the line above,
we recover the integral representations (83) of ¢V; and v;. The claimed estimate results
from following through this modification in the calculations leading to Proposition 5.1.
The details are left to the reader. O

We can also improve on the estimate of 7; by t; in Proposition 5.1. Define, for
Vs < ng,

’j; — rgisc
where t,‘lﬁsc =qa! log(1 + acn) as at (8). We leave any modifications needed for the

case o = 0 to the reader. By allowing 7; to depend on the random time-scale of particle
arrivals, we remove the main source of error when estimating 7; by t;.
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Proposition 5.6. For all a,n € R, all p > 2, all T < t; and all N < ng, there is a
constant C(a, n, p, T, N) < 0o such that, for all c < 1/C and all 5o € (0, 1/2],

sup 17 =T, < Cle+5)).
t<TAT (80), Vi <N

Proof. Set

- . . oc

Ct = Tgiia_l — ‘L'{d)ltsf = O[_l IOg (1 + m) .
Then

’f; :/ 651{U<AS(9)}/L(d9,dv,ds)
E()

SO

T -1 = (C5(8) — Co) 1<, @) 1(dB, dv, ds)
E®)

= (Cs(0) — CNws)l{ngs(e)}ll(dQ,dv,ds)
E(1)

t 2w
"‘/ (Cs(0) — Cs)As(0)dOds.
0 Jo
We have, for ¢V; < N,

IC, — ce™@T-| < Cc?
and, for r < Ty(8p), as in the proof of Lemma 4.4,
1C:(6) — ce T~ (1 +aRe W/_ (7))
|CAI(9) — 6_7’7;’ (1+ nRe lijt/— (EUHQ))
|Ci(B)A(0) — et - (1+¢Re \j,t/_ (e””g))

NN N
a a q
&

SO
|C(8) — C;| < Ce|Ti— — T,—| + Ccdy

and, using (57),

2
][ Ci(0)A(0)do — e *T-| < C8}
0

and

2 -
][ C, A (0)d6 — e—“Tfe—"Tf' < C(c+83)
0

and so
2 5 ~
' (C: () _Ct)At(e)dQ‘ S CIT- =T+ C(c+83).
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Set

f()=E ( sup |75 — 7”;|P>

s<tAT(80), Vs <N

Then, by Burkholder’s and Jensen’s inequalities, for p > 2,and all r < T,

t
fo) < C(c”+8(2)P)+C/ f(s)ds
0

and the claimed estimate follows by Gronwall’s lemma. O

5.2. Spatially-uniform high-probability estimates. We now pass from the L”-estimates
of the preceding section to pointwise estimates which hold with high probability on the
function W, (z) = ®,(2) — z, uniformly in 7 € [0, T] and |z| > r(c) as ¢ — 0, for a
suitable function r(c), which is specified in the next result, and tends to 1 as ¢ — 0. In
order to show the desired uniformity, we combine the usual L”-tail estimate with suitable
dissections of [0, T]and {|z| > r(c)}, choosing p large to deal with an increasing number
of terms as ¢ — 0. We see at the same time that the event {T(89) > T}, to which our
previous estimates were restricted, is in fact an event of high probability as ¢ — 0,
thus closing the argument for convergence to a disk. The following result contains
Theorem 1.1.

Proposition 5.7. For all a,n € Rwith¢ = a+n < 1, all ¢ € (0,1/2] and all
v e (0,e/4], allm e Nand all T < t, there is a constant C (o, n, A, &,v,m, T) < 00
with the following property. In the case ¢ < 1, forallc < 1/C, fore® > 1+c'/>~¢ and
8o = cM/27Ve% (€7 — 1), there is an event Q2 < {To(80) > T} of probability exceeding
1 — "™ onwhich, forallt < T andall |z| =r > 1+ /e

o 2
WP < C<c‘/2v PR ( e ) ) 0
e’ — 1
and
o 2
19, < O a2 (85)
e’ — 1
and
\ ¢ o 2
D, (2)] < —(c'/*7Y R DR E T 6
r r—1 pa—
and
cap cap 3/4-2v e° 1/2 L o )
|‘-IJ1 _Ht |<C C re (87)
e’ — 1 w1
and

o 1/2 o 2
19, (2) — [, (2)| < 342 [ £ + el U Y .
e’ — 1 r—1 e’ — 1
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Moreover; in the case ¢ = 1 withe € (0,1/3], forallc < 1/C, fore® > 1+c'37% and
8o = cl/Fv e?/(e° — 1) there is an event Q2o < {To(80) > T'} ofprobability exceeding
1 — ™ on which, for all t < T, the estimates (84) and (87) hold and, for all |z| =r >

1+Cl/278,
1/2 5/2
o) < o (=) e ()
e’ — 1 e —1
and
Vi ¢ 1 172 o \5/2
DY, (2)] < — (/27 LA DR Lol (€
r r— 1 ﬁ r — 1 e’ — 1
and
i 1-4 r e’ 3/2
a_1)+Cc v(<r—1)+<e“—1) . (89)

Proof. We will give details for the case { € [0, 1). Some minor modifications are needed
for the case { = 1 because of the weaker L”-estimate (79) which applies in that case,
and also for the case ¢ < 0. These are left to the reader.

Fix o, 7, &, v, m and T as in the statement. By adjusting the value of ¢, it will suffice
to consider the case where ¢ > 1 + 2¢/27¢_ and to find an event §¢ C {To(60) > T},
of probability exceeding 1 — ¢, on which the claimed estimates holds whenever
r>1+2c27¢ and t < T. There is a constant C < oo of the desired dependence,
such that 69 < 1/2 whenever ¢ < 1/C. We restrict to such c. Set

1, () — T, (2)] < Cc¥/*Y (e

§=c"3, tm)=6én, N=I|T/S], No=|(To(S0) AT)/8].

Recall that V; denotes the number of particles added to the cluster by time ¢. Consider
the event

Q1 = Vi) — Vi—1) < 1foralln < Noand Vi (vy) = V1y50)AT )-

Note that, on 1, for all t < Tp(5p) A T, there exists n € {1, ..., No} such that U, =
W ). Since §o < 1/2, there is a constant C < oo of the desired dependence such that
the process (V;):<7y(s,) 1 a thinning of a Poisson process of rate C/c. Hence

P(Q) < N(C/c)*8% +(C/c)/8 < C§/c* = Ccm!

and hence P(Q29) < ¢" /3 for all ¢ < 1/(3C). We restrict to such c.

Fix an integer p > 2, to be chosen later, depending on m and v. By Proposition 5.1,
there is a constant C < oo of the desired dependence such that, for up = C (ﬁ + 8(%)
we have

| sup WY <o | sup 10|, < o
1<To(B)AT t<To(So)AT

Set 1o = (6¢—™)1/P and consider the event

Qo = {|W;*| < hopo and |, (00)| < Aopo for all £ < To(8o) A T
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Then P(Q5) < 2A,” = ¢™ /3. We choose p > m/v. Then, since ¢° > 1 +2¢!/>7¢ and
v<e, there isa constant C < oo of the desired dependence such that, forc < 1/C, on
the event 2, for all t < To(8g) A T,

o

2
(WEP| < dopo < Ce (Ve +82) = C <c1/2—” +cl3 < ‘ ) ) < 8o. (90)

e’ —1

We restrict to such c. Set
K = min{k > 1:2kc"27¢ > 1}.
Then K < |log(1/c)] +1.Fork=1,..., K, set

r(k) +1

rik) = 1+285127¢ 0 pk) = 5

Then p(k) > p(1) = 1+c'/?7¢ forall k and r(K) € [2, 4]. By Proposition 5.3, there is
aconstant C < oo of the desired dependence such that, fork = 1, ..., K andalls < T,

1D i<ty ll p.p ) < ()

o 2
M(r):£(ﬁ< 4 >+cl_3”< ¢ ))
r r—1 e’ — 1

Set A = (3KTC_2’”_3) 1/p and consider the event

where

N K
= (Y NUIDPP 1) llp.p 0 Lt <Toieor) < A (k).

n=1k=1
Then
PUDYs 0y [l p. it ey <o) > Aa(r(k))) < 277
o)
P(Q5) < KNA P < KTA™P/8 = " /3.
Fix r > 1 +2¢'/27%. Then r(k) r <r(k+1)forsomek € {l,..., K}, where we set

r(K + 1) = oo. Note that zD\IJ, (z) is a bounded holomorphic function on {|z| > p(1)}.
We use the inequality (118) to see that, on the event €23, for n < Ny,

FIDWs iy lloo.r < 7k DY) lloo.r b

<<r(k)+]

1/p
= 1) DY 1 oty < @™ Pr () ap k)

SO

1D, () lloo.r < Qe VP Ap@r (k) < 2™ VHYPou(r).
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We choose p > (2m +4)/v. Then there is a constant C < oo of the desired dependence
such that, forc < 1/C,on Q3,forn =1,..., Npandallr > 1 +201/2_"3, we have

4 C( 12 r 1—4v e\
||D\I/t(n)||oo,r < 7 (C 1 +c o 1

n B P
19, oy loo.er < €127 (—) = 5.

‘We restrict to such c. Set

and

Qo = Q1 NN Q3.

Then P(Q§) < ¢™ and, on the event Q, forall # < Ty(89) AT and all r > 1+2¢!/27¢,
. C o \2
1D, oo, < = (27 (L= ) ! (=2
’ r r—1 e’ — 1

”qjt/ ”oo,e" < 80~

and

In conjunction with (90), this forces Ty(5p) > T on ¢ and so concludes the proof of
(84) and (86).
We deduce (85) using the identity

V(@) = ¥ (00) — / Dy (s0)s~\ds.
1

On the event Q,, for all t < Tp(59) A T,

o 2
W, (00)| < C |77V 4173 e .
e’ — 1

On the other hand, ¢ C €2, and on Qg we have Ty(8¢p) > T and, using (86), fort < T
and |z| = r > 1 +c1/?27¢,

o “ o0 C o 2
/ |D‘I‘t(SZ)|S_ldS g / - 61/2—1) sr +C1_4v e S_lds
1 1 TS sr—1 e’ —1
2
< ¢ 27 (1 +1og r +cl™ al .
r r—1 e’ —1

Since r > 1+ ¢'/?, the log factor can be absorbed in ¢!/~ by adjustment of v. Then,
on combining the last two estimates, we obtain (85).

The estimate (87) may now be deduced from Proposition 5.1 using standard L7 tail
estimates. The details are left to the reader.

For the estimate (88), define

fio = C(c ++/co +83)

172
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where C is the constant in Proposition 5.1, and define

- _C r 2 5 r 2 (141 r
0= e (757) v (755 )+ (106 (7)) )

where C is the constant of Proposition 5.4. Set Qo = Q1 N N Q3, where
Q= Q2 N {1 (00) — I, (00)| < Aojio forall £ < To(80) A T}

and
N K

Q3 =3nN ﬂ ﬂ{IID(\i’t(n) — Tl |l p.po) Lisam <To 0y < ML (K))}.
n=1k=1

We follow a similar argument to above to see that }P’(QS) < 2¢™ and on on we have
To(8o) > T and fort < T

o 1/2 s 2
19, (00) — M, (00)| < C [ 3432 [ £ Lol (e
e’ —1 e’ — 1

and for |z = r > 1+ 2¢1/27¢,
2 1/2
el r 4 3432 e’ /
r—1 e’ —1

() (55))

Finally we can integrate as above to deduce (88). O

IDOW; — 1) [loo.r <

~ |0

Proof of Theorem 1.2. We will write the argument for the case { < 1, omitting the
modifications needed for ¢ = 1, which are left to the reader. Since N < n,, we can
choose § = §(a, 7, N) > Oand T < ¢, such that vy = N + 8. Choose 8§ and Q2 as in
Proposition 5.7, with the choice of T just made. Write C for the constant appearing in
Proposition 5.7 and set

2
A=c |2y g4 e’ _
e’ —1

Then, for all |z] > 1+c¢!/27¢ and all < T, on the event Qo, we have |®,(z) — z| < A.
Then, by Propositions 5.5 and 5.6, choosing &y as in Proposition 5.7 and using an L?-
tail estimate for suitably large p, there is an event 21 C o, of probability exceeding
1 — 2¢™, on which, for all + < T, both |cV; — vs| < A and, provided cV; < N, also

o 2
T — Tl < () .
e’ — 1

We can choose C so that, for ¢ < 1/C, wehave A < §,socVr 2 N+§—A >N
always on Q1. Now, for alln < N/c, we have V; = n for some t < T with ¢}, < N,
so on 1, for all |z| > 1+cl/2-¢ we have

o 2
& di di di 1-4 ¢
|q)nISC(Z)_Z| < A, |t];lISC_rn15C| SCC V(ea—1> .
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6. Fluctuation Scaling Limit for ALE(«, )
Given an ALE(«, n) process (®,);>0, recall that
®,(2) = B,(2)/e™, T; = log ¥} (00).
The fluctuations in these coordinates are given by
V@) =d@) -z WP=T -7, 7u=c"log(l+¢r).
Recall that we write H for the set of holomorphic functions on {|z| > 1} which are
bounded at oo, and we use on H the topology of uniform convergence on {|z| > r}
for all » > 1. In this section we prove Theorem 1.3 and then, at the end, we deduce
Theorem 1.4.
6.1. Reduction to Poisson integrals. Our starting point is the interpolation formula (17)
U (2) = Mi(2) + A (2), W™ = M;™ + AT,
As a first step, we study the approximations I1;(z) and IT;*® to M;(z) and M, which

have a simple form and which prove to be the dominant terms in the considered limit.
Set

(0.¢]
_ Z _ i(k+1)0 —k
HO.0 = g = 2
k=0
Recall the multiplier operator P(t) defined at (12). Then

o0
P(T)H(Q, Z) — Zefq(k)fei(k+1)esz.
k=0

Recall that ¢; = ce % and A; = ¢~ 'e ™", and that we define for |z| > 1
M (z) = / e~ T P(r, — 1) H(0, 2)2¢, Ljy<a)ii(dO, dv,ds), (91
E(t)
™ = / et e 1< U(d6, dv, ds). (92)
E(t)

The following result allows us to deduce the weak limit of the normalized fluctuations
from that of the Poisson integrals (I1;, Hfap)t>0.

Proposition 6.1. Foralla,n e Rwith =a+n < 1,
C7]/2(®[ — ﬁ[, \I]fap — Hfap) — 0

in 'H x R uniformly on compacts in [0, t;), in probability, in the limit c — 0 and o — 0
considered in Theorem 1.3.
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Proof. InTheorem 1.3,for¢{ < 1,werestricttoo > cl/4=¢ and take 89 = cl/z_”e"/(e"—
1) with v < ¢/4. On the other hand, for { = 1, we restrict to o > c1/5=¢ and take
8o = c'/277¢% /(¢ — 1)). In both cases, the right-hand sides in (87), (88) and (89) are
therefore small compared to /c in the considered limit. The claim thus follows from
Proposition 5.7. O

Since the integral (91) converges absolutely for all w, we can exchange limits to see
that

o
M(z) =) MKz "
where
I, (k) =2/ e Ira N =r0) i+ DB o 1 5 1 1(d0, dv, ds).
E(r) '
Set go(k) = (1 — ¢)k and define, forall { € (—oo, 1]and ¢ < #;,

k) =2 / e~ M=) ikt Db . g i(dB, dv, ds).
E(t)

Proposition 6.2. Foralla,n € Rwitha+n =¢ < 1,andallt < t;, there is a constant
C(a, n,t) < oo such that, for all k > 0,

sup |1, (0] < CVe,
s<t 2

sup |TT§*| H Cye
s<t

and

sup |1, (k) — MOl || < Ckoe.
s<t 2

Moreover, C may be chosen so that, for all h € [0, 1] and all stopping times T <t —h,
M9, (k) — N9(K)ll2 < CVe(Wh+kh), N7, — 72 < CVeh.

Proof. The estimates for (I'If&lp ),<,{ are standard and are left to the reader. For (I1, (k)); <, ,

we use time-dissection to obtain estimates with good dependence on k. Set k = 1+¢ (k)

and define

M, (k) = "1, (k) = /()e“sei(kH)QZCSl{vgh},&(a’&dv,ds).
E(t

Setn = [kt;]andt(n) =¢.Sett(i) =i/kfori =0,1,...,n—1.Thent(i+1)—1() <
1/k for all i. We have

t
E(M,()P) = 4 / ncdids < Ce [ s < Co
0

50, by Doob’s L2-inequality,

sup | M; (k)| H < Ce//k.
s<t
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Now, fort(i) <s <t(i+1),

ITLs (k)| < e 7O M, (k)]

SO
sup MMl < cemo| s (Ml < cyer
1) <s<t(i+1) 2 s<t(i+1) 2
and so
sup My (K| < CVe. (93)

s<t
For the second estimate, set ko = 1 + (1 — ¢)k and note that
0 < i — ol = [¢]k(1 — e 7 * D) < g lk(k + 1o

Restrict for now to the case ¢ > 0, when k > k(, and define
MO (k) = / 0% K026 1< U(dB, dv, ds)
E(t)
and

M, (k) = M, (k) — M (k) = (e — ™) KD 1, 5 1/1(dB, dv, ds).
E(t)

Note that
0 < et — % (kK — k)T

s0, by a similar argument,

sup e~ M, (k)| Hz < Clk — ko)/e.

s<t
Now

M (k) — T (k) = ™™ M (k) + (e 7™ — e ™) M (k)
SO

T (k) — T ()| < ™™ [ M (k)] + (k — ko) | TI (k)|
and so

sup [I1,(k) — MK || < Cle = ko)ve < CRo Ve,

s<t

For l'I(S) (k), we used the estimate (93) with « replaced by x, which is the special case 0 =
0. A similar argument holds in the case ¢ < 0, with the roles of k and k( interchanged,
which leads to the same estimate. It remains to show the third estimate, which we will
do for general o > 0. We have

7n (k) — M7 (k) = e " My (k) — ™™ M (k)
— o KTT+h ]\;[h(k) _ (e—K(TT+h—TT) — DIz (k)
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where we redefine

My (k) = My, (k) — My (k) = / KTl *V02¢ 11,1 i1(d0, dv, ds).
E(T+h)\E(T)
Now
- T+h
E( My (02IT) = 4 / 7 2 ds
T
SO

E(le ™+ My, (k)|*) < Cch.

On the other hand, since T < t,

l[(e7*TT+h =) _ DTz (k) |2 < Cich

sup|rls<k>|H2 < Clk + e,
t

5<

The claimed estimate follows. m]

6.2. Gaussian limit process. By Proposition 6.1, in order to compute the weak limit of
120, \I/tcap)t<,{, it suffices to compute the weak limit of ¢~ /2(I1;, Hfap)tq{. This
process is a deterministic linear function of the compensated Poisson random measure fi.
We are guided to find the weak limit process by replacing /i in (91) and (92) by a Gaussian
white noise on [0, 27) x [0, 00) x (0, co) of the same intensity. At the same time, we
set o = 0 in the limit,? replacing the multiplier operator P(t) by the corresponding
operator Py(t) when o = 0. Then, using the scaling properties of white noise, we arrive
at candidate limit processes (I'; (z)); < o and (T;"?), ,, which are defined as follows. Let
W be a Gaussian white noise on [0, 277) x (0, o) of intensity (277)~'d@dt. Define for
each |z] > land ¢ € [0, t;)

t 27
[i(z) =2 / / e Py(r, — 1) H(B, 2)e” @D W (46, ds),
0 JO

t 2w
I,tcap _ / / e @=Ts) ,—(a+n/2)T; W(do, ds)
0 JO

where these Gaussian integrals are understood by the usual L isometry. Define forz > 0
andk >0

t 2w t 2w
B, (k) :ﬁ/ / V0w (ao, ds), B, =/ W (d6, ds).
0 JO 0

0

2 It is not necessary to pass to the limit 0 — 0. Indeed, the best Gaussian approximation for given o > 0
would be obtained using P instead of Py. The limit ¢ — 0 with o fixed then holds uniformly in o, subject to
the restrictions stated in Theorem 1.3, and the limit processes for o fixed converge weakly to the case o = 0.
‘We have stated only the joint limit, since this seems to us of main interest, and since the limit fluctuations have
in this case a slightly simpler form.
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We can and do choose versions of (B;(k));>0 and (B;);>o which are continuous in ¢.
Then (B;(k));>0 is a complex Brownian motion for all k, (B;);>¢ is a real Brownian
motion, and all these processes are independent. Note that, almost surely, for all # < ¢,

t
e _ / STt =@/ g p
0

Define for ¢ € [0, #;) and k > 0
t
k) = ﬁ/ e~ U=k (u=10) o =(@tn/DT g p (k).
0

The following estimate may be obtained by (a simpler version of) the argument used for
Proposition 6.2.

Proposition 6.3. Foralla,n € Rwitha+n =¢ < 1,and allt < t;, there is a constant
C(a, n,t) < oo such that, for all k > 0,

sup |rs<k>|H2 <cC.

s<t

The following identity holds in L? for all |z] > landt < 1,
o
Fi(z) =) Tz (94)
k=0

By Proposition 6.3, almost surely, the right-hand side in (94) converges uniformly on
compacts in [0, #;), uniformly on {|z| > r}, for all » > 1. So we can and do use (94) to

choose a version of f;(z) for each ¢ < 7 and |z| > 1 such that (f‘,)t<t{ is a continuous
process in H and (94) holds for all w.

The processes (I';(k));<;, and (F,Cap )z<z{ are also characterized by the following
Ornstein—Uhlenbeck-type stochastic differential equations

AT, (k) = e~ (ﬁe"’”/de,(k) — 1+ - ;)k)r,(k)e—"ffdz) . Totk) =0,
AU = e (7 2a B, — Ty ®emdr), 6T =0,

These equations can be put in a simpler form by switching to the time-scale

t
V; =/ e Mds
0

which arises as the limit as ¢ — 0 of a time-scale where particles arrive at a constant
rate. Write v - £(v) : [0, ng) — [0, ;) for the inverse map and set

Lot =T, TP =170

and

~ t(v) 5 t(v)
& =1tw, Bk = / e "% dBs(k), B, = / e "% /2d By.
0 0
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Then e~ %% = (1+av)~!. Also (éu (k))v<n, is a complex Brownian motion for all k,
(EV)KM is a real Brownian motion, and these processes are independent. Then we have

dTy(k) = (1 +av)™! (x/idév(k) —(1+(1 - ;)k)f‘v(k)dv) , Tok)=0,

A = (1 +an)™! (dB, - cT®av), 5P =0. 95)
We can define a Brownian motion (E,,)K,,a in H by
o0
B,() =) Buz ™"
k=0
Set

M@ =) Tukz ™" =T ).
k=0

On summing the equations (95), we see that (f’v)K,,a satisfies the following stochastic
integral equation in H

fU(Z) =

/v V2dBg(z) — Ts(z)ds + (1 — £) DI s(z)ds
0

1+as

6.3. Convergence. Given Proposition 6.1, the following result will complete the proof
of Theorem 1.3.

Proposition 6.4. For alla,n € Rwitha+n=¢ < landall T < t;, we have
VI, ) 50 — (D T P)icr
weakly in D([0, T], H x R) as ¢ — 0 and 0 — 0 as in Theorem 1.3.

Proof. By Proposition 6.2, it will suffice to show the claimed limit with ( f )<t replaced
by (fI?),gT. ‘We first show that

VMY K k= 0), ;) cr — (k) :k = 0), T cr
in the sense of finite-dimensional distributions. Foralln > 1, all ky, ..., &k, > 0 and all

1, ..., t, < T, any real-linear function of c_l/z(l'[?j (kj), I'Iffp :j=1,...,n)canbe
written in the form

F:/ fiO) <o,y (do, dv, dt)
E(T)

where

0) =2 £,0)e;
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and (0,¢t) — f:(0) : [0,2m) x (0, T] — R is bounded, measurable and independent of
c. Set

2
ol = 1,(0)d6.
0

The same linear function applied to (I';; (k;), Ffja‘p :j =1,...,n) gives the random
variable

T 2 5 12 T 2w
G = / H@ON*Wdo, dt) = / fi(@)e” @D W (4o, dr).
0 0 0 0

Then

T 2 T
E(F?) = E(G?) = / f1(0)*x,dodt = / e~ Gt 52y
0 0 0

and, using the Campbell-Hardy formula, as ¢ — 0,

T 2 -
E(e"F) = exp ( / 7[ (O 1 —jy f,(@)))»tdet)
0 0

W2 T .
— exp (—7/0 e_(z("“’)ftatzdt) = E("°).

The claimed convergence of finite-dimensional distributions follows, by convergence of
characteristic functions.
Now, Proposition 6.2 shows that the processes (H?(k)),gr and (Hfap),gf all satisfy
Aldous’s tightness criterion in D ([0, T'], C). Hence
AP k= 0), ;) cr — (Ti(k) : k > 0), T,*),cr
weakly in D([0, T], CZ" x R) as ¢ — 0. Hence, for all K > 0,

V2 (pr M2, ;) <7 — (px (T, T <1

weakly in D([0, T], H x R) as ¢ — 0, where, for f(z) = Z,fio akz_k,
K
Pe(H@ =Y az .
k=0

For |z| = r, we have

(f =Pk (NI Y larlr ™.

k=K+1

Hence, it will suffice to show, for » > 1 and all ¢ > 0, that

o0
lim limsupP 12 sup Z |1'I?(k)|r_k>£ =0.
K=o0 0 1<T 1 K41
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But, since o + n = ¢ < 1, by Proposition 6.2, there is a constant C(«, n, T) < oo such
that, forallc > Oand all r > 1,

cr X
—1°

(e.¢]
¢ Psup Y o1
IST k=k

<

2

The desired limit follows. O

Proof of Theorem 1.4. We will argue via the Skorokhod representation theorem. It will
suffice to show the claimed convergence for all sequences ¢y — 0 and o — 0 subject
to the constraint assumed in Theorem 1.3. Given N < ng, choose § > Oand T' < 1,
such that v = N + 4, as in the proof of Theorem 1.2. By Theorem 1.3 and Proposi-
tions 5.5 and 5.7, and since D([0, T'], H) is a complete separable metric space, there is

a probability space on which are defined a sequence of ALE(«, 1) processes (CDt(k))@o,

with common particle family (P : ¢ € (0, 00)), and a Gaussian process (f‘t)t<,{ with
the following properties:

(a) (Cka)) +>0 has capacity parameter ¢, and regularization parameter oy,

(b) (ﬁ,),<,[ has the distribution of the limit Gaussian process in Theorem 1.3,
(c) almost surely, as k — oo,

sup |CV,(k) —v| =0
t<T

and, forall r > 1,

sup sup |28 P (2) — ' (2)| — 0.
i<T |z|2r

Here, Vt(k) denotes the number of particles added in (@f“)@o by time ¢. Define for
n>=0andv < ngy

JO =inf{t >0: V% =n}, 1) =71 +av)¥/? = 1).
From (c), we deduce that, almost surely, as k — oo,

sup |J,Ek) —t(en)| — 0
n<N/c

and, for v € [0, N] and n = |v/c], the following limit holds in H

172 2, (k). di 128 () di 120k -
B 1/2\115/)6 e _ 12§ 0.dise _ 1/2\1,;(,){) — ).

But (f‘,(v))Knm has the same distribution as (fﬂisc)v<nm. Hence
C—I/Z(qj‘()k),dlSC)vgN N (FSISC)I)gN

weakly in D([0, N], H). O
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A. Miscellaneous Estimates

A.l. Explosion in continuous-time ALE(«, ). In this paper we adopted a continuous-
time formulation of ALE. When the cluster is in state ¢, we add a particle with harmonic
measure coordinate 0 € [0, 27) at rate ¢~ !¢ (e”*'?)|77d0/(27). In previous works,
this process had been considered in discrete time, that is, jump by jump. Besides being
mathematically convenient, the continuous-time formulation has physical meaning since
it considers the process in the natural physical time-scale. We now determine exactly
for which parameter values « and n there is pathwise explosion for ALE. The definition
and running assumptions (5) and (6) for ALE(«, 1) are given in Sect. 1.2.

Proposition A.1. Let (®;);>0 bean ALE(«, n) process. Denote by (1;) >0 the associated
process of capacities and by Z the explosion time of (®;);>0. Then, on the event {Z <
oo}, we have T; — oo ast — Z. Moreover, ifn > 0or{ =a+n >0, then Z = 00
almost surely, while if n < 0 and ¢ < 0 then Z < oo almost surely.

Proof. The total jump rate A(¢) at a state ¢ is given by

2
) = i s
0
s0, by distortion estimates, there is a constant C(n, o) < oo such that
e /C < MP) < Ce e

where T = ¢’(00). Similarly, there is a constant C(«, o) < 0o such that the next jump
in capacity At satisfies

ce T /C < At < Cce™ **.

The upper bound in the first estimate implies that the jump rate is bounded if n > 0,
and is bounded on compacts in 7 if < 0. Hence Z = oo almost surely if n > 0, and if
n < O0then Z < oo only if 7, — oo ast — Z. Moreover, using also the upper bound
of the second estimate, we see that

t
T — Cz/ e tTgs
0

is a local supermartingale up to Z. Hence Z = oo almost surely if ¢ > 0.
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It remains to show that Z < oo almost surely in the case when n < 0 and ¢ < 0. For
this we use the lower bounds in the estimates above. Set

5(7) = (c/C)e ™", AMz) = (c"'/C)e ™, F(r) =1 +58(2).

It will be convenient to choose C > «c so that F is increasing on [0, co). We know
that 7; jumps up by at least §(7,_) at rate at least A(7;_). Consider the Markov chain
(X1)r>0 starting from O which jumps up by §(X,_) at rate A(X,_). Since n < 0, for as
long as X;_ < 7;_, we may couple these processes so that (X;);>0 jumps whenever
(7)1>0 does. But Xg = 7y = 0 and at each jump of X; we have X, = F(X;_) and
7, > F(7;-). Since F is increasing, the inequality X; < 7, extends to all t < Z.
It will therefore suffice to show that (X;);>0 explodes. Now the sequence of values
(x(n) : n > 0) taken by (X;),;>0 is given by

x(n+1)=xmn)+8(x@n)), x0)=0

and the holding times of (X;);>0 are independent exponential random variables of pa-
rameters (A(x(n)) : n > 0). Hence (X;);>0 explodes if and only if

o
D axm) ! < oo,
n=0
Note that, if @ < 0, then x(n) > cn/C for all n so
o0 o0
Z:A(x(n))_1 < CcZe"””/C < 0.
n=0 n=0
Assume then that @ > 0. For x > 0, define (;(x) : ¢t > 0) by
Ui (x) =8 (Y (x)),  Yolx) = x.
‘We can solve to obtain

Yr(x) = ! log(e*™ +act/C).

o

Since o > 0 and v (x) is increasing in ,

1
Y1 (x(n)) = x(n) + (c/C) / e~ ge < x(n) +8(x(n)) = x(n + 1).
0

Since ¥, (x) is increasing in x, it follows by induction that, for all n,

x(m) = ¥, (0) = élOg(l +acn/C).

Hence
e < (1 +aen/C)Ve.
Buta+n=¢ <0son/a < —1and so

Zk(x(n))_l < Ce Z(l +acn/C)"* < 00
n=0 n=0

as required. O
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A.2. Estimates for single-particle maps. Let P be a basic particle and let
o0
F(z) = ¢ (z + Zakzk)
k=0

be the associated conformal map Dy — Dy \ P. We assume that F' extends continuously
to {|z| > 1}. Set

ro =ro(P) =supf{lz| —1:z € P},
§=8(P)=inf{r =0:|z— 1] <rforall z € P}.

We assume throughout that § < 1. We use the following well known estimates on the
capacity c. There is an absolute constant C < oo such that

r3/C <c<C8% (96)

The lower bound relies on Beurling’s projection theorem and a comparison with the case
of aslit particle. The upper bound follows from a comparison with the case Ps = S5 Dy,
where S; is the closed disk whose boundary intersects the unit circle orthogonally at
eT% with 65 € [0, 7] is determined by |e"95 — 1| = 4. See Pommerenke [23].

Write
F
log (%) =u(z) +iv(z)

where we understand the argument to be determined for each z € Dy so that the left-hand
side is holomorphic in Dg and such that v(z) — 0as z — oco. Then u and v are bounded
and harmonic in Dy, with continuous extensions to {|z| < 1}, and u(z) — casz — oo.
Note also that

0 < u(e'?) <log(l+ry) <rg forallf. 97)

Lemma A.2. Assume that 168 < 7. Then
u(e’p) =0 whenever|0| € [165, ] 98)
and
lv(e'?)| < 168 forall®. (99)
Proof. Set
ps = Poo (B hits S5 before leaving Dg)

where B is a complex Brownian motion. Consider the conformal map f of Dy to the
upper half-plane H given by

z—1
z+1°

fl)=i

Setb = f(e %) = sin6;/(1 + cos 6;). Since 8 < 1, we have

05 < dm/3 (100)
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and then b < 274/9. By conformal invariance,

dx

2b/(1—b?)
ps = P;(B hits f(Ss)before leavingH) = 2/ _
0 7'[(1 + x2)

Hence
ps <4b/m < 85/9. (101)

Now ¢/ is nota limit point of P soe'™ = F(¢!™*®)) forsome o € R. Thenu(e'"+*)) =
0 and we can and do choose « so that o + v(e!™*®)) = 0. Set

0" =sup{d <m+a:uE® >0}, 67 =inf{0 > +a:uE? >0} —2x.

Thend~ < Gf.We will show that|6i| < 164, which then implies (98). For6 € [0, 0t],
we have F(e'?) € S5 50 |0 + v(e'?)| < 65. Set P* = {F(¢'?) : 6 € [6~,6%]}. Then
P* C Ss so, by conformal invariance,

ot — 6~

5 = Py (B hits P* on leavingDy \ P) < ps.
T
On the other hand, for 6, 8’ € [6*, 0 + 2] with 8 < ', by conformal invariance,

0’ —6
21

= Poo (B hits [ei(9+”(6i9)), LR C "] on leaving Dy \ P)

_ o+ v(e?) — 0 — v(e'?)
= 27

so v is non-decreasing on [0, 6~ + 27], and so
a+vE?) <a+vE™)y =0 < a+vE?).
Hence
07 —a <27ps+0" —a < 27ps + 05 —v(e'? ) —a < 27ps + 05 (102)
and similarly
0" —a > —2mps — bs. (103)
So we obtain, forall 6 € [0, 61],
la + v(e'?)| < 205 + 27 ps. (104)

Since v is continuous and is non-decreasing on the complementary interval, this in-
equality then holds for all 6. Now v is bounded and harmonic in Dy with limit O at oo,

SO
2 )
/ v(e?)do = 0.
0

Hence

2 .
|| = ‘][ (a+ u(e")))de' < 205 + 27 ps.
0
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On combining this with (102), (103) and (104), we see that
10| < 465 +4nps, |v(e'?)| < 465 +4nps forallb.

But 465 + 47 ps < 4475/9 < 166 by (100) and (101), so we have shown the claimed
inequalities. O

Proposition A.3. There is an absolute constant C < oo with the following properties.
In the case where § = §(P) < 1/C, forall |z| > 1,

‘log (@) - c‘ < 9 (105)
z |z

and, for all |z| > 1 with |z — 1] > C§,

‘log <¥> —c— ZZ_c] ‘ < |58_C|1Z||2 (106)

and
lap — 2¢| < Cdc (107)

and
()

Proof. Since z1og(F (z)/z) is bounded and holomorphicin {|z| > 1}, (105) follows from
(97) and (99) by the maximum principle. The inequality (107) follows from (106) on
letting z — o0, since z(log(F (z)/z) —c) — ap. Moreover, since (z — 1)2(log(F(z)/z) —
¢) — apz is bounded and holomorphic on {|z| > 1}, (108) follows from (106) by the
maximum principle, at the cost of replacing C by 6C, say. We will show (106) holds
whenever |z — 1| > 3a, where a = 166.

Since u is bounded and harmonic with u(z) — ¢ as z — 00, we have

2w )
][ u(@?do = ¢
0

and, for all |z] > 1,

2 . + i0 2 ) 2 i0
u(z) =][ u@®Re [ 225 ) ap =c+][ u(@®)Re [ —=5— ) a0.
0 7 — 610 0 7 — 619

Leta € (—m, w] and p > O be defined by

2 . ) .
][ u(e?)e'?do = cpe'®.
0

We use (98) to see that |¢| < a and p € [cosa, 1). Now

o zpcei(x B 2 0 26i9 B 2€i9
u(z) —c—Re — | = u(e'”)Re - — | d6.
7 — el 0 Z_610 7 — el
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For |z — 1| > 2a and any 6 such that u(em) > 0, we have
lz—e® >z —11/2, lz—€?| >1z—1]/2, | — €| < 2a.

Hence, for |z| > 1 with |z — 1| > 2a,

2pce’® o el — el 16ac
u(z) —c—Re <2 u(e'”) do <
0

7 — el |z — eif]|z — ei®| = Iz — 12
and
2 2pei® 2(1 — p + |pe'® —1]|z]) - 12a|z|
z—1 z—el® |z — 1|z — el¥| Sz—12
and hence
2 C
u(z)—c—Re( . )‘g ackl (109)
z—1 |z —1]

We can extend F to a holomorphic functionin {|z—1| > a} by setting F z hH= m_l .
Then u and v also extend and it is straightforward to check that the estimate (109) remains
valid for all |z — 1| > 2a. Since v(z) — 0 as z — o0, a standard argument allows us to
deduce from (109) that, for |z — 1| > 3a,

2c )' < Caclz|
lz — 112

v(z) — Im (

z—1

and hence

‘log<F(Z)>—c— 2c ‘< Caclz|
Z

z—1]  z—=1
O

We sometimes use exponentiated versions of the inequalities just proved, which are
straightforward to deduce and are noted here for easy reference. There is an absolute
constant C < oo with the following properties. Suppose that 6 < 1/C. Then, for all
lz| > 1,

le”“F(z) —z| < C8

and, in the case |z — 1| > C§,

2 Céclz|?
eCF(z) — 7 — 2|  COCk (110)
—1 |Z _ 1|2
and
. apz Céclz|
e ‘F(z) —z— < .
@ z—1 lz — 12
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Proposition A.4. There is an absolute constant C < 0o with the following properties.
Let Py, P> be basic particles with Py C Py. Fori = 1,2, write F; for the associated
conformal map Dy — Do \ P; and write c; for the capacity of P;. Set §; = §(P;) and
aop,; = ao(P;) and set

Fi 2¢i Fi ;
&i(z) = log( ZZ(Z)> —ci — : _Cll, €0,i(2) = log( ZZ(Z)) —c — —Zagll.

Assume that 6, < 1/C. Then

lao,2 —ao,1 —2(c2 — c1)| < Céa(c2 — 1) (111)
and, for all |z| > 1 with |z — 1] = Céa,

Cér(cr —c1)lzl

112
FTE (112)

le1(z) — e2(2)| <

and

Cdr(c2 —c1)

113
EETE (113)

|£0,1(2) — €0,2(2)| <

Proof. The inequalities (112) and (113) follow from (111) by the same argument used to
deduce (107) and (108) from (106). Set P = Fl_1 (P> \ P1). Write F for the associated
conformal map Dy — Dy \ P and write ¢ for the capacity of P. Then

Fh=FoF, c¢;=ci+CcC.

Note that, forz € P, we have F1(z) € P2,s0|F1(2)—1] < 82.But|e™ F1(z)—z| < Cd;
forall |z] > 1 and ¢; < CcS1 Hence |z — 1| < Cé;, for all z € P and so

§ =58(P) < Cés.

Hence, for C sufficiently large and §, < 1/C, for all |z| > 1 with |z — 1| > Céo,

F(z) - 2¢ Céy¢z|
log| —= ) —¢— < 114
g< Z ) z—1 |z —1]2 (114
and in particular
F cé
log (£ )| < €L (115)
z |z — 1]

Set z; = zexp(t log(F(z)/z)) and f(r) = log(F(z;)/Fi(z)). Then

F F -1
log( 2(‘7’)) F() = £(0) = / F(di = log (Z) / F{<zt>( ‘(Z’)) dr
Fl(Z) 0 It




Stability of Regularized Hastings—Levitov Aggregation Page 73 0f 78 74

SO

£2(z) — €1(2)

o <F2(Z)>—E— 2¢
£ Fi(2) z—1

< .
F 28 F ! F -
~ tog (g) el (g) [ (mm (Ae)” 1) .
z z—1 Z 0 2
Now |10g(F(z)/z)| < Céa, 50 |z — z| < C8; for all ¢. Hence, for C sufficiently large

and |z — 1| > Cé,, we have |z; — 1| = Cgé; for all £, where Cy is the constant from
Proposition A.3. Then

Cé
lz—1]

where we used Cauchy’s integral formula for the second inequality, adjusting the value
of C if necessary. On combining these estimates with (114) and (115), we see that

Cér(cr —cp)lzl
Iz — 1/

™V Fi(z0) — 21 < Co1, eV F(z) — 1] <

le2(z) —e1(2)| <

as claimed. |
The following is a straightforward consequence of (96) and Propositions A.3 and A.4.

Proposition A.5. Let (P : ¢ € (0, 1]) be a family of basic particles and suppose that
the associated conformal maps F. are given by

F.(z) =€ (z + Zak(c)z_k> .
k=0

Fix A € [1, 00) and assume that 5(c) < Arg(c) for all c. Then there is a constant
C(A) < oo such that, forallc < 1/C,

lag(c) — 2¢| < Cc3?

oo (@Y _ | _ce
&8\ S—q

and, for all |z| > 1,

and
‘ (Fc(z)) ap(c) Ccc3/?
log| — ) —c— < 3
z z—1 |z — 1]
and
3/2
e ap(c)z| _ Cc'’<z]
F, —z— < .
e “Fe(z) —z — EESTE
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Moreover; if(P(C) 1 ¢ € (0, 1]) is nested, then C may be chosen so that, for all c1, ¢y €
0, c],

l(ao(c1) — 2¢1) — (ap(ca) — 2¢2)| < Ce'P ey — ]

and, for all |z — 1| > C./c,

'(log (FCI—(Z)) — c1) - (log (—FCZ(Z)) - cz)‘ < Cler — ]
¢ 2 |z — 1]
and

Fo(\ - aole) Fo()) aop(c2) Cy/cle) — el
'(log< z ) o Z—l) (log( z ) e Z—1>’ e -1

and

<e_cl Fold)—2— “O(Cliz) _ <e—cchz(z> - “O(fzizﬂ C*f' L”_‘”jz”z'.

For our final particle estimates, we use the following integral representation for the
family of particle maps

2 i
Fe(2) —z+/ DFz(z)/ gu,(de)dt

for some measurable family of probability measures (u; : t € (0, 00)), with u; supported
on {6 : |¢!® — 1| < 8(1)} for all ¢. This follows from our requirements that the particles
P© have capacity c, are contained in {|z — 1| < 8(c)} and are nested, by the Loewner—
Kufarev theory. Our condition (6) and the inequality (96) then give a constant C(A) < 0o
such that

supp iy {0 : €' — 1] < CV/1}. (116)

Define holomorphic functions L; and Q; on {|z| > 1} by

2

21
Li(2) =/0 L0, 2 (dO),  01(2) =/0 q:(0, 2) s (dO) (117)

where

Fi(2) z+et? z+el?  2etelY;
1;(6,2) = ( Dlog +1 7 4r0.2) = DFz(z) e :
z z—é —el z—1

Note that /;(0, z) — 1 and ¢:(0, z) — 0 as z — oo, uniformly in 6. It is then straight-
forward to show the integral representations

log <F CZ(Z)> - /0 Liydt, ¢ (e_ch(z) -z ‘;Oi")lz> = /0 0, (2)dt.
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Proposition A.6. There is a constant C(A) < oo with the following property. For all
t<1/Candall|z] > 1,

Clzl  CVilz CVilz

L:(2)| < + , 2)| < .
[Lt(2)] EESTRATIESTE [0 (2)] 112

Proof. We give the details for the second estimate, leaving the first which is similar but
simpler to the reader. We split ¢, (0, z) = g;(6, z) + h;(0, z), where

. B o z+el? - - Z+ei9_1_28i0
gl( ,Z)—(DF;(Z) eZ) i0° t( ,Z)—ez i0 .
z—e z—e z—1
Now
z+e? 267 269 - 1)
7z —el? =1 (z—ef(z—1)

s0, on the support of u;, we have, for |z — 1| > 2C4/1,

2Ce! /12|

hi(0,2)]| < ————
Ihi(6. 91 < ==

where C is the constant in (116). On the other hand, we showed above that, for all
lz] > 1,

|Fi(z) —e'z] < CVt

and F, extends by reflection to a holomorphic function on {|z — 1| > C+/t} satisfying
the same inequality. Hence, by Cauchy’s integral formula, for |z — 1| > 2C+/t,

CV/1z]

IDF;(z) —e'z| <
|z — 1]

and so, for 0 in the support of u;,

CV/1z]

lz =112

18:(6, 2)| <

We have shown that, for all |z — 1| > C+/7,

C/tlz

lz = 1%

10/ ()] <
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A.3. Operator inequalities. Recall that, for a measurable function f on {|z| > 1}, for
p €[l,00) and r > 1, we set

27 ) 1/p )
||f||p,r=(]€ |f(re’9)|”d9) . Nfllooyr = sup [f(re')].

0€[0,27)

Suppose that f is holomorphic and is bounded at oco. It is standard that, for p € (1, r),

1/p
0
W lpr <USflpps 1 lloor < (:) I f1lp.p- (118)

Moreover, there is an absolute constant C < oo such that

Cp
I1Dfllp.r < m”f”p,p (119)
where Df (z) = zf'(z). The function f has a Laurent expansion
o
f@ =) fi "
k=0

Let M be an operator which acts as multiplication by my on the the kth Laurent coeffi-
cient. Thus

Mf(z) =) myfiz™*.
k=0

Assume that there exists a finite constant A > 0 such that, for all k > 0,

[mi| < A
and, for all integers K > 0,
QK+l _|
D Imi —mul < A.
k=2K

Then, by the Marcinkiewicz multiplier theorem [29, Vol. II, Theorem 4.14], for all
p € (1, 00), there is a constant C = C(p) < oo such that, forall ¥ > 1,

IMfllpr < CAISflp.r- (120)

We will use also the following estimate.

Proposition A.7. Let f and g be holomorphic in {|z| > 1} and bounded at co. Let M
be a multiplier operator and let p > 2. Set

fo(2) = f(e™"2).
and

1/p

2
hp(z) = (]ﬁ IM(fe-g)I”(z)dG)
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Then, forallr, p > 1, we have

and

||h2||p,r < ||M||p,p%r”g”p,ﬂ“fHZ,p

||hp||p,r < ||M||p,p%r||g||p,ﬂ||f||p,,o

where

M1l p.p—r = suplllMfllpr: 1fllp.p < 1}

Proof. The second estimate is straightforward and is left to the reader. For the first, we

can write
o o o
f@O=) fiz*, g@=) az Mf@ =) mfiz™*
k=0 k=0 k=0
Then
o o0 ) )
M(fo-9)@) =Y > mjufigje' ¥z * D)
k=0 j=0
SO

hy(2)* = Z|fk| IM(ug)(2)

k=0

where 1, g(z) = 2 ¥g(z). Hence

e¢]

o
Ih2ll5 = 11312 < Y 1APIM @5, < Y 1APIMIS - gl
k=0

k=0

2

=D 1AM, gl , = M1, LF15 N8l -
k=0
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