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ABSTRACT

The expansion of a thick-walled hollow cylinder in soil is of non-self-similar nature that the stress/
deformation paths are not the same for different soil material points. As a result, this problem cannot be
solved by the common self-similar-based similarity techniques. This paper proposes a novel, exact so-
lution for rigorous drained expansion analysis of a hollow cylinder of critical state soils. Considering
stress-dependent elastic moduli of soils, new analytical stress and displacement solutions for the non-
self-similar problem are developed taking the small strain assumption in the elastic zone. In the plas-
tic zone, the cavity expansion response is formulated into a set of first-order partial differential equations
(PDEs) with the combination use of Eulerian and Lagrangian descriptions, and a novel solution algorithm
is developed to efficiently solve this complex boundary value problem. The solution is presented in a
general form and thus can be useful for a wide range of soils. With the new solution, the non-self-similar
nature induced by the finite outer boundary is clearly demonstrated and highlighted, which is found to
be greatly different to the behaviour of cavity expansion in infinite soil mass. The present solution may
serve as a benchmark for verifying the performance of advanced numerical techniques with critical state
soil models and be used to capture the finite boundary effect for pressuremeter tests in small-sized
calibration chambers.
© 2024 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).

1. Introduction

significant outer boundary effect may exist in some geotechnical
problems, such as pressuremeter tests and cone penetration tests in

Cavity expansion theory is concerned with the changes in
stresses and displacements caused by the expansion of a cylindri-
cal/spherical cavity (Yu, 2000). This theory has been proved to be a
versatile and useful tool for the interpretation of pressuremeter
tests and cone penetration tests (Gibson and Anderson, 1961;
Hughes et al., 1977; Chang et al., 2001; Ghafghazi and Shuttle, 2008;
Mo et al., 2020), bearing capacity estimation of piles and anchors
(Vesic, 1972; Randolph et al., 1994; Zhuang and Yu, 2018, Zhuang
et al.,, 2021b), prediction of tunnel stability and deformation
(Mair and Taylor, 1993; Yu and Rowe, 1999; Zhuang et al., 2022). The
majority of previous studies focused mainly on cavities embedded
in an infinite soil mass, which might be suitable for the analyses of
many in situ geotechnical engineering problems. However,
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small-sized calibration chambers (Jewell et al., 1980; Fahey, 1986;
Schnaid and Houlsby, 1991; Salgado et al., 1997; Zhuang et al.,
2021a; Song et al., 2022; Li et al., 2023). Due to the outer bound-
ary effect, soil material points at different radial locations do not
share the same stress/deformation path, which means that the
cavity expansion process becomes non-self-similar (i.e. different
stress/deformation path).

Quasi-static cavity expansion is a typical boundary value prob-
lem that can generally be expressed into a set of governing equa-
tions such as stress equilibrium equations, displacement
compatibility conditions, and stress-strain relationships. Over the
past decades, numerous solutions for solving this problem have
been developed (Yu, 2000), among which the analytical/semi-
analytical approaches can be broadly categorised into two groups
(Yu and Carter, 2002), namely the auxiliary variable approach and
the total strain approach.

The auxiliary variable approach was first used by Hill (1950)
(also known as Hill’s incremental velocity method or similarity
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technique) for the cavity expansion analysis in Tresca materials, in
which the radius of the elastic-plastic interface is taken as the
timescale. Hill's approach was then followed for the analyses of
cavity expansion problems in dilatant cohesive-frictional Mohr-
Coulomb soils (Yu and Carter, 2002; Carter and Yu, 2022) and
critical state soils (Collins et al., 1992; Zhou et al., 2021). Another
branch of this approach transforms the governing partial differ-
ential equations (PDEs) in terms of material time and spatial de-
rivatives (i.e. Lagrangian and Eulerian descriptions, respectively)
into ordinary differential equations (ODEs) by auxiliary variables
(Chen and Abousleiman, 2013; Su, 2021). Taking more advanced
soil models, this powerful approach has recently been used to
investigate the effects of factors such as stress and material
anisotropy, soil structure, unsaturated state, and temperature on
the cavity expansion behaviour (Russell and Khalili, 2006; Li et al.,
2016, 2021a, 2021b; Zhou et al., 2018; Chen and Liu, 2019; Chen
et al., 2020; Yang et al., 2021; Chen and Mo, 2022; Mo et al,,
2022). Nevertheless, it needs to be highlighted that this approach
was developed on the basis of self-similarity of stress and strain
configurations (i.e. every material point shares the same stress/
deformation path) (Hill, 1950; Collins et al., 1992; Yu and Carter,
2002; Chen and Abousleiman, 2013; Yang et al., 2023). As such,
this approach is generally appropriate for the expansion of a cy-
lindrical/spherical cavity in an infinite soil mass, but not for cavity
expansion in the non-self-similar process (e.g. in a bounded soil
mass under drained conditions).

In the total strain approach, the incremental form of constitutive
equations is integrated directly to result in a relationship between
effective stresses and total strains. Then the time integral of
deformation rates can be expressed by logarithmic strains
(Chadwick, 1959), which enables Eulerian stresses/strains at an
instant of time to be related to the motion of each soil material
point. This approach has been successfully applied to the analyses
of cavity expansion problems in various perfectly elastic-plastic
materials (Gibson and Anderson, 1961; Bigoni and Laudiero, 1989;
Yu and Houlsby, 1991). When more sophisticated soil models (e.g.
critical state models) are employed, analytical or semi-analytical
solutions may also be obtained with this approach for undrained
cavity expansion analyses due mainly to the constant-volume
simplification (Collins and Yu, 1996; Cao et al., 2001; Silvestri and
Abou-Samra, 2012; Vrakas, 2016; Wang and Chen, 2022), whereas
solutions for drained analyses were rarely reported with the
approach. In addition, it needs to be mentioned that the total strain
method suits the analyses of both self-similar (e.g. cavity expansion
in infinite soils) and non-self-similar cavity expansion problems
(e.g. a pressurised cavity in soil mass of a finite radial extent) (Yu,
1992; Zhuang et al., 2021a).

There are only a few solutions for cavity expansion in a bounded
soil mass to account for the boundary effects. For example: (i) Using
the total strain approach, Yu (1992, 1993) derived large strain so-
lutions for the drained analysis of a pressurised hollow cylinder and
sphere, respectively, adopting the elastic-perfectly plastic Mohr-
Coulomb model. Zhuang et al. (2021a) proposed a general solu-
tion procedure for the expansion/contraction analysis of a hollow
cylinder/sphere of Cam Clay soils under undrained conditions, but
the approach can hardly be adopted for analyses under drained
conditions because the analytical form of stress-total strain rela-
tionship is difficult to be obtained; and (ii) For cavity expansion
analysis in bounded critical state soils under drained conditions,
only a few approximate solutions have been developed using the
self-similar-based auxiliary variable approach and assuming the
radius of the elastic-plastic boundary is always smaller than the
outer radius of the soil mass (Pournaghiazar et al., 2013; Cheng
et al, 2018; Cheng and Yang, 2019). Consequently, rigorous
drained analysis of boundary effects in the common cavity

expansion problem with advanced soil models highly relies on
cumbersome numerical methods (Osinov and Cudmani, 2001).

According to the above analyses, it can be concluded that
neither the total strain approach nor the auxiliary variable
approach can be directly applied to the drained cavity expansion in
a finite critical state (Cam Clay) soil mass. While rigorous analyses
for this kind of problem can depend on numerical methods such as
the finite element method (FEM), analytical/semi-analytical cavity
expansion solutions are equally important as they can: (i) provide
an alternative tool for validating the advanced numerical tech-
niques and (ii) be more accessible to a wide range of users to
incorporate complex constitutive models. To fill the gap, this paper
develops a rigorous semi-analytical method for the drained
expansion analysis of a hollow cylinder of critical state soils. The
considered problem is defined at first, which is followed by
developing the novel solution method and calculation algorithm.
The proposed method is validated by comparing with FEM and
other published solutions in special cases, and its relationships
with the auxiliary variable approach and total strain approach are
discussed. Then a thorough parametric analysis is conducted to
investigate the non-self-similar behaviour of cavity expansion in a
bounded soil mass. Finally, conclusions are drawn in the last part of
this paper.

2. Problem definition and assumptions

As depicted in Fig. 1a, a hollow cylinder of soil with an infinite
length is considered, which is initially subjected to horizontal stress
o, and vertical stress oy. The initial inner and outer radii of the
cylinder are ag and by, respectively. Then the cylinder is internally
pressurised with a sufficiently slow speed under perfectly drained
conditions, and the expansion analysis is conducted under plane
strain conditions with respect to the vertical direction. As the
pressure at the inner wall increases from oy, to the current inner
pressure g, the inner and outer radii of the soil cylinder become a
and b, respectively, and the vertical stress changes to be a. The soil
is assumed to be isotropic and homogenous, which is modelled by
the Cam-Clay-type critical state models. Once yielding occurs, a
plastic zone with an outer radius of p may appear as shown in
Fig. 1b. In the concerned plane, a cylindrical coordinate system (r, 6,
z) with the origin located at the cavity centre is used for the sake of
convenience.

As drained conditions are assumed, all stresses will be taken as
the effective stresses by default in this study. As defined in Fig. 1, the
stress boundary conditions of the problem can be expressed as

0T|r:a = 0Oq (1)

Orlr—p = 0p (2)

where ¢; is the radial stress, and r is the current radial position of a
soil material point.

The body forces are neglected in the typical quasi-static cavity
expansion analysis (Yu and Houlsby, 1991; Chen and Abousleiman,
2013; Carter and Yu, 2022). With the axisymmetric assumption, the
stress equilibrium equation in the radial direction can be expressed
as

doy  (0r —0g)
T 7 -0 ©)

where 0y is the circumferential stress, and d( -) is the spatial dif-
ferential of (-) for a given time (i.e. Eulerian description).
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Rigorous definitions of the two stress invariants, namely the
mean effective stress and deviatoric stress (p, q), are followed as
given in Eqgs. (4) and (5):

P =5 (0r+0y+02) (4)
q :%\/(Ur*00)2+(0r*¢72)2+(06*02)2 (5)

Then the conjugated volumetric strain (e,) is defined as
& =ért+é&t+éz (6)

where ¢, gy, and ¢, denote the radial, circumferential, and vertical
strains, respectively. Note here the vertical strain remains zero (i.e.
gz = 0) for the present plane strain problem.

3. Critical state soil models

Three widely-used critical state models are considered in this
study to describe the soil behaviour, including the original Cam Clay
model (OCC), the modified Cam Clay model (MCC), and the Clay and
Sand model (CASM) (Yu, 1998). The reasons for choosing these
typical models are primarily to: (i) show the general characteristic
of the new solution in terms of different constitutive models; and
(ii) make it convenient for practical use (e.g. validation of numerical
methods). As shown in Fig. 2, the critical state line (CSL) and normal
consolidation line (NCL) are parallel with each other in the v-Inp
plane with a slope of 4, and the specific volumes (v) at the inter-
section with p = 1 kPaare I' and N, respectively. In the p-q plane, the
slope of the CSL is denoted as M.

The swelling and recompression loop (i.e. reversible processes)
is represented by a single straight line:

v=1vo —kIn(p/po) (7)

where vy denotes the initial specific volume; « is the slope of the
swelling line (SL) in the v-Inp plane; and py denotes the initial mean
stress. The elastic modulus E can be expressed as

E(v,p) = 3(1 = 2pvp/k (8)

where u is the Poisson’s ratio of the soil.
The yield function f and the plastic potential g for two-invariant
Cam Clay soil models can be uniformly expressed as

(b)

Fig. 1. Schematic of the cavity expansion problem: (a) Boundary conditions, and (b) Coordinate system.

v
N
I
(P )
p=1kPa Inp,  Inp
Fig. 2. Definitions of the model parameters.
f=fP.q.pc) =0 9)
g—g(p.a.pg) = 0 (10)

where pc and pg are size parameters for the yield surface and plastic
potential, respectively. p.g is the initial value of p. (Fig. 2). The
evolution of pc is controlled by the volumetric-hardening law:

A~k Dpe

Ds,l,) == e

(11)

where ¢ denotes the plastic volumetric strain; D(-) denotes the
material time differential of (-) for a given soil material point (i.e.
Lagrangian description). Expressions of the yield function f and the

Table 1
fand p for the selected Cam Clay models.

Model f(p,q,pc) pe(p,q) Plastic flow rule
occ n/M — In(pc /p) p exp(n /M) Associated

Mmcc M/M? - (pc/p—1)  p[l+ (1/M)?] Associated
CASM (n/M)" — lnl(gcr/,p) p exp[ln r*(n/M)"] Non-associated

Note: n = g/p is the stress ratio; n and r* are material constants of the CASM, which
control the curvature of the yield surface and the intersection point of the CSL and
the yield surface, respectively.
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isotropic consolidation pressure p. are summarised in Table 1 for
the OCC, MCC, and CASM models.

4. Analytical solution for the elastic analysis

Soil deformation in the elastic zone (i.e. p < r < b) is usually
very small so the small strain theory is commonly adopted in the
elastic analysis (Yu and Houlsby, 1991; Chen and Abousleiman,
2013), by which the stress-strain relationship can be expressed as

Def —d(Du)/dr 1 —p —p] [Dor
e| _ _ — _ _

Dej | = Du/r Ev. D) w1 u | | Doy

DeS 0 - —u 1 Do,

(12)

where &} (k =, 0, z) denotes the elastic component of ¢, and is
taken as positive for compression; and u = r —rg is the radial
displacement of a soil material point whose initial radius is rg. It is
noted that Eq. (12) cannot be easily solved following conventional
approaches (e.g. Yu, 1992) because the stress-dependent elastic
moduli are influenced by the outer boundary effect. Elastic solu-
tions for stresses and displacements should be discussed separately
as follows.

4.1. Stress analysis

The compatibility equation in terms of strain components can be
obtained from Eq. (12) (Salgado et al., 1997; Yu, 2000):

d(Ds‘é) N (Deg - Deﬁ)

dr r =0 (13)

Substituting Eq. (12) into Eq. (13), the compatibility equation
will become

d o) — 0y

a[*#”rJr(]*#)Uf)]Jrf—o (14)
Combination of Egs. (3) and (14) leads to

d (or+09) =0 (15)

o+ =

It is interesting to find that o, + 04 does not vary with radial
positions (but it may vary with time), and o + 0y is denoted as
20y, — B, without loss of generality.

Then the elastic stresses can be readily obtained by solving Eqgs.
(2),(3), (12) and (15):

or = o+ B, [(b/r)2 - 1] (16a)
oy = o — B, [(b/r)2 + 1] (16b)
0, = oy — 2uB, (16c)
B — T —0h 16d

" b/p? -1 (e

where oy, denotes the radial stress at the elastic-plastic boundary
(r = p); and B, can be found to be a non-negative constant for a
given time (but it changes with p or time).

The mean effective stress and deviatoric stress at r = p (i.e. p,
and g, ) can be obtained by substituting Eq. (16) into Egs. (4) and (5)

with the unknown of B,. Based on the stress continuity conditions
atr = p, B, can be determined by substituting p, and g, into yield
function (9). Then the specific volume at r = p (i.e. v,) can be
computed from Eq. (7).

4.2. Displacement analysis

Eqgs. (4) and (16) indicate the mean effective stress in the elastic
zone varies during the expansion process. Accordingly, the elastic
moduli of soils vary as they are assumed to be stress-dependent in
these Cam Clay models. In this case the elastic displacement is
written in an incremental form by combining Egs. (12) and (16):

_r( 4w 2
Du _W[l —2u+ (b/r) ]DBp (17)
An analytical solution for displacement analysis is innovatively
developed as follows.
Combining Eqgs. (4) and (16), the mean effective stress in the
elastic zone can be expressed as

2(1 +
p:Po—%Bp (18)

where py = (oy +20y,) /3 denotes the initial mean effective stress.
Eq. (18) demonstrates that: (i) the mean effective stress is no longer
a constant in the elastic zone due mainly to the influence of the
outer boundary effect, which is different to published solutions for
cavity expansion in the infinite soil mass (e.g. Chen and
Abousleiman, 2013; Mo and Yu, 2018); and (ii) the mean effective
stress is only dependent on time (or B,), instead of varying with the
radial position. The latter conclusion is essential to develop the
analytical form of displacement solution.

For a soil material point in the elastic zone, the integral of Eq.
(17) together with Eqgs. (7), (8), (16) and (18) can give the integral
form of particle displacements:

u(r) = (19)

by 2
—TK 1-2p+ (b/r)”| Dp
p 2(1 = 2p) |vo —«1In(p/po) | P
0

Owing to the small strain assumption in the elastic zone, the
current radial position of a particle can be replaced by its original
position (i.e. r = ryp and b = bgy) when calculating elastic dis-
placements. Therefore, elastic displacements can be obtained by
integrating Eq. (19) as

u(r) _1-2u+(bo/ro)*, (1 K. Dy
o~ 212 m@ %mm> (20)

In particular, the displacements at the elastic-plastic boundary
and the outer cylinder wall can then be obtained from Eq. (20) as

u(p)  1-2u+ (bo/po)° ( K m)

2 2 TR AZ0R0) n (1~ B nt2 21
Po 2(1 - 2u) vp Do @D
ub)y 1-u K. Dp

by 7172M1n<1 %linJ (22)

where p, is the initial value of p. An iteration can be made by
replacing py and by in Eqgs. (21) and (22) with the newly derived p
and b, respectively, which will give rather accurate results of p and
b.

Closed-form solutions for stresses and displacements in the
elastic zone are presented by Egs. ((7), (16), (18) and (20). The
analytical expressions can greatly simplify calculation procedures
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for the analysis in the elastic zone and provide the boundary values
at r = p for the PDEs in the plastic zone. In addition, these solutions
can also be used for the calculation of stresses and displacements
during the purely elastic expansion process (i.e. entire soil deforms
elastically) by replacing p and oy, with a and o, respectively.

5. Governing equations for plastic analysis

In this section five first-order PDEs are formulated to solve the
unknowns (e.g. 1, or, 04, 0z, and v) required for the analysis in the
plastic zone (a < r < p), which is achieved by the combined use of
Eulerian description (for a given time) and Lagrangian description
(for a given particle) as follows.

At first, to account for the large deformation effect in the plastic
zone, the Eulerian logarithmic strains are adopted (Chen and
Abousleiman, 2013; Mo and Yu, 2018):

er = —In(dr/drg) (23)
gy = — ln(r/ro) (24)
e = —In(v/vp) (25)

The radial, circumferential, and volumetric strains are not in-
dependent and should satisfy Eq. (6), thereby giving the compati-
bility equation in terms of r and v:

vrg
dr = —dr 26
g 070 (26)
Combining Eqs. (3) and (26), the stress equilibrium equation can
be transformed to be the expression of ¢, in the Eulerian
description:

-
do = (04 — 0y) :ngro (27)

Following Chen and Abousleiman (2012), the elastic-plastic
constitutive equations can be written in the Lagrangian form:

Der Arr Arﬁ Arz D(Tr
Dey | = | Ay Agg Ay, | | Doy (28)

De, Az Ay Az | | Doy
where Ay (k=r,0,z; 1=, 6, z) is defined as

ko1 0gof,
E I{p aﬂ'k 60’[7
Ay = (29)
1. 10 of

ET R dog oy K !

Substituting Egs. (6), (24) and (25) into Eq. (28), the circumfer-
ential stress, vertical stress, and specific volume can be expressed in
the incremental form:

-1
DO'H _ Agg Aﬂz —AgrDO'r — Dr/r (31)
Do, Ay Az —AzDor

Dy Arr +Agy + Az 1" [ Doy

— = — |Ay+Ay+Ay| | Doy (32)

v Az + Ay, + Az Do,

Five PDEs for the analysis in the plastic zone have been obtained
by the combination use of Eulerian description (i.e. Egs. (26) and
(27)) and Lagrangian description (i.e. Egs. (31) and (32)). Conse-
quently, the stresses and strains in the plastic zone can be calcu-
lated with the information at the elastic-plastic boundary. It is
noted that no specific constitutive models are restricted in the
above derivations so that these equations can be useful for a wide
range of materials. Taking the OCC, MCC, and CASM models as
example, detailed expressions for Kp, 3g/90y, and of /do, in Eq. (29)
are summarised in Table 2.

In addition, the entire soil cylinder may become plastic or enter
the fully plastic expansion stage. This is easy to occur when (i) The
thickness ratio of the soil cylinder (by/ag) is small; (ii) The initial
overconsolidation ratio of soil (represented by Ry = pco/po) is
close to 1; and (iii) The cavity expansion level gets sufficiently large.
In this case the above governing PDEs still work, but the boundary
values at r = p should be replaced by those at r = b.

6. Problem definition and assumptions

Both the material time derivative (Lagrangian description) and
the spatial derivative (Eulerian description) are involved in the
governing PDEs for the elastoplastic cavity expansion analysis, and
they cannot be transformed into ODEs easily for the present non-
self-similar problem, if not impossible. In this section, a novel so-
lution algorithm for solving this problem is developed as follows.

It is convenient to discrete the hollow cylinder of soil into (m—1)
concentric annuli, where m represents the number of nodes (Fig. 3).
At the same time, the loading process is divided into a number of
continuous load steps. In the step prior to loading (i.e. step (0)),
0
0"
i=1,2,3, .., mdenotes the ith node and the superscript denotes
the number of load step. To improve calculation efficiency, the
distribution of nodes is set to follow the nonlinear function:

1/(m-1)
© _ (bo 0)
I (a0> i) (33)

each node is marked by its initial position r;;’, where the subscript

For convenience, the radial location, as well as stress and

of og wpc : . ; . )
Kp = ~opeap A« (30) deformation conditions, for the ith node at the jth load step is
¢ stored in an information vector:
Table 2
Kp, of /o0y, and dg /oy, for the selected Cam Clay models.
Model Functions
_ v M-n of 9g _M-n 3(0-p)
oce Ko =3 Mp * o0, 00, 3Mp 2Mpq
_ v M-t of  9g _ MP—9* 3(0k—D)
Mcc K =7= M4p ° b0, 90, 3MZp M2p2
v 1 27(M — 1) of _1-ninr'(a/M)" 3(o—p)m*' g _ 9M —n+(9+3M — 2Mn)( — p)/2q]
CASM Kp - % _

T A—«Inr pB+20)3-1n) a0,

3(Inr)p 2Mnrgp 7 9oy pB+2n(3-mn)
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selected node

inner cavity wall
|

Fig. 3. Discretisation of calculation nodes.

0 — [0 5.0 g0 50 0"
x0) = [ or) oufd 220 43 (34)
where the superscript “(j)” represents the jth load step.

The loading process is controlled by gradually increasing the

radius of the elastic-plastic boundary. A special loading pattern that
the elastic-plastic boundary expands to the jth node at the end of

the jth load step (i.e. pg) = rég) and pi) = rg;), is chosen to connect
the integrations with respect to time (for a given particle) and space
(for a given time). Therefore, the calculation of xgg can be divided

into three cases (Fig. 4a):

(1) If (j)<(i), the ith node is within the elastic zone, which means
xﬂ; can be readily derived from the elastic solution;

(2) If (j)=(i), the ith node is just on the elastic-plastic boundary.
In this case, xg) can also be determined by the elastic solution

)

withrg = pg> ES);

(3) If (/)>(i), the ith node is within the plastic zone and then x!)
needs to be calculated by solving the governing PDEs in the

plastic zone.

=r

Fig. 4b shows the increments of ¥ with respect to time and space
(i.e. Dx and dx) for the elastoplastic cavity expansion analysis. At
the jth load step, the increment of ¥ from node (i+1) to node (i) is
defined as

— x40
dx = xj - X, ) (35)

The explicit Euler method is chosen to solve the PDEs. Specif-
ically, dr and do; can be obtained from Egs. (26), (27) and (35) with

the known information of drg = r0 0

o Nty and

()|
and x = i1y

() [load step elastic-plastic boundary

0) I —

(i-1) Lemma- —i

plastic zone

O e e St R

b

(2) I G e _I .: e _:_ s _:

(1) ____;____;_..‘........-1:____.i__. __E
o i i : : 1 node

I‘(U F(Z) /"(3) /"(1_1) I’(,) r(m)

(a)

then r((f; and arg) are determined. x” . with decreasing node

) (i+1)
numbers can be determined node-by-node from the elastic-plastic
8; to node r((’l)) ).

For the ith node upon loading from load step (j-1) to load step
(j), Dx is equal to

boundary to the inner cylinder wall (i.e. from node r

()] (-1)
Dx = x) — X} (36)

where xg;l) is known from the previous step of loading. Having
calculated rgg and arg; from Eqgs. (26), (27) and (35), Dr((g and Dar(%

can be known by Eq. (36). Then, Dgy, Doz, and Dv can be calculated

from Egs. (31), (32) and (36) withx = xg)_”, and Ugg;, azg;, and ”EQ
are also determined. By repeating the above work until a target
expansion level is reached (e.g. the inner radial reaches dqnq),
stresses and displacements during the continuous expansion pro-
cess can be computed, and the calculation procedures are sum-

marised in Fig. 5.

7. Special cases

In this section, the adaptability of the present solution approach
is further discussed taking two special cases as examples.

7.1. Self-similar cavity expansion problem

Assuming the outer radius of the soil cylinder to be infinite (i.e.
bg/ag = ), the cavity may expand in a self-similar manner. In this
simplified case, all material points follow exactly the same and
unique stress/deformation path during the expansion process,
which implies that all the stress components and specific volume
for any material point, could be functions of one single variable (e.g.
gp) (Chen and Abousleiman, 2013). On this basis, the preceding
governing PDEs in terms of time and spatial derivatives can be
transformed into a set of ODEs by introducing an appropriate
timescale or auxiliary variable. Normally, the auxiliary variable y is
the monotonic function of a dimensionless radial coordinate which
satisfies the equality relation of dy = Dy, for example, r/p, (r —
r9)/r, and rq/r (Collins et al.,, 1992; Chen and Abousleiman, 2013;
Su, 2021). The connection between the present method and the
auxiliary variable approach is discussed as follows.

()

X X
(1)
o A
Q/ )
: (i+1)
(=1) ] !
(T I e (R
o L
b Ly
{ | : |
oo
> )
[
-1 / e node
/ /

4y 1)

(b)

Fig. 4. xg;: (a) Two-dimensional schematic, and (b) Three-dimensional schematic.
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1 Input initial parameters, including:

1.1 Soil parameters (I, 4, k, 1, M, n, and r") and stress state (on, ov, and Ro);
1.2 Shape parameters (ao, bo, and denq);
1.3 m that controls the node numbers.

2 Calculate po, qo, peo, and vo; calculate 7<) by Eq. (33).

i
)

3 Calculate the purely elastic loading response:

3.1 Gradually increase o, (6,>0n) until initial yielding occurs;

32 Calculate the stresses by Eq. (16) with o,, =0, and a=p;

33 Calculate the p, g, and v by Egs. (4), (5), and (7), respectively;

3.4 Calculate the particle displacement u by Eq. (20).

4 Calculate the elastic-plastic loading response ( pé’ ) < b,):

41  Let()=()=1and p{’ =7 =a,;

4.2 Calculate B, by numerically solving Eqs. (4), (5), (9) and (16);
43 Calculate x((ll)) from Egs. (7), (16), (18), and (20) with the known B,;

4.4 If a<dena

4.4.2 Calculate x|

4.4.3 Calculate X

i

(@)

4.5 End.

441 Gradually increase (j) (i.e. ())=()+1 ); pé’ ) = r((jo)) ;
(( /’)) following procedures 4.2 to 4.3;
(

)) node by node from r(f/")) to r((l{) (i.e. (9) decreases from (j) to (1) );
at each node, x((i? is determined by:

calculate dr and do, (then r((,)' ) and Uz-f,-i)) ) from Egs. (26) and (27);
calculate Dr and Do, from Eq. (36);

calculate Doy and Do, (then O’OE ")) and 012,{)) ) from Eq. (31);

calculate Dv (then v(’)) from Eq. (32);

5 Calculate the fully plastic loading response ( p((,’ ) = by ):

51 ()==m; p" =1 =by;

5.2 Calculate x<(i’)) following procedures 4.4.2 to 4.4.3;

53 If a<aena
53.1 Gradually increase (j) from (m); r((nf)) increases from r(("','? (r((,;f )) > r(fs')) ).
532 O',E;)) =0, ; calculate O'UE,;)) s (f)) ,and v((,f;)) from Eqgs. (31) and (32);

53.3 Calculate x((,.’)) following procedure 4.4.3;

5.4 End.

6 At the final load step, iterate péj ) in procedure 4 (or r((’)) in procedure 5) by the dichotomous method

until a”=aenq.

Fig. 5. Calculation procedures for the elastic-plastic cavity expansion response.

Following the above criteria, we can take x = —¢y (i.e. In(r /rp))
as a new auxiliary variable to link loading history for a material
point and field distribution for a given time. Then Dey = dey gives

%_dr—Dr

To r (37)

Combining Eqs. (26) and (37), the term dr/r can be expressed by
Dr/r as

dr rav Dr
(L )X 38
<r§v — r2v0> r ( )

With Eq. (38), the stress equilibrium equation (Eq. (3)) can be

converted into the expression of ¢; in the Lagrangian form. As a
result, the preceding PDEs for Do, Dagy, Do, and Dv have been
reduced to four ODEs in terms of Dr/r (i.e. — Degy), which can be
readily solved using commercial ODE solvers. Therefore, the
auxiliary variable approach can be seen as a special case of the
present approach when by/ag— « and x = — .

7.2. Solution in elastic-perfectly plastic MC materials

The proposed solution method can also be extended to the
expansion analysis of a pressurised cylinder with the elastic-
perfectly plastic Mohr-Coulomb model, which has also been
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investigated by Yu (1992) using the total strain approach. Necessary

modifications for corresponding equations are given as follows.
As constant elastic moduli of soils were adopted in Yu (1992),

expressions for the specific volume and displacement, corre-

sponding to Eqgs. (7) and (20), become

v EO

u(r) By(1+
# _ % [1- 20+ (Bo/ro)?] (40)
0 0
where Ej is the constant elastic modulus.
The yield function and plastic potential for the non-associated
Mohr-Coulomb model are

B 1+sing 2ccosg
f_grfl—singogofl—sin(p_o (41)
1+siny 2ccosy

E=0 T siny” " 1_siny (42)
where ¢, ¢, and ¥ denote the friction angle, cohesion, and dilation
angle. Then the PDEs for Doy, Do, and Dv (i.e. Egs. (31) and (32)) can
be simplified as

Doyl _ Dor [1-sing

{DUZ} " 1+sing { 2p (43)
Dv_pr 1]2¢—1-#G] Do
—:C\/,—-i-E— 2,(1,71+C‘/, Day (44)
v T Fo|2u—1-uCy| |Do,

where C;, = (2siny) /(1 +siny) is a material constant.

Yu and Houlsby (1991) and Yu (1992) demonstrated that ¢, and
gy can be directly obtained by combining the equilibrium equation
and yield function (Egs. (3) and (41)) with the perfectly elastic-
plastic Mohr-Coulomb model (constant Ey, ¢, ¢, and ). Following
the loading history of a soil material point, Eqs. (43) and (44) can be
analytically integrated to derive the expressions of (v —uvg) and
(6, — ay) in terms of ¢, and ¢4, which allows the cavity expansion
analysis to be conducted by the total strain approach. Therefore, the
analytical solution derived in Yu (1992) by the total strain approach
can be seen as a special case of the present semi-analytical solution
with state-independent strength, stiffness, and dilatancy.

8. Results and discussion
8.1. Solution validation

The proposed solution method is validated by comparison with
some published results in the references. At first, the present so-
lution is compared with the large strain solution of Yu (1992) for
cavity expansion in a finite Mohr-Coulomb material, taking the
same soil parameters (Eg/(« — 1) =500 0, u =0.3,c=0,9 = 40°,
and ¥ = 0° and 20°). Fig. 6 shows that identical results are ob-
tained by these two methods, which validates the accuracy of the
proposed solution in this special case. The results also indicate that
the outer boundary may impose a significant effect on the cavity
expansion behaviour when the thickness ratio of the cylinder is
smaller than a limit value, and this effect is enhanced in the soil
with a larger dilation angle.

Using the auxiliary variable method, Chen and Abousleiman
(2013) developed a rigorous drained solution for a cylindrical

30

Symbol: Yu (1992)
25| Line : This study i
by/a,=500

Fig. 6. Cavity expansion curves with various bp/ag values: (a) ¥ = 0° and (b) ¥ = 20°.

Table 3
Parameters used for the comparison with Chen and Abousleiman (2013).
Ro oy, (kPa) ay (kPa) po (kPa) qo (kPa) ay/ oy Vo
1 100 160 120 60 0.625 2.09
120 120 120 0 1 1.97
10 144 72 120 72 2 1.80

Note: MCC model parameters are: M = 1.2, 4 = 0.15, k = 0.03, ¢ = 0.278, and
I' = 2.74. qq is the initial deviatoric stress.

cavity expanding in an infinite soil mass adopting the MCC model. A
comparison is made between Chen and Abousleiman’s solution and
the proposed solution with a sufficiently large value of by/ag (e.g.
10,000), taking the same input parameters as summarised in
Table 3. In Figs. 7—9, the distributions of o, 0y, and 0 at depq/ag = 2
are plotted in a semi-logarithmic scale, while the corresponding
stress paths for a material point at ry = ag are presented in the p —
q plane. It can be found that Chen and Abousleiman’s solution can
be exactly recovered by the present solution when by/ag— «. The
good agreement also means that simplifying r by rg for displace-
ments in the elastic zone (see Eq. (20)) can satisfy the calculation
accuracy because of the sufficiently small strain.

Finally, the new solution is validated by comparison with FEM
with the same input parameters in Table 3. The one-dimensional
axisymmetric numerical model proposed by Zhou et al. (2021) is
followed in the numerical simulations with Abaqus 2019. The



2334

500

© Chen and Abousleiman (2013)
This study

I
(=]
(=]

o, , 0y,and o, (kPa)
[\ (O8]
[ o
(=] o

—_
[
(=]

H. Yang et al. / Journal of Rock Mechanics and Geotechnical Engineering 16 (2024) 2326—2340

400

© Chen and Abousleiman (2013) “
This study 7

.—Initial yield surface
100 200 300 400
p (kPa)

Fig. 7. Stress distributions and stress paths for Ry = 1: (a) Stress distributions, and (b) Stress paths at the inner cavity wall.
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Fig. 8. Stress distributions and stress paths for Ry = 3: (a) Stress distributions, and (b) Stress paths at the inner cavity wall.
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Fig. 9. Stress distributions and stress paths for Ry = 10: (a) Stress distributions, and (b) Stress paths at the inner cavity wall.

thickness ratio bg/ag is set as 20 and the MCC model built-in
Abaqus is adopted. Fig. 10 shows the comparison of cavity expan-
sion curves calculated by the present solution and FEM, and the

identical results once again validate the soundness of the present
solution.

8.2. Non-self-similar cavity expansion behaviour

For comparison, stress and deformation paths of soil material
points at different radial positions (e.g. rop = ag, 5ag, 15ag, and
30ag = bg) are captured during the expansion process. The results
are plotted both in the p—q and v—Inp planes as shown in
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Fig. 10. Comparison of cavity expansion curves calculated by the present solution and
FEM.

Figs. 11—13, in which the solid squares and circles mark the origin
and end of loading (i.e. aqpq/ag = 5), respectively.

During the continuous expansion process, it is known that all
material points around the cavity share the same stress and
deformation paths for self-similar cavity expansion problems (e.g. a
cylindrical cavity in an infinite soil mass of axisymmetric stress
conditions) (Collins et al., 1992; Chen and Abousleiman, 2013; Mo
and Yu, 2018). On the contrary, Figs. 11—13 show that these paths
differ significantly for particles at different radial positions, which
corroborates the non-self-similar nature of cavity expansion in soils
with a finite radial extent.

For the present non-self-similar problem, the stress states of soil
material points closely relate to the level of expansion, the radial
distance to the cavity wall, and the initial overconsolidation ratio.
Figs. 11—13 indicate the closer to the cavity wall the earlier the
stress state reaches the critical state, and soil material points with
larger initial radii generally take shorter paths to the CSL. With the
same expansion level, material points near the outer boundary may
enter the plastic state in normally consolidated soils (e.g. Ry = 1),
whereas only elastic deformation occurs (e.g. within the initial

400F e ' b " 4%
Aend / a()_S Q%\)/ s
- T4 27
300 ry=5a, i
—ry=15aq,
5 ry=30a,=b
& 200 | I §
S
100 .
e o (p[)a qO)
POORN gl
e " .— Initial yield surface
0 " 1 3 g 1 " 1
0 100 200 300
(a) p (kPa)

yield surface in the p — g plane or purely move along the SL in the
v —In p plane) in overconsolidated soils (e.g. Ry = 3 and 10). The
stress paths prior to yielding are approximately straight lines in the
p — q plane but vary with the radial positions of material points. In
the purely elastic stage, the mean stress reduces upon loading, and
the reduction becomes greater as the particle radius increases. This
is also greatly different to what happens in a self-similar cavity
expansion process (Chen and Abousleiman, 2013; Mo and Yu,
2018).

8.3. Cavity expansion response

Using the proposed solution for the MCC model with the pa-
rameters in Table 3, cavity expansion curves (i.e. a4/0y, versus a/ag)
and stress paths of material points at the inner cavity wall with
various bg/ap ratios and Ry values are calculated and plotted in
Figs. 14—16. In these figures, the triangles on some cavity expansion
curves indicate the moment that the elastic-plastic boundary just
reaches the outer boundary of the hollow cylinder (i.e. p = bg),
and the solid circle marks the end moment of loading (i.e.
Gend/Ao = 5). From the cavity expansion curves in Figs. 14—16, it can
be seen: (i) With a large value of by /ag, the required cavity pressure
increases with a/ay and gradually approaches a limit pressure,
which is almost the same as that happens for a cavity in an infinite
soil mass; and (ii) When bg/ag is small (e.g. less than 20 with the
present parameters), a maximum cavity pressure may be reached,
whereas this value could be much smaller than the aforementioned
limit pressure, and the cavity pressure drops in the following
expansion process.

The outer boundary effect becomes more significant with the
increase of the overconsolidation ratio of soil (i.e. Rg). For example,
for a.pq/ag = 5, the inner cavity pressure for bg/ag = 30 is 84.3 % of
that for by/ay — o in the case of Ry = 1, and this ratio becomes
76.8 % and 70.7 % in the cases of Ry = 3 and 10, respectively. The
outer boundary effect can also be clearly shown in the stress path
plot (e.g. Fig. 14b, 15b and 16b). Initially, the stresses (p, q) with
various bgy/ag values take almost the same paths to the CSL. With
further expansion, the stresses keep increasing and finally
approach a limit point on or near the CSL (q/p— M and Dq/Dp —M)
for the cases with by/ay — o, while the stress path may reverse
and reduce alone/near the CSL for the cases with a small by /ag ratio.
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\
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\
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50 100 200 400
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Fig. 11. Stress paths of various soil particles for Ry = 1: (a) p-q plane, and (b) v-Inp plane.
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Fig. 12. Stress paths of various soil particles for Ry = 3: (a) p-q plane, and (b) v-Inp plane.

The turning point in the p-q plane gets earlier (i.e. smaller values of
p and q) with the decrease of by/ao.

Finally, to further highlight the significance of the new approach
for non-self-similar cavity expansion problems, a comparison is
made between the present exact solution and the approximate
solution derived by the self-similar-based auxiliary variable
approach. To adopt the auxiliary variable approach to the analysis
of cavity expansion in the finite soil mass, three simplifying as-
sumptions are required, including: (i) The loading history of soil
material points and their spatial variations could be linked by an
auxiliary variable, which was in fact based on the self-similar
assumption; (ii) The radius ratio of the elastic-plastic boundary to
the outer cylinder boundary (i.e. p/b) could be given as a constant
during the loading process, which implies the cavity expansion
behaviour is independent of by /ag; and (iii) The soil cylinder would
not enter the fully plastic expansion stage (i.e. pg/bg < 1).

Figs. 17 and 18 show the comparison results calculated by the
two approaches, taking parameters in Table 3 for the MCC model. In
the approximate solution, pg/bg is assumed to be 0.8 for cavity
expansion in a finite soil mass and to be O for the infinite. As

T T T L

1000} ; /pcs )

Inltlal yleld surface ___..._.. .......................
800 +
00 <

= 600F 1
=
400 -Y —
4 8}) ry=3a,
200°F —ry=15q, .
f (Po> 90) r=30a,=b,
% 200 200 600 800
(@ p (kPa)

expected, Figs. 17 and 18 show that the approximate solution and
the exact solution predict identical results while taking the cylinder
thickness as infinite (i.e. bg/ag— « and py/by = 0). On the other
hand, significant differences in cavity expansion curves and stress
paths are observed once a finite soil mass (bg/ag = 20) is
considered. The exact solution predicts that the cavity pressure
increases first and then drops after reaching a peak pressure.
However, the approximate solution with a constant value of
po/bo = 0.8 predicts that the inner pressure increases continually
and finally approaches a limit pressure which is smaller than that
for the case neglecting the finite boundary effect. This is primarily
because py/bg should in reality increase from ag/bg to 1, and con-
stant pg/bg in the approximate solution cannot account for the
increasingly significant outer boundary effect during the contin-
uous expansion process. Regarding the stress paths, the mean
effective stress calculated by the approximate solution drops much
faster than that by the exact solution in the elastic expansion stage
and then approaches a steady state without softening. Overall, the
auxiliary variable approach with the above simplifying assump-
tions may lead to considerable errors for the drained expansion

1.90

1.85

~ 1.80

1.75

1.70

() p (kPa)

Fig. 13. Stress paths of various soil particles for Ry = 10: (a) p-q plane, and (b) v-Inp plane.
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Fig. 14. Cavity expansion curves and stress paths at cavity wall for Ry = 1: (a) Cavity expansion curves, and (b) Stress paths.
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Fig. 15. Cavity expansion curves and stress paths at cavity wall for Ry = 3: (a) Cavity expansion curves, and (b) Stress paths.
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Fig. 16. Cavity expansion curves and stress paths at cavity wall for Ry = 10: (a) Cavity expansion curves, and (b) Stress paths.
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Fig. 17. Cavity expansion curves and stress paths at cavity wall for Ry = 3: (a) Cavity expansion curves, and (b) Stress paths.
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analysis of a thick-walled hollow cylinder of soils (i.e. non-self-
similar problems).

9. Conclusions

This paper presents a novel semi-analytical solution for rigorous
drained expansion of a pressurised cylinder of critical state soils.
Considering stress-dependent soil moduli, an analytical solution for
the elastic displacement is developed with the small strain
assumption. For the large strain elastoplastic analysis, a set of first-
order PDEs is constructed based on the combination use of Eulerian
and Lagrangian descriptions, and an efficient solution algorithm is
proposed for calculating stresses and deformation in the plastic
zone. Simplifying bg/ag— <, solutions for corresponding cavity
expansion problems in an infinite soil can be recovered by the
present solution. It is also shown the new solution method has
wider adaptability than the commonly used total strain method
and auxiliary variable method.

©  Approximate solution, p,/6,=0.8 ,” |
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200 ¢
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Fig. 18. Cavity expansion curves and stress paths at cavity wall for Ry = 10: (a) Cavity expansion curves, and (b) Stress paths.

Parametric analyses indicate that the outer boundary effect may
significantly affect the cavity expansion response while bg/ag is
small, and this effect may become more significant with the in-
crease of the expansion level ae.,4/d9 and the overconsolidation
ratio Ry. The non-self-similar nature due to the finite radial extent is
demonstrated and discussed by plotting the stress and deformation
paths of various material points in the p — q and v — In p planes,
respectively. Finally, the accuracy of existing approximate solutions
for the expansion analysis of a thick-walled cylinder of critical state
soil is examined. The present solution can serve as a benchmark for
numerical simulations and a tool to capture the finite boundary
effect during pressuremeter tests in small-sized calibration cham-
bers. It also provides a general framework for many other non-self-
similar cavity expansion/contraction problems (e.g. those consid-
ering thermo-hydro-mechanical coupling and loading/unloading
history).
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List of symbols

do, 4, depg initial, current, and final radii of the inner cylinder wall

bo, b initial and current radii of the outer cylinder wall

c cohesion in the Mohr-Coulomb model

D(-) material time differential of (-) for a material point

d() spatial differential of (-) for a given time

E elastic modulus

Eo constant elastic modulus

fg yield function and plastic potential

ij node number and load step number

M, T, A, k critical state parameters

n, r* additional material constants in the CASM

D, q mean effective stress and deviatoric stress

Do, o initial mean effective stress and deviatoric stress

Dco» Pc initial and current isotropic yield pressures

Pp-qp ~ mean effective stress and deviatoric stress at the elastic-
plastic boundary

Rg initial overconsolidation ratio

To, T initial and current radii of a material point

rEg) initial radius of the i-th node

u radial displacement of a material point

vg, V initial and current specific volumes of soil

xgg information vector for the i-th node in the j-th load step

5 s,ﬂ’ elastic component of ¢, (k=r, 0, z)

er, €y, &z total radial, circumferential, and vertical strains

e plastic and total volumetric strains

n stress ratio

o,V friction angle and dilation angle in the Mohr-Coulomb
model

w Poisson’s ratio

Po> P initial and current radii of the elastic-plastic boundary

0q inner cavity pressure

Oh, Oy initial horizontal and vertical stresses

ar, 04, 0, effective radial, circumferential, and vertical stresses

Orp effective radial stress at the elastic-plastic boundary

X auxiliary variable
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