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Abstract: We cast the classical Yang—Baxter equation (CYBE) in a variational con-
text for the first time, by relating it to the theory of Lagrangian multiforms, a framework
designed to capture integrability in a variational fashion. This provides a significant con-
nection between Lagrangian multiforms and the CYBE, one of the most fundamental
concepts of integrable systems. This is achieved by introducing a generating Lagrangian
multiform which depends on a skew-symmetric classical »-matrix with spectral parame-
ters. The multiform Euler-Lagrange equations produce a generating Lax equation which
yields a generating zero curvature equation. The CYBE plays a role at three levels: (1)
it ensures the commutativity of the flows of the generating Lax equation; (2) it ensures
that the generating zero curvature equation holds; (3) it implies the closure relation for
the generating Lagrangian multiform. The specification of an integrable hierarchy is
achieved by fixing certain data: a finite set S ¢ CP!, a Lie algebra g, a g-valued rational
function with poles in S and an r-matrix. We show how our framework is able to generate
a large class of ultralocal integrable hierarchies by providing several known and new
examples pertaining to the rational or trigonometric class. These include the Ablowitz—
Kaup-Newell-Segur hierarchy, the sine-Gordon (sG) hierarchy and various hierarchies
related to Zakharov—Mikhailov type models which contain the Faddeev—Reshetikhin
(FR) model and recently introduced deformed Gross—Neveu models as particular cases.
The versatility of our method is illustrated by showing how to couple integrable hierar-
chies together to create new examples of integrable field theories and their hierarchies.
We provide two examples: the coupling of the nonlinear Schrodinger system to the FR
model and the coupling of sG with the anisotropic FR model.
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1. Introduction

1.1. Context and background.

1.1.1. Integrability in the Hamiltonian framework A profound discovery in the modern
theory of integrable systems was that the special partial differential equations originally
treated in the seminal works [GGKM,ZS], using what is now known as the Inverse
Scattering Method, were also infinite dimensional Hamiltonian systems [G] for which
an analog of the Liouville theorem for finite dimensional Hamiltonian systems could be
established [ZF,ZMan]. This allows one, in particular, to see such systems as Hamilto-
nian field theories. The developments based on these early examples led to the beautiful
theory of the classical r-matrix which captures the special Hamiltonian features of these
models [Drl,STS]. An important condition usually required of the r-matrix is that it
satisfies the classical Yang—Baxter equation (CYBE)

[ri2, ), ri3Ce, )]+ [ri2Gh, ), r3 (e, )| = [r13(, v), ra(, W] = 0. (1.1
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It ensures that a certain Poisson bracket defined using r satisfies the Jacobi identity.
Another important condition is to decide if r is skew-symmetric or not, i.e. whether or
not it satisfies

ri2(A, m) = —ra1(u, A).

This has deep mathematical and physical implications. If the r-matrix is skew-symmetric,
the associated field theories are called ultralocal while they are non-ultralocal otherwise.
In the present work, we restrict our attention to the ultralocal case.

A characteristic feature of integrable field theories is that their equations of motion
come in hierarchies. Specifically, any given integrable Hamiltonian field theory has in-
finitely many conserved charges which can, themselves, be used as Hamiltonians to
define flows with respect to the Poisson bracket. Because all the conserved charges
Poisson commute amongst themselves, it is possible to impose all these flows simulta-
neously on the fields of the theory and thus treat the latter as depending on infinitely
many times. The collection of equations of motion thus obtained is referred to as an
integrable hierarchy. Schematically, for a scalar field theory with field u, there would
be a countable number of conserved charges H;, labelled by integers j > 1 say, in
involution with respect to a given Poisson bracket, namely

{Hi, Hj} =0
for every i, j > 1. The hierarchy would then consist of all the equations
ou = {Hj, u}, (1.2)

where we have introduced an infinite number of times 7; for j > 1. Among all the
conserved charges H, one of them can be taken to be the Hamiltonian of the integrable
field theory one started with. Studying the hierarchy as a whole can reveal much more
structure and properties of the initial model. This is of course not a new idea but here
we depart from the established point of view in that we want to exploit this idea in a
Lagrangian setting.

1.1.2. Integrability in the Lagrangian framework When turning to the Lagrangian set-
ting, one is immediately faced with the following question: how should integrable hi-
erarchies be captured in the Lagrangian formalism? This question found an answer
relatively recently in the theory of Lagrangian multiforms which was introduced in the
seminal paper [LN] and has rapidly developed in various direction. More recently, several
works cast the original idea into the context of continuous integrable field theories, see
[SV,V,SNC,PV,SNC2,CS1,CS2,CS3] for examples of two-dimensional field theories
(e.g. Korteweg-de Vries, sine-Gordon and nonlinear Schrédinger) and [SNC2,SNC3]
for a three-dimensional example (Kadomtsev—Petviashvili). For a two-dimensional field
theory, the central object is a differential two-form

Ll =) Zluldy; Adt (1.3)

)
on an infinite-dimensional space R* parametrised by the infinite collection of times
t; of the hierarchy. The coefficients .Z;;[u] are Lagrangians depending on the fields

of the theory, which are collectively denoted by u here for simplicity (even though
we are no longer restricting to the case of a single scalar field). For each Lagrangian
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coefficient .7 ;[u] we can consider the associated action S;;[u] = fRz Zijluldt; A dt;.
Using the differential two-form (1.3) we can succinctly rewrite all these actions as
Sijlul = fm_j Z[u], where the integral here is over the two dimensional plane o;; ~ R2

spanned by the coordinates #; and ¢; in R*. At this point, of course, there is no reason
for the field theories described by the actions S;;[u] to belong to the same integrable
hierarchy, let alone to produce equations of motion that are integrable! The key new
ingredient is to impose a generalised variational principle on the more general action

S[u,o]:/ﬁ[u], (1.4)

which now also depends on an arbitrary choice of two-dimensional smooth surface o in
R®°. Note, in particular, that S; jlu] = Slu, 0;]. The generalised variational principle
which ties all these theories together is a least action principle for S[u, o] simultane-
ously for all smooth surfaces . This results in what are called the multiform Euler—
Lagrange (EL) equations. These were first derived in [SV] for the two-form case that
we consider in this paper. It can be shown [SV,SNC] that they can be written compactly
as

8d ¥ =0, (1.5)

where d is the usual exterior derivative and § denotes the variational derivative. In the La-
grangian multiform theory, the above generalised variational principle is complemented
by another requirement: on critical points, one also requires that the action be station-
ary with respect to arbitrary local variations of o. This gives us the important closure
relation on the equations of motion, i.e. on shell

d¥ =0. (1.6)

Intuitively, requiring criticality of the action for an arbitrary surface is the new feature
that encodes variationally the commutativity of the flows known to be a signature of
integrability in the Hamiltonian world. Roughly speaking, the connection with (1.2)
is that the Lagrangian coefficients .#}; correspond by a Legendre transform to the
Hamiltonians H;, with the understanding that the time #; plays some preferred role
(the “space” variable) and the ¢;, j > 2 are all the higher times of the hierarchy. The
interpretation of all the other Lagrangian coefficients .Z}; is best obtained by casting the
hierarchy as a collection of compatible zero curvature equations involving Lax matrices
V;(X), namely

3 Vi) — 3, Vi) + [Vi(b), V()] =0 (1.7)

for i, j > 1. Itis known that all these equations are in fact Hamiltonian, see e.g. [AC],
and the case i = 1 corresponds to (1.2). One of the main points of the present work
is that they are also variational with Lagrangian .Z;. It is important to realise that the
multiform EL equations are largely overdetermined equations for the coefficients .Z;;.
Part of these equations impose restrictions on the allowed coefficients, the idea being that
they enforce the integrability of the corresponding theories. The rest consist of standard
EL equations associated to these coefficients and give the equations of motion of the
integrable hierarchy.
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1.1.3. Motivating example: Ablowitz—Kaup—Newell-Segur hierarchy In [CS3], on the
example of the Ablowitz—Kaup—Newell-Segur (AKNS) hierarchy, the notion of La-
grangian multiform was successfully combined with the idea of “compounding hierar-
chies” introduced in the Lagrangian framework in [N1] (itself inspired from the use of
the generating formalism for integrable hierarchies, see e.g. [N2]). This naturally leads
to working with generating functions when dealing with hierarchies. The key object was
what we can call a generating Lagrangian multiform. The simple idea is to organise the
Lagrangian coefficients .Z;; of the 2-form (1.3) into a generating series involving formal
(spectral) parameters

ﬁ .

X(A’M)ZZW'

i,j

(1.8)

It is clear that there is a one-to-one corresponding between £ [u] and £ (), ) where
from the latter, one can extract the coefficients by the formula

L =resy res, (kiuj.,%()», u)) ,

where res;, returns the coefficient of A~! in the series expansion, and similarly for res,,.
One advantage of working with generating series such as (1.8) stems from the usefulness
of generating functions in general: properties of their coefficients are more easily studied
and derived from those of the generating function. In our context, this means that we
can manipulate an integrable hierarchy as a whole instead of studying each Lagrangian
coefficient .Z;; individually. Originally, the latter approach was used in the sense that only
a given “starting” Lagrangian coefficient was known, say .#}», and one would try to build
the higher coefficients .#}; so as to obtain a consistent Lagrangian multiform. Methods
to compute these coefficients were introduced for instance in [V,SNC2]. Although the
recursive algorithm could be applied in principle, in practice this is hard to implement
beyond the first few coefficients. Moreover, the Lagrangians .#;; obtained in this way
usually contain derivatives with respect to #; or f, (the times associated with Z5).
These are not natural times from the point of .%;;: this is the so-called problem of “alien
derivatives” which was identified and explained in [V]. Having a generating Lagrangian
multiform circumvents these issues. This will be elaborated upon in the examples.

For the AKNS hierarchy, the generating Lagrangian multiform can be written as
[CS3]

e 2W W)

20,1 =T (9007 D ()03 ~ $ 00 Dug (o) —Tr = 7=

’

(1.9)

with Q1) = —ip (M) o3 (L)™', ¢ (1) being a group-valued formal series in 1/A with

constant term equal to the identity and whose coefficients contain the dynamical vari-

ables. The operator D, = Z A7 _18,j is a formal collection of all the AKNS flows B,j,
j=0

and similarly for D,. The generating Lagrangian multiform (1.9) generates all the coef-

ficients .%}; systematically and without the problem of alien derivatives, reproducing the
first few coefficients which had been constructed in [SNC,SNC2,PV], as it should. Its
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multiform EL equations yield the defining equations of the AKNS hierarchy as discussed
by Flaschka—Newell-Ratiu (FNR) in [FNR], namelyl

30 =109, QW)1, i >0, (1.10)
where Q(A) = Z ij_j and Q(i)(/\) = Z iji_j and Q¢ = —io3. More precisely,

j=0 j=0
the multiform EL equations for (1.9) produce the equations (1.10) in generating form

, O(A
D, 00 = [Q(w), O( )]’ (L11)
nw—A
where we used the formal series identity
© o®
0“w _ 0w 012

T
= M H—A

1.2. Motivation, main results and plan. Motivation The present work is motivated by
the following observations made on the generating Lagrangian multiform (1.9) and the
generating FNR equations (1.11):

1. The potential term in .Z'(A, u) has a characteristic form which can be identified as
the expression

Triz (riz(d, ) Q1(A) Q2(1))

where rip(A, n) = % is the rational r-matrix, known to describe the Hamiltonian

structure of the AKNS hierarchy. One could then imagine replacing this particular r-
matrix with another skew-symmetric r-matrix. This leads to the question of whether
the nice properties of the generating Lagrangian multiform still hold. One of our
main results is that this is the case by virtue of the CYBE. Correspondingly, the
RHS of (1.11) can also be written as [Try ri2(A, 1) Q2(), Q1(A)] and the same
generalisation can be contemplated.

2. The choice of expanding all the objects as formal series in 1 /X and 1/ is a sign that
one is performing an expansion around the point at infinity. However, nothing would
prevent us from considering other points in CP!.

3. The Pauli matrix o3 appearing in (1.9) is a special choice of constant element in the
underlying loop algebra of sl, and the form of Q(}) indicates that one is building a
phase space for the field theory as a (co)adjoint orbit around this particular element.
One could consider other elements in the loop algebra to construct different phase
spaces and hence different models. Moreover, one could also consider other Lie
algebras than sl,.

The careful implementation of these natural observations requires some machinery
which is presented Sect.2. In a first instance, the reader may choose to read the rest
of this introduction containing a summary of the formalism and results, and go directly
to Sect. 3.

! The flow to is the trivial linear flow but is included in the construction for convenience. In practice, one
is interested in the nonlinear flows #;, j > 1.
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The idea is to substitute the loop algebra of s, with a much more versatile structure:
the Lie algebra of g-valued adeles associated with a Lie algebra g. This algebra is
presented in [STS2] as the relevant structure to implement the second observation above.
By doing so in our context, we build a “universal” generating Lagrangian multiform
which is capable of describing a large class of ultralocal integrable hierarchies and we
provide a large variety of examples.

In a nutshell, for a matrix Lie algebra g, the Lie algebra of g-valued adeles is defined
as

M@= [ s®C).

aeCP!

where A, = A —a fora € Cand Ay = % are the local series expansion parameters.
An element X () = (X%(X4)),ccpt of this algebra consist of tuples with all but finitely
many of the formal Laurent series X*(A,) € g ® C((A,)) being Taylor series in A, i.e.
there exists a finite subset S € CP! such that X¢(1,) € g ® C[A,] for every a € C\S.
Let R, (g) denote the Lie algebra of g-valued rational functions in the formal variable A
and define the map

0 Ru(g) — Ax(@), [ (i, accp! (1.13)

where ;, f € g ® C(A,)) is the Laurent expansion of f € R, (g) ata € cPr'. Using
certain solutions of the CYBE, it is possible to obtain a direct sum decomposition of this
Lie algebra into two maximally isotropic Lie subalgebras

A (g) = A5 (9) + R (9). (1.14)

We can also define a group AI(G) associated to AI (g). If u is another formal variable,

we can work with double formal series locally in A, and up, a,b € CP! and consider
tuples of the form X (A, ) = (X“P(Aa, 14p))y pecp!-

Thanks to this adelic framework, we can retain the power of the algebraic formulation
of formal power series while working locally around arbitrary points in CP'. We intro-
duce the following generalisation of (1.9) which realises the above three observations

LA, p):=KQX, p)—UQ, p) (1.15)

where the kinetic and potential terms are given by

K, )= Tr (¢A) ' DudpM) (@ F(A)-) — Tr(¢(r) ' Dad(w) (tu F (w))-),
(1.16a)

U, 1) = 4 Tr (g + tut)rin G, i5Qy M)Qa (). (1.16b)

Here ¢(X) is an element of the group A} (G), Q(A) = ¢(M)(aF(L))_¢(A)~! is an
element of Ay (g), where (1x F(1)) _ = (F%(ha)-),cp1 is the collection of principal

parts of a g-valued rational function F'(A) € R, (g). In terms of components of the tuples,
we have

L (s ) = Tr (¢ (ha) "' Dy ¢ (ha) F* (M) =) — Tr (67 (1) ™' D, (1) FP (i) -
=5 Trin (G by + ) r12(h, 10 Q5 (ha) Q5 (1))
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forevery a, b € CP'. The operator Dy := (D;,,),cc p! denotes the C P '-tuple of formal
operators D,  which contain the partial differential operators 0y (see (3.0)). The times t
will be the times of the integrable hierarchies we describe. The rational function 712 (A, @)
is the classical r-matrix defining the type of ultralocal hierarchies we consider (e.g.
rational or trigonometric) and corresponds to the r-matrix yielding the decomposition
(1.14).

Main results

1. We show that the generating Lax equation
Dp Q1 (A) = [Trz (atpriz(h, ) Q2 (), Q1 (V)] (1.17)

is variational. It arises as the multiform EL equations associated to our generating
Lagrangian multiform (1.15). This is the content of Theorem 3.12. This generalises
the analogous result first obtained in [SNC] in the context of the Zakharov—Mikhailov
models [ZM1]. The generating Lax equation plays here for field theories a role similar
to the traditional Lax equation for finite dimensional systems. This is explained in
Sect. 3.1. We relate it to a generating zero curvature equation which is shown to hold
as a consequence of the CYBE for the r-matrix appearing in (1.15).

2. We relate for the first time the CYBE with the relatively recent notion of Lagrangian
multiforms. The closure relation (1.6) in generating form, i.e. the closure relation
for (1.15), is shown to be a consequence of the CYBE for the r-matrix appearing in
(1.15), see Theorem 3.13. On the one hand, this provides a variational interpretation
of the CYBE, a fundamental equation that has only been introduced and studied from
a Hamiltonian point of view so far. On the other hand, given the importance of the
CYBE as a criterion for classical integrability, this further establishes the Lagrangian
multiform approach as a variational criterion for integrability.

3. Specialising the generating Lagrangian multiform (1.15), we recover known exam-
ples of integrable hierarchies and produce several new examples. We also introduce
an easy method for coupling hierarchies together.

Plan of the paper

In Sect.2, we introduce the Lie algebra of g-valued adeles and establish its decom-
position into two complementary maximal isotropic Lie subalgebras which allows us
to introduce the classical r-matrix of interest via the corresponding projectors onto the
Lie subalgebras. This generalises to the adeles case the well-known interpretation of a
classical r-matrix as a difference of projectors. This is done explicitly for the rational and
trigonometric cases. Section 3 introduces the main elements of our framework: we state
the generalisation of the generating FNR equations (1.11), which we call the generat-
ing Lax equation, taking into account the above observations. Its properties are directly
connected to the CYBE. Then we introduce the generating Lagrangian multiform that
produces the generating Lax equation as its multiform EL equations. Again, its proper-
ties, in particular the closure relation, are shown to be a direct consequence of the CYBE.
The subsequent Sects. 4—6 are devoted to examples. Several were known previously, and
these are used to show how our framework contains them naturally, e.g. the AKNS hier-
archy and the sine-Gordon hierarchy. For the latter example, we explain in detail how the
first few known Lagrangian coefficients are recovered but without the problem of alien
derivatives. Other examples, such as the trigonometric Zakharov—Mikhailov hierarchy,
are new. For the recently introduced deformed Gross-Neveu models, the new feature
brought in by our construction is that they are naturally embedded into an integrable
hierarchy. Various conclusions and discussions are presented in Sect. 8. Finally, we recall
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in an “Appendix” the relationship between the trigonometric r-matrix used in this paper
and the more familiar r-matrix of the sine-Gordon model.

2. Lie Algebra of g-valued Adeles

2.1. General setup. Let N € Z> and consider either the Lie algebra gl of all N x
N matrices with complex entries or its Lie subalgebra sly of traceless matrices. We
will treat both of these cases in parallel, using the common notation g throughout.
The generalisation to other matrix Lie algebras is straightforward but for simplicity we
shall restrict to these two cases. We also denote by G the associated Lie group which
corresponds either to the general linear group GL y of invertible N x N matrices or to
its Lie subgroup SL  of matrices with determinant 1.

We use the trace Tr : gl — C to endow the Lie algebra g with the non-degenerate
invariant symmetric bilinear form g x g — C given by (X, Y) — Tr(XY). Let P;2 be
the tensor Casimir of g with the property that Tro (P12 X2) = X forany X € g. Explicitly,
for g[N it is given by P = ZI{YJEI E,’j ® Eji where Eij for i,j =1,...,N is the
standard basis of gly. Similarly, for s[y we can write Pjp = Za I, ® I* where {1,}
and {/} are dual bases of sy with respect to the above bilinear form. For clarity, let us
also recall that the notation X, means 1 ® X and the notation Try(. ..) means that we
apply the trace only in the second tensor factor.

Let A be a formal variable. For any a € C we define the formal local coordinate
around a as A,:=A —a and to the point at infinity we associate the formal local coordinate
Loo:=A"!. We consider the Lie algebra of g-valued adéles defined as

An@:= [] a®Ca).
acCP!

Its elements consist of tuples X(A) = (X*(X4)),ecp! With all but finitely many of the
formal Laurent series X“(1,) € g ® C((A,)) being Taylor series, i.e. there exists a finite
subset S C CP! such that X%(),) € g ® C[A,] for every a € C\S. The Lie bracket of
two elements X (A1) = (X“(Ag)) ecpt and Y(A) = (Y*(Xg))yecpt in A (g) is defined
component-wise, as

X, YW = (X4Ca), Y 0u)]) -

Let R, denote the algebra of rational functions in the formal variable A. The Laurent
expansion of a rational function f € Ry atany a € CP! defines a homomorphism

b, R — C(A), fr—u,f (2.1)

We will consider two possible non-degenerate invariant bilinear forms on the Lie
algebra Ay (g), namely

{5 M - Ax(g) x Ax(g) — C (2.2a)
for k = 0 and k = —1, defined as
(X, Y=Y resy Tr (X“(ha) Y (ha)) 1 d, (2.2b)
aeCP!

for any X(A) = (X*(Aa))gecp! and Y(A) = (Y*(Ag))gecp!- Strictly speaking, the
rational function A¥ on the right hand side of (2.2b) should be expanded at ¢ € CP!,
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namely we should write ¢, A* instead of AX. In order to simplify the notation, such
expansions will always be implicit when taking residues. Here, for any a € CP', the
residue resﬁ : C(Ag)dXry — C returns the coefficient of A;ldka. For computing the
residue at infinity we note that dA = —Agozdkoo. Note that only finitely many terms in
the sum in (2.2b) are non-zero by definition of Ay (g).

Let R (g):=g® R),_denote the Lie algebra of g-valued rational functions in the formal
variable L. We have an embedding of Lie algebras

0 Rug — Ax(@), > (i faccp! (2.3)

where 1, f € g ® C((A,)) is the Laurent expansion of f € Ry (g) ata € CP! in the
second tensor factor, as in (2.1). The Lie subalgebra ¢y R, (g) C Ay (g) is maximally
isotropic with respect to ((-, -k, for any k € Z, by the strong residue theorem; see for
instance [Ta, Corollary 1].

In the remainder of this section we will describe two possible complementary Lie
algebras to ¢y R (g) in A} (g), which are maximally isotropic with respect to (-, -))o and
{-, - =1, respectively. These two main examples, which can be found for instance in
[Dr2, Example 4], correspond to the rational r-matrix and the trigonometric 7-matrix,
respectively.

Notation We will generally use boldface to denote C P !-tuples. For instance, given any
n € Z we will write A" X (1) for the element (A X“(14)),ccpt € Aa(g) of the Lie
algebra of g-valued adeles. More generally, we would write A" X (A)dA as a shorthand
for the CP! -tuple (A X“(Ag)dAa) ec pt - Note, crucially, that although dA, = dA for all
a € C, we have dAho, = —A~2d for the point at infinity. Therefore the two expressions
A" X (A)dX and A" X (L)d A subtly differ only in the component at infinity. If u is another
formal variable then g will denote a separate CP!-tuple carrying an independent label
b € CP'. For instance, we would have

(X, Y ()] = (8l X 0, Y2 (p)]),, pecpr

for any X(A) € Ax(g) and Y(n) € Ay (g). We will make use of such notation with
multiple formal variables extensively from Sect.3 onwards.

2.2. Rational r-matrix. Throughout this section we fix the choice k = 0 in the bilinear
form (2.2). Consider the Lie subalgebra of g-valued integral adeles

A5 (9):=8 ® hooClAoo] x | [ 8® C1a]. (2.4)
aeC

Note that we have excluded the constant term from the Taylor series at infinity. We shall
also need the corresponding group

AF(G):=Goo x | | Ga- (2.5)
aeC

where in the GLy case Ga consists of all invertible N x N matrices with entries in
C[*a] while G« consists of all invertible N x N matrices with off-diagonal entries in
*ro0oC[kso] and diagonal entries in 1 + AooC[Aso]- In the SLy case the groups G, for
alla € CP! are defined in the same way but with the added condition that the matrices
are of determinant 1.

For later practical purposes, it is convenient to collect the following notations in a
definition.
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Definition 2.1. Let « € C and X%(A,) € g ® C((1y)) be a Laurent series in A, with
coefficients in g. We shall use the notation

X)™ e g@r'Cla Y (2.6a)
to represent the pole part of X“(X,). Similarly, for X*(Ao) € g ® C(Ao) = g ®
C(x~"), we denote by

X®0)™ € g® CA3) 1 = g ® C[A] (2.6b)
the pole part of X*°(L~). Note that the constant term in Ao is included around infinity.

The Lie subalgebra .Aiat (g) C Ax(g) is clearly maximally isotropic with respect to
the bilinear form (-, -))¢ defined in (2.2). Here we made use of the fact that the constant
term was excluded from the Taylor series at infinity in the definition (2.4). It follows that
the Lie algebra Aj (g) decomposes as a direct sum of vector spaces

Ax(g) = AM(g) + R (9) (2.7)

into complementary Lagrangian (i.e. maximal isotropic) Lie subalgebras. Let 7} denote
the projections onto Agf“(g) and ) R, (g), respectively, relative to (2.7).

Definition 2.2. (Rational r-matrix). Recall the notation Py, for the tensor Casimir of g
from Sect.2.1. The rational r-matrix is defined as the following rational function of the
formal variables A and pu:

P2

P (o p) = ——.

2.8)

As is well-known, it is skew-symmetric: rralt (A, ) = —r21t(u A). The following result
shows that its known connection to projectors associated to the decomposition of a Lie
algebra into isotropic Lie subalgebras extends to the present adeles setting.

Proposition 2.3. For any X (L) € Ay (9), its projections onto the complementary subal-
gebras Aral (g) and 1y R, (g) relative to the direct sum decomposition (2.7) are given re-
spectlvely by X () = ((wf'X)* ()‘“))aeCPl and T X (A) = ((x™1X)* ()‘“))ae(CPl
where

X () = Y rest Ty <LM,LAUV{€§(K,M)Xb(ltbh)dm (2.92)
beCP!
@X) (hg) = — Y rest Try (Lxl,tubr{%‘(k,M)Xb(ubb)dw (2.9b)
beCP!

Proof. Let X(A) € Ajy(g). We consider, to begin with, its projection onto t) R; (g). The
g-valued rational function in R (g) constructed out of the pole parts of the collection of
Laurent series in X (X) is given by

Z resb Tro ( Xb(,u;,)2>du Z Zresb

beCP! beC n=0

(up)d

(o9}
A" ,
= D resho Sy X (o) = 3 X" 6™

n=0 beCP!
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where in the first equality we took the trace and split the term at » = oo from the rest
of the sum over b € CP'. The expression (2.9b) is then obtained by taking the Laurent
series expansion of this rational function at each a € CP!, corresponding to applying
the map (2.3).

Consider now the projection of X (1) € Ay (g) onto A} (g). Note that forany a € C
we have

Py > n—
E resf; Tro (tl/vb”»aij(,ub)2>d“ = E z E res,’j Lubﬂa" IXb(Mb)d,u-
beCP! K n=0 bECPl

IfXA) € xR (g),say X(A) = 1y f (1) forsome f (L) € R)(g), then the above vanishes
at each order in the A,-expansion by the residue theorem. Indeed, the coefficient of A/,
is given by the sum of all the residues of (u — @) ™"~ ! f(u)d . On the other hand, if
X(A) e A;f‘t (g) then the only term contributing to the sum over b € CP! is the term
for b = a which is equal to X“(),). The same statements hold for ¢ = oo and hence
the result follows. O

Define the linear operator r™':=x" —

kernel is given by

7", It follows from Proposition 2.3 that its

<(L Lo+l P”) (2.10)
)\a )La h : *
H T =1 g pecpt

The kernel of the identity operator id = 7{*" + 7™" is similarly given by an expansion
of zero (see e.g. [LL, Chap. 2]) since

P12
((tubua - LM’”)M _Adu> om (P128ab8 (has ma)dia) pecpr (2:11)
a,be

where we defined

Shar ia):= Y Mipug" . (2.12)
nez
o0
Lemma 2.4. Let X (1) = (X“(ta)) yecpr € Ap(@) with X(na) = Y Xoul for
n=—N,

some N, € 7, where N, > O for finitely many a € CP'. For any a € C we have

X (1q) — L '
b = 2 Ml TIX )
r=—N,

and at infinity we have

X (1hoo) — _
b = 3 (X (o)) ™.

r=—Noso
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Proof. First, let a € C. Then we have

X“(ta) -
L _/’L’l == Z nlu“azu“a)“;s f=-— Z ZXZ ZA‘Z !

p=A n=—Nq n=—N, r=n
) 00
- _ Z Mu Z Xa)hn r=1 _ Z H«a()\_r IXa()» ))rat
r=—Ng, n=— r=—Ng,

where in the second equality we changed variables from s to = s + n in the second
sum and in the second line we changed the order of the sums.
Consider now the point at infinity. We have

o o) Xoo(/l,oo) Z Xoo ZMSH)‘ s _ Z an Mr+l)Ln r

—Ngo I'=n
oo
r+l 00y n—T r+l(y —r yoo rat
ZH ZXK = X s OIXT 0"
r=—N., n=—N, =—Nx

where in the second equality we changed variables s = r —n as before and in the second
line we changed the order of the sums. O
2.3. Trigonometric r-matrix. Throughout this section we will choose k = —1 in the

bilinear form (2.2). We shall also make use of the standard nilpotent subalgebras n.t
and Borel subalgebras by of g. Explicitly, n; (resp. n_) is spanned by E;; fori < j
(resp. i > j). In the gly case by (resp. b_) is spanned by E;; fori < j (resp.i > j)
while in the sly case by (resp. b_) is spanned by E;; fori < j (resp.i > j) together
with E;; — Ej; fori < j. The Cartan subalgebra b is spanned by E;; fori =1,..., N
in the gly case and by E;; — E;; fori < j in the sly case. We have the direct sum
decompositions b+ = § & ny. We shall also make use of the corresponding subgroups
N4, By and H in G. For G Ly these are the groups of unipotent upper/lower-triangular
N x N matrices, invertible upper/lower-triangular N x N matrices and invertible diagonal
N x N matrices, respectively. For SLy we add the condition that the matrices are of
determinant 1.

Recall the notation Pj, for the tensor Casimir of g from Sect.2.1. We can split this
into three parts as P = Pp, + P12 + P12 where P > € nt ® nx and P n €h®b.
Explicitly, in the gl case these read

N N
0
Pl = E Eij®Eji, Pp= E Eii ® Eii, P, = g E;i ® Ej;.
ij=1 i=1 ij=1
i<j 1<J

For sl the expression for PIO2 is given in terms of dual bases {u'} and {u } of the Cartan
subalgebra h with respect to the trace bilinear form as Plo2 = ZIN ]1 u' ® u;. We note
that P}, = Pp,, P201 = Plo2 and P»; = Pj2. We also define the corresponding projectors

P*:g — nyand P : g — b onto the nilpotent Lie subalgebras n. and the Cartan
subalgebra b, respectively, given for any X € g as

PEX:=Try(P5X2), PX:=Tra(P%X2),
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so thatidg = P~ + P% + P*.
In the trigonometric setting, the role of the Lie subalgebra .Agf“(g) c Ay (g) in (2.4)
will be played by the following alternative Lie subalgebra

ALE(g) =B (@) x || 9® Clid] (2.13)

aeCx*

where C*:=C\{0} and
BY®(g) C (b+ ® g @ AC[A]) x (b ® g ® hoC[Aoo])

is the Lie subalgebra consisting of pairs of Taylor series X*(1) = Yo XSA” and
X®(hoo) = D02 XM with X9, X3° € g foralln > 1 but with X € by and X{° €
b_ subject to the constraint POXg = —POX8°. We shall also need the corresponding
group .A;ng(G) defined as follows.

In the GLy case we let B, denote the group of all invertible N x N matrices with
entries below the diagonal in AC[A] and entries on or above the diagonal in C[A].
Likewise, we let B_ be the group of all invertible N x N matrices with entries on or
below the diagonal in C[A«] and entries above the diagonal in A C[Aoo]. Concretely,
an element of B, can be expanded as a Taylor series g() = Y -~ g,A" with go
upper triangular and g, € gly for n > 1, while an element of B_isa Taylor series
h(hso) = ZZO:O h, A%, with hg lower triangular and h,, € gly forn > 1. Asusual, in the
S Ly case we define the subgroups §i as in the G L y case but with the added condition
that the matrices are of determinant 1. We then set

A6 =B7X(G) x | ] Ga (2.14)
acC

where the first factor is the subgroup r.Bg’OQ(GL N) C §+ x B_ consisting of pairs of
Taylor series g0(1) = Y02 803" and g (hoo) = Yoo g%, with g0, g2° € gly
for all n > 1 but where the upper triangular matrix gg and the lower triangular matrix
g5° are subject to the constraint PO g = (P g&)~1.

Note that for consistency we should really keep denoting the local coordinate at the
origin as ¢, following the general notation introduced in Sect.2.1. However, since A is
nothing but A, we will most often prefer to write the local coordinate at the origin simply
as A, rather than use the more cumbersome notation Ag.

It will be convenient in what follows to introduce slightly different notions of pole
parts of Laurent series at the origin and infinity in the trigonometric case. As they are
important in practical calculations, we gather them in the following definition.

o0
Definition 2.5. Given any X’(1) = Z XSX” € g ® C(1)) we define

n=—No

X000 = (P + 1P X0+ X0 ™ cb_@g@ATICAT. (2.159)

o0
Similarly, for any X®°(1~!) = Z XPr M eg® C(x~") we define
n=—Nxo
. —1
X®(hoo) ™= (PY+ 1 PO)X5°+ D XA € b, @ g ® A5 ClAL ] (2.15b)

n=—Ncxo
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o0
Furthermore, for a Laurent series X h()»;,) = Z X sz € g ® C((Ap)) at any other
n=—Np
point b € C* we set

X2 ()" = — (P~ +1PO)XP(—p)™ + X" ()™ e b_ @ g @1, 'CA, '],
(2.15¢)
where in the first term X?(—b)™" is the pole part X?(1,)™ at b evaluated at A = 0.
In particular, as compared to the pole part X?(1,)™ € g ® A;l(C[)Lgl] introduced in
(2.6a), we note that the pole part X b ()Lb)tilg includes a constant term (provided that

(P~ + 5 PO)X"(—b)™ # 0) which, moreover, is valued in b_.

Proposition 2.6. The Lie subalgebra A;rig(g) C Ajx(g) is maximally isotropic with
respect to (-, -)) —1. Moreover, we have a direct sum of vector spaces

Ax(g) = AL (@) + 1 Ri(g) (2.16)
into complementary Lagrangian (i.e. maximal isotropic) Lie subalgebras.

Proof. To see that .A;fig (g) is isotropic with respect to the bilinear form ((-, -))_1, let
X)), Y € A;flg(g) be arbitrary and consider the pairing (X (1), Y (X)))_1 as given
in (2.2b). There are no contributions from any a € C*. The only contributions come
from O and oo, which read
res Tr (X0 () YO (M)A~ da + reshy Tr (X (hoo) Y (hoo) )2~ d

= Tr(XJY)) — Tr(XPY®)

=Tr (PO(X) PO(Y$)) — Tr (PO(X§O) PO(YS®)) = 0.
In the first equality we wrote XO(1) = Y0° ) X0, X®(hoo) = 00, XA and

similarly for Y9(1) and Y (Aoo). The second equality above follows from the fact that
X8, Yé) € by and Xgo, Yé’o € b_ and the last step makes use of the conditions in the

definition of Bg’oo(g) that P0X8 = —POXE)>o and POY(S) = —POYé’O. In order to show

that .A;flg (g) is maximally isotropic it suffices to prove the second statement, namely
that we have the direct sum decomposition of vector spaces as in (2.16).
To any X (A) € Ay (g) we associate the rational function

Fx) = X0+ 37 X2 () 4 X (o) 2.17)
beC>

in R; (g). Consider the element )Nf(k) = ()NK“ (Aa))qecpt defined by
X (ha) = X (Ona) = 12, fx ()

for every a € CP'. We have f“(ka) € g ® C[a,] for every a € CP'. But more
precisely, noting that

XP )|y = (P*+ PO XP(=0)™, X (o) ™[,y = (P + $PO)XE°
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for every b € C*, we have, in fact, X ) eb, ®g® AC[A] whose leading term in
b, is given by

(P*+3PO) (X0 — X§° = X" (=b)™) € b,. 2.18)
Likewise, we have
X0y = ~(P 3 POXP
X000, = (P~ +1P%)X}

from which it follows that X ®(Aoo) € b_ ® g ® AooC[Ao] with leading coefficient in
b_ given by

(P~ +5P%)(— X0+ X3+ X"(=b)™) € b_. (2.19)

Moreover, comparing the Cartan components Qf (2.18) and (2.19) we see that these are
opposite. Hence we conclude that X () € A;ﬂg (g). In other words,

X)) =X +ufx()

gives the desired decomposition of a general element X (1) € Ay (g) as in (2.16).

This decomposition is unique since any element which belongs to both A;fig(g) and
ty R (g) must vanish. Indeed, suppose f(A) € R, (g) is such that ¢y f(}) € A;fig(g).
Then it is clear from the definition of .A;fig (g) in (2.13) that f(A) cannot be singular at
any point in CP! and so must be constant. But then it follows from the definition of
fBg’oo (g) that this constant must in fact be zero. |

Definition 2.7. (Trigonometric r-matrix). The trigonometric r-matrix is defined as the
following function of two formal variables A and :

; 1 U+ A nPio _
trig _ _ 1 p0
rip (A, w) = 5<P1+2 — P+ = AP12> == — P —5Pp (220
Itis skew-symmetric, namely we have r;rlig (m, A) = —r;rzig (A, w). It provides the trigono-

metric counterpart of the kernel (2.10) for the choice of complement (2.13). Indeed, we
have the following analogue of Proposition 2.3 in the trigonometric case.

Proposition 2.8. For any X (1) € Ay (g), its projections onto the complementary subal-
gebras A;flg (@) and 1ty R, (g) relative to the direct sum decomposition (2.16) are given re-

spectively by " X (M) =((13"*X)* () ;e pr and 7" X M) =((x"2X)* ()
where

aeCP!

X ) = Y res) Tra (15 G W XP (up)2) ™ d (221a)
beCP!
T8 X) (o) = — Y resly Tra (t,tuyr (o X2 (up)2) ™ 'dp. (2.21b)

beCP!
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Proof. We first describe the image of 7ie explicitly. Then we show that 7" sends
A;ng (g) to zero and that it acts as the identity on ¢y R; (g). Hence, 7" is the projection

onto ¢y R, (g) along .A;rig (g). Similarly, we prove that nfig is the projection onto A;fig (9)

along () R (g).
Given any X (A) € A (g), consider the g-valued rational function

fx0) ==Y resy Tra (1,rp° Oy i) X" (up)2) ™'
beCP!
. 1
- Z res,: <L,W (P +%PO)(XZ’(M;,))+Luthb(m,))d,u.
beCP! H

We compute the residues at each » € C* and then at the origin and infinity. Firstly, for

the residue at b € C* we find X? (Ab)tiig . For the residue at the origin we find X O()L)tiig
and, likewise, for the residue at infinity we find

— (P~ + 1PY)XE + X (hoo)™ = X®(hoo) ",

where in the first expression we are using the pole part X (1oo)™ € g® (C[kgol] defined
in (2.6b) of a Laurent series at infinity, and in the second expression we are using the other

notion of pole part X Oo(koo)tfig introduced above in (2.15b). Putting the above together
we conclude that fx (A) is the ratipnal function (2.17) used in the proof of Proposition
2.6. By construction we have (nt_ngX)“(Ka) =1, fx(X) forevery a € CcPl.

Now suppose X (X) € ./l;flg(g). Clearly X?(1,)™ = 0, hence also Xb()»b)[ilg =0
using the definition (2.15c), so the sum over b € C* on the right .hand side of (2.17)
vanishes. On the other hand, X°(»)™¢ = %POXS and X®(hoo)™® = %POXSO. But
since POX) = —PYX5° by definition of X (1) belonging to .A;flg (g). it follows that the
remaining two terms in (2.17) cancel. So we have shown that J'rt_“gX (A) = 0 for any
X\ € A 4(g).

On the other hand, suppose now that X (1) = ¢ f (1) for some f (L) € R, (g). If the
latter has a pole at some a € C* then its pole part there is given by X% (X,)™. If it has
a pole at the origin then its pole part there is equal to

X000 — 3 (P + 1P X (=)™ — (P~ + L PO)XEC, (2.22)

beC>
where X° is the constant term in the expansion of f (1) at infinity. Indeed, recall from
(2.15a) that XO(A)Tg is given by the pole part XO()\)r_at at the origin plus (P~ + lPO)X0
g y the pole p gmp 2 0
where X(O) is given here by the value at the origin of all the other pole parts of f()).

This is why we must subtract the latter from X 0 ()L)tiig in (2.22) to be left only with the
desired pole part at the origin. Finally, the pole part of f()) at infinity is given by

X® (ko)™ + (P~ + 1 PO)XE°. (2.23)

trig

Indeed, the pole part at infinity should contain the constant term but X*°(A)_° only
contains part of it. The remaining part is precisely the piece added in (2.23). It now
follows that the expression on the right hand side of (2.17) built from X (1) = ¢} f(A)
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coincides exactly with the partial fraction decomposition of f (). This establishes that
nt_ngX (A) = X(A) for any X(X) € 1y f(1). In other words, we have therefore shown
that 7™ is indeed the projeqtion onto ¢y R, (g) along .At;lg (9)-

It remains to consider mtrng . For any X (1) € Ay (g) and a € C we have

(T X) (Ay) = — Z res), (LubM_I(P_ + %PO)(Xb(Mb)))dM
beCP!

o0
+ ZAZ Z resg Lubua_"_le(/Lb)d,u. (2.24)
n=0  peCP!
If X(A) € 13 Ry (g) then the first term on the right hand side vanishes by the residue

theorem and the second term likewise at each order in the ),-expansion. If instead we
consider a = oo then

X0 hoe) = = 3 res] (1 (P + 3PO)X o))
beCP!

o0
=Y AT YT resy 1 X (up)d e, (2.25)
n=0 beCP!

but both terms vanish once again by the residue theorem if X(A) € 1) Ry (g). So we
deduce that 7€ X (1) = 0 for every X(A) € 4 R;.(g).

Suppose now that X(A) € A;flg (). The first term on the right hand side of (2.24)
gets a contribution only from the terms » = 0 and b = 0o, which read

—res (7! (P + £ PO) (X0 )i — rest, (! (P + FPO) (X (100)) ) e
=—(P +1P)X0+ (P +1PO)XP = (P~ + PY)X3° = X§°

where we wrote X°(u) = > XOu™ and X (itoo) = 302 o XS°ul. The second
equality above follows since by assumption we have Xg € by so that P Xg = 0and
also POX) = —POX°. The third equality also follows since by assumption X5° € b_.
The second sum in (2.24) is just as in the rational case, however since the series at
infinity now contains a constant term we get a contribution to the sum over b € CP!
from both b = a and b = oo, yielding X*(A,) — X8° So in total, we deduce that
("8 X)4(Ay) = X9(A,) for every a € C.

Consider now the case a = oo. The first term on the right hand side of (2.25) is again

oo

equal to X§° while the second term gives Z X°AL = X¥(hoo) — X(°. Putting these
n=1
together we deduce that (7, trlgX )®Ao) = X (Aeo). In conclusion, we have shown that
27X (A) = X&) forall X(A) € .Amg (g) so that 77;"® is the projection onto A rlg(g)
along ty R; (g), as claimed.

trig
P

We can now define the linear operator r": =7 7™ It follows from Proposition

2.8 that its kernel reads

((‘m;‘)»a +L;Latﬂb)rir21g()», 'U“))a,be(CPl' (2.26)
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Moreover, the kernel of the identity operator id = nmg + e

expansion of zero since

is similarly given by an

((aptag = tratp)r15" O ™ i), ot = (PrdandOhas ta)dtta) , yecpr
2.27)

using the same notation §,5 and §(A, @) as in the rational case.
The following is the analogue of Lemma 2.4 in the trigonometric case.

Lemma 2.9. Ler X () = (Xa('u““))ae(CPl € Ayu(g) with X (a)= Z?;—Na Xau” for
some N, € 7, where N, > 0 for finitely many a € CP'. For any a € C we have

e ¢]

g Tr2 (M0 )X (a)2) = — Y (0" +ary” ™ HX ()™,
r=—Ng,
while at infinity we have
trig 00 S r —r 300 tr1g
oo Tr2 (r55 00 WX ™ (1o0)2) = Y 1o (Al X™ (heo))
=—Noo
Proof. First, leta € C*. We have
i Tra (M55 0 )X (1a)2) = — (P + 3 PO) (X (1)) — 1, A—X“(ua)
o0 n+¥
== D Ma(PT+3POX] - Z Zwawum X,
=—N, Nas 0
0 - r
=- > /LZ((P_+%P0)X;’+ Z MTXEa Y Ag—r—lxg>.
r=—Ng n=—Ng n=—N,

In the third equality we split the double sum into two terms, containing u, and a
respectively from the first factor. We changed variable from s tor = s +n + 1 in
the first and from s to r = s + n in the second, and then changed the order of the two
double sums. It remains to note that

Z ATTX +a Z ATTIXE = (07 +aryTHX ()™
n=—Ng
and that this is equal to —X¢ when evaluated at . = 0. The resultata € C* now follows

by definition (2.15c) of the pole part at a.
At the origin we have

0 [} 00
LH Tr2 (r;;g()\‘, M)XO(M)Z) — — Z Mr(P_ + %PO)X’Q _ Z Z /an+S)\‘—SXg
=—No n=—Ng s=1
o r—1

-- Y M’((P+%PO)X9+ 3 k”’X,?):— S w7 x000) .
r r=—Ny

=—Nop n=—No
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In the second equality we changed variable in the double sum from s to r = n + s and
then changed the order of the two sums. We have also added the term » = — Ny in this
double sum since this term vanishes due to the range in the sum over n being empty. The
last equality uses the definition (2.15a). Note that the result at the origin coincides with
the result obtained above for a € C* but taken at @ = 0. This is not completely obvious
since the definitions of the pole parts (2.15a) and (2.15c¢) at 0 and a generic pointa € C*
are different. Likewise, at infinity we have

[ee]

Z /’Loo(P + 1 PO)XOO+ Z Z/‘-nﬂ)‘ ono

— n=—Ny, s=0

Lo Tr2 (52 Guy 1) X (loo)2)

o0
= > ul (—(P‘+%P0)Xr°°+ Z xg’x;o)
r=—Nso n=—Ng
o0
= Y (X (heo)) .

—=—Neo

In the second equality we changed variable in the double sum from s tor = n + s
and then changed the order of the two sums. The last equality uses (2.15b). O

3. Generating Lagrangian Multiform and CYBE

In this section we will treat uniformly both the rational and trigonometric cases discussed
in Sect. 2.2 and Sect. 2.3, respectively. More precisely, we shall work with the Lie algebra
of g-valued adeles A, (g) equipped with the bilinear form (2.2) with either k = 0 or
k = —1. The corresponding vector space direct sum decompositions (2.7) and (2.16)
will be denoted by

Ax(g) = Aj(9) + aRi(9)

where A (g) stands for the rational Lie subalgebra Aiat (g) when k = 0 and the trigono-
metric Lie subalgebra .Amg (g) when k = —1. Correspondingly, we shall use the com-

mon notation A7 1 (G) for the groups Arat(G) in the rational case and A g(G) in the
trigonometric case.

Given a general element X(A) = (X“(A4)),ecp! € Aa(g) of the Lie algebra of g-
valued adeles, we will also denote by X“(1,)_ the principal part of the formal Laurent

series X% (A,), which stands for X% (A,)"™ in the rational case, see (2.6), or for X¢ ()La)mg
in the trigonometric case, see (2.15).

3.1. Dynamical equations. We will describe integrable field theories by taking the point
of view that the spatial coordinate x, on which all the Hamiltonian fields are usually taken
to depend, should be treated on an equal footing to all the other times in the hierarchy. To
explain this new perspective on integrable hierarchies it is useful to begin by recalling
the traditional point of view.

The dynamical equations of different integrable field theories in the same hierarchy
are usually described as zero curvature equations

Vi () = dg UMW) + [V (W), UM)] =0 (3.1)
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where the Lax matrix U(A) € R;(g) is a coadjoint orbit of AI(G) in R, (g) which
encodes the finite collection of fields of the hierarchy. The V¥ () € R;(g), associated
to the times #; for some labels @ € C and n € Z to be specified below and which
we also refer to as Lax matrices, are coadjoint orbits of AI(G) in R; (g) built out of
differential polynomials in the fields. From this traditional point of view, (3.1) represents
a set of equations which is seen as a natural extension of the Lax equations d;a L(A) =
[MZ(X), L(})], used to describe finite-dimensional systems, to the field theory case
where every degree of freedom now depends on x. In particular, U (1) is usually treated
as the fundamental object since the V, (1) can all be built out of it and as such it is seen
as the natural analogue of the Lax matrix L(A) in the field theory case.

The crucial point is that the particular flow d, can, and from our point of view should,
be thought of as a linear combination of some of the elementary time flows d;a. But if
we are to treat the coadjoint orbit U(A) € R;(g) on an equal footing to all the other
coadjoint orbits V(A1) € Ry (g) then we should also abandon the idea that each V! (1)
is parametrised by differential polynomials with respect to x of the finite collection of
fields contained in U (). Instead, we should treat all the coadjoint orbits V(1) € Ry (g)
as truly independent. We shall see, in a sense which is much closer in spirit to the Lax
formalism for finite-dimensional systems, that all the Lax matrices V, (1) can be derived
from a single object Q(A) € Ay (g), a certain adjoint orbit of A;(G) in the full space
of adeles A,y (g). In particular, the latter will satisfy a Lax equation (see (3.16) below)

Ig Q) = [V} (W), Q)]

with respect to all the times . As such, in our approach to hierarchies of integrable
field theories, @ (A) will play a very similar role to that of the usual Lax matrix L (A) for
finite-dimensional systems. For us, the fundamental object will therefore be Q (A) rather
than U (A). The relationship between these two objects, and in particular the connection
between our approach to hierarchies of integrable field theories and the usual one recalled
above, comes from fixing a particular linear combination of time flows as our choice of
spatial derivative d,. We discuss this in detail in Sect. 3.1.4, together with what we call
the FNR procedure.

Since there is a close parallel between our treatment of integrable field theories and
various familiar constructions in the theory of finite-dimensional integrable systems, we
will draw the comparison throughout this section in a series of remarks.

3.1.1. Adjoint orbit Let ¢(A) = (¢“(Aa))yccp! € AI(G). We regard the entries of the
matrix coefficients in the expansions

P Oa) =Y Pihs
n=0

for all a € CP! as an infinite collection of dynamical variables. In general, these are
not all independent. For instance, ¢“(A,) should be invertible in the G Ly case, which
means that the first term ¢§ should be invertible, or ¢“(1,) should have determinant
1 in the SLy case which will impose non-trivial relations between the coefficients
at each order in A,. The infinitely many degrees of freedom contained in ¢ (1), or
equivalently in @ (L) defined in (3.3) below, will be used to describe infinitely many
different integrable hierarchies of integrable field theories. We will refer to these as
group or algebra coordinates (respectively): they represent the dependent variables and
are the fields satisfying the equations of motion of a hierarchies.
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A particular integrable hierarchy will be determined by a choice of non-dynamical
rational function, with poles in a finite subset S ¢ CP!, which we can write using a
partial fraction decomposition as

F) =Y F'(a)- € Ri(9)

acs

where F4(Ly)— € g ® C[Aa_l] are (rational or trigonometric, depending on the case)
principal parts at each a € S. In particular, F“(A,)—dAX has a pole of order N, > 0 at
any a € SN C and a pole of order Ny, +2 > 2 at infinity if co € S. Its expansion at all
of the points ¢ € CP! defines an element 13 F(A) = (ta, F(A))gecpr € Aar(g) of the
g-valued adeles, via the embedding (2.3). By design, we have (1, F(1))— = F%(Aq)—
for each a € S and (13, F(1))— = 0 for every other points a € CP"\S. The element of
the g-valued adeles with these components, which we can denote by

(W F ) _ = (F Ga)-) e pr € Ar(0), (3.2)

is just a finite collection of principal parts. We consider its adjoint orbit under the group
element ¢(A) € .AI (G) introduced above, namely

Q) :=¢M)(aF()_¢M) " € Ar(g). (3.3)

Explicitly, its component at any pole a € S is Q%(Ay) = ¢*(Aa) F*(Aa)—¢%(hg) ™!
while the component at any other @ € C P!\ § vanishes. We can further expand the latter
as a Laurent series in A,, namely

o0

Q") = Y Qirn, (3.4)

n=—Ng,

for some Q% € g, where N, > 0 is the order of the pole of F (1) ata € S N C. For the
point at infinity we can have Ny, > 0.

Remark 3.1. The adjoint orbit (3.3) within the full Lie algebra of g-valued ade¢les A (g)
will play the role of the Lax matrix in the present infinite-dimensional setting. For
comparison, it is useful to recall that in the finite-dimensional setting the Lax matrix is
given by a coadjoint orbit

L) =N (¢M)(aF () $M)") € Ra@) (3.5)

. ., tri . . .
where TT1_ denotes either 7™ or ¢, depending on whether we are in the rational or

trigonometric setting, but without applying the expansion ¢), so that we obtain an element
of R, (g) rather than ¢y R, (g). In particular, the rational function L(A) depends only on
finitely many dynamical variables in ¢ (1) € Ay (g).
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3.1.2. Generating Lax equation As our aim is to work with hierarchies of equations of
motion, to each point a € CP! we attach an infinite family of time coordinates t for
n € 7. Related to each time is the usual partial derivative d;« (meant as a total derivative
when acting on functions of the fields). For our purposes, let us define the following
generating operators

@)LHZZZ)\Z&;:, ae (C, DAOOZZZ)\?;](H&’?O (36)
nez nez
with & = 0 in the rational case and k = —1 in the trigonometric case. We let Dy :=

(Ds,)accpt denote the CP!-tuple of these differential operators. Then, if 1 is another
formal variable we will use the notation

Dy Q(p) = (m Q"(uz;)) (3.7)

a,beCP!

which encodes the flows d;a Q" of all the dynamical variables Q” with respect to all the

times ¢ for each pair of points a, b € CP!.

Following the first observation in Sect. 1.2 of the introduction, we want to declare
the evolution of Q(A) € A, (g) with respect to the above infinite family of times 77 to
be governed by the following general Lax equation in r-matrix and generating form

Dy Q1 (A) = [Tr2 (tatpriz(d, 1) @2 (), @1 (V)]. (3.8)

However, a few comments and precautions are necessary. First, writing such an equation
with the understanding that D, is the CP!-tuple of commuting differential operators
defined in (3.6) assumes that the vector fields on the right-hand side commute, if we
want to be able to interpret the times f/ as coordinates on a manifold. In other words,
defining the generating vector X, acting on Ay (g) by

Xp Q1A = [Ty (ntpriz(h, w) Q2 (), @1 (MV)]. (3.9)

we must first prove that [X,, X,] = 0. Only then can we set X, = Dy, and view the
generating Lax equation (3.8) as describing compatible time flows on Ajy (g). This is
shown below in Proposition 3.4 and is a beautiful consequence of the CYBE for r.

Second, note that the right-hand side of (3.8) livesin ] [, jccp1 9®A N =N C[[A, pu].
Indeed, at b € CP! the power of i, is bounded below by —Nj, since ¢y, ¢y, 712 (A, () is
a Taylor series in up while le’ (up) is a Laurent series with leading term of order u;Nb
by definition (3.4). By the following lemma we then also deduce that at a € CP! the
power of 1, on the right hand side of (3.8) is bounded below by —N,,. For the left hand
side, this means that the flow with respect to the times tf,’w with m < — N, are trivial:
0 (1) does not depend on those times and for all practical purposes related to a hierarchy
of field theories, they can be ignored.

Lemma 3.2. We have
[ Tr2 (tatpriz(h, 1) Qo(w)), @1 (V)] = [ Tra (ptariz(h, ) @2 (w)), @1 (V)]

Proof. Using the identity (2.11) (or (2.27) in the trigonometric case) we deduce that for
anya,b € CP! we have

[ Tr2 (gt = tuptr 120 1) Q3 (), O (ha) ] 0 8(has 1a)[ Q% (ha), O (a)]-

Since [Q%(1q), O%(1t4)] vanishes when A, = p,, it is proportional to A, — 1, and so it
follows that the right hand side above vanishes, as required. O
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Remark 3.3. The Lax equation (3.8) is to be compared with the Lax equation in the usual
finite-dimensional setting for the evolution of the Lax matrix with respect to the times
associated with the coefficients in the partial fraction decomposition of the quadratic
Hamiltonian

H(pn) = %Tr L(M) Z Z )n+1

aeS n=0

If we gather together the flows 9« = {H,], -} associated with the Hamiltonians H,' by
defining the differential operator valued rational function

ng—1 9

D= Z Z (n _t:l)n+1

aeS n=0

which is to be compared with the adelic object (3.6) in the present infinite-dimensional
setting, then the Lax equations in the finite-dimensional setting take the form

Dy Li(h) = [Try (ra(h, ) La(w)), Li(A)]. (3.10)

Both sides of this equation are g-valued rational functions in both A and p with poles in
A and p ateach a € § of order at most N,,.

Proposition 3.4. The flows (3.8) are compatible as a consequence of the commutativity
of the corresponding vector fields, i.e. for any three formal variables A, (L and v we have

XX Q) = XpXy Q(A). (3.11)
Proof. We have
XpXp @A) = [ Tra (tntprin(h, WXy @2 (), @1 (V)]
+ [ Tra (sneprinOh, ) Q2 (), Xy Q1 (V)]

= Tras [taturi2 e ) [tutors (2, v) @50, Q2(w)], @1 V)]

T [0 1) @2 (W, [tyr13( ) 030), @1 M| (B12)

By using the cyclicity of the trace over space 2 in the first term on the right hand side
and the Jacobi identity on the last term, this can be rewritten as

XX 01 (0) = Tras [tatgets 112G, ), 7230 )] @2 (W) 050, @1 M)
+ T [t [r12(h 10, 71300, 1) @2 (1) @30, @4 )|
T (o130 0) 300, [tntgri2Chs 0 Qo). @4 ] .

Likewise, exchanging s <> v in (3.12) we obtain
XXy @1 (8) = Tras [ator13 Gy ) [twtur32(v, 1) @ (), @30)], @10
+Toos [ a3 () @30). [aturiz(ha 1) G (0, @]
= Tra3 [atuts[r13 6o, v). 720, 10] Qo) @30, @4 )|

T (013 1) @300, [tntera(h 1) @2 (W), @1 W] .
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where in the second equality we used Lemma 3.2 to swap the order of ¢, and ¢y in the
first term, along with the cyclicity of the trace over space 3. Thus [DC‘,, DC,L] 0, (}) equals

Tras [ntpts (Ir12Ghs 1), P3G ]+ [r12Ghs ), s (i, )]

~ 1130 ), 1320, 1) @2 () @3(0), €1 (V)]

which vanishes as a consequence of the CYBE (1.1). O

3.1.3. Generating zero curvature equation In the context of integrable field theories the

role of the Lax equation, cf. (3.10), is replaced by the zero curvature equation for a Lax

connection. Therefore, as a first step towards relating the present formalism to integrable

field theories, we now associate with each time ¢, foranya € Sandn > —N,, arational

Lax matrix V(1) € Ry (g) such that any pair of these satisfies a zero curvature equation.
The equations of motion (3.8) can be written succinctly as

DuO) = Vip), Q)] (3.13)

where we have introduced
V(i ) i=Try (uriaGe, i) Qo (). (3.14)

Note that in (3.14) we do not expand the right hand side in powers of A, fora € CP!,
i.e. we do not apply the homomorphism ¢, . Instead, this expansion is taken explicitly in
(3.13). In particular, the semi-colon in the notation V (A; ) is used to emphasise that
A is just a formal variable whereas u is the usual boldface notation used as a shorthand
for a collection (V?(1; 145)) pecpt Where

o]

VPO ) = Y. VPuy. beC, (3.15a)
n=—Np
o0
VR o) = Y VpE (3.15b)
n=—Nxo
As usual, we take k = 0 in the rational case and k = —1 in the trigonometric case. Here

V,f’ (L) € Ry (g) are g-valued rational functions in A with a pole at A = b. Unpacking
the notation in (3.13) slightly, recalling the definition of the operators D, and (3.6), we
see that the flow of Q(A) with respect to the time #¢ is controlled by V# (1), namely we
have the Lax equation

dg Q) = [ V[ (), Q)] (3.16)

Moreover, by the following proposition V?(1; i) can be seen as a generating series in
fup of a hierarchy of Lax matrices V,? (1) associated with the times £2.

Proposition 3.5. We have the zero curvature equation in generating form
DyV(a;p) —DpV(r;v) + [V(A; n),V v)] =0. (3.17)
Equivalently, in components we have the zero curvature equation

3y Vs () = dig ViL OO + [V (), VP (0)] = 0

m

foreverya,b € cPandm > —N, and n > —Njp,.
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Proof. Using the Lax equation (3.8) we find

DyV (A ) = Tr (tpriz(h, WDy Qs (1))
= Tro3 (tpria(h, 1) [tutvr23 (i, v) @3(v), Qs ()])
= Tros (tptv[ria(h, w), r23(, v)] Q2 () Q3 (v)),

where in the last equality we used the cyclicity of the trace in space 2. Likewise, we also
have

DuV(r;v) =Tr3 (tvr13()\., v)Dy Q3(v))
= Tro3 (tor13(h, V) [tntprsa (v, 1) Q2 (), Q3(v)])
= Traz (tpto[F1300, 1), 732 (v, ] @2 (1) Q3(v))

where in the final step we used Lemma 3.2 to swap the order of ¢, and ¢,, before using
the cyclicity of the trace in space 3. Finally, we have

[V ), Vs v)] = Tros [turinh, ) Qo (), tatyriz(h, v) Q3(v) ]
= Tr3 (tpto[ria(h, ), riz(h, )] Q2 (1) Q3 ().

The result now follows by the classical Yang—Baxter equation (1.1). O

Remark 3.6. Note the clear resemblance between the generating series (3.14) for the
hierarchy of Lax matrices V,!(A) and the usual generating rational function

M (x; ) = Try (ria(k, p)La())

in the finite-dimensional case. The coefficients in the partial fraction decomposition
of the latter with respect to p are g-valued rational matrices My (A) which control the
flow of the Lax matrix L () with respect to the associated time ¢ via the Lax equation
O L(A) = [M(X), L(M)], which is to be compared with (3.16).

In the finite-dimensional case, however, one may also need to consider the more
general generating rational function

M (x; ) = Tro (riah, W Lo ()"

for integers n > 2. Indeed, the Lax equation in (3.10) involves M (A; u) = M D)
which is only associated with the quadratic Hamiltonians H (u) = L Tr(L(w)?). But
in the finite-dimensional setting one should equally consider the Lax equations where
MM (n; w) replaces M @ ) since these describe the flows of the Lax matrix L())
with respect to the higher order Hamiltonians built from % Tr(L(w)"™).

In the present infinite-dimensional context, we observe that the generating series
(3.14) is sufficient to produce the infinite number of Lax matrices V, (1) associated with
the infinite number of times #{ in the hierarchy that one expects from the traditional
examples of the AKNS or the sine-Gordon hierarchies (see below). It is not clear to us
what an appropriate analog of taking higher powers of L(}) is in terms of Q(A) and
whether the resulting Lax matrices and commuting flows would be independent of those
obtained already.
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Remark 3.7. It is instructive to compare the generating series (3.14) for the hierarchy
of Lax matrices V,¢(1) with formulas for similar generating series of Lax matrices
obtained in the more traditional approach to integrable field theories which involves the
monodromy matrix associated to a given auxiliary equation d, ¥ = U W. For example,
in [FT, pp. 203-204], it is shown that the object

1 . _

V@ hop) = oo+ Wix, ) (—io) A+ W, w) ™' (3.18)
20—

“is the generating series of the Lax matrices V,(x, 1) appearing in the zero curvature

equation representation of the higher NS equations”. The expansion is to be understood

as

Vo w) =) Vale, ™. (3.19)
n=1

The point is that (3.18) can be rewritten as

1
V0 ) = =3 T2 (1 126,00 (L+ WG )a(—ios)2 (L4 W, )3 ).
(3.20)

We note the explicit dependence of the preferred variable x, indicative of the fact that
this object has been built from a particular, preferred time x associated to the Lax
matrix denoted U (x, A), which is nothing but V| (x, 1), as it should be. Other than this
dependence, formula (3.18) has exactly the same structure as our formula (3.14) when
specialised to the AKNS hierarchy, see Sect.4. Indeed, in that case the only pole to
consider is at infinity and the function F(}) is taken to be —io3. Hence the only non
zero element in the tuple (3.14) is

VOO o) = Tra (Lo 112 0, 15 (100) (—i03)265° (00) ™). (3:21)

To complete the comparison, note that the term (1 + W (x, u)) in (3.20) comes from
writing the monodromy matrix 7 (x, y, A) on the finite interval [y, x], associated to
U(x,X),as

T(x,y, w) = 1+ W(x, w)e? @M 1+ W(y, 1)~ (3.22)

where Z is a diagonal matrix and both Z and W are Taylor series in 1 /x4 (with no constant
term for W). We refer the curious reader to [FT] for more details about Z and W which
are not of importance for our discussion here. Considering for instance the case of fast
decaying fields as |x| — oo, we can work with the monodromy matrix on (—o0, x)

T (x, 1) =1+ W(x, p)e? &M, (3.23)

This is the object that plays the role of our group element ¢°°(i1~0). Indeed, formally
plugging 7~ (x, u) into (3.21) in place of ¢>(ieo), and remembering that ¢Z~ /)
commutes with o3, we see that we get (3.20) (up to an irrelevant factor —1/2 which
comes from a different choice of normalisation between us and [FT]).

In [ACDK,AC], the argument from [FT] was generalised to obtain the analog of
formula (3.20) but where one now builds it from the monodromy matrix associated to
the time #; and Lax matrix Vi (#, 1), for an arbitrary but fixed k > 1. This represented



12 Page 28 of 67 V. Caudrelier, M. Stoppato, B. Vicedo

the first step towards providing a generating function of Lax matrices that treats all times
in the AKNS hierarchy equally. Our formula (3.14) achieves this fully in that it makes
no reference to a preferred time and an associated monodromy matrix as a starting point.
It is also valid well beyond the realm of AKNS only, as our various examples below
demonstrate.

It will be useful, in view of applying our general framework to construct explicit
examples in the next few sections, to be more explicit about the form of the Lax matrices
V4(X). This can be done using Lemma 2.4 in the rational case or Lemma 2.9 in the
trigonometric case.

Proposition 3.8. In the rational case, for every a € C and n > —N,, we have

rat

Vi) = -0 )™,

while at infinity, for any n > — Ny, we have
Vnoo()‘) = ()»;o" Qoo()&oo))

In the trigonometric case, for every a € C and n > —N, we have

rat

VEO) = — (0" +ar;" )0 )",

which at the origin simply reads Vn0 ) = —()F" QO()»))t:ig, while at infinity we have,
foreveryn > —Ng,

VR = (e Gh) .
Proof. In the rational (resp. trigonometric) case this is a direct consequence of the
definition (3.15) together with Lemma 2.4 (resp. Lemma 2.9). |

Recall that Q%(A,) = 0if a € CP™\S so that, in fact, V&(A) = Ounlessa € S. By
construction each Lax matrix V,¢(A) € R;(g) for any a € S and n > —N,, or rather
their embedding in Ay (g) via (2.3), is a coadjoint orbit in ¢ R (g). For instance, in the
rational case fora € C N S we have

Vi) = (90" F0) 900 ) €T, C Rit@),

3.1.4. Connection to integrable field theory and FNR procedure Up to this point, the
framework we have been discussing is very similar to the one used to describe finite-
dimensional integrable systems, as emphasised in Remarks 3.1, 3.3 and 3.6. However,
as we will see explicitly in all the examples discussed in later sections, our formalism
encodes entire hierarchies of integrable field theories!
The FNR procedure

One way to make explicit contact with the traditional approach to integrable field
theory is to choose a preferred coordinate, denote it by x and set it as a particular
combination of the fundamental times ¢ fora € Sandn > —N,. Quite generally, we can

choose some finite subsets 7, C Z~_y, for each a € S and define 9,:= Z Z ry 0ya

aeSneTy
for some r; € C*. The Lax matrix associated with the coordinate x is then given by

U= > rivio) € Ru(g). (3.24)

aeSneTy,
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As explained above, ¢ U (1) is then a coadjoint orbit in the dual space ¢y R;. (g) of .A;: (9).
This is the coadjoint orbit alluded to at the very start of this section which encodes the
finite collection of fields of our integrable hierarchy. It follows from (3.13), or even
more directly from (3.16), that the spatial dependence of Q(A) is governed by the Lax
equation

Q@A) =[U®), Q)] (3.25)

As we will see on examples, the equation (3.25) can be solved recursively to express the
coefficients Q% of Q%(A,), cf. (3.4), as differential polynomials in the fields, i.e. the vari-
ables contained in the Lax matrix U (1). All other Lax matrices V(1) associated to the
fundamental times #; will then have components expressed as differential polynomials
of the fields.

We will outline below how (3.25) can, in principle, be solved recursively for each Q¢ .
Since certain details of the recursive procedure depend on the model considered, we will
only illustrate here the part of the construction which applies universally to all models
in Lemma 3.9 below. We will see later on examples how to apply this construction to
specific models.

To state the lemma, we first need to make a few observations and definitions. Since
the Laurent expansions ¢;, V¢ (1) each have a non-zero principal part, it follows from
the definition (3.24) that we can write

o0
nJUM) = > UL, (3.26)

pP=—ngq

for some n, > 1 and non-zero leading coefficient U, € g. By definition (3.3) we have

that 0% (Ay) = ¢ (ha) F¢(Ay)— ¢ (he) L. It thus follows from the relationship between
eachu;, V(1) and Q% (),), as described explicitly in Proposition 3.8, that the coefficients
of the most singular terms in the formal Laurent series Q“(A,) and ¢, U (}), given in
(3.4) and (3.26) respectively, are proportional. In other words, we have Q% N, =€ U ﬁna
for some ¢ € C*. Explicitly, it can be seen from Proposition 3.8 that ¢ is given up to a
sign by the coefficient r{ in (3.24) with n = max T,. We can thus write

o0
M QU ha) = U, + D 0%y e (3.27)
r=1

Now let t:=ker(ad U?, ) and i:=im(ad U?, ). We fix any complements ¢’ of £ and i’
of iin g so that we have the direct sum decompositions

g=tot =ipi. (3.28)

Let e : g — Eand my : g — ¥ denote the projections onto € and ¥ relative to the first
decomposition. Likewise, let 77; : g — i and 7y : g — i’ denote the projections onto i
and i’ relative to the second decomposition in (3.28).

Lemma 3.9. For any r > 1, ng/(Q‘iNaH) is expressible as a differential polynomial in
x of the elements QZN,,H fors <r.
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Proof. Using the explicit forms (3.4) and (3.26) for the Laurent series of Q“(A,) and
3, U (L), we may rewrite the component of (3.25) at a € S more explicitly as

Z )Lnax Z Z )Lm+p Ua Q?n]z Z )‘Z Z [Ua’inp]'

n= —N, p=—nq n=—Ng,—ng p=—ng

In the second equality we have changed variables in the double sum from m > —N, to
n:=m+ p > —N, — ng. Comparing the coefficients of A, **~"«*" on both sides of the

above equation for all » > 0 we find the following. Forevery 0 <r <n, — 1,

r

U Q% yird ==Y U g Q% nyir ] (3.292)

g=1

where we changed variables in the sum from p to g:=p + n,. Notice that for r = 0 this
gives [UZ, , 0% N, = 0 which is consistent with the observation in (3.27) that Q¢ N,

is proportional to U f,,a. On the other hand, for r > n, we have

r

(U0 Qo) = 05 0%, e = DU e @ (B290)
g=1

Denoting the right hand side of the equations (3.29) by B,., for each r > 0 we can rewrite
all of them more uniformly as

W, Q%N ] = By (3.30)

for r > 0. Since the left hand side of (3.30) lies in i we have, for every r > 0,
(U4, e (Q%y, 1] = mi(By), 0= my(B,), (3.31)

where in the first equation we have also decomposed Q¢ N, + Telative to the first decom-
position in (3.28) and used the fact that ¢ (Q¢ N, +r) commutes with U2,

Now the linear map ad U% ng - ¢ — iis a bijection. Indeed, it is clearly surjective
by definition of i. To see that it is injective, note that if [U?n , X] = [Ufna, Y] for any
X,Y € ¥'then X —Y € tand hence X —Y = 0, as required. It follows that e (Q% N, o)

is uniquely determined in terms of 7t (B, ) for every r > 0 by the first equation in (3.31).
The result now follows. |

In order to completely determine the coefficients Q¢ N+ fOr 7 = 0, it remains to
show that the 7 (Q% N, +) for every r > 0 can also be determined recursively. This
is the part which will typlcally depend on the model considered. Here we will show,
generalising an argument for the ZS-AKNS n x n hierarchy given in [TU, Theoerem
2.2], see also [Sa], how this can be done under the assumption that there is a polynomial

P, with coefficients in C[A,] such that P, (35 F(3q)—) = 0 and P(c U%, ) € Cli,]
is invertible in C[[4,]. Recalling (3.27), we have the identity

(C Ua +Z Qa Ng+r a)
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a
—ng?

And using the fact that each ¢ (Q% N, +) commutes with U
can then rewrite the above in the form

by definition of ¢, we

PaeU%, )+ Pic U, ) Y me(@%y o)k = R({0%0 0 12))  (3:32)
r=1

where the right hand side is a sum of terms, each of which contains either higher powers
of 372, me(Q% . ,)Ay or at least one factor of Y2 e/ (Q? | )A. Since we are
assuming that P/ (c UZ,.) € Clx4] is invertible, it follows by comparing powers of
Al on both sides of (3.32) that ¢ (Q% N, ) can be expressed as a finite sum of terms
involving only ¢ (Q% Nots) fors < r or e (Q% Nyts) fors <r.

In conjunction with Lemma 3.9, this shows that each ¢ (Q¢ N, +) and e (04 N, o)
and therefore Q% Ny+r itself, can be determined recursively for each » > 0. In particular,
all the coefficients Q%, n > —N,, of the Laurent series Q“(1,) in (3.4) can be expressed
as differential polynomials in x of the coefficients of the rational function U (A). The same
conclusion still holds even when there is no polynomial P, with the above properties,
as will be shown on the example of the sine-Gordon hierarchy in Sect. 5.

It is important to observe that our choice of ‘spatial’ coordinate x defined by the
linear combination dy = »_,c¢ > _,c7, 7y O« and its associated Lax matrix in (3.24) was
completely arbitrary. Indeed, one of the main advantages of working with the adjoint
orbit Q(A) in A, (g) rather than the coadjoint orbit U () in R, (g) is that it keeps all the
times on an equal footing by not singling out a particular (linear combination of) time
as ‘space’.

On the redundancy of the FNR procedure The previous discussion casts in the present
framework the original idea of [FNR] whereby one should first solve for the coordinates
in @(A) in terms of the finite collection of fields contained in a given Lax matrix U (}),
now interpreted as fields depending on a preferred space variable x. The other times in
the hierarchies are viewed as (compatible) time flows imposed on this finite collection
of fields and define a preferred field theory alongside its higher symmetries.

Here we want to elaborate on a point of view originally advocated in [CS3] whereby
the above “traditional” approach is not needed at all and, in fact, represents a conceptual
obstruction to the formalism we want to put forward in this work: we treat all the fimes in
ahierarchy as well as all the (algebra or group) coordinates (i.e. the dependent variables
contained in Q(A) or ¢(A) respectively) on the same footing. From this point of view,
one should consider the entirety of the Lax equations contained in the generating Lax
equation (3.8), or equivalently, the collection of zero curvature equations (3.5). The point
is that the latter implement the FNR procedure anyway but they present the advantage
of being amenable to a covariant Hamiltonian formulation, which was one of the main
results of [CS1,CS3]. This aspect is beyond the scope of the present work but remains
one motivation for it. The fact that the zero curvature equations contain the equations of
the FNR procedure was already observed and used in the particular example of the AKNS
hierarchy in [AC]. For convenience, let us sketch the argument here in the simplest case
of asingle pole a € C, with a collection of times 7, n > —N,. Suppose we fixn > —N,
and we want to solve

da Q% (M) = [1a, V;/ (1), Q“(Ra)], (3.33)

given Q¢ v, along the lines of Lemma 3.9 and the discussion after it. Without loss of
generality, shifting the power of A, by N,, we can always assume for simplicity that
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N, = 0. Then, (3.33) amounts to the collection of equations

n

02 Q% =Y [Q%,_pa1» Q%1 j = 0. (3.34)

p=0

As discussed above, in certain cases (which include the AKNS hierarchy and the sG
hierarchy as we show explicitly in Sect.5), this allows one to express all the algebra
coordinatesin Q;, j > n as differential polynomials with respect to 7 in the coordinates
containedin Qk,k = 0, . .., n. Now consider the zero curvature equations, form > n+1,

Bua V(L) — 3o V(W) + [V, VEG)] = 0. (3.35)

Looking at the coefficient of 1/A/, for j =n +2,...,m + 1, we find that they contain
the equations

n
g Qi k=D (0% nir ke Q41 k=n+2,... m+1. (3.36)
p=0

If we set j = m + 1 — k, these become

0 QY Z[Qﬁn+l 5 Q%) =0, m—n—1. (3.37)

p=0

So the collection of zero curvature equations (3.35) form > n+1 produces exactly the set
of FNR equations (3.34). Hence, there is no point in implementing the FNR procedure a
priori to determine the “fields” and then impose the zero curvature equations to determine
their equations of motion. The latter suffices. With this in mind, we will come back to
this point in certain examples below to illustrate our position and show how abandoning
the FNR procedure allows us to eliminate the problem of alien derivatives mentioned in
the introduction.

3.2. Generating Lagrangian multiform. In this section, we introduce the main object of
this paper, the generating Lagrangian multiform (1.15)—(3.40), and we show that the Lax
equation (3.8) as it derives from £ (X, p). Although the equations of motion (3.8) can be
written in terms of Q (L) € A, (g) alone, in order to write £ (A, ) we need the group-
valued element ¢(A) € .A;:(G). This is very reminiscent of the fact that writing down
the Zakharov—Mikhailov action describing the Zakharov—Shabat equations of motion
requires introducing a group valued field [ZM1]. Recall the definition of Q(L) € A (g)
in (3.3) as an adjoint orbit of the element (¢ F(1))— € Ay (g), defined in (3.2), under
the action of (1) € A} 1(G).
We consider the followmg generating Lagrangian multiform

LA, p):=KQX, p)—UQR, p) (3.38)

where the kinetic and potential terms are given by

KO, p) = Tr (¢) ' DpdM) (@ F (1)) — Tr (1)~ Dad () (1 F (1)),
(3.39a)

U, ) = LT + in)rin G, wQ (MQy (). (3.39b)
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As mentioned at the end of Sect. 2.1, the boldface notation (1.15) is used as a shorthand
for an equality of components

LY Oay ) = K“P Oy 1) — UP Gy i)

forevery a, b € CP!, and the kinetic and potential terms (1.16) in components are given
explicitly by

K" Gy ) = Tr (¢ (na) ™' Dy ¢ ) F (M) )
= Tr (6" (1) ™" D, @° () FP () ). (3.402)
Ul Oy b)) = 2 Trin (W ey + by i) 11206, 1) Q5 (ha) Q5 (1)) (3.40b)

The kinetic term (3.39a) is clearly skew-symmetric under the exchange A < u, so the
skew-symmetry of £ (X, ) is equivalent to the skew-symmetry of the potential term
(1.16b), namely

Trio ((atp + tpt)riz(h, 1) Q1 (1) @5 ()
= —Triz ((atp + tpt)r21(e, A) Q1 (M) Qs ().

This holds since r is skew-symmetric.

3.2.1. Extracting Lagrangians and Lagrangian multiforms We have been using the gen-
erating formalism efficiently so far. Here, we spend some time discussing the connection
of our generating Lagrangian multiform with Lagrangians and Lagrangian multiforms.
This will be useful to reformulate the multiform EL equations and the closure relation in
generating form, allowing to continue to take advantage of this for general computations.

From the definition of the generating Lagrangian multiform (1.15), we see that the
kinetic term K%? (A4, wp) given by (3.40a) is a Laurent series in both A, and pp, with
powers bounded below by — N, and — Ny, respectively. In particular, for any m,n € Z
the coefficient of A} i} is well defined. The same is true for the potential term (3.40b)
by the following lemma.

Lemma 3.10. For anym,n € Z and any a, b € CP!, the coefficient of Ay iy, in the po-

tential term U%? (Aq, pp) given by (3.40b) is a well defined expression which is quadratic
in the coefficients of Q%(,y) and Qb (up).

Proof. If b # a then (13, Ly, + Ly, o, )r12(A, ) is valued in (g ® g) ® C[A4, pp]. Since
by definition (3.4) we have Q“(A,) € g ® )\;N”(C[[Aaﬂ and Q% (up) € g® M;N”C[[m,]],
it follows that U%? (), wup) is a Laurent series in both A, and uj, with powers bounded
below by —N, and — N, respectively.

If b = a then (1;,tu, + tu,tr,)712(A, u) contains a doubly infinite Laurent series

in A, u;l coming from the expansion of 1/(A — w), possibly also multiplied by some
polynomial in A, and u, depending on the precise form of the r-matrix. Multiplying
this by the Laurent series Q%(A;) € g ® A;N“C[[ka}] and Q% (uy) € g ® MJN“(C[[MG]],
we produce terms of the form AZH P ,uf,_] * with r,s > —Ng, j € Z and p, q ranging
over finitely many possible values. In order to form a term proportional to A’ i/, we
needm =r+j+pandn =s— j+qg.Butthenm — j — p = r > —N, so that
j<m+N;,—pandalson+j—q =s > —N,sothat j > —n — N, + q. In other
words, j € Z must be bounded from above and below so that it ranges only over finitely
many values. Hence, there are only finitely many terms contributing to the coefficient
of A u’ and the result follows. |
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As a consequence, for any a, b € CP'andm,n € Z withm > —Ngzandn > —Np,
we may now extract the following Lagrangian coefficients associated to the times - and
b.
t,:
Definition 3.11 (Elementary Lagrangians).
X,Z:Z:: resé resZ LY gy )" T N (3.41)

Recall the notational convention explained after (2.2b), in particular for residues com-
puted at infinity. In short, Definition (3.41) means that X,Z,]i is the coefficient of A} i},
in the expansion of .Z%?(A,, ), as one would want. This is what we use to compute
elementary Lagrangians in all our examples.

As explained below, when building a hierarchy, one chooses a finite set S € CP!
and all but a finite number of the elementary Lagrangians %, jfl vanish (those for which
a and/or b is in CP'\ S). The Lagrangian multiform of the hierarchy is then given by

L5=3 NN gwbdis adr) = Y Zubdr di). (3.42)
a,beS m,n (m,a)<(n,b)
Note that we introduced an order on the pairs (m, a) € Z x § in the last equality (recall
that Ll = —Z0%). With S = {ay, ..., a,}, it is defined by

(m,a;) < (n,a;) < i< jor(i=jandm < n).

These definitions generalise the correspondence explained in the introductory section
1.1.3 between Z[u] and .Z (A, u) for the AKNS hierarchy. As we will see in detail in
Sect. 4, the latter indeed corresponds to the case where S = {oo}. In practice, one
calculates the elementary Lagrangians (3.41) directly by computing the appropriate
Laurent series expansion of .Z*?(i,, up). The corresponding Lagrangian multiform is
easily obtained as in (3.42).

The essential point of the present discussion is to identify the generating form of the
two main equations of the theory of Lagrangian multiforms: the multiform EL equations
8d. ¢S = 0 and the closure relation .5 = 0 which should hold on solutions of the
multiform EL equations. We see that the key object to translate in generating form is
therefore d.#S. In view of (3.42), d.ZS has the form

dfS= 3 (0Lt o L+ 0y L) dif A diy A d
(k,c)<(m,a)<(n,b)

. . . . a,b c.a b,c
The generating function corresponding to the coefficient B,E.Zm,n +0;p Lo T 0 Ly
is

'Dvcfa’b()\as Mp) + ’D;Lbfc’a(vm Aa) + D)Lagb’c(ﬂln Ve).

Summarizing our discussion, the set S was fixed but arbitrary, so going back to the adélic
setting, we will be working compactly with

8Dy LA, ) +8Dy L (v, 1) + 8Dy L (1, v)
when deriving the multiform EL equations in generating form, and with
Dy LN, )+ Dy L, L) +Dy.Z(p, v)

when studying the closure relation.
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3.2.2. Generating multiform Euler—Lagrange equations Having introduced the main
object of our framework, we proceed to derive the associated multiform EL equations
(in generating form) and show that they give the generating Lax equation (3.8).

Theorem 3.12. The generating Lax equation (3.8) is variational: the multiform EL equa-
tions deriving from the generating Lagrangian multiform X (k, w) take the form

Dy Q1 (A) = [Try (atpriz(h, w) Q2 (), @1 (V)]

Proof. Wederive the equations induced by the requirement §d.Z = 0in generating form.
This means that we compute D, .Z (A, w)+ O= 0, where () means cyclic permutations
of A, u, v, and set the independent coefficients to zero. We start with the kinetic terms.

Do) = Tr (= ¢~ MDepM)$ ™ MDu MG F () +~ WDy Dud M F ()
+ 7 WDy (WP~ DA 1 F (11)- — & WDy Dab () 1 F j1))- )

so that Dy, K (A, u)+ O is equal to
Tr ([67' WDud(). 67 WD D] @FON-)+ O (343)

After we apply the § differential we get
5Dy Kk, )+ O = Tr (Dup()g ™' WD Q) — DM~ M)Dy Q1) )59 (g~ (1)
+Tr (671 0Dy QD) — ¢ WD QASDud(M) )+ O
We now turn to the the potential term

U, p) = 5 Trio (g + tu)rin(h, 1) @1 (1) @y (p)). (3.44)

We drop A and p in ¢ and @ for conciseness since they follow the spaces 1 and 2
consistently. Let us also denote (txty + tpty)ri2(A, u) by ri2. We compute

DU, w) = 5 Tria (ri2 (Dy @1 Q2+ €1 Dy 05)) (3.45)
and after applying the §-differential we get
$DyUM, ) = 3 Tria (r12 (6Dy Q102 + Dy @180, +8Q,Dy Q2 + 08D, Q5))
(3.46)

and similarly for the cyclic permutations. We use the following identities

Trir126Dy Q1 Qs = Tria(— @or12Dy Q) — @1 Dv 167 Qoria
+Dy 17 Qor120) + 1 Du X167 Qrr12)8¢ 07
+Tr12[ Q1,112 Q216D !

= Trio([(Dy Q1. 112051 — Dy 7' [0}, 712 Q,1)5¢,67
+Tri2[ Q1. 112 Q218D 167,

Tri2r12018Dy Qs = Tria(—r1201Dy @ — @Dy ' 1120,
+Dyrth; 11201 Qs + $:Du X295 ' 1120 1)5¢295 !
+Tr12[ @5, 7120, 15Dv 25 !

= Tr(1Dy Q. 712011 — Duhaths [ Q5. 71201156, '
+Tr12[ @5, 7120, 18Dy o5
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and

Tri2r126 01Dy Q) = Tria[ Q1. 112Dy Q5186167 ',
Triar12Dy Q18 Qs = Tri2[ @5, 112Dy Q118¢,05

to express 6Dy U (A, ) on the basis of 3¢, 6Dy¢; and 6D,¢, (and similarly on the
space 2). Then, we collect the coefficients of ¢, D¢, and 6D,¢, which provide
the independent equations. From D, K (A, p)+ O we have

Tri(~Duéh67 ' Dy Q1+ Dvb167 D 0186187 + Tri(—=DpdDyh by
+Dy 016Dy )+ O (3.47)
and from D, U (A, p)+ O, using the skew-symmetry of r, we obtain
Tria[ Q1,712 Q218D 197 — Tr13[ Q1. r13 Q316D ;!
+Tri2(Dy @1, 712 Q2] — Do 61 ' [Q1, 112051 +1Q1, 112Dy Q2130171 (3.48)
+Tri3(~1Dp 01, 713031+ D17 101713031 — [ Q1. 113D Q31817 '+ O .
The coefficients of Dy ¢ and §Dye| in 5D, Z (A, p)+ O= 0 give

DpQ = 3[Trar120,. 011, Dy Q) = 3[Tr3r1303, Q1.

i.e. two equivalent copies of the same equation under the irrelevant change 2 <> 3 and
uw <> v. Explicitly, it reads

Dy @1 (A) = 3[ Tra (e + tut)rin(h, ) @2 (), Q1 (V)] (3.49)

which gives the desired result (3.8) upon recalling Lemma 3.2. The coefficient of §¢ is
justa consequence of this equation and of the commutativity of the flows: [D,, D,] = 0.
The coefficients of é¢,, §¢p5 etc. contained in the cyclic permutations O give equivalent
equations under the corresponding cyclic permutations of the spectral parameters and
auxiliary spaces.

O
3.2.3. Generating closure relation
Theorem 3.13. The generating closure relation
Dyl )+ Dy Z(p,v)+Dy L (v, ) =0. (3.50)

holds when (3.8) is satisfied. It is a consequence of the CYBE for r.

Proof. First consider the kinetic term (3.39a). We have

DyK A, 1) = Tr (¢) ' DyDypd M) (12 F(1))-)
— Tr (¢(n) "Dy Dadp (i) (1 F (1)) -)
—Tr (pV) ' DypMPA) ' Dpd(M) (12 F(1))-)
+Tr (¢() ' Dyd(w)d() ™ Dadp () (1 F (1))-).



Classical Yang—Baxter Equation Page 37 of 67 12

It follows by adding the cyclic permutations of this expression in the variables A, ¢ and
v that

DyKh, )+ Dy K(p,v) +DyK(v, L) =0. (3.51)
Consider now the potential term (1.16b). Using Theorem 3.12 we find
DyU(k, 1) = 3 Tria (it + tut)rizh, WDy @1 (A) Qo (1))
+ 5 Tria ((atp + tut)riz(h, 1) @1 (M) Dy @ ()
= 3 Trio3 (g + tuo)riz(e, wlawriz(, v) @30, 0,M)] 0r(w)
+ 5 Trio3 (et + ) ri2 0, ) @1 ) [tutoras (. v) @3(0), Qo (w)]).

By using the cyclicity of the trace in space 1 and 2 in the first and second terms, respec-
tively, we may write this as

DyUR, p) = —3 Trios ([t + tut)riz(h, 1) Q2 (), @1 (M) Jiatyriz(h, v) Q3(»))
— 3 Trios ([t + )20 1) @1 (), Qo () Jtptvraz (i, v) @3 (v))

= —Trios ([tatpriaOe, 1) Qo (), Q1 (M) ]intyri3(h, v) Q3(v))

— Trios ([tatprizt, ) Q1 (V). Qa () |eptyraz (i, v) Q3(v))

where in the second equality we used Lemma 3.2 in both terms. By using once again
the cyclicity of the trace in space 1 and 2 in the first and second terms, respectively, we
arrive at the expression

DyUA, p) = Trizs (tntpty ([riz(h, ), riz(r, v)]
+[ri2(h, 1), 23 (i, )1) @1 (1) @2 () Q3(v)). (3.52a)
Likewise, using the skew-symmetry of the r-matrix we find
DaU (e, v) = — 5 Trizz ((tuty + totp)r23 (i, W) [tptariz(, 1) @A), @2(1)] Q3(»))
— 3 Trizs ((tuty + tot)r23 (1, v) @ () [ytari3 (e, ) @, V), @3 (]).
Then by following the same steps as above for D, U (A, ) we deduce that
DaU (e, v) = Triz (atuty ([riz(h, ), ra3(p, v)]
+[ri3 (e, v), 123 (1, V1) @1 (M) @ (1) Q3 (v). (3.52b)
Similarly, we also find using the skew-symmetry of the r-matrix that
DpU(,A) =Trizz (eatpty ([r13(h, v), r23 (1, 1)]
+[ri2(h, ), ri3(k, 1) @1 (4) @ (1) Q5(v)). (3.52¢)

It now follows from combining the three equations in (3.52) and using the classical
Yang—Baxter equation for the skew-symmetry r-matrix that

DyU (K, ) + DyU(, v) + DU (w, A) = 0. (3.53)

The result now follows from (3.51) and (3.53) but together. |
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The rest of the paper is devoted to examples. To specify an example, the following
ingredients need to be fixed:

(i) askew-symmetric r-matrix as in Sect.2 (rational or trigonometric in this work),
(i1) an effective divisor D:=)",_¢ Nya, in particular with support given by a finite
subset S ¢ CP! and with N, € Zsy foreacha € S, (Noo € Zx( if 00 € §),

(ii) aLie algebra g which for simplicity we take to be either gly or sly,
(iv) a g-valued rational function F (1) € R; (g) with pole divisor (F)s = D, i.e. with
a pole of order N, € Z> ateach pointa € S, (Noo € Z>¢ if 00 € ).

Each section contains an example of a hierarchy for which the above formalism pro-
duces Lagrangian multiforms, Lax matrices and zero curvature equations. Some sections
consist of known examples that we recover or cast in a new light, e.g. AKNS and sine-
Gordon. Other examples are new to the best of our knowledge and show the power of the
formalism, e.g. the trigonometric Zakharov—Mikhailov class of models or the examples
where we couple different integrable field theories together.

4. AKNS Hierarchy

We keep this section short as it is a matter of “closing the loop”: we reproduce the
motivating example of Sect. 1.1.3 which was dealt with in detail in [CS3]) and the starting
point of this whole project. The main objective is to illustrate how to use our machinery
on the simplest and most well known example. We choose the rational 7-matrix and we
fix the required data as follows:

S ={o0}, Noo =0, g=sh, F) = —io3. 4.1)

The adjoint orbit description of Sect. 3.1 is implemented with

o0
$P(hoo) =1+ ¢AL, 4.2)
n=1
and gives
o
0% (hoo) = Y QXML (4.3)
n=0
with Q3° = —io3 and Qf° = i[o03, ¢7°], the familiar first two elements in the AKNS

hierarchy. Since there is only one pole in this example, let us drop the subscripts and
superscripts and simply write the fundamental objects in (4.2) and (4.3) as

PR =1+ ¢, QW) =) Q27" (4.4)
n=1 n=0

Similarly, we will just write #,, instead of 7.° for the times of the hierarchy. The generating
Lax equation (3.8) gives us, using the definitions (3.6), (3.14) and (3.15),

3, Q) = [Va(1), Q(V)] (4.5)
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where
Vi) =) 0" (4.6)
r=0

are the Lax matrices of the hierarchy. Eqs (4.5) are the the central equations of [FNR]
where only Hamiltonian aspects of the theory were developed. The associated zero
curvature equations read

Oy V(W) — 05, Vi) + [V (M), Vi) =0, n, k=0, 4.7)

and produce the equations of motion of the hierarchy. The famous (unreduced) NLS
system corresponds ton = 1 and k = 2. From our generating Lagrangian (1.15), we can
of course reproduce the generating Lagrangian of [CS3] and all the Lagrangians forming
the Lagrangian multiform that gives these equations as its (multiform) EL equations.
Since § = {oo} we only have Z°*° (Ao, o) to consider. As above, let us simply
denote it as .Z (A, u). The coefficient .%,, of A~~~ in its expansion reads

m n
gmn = ZTI' ‘giatn‘pm—HlXO - ZTI" (51' 81‘,n¢11—1'+1X() - Umn (48)
i=1 i=1
o
where we wrote qb*l L) =1+ Z ¢nA~" for convenience and where Uy, is given by
n=1
m
Upn =—Tr Z Qm+n+l—j Q/ 4.9)
j=0

These are the coefficients of the AKNS Lagrangian multiform found in [CS3] (up to an
overall minus sign) to which we refer for more details. It was explained in [CS3] that
o

there exists a parametrization of ¢ (1) in terms of very nice coordinates e(A) = Z e; A s

i=1

fy=) fir " as
i=l1

b0 = B (in —e(M)f(R) e(d) > (4.10)
V2i —f%) V2i—e(W)fr)) '

For the reader’s convenience, let us give for instance

2
1 1
Lo = E(flame] —e10;, f1) — 3 Z(fjatl€2—j+] — €0y fa—j+1) —2iexr fo — e%fﬁ
j=1
4.11)

and

3
1 1
L3 = S(fidger —e1d fi) = 5 .Zl(f,-at.esf,ﬂ — e f3—j+1)
]=

3
—2i(ex f3+e3f2) — Eelfl(f1€2+fzel) (4.12)
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Of course, one can check that the equations of motion for these Lagrangians give pre-
cisely the zero curvature equations (4.7) for (k,n) = (1,2) and (k, n) = (1, 3) respec-
tively. For instance, varying £, with respectto e;, f;, j = 1, 2, we have

ope1+2iep =0, 0,f1—2ifr=0, (4.13)
dper — dnex —2e2f1 =0, 0y, f1 — 0, fr+2fEe; = 0. (4.14)
This is equivalent to (4.7) for (k, n) = (1, 2), upon recalling that

0 _( 0 \/2_1'61) 0 _<€1f1 \/Eez)
S\V2in oo ) 22T \Veips —an)

The top two equations can be used to eliminate e;, f> in the bottom two equations.
Witht) =¢,t) =x,e; = fq fi= L rweget

1 1
i0,q + Zaxq —¢*r=0, —ia,r+§a§r—r2q =0, (4.15)

and the reduction r = Fr* yields the well-known (de)focusing NLS equation
) 1
idq + 503 £ 1g°g = 0

for the complex field ¢. Similarly, £33 gives the complex modified KdV equation.

5. Sine-Gordon Hierarchy
For the example of the sine-Gordon equation
Uyy +sinu =0, (5.1)

we choose the trigonometric r-matrix (2.20). The required data is fixed as follows
i (1
S=1{0,00), No=1=Neo, g=5b, FO.)= lE (xa++a_—a+—xa_>,

(5.2)

and we work with the basis 03, o4, o_. The adjoint orbit description of Sect.3.1 is
implemented with

¢"(1) = Z¢n/\" ¢) = €', (5.3)
¢ (hoo) —Z¢°°x" 50 = e, (5.4)
n=0

The phase space coordinate u Will be the sine-Gordon field as will become clear soon.
This gives, with (L;LOF()»))mg (AU+ +0_) and (L FONTE = —L (vo_ +04),

0°(ro) = —¢°<x>( oy +0- )¢°<A) = Z o, (5.5)
n=-—1

o0 l o0 1 o0 — = X0 n

0% (hoo) = =50 (hov) (E"‘“’*)"’ (hoo)™'= D7 O, (56)

n=-—1
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with Q(ll = %e% o, and ch°1 = —%e%o,. We now show how to use our formalism to
recover the sine-Gordon equation (in light cone coordinates) as well as its first higher
compatible flow which is nothing but the modified KdV equation, as presented in [Su].
We take advantage of this example to illustrate how our formalism also produces the
Lagrangian multiform corresponding to these 3 times. In this context, our motivation is
to show that the so-called “alien derivatives” problem that was discussed in [V] does not
appear with our approach. The problem only arises if one insists on using the variational
equations we obtain to eliminate some of the phase space coordinates in favour of the
sine-Gordon field u and its derivatives with respect to a given time. In other words, we
show in detail how our general discussion about the FNR procedure, when applied at
the variational level, leads to this alien derivative problem. This is yet another reason in
our opinion why it is preferable to work with the natural phase space coordinates that
are provided by ¢(X).
It is convenient to parametrise (5.3)—(5.4) as

¢"(ho) = 3P A+y ), YO =)y, (5.7)
n=l1

P (hoo) = ¢ TP A+ Y (hoo)), Y (hoo) = wax" (5.8)

where we recall that det¢? = 1 = ¢ should hold. Using the gauge freedom of
multiplying #°(ro) (resp. $>°(Aoo)) on the right by a matrix which commutes with

(LAOF(A))Elg (resp. (L F()»))tilg), we can work with
> 0

¥ = Z YA, Y = <é‘o £o> : (5.9)

®(hoo) = Zw“x” ye = (Ag f;oo) . (5.10)

Note that one can show that there is a bijection between the group coordmates AO CO
DY and A, C°, D°° and the al gebra coordinates a?), b2 and Y, which we would
introduce via Q% = a%o3 + b0y + cJo_ (and similarly at 0o). The reader familiar with
the FNR construction or only interested in zero curvature equations would tend to use the
algebra coordinates. However, since our Lagrangians are naturally expressed with group
coordinates, we use the latter both for the zero curvature equations and the Lagrangians.
It also facilitates comparison between the two ways of obtaining the equations of motion.

By our general results in Sects. 3.1.2 and 3.1.3, all the time flows commute and all the
corresponding zero curvature equations of Proposition 3.5 hold, with the Lax matrices
reading for n > —1, (see Proposition 3.8)

_ 1
Vi) =—(PT+3PYQN — 0~ —FQO Wl —0%., .1
V() = (PT+LP)QX 4205 +---+ 1" QF + 21 0% (5.12)

The sine-Gordon equation is recovered by taking the pair of Lax matrices (V(? ), Vg ()
and the compatible higher flow attached to the pair (V7°(1), V°(1)) gives the mKdV
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equation in potential form. The third possible Lax pair is (V(? (M), V(1)) and will be
called the mixed equation. For convenience, let us label the corresponding times as fol-
lows tg =y, tgo =x, tfo = z. Therefore, we focus on the following three zero curvature
equations

L 3 VY — 8, VEP () + [VY ), VE° ()] = 0 (sG);
2. 9V — 9 V() + [V (), Ve (W] = 0 (mKdV);
3.9 V§ ) — 0, V() + [V (M), Vi (W)] = 0 (mixed).

A direct calculation gives

0o _ i o_ i (—C)2A%:
0= 262 oy, Qp= 3 <ei12l C? ) (5.13)
00— ( G- alch e (A?)Z)Eig) : (5.14)
2\@DY — (c)HHe 'z €I+ AYC)
i i [ B® i3
Sy = ——e?2 —, OO:—— 1 cu N 5.15
05 5eo Q0 > <2D1°°e’2 —Bf") (5.15)
0% — _L( BE+BYEDP (AP - (B))2e 2 (5.16)
! 2\2D° + (D)?)els  —BP — BXD® - '
Hence,
_ 1 i (—CY 2615/
0 _ 1p0ONnH0 __ ~ 0 _ _° 1
Vo) = =(P~+ 3 P05 — ~0%) =7 (26_1.5 e ) (5.17)
o) _ + 1 p0y oo 0o __ _i Bfo Ze_i%
Vit0) = (P*+3PYOF +20%) = —7 (mei‘z‘ ) (5.18)

VEP0) = (P*+ 1P OF + 108 +120%
i <2,\B;>° + B3 — APBY 20.+2A7 — BY¥)e 2 ) . (5.19)

T4\ 20 —2A)elT  —2ABX — B + ATB®

Therefore, we obtain the following equations of motion from the zero curvature equa-
tions:

C? = —ly,
(sG) §B{® = —ux, (5.20)
3 CY+3yB® —2sinu =0.

The first two equations show that the group coordinates C?, B{® can be thought of as
auxiliary fields and can be eliminated from the dynamics to get (5.1), as desired.

B = —uy,,
AR = 53, BX + 1(B{)?,
(MKAV) {u; —uy QA — (BS)?) — 2id, (2A° — (BX)?) — (BY)3 +3ABX® — B =0
Uy +2u, AP — 4id, A — AP BX — BS® =0,
3, B® + 0, (AXBX® — BS®) =0
(5.21)
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We see that both (5.20) and (5.21) contain the same equation for B{* in terms of
u, as it should be. A comment is in order. Under the first two equations, the third and
fourth equation consistently give the same expression for B5°. In turn, replacing all the
auxiliary fields into the last equation yields mKdV in potential form (i.e. mKdV for
V= uy)

3
Uxz T Uxxxx T Euxxu_% =0. (522)

C? = —uy,

A®BX® — B = u.,

9y B{° = sinu,

iay (efiu/Z(ZA?o _ (Bi)o)z)) + %C? (2A(1>o _ (BIOO)Z) e—in/2 4 B?ceiu/Z =0,
2idy (APel) + BXe 112 — APCVe /2 = 0,

i0,C) —id, (AP B — BS®) +2A%° (el + e7i1t) — (BX®)2e~" = 0.

(mixed)

(5.23)

Using the first two equations to eliminate the auxiliary fields and noting that the
fourth and fifth equations are equivalent (modulo the third equation), we obtain after
simplification the following system of equations for the three fields u, A{® and B{®,

dyB{® = sinu,
(mixed) {3,A$° = LBXei, (5.24)
=iy, +2A° (" + e ") — (B)2e~ " = 0.

Note that this system of equations in (y, z) can be perfectly studied on its own and is
integrable. However, from our point of view, it should be included together with (5.20)
and (5.21) into the sG hierarchy. This leads to interesting observations which are related
to the Lagrangian multiform description we present below. First of all, using B{® = —u,
and the sine-Gordon equation, we see that the first equation in (5.24) is trivially satisfied.
Similarly, the second equation in (5.24) is a consequence of BY® = —u,, the sine-Gordon
equation and the second equation in (5.21). Perhaps more interesting is the fact that
combining the first three equations in (5.21) with the second equation in (5.23) yields

1
Uy + Uy + =1 =0, (5.25)

of which (5.22) is simply a differential consequence.
‘We now turn to the extraction of the coefficients of the Lagrangian multiform for the

corresponding time flows. We need ,,2”(%00 for (sG), .,?001’00 for (mixed) and £} for
(mKdV). We have

i [1 —1
KO»OO()»O, Uoo) = Tr [5 <XU+ + o;) (fP((,O) + A¢§0> + A2¢§0) + 0()@))

1
x <Ta,3cl + oo + Hoodpe + 0<ué>> (qb((,o) w4220 4 0(A3))]
o0
o »
+Tr [% (—a_ +a+> (¢g° + oo™ + 2 950 + 0(A3))
Moo

1 2 2 3
x (13@1 B0+ 200+ 00 )) (¢g° + oo + PR P -+ O(uoo)) .
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Hence, dropping irrelevant total derivative terms and using again tg =y, 1 =x,

t1°° = z for convenience, we find
KO,oo _ 1CO 1Boo KO,oo _ 1 0 1 A B BX®
0 =3 1MX+4_1 Lty Bor =7 1”z_z( 1 Bl" — By )uy

—AS°0, B + B0, A

To compute the potential terms, observe that for the trigonometric »-matrix, we have

o0
(Uolitne + lunolig) 120, ) = —2P[; — Pl +2P1p Y Al
n=0

Hence,

1 1, . )
Ugéoo =Tr <Q8(P+ + EPO)QSO + Q(ll Q‘f’l> = 7 (e’” peit _ C?Bfo) ’
1
USi® =Tr <Q8(P+ + EPO)Q‘I’O +0°%, QgO)
1 ] 1 .
= 5 (247 — (B 74 1Y (AT B - BEY) - SATe".

This gives us the desired Lagrangian densities for (sG) and (mixed) as

Zio = Zop™ = Ko™ — U™ (5.26)
and
Lnixed = Lyy™ = Kgi™ — Ugi™. (5.27)
Similarly, we find
1 1 i i
Koy = = B*u: — § (ATBY — BS®)uy — S AT0, B + 2 Blo, AT
and, with
0 o Mﬂ o )»"+1
(oo btos T Litsotio)T12(A, (1) = =2P; — Py + P2 Z );o — P2 Z S
n:O 0 n:O ©
we get

U =Tr<QO (P*+ 3P0 ): B (AT BY = B) + 5 47 (247 - 87)?).
Thus, the Lagrangian density for (mKdV) is given by
Lnkav = L4507 = Koy = Ug)™™. (5.28)

It remains to derive the EL equations associated to each Lagrangian. For instance, by
varying B{°, C (1) and u in % we find exactly the three equations in (5.20). Similarly,
it can be checked that the E-L equations for Zhxqv and Zpixeq reproduce (5.21) and
(5.23) respectively.
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In particular, all the equations that determine the group coordinates in terms of # and
its (relevant) derivatives are reproduced variationally. This is an interesting feature that
the FNR procedure is also obtained variationally with our construction. An important by-
product is that the so-called problem of “alien-derivatives” is eliminated systematically.
In the present context, the manifestation of this problem would be for instance that
the Lagrangian %pnixeq contains terms with derivatives of u with respect to x, while this
Lagrangian is supposed to produce equations of motion with respect to the variables y and
z only. Clearly, our Lagrangians do not suffer from this problem since by construction,
they always only involve the two times they are supposed to produce equations of motion
for. The problem is an artefact of using some of the equations of motion to solve for
some of the fields in terms of u and its derivatives. In other words, it is an artefact of
implementing the FNR procedure a priori to eliminate some of the group coordinates.
If we do implement this procedure of elimination, we obtain Lagrangians which form a
Lagrangian multiform equivalent to the one given originally in [Su] and which suffers
from this problem. Eliminating the auxiliary fields in favour of u and its derivatives, we
obtain

1 1

LG = —Zuxuy — zcosu

which is a well-known Lagrangian for (5.1), as well as

1 1 1 i 1 )
Zkdv = Zuxuz + Eui - ZM)%X - Zax <gui +luxuxx>

and

¥ 1 1 ) 1, i 3 |

mixed = 4uyuZ 2Mxx(14xy +sinu) + 4ux cosu 7% <6ux + zuxuxx) .
Changing x to —x, multiplying all our Lagrangian by 2 and dropping the irrelevant
total derivatives in x and y, we recover exactly the three Lagrangian coefficients, eqs
(31)-(33), in [Su]. Our Lagrangian multiform expressed with the group coordinates (and
restricted to the three times x, y, z) is thus equivalent to that in [Su] but, as noted before,
it does not suffer from the alien derivative problem.

The poles at 0 and oo play a symmetric role in the construction so it would be natural
to consider also the time #{ and the associated Lax matrix V(%). This naturally leads
to two additional zero curvature equations (denote t? = t and the other times as above)
that can be combined with (sG)

L 3,V — 3, VY (W) + [V, VP(M)] = 0 (mKdV2):
2. 9V — 0 VY (W) + [VEP (W), V()] = 0 (mixed 2):

The first one is called (mKdV2) as it is another copy of the mKdV equation but in
(v, t) instead of (x,?). It is a compatible flow with (sG) where we can think of the
roles of x and y being swapped. Then, naturally (mixed 2) is the remaining compatible
flow between the variables x and 7. All the expressions for the Lax matrices, the zero
curvature equations and the corresponding Lagrangians are similar to the above ones
with the appropriate changes and we omit them. To complete the picture related to the
four times we have focussed on, it would remain to consider the zero curvature equation

0.VP0) = Vi) + [ V), viea) ] =0,
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The set of equations of motion is not particularly enlightening. When embedded in
the hierarchy of the five zero curvature equations already discussed, this system is a
consequence of them, as it should be. Our contruction gives us the means to derive
the corresponding Lagrangian density .,2’1(?’00) if required but again we omit its lengthy
expression here.

FNR procedure for the sine-Gordon hierarchy

We have discussed the FNR procedure at the level of the EL equations above, using
some of the equations to eliminate certain auxiliary coordinates/fields. Here, we discuss it
at the level of the algebra coordinates using the Lax equation. This is more in line with the
original work [FNR] and with the explanation around Lemma 3.9 for which it provides
an illustration in the sG case. We recall that our point of view is that the procedure is
unnecessary. We show it in the sG case to make contact with a more traditional approach
but also because to our knowledge, this is the first time that the FNR construction is
obtained for a hierarchy other than AKNS. In the present sG case, it is based on the Lax
equations (5.29)—(5.30) below.

The generating Lax equation (3.8) gives the following equations, forn > —1,

090° () = [V, 00| = [-(:7"0"Gm)"™, 0" . (5.29)

U 0% Ghoo) = [V,Z (1), 0% 0uo)] = [ (A2 0% 0uc)) ™, 0% o) |
(5.30)

We could use the Lax equations (5.29)—(5.30) to derive the coefficients of QS and Q2°
as differential polynomials in the coordinate u#. Given the form of F (i) here, we do not
fall into the area of applicability of the argument given after Lemma 3.9. Nevertheless,
it is still possible to proceed. We illustrate this with (5.30), the other case being similar.
Our choices (5.2) and (5.3) give c_1 = —%e”‘/z, a_1 = 0 = b_y. Then, consider
a(d) b)
c(d) —a(®)
ness). Writing #5° = x for convenience and projecting onto 03, o4 and o, we obtain

(5.30) for n = 0 with Q*° (1) = ( ) (we drop the superscript for concise-

dxa(r) = boc(h) = fe-1b(h),
axb(X) = apb(r) — 2bpa(X), (5.31)
drc(A) = —apc(M) + Zc_1a(n).

Looking at the A/ coefficient, this yields the following system

Bxaj = b()Cj — C_lbj+1,

8xbj = aobj — 2b0aj, (5.32)

aij = —aopc; + 2c_1aj+1,
which we should use to determine the coefficients recursively. Suppose, we have deter-
mined ag, by, cx fork = 1, ..., n — 1 then the first equation gives us b,, and hence the
second equation yields a,,. However, we cannot deduce ¢, from the third equation since

it would require the knowledge of a,+1. It is possible to replace (5.31) by the following
equivalent system

dxa(h) = boc(h) — Fe-1b(1),
axb(X) = apb(X) — 2bpa()), (5.33)
a?(A) +b(We(r) = —4.
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To see this, note that (5.31) implies d, Tr Q"o()»oo)2 = 0 so that

95 A" ¢’ Bio(é)”!
a; —bj

ibj i\ — i b _ h_'
fﬁl—ll =-Tr ((473 ) ]8[”/’ ¢S Ajo — (‘Poj) lat“il¢0/Bj() -
- -

as it should by construction. Conversely, assume (5.33) holds. The third equation implies
20ya(M)a(r) + ayb(X)c(X) + b(A)drc(h) = 0. Using the first two equations to elimi-
nate dya(X) and d,b(L) yields b()) (8 c(A) +apc(A) — c 1a(k)) = 0, and the claim
follows. Now the advantage of system (5.33) is that the ] -th term of the third equation
gives the following relation:

j+l1 1
Z (aiaj,,' +biCj7i) = —Z(Sj,fl. (5.34)
i=0

Spelling it out, it can be seen that it can be used to determine ¢, from ay, bk, ck,
k=1,...,n—1andb,, a, obtained from the first two equations as explained before.
Thus, (5.33) allow us to determine all a;, b, ¢, j > O recursively. We find the first few
as

) S .o .

ag = zux, by = —5e w2 o= ’Ee“‘/z (1 +iuyy + %u?c) , (5.35)

ay=—1% (ux F—— %ui) . by = Lo (1 - %uﬁ) : (5.36)
i iu2 (1.2 3 4 1.2 3i 2

c] = —%e’“/ (z“x + gl Filyy + Uglyyy — U, + il + gluxxux) .

(5.37)

Now, for instance, the expression we find for ag is consistent with the fact that ap =
—%Bi’o from (5.15) and with the second equation in (5.20). This is what we mean
when we say that the FNR procedure is automatically implemented with our Lagrangian
approach. We reiterate that the advantage of not applying it is that the problem of alien
derivatives disappears and that dependent variables are also treated on an equal footing,
like the independent variables.

6. Hierarchies of Zakharov-Mikhailov Type

In this section, we introduce a rather large class of models and their hierarchies by using
the following data

S={a1,.. ,ap}y CC, P >0, g=gly, 6.1)
F(h) = ; ;; i )m (6.2)

Each A;, € gly is a non-dynamical constant matrix and we have chosen to write the
order Ny, of the pole a;,i =1, ..., P as N, = n; + 1 for convenience. All the poles in
S are distinct. The r-matrix can be the rational or trigonometric one at this stage.

The motivation behind such choices is that in the simplest setting (rational r-matrix
and simple poles), our construction reproduces the Zakharov—Shabat Lax pair with
simple poles whose equations of motion were cast in variational form in [ZM1]. In fact,
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our construction automatically embeds this single Lax pair, its zero curvature equation
and its Lagrangian into an integrable hierarchy. This point of view was first introduced in
[SNC] where the class of Zakharov—Mikhailov (ZM) models was cast into the formalism
of Lagrangian multiforms. Allowing for higher order poles gives us the generalisation
discussed in [Di, Chap. 20]. When we switch to the trigonometric r-matrix, we produce
for the first time the trigonometric version of the large class of ZM models and their
hierarchies. Finally, when specialising the construction via an appropriate reduction and
choice of matrices A;,, we obtain as a special case the class of models studied in [ABW].
Their integrability is guaranteed by construction and they are naturally embedded in an
integrable hierachy, a new feature for these models that were originally obtained as
standalone models by a different method related to the 4d Chern—Simons construction
(see conclusions for details and references). These examples are detailed in the next
three subsections.

6.1. Rational Zakharov—Mikhailov models. We first describe in detail how to reproduce
the class of Lax pairs and Lagrangians originally discussed in the pioneering paper
[ZM1]. The generalisation to higher order poles presented in [Di] will be straightforward.
The r-matrix is fixed to be the rational one in this subsection. We split the data (6.1)—(6.2)
in the following way: P = Py + P, P1, P, > 0, and

S:{al,.. Clpl,bl,.. bPZ}C(C g:g[N, (6.3)
F()”) ZZ (A a; )r+l ZZ ()\ b )r+l (6'4)
i=1r=0 j=1r=0
For notational convenience, we simply denoted Aj.p, , = Bj, and nj.p, = m; for

j=1,..., P

6.1.1. Case of simple poles Following [ZM1], let us consider a Lax pair of the form?

Py

U(x):ii, vy =Y. Vi (6.5)
i:lk_ai j:l)L_bj

A prominent example of an integrable field theory that falls into this class is the Faddeev-
Reshetikhin model [FR] which was proposed as an ultralocal variant of the principal
chiral model. The main result of [ZM1] is that the equations of motions encoded in the
zero curvature equation d,U (1) — g V (L) +[U (1), V (1)] = 0 associated to the auxiliary
problem

=UV, ¥, =VV, (6.6)

are variational and are obtained as the EL equations of the following Lagrangian density

U<0>¢ %V«»w )

Py 0 P 0 P P oi
Lo =T | D07 0t U = 3w oew VO =3 3

i=1 j=1 i=1 j=1

(6.7)

2 In [ZM1], the authors include an additional term in U and V corresponding to a pole at oo but it can be
gauged away.
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The key insight to obtain this result is to parametrise U; as ¢; UI-(O) ®; ! and V; as

Y VJ.(O) 1/fj_1. The matrices Ul.(o) and Vj(o) are constant and all the dynamical variables
are contained in the fields ¢; and ;.
We can reproduce (6.5) by choosing n; = 0 and m ; = 0 in our data (6.4). Since

Bjo
A—Dbj

rat
s

(LM[ F(k))f“ _ _)Lfiioai, (‘kbj F(A)) _ _

a direct calculation using Proposition 3.8 gives

b5 M@, 90 Bio@y)!
0 0\Pq i V_jl()\.): o 2j0 Py .

Vai ) =
1) A —a; A—Dbj

(6.8)

Therefore, it remains to make the identifications ¢(“)’ =g¢;and Ajp = U[(O),and ¢ =

O . I . , .
and Bjy = Vj and take linear combinations d; = ZB&I, oy = Zath. of the
i=1 j=1
elementary time flows 9, and 8tb ;- The corresponding Lax matrices are simply the
—1 ]

sum of the elementary Lax matrices (6.8) which gives precisely (6.5).
To understand how to recover the Lagrangian (6.7) with our method, note that the

. . . i bj

zero curvature equation associated to the elementary times % , and 7_’| reads

bj a;i bj ai
9y VL0 = ., V24 00 + [v_’l(x), ve 1(,\)] —0. (6.9)

Summing these elementary zero curvature equations over i = 1 ..., Py and j =
1, ..., Pyyields the desired d,U (A) — ¢ V (M) +[U (1), V(1)] = 0. Therefore, to find the
Lagrangian .Zz it suffices to sum the elementary Lagrangians vi”f’lf’l (the coefficient
of A1 u;jl in £%bi (L, wp,;) which yields the equations of motion in (6.9)). A direct
calculation gives

i,bj i — i bj\— bj
LN =T <(¢5’) 10,85 Ao = 6071 9,4 69" Bjo

g5 Ao 80’ Bio(dy )
a; —b;j

(6.10)

and the claim follows, i.e. , with identifications made above, we derive £z (up to an
P P
irrelevant minus sign) as in (6.7) by taking the double sum Z Z fj’ff’i.
i=1 j=1
It was shown for the first time in [SNC] that the ZM Lagrangian can be incorpo-
rated into a Lagrangian multiform where each coefficient is a copy of the original ZM
Lagrangian associated to the corresponding times. The explicit case of 3 times was con-
sidered. We now explain how to recover this multiform from our data. Instead of splitting
the data (6.1)—(6.2) into two types of poles as in (6.3)—(6.4), we split it into three types
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of poles by setting P = P; + P> + P3 and restrict our attention to simple poles, i.e. we
set

S=A{ai,...,ap,bi,....bp,,c1,...,cp,} CC, P, Py, P3>0, g=gly,
6.11)

P P3
B ~ C
_Z,\ Jb _Zk k. (6.12)
=M T S Tk

Py P
As before, we take the linear combinations 0g = Z d i oy = Z b, of the elementary
i=1
P3
time flows, as well as the new combinations 9, = Z d, . The original ZM Lagrangian
—1

k=1
is now denoted by %%, and is accompanied by two new copies

P P P3Py
L= 2L L=y Y 2R 6.13)

j=1k=1 k=1 i=1

Py

FW:‘ZAA

— a;
i=1 !

The Lagrangian multiform in [SNC, Section 2.4] is precisely
L =Leydé Ndn+ ZLypydy Adv + Lygdv A dE. (6.14)

The associated Lax matrices and zero curvature equations also reproduce those of [SNC].

6.1.2. Case of higher poles The generalisation of the ZM result to Lax matrices with
higher order poles of the form

Py Py
U =) Ui, V) =) V(). (6.15)
where
o Uir o er
Uy = — T V.= L — 6.16
—~ ()»—a,')r"'l J g (k—bj)”'l ( )

was presented in [Di]. We can reproduce it by simply allowing n; and m; in the data
(6.4) to be arbitrary positive integers and by following the same steps as for simple poles.
In that case we find

n; Qai ' b m.,' ij 1
a; _ —r— — 77 j _ —r— — V.
Vi) = Z (A —a)™ Ui, V1) = Z (r — bj)r+l =V;®)
r=0 r=0
(6.17)
where the coefficients are identified as
er = —Up, i=1,...,P, r=0,...,n;, (6.18)

Q" ==V, j=1.....P. r=0,....mj, (6.19)



Classical Yang—Baxter Equation Page 51 of 67 12

and calculated from the group coordinates using the following expansions

Q% (ha )——¢“l(xa,>zﬁ¢“t<xa,r S ofo—ank, (620

k:—ni —1

b () = —¢" (M)Zmas Gt = Y oY —bpt.

k—fmjfl

6.21)

As before, we simply assemble the elementary time flows into 9 = Z 0,4 and 9, =
4 -1

P

Z 0 »; which have the desired Lax pair (6.15). This gives the corresponding equations
- 1

j=1
of motion in zero curvature form d,U (1) —9g V (A)+[U (1), V(A)] = 0. The Lagrangian
producing these equations of motion is obtained by adding the elementary Lagrangians
.,iﬂa’ b’ . We give some details to show that we recover exactly [Di, Formula 20.2.12] (in
the case of non coinciding poles which we consider here).

.. isbj
The kinetic part of .Zfl 7’1 reads

b a, a A
K" 1 1_ res res Tr(—=¢“ (Ag,)™ IDW ¢’()\a1)2ﬁ

A=a; p=b;

+¢% (hp,) ' Dy, $7 (M) Z m)

= Tr(— res ¢“r (har)™ 13 b; ¢“' (ha) Z ﬁ

bj -1 a; bj i O _ o+l
+ Iurgzj ¢ ()\'h/) al—ll ¢ ()\'bl) rZ ()\_ b )r+1 )

— Tr(_ -1 A —lg . 1.B.
= Tr( )\fs,-gi atzg,A,+Mr§2jhj at_,lh]BJ)

where in the last equality, we introduced g; (resp. / ;) to denote the truncation of ¢“ (A;)

(resp. ¢bi (Ap ; )) up to the order n; (resp. m ), in order to help make the comparison with

Dickey’s formula. The equality holds since the truncation is possible under the residue.
i mj

A; B;
We also denoted A;:= E — " and B;:= E — " for conciseness.
prt (n — ai)r+1 J prd - bj)“'l
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The potential term reads, noting that ¢, bup; = by g, when a; # bj,

a,-,bj Plz
U2y =Trip | res res 1, oy _)L(Qai()\a,-))l(ij(Mb_,-))z

A=a; p=b;
@ b rat

= —res 0% (Ag) (Q ’(?»bj))

r=a; -
= — 1es (0% (i, NSO (hp )™

=a;
= — res (giAig; )™ (h;Bih;H™.

A=a;

We obtain Dickey’s Lagrangian, up to an overall sign and a relative sign due to a different
convention in the zero-curvature equation, by taking the following sums

=_Zi( KU~ Ut (6.22)

i=1 j=I

6.1.3. Interplay between hierarchies associated to simple and higher order poles Fol-

lowing Proposition 3.8, the Lax matrices read, foreachn > —n; —landi =1, ..., Py,
and foreachm > —m; —land j =1,..., P5:
ai(y rat n+n;j+1 “i_
Vnai()\):—< Q ( a;)l> - _ Z n—r -, (623)
G —aiy™) — G—a)
b rat m+m j+1 b
b; 0% (Ap;) /o
Vil M) = - ———— = — B — (6.24)
mn (()» — bj)’""’l - r;o (n — bj)”’l

At first glance, it is tempting to suggest that a Dickey hierarchy with certain fixed order
n; and m; simply sits higher or lower in another Dickey hierarchy with different fixed
n; and m ;. The situation is much more complicated in general. To illustrate what we
mean and show that this is too naive, let us focus on the field content of a Lax matrix
around a pole a and compare the ZM case (where a is a simple pole) with the Dickey
case (where a has order n1 + 1 > 1). The corresponding Lax matrices are

QZM a(}\’ ) n+l ZM ,a
ZM.,a _ o n r o
VEMa) = <—(x — ) Z Goap nzol (629

and

()L _ a)”” a)r+] ’ -

D,a rat n+ni+1 D,a
VnD,a()") - _ (M) [ Z ()L Qn —r n>-—-ny— 1. (626)

In general, it is always the case that the Dickey hierarchy contains the ZM case as its
lowest level. Indeed,

rat
Da 4\ _ 0t ra AP, AL ()
Vo) = ((/\ a)" ¢ (ha )Z Gy @G )_ =2y

(6.27)
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and it suffices to choose AnD1 = AgM to see that this is equal to

AZM ; ) rat B (ﬁ(a)AgM((b(a))_l
(@ Oua) )_ e L

viem) = (q&“(m (6.28)

A—a

However, the crucial point is that 9Z™-%(3,) and QP (),) are constructed as orbits
around different elements in general so the phase space is different in general. This
means that the previous identification only gives some of the fields of the Dickey case
which happen to be identifiable with the full phase space for ZM. The “converse” is not
true in general. The Dickey case can only be seen as a higher flow in the ZM hierarchy

ni D
if we construct it around a special element of the form Z — " with AP =0 for
()\ _ a)r+1 r
r=0
r=1,...,n and A,[l’1 = A§M. In that case, we see that
V,2A0) = Vi) (6.29)

so that the two hierarchies simply correspond to shifting the starting point in the ele-
mentary times 7¢. This discussion was local in the sense that we looked at a typical pole
a. Of course, similar conclusions hold around the other poles. If one assembles them to
obtain compound times, then the situation is similar but technically more complicated.
The summary is that in general, the Dickey case is a genuine generalisation of the ZM
case unless it is constructed as an orbit around a specific element dictated by the ZM
element. Of course, this comparison extends to the corresponding Lagrangians since the
building blocks are the same as for the Lax matrices.

6.2. Trigonometric Zakharov—Mikhailov models. We can repeat the construction of the
previous subsection but with the rational r-matrix replaced by the trigonometric one. To
the best of our knowledge, this produces for the first time a new class of models which
we call trigonometric Zakharov—Mikhailov models.

For conciseness, we simply illustrate this on the simplest example of simple poles in
the data (6.4). To derive the elementary Lax matrices, we need to use the trigonometric
formula in Proposition 3.8 which brings interesting differences compared to the rational

. . bj . . . X b
case, already for the lowest times /| and 7”/|. With Q% = ¢y Ajo(¢y) "' and 07/, =

bj bj . .
éy’ Bjo(g,’ )~ !, the corresponding elementary Lax matrices read

v Gy =~ 495 (p-y L po) ga (6.30)

-1 o A—a; 2 - ’
bA

b; b; 0~ _ 1o\ b

o= ! +P%) 0% (6.31)

It will be convenient to introduce the following notations, for M € gly:

1 1
<P++§P0>M:M>, (P‘+§PO>M:M<. (6.32)
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In particular M = M~ + M ~=. We derive from our general formula the following ele-
mentary Lagrangian:

R <(¢3i)_18£f; 9 Ao — (¢g) 5 & Bj()) (6.33)

bjb_’ T (9 Ao 05" Bioog ) ) +Tr 6 @) (8 BiotaH ") |-

The last term represents the main difference with the rational case, see (6.10).

We now show that the so-called anisotropic chiral model presented in Section 6 of
[FR] can be obtained as a particular case of our trigonometric ZM Lagrangians and ZS
Lax matrices. We will refer to it as anisotropic Faddeev-Reshetikhin model to avoid the
confusion with the “anisotropic chiral model” terminology used in [FR] which would
assume that we parametrise the currents differently from our coadjoint parametrization,
see (6.34).

We proceed in two steps. First, we specialise our data as follows: in (6.3), we take
P1 = P, = 1 and write a; = a and by = b; in (6.4), we simply write

B

F(A) = .
@) A—a+k—b

We also restrict g to slp.> Second, we apply the automorphism discussed in “Appendix
A” to make the connection with [FR] easier. Let us denote for convenience t*, = &,

tbl - 7]9
0% =i A = do. O =diBp)) " = 11, (6.34)
and the Lax pair (6.30),
N/
VI =UM) = — _Oa N (6.35)
bJ
VE )=V = —ﬁ — 5. (6.36)

The Lagrangian (6.33) becomes
_ _ b
Zr =Tr ((qsg) 9,08 A — (¢00) ' 9: 05 B — s Jodi+ J0J1<> . (6.37)

Varying with respect to ¢ and qﬁg , the EL equations read*

bJy alJy
opJo=1|— —J, b, 0eJ1=|— —J= 0. 6.38
nJo |:a—b 1 o:| e J1 |:b—a 0 1] (6.38)
Projecting on the basis Jy | = JJ 10+ + J(; 10—+ J(ilGj;, we get
g = 75 JH§ — :;HZJI J - I Jf = %ﬂg]g]i ZH}I)J!‘J]O‘II’
+ — - +

aJo _bb al Jo . J1J0v 3SJ13=ﬂJoJ_1_a JOJI’
oI = s TF TG+ I i JP = S IFI + 50y Tt

(6.39)

3 Thus, it would be more accurate to say that we derive the sl anisotropic FR model, as opposed to the
su(2) version of [FR]. This is not important for our considerations here.

4 The property Tr (JoJ;=) = Tr (J§ J1) is useful in deriving the EL equations.
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The residue at infinity of the zero curvature equation for the Lax pair (6.35)—(6.36)
yields the equation —, J;~ + 0 J~ + [J0<, J1<] = 0 in addition to (6.38). However,
when projecting, one can see that this is a consequence of the system (6.39).

To make the comparison with the equations for the fields S 2 3 and 7723 used in
[FR], we use the automorphism mentioned above and express the final answer using the
Pauli matrices o ».3. We also implement the changes A — e?*,a — ¢?*, b — ¢ to
go from rational to hyperbolic parametrisation. We find

1 1
e’VZ(”U(ez}‘)e_Mz"3 =-3 |:w1(k — a)z (e“JJ + e_“JO_) o1
+wa (A — a)% (e“J(;' - e_”JO_) 0+ w3(A — a)J0303i| ,
and
1 1
P73y (e2)e M2 = -5 |:w1(k +a)§ (ef".ll+ +eaJI_) o1
+wo (A + a)% (e U} — eI ) on +w3(h + a)11303] ,

where wi(A) = wy(A) = Sinﬁ, w3 (1) = coth L. It remains to compare with the Lax

operator (6.22) in [FR] and remember that they work with x and 7 instead of the light-cone
coordinates & and 7. This leads to the identifications

Si=—% (eI +eJy), Ty =—%(e7Jf +eJ)),
Sp=—L(e“Jf —e ), T=—t(e 9] —eJy), (6.40)
S3 = —1J3, T =-1J}.
Using (6.40), eqs (6.39) become
0Sa =2 Y € wy2a)T)S,. 6.41)
b,c
Ty =—2i Y e wya)SyTe., (6.42)
b,c

which are of the same form as (6.26)-(6.27) in [FR] when moving from the light-cone
coordinates &, n to the coordinates x, ?.

6.3. Deformed Gross—Neveu models. Here, we show how to produce the Lax pair and
Lagrangian for the deformed Gross-Neveu model discussed in [ABW, Section 16.2] (see
also [By] and references therein for the particular case of rank M = 1) as a particular case
of our construction. The deformation is controlled by the r-matrix in the potential term
which appears naturally in our construction. In fact, more than just the single Lagrangian
and its Lax pair, we can in principle generate all the elementary Lagrangians in the whole
Lagrangian multiform and all the elementary Lax pairs for the hierarchy containing this
model as its main representative. This explains the origin of the integrability of such
a class of models observed in [ABW,By] and is seen to be a particular case of our
construction.
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The idea is to apply a reduction, in the spirit of [Mik], to a Zakharov—Mikhailov
model. The r-matrix could in principle be any skew-symmetric solution of the CYBE
as we have already mentioned. Of course, if we want to resort to our explicit formulas
for Lagrangians or Lax matrices, then it will be either the rational or trigonometric one
since we have given an explicit construction only in those cases. Nevertheless, we will
write most results without specifying the r-matrix to emphasize this observation.

Choose the data in (6.3)—(6.4) as follows

S ={a, a*}, a¢R, g=gly, (6.43)
Foy= A Al (6.44)
T A—a A—a* ’

In particular, we chose N, = 1 = Ng+. As mentioned, we want to use the idea of
reduction which we implement as a reality condition on the objects of the theory. Writing

o
Q') = Y 0f(h—a) (6.45)
k=—1
and
oo
Q" () = ) Qf (h—af (6.46)
k=—1
we require QZ* =— (QZ)Jr for all k > —1. Accordingly, at the group level, we require
that when writing
o
0. 0a) =) G —a)t (6.47)
k=0
and
o0
Qar Oar) = Y@ (h—a®)F (6.48)
k=0

N\ . . .
we must have ¢ff = ((p,‘j ) forall k > 0. Then, for any skew-symmetric r-matrix which
is well-defined at A = a and u = a*, a direct computation gives

* * T PR
L9, =Tr (((pg ) atﬁ<pgA + ((pg)T 3t21¢8 A')
% a a* t a a* ¥ f
+Tris  ria(a, a*) (g8 A ((po ) oeA (q)o ) . (6.49)
1 2

It remains to choose A as a rank M matrix and parametrize it as A = (uv)" where u is
a constant N x M matrix and v is a constant M x N matrix (M < N). Then, setting

U= gog*u, V=uv ((pg)T, t%, =Zzand tf*l =z, we get

240 =T (VoU + Ut V) +Triz (rata, a)y @V UV)) . (6.50)
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This is the Lagrangian given in [ABW] (without the covariant derivative), with the
relation to their notation being r,(A); = Tra(r12(a, a*)Az) so that the potential term
reads

Tr1 (r12(a, a*) (UV) (UV)2) = Tr (ra(UV) (UV)T) .

The interpretation of the parameter appearing in the r-matrix (a here, s in [ABW]) is
clear in our context: it corresponds to the pole structure of the constant matrix in our
data (6.4).

The corresponding Lax pair is derived from (3.14) and reads, with K = UV,

VG =T (raGe, @K}), V) = =T (ria(h, a)K2), (6.51)

and coincides with the Lax connection (16.7) in [ABW]. Hence, the zero curvature
equation yields

9, Try (res‘; rio(A, a)K;r) = [Trg (res‘; rio(A, a)Kg), Trp (rlz(a, a*)Kz)] ,
0z Tro (resi* ri2(A, a*)KQ) = |:T1’2 (}’12()\, a)Kz'), Trp (resi* ri2(X, a*)Kz)] ,

which reduces to®

0. KT = [KT, Tr, (r1a(a, a*)Kg)] ,

zKp = |:T1’2 (rlz(k, a)K;), K] .

In our opinion, it is rather beautiful that our generating Lagrangian multiform produces
this class of models which was originally obtained via a completely different method,
related to 4d Chern—Simons theory (see the conclusion for details and references). Unlike
the latter method which necessarily focuses on a single Lagrangian at a time, we can
also obtain all the Lagrangians corresponding to the higher commuting flows of the
hierarchy, if desired.

7. Coupling Integrable Hierarchies Together

To show the flexibility of the construction, we explain by way of two examples how we
can couple integrable field theories together in a simple way. The reader familiar with
integrable hierarchies will recognize the procedure of assembling elementary time flows
and the corresponding Lax matrices into linear combinations. What we gain here is the
possibility to derive the corresponding Lagrangian (multiform) systematically for the
new model as well. The procedure is an analog in the ultralocal case of the construction
presented in [DLMV 1] for a class of non ultralocal field theories. Unlike the latter, the
coupling here is at the level of an entire hierarchy. We give an example in the rational class
and one in the trigonometric class of models. In the rational class, we couple together
the AKNS hierarchy with the hierarchy of the Faddeev-Reshetikhin model (the simplest
instance of aZM model). In the trigonometric class, we couple the sine-Gordon hierarchy
as discussed in Sect. 5 with the hierarchy of the anisotropic Faddeev-Reshetikhin model
as presented in Sect. 6.2. In each case, for conciseness, we present all the details for the
lowest levels of the hierarchy but it should be clear by now that one can extract higher
levels (Lagrangians and Lax matrices) systematically if desired.

5 This is true for r-matrices whose singular part at A = u is of the form % P12, which is the case for the
rational and trigonometric matrices we work with here.
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7.1. AKNS-FR hierarchy. To couple models in the AKNS hierarchy with models in the
simplest ZM hierarchy (with two poles), we assemble the corresponding data as

S={a,—a,o0}, ac€ C*,N;=Np =1, Ny =0, g=5slp, (7.1)
and we choose

F()) = —iaos + =aFAENS () + FER (), (7.2)

+
A—a A+a

where A, B are constant sl matrices. The parameter « is the coupling between the
two theories: @« = 0 gives a pure FR theory while sending « to infinity produces a
pure AKNS hierarchy. The effect of multiplying FAXNS()) = —io3 by « is to yield
0% (roo) = ¢ Q (1) where Q(1) is the AKNS series (4.4). Hence the Lax matrix V,°(})
is equal to the AKNS Lax matrix V,, (1) multiplied by «. With this in mind, we have for
instance V(1) = —iaAo3 +a Q.

For simplicity, we illustrate the coupling by looking at the two main models in each
hierarchy( NLS in AKNS and FR in ZM), i.e. by considering the Lax pair

VE W)+ VM) =U®), Vf’l(k) + V2P =V, (7.3)

with associated times & and n respectively. This choice of Lax pair corresponds to
assembling the four flows 77, £5° (AKNS) and ¢, ¢~ (FR) such that 9; = Oga, + Opee
and 9, = Bt:;z + 00

Denoting Q‘il = Jo and Q:‘f = Jp and recalling the above comments on the effect
of multiplying by «, we have

Ji
U = )L—O—l'a)»03 +aQ1=Uppr(A) +aUpnrs()), (7.4)
—d

J
VL) = ﬁ — 22003+ A@ 01 +a Qs = Vir(A) +aVyLs(R). (7.5)

The zero curvature equation 9, U (L) — 9 V(1) +[U (1), V (A)] = 0 yields the following
four (matrix) equations by looking at the residue at A = a, A = —a, A = oo and at the
constant term in the 1/A expansion respectively,

1
oy Jo + % [Jo, Jil +a [Jo, VNLs(a)] =0, (7.6)
1
OgJ1 + % [Jo, J1] —a[UnLs(—a), J1]1 =0, (7.7)
ade Q1 +ie[o3, Q2] +ialJy, 03] =0, (7.8)

@d, Q1 — ads 02 +a*[Q1, Q2] — iaalJo, 03] — ia[o3, Ji1+alJo, Q11 = 0. (7.9)
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Setting @ = 0, (7.6) and (7.7) gives the FR version of the principal chiral model [ZM2,
FR] which is usually written as

1
opJo+0gJ1+—[Jo, 11 =0, 9,Jo— 9:J1 =0. (7.10)
a

In the limit @ — oo (recall that ¢ scales like a9y, and 0, scales like ad;,, with 11, 1, the
NLS times), we see that (7.8)—(7.9) yield the NLS system (4.13)—(4.14)

0y 01 +ilo3, 021=0, 0,01 —0,02+[01, 021 =0. (7.11)

The Lagrangian of this coupled model is obtained by adding the NLS Lagrangian
grang p y g grang
L5 (which is £ in (4.11) properly rescaled)

2
o o
Ly = z(fl dgeer — e1dyge f1) — 5 Z(.fjatfoe2—j+l —ej0ie fo—j+1)
j=1

—a? (2ie2 fH+eé ff) , (7.12)

the FR Lagrangian .2,

JOJI} , (7.13)

L5 =T [(456‘)]%?453%\ — (o) 0,00 B — =

and the following two mixed elementary Lagrangians (discarding some irrelevant total
derivatives),

2
— [07
L45 =Tr [(¢3) 13t§°¢8A] -5 Z(fjathEZ—jH — e fr—j1)
=
—aTr[JoVyrs(a)], (7.14)

_ o —a~— _
L = S (idger —e1d ) = Tr [ (@5 aye g B+ e Unis(—a) |

(7.15)
Summing we get our Lagrangian for the coupled model
Dis—rr = Tr [0~ 0664 — @) 0200 B
o o 2
+5 (fioner —erdy 1) = 5 3 (Fideer—jur = ejds fojs1)
j=1
2 (; 2 2 JoJ1
—a (Zzezfz +el f ) —Tr | T +adoVnes@) —aliUnzs(-a) |
(7.16)

It can be checked directly that the variations with respect to ¢g, b0 “ e, frand ey, fi
gives (7.6), (7.7), (7.8) and (7.9) respectively.
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7.2. sG-aFR hierarchy. The same strategy can of course be applied in the trigonometric
case and we illustrate this by assembling the data of the sine-Gordon (sG) hierarchy as
in Sect. 5 with that of the anisotropic Faddeev-Reshetikhin (aFR) model as in Sect. 6.2,
in the following way

S=1{0,a,b,o0}, a,b e C*,Ng=N, =Ny =Ny =1, g=sb, (7.17)
and we choose
iB

F()) ! + A + A + B (7.18)
= — —0. O_ — 04y — AO_ — .
2 \n T * A—a r—0b

where A, B are constant sl matrices and it is understood that b = 1/a. We keep b
instead of 1/a as it makes notations lighter but all calculations are done with b = 1/a.
The parameter S is the coupling between the two theories: 8 = 0 gives a pure aFR
theory while sending B to infinity produces a pure sG model.

To illustrate the procedure on the easiest case, we choose the main representative
of each hierarchy, i.e. we consider the Lax pair (recall from Sect. 6.2 that we set Jy =

0%, = iAp¢H) " and Jy = 0, = @S B(od)™H)
—aJy — Mg B (Y 26! /)
h—a 4 272 )
= Uarr (1) + BUsc (M), (7.19)

UG =VE0)+ Vi) =

b —bIP M E B BX®2¢7i3

= Varr (M) + BVsg (M), (7.20)
with associated times & and n respectively. This corresponds to assembling the two sG
times tg, t5° with the two aFR times ¢ |, tf] such that 9 = atgl +a’8 and 9, = atb] +8,Ooo.

The zero curvature equation 9, U (A) — d: V(1) +[U (), V (1)] = 0 yields the following
four equations by looking at the residue at . = 0, A = 00, A = a, A = b respectively,

uy + BB = —2iJ7, (7.21)
ug + pCY = —2iJg, (7.22)
9yJo = [Varr (@), Jol — B [Jo, Vsg(a)], (7.23)
3 J1 = [Uarr (b), J11+ B [Usg (), J1]. (7.24)

Equations (7.21)—(7.22) should be compared with the first two equations in (5.20) and
(7.23)—(7.24) should be compared with (6.38). The last independent equation contained
in the zero curvature can be obtained for instance by setting A = 1. It can be shown
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that only the component o3 gives an equation that is not a consequence of those already
written. It takes the form

if 0 iB?
Z (877C1 + 8§Bfo> — T sinu
la+1 1
+— 3 JS+d J3) t— (aJFIT = bIT I
2a_1(no £ J1 (a—l)(b—l)(a()l 0 1)
P (Jo—e*f% —altet — Jtemit +a1;ei%) —0. (7.25)
2a — 1)

We can use (7.21)—(7.24) to cast this equation in the following more suggestive form
which shows the coupling between sG and the aFR currents

i (9093 + 06 97) 4wy + B sinu + g (Gg = IDe ™ +aur = JHet) =o.
(7.26)

We can derive the Lagrangian producing (7.21)—(7.24) and (7.26) by adding the
sine-Gordon Lagrangian (5.26) (with appropriate inclusion of )

G = EC?atgou + EB

‘32
4 2B

g — <e"“ 4o — C?BfO) , (1.27)

the anisotropic FR Lagrangian (6.37)

b
LR = Tr <(¢g)—lathl¢gA - (qﬁé’)_la,gl(pr = Joi+ J0J1<> , (7.28)

and the following two mixed elementary Lagrangians

L95 =Tr <(¢8)]8t8°¢8A + gC?ati]u — ,BJOVSG(a)> , (7.29)
Z(?j’l =Tr (gc?atfl u— (¢g)*latg¢33 + B Usg(b)> . (7.30)
‘We obtain
Z = B0+ P Boon T ((68) 10,604 — ()L 0: 0t B (7.31)
sG—aFR = 41 7)“"'4 1 dgu+Tr((dg) %o (9g)~ 99y .

B> (iu, i b
e (el“+e m—C?Bloo>—Tr m.]()]1+.]0]1< + BJoVsg(a) — BJ1Usg (D) ) .

The variation with respect to C?, B, ¢, ¢é’, and u gives (7.21), (7.22), (7.23), (7.24),
and (7.25) respectively.
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8. Discussion and Conclusion

By introducing a certain generating Lagrangian multiform, we were able to relate two
important but so far separate aspects of integrable systems: the well established theory
of the classical r-matrix and the comparatively much newer framework of Lagrangian
multiforms. In doing so, we bring closer together the vast amount of results in the
Hamiltonian approach to integrable systems and the Lagrangian approach in the form
advocated in the seminal paper [LN]. A rich byproduct of this effort is that the generating
Lagrangian multiform and its accompanying generating Lax equation and zero curvature
equation provide a systematic framework to construct integrable hierarchies of field
theories, both in terms of Lagrangians and of Lax matrices. This was illustrated at length
over many examples, both known and new. As already emphasised in the introduction,
this versatility to accommodate a very large class of examples stems from the fact that
we work in the adelic framework.

The most immediate open question that comes to mind relates to the restrictions
imposed on the classical r-matrix appearing in the generating Lagrangian multiform.
Certain aspects of our construction appear to remain true under only the assumption
that r is a solution of the CYBE (1.1). In particular, the restriction to the rational or
trigonometric case that we studied in detail only played a role in the explicit construction
of the projectors associated to the decomposition of the Lie algebra of g-valued adeles. It
is easy to imagine that one could use a more general skew-symmetric r-matrix provided
similar technicalities can be dealt with. Specifically, given a solution r of the CYBE,
one would like to establish results along the following lines:

- Define a pair of linear operators on the Lie algebra of g-valued adeles Aj (g) as

i Ap(@ — An(@, X)) > ((72X)a () (8.1)

aeCP!

with formulas similar to e.g. (2.21).

- Show that the linear maps 4 so defined are projection operators onto complemen-
tary subspaces of Aj (g), i.e. (ni)2 =74 and 7, + 7% = id.

- Show that the images w+.A) (g) of the projection operators 7+ are both Lie sub-
algebras of A, (g) and are isotropic with respect to the bilinear form analogous to that
defined in (2.2).

If one could accomplish this then it would follow that one would have a direct sum
decomposition of Aj (g) into complementary Lagrangian Lie subalgebras

A (g) = i Ay (g) + - Ax(9).

The corresponding r-matrix would be defined as r:=m, — 7_ € End A, (g) and would
presumably have a kernel of the form ((t,., ts,, + i, 1)F12(hs 1)) , o p1 - We could then
use this kernel into our generating Lagrangian multiform and construct integrable hier-
archies by the same method as we have done. One candidate to see if such a programme
can be realised is the elliptic 7-matrix [Sk,Be].

The other obvious restriction of the present work is the condition that r be skew-
symmetric. In fact, we wrote the CYBE (1.1) in its non-skew-symmetric form on purpose.
Once again, some of our results appear to hold without this assumption. This is the
case for the commutativity of the vector fields (3.9) as can be seen from the proof of
Proposition 3.4. The extension of our construction to the non-skew-symmetric case,
hence to non-ultralocal field theories, appears rather challenging as the current form of
our generating Lagrangian multiform simply does not allow for such an extension. We
are currently investigating this exciting issue which promises to have connection with the
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framework of classical affine Gaudin models, developed in [V1,DLMV?2], that provides
a unifying formalism for constructing and studying a very broad class of non-ultralocal
classical integrable field theories. A first step in that direction was achieved recently
[CDS] where it was shown how to incorporate the non-skew symmetric case naturally
in the context of finite-dimensional integrable hierarchies.

It was shown in [V2] that classical affine Gaudin models are closely related to 4d
mixed topological-holomorphic Chern—Simons theory introduced and studied in [Cosl1,
Cos2,CWY1,CWY2,CY], see also [DLMV3,BSV,LV]. In fact, 4d Chern—Simons the-
ory also naturally provides a framework for constructing a very broad class of ultralocal
integrable field theories (see also [Zo] for a description of ultralocal integrable field the-
ories as affine Gaudin models). In this context, it was shown in [CSV], see also [FSY],
that the rational Zakharov—Mikhailov models, one of the main classes of examples that
we reproduced here, could be obtained from 4d Chern—Simons theory with certain line
defects. However, the construction of [CSV] is, by design, able to produce only the ac-
tion of a single Zakharov—Mikhailov model, as opposed to its entire hierarchy, starting
from that of 4d Chern—Simons theory. It seems natural to wonder if such a construction,
and in fact the whole 4d Chern—Simons approach, could be adapted to our generating
Lagrangian multiform framework in order to derive entire integrable hierarchies and not
just single models from this point of view.

In the simplest case of the AKNS hierarchy, the concept of Hamiltonian multiform,
initially introduced in [CS2], was illustrated in [CS3]. The main idea is that it is possible
to apply a version of the covariant Legendre transformation to an entire Lagrangian
multiform to obtain the Hamiltonian analog of a multiform. Each coefficient of the
resulting Hamiltonian multiform can be seen as a covariant Hamiltonian for the field
theory described by the associated Lagrangian coefficient in the Lagrangian multiform.
Important accompanying objects are the symplectic multiform and the multitime Poisson
bracket which generalise to an entire hierarchy the concepts of multisymplectic form
and of covariant Poisson bracket respectively. The latter are essential ingredients of
the framework generally called covariant Hamiltonian field theory, see e.g. [Gi] and
references therein for a very useful recent review of the many facets of this rich topic. We
believe it is important to try and obtain the generating Hamiltonian multiform and related
structures corresponding to our generating Lagrangian multiform. Indeed, historically,
one of the driving motivations of the above mentioned covariant Hamiltonian approach
to field theory has been to allow for a (canonical) quantization of field theories that
removes from the start the breaking of covariance associated to the standard Hamiltonian
approach. The idea of covariant Hamiltonian field theory is to use a Poisson bracket that
does not suffer from the lack of covariance of the traditional Poisson bracket: a covariant
Poisson bracket. The results of [CS2,CS3] show that one can extend this idea to a whole
integrable hierarchy and that the classical r-matrix plays a key role in this “covariant”
context, see also [CS1,CSV]. The hope is that this could allow one to use the nice features
of integrability encoded in the passage from the classical r-matrix to the quantum R-
matrix, to fully implement the idea of covariant canonical quantization for such field
theories.

Finally, our work also opens the possibility for quantization using another route:
combining Feynman’s path integral ideas with a Lagrangian multiform, thus taking
advantage again of integrability features now encoded in a Lagrangian object entering
the path integral. This tantalising idea was first put forward and explored in [KN] but is
still very much in its infancy.
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A. Comparison of Trigonometric r-matrices for Sine-Gordon

For the reader’s convenience, we make the connection between the trigonometric r-
matrix we used in this paper and the perhaps more familiar one usually used for treating
the sine-Gordon model. The former reads

A+ A
ra(, ) =04 @0 -0 Q@04+ — )LP127 (A1)
with
1
Po=5(181+01801+028002+03803), (A.2)

while the latter, which can be found for instance in [FT, pp. 432—433], reads

y u?+2?

- Y LA
”12()»’#)2Em(1®1—03®03)—m(01®01+02®02),

(A3)

where y is related to the coupling constant of the sine-Gordon model and is set to 1 as
it is not relevant here. We relate the two matrices by showing that they both give rise to
the same matrix in trigonometric form. Set A = e2ia, w= ¢%P and define

M(a) = 2% (A.4)
with property M («)o+ M ~l(@) = e*®5,. Then we have
M(@) ® M(B)ria(e, HM ™ (@) @ M~ (B)
1
= —m [2(a+®0_ +0_ ® o) +cos(a — B) (03 ®o3+1®1)].
(A5)

Now set instead A = €@, pu = ¢, and recall the relation oy ® 0] + 07 ® 0y =
2(04 @o_ +0_ ®oy), to get

Fia(a, B) = 2 (04 ® o_+0_ ® 0y) +cos(a—P) (03 ® 03—-1® 1)].

1
20 sin(ax — ) [
(A.6)


http://creativecommons.org/licenses/by/4.0/
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The term proportional to 1 ® 1 is irrelevant as it plays no role in the Sklyanin bracket or
in the CYBE.

There is a deeper reason for this connection which has to do with the fact that the twist
of aloop algebra by an inner automorphism is isomorphic to the loop algebra. In simple
terms here, the version of sine-Gordon considered in [FT] is built on the twisted loop
algebra L9 (g) where 6 is an automorphism of order 2 of g, defined by #X = 03 X073 for
all X € g, and extended to the algebra

L@ =Paer (A7)

nez

by setting (X A") = (—1)"6(X)A" forall X € g. Withg =n_ @ h ®n,, L7 (g) can be
decomposed as

L= (Pn-or e Prer]|e|Prner!|. Ks

nez nez nez
Now we apply the map
O_+)\2n+l — U+k2)1 , 0,_)\2n+1 — O’_)»2n+2, 0’3)»2” — 0’3)\2’1 (A9)

which amounts to the transformation X (¢%%) > M (—a)X (e2*)M ! (—a) to obtain
that £ (g) is isomorphic to

P 1) o(Pver”|e|Pnor|. (A.10)

nez nez nez

We now apply a second map
oA o\, i =3, 4+, (A.11)

to obtain that L7 (g) is isomorphic to

Pr-er)e(Poer)e (P er)=~Lw. (A.12)

nez nez nez
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