UNIVERSITYW

This is a repository copy of Invertible Map between Bell Nonlocal and Contextuality
Scenarios.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/206696/

Version: Accepted Version

Article:
J Wright, Victoria and Farkas, Mate (2023) Invertible Map between Bell Nonlocal and
Contextuality Scenarios. Physical Review Letters. 220202. ISSN 1079-7114

https://doi.org/10.1103/PhysRevlLett.131.220202

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose -
university consortium eprinis@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/




Supplemental material: An invertible map between Bell non-local and
contextuality scenarios

Victoria J Wright*
ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute
of Science and Technology, 08860 Castelldefels, Spain

Mété Farkas'
ICFO-Institut de Ciencies Fotoniques, The Barcelona Institute
of Science and Technology, 08860 Castelldefels, Spain and
Department of Mathematics, University of York, Heslington, York, YO10 5DD

I. THE MAP

To specify the map in fully generality it will be useful for us to be able to describe Bell and contextuality
scenarios in which the different measurements have different numbers of outcomes. Thus, we redefine
our tuples that denote the scenarios as follows.

We use a tuple (A, B,X,Y) to denote a two-party Bell scenario in which Alice (Bob) has X (Y)
inputs and given an input z € [X] (y € [Y]) she (he) can obtain one of A, (B,) possible outcomes,
where A, (B,) are the entries of the X-tuple A (Y-tuple B). We use the notation ||A| =" A, and
1Bl =5, B,

Given a Bell scenario (A, B, X,Y), a correlation is given by a vector p € RIAINBI " with entries
p(a,blz,y). A correlation p is in the quantum set, Cy,, if there exist separable Hilbert spaces Ha and
Hp, positive-operator-valued measures M* = {M7}q¢(a,) for all z € [X] on Ha and NY = {N/}ie(5,)
for all y € [Y] on Hp, and a density operator (positive semidefinite operator with unit trace) p on
‘Ha ® Hp such that

pla,blz,y) = Tr (M7 @ Ny/p). (I.1)
A correlation p is in the no-signalling set if it satisfies the no-signalling constraints

> pla,blz,y) =Y plablz,y) Va,z.y.y (1.2)
b b

Zp(a,b|a:,y) = Zp(a,b|x’,y) Vb, y, z, x'. (L3)

A correlation p is local if there exists a measurable space (A, X), a probability measure p : 3 — [0, 1], and
local probability distributions I (a|z, E) and {B(bly, E) satisfying >, 14 (alz, E) = Y, (B(bly, E) = 1 for
all z € [X], y € [Y] and non-empty E € 3, such that

pa,ble, y) = / A alee, N)IB (bly, N)dpa(N). (14)

We identify a prepare-and-measure contextuality scenario with X preparations satisfying equivalences
O&p and Y measurements where measurement y € [Y| has B, outcomes by the tuple (X,Y, B, OEp),
where B is a Y-tuple with yth element B,.

A behaviour g is in the set of contertual behaviours if for every equivalence of the form

> awPe~> B.P, (1.5)

* victoria.wright@icfo.eu
T mate.farkas@york.ac.uk



in OE p the behaviour satisfies

ZOéxQ(b‘l’,y) = ZBQTQ(Mxvy) Vb, y. (16)

A behaviour ¢ is in the quantum set, Q, if there exists a separable Hilbert space H, POVMs { N/}, B,
for y € [Y] on H satisfying OE 5 and density operators p, on H satisfying Y azpe = Y. Bzpa for every
equivalence of the form in Eq. (I.5) in O p such that

q(blz,y) = Tr(NY pa) - (1.7)

A behaviour ¢ is in the non-contextual set if there exists a measurable space (A,X), probability
measures [, : L — [0,1] for all z € [X] satisfying Y agu.(E) = >, Bopia(E) for every equivalence
relation of the form (I.5) in O p and so-called response functions &,(b|-) for all b € [B,] and y € [Y] on
A, and ), {(b|E) =1 for all E € X, such that

alz,y) = /A &, (0N (). (18)

Now we can define the map I' on the full set of non-signalling correlations. Notice that if there is an
outcome alz that never occurs for Alice in the correlation p then pa(a|z) = 0 and the corresponding
preparation Py, of Bob’s system does not appear in the preparation equivalences NS(pa) (since it
would have coefficient zero). Consequently, the choice of preparation P, would be unconstrained in
both contextual and non-contextual theories. As a result the correlation p could be mapped to one
of many possibilities. Since we wish to map each non-signalling correlation to a single behaviour in a
contextual scenario, we will not include these unconstrained preparations in the contextuality scenario.

A correlation p in a Bell scenario (A, B, X,Y") is mapped to a behaviour ¢ in the contextuality scenario
(IAP] Y, B,NS(pa)), where [|AP|| = 37 |A%| and A% = {a : pa(alz) > 0} for all z € [X], and where
the preparation equivalences are given by

> pala) Py~ -~ > pa(alX)Pyx, (1.9)

aE[A1] GE[AX]
which we encode as a vector NS(pa) in the Cartesian product R4t x --. x RAX where the z-th vector
has a-th element pa (a|z). If a preparation P,, has coefficient zero we will say P,|, does not appear in
NS(pa).
The mapping is given by
I':[p,(A,B,X.Y)] = [q,(|A”].Y, B,NS(pa))] (1.10)
where
pla,blz,y)
q(bllalx],y) = ————== 111
Ollale] ) = "2 (L)

fora e A2, b€ [By], z € [X] and y € [Y].

For the inverse mapping, let A, € Nfor all z € [X] and some X € N, then consider some px (a|z) > 0 for
alla € [A;] and x € [X] such that Y-, o pa(alz) = 1forallz € [X]. Then, let NS(pa) € R4 x- - xRAX
be such that the a-th element of the z-th vector is pa(alz). We can now define a contextuality scenario
(Z,Y, B,NS(pa)) where the number of preparations, Z, is the number of non-zero elements in all the
vectors of NS(pa). Here NS(pa) encodes preparation equivalences as described in Eq. (I.9). The inverse
mapping I' ! takes a behaviour ¢ in this contextuality scenario to a correlation p in the Bell scenario
(A= (Ay,...,Ax),B,X,Y) and is given by

I~':q,(Z,Y,B,NS(pa))] — [p, (A, B, X.Y)] (1.12)
where
p(a,blz,y) = palalz)q(bllalz],y) (L13)
for b € [By], z € [X] and y € [Y]. When the scenarios are already specified, we will refer to the ¢ in
Eq. (I.11) as T'(p) and similarly, the p in Eq. (1.13) as T~1(q).



If we are simply given a behaviour in a contextuality scenario of the right type! we have a choice of
Bell scenario into which to map. This choice stems from being able to consider a correlation in a Bell
scenario as a correlation from a larger scenario where some outcomes never occur. For example, consider
a contextuality scenario with five preparations @1, ...,Qs and preparation equivalences %Ql + %Qg ~
%Q3 + %Q4 ~ (@5, and two measurements with two outcomes each. The simplest choice would be
to map to a Bell scenario with three measurements for Alice, the first two having two outcomes each
and the third having one (trivial) outcome. This choice corresponds to thinking of the preparations as
Q1 = Pi1, Q2 = Po1, Q3 = Pijg, Qi = Py and Q5 = Pyj3 which results from choosing NS(pa) =
(1/2,1/2) x (1/4,3/4) x (1).

However, an equally valid choice is to take NS(pa) = (0,1/2,0,0,1/2) x (1/4,3/4,0) x (0,1) which
means we would think of the preparations as Q1 = Py1, Q2 = P5)1, Q3 = Pij2, Q4 = Ppp and Q5 = Pyj3.
The resulting Bell scenario is ((5,3,2),(2,2),3,2). In this case the behaviours from this contextuality
scenario will map to the correlations in the Bell scenario with marginals given by the coeflicients in the
equivalences, e.g. pa(1]2) = 1/4, and in which all Alice’s outcomes that do not have a corresponding
preparation never occur, e.g. pa(1]1) = 0. It follows from the results of the present manuscript that if
the image of a behaviour in the first Bell scenario is a local, quantum or non-signalling correlation, then
the image in the second Bell scenario will also be local, quantum or non-signalling, respectively.

II. QUANTUM CASE: CONTEXTUALITY TO BELL

In this section we will show that I'~1 always takes a quantum behaviour ¢ in a scenario (Z,Y, B, NS(pa))
to a quantum correlation p. In the case of the simplest Bell scenario some similar arguments are de-
scribed in Refs. [28] and [29]. Consider a contextuality scenario (Z,Y, B, NS(pa)) as described in the
previous section, where pa (alz) > 0 for a € [A,] and = € [X] and NS(pa) € R4t x --- x RAX has a-th
element in the z-th vector pa (a|x) and where Z is the number of strictly positive elements of the vectors
in NS(pa). We will also denote by A, the subset of [4,] such that pa(a|z) > 0. Let ¢ be a quantum
behaviour in this scenario with a realisation, that is

q(0l[alz],y) = Tr(pajaV;) (IL1)

for some density operators p,|, for all a € A, and = € [X], and some POVMs {N/}, for all b € [B,] and
y € [Y] on a Hilbert space H, where > 1 pa(alr)pa. = pp for all x € [X] and some density operator

PB-
We will show that the correlation

p(a,blz,y) = palalz)q(bllalz],y) (I1.2)

for a € [A;], b€ [B,], z € [X] and y € [Y] in the Bell scenario (A, B, X,Y") has a quantum realisation.

Now, we want to find POVMs M® = { M7 },c(a,] on a Hilbert space Ha and a density operator p
on Ha ® Hp such that if Alice measures the POVM M? on system A then with probability pa (a|x)
(from our operational equivalences NS(pa)) she sees outcome a and Bob is left with the state pg|q
(from our quantum realisation in the contextuality scenario) for a € A, and outcome M ¥ never occurs
for a € [A;]\A,. In other words, we are looking for a way for Alice to steer Bob’s system into the
assemblage given by the states pg|;-

Mathematically, we want

Tra (Mg ®@1p) = {pA(ampalx e, (I1.3)

0 otherwise,

since then, if Alice measures M® on system A and Bob measures N¥ (also from the quantum realisation
in the contextuality scenario) on system B when the system AB is in state p we find

palalz) Te(N) paj) = palalz)a(bllala].y) it ae A,

114
0= pa (ale)q(bllale], y) otherwise, (Y

p(a,b|x,y) = TI‘(M; ® Né;p) = {

1 A scenario with no measurement equivalences and preparation equivalences given by multiple decompositions of one
hypothetical preparation in which each preparation only appears once.



and we have a quantum realisation for our Bell correlation. Our construction of M?* and p is based
on the Schrodinger-HJW theorem [16], in particular, on the infinite dimensional argument given by
Navascués et al. [22, Lemma 4].

Since pp is a density operator, it has a spectral decomposition given by a countable sum

pp =3 nln) (. (1L.5)

where {|n) : n € N} is a set of orthonormal vectors of H, and the positive eigenvalues A, of pp satisfy
> nAn = 1. Note that we have excluded any zero eigenvalues from this decomposition. Let Hp be the
support of pg and IIg = >~ [n) (n| be the projection onto this closed subspace of 7. Thus, we have that
{In) : n € N} forms an orthonormal basis for Hp and IIgppllp = pg. Furthermore, we have Ilgp,|,IIp =

Pale for alla € A, and z € [X] since we have 1 = Tr(IIgpgllp) = Y awed, balaz) Tr (Ilgpar| 1) which
implies Tr(IIgp,|,I1g) = 1 and therefore IIgpg|,IIp = pq|, for all a € A,
First, we define the state for the realisation of the quantum behaviour p. Let Ha = Hp, then the state is
given by |¥) =3 /A, |n) [n) € Ha @ Hp. This series converges since Y., |[v/An n) |n>H2 => ., \n=L
Second, we define the effects MY for a € A, of the POVM in the quantum realisation of p(a,b|z,y).
To do so, we define the operators

K

K
Mg = [Z ﬁn jm) <m|] paale)ol, [Z % In) <n|] (I1L6)

m=1 n=1

on Hp, where the transpose is taken in the eigenbasis of pg, and K € N. From now on, we assume that
Ha is infinite dimensional, since the finite-dimensional case is simpler. We will show that the operator
MZ on Hp given by MZ |[¢) = limg 00 Mg |t) is a bounded linear operator on Ha for all a € A, and

a

x € [X], and these operators will form the effects of the POVMs in the quantum realisation.

We have My, > 0 for all K € N since My ;- = STﬁA(a|x)pZ|IS, where S = Z7Kn:1 ﬁ [m) (ml,

and ﬁA(a|x)paT‘$ is positive semidefinite (since transposition is a positive map). Further, we have that
M;’K < I, since

M=

T S|
> i - |m><m|] g [z W'”“"']
1

m) <m|] Z)‘j 1) il [Z A <n] (IL.7)

n=1

]~
- H-
3 3

L B — |
3
Il
=

3
Il

]~

|m) (m| < 1.

3
Il

Thus, M7 x is a positive semidefinite bounded linear operator on Ha for all K € N, a € .,Zlgg7 and z € [X].

Consider the vector subspace F of Ha consisting of finite linear combinations of the eigenvectors of
pB, i.e. vectors of the form Z£=1 ¢n |n), for some L € N. The limit img o Mgk |1} converges in Ha
for every element [t)) of the subspace F, since there exists some Ky € N such that limp oo M{ i [t)) =

Mg e, ) = Mg ). Thus, we find that on F, [|M2 [0)]| = | Mz i, 1) < 9] and, hence, M is

a bounded linear operator on F. Since F is a dense subspace of Ha, we have that M7 has a unique
linear extension to 7. This extension is defined as follows: given a vector [¢)) € Ha let (|¢;))jen be
a sequence in F such that (|1;)); — |[¢) as j — co. Then we define M7 |¢) = lim;_,o M7 |1b;). This
limit exists since the sequence (M7 [1;)); is Cauchy which can be seen by the following argument. The
sequence (|1);)) is Cauchy, therefore for every € > 0 there exists N € N such that |||¢,) — [n)]| < € for
all m,n > N. Thus, we have that | M7 |¢m) — MZ W) || < [|¥m) — [¥n)]| < € since |Pm) — |n) € F.
Finally, we set M? = 0 for the remaining values of a, i.e. for a € [A;]\A, and verify that Eq. (IL3)

holds, that is, we have a quantum realisation of our correlation p(a, b|z,y), given by the POVMs M?* =
{MZ} on Ha for Alice and N¥ = {N/} on Hg for Bob and the quantum state |¥) = > /A, n)|n) €




Ha @ Hp. Clearly, for a € [A,]\A, we have Tra(M* @ I|¥) (¥]) = 0. Then, for a € A, we have

Tra(MZ @T19) (T) = > An; (Gl @ T(MF @ T|m) (n| @ [m) (n])|5) @ T

Jjm,n
=3V Knm M ¢ m) [m) (]
- — 00

(I1.8)

=2 VA ¢— (k) (] o3 m) lm) (3

= ZpA a|m <m| Palx |.7> |m> <.7| = pA(a|$)pa|x .

Jym
III. QUANTUM CASE: BELL TO CONTEXTUALITY

Conversely, consider a quantum correlation, p, from a bipartite Bell scenario (A, B, X,Y) given by
pla,blz,y) = Te(MZ © NYp)., (IIL1)

for some POVMs M* = {MZ} on a Hilbert space Ha and NY = {N/} on a Hilbert space Hp and a
density operator p on Ha ® Hp. Denote Alice’s marginal probabilities by pa (alz) = Tr(MZ ® Ip) and
Bob’s reduced states after outcome a of measurement x of Alice with pa (az) # 0 by

Tra (M7 ®Ip)

N (II1.2)

Palz =

Recalling that we denote the subset of [A;] such that pa (alz) > 0 by A%, we have that 3, 1» pa(alz)paj. =
Tra(p) for all z € [X], therefore the density operators pg|, satisfy the equivalences NS(pa) given in

Eq. (1.9). Taking p,, as preparation P,|, and N¥ as the y-th measurement in the contextuality scenario
(II.A7]], Y, B, NS(pa)) results in the behaviour

a(bllale], y) = Tr(NYpare) = mﬁjg 0r) _ v f'ijy) | (111.3)

Thus, ¢ is a quantum behaviour in the contextuality scenario (||AP]|,Y, B, NS(pa)).

IV. LOCAL AND NON-CONTEXTUAL CASE

Let p(a, blz,y) be a local correlation in a Bell scenario (A, B, X,Y). Then, there exists a measurable
space (A,Y), a probability measure p : ¥ — [0,1] and local probability distributions [*(a|z, E) and
IB(bly, E) satisfying Y, 1*(a|lz, E) = 3, 1B(bly, E) = 1 for all z € [X], y € [Y] and non-empty E € ¥
such that

pasblr.y) = [ P (ale V0l () (Iv.1)
A
We now construct a non-contextual ontological model that yields the behaviour

q(bl[alz],y) = % (1v.2)

in the contextuality scenario (||.AP||,Y, B, NS(pa)). Note that the marginals of Alice, pa(alz) =
>, pla,blz,y), can now be expressed as pa(alz) = [, 1*(alz, \)du(N).

We select the ontic state space (A, X) and each preparation P,|, for a € A2 and x € [X] is given by
the measure

A (al, E)u(E)

pa(ale) (IV.3)

:ua\z(E) =



on A. These are indeed probability measures on A, since
/ dptafa(N) = / A (ale, \)dp(n) = (IV.4)
A a|x
Furthermore, the measures |, satisfy the operational equivalences NS(pa), since
ZpA(a|I),u'a\x(E) = H(E)v (IV5)

for all E € ¥ and z € [X].
The response function for each measurement MY for y € [Y] is given by &,(b|E) = (B(bly, E). Now,
for all a € A2 and = € [X] we find that

B ‘z /\) _ p(a,b|m,y)
atllefel.) = [ &0Ndm0) = [ 20l Wdu(/\) Sresnd v

Conversely, consider a non-contextual behaviour q(b|[a|z],y) in a contextuality scenario (Z,Y, B, NS(pa))
where pa(alz) > 0 for a € [A;] and = € [X] and NS(pa) € R4 x -+ x RAX has a-th element in the
x-th vector pa(a|z) and where Z is the number of strictly positive elements of the vectors in NS(pa).
We will also denote by A, the subset of [A,] such that pa(a|z) > 0.

Then, there exists a measurable space (A, X), probability measures jiq|, for all a € A, and z € [X]
and &,(b|) for all b € [By,] and y € [Y] on A satisfying 3 pa(a|z)pq).(E) = p(E) for all 2 € [X] and
> &b E) =1 for all E € ¥ such that

/A £, (0N djtage (V) = g(llalz] v) (1v.7)

Note that we can assume that p(E) > 0 for all non-empty E € ¥.
We will construct a local hidden variable model for the correlation

p(a,blz,y) = {ﬁA(a|x)q<b|[a|xLy) ifac A (IV.8)

0 otherwise,

for b € [By], v € [X] and y € [Y]. Let

A (als, ) = W if « € A, and E non-empty (IV.9)
0 otherwise, )
and [B(bly, E) = £,(b| E). Then, for a € A,, we find
pable.y) = [ P alr VP (Bly, ()
A (IV.10)

- /A P (aln)Ey (N dttas (V) = pa(alz)a(bllalz], v)

and for a € [A,]\ A, we have p(a,b|z,y) = 0.

V. NON-SIGNALLING AND CONTEXTUAL CASE

Given a non-signalling correlation p in a Bell scenario (A, B, X,Y") we find that ¢ defined by Eq. (I.11)
is in the set of contextual behaviours in the contextuality scenario (||AP||,Y, B, NS(pa)) since

S palaa)gllalal.y) = 3 plabley) = 3 plable.y) = po(dly). (V.1)

ac AP ac AL a€[Az]

for all b € [By], z € [X] and y € [Y].



Conversely, given a behaviour in the contextual set of a scenario (Z,Y, B, NS(pa)) we find that the
correlation p in Eq. (I.13) is non-signalling in the Bell scenario (A, B, X,Y") since

Y plasblz,y) = Y albllalz],y)palalz) = QBly), (V.2)

ae[Az] aEAz

for some Q(bly) € R (recalling that A, denotes the subset of [A,] such that pa (alz) > 0), and

Y plabley) = Y qbllalz),y)palalz) = palale), (V.3)

be[B,] be[By]

for all for all b € [B,] and y € [Y].

VI. LIMITATIONS OF THE MAP

Preparation equivalences in the form of Eq. (14) of the main text generally may involve a single
preparation appearing in multiple mixtures, for example, see how preparation P; appears in all three
mixtures in Eq. (VI.1) below. Such equivalences do not arise from the no-signalling constraint in a
remote-preparation scenario. In this section we will demonstrate with an explicit example how treating
the multiple instances of a single preparation as different preparations in order to apply our map can
result in local correlations being mapped to contextual behaviours.

Preparation equivalences do not have one unique expression. For example, the equivalence

1 1
§(P1+P2) ~ g(P1+P3+P4), (VL.1)
can be expressed as
1 3 1
—P+-P,~=(P3+ Py). 1.2
1 1+4 p) 2( 3+ Py) (VI.2)

Relabelling these preparations can now yield an equivalence in the form in Eq. (1.9), since each prepara-
tion only appears once. In fact, any single equivalence ZaZ=1 Da,1 Py ~ Zle Da,2 P can be expressed such
that each preparation only features once, like in the case of Egs. (VI.1) and (VI.2). This rearrangement
is achieved by subtracting pg . P, from both sides and renormalising for all a, where = € {1,2} is such
that Pa,x = min{pa,hpa@}-

Performing this procedure for each of the individual equivalences in Eq. (14) of the main text will in
general lead to equivalences given by decompositions of multiple different hypothetical preparations. For
example,

1 1 1 2
OH:{§(P1+P2)2g(P1+P3+P4)25P1+3(P3+P5)} (VI3>
becomes

1 3 1

ZP1+ZP2§§(P3+P4) and

3 5 1 (VI.4)

- P Py~ —(P;+ Ps).

3 1+8 2 2( 3 + Ps)

Consider then the contextuality scenario H = (5,2,2, OH), where the preparation equivalences OH
are given in Eq. (VL.3). By considering multiple instances of a repeated preparation, e.g. P3, as distinct
preparations, we can embed the behaviours from the scenario H in a scenario H’ which can be mapped
to a Bell scenario. To do so, we first subtract %Pl from each hypothetical preparation and renormalise
to arrive at the relations

3 5 1 5
—P1 + —P2 ~ —P1 + —(P3 + P4) ~

N =



Next, we can treat the two instances of P; and the two instances of P; as different preparations (re-
interpreting the second instance of P; as Ps and the second instance of P3 as P7) to embed the behaviours
into H' = (7,2,2,0H’) where

N =

3 5 1 5

(Pr + P5)} : (VL6)

Under relabelling, these preparation equivalences are of the form NS(pas). Explicitly, we can map a
behaviour ¢ in the scenario H to a behaviour ¢’ in the scenario H' by setting ¢'(b|z,y) = q(b|z,y) for
1 <z <5, and ¢'(b]6,y) = q(b|1,y) and ¢'(b|7,y) = q(b|3,y). However, although under this embedding
non-contextual and quantum behaviours remain non-contexual and quantum, respectively, it is possible
for a contextual behaviour to become non-contextual due to the relaxation of preparation equivalences.
Indeed, we now give an explicit example of a contextual behaviour in H that becomes a non-contextual
behaviour in H’ using the above notation and mapping. Using the procedure in Ref. [Section IV,10] and
the vertex enumeration software package lrs [23], we found all the facet inequalities defining the non-
contextual polytope in H. The polytope has 60 facets, one of which is given by the inequality

—q(1]1,2) — 3¢(1]2,1) 4+ 2¢(1|3,1) + 2¢(1|3,2) + 2 > 0. (VL.7)
An explicit contextual behaviour violating this inequality is given by

dc = (QC(HL1)7Qc(1|172)aqcu|2ﬂ1)7q6(1|7272)"-'aQC(1‘572))
(19117119 10 18IS T 18 1001 10 10 (vis)
~\200727200" 27200’ 200’ 200° 200 100’ 200" 200" 2’ 200’ 200 ) ’

1

70> and thus it is

where ¢.(2|x,y) =1 — ¢.(1|x,y). In particular, this behaviour violates Eq. (VL.7) by —
contextual.
Let us now map ¢. above to a behaviour ¢, in the scenario H', that is, we have

, 19 1127 1 19 19 181 181 77 181 19 1 19 19 19 1 19 19
2007272007 272007 200”200 200 100" 200" 200" 2" 200" 200" 200" 2" 200" 200

e e e g e e e P ) . (VLY)

This behaviour is non-contextual, which can be shown by constructing an explicit non-contextual model,
that is, a measurable space (A, X), probability measures p, : ¥ — [0,1] and £, (b].) response functions
such that

qé(b|x7y):A§y(b|A)dux(A) Vb, x, . (VI.10)

Let us take the discrete measurable space A = {1,2,3,4} with the usual o-algebra X of the power sets.
We define the response functions

51(1|1) = 51(1\3) =0, 51(1|2) = 51(1|4) =1 (VI-H)
E(11) = 6&(12) =0, &(113) = &(14) =1 (VL12)

with &§,(2|]\) = 1 — &,(1|A) for all y and A. Furthermore, we define the probability measures via their
values p,({A}) given by

1
2
8L g 139 19 23 1 59
200 2000 200 100 2 800 (V1.13)
0 2r 139 19 19 19 59 '

19 1 51 81 271 g 17
200 2 2000 100 40

where the rows are indexed by A and the columns are indexed by z, ie. ur, = p({A}). It is a
straightforward computation to verify Eq. (VI.10) with these choices. Thus, the contextual behaviour ¢,
in the scenario H is mapped to a non-contextual behaviour ¢/, in the scenario H'.



VII. PROOF OF COROLLARY 1

Suppose there exists an algorithm to decide whether any behaviour belongs to the quantum set in
any given contextuality scenario. Then, given any correlation p in a Bell scenario (A, B, X,Y) one
can decide whether ¢ given by Eq. (I.11) belongs to the quantum set in the contextuality scenario
(47|, Y, B,NS(pa)). Since g € Q if and only if p € Cys, one could therefore decide the membership
problem for the set of quantum spatial correlations, however this problem is known to be undecidable [14,
24].

VIII. PROOF OF COROLLARY 2

If any behaviour in Q in any contextuality scenario could be realised with finite dimensional quantum
systems, then the construction in Sec. II would give a finite dimensional quantum realisation of any
correlation in a Bell scenario, which is known not to exist [25].

IX. PROOF OF COROLLARY 3

For the proofs of Corollaries 3 and 4, we will find it useful to remove probability zero or one outcomes
of Alice from a correlation. To do so we will map a given correlation in a Bell scenario to one in a
scenario with fewer inputs and/or outputs in which Alice’s marginal probabilities are strictly between
zero and one. We now describe this map and show how it preserves the closure Cy, of the set of quantum
spatial correlations Cys.

Let p € Cyq be a correlation in a Bell scenario (A, B,X,Y’) such that pa(alz) = 0 for all a > a,
for each = € [X] (note that if there are some zeroes in Alice’s marginals, we can always relabel Alice’s
outcomes such that these zeroes appear at a > a/,, since relabelling is a symmetry of Cg,). Furthermore,
let Alice’s outcomes be completely deterministic for inputs > X’. Since p € Cyq, there exists a sequence
of correlations (p;); C Cqq with finite dimensional quantum realisations such that p; — p as j — oo, i.e,
for each j € N we have

pi(a,blz,y) = (| M7 @ NP |4;) (IX.1)

for some separable Hilbert spaces H% and HL, unit vectors |1;) € H4 ® HL and projective measurements
{M23} and {N/”} on H’, and HE, respectively.

Now, consider the Bell scenario (A’, B, X’,Y) in which we have removed all of Alice’s inputs that
give a deterministic outcome in p, i.e. x > X’ and all the outputs a|z for Alice such that pa(alz) = 0,
i.e. a > a/. Therefore, A" has elements A’ = a/. Define a correlation 7(p) = p’ in this scenario by
P (a,blz,y) = p(a,blz,y) for all @ € [AL], b e [By], x € [X'] and y € [Y].

Lemma 1. A correlation p is in the set Cqq of a Bell scenario (A, B,X,Y) if and only if p = 7(p) is a
correlation in the set Cyq of the Bell scenario (A', B, X',Y)

Proof. Firstly, it is clear that removing all the deterministic inputs > X’ from each correlation in
the sequence Eq. (IX.1) leaves a sequence of correlations pj;(a,blz,y) = p;(a,blz,y) for all a € [A,],
b € [By]l, z € [X'] and y € [Y] with a quantum realisation that tend to a correlation p defined by
pla,blz,y) = p(a,blz,y) for all a € [A,], b€ [By], z € [X'] and y € [Y].

We then proceed by removing all the zero probability outcomes of one input z* € [X'] of Alice, by
mapping p to a correlation p* in the scenario (A", B, X', Y), where A*. = al. and AX = A, for all
x # z*. We take p*(a,blz,y) = p(a,blz,y) for all a« € [A%], b € [B)], x € [X'] and y € [Y]. Let
IV =3, 4-. MZ7 and H)" be the support of II7. Observe that, denoting the identity operator on H)

(7{{3) by T,5 (Igs), we have that

0= > palalz*) = lim (¢;| (Ias —TF) @ T, |v;) = lim (1 — (3| TP @ Iy [¢5)) , (IX.2)
j—o00 j—o0

a>Ar.
which gives

i (5] IV @ Igs [4) = 1. (IX.3)



We may then define the states

IV ® Ig; [¢5)
V(W TV @ Ig; [¢5)
where without loss of generality we can assume that the denominator is strictly positive for all j € N

since it tends to one in the limit j — oo. ‘ .
It also follows from Eq. (IX.3) that (embedding [¢7}) into ) ® Hp)

7)) = e HY oML, (IX.4)

. o _ oo (T @I o)
5, alvi) = i \/(1]/%\ 117 @ I, |1]Pj> - (1%:5)

Observe that we can find unit vectors |¢f> € H)\ ® Hi, orthogonal to |1h;) such that (again for the
embedding)

[05) = g [¥;) + Bj ;") (IX.6)

for each 7 € N. Note that we can choose the |w]l> such that 3; € R, and we have that o; = (¢;| I ®
Igi [¢;) € R, which also implies 5; = /1 — af. By Eq. (IX.5), we find that lim;_,. «; = 1 and hence,

also lim;j_,o0 4 /1 — a? =0.

Now, consider the sequence of quantum spatial correlations in the scenario (A*, B, X', Y) given by
pi(a,blz,y) = (V5| RZ7 @ NI |05 (IX.7)

for all a € [A%], b € [By], z € [X'] and y € [Y], where the operators RZ7 = IV MZJII’ form projective
m§asurements on the subspace H’" of H) since they satisfy Zae[ Ax] Rz = " ela] IV M2 =
T p T =T g5
We can now evaluate the limit of our sequence of correlations using the expression in Eq. (IX.6):
lim 3 (a,ble,y) = lim (05| R7Y © N J5)
J—00 J]—00

= lim (7| M7 © NJ |05)

j—o0

Zjlj{go o (;| M3T @ NP i) (IX.8)

+2Re (/1 — a2 (0| M7 © NP7 o))

+ (1= af)* (i | M37 @ N [u5) -

Since we have 0 < M%7 @ NI < I,;p;, both ’w)ﬂ M3 @ NV |¢J+>’ and ‘<¢jl| M#i @ NV |¢j>‘ are
bounded in the unit interval. It follows that the final two summands of the last expression in Eq. (IX.8)
tend to zero in the limit due to the factor of /1 — a?. Remembering that o; — 1 as j — oo, we are left
with

Jim pi(a,blr.y) = lim (| M7 © N i) = pla. bl ). (IX.9)

for alla € [A%], b € [By], x € [X'] and y € [Y]. This argument can be applied iteratively for each 2 € [X’]
to show that the correlation p’ = 7(p) is a member of the set C,, in the Bell scenario (A’, B, X', Y).

Conversely, given any correlation p’ € C,q in a scenario (A’, B, X', Y) we can embed the correlation
in a scenario (A, B, X,Y’) in which Alice has more inputs and/or outputs via the map

P (a,blz,y) forae[Al],be[By], z€[X'],yelY]
pla,blz,y) =41 fora=1land X' <2 <X (IX.10)
0 otherwise.
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If p’ € Cyo then there exists a sequence of correlations pj; which tend to p’ and have quantum realisa-
tions. This sequence can be transformed to a sequence of quantum spatial correlations in the scenario
(A, B, X,Y) which tends to p by adding zero operators to the POVMs for the additional probability
zero outcomes in the existing inputs of Alice and adding POVMs given by the identity operator followed
by zero operators for the additional deterministic settings. O

Remark 1. One can analogously show that a correlation p is in the set Cys of a Bell scenario (A, B, X,Y)
if and only if p' = 7(p) is a correlation in the set Cys of the Bell scenario (A’, B, X',Y) with an argument
that follows the proof of Lemma 1 but with the simplification of not having to consider limits of sequences
of correlations.

Now, let p be a correlation in a Bell scenario (A, B, X,Y) that is contained in the closure Cyq of the
set Cqs of quantum spatial correlations but that is not contained in the set Cy itself, i.e. p € Cyq\Cys [24].
It follows from Lemma 1 and Remark 1 that p’ = 7(p) € Cya\Cys in the scenario (A, B, X’,Y). First,
we will construct a sequence (p")nen of correlations in Cys in the scenario (A’, B,X',Y) converging
to p’ such that every element of the sequence has the same marginals for Alice as p/, i.e. pi = ply
for all n € N. Since the correlations p™ will all have the same marginals for Alice, they will each be
mapped to a behaviour ¢" = I'(p™) in the same single contextuality scenario (||.A7|[,Y, B, NS(p/y)) where

P = Y ae A8 = g |[A2

_ Next, we will show that this sequence of behaviours converges to ¢ = I'(p’), meaning ¢ is in the closure
Q of the set of quantum behaviours. Finally, it follows that g ¢ Q since otherwise we could construct
a quantum realisation of the correlation p’ = I'"!(g), via the method in Sec. II. Thus, we have that

g€ Q\ Q.

Consider the correlation p

it (g, blz,y) = pA(a|:v)B%/. We demonstrate that this correlation is in the

relative interior of the local polytope (and, hence, in the relative interior of Cys) as follows. The vertices
of the local polytope are exactly the correlations V' that admit an expression

Via,blx,y) = vA(a\x)vB(b|y) , (IX.11)

for two deterministic conditional probability distributions v* and v®. In any polytope of unconstrained
conditional probability distributions r(c|z) over some variables ¢ € [C] and z € [Z] for some C, Z € N,
any point on the boundary contains at least one zero element i.e. r(c|z) = 0 for some ¢ € [C] and =z € [Z].
Both distributions p'*(a|z) = p/s (a|x) and piit(b|ly) = 5 are entirely non-zero and, therefore, are in the
relative interiors of their respective polytopes.

It follows that pmt(a|x) and pi*(bly) admit convex decompositions pii(alz) = D e Q.0 (alr) and
PR (bly) = 3., Boyv B(bly) where ag > 0, Bpy > 0 for all a € [A], b € [By], z € [X] and y € [Y]

and 30, Qaw =D, Bby = 1. Thus, we find that p'™(a,b|z,y) also admits a convex decomposition in
which all of the vertlces of the local polytope have a strictly non-zero coeflicient, namely,

p* (@ bla,y) = D aawBhyv™ (ale)® (0ly), (IX.12)
a,b,x,y
int

showing that p™' is in the relative interior of the local polytope.

Additionally, we have that pi* = py. Define p" = 1p™ 4+ (1 — 1) p/. Each term of the sequence has
the same marginals for Alice, pR = p/y, and is in the relative interior of Cy,, since it is a mixture of a
point in Cy, and a point in the relative interior of Cgq. It follows that (p™),en is a sequence of points in
Cqs that converge to p’.

Now, consider the image (¢")nen of the sequence (p™)nen under our map I' [see Eq. (I.11)] in the
contextuality scenario (||A7|],Y, B,NS(p))), noting that all points in the sequence are mapped to the
same contextuality scenario since they have the same marginals p/, (a|z) for Alice. Since each p™ € Cgs,
we have that each ¢ € Q. Furthermore, we have that for every ¢ > 0 there exists N € N such that
[lp™ —p'|l; < € for all n > N. Thus, letting € = min, ,{p, (a|z)}e, we have that for all n > N,/
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lg" —qll, = > la" (®llalz],y) — a(bllal], )]

a,b,x,y

Z pn(avb|xay) _ Pl(a7b|$»y)‘

2= [ ohGe)  phal)

. (IX.13)
< { -t S bl - 0t

o pA (L|(E a,b,x,y

1 , e
&% {pk(am) } ming o {pj (alz)}

and we find that (¢") C Q converges to ¢, meaning q € Q.

On the other hand, we have that ¢ ¢ Q since otherwise we could construct a quantum realisation of
the correlation p’ = I'"1(q), via the method in Sec. II. Therefore, it follows that that ¢ € @\ Q and Q
is not closed.

X. PROOF OF COROLLARY 4

We require two results from the literature. Firstly, it is known that the following weak-membership
problem for Cqq = Cys is undecidable [14]:

[WMEM] given a correlation p in a Bell scenario (A, B,X,Y) and € > 0 decide whether p € Cy, or
p¢Cou=1{p: |lp—p'll, <& for some p’ € Cyu} with the promise that either p € Cyq or p ¢ C

qa7
where ||.||; is the £;-norm.

Secondly, it is known [14] that for any § > 0 there exists an algorithm (FIN) that verifies that
a correlation p € Cga and halts for any correlation p € Cga. The input of this algorithm is a fixed
correlation p. At the d-th step, (FIN:d), of the algorithm a finite set of quantum correlations, {p2},,, is
constructed such that these correlations are realisable when dim(Ha) = dim(Hg) = d, and moreover,
for any correlation, p that is also realisable with such Hilbert spaces we have H p— ﬁ;’iHl < ¢ for some

p%. This can be achieved, because the set of quantum correlations achievable in a fixed dimension is
compact. Then, the distance Hp — p’;f”l is calculated for all n. If this distance is less than ¢ for some n
the algorithm returns p € Cga. Otherwise, the algorithm proceeds to (FIN:d 4 1). Since the closure of
the set of quantum correlations realisable in some finite dimension is the same as Cq, [26, 27], it follows
that if p € Cga then the algorithm halts for some finite d, otherwise it does not halt.

Now, suppose there exists a hierarchy of SDPs wherein each level, j, decides whether a behaviour ¢ in
a contextuality scenario (Z,Y, B, NS(pa)) is in a superset Q; of Q or not, and these supersets converge
to Q as j tends to infinity (i.e. @ = NyQ;). Under this hypothesis, we will construct an algorithm that
decides the problem [WMEM], and therefore reach a contradiction.

We can now give the algorithm that decides [WMEM]. Given a correlation p with the promise that
either p € Cyq o1 p ¢ Cgy:

Step (1): If pa is deterministic return p € Cy, and halt.
Otherwise, relabel Alice’s inputs such that any inputs giving a deterministic outcome are labelled
with the highest values z > X’ in [X] and for each € [X'] relabel the outcomes such that any
zeroes in py are for outcomes a > al, for some a/, € N and (we retain the notation p for this
relabelling), and map p to the correlation p’ = 7(p) in the Bell scenario (A’, B, X', Y) such that
p’ has marginals p/, strictly between zero and one (see Sec. IX).

Step (2): Map p' to ¢ = I'(p’) in the contextuality scenario (|| A(,Y, B, NS(p})), where [[AP|| = >, xn|AL| =
Y eeixn|AY . (1.10) and (1.11)..

Step (j > 3): Use level j of the SDP hierarchy to decide whether ¢ € Q;.
If ¢ ¢ Qj: return p ¢ Cf, and halt.
If g € Q;: run step (FIN j) of the algorithm (FIN) on p’ with ¢ < e.
If (FIN:j) returns p’ € CJ,: return p € Cyq and halt.
Otherwise, perform Step (j+1).
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To see that the algorithm would return the correct answer, first, define Q° = {q : |l¢—¢'||; <
¢ for some ¢’ € Q}.

Case (1) p ¢ Ciy:
Let p. be any behaviour such that ||p’ — pL||; < e. Then we have that ||p —771( p'E |, =llp" —pLll, <e
and thus 771(pL) ¢ Cya. Therefore, p. ¢ Cyq in the scenario (A’, B, X',Y) and p’ ¢ C¢
an e-ball around p’ entirely outside of Cyq.

Now we will show that ¢ = I'(p") ¢ Q°. Consider any behaviour ¢. such that ||g- — ¢|; < € and let
pe = I'"!(ge) be the image of ¢. under the map in Eq. (1.13) (where po = p/y). Then we have

a» Since there is

Ilpe =P’y = Y IPalalz)ge(bllalz],y) — p'(a,blz,y)]
a,b,x,y
= > IPa(al)g:(bl[alz], y) — pa(alz)q(bl[ala], v)|
@iy (X.1)
= > Palalr)lg(b|[alz],y) — q(b|[alz], )|
a,b,x,y
< > lg=(llala],y) — q(bllalz], )| <.
a,b,z,y

Therefore, we have that p. ¢ Cyq, which implies p. ¢ Cys and thus g = I'(pe) ¢ Q. We have shown that
there is an e-ball around ¢ entirely outside of Q, thus q ¢ O°.

For a finite level j of the SDP hierarchy we find ¢ ¢ Q; and hence, at a finite step (j + 1) of the
algorithm we obtain p ¢ CZ,. On the other hand, at no Step (j) will the algorithm return p € C9¢, since
we have shown that p’ ¢ C;, in the scenario (A’, B,X’,Y), and therefore ||p’ —p”||; > ¢ > ¢ for any
correlation p” realisable with finite dimensional quantum systems.

Case (2) p € Cya:

We have that p’ = 7(p) € C,q in the scenario (A’, B, X’,Y), and we will show that ¢ = I'(p’) € Q
using the same method as in Sec. IX. To do so, we will construct a sequence (p™)nen of correlations
in Cy4s converging to p’ such that every element of the sequence has the same marginals for Alice as p/,
i.e. pi =p), for all n € N. Since the correlations p™ will all have the same marginals for Alice, they will
all be mapped to a behaviour ¢" = A(p™) in the same contextuality scenario (||A?|,Y, B, NS(p/y)).

Consider the correlation p'™(a,blz,y) = pg(alx)Biy. We demonstrate that this correlation is in the

relative interior of the local polytope (and, hence, in the relative interior of Cys) as follows. The vertices
of the local polytope are exactly the correlations V' that admit an expression

V(a,blz,y) = v*(alz)u®(bly). (X.2)

for two deterministic, conditional probability distributions v and v®. In any polytope of unconstrained
conditional probability distributions 7(c|z) over some variables ¢ € [C] and z € [Z] for some C, Z € N,
any point on the boundary contains at least one zero element i.e. r(c|z) = 0 for some ¢ € [C] and z € [Z].
Both distributions pi*(a|x) = p/; (a|z) and pii*(bly) = 53— are entirely non-zero and, therefore, are in the
relative interiors of their respective polytopes.

It follows that pii*(alz) and pg*(bly) admit convex decompositions pi*(alz) = 3=, , Qg0 (alr) and

pE (Oly) = 3., Bryv® (bly) where aqy > 0, By, > 0 for all a € [Af], b € [By], x € [X] and y € [Y]

and >, @ =, Bpy = 1. Thus, we find that p™(a, blx,y) also admits a convex decomposition in
which all of the vertices of the local polytope have a strictly non-zero coefficient, namely,

P (b, y) = S Gawbyr @B ly), (X.3)
a,b,x,y
showing that p'™* is in the relative interior of the local polytope.

Additionally, we have that p‘nt = p/y. Define p" = %pim + (1 — %) p’. Each term of the sequence has
the same marginals for Alice, pk = py, and is in the relative interior of Cyq,, since it is a mixture of a
point in Cy, and a point in the relative interior of Cyq. It follows that (p™)nen is a sequence of points in
Cq4s that converge to p’.

Now consider the image (¢")nen of the sequence (p™)neny under our map I' [see Eq. (I.11)] in the
contextuality scenario (||A7|[,Y, B,NS(p))), noting that all points in the sequence are mapped to the
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same contextuality scenario since they have the same marginals p/, (a|z) for Alice. Since each p™ € Cgs,
we have that each ¢" € Q. Furthermore, we have that for every ¢ > 0 there exists N, € N such that
[lp" —p'|l; < € for all n > N.. Thus, letting € = min, .{py (a|z)}e, we have that for all n > N,

lg" —all, = Y la"(®l[ala], y) — a(bl[ala],y)l
a,b,x,y
— Z p”(a,b|x,y) _ p’(a,b|x,y)'
2= | phGale) | ph(ain)
b, (X.4)
<t S bl - 0t
ot pA (Z|ZII a,b,x,y

1 , €
<maxq —F——— € = ————F———— =¢
o {pﬁx(am} ming . {pj (alz)}

and we find that (¢") C Q converges to g, meaning q € Q.
Therefore, in this case the algorithm will not return p ¢ Cgq in any step j. On the other hand, at some

finite step (FIN:d) the algorithm (FIN) will establish p’ € Cga and our algorithm will return p € Cyq and
halt at Step d.
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