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Abstract

We introduce ordinal collapsing principles that are inspired by proof theory but have
a set theoretic flavor. These principles are shown to be equivalent to iterated I'I{—
comprehension and the existence of admissible sets, over weak base theories. Our
work extends a previous result on the non-iterated case, which had been conjectured
in Montalban’s “Open questions in reverse mathematics" (Bull Symb Log 17(3):431-
454, 2011). This previous result has already been applied to the reverse mathematics
of combinatorial and set theoretic principles. The present paper is a significant contri-
bution to a general approach that connects these fields.
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1 Introduction

Well ordering principles assert that certain (computable) transformations of linear
orders preserve well foundedness. Historically, the first example concerns the trans-
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formation of a linear order X into the set
w(X) :={{x0, ..., Xp—1) | X0, ..., Xp—1 € X and x,_| <x --- <x Xo}

of finite non-increasing sequences in X, ordered lexicographically. As shown by Girard
[26, Theorem 5.4.1] and Hirst [27], the statement that ‘w (X) is well founded whenever
the same holds for X’ is equivalent to a set existence principle known as arithmetical
comprehension. The latter is, in turn, equivalent to important mathematical results
such as the Arzela-Ascoli theorem or the infinite Ramsey theorem (for tuples with
a fixed number of at least three elements). To make clear that these equivalences
are informative, we point out that they are established in a weak base system RCAg
(‘recursive comprehension axiom’). They are part of a research programme known as
‘reverse mathematics’, developed by Friedman [23] and Simpson (see his textbook
[55] for a comprehensive introduction).

The literature contains many more equivalences between well ordering principles,
statements about set existence, and mathematical theorems [2, 37, 45, 47, 48, 50, 58].
At the same time, there is a fundamental limitation: The statement that ‘X is well
founded’ has complexity H% (one universal quantification over infinite sets). Given a
computable transformation D of linear orders, the principle that ‘D (X) is well founded
whenever the same holds for X’ will thus be Hé (‘for all—exists’). It is known that
principles of this form cannot be equivalent to more abstract set existence statements,
such as the principle of I1 } -comprehension from reverse mathematics or the ‘minimal
bad sequence lemma’ of Nash-Williams [39] (see the analysis by Marcone [36]).

To overcome this limitation, one can consider order transformations of higher type,
which have other transformations as arguments or values. More precisely, the latter
should be dilators in the sense of Girard [24], 1. e., particularly uniform transformations
X +— D(X) of well orders (see below for details). In the prime example from the
literature, a given dilator D is transformed into a linear order ¢} (D) that represents a
relativized Bachmann—Howard ordinal (details below). The statement that ‘(D) is
well founded for every dilator D’ is equivalent to the principle of H}-comprehension,
as shown by the first author [ 10-13]. For related work by the second author we refer to
[46] and to Section 6 of the earlier paper [45]. The equivalence with IT } -comprehension
had been conjectured in A. Montalban’s list of ‘Open questions in reverse mathematics’
[38]).

The cited result on ¥ (D) has become the basis for an analysis of the minimal bad
sequence lemma in terms of a uniform Kruskal theorem [21], for a new approach to
Friedman’s gap condition [14, 19], for another equivalence that involves patterns of
resemblance [18] (which resolves a further open question from Montalbéan’s list [38]),
for work on a functorial version of the fast-growing hierarchy [3], and for a result
on inverse Goodstein sequences [59]. These applications show why well ordering
principles are relevant: they connect very intricate constructions from proof theory to
reverse mathematics, set theory, and core mathematics. The present paper shows that
these connections extend far beyond the existing literature. Specifically, we will study
iterated H}-comprehension or, equivalently, hierarchies of admissible sets. In partic-
ular, we will obtain a characterization of H}—transﬁnite recursion, which is equivalent
to mathematical results such as the Galvin-Prikry theorem from Ramsey theory (as
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shown by Tanaka [56]). We will also characterize the statement that ‘every set is con-
tained in a countable 8-model of H{—comprehension’, which solves an important case
of the general Conjecture 6.1 from [45]. Analogous to the applications of [11, 13]
that were mentioned at the beginning of this paragraph, the present paper has already
been used to prove an equivalence between H}—transﬁnite recursion and a uniform
Kruskal-Friedman theorem with gap condition (see [35] for the combinatorial result
and [17] for the analysis in reverse mathematics).

Let us recall some terminology that is needed to state our result. We write LO for the
category with linear orders as objects and embeddings (strictly increasing functions)
as morphisms. By [-]=“ we denote the finite subset functor on the category of sets,
with

[X]=? := ‘the set of finite subsets of X,
[f17%@) :={f(x)|x €a} (for f:X — Y anda € [X]™?).

We will suppress the forgetful functor from linear orders to sets. In the following
definition, this allows us to view both D and [-]=% as functors from linear orders to
sets, so that we can consider a natural transformation between them (i.e., a family of
maps suppy : D(X) — [X]=“ such that [ f]=“ o suppy = suppy oD(f) holds for
any embedding f : X — Y of linear orders). By rng( f) we denote the range (in the
sense of ‘image’) of a function f.

Definition 1.1 A predilator consists of a functor D : LO — LO and a natural transfor-
mation supp : D = [-]=% such that the ‘support condition’

mg(D(f)) = {o € D(Y)| suppy(0) S mg(f)}

is satisfied for every embedding f : X — Y of linear orders. If D(X) is well founded
for any well order X, then D (together with supp) is a dilator.

Girard additionally demands that D(f) < D(g) follows from f < g (pointwise
inequalities between morphisms), which is automatic for dilators but not for predilators
(see [24, Proposition 2.3.10] or also [21, Lemma 5.3]). Apart from this, our definition
is equivalent to Girard’s, which does not mention supports but demands that D pre-
serves direct limits and pullbacks (see [10, Remark 2.2.2]). Predilators are determined
by their restrictions to the category of finite orders, essentially because any linear
order is the union of its finite suborders. As observed by Girard, this allows us to treat
predilators as sets (rather than proper classes) and to represent them in reverse math-
ematics (assuming their values on finite orders are countable). To make the present
paper more readable, we will not work with representations explicitly. The reader who
desires a detailed formalization of our considerations in reverse mathematics will find
a blueprint in [13, Section 2].

The aforementioned characterization of I1 } -comprehension can now be made more
precise. For a subset a and an element y of a linear order X, we write

aCxy & x<yyforalxea.
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This fits with the usual identification of ordinals with their sets of predecessors. The
following notion—first defined in [11]—is inspired by Rathjen’s notation system for
the Bachmann—Howard ordinal (see [49]).

Definition 1.2 A Bachmann—Howard collapse for a predilator D consists of a linear
order X and a function ¥ : D(X) — X such that

(i) o <p(x) T and suppy (o) Cx ¥(7) entail ¥ (o) <x V(1),
(i1) we have suppy(c) Cx ¥ (o) forall o € D(X).

If such a ¢ exists, we call X a Bachmann—Howard fixed point of D.

In [13, Section 4] it is shown that any predilator D has a minimal Bachmann—
Howard fixed point ¢ (D), which is computable with a representation of D as oracle.
We can now give a precise formulation of the result that was mentioned above.

Theorem 1.3 ([11, 13]) The following are equivalent over RCAy:

(i) H}-comprehension,
(ii) any dilator has a well founded Bachmann—Howard fixed point,
(iii) if D is a dilator, then ¥ (D) is well founded.

Let us point out that (ii) and (iii) have different virtues. Since D +— (D) is a
computable transformation, statement (iii) is a well ordering principle of higher type,
as discussed above. The explicit construction of ¥ (D) reveals that the strength of (ii)
lies in well foundedness, not in the existence of Bachmann—Howard fixed points as
linear orders. On the other hand, statement (ii) has the advantage that it is very easy to
formulate. This demonstrates another advantage of well ordering principles: they allow
us to condense central ideas of ordinal analysis into elegant set theoretic principles.
With a grain of salt, we suggest to view these principles as ‘large cardinal axioms’ in
the computable realm.

We now describe how Theorem 1.3 will be generalized in the present paper. The
product X x Y of linear orders is defined as usual, namely by

(x,y) <xxy &, y) & x<xyx'or(x=x"andy <y ).

Given functions f : X — X'andg:Y — Y/, wedefine f x g: X x ¥ - X' x Y’
by (f x g)(x,y) := (f(x), g(y)). Let us note that we omit one pair of parentheses
in the expression (f x g)((x, y)) to improve readability. If f or g is the identity on
X = X' or Y = Y/, respectively, we write X x g or f x Y rather than f x g. By
Example 1.5, the following generalizes the 1/-functions of Buchholz [6].

Definition 1.4 Given a well order v and a predilator D, a v-collapse for D consists

of a linear order X and an embedding 7 : X — v x D(X) with the following two
properties: First, we demand that the relation <1 on X that is given by

s <t & s esuppy(r)form(t) = (a, 7)
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admits a height function 2 : X — N with h(s) < h(¢) for any s < ¢ (think of 5 as a
subterm of 7). For y < v, we use recursion along <1 to define G)L,) X > [D(X)]=?
and simultaneously G, : D(X) — [D(X)]=* by

D {t}UG, (1) ifn(t) = (o, 7) witha > y,
G2 (1) := . .
] if r(t) = (o, 7) withx < y,

Gy (r) == JIGD(5)|'s € suppx (1)}
Secondly, we now demand that 7 has range
mg(m) = {(a, 1) € v x D(X) | Gu(1) Spx) T}

If such a 7 exists, we say that X is a v-fixed point of D.

In the presence of weak Kénig’s lemma, the existence of our height function 4 is
equivalent to the well foundedness of < (since supports are finite). The given formu-
lation of the definition has the advantage that GJL,) and G, can be constructed even
over RCAq (as kindly pointed out by Patrick Uftring). We will see that the existence
of well founded v-fixed points entails principles that are far stronger than K&énig’s
lemma.

Instead of 7, we will often consider its partial inverse ¥ : v x D(X) —, X, which
can be seen as a collapsing function in the sense of impredicative ordinal analysis (see
the following example). While some readers may prefer to reformulate the definition
in terms of i, we feel that the use of 7 has notational advantages. Note that we cannot
expect ¥ to be total, because the order type of v x D(X) will typically exceed the
one of X. Very roughly, the condition on rng(;r) ensures that ¢ has a large domain of
definition. Given that 7w and hence 1 is order preserving, this means that X must have
large order type.

Example 1.5 To turn the transformation X — w(X) into a dilator, we declare

o(f)((x0, ... xp—-1)) == (f(x0), ..., f(xn-1)),

suppy ({x0, - - -, Xn—1)) := {x0, ..., Xp—1}.

Consider Buchholz’ order OT from [6, Section 2], and let P C OT be the suborder of
principal terms, which have the form Dyt with @ < w 4+ 1 and t € OT. Let us note
that a principal term of the indicated form represents a value of a function v, that
‘collapses’ large ordinals below the «-th regular uncountable cardinal. All such values
are additively principal ordinals (i.e., have the form w?), and the remaining terms
in OT represent finite sums of them. Our aim here is to show that P is an (w + 1)-fixed
point of the dilator w(-). Up to the obvious isomorphism OT = w(P), we can define
T:P— (w+1) x w(P) by m(Dyt) := (e, t). Clause (<2) from the cited paper by
Buchholz ensures that  is an embedding. Givens <1 Dyt foratermt = (tg, ..., t,—1),
we invoke the definition of < to get

s € suppp (1) = {to, ..., ta—1}.
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The latter entails that s is a subterm of D, (in the usual sense), which ensures that <
is well founded. The isomorphism OT = w (P) identifies t € P C OT with the element
(t) € w(P). Up to this identification, the function G, : w(P) — [w(P)]= from
Definition 1.4 is an extension of G;‘j : P — [w(P)]=%. Based on this observation, one
readily checks that our function G, coincides with G, : OT — [OT]|=® as defined
by Buchholz, still modulo OT = w(P). In view of Buchholz’ clause (OT3), it follows
that v has range as required by Definition 1.4.

In Sect. 2, we explicitly construct a v-fixed point v, (D) of a given predilator D.
More precisely, the order i, (D) will be given as a term system that is computable
relative to v and D, so that its existence is known in the axiom system RCAqy. We will
also show that i, (D) is isomorphic to any other v-fixed point of D, so that v-fixed
points are essentially unique. This confirms the significance of Example 1.5. Let us
now state our main result, which is further explained below. The proof spans most of
our paper and will be completed in Sect.9.

Theorem 1.6 Provably in RCA, the following principles are equivalent for any infinite
well order v:

(i) H{—recursion along v,
(ii) any dilator has a well founded v-fixed point,
(iii) if D is a dilator, then ¥, (D) is well founded.

Over ATRS®, statements (i) to (iii) are also equivalent to the following:

(iv) for any set u, there is a sequence of admissible sets Ady, > u for @ < v, such that
a < B < v entails Ad, € Adg (where we consider v as an ordinal).

The restriction to infinite v is convenient, because it will allow us to reduce to the
case where v is of limit type. In RCA( one can also prove the equivalence for v = 1
and hence for each finite v that is fixed externally, as we shall see in Corollary 4.4
(based on Theorem 1.3). What we will not show is that RCA( proves the equivalence
uniformly for all finite v. We believe that this could be established by our methods,
but this would seem to require a separate treatment of the successor case, which we
were keen to avoid.

Let us now explain statement (i) from Theorem 1.6. Given ¥ € N and o < v,
we write Y, for the set of all x € N such that (the Cantor code of) the pair (o, x) is
contained in Y. In other words, we view Y as a representation of the sequence of sets
Y, € N with o < v. Its initial segments are represented by the sets

Yoo ={{y,x)eY|y <a}={{y,x) eaxN|xeY,}] CN.

For a formula ¢(x, o, X), possibly with further parameters, let H,(Y) be given by
(the obvious formalization of)

Hy(Y) & Yy={xeNlpl, oY)} foralla <v.

More intuitively, this expresses that the sets Y, € N are built by recursion along v,
where ¢ determines the recursion step. Let us recall that H{—formulas have the form
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VX C N.6 for a formula 6 that contains quantifiers Vo € N and 3n € N only.
Statement (i) from Theorem 1.6 is the axiom schema that consists of all statements

Vxl,...,xmENVX],...,X,,ENHYEN.I‘LP(Y)

fora H}-formula ¢ with number and set parameters x1, ..., x, and X1, ..., Xj.

Before we discuss the axiom system ATR%‘Et and statement (iv) from Theorem 1.6,
we consider some instances that are relevant in their own right (see Sect. 9 for proofs).
First, the following result was promised in [46], for a projected article with the title
‘A proof-theoretic characterization of S-models of H{-comprehension’, which we
have incorporated into the present more general paper.

Corollary 1.7 The following are equivalent over RCAq:

(i) every subset of N is contained in a countable B-model of H}-comprehension,
(ii) any dilator has a well founded w-fixed point,
(iii) if D is a dilator, then ¥, (D) is well founded.

Secondly, the axiom schema and rule of A%—comprehension are closely connected
to iterations of H%-recursion along fixed v < gg and v < w®, respectively, as shown by
Friedman [22] and Feferman [9] (see also the presentation by Pohlers [41, Section 3.2]).
Our Theorem 1.6 yields analogous connections with the well foundedness of v-fixed
points. Finally, we obtain the following corollary when we quantify over v. To confirm
the significance of this result, we recall that H}—transﬁnite recursion is equivalent to
the Galvin-Prikry theorem and to the principle of Ag—determinacy, due to Tanaka [56,
57].

Corollary 1.8 The following are equivalent over RCAq:

(i) H%-transﬁnite recursion, i. e., the principle that H}-recursion is available along
any well order v,
(ii) any dilator has a well founded v-fixed point for every well order v,
(iii) if D is a dilator and v is any well order, then yr, (D) is well founded.

Let us now complete our explanation of Theorem 1.6. The axiom system ATRf)et
is a set theory due to Simpson [54, 55], who showed that it is conservative over the
axiom system ATRg (‘arithmetical transfinite recursion’) from reverse mathematics.
Its axioms ensure that all primitive recursive set functions (in the sense of Jensen and
Karp [34]) are total and that every well order is isomorphic to an ordinal (‘axiom
beta’). We also include the axiom that all sets are countable, as in [55] (while [54]
marks this axiom as ‘optional’).

We also recall that an admissible set is a transitive model of Kripke-Platek set
theory. For v = 1, the equivalence between (i) and (iv) has been shown by Jiger [31]
(see also [10, Section 1.4]). The extension to general v can probably be considered as
known, but we will also obtain a new—if rather indirect—proof in the present paper.
Indeed, we will work in ATRS®® to prove the circle of implications

i = () < (i) = (v = ()

) Birkhauser
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between the statements from Theorem 1.6. In order to obtain the equivalence of (i), (ii)
and (iii) over RCAg, we will argue that each of these statements entails arithmetical
transfinite recursion (consider Theorem 4.2 together with Theorem 1.3 above). Note
that (iv) cannot be (directly) considered over RCAy, as it is a statement of set theory
rather than reverse mathematics.

Statements (ii) and (iii) of Theorem 1.6 are equivalent because v, (D) is the unique
v-fixed point of D (up to isomorphism), as mentioned above and proved in Sect. 2. The
implication from (i) to (ii) is established in Sect. 3, where we relativize Buchholz’ [5]
method of ‘distinguished sets’ to a given dilator (cf. the relativization to a single order
in [47, Section 12.3.1]). In Sect.9 we recall the standard proof that (iv) implies (i).

To prove the crucial implication from (ii) to (iv), we will generalize the argument
that was given for v = 1 in [11]. There we developed a notion of B-proof (cf. [25]) that
is sound and complete for the class of models L%, i. e., the stages of the constructible
hierarchy over a transitive # =: IL;j. By completeness, the existence of an admissible
set LY (which implies (i) of Theorem 1.3) was reduced to the claim that there is no
B-proof of contradiction in Kripke-Platek set theory. This claim is a natural target for
ordinal analysis, which is specialized in consistency proofs based on large well orders.
Specifically, one argues that the height of a given B-proof can be bounded by some
dilator D. Based on the well order @ (D) from (ii) of Theorem 1.3, one can employ
Jiger’s ordinal analysis of Kripke-Platek set theory [30], to conclude that the given
B-proof does not derive a contradiction.

In the argument from [11] that we have sketched in the previous paragraph, the
relevant B-proofs consist of a tree Sy for each linear order X (see [11, Section 4]).
The aforementioned dilator D is essentially given by D(X) = Sx with the Kleene-
Brouwer order. In the present paper, we obtain corresponding trees S § that depend not
only on alinear order X but also on a given embedding R : v — X, which corresponds
to the sequence of admissible sets in (iv) of Theorem 1.6 (see Sect.5). However, we
cannot allow D(X) to depend on R, because (ii) of Theorem 1.6 requires a dilator, i.e.,
a transformation whose arguments are linear orders without additional structure. This
new obstacle is resolved in Sect. 6, which can be seen as the main technical contribution
of the present paper. To complete the proof that (ii) implies (iv) in Theorem 1.6, we
then adapt the classical ordinal analysis for iterated admissible sets, developed by
Jdger and Pohlers [32] and streamlined by Buchholz [7] (see also the earlier work on
inductive definitions [8] and the detailed results in [44]). Our ‘abstract’ version of this
ordinal analysis is worked out in Sects.7 and 8. In the final Sect.9, we combine all
previous work into official proofs of Theorem 1.6 and Corollaries 1.7 and 1.8.

2 Existence and uniqueness of v-fixed points

In the present section, we construct a v-fixed point v, (D) of a given predilator D for
an arbitrary well order v. Before, we show that all v-fixed points of D are isomorphic,
which will entail that v, (D) is essentially unique. The following result is central for
our uniqueness proof.
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Proposition 2.1 For well orders  and v, consider a p-collapse & : X — u x D(X)
andav-collapsex : Y — vx D(Y) of apredilator D. Given an embedding I : pu — v,
there is a unique embedding f : X — Y such that

X X5 ux DX)

f| Lo

Y X5 vx DY)

is a commutative diagram.

Proof Write < for the well founded relation on X that is given by Definition 1.4. To
prepare the proof of existence, we establish a more general form of uniqueness. For
the purpose of this proof, let us say that a (finite or infinite) set a C X is closed if
s <t € aimplies s € a. We write ¢, : a < X for the inclusion. By the definition of
<1 and the support condition from Definition 1.1, any closed a validates

t €a = suppy(r) Ca=rng(y,) = v €mg(D(y,)) for ()= (x,1).

Given that D(¢,) is an embedding, we get a unique embedding 7, such that

a 5 ux D(a)

tal lld % D(1y)

X X5 ux DX)

commutes. By an a-approximation, we shall mean an embedding f, : @ — Y such
that the diagram from the proposition commutes if we replace X, , f by a, 74, f4.
When a is the entire order X, then the functions ¢, and D(¢,) are the identity ona = X
and D(a) = D(X), respectively, since D is a functor. In this case, the functions 7w,
and  will thus coincide, which means that an X-approximation is a function f as in
the proposition. Our strong form of uniqueness reads as follows.

Claim Given any a-approximation f, and b-approximation fj for closed a, b C X,
we have f,(t) = fp(t) forallt e anb.

To prove the claim, one checks that ¢ := a N b is closed and that f, [c and f} [ ¢ are
c-approximations (write f, [c¢ = f, ot with ¢ : ¢ < a). To conclude, we consider an
arbitrary c-approximation f and show that its values are uniquely determined. Given
t € c, write m.(t) = (a, v) and consider the inclusion ¢ : supp.(r) < c. By the
support condition, we can write T = D(t)(tp), where 79 is unique since D(¢) is an
embedding. As f is a c-approximation, we obtain

ko f(t) = xD(f)) ome(r) = (I(er), D(f o 1)(10))-

Given that « is an embedding, this means that f(¢) is determined by f o (. We can
deduce uniqueness by induction over <1 (or over the heights from Definition 1.4), as
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s € rng(1) implies s < ¢. To see the latter, note that we have
n(t) =7 ote(r) = (d xXD(e)) o e (1) = (, D(e)(7)),
and that the naturality of supp : D = [-]=% yields
mg (1) = supp,(7) = [tc]™* o supp.(t) = suppx (D (1) (7))

As a next step towards existence, we show that approximations can be combined:

Claim Consider a family (f; |i € I) of a;-approximations f; for closed a; € X. The
function f :a = J;c; ai — Y with f(¢) = f;(¢) for t € g; is an a-approximation.

Note that a is closed and that f is well defined by the previous claim. To show that
f is an a-approximation, we need to consider at most two indices at a time, namely,
when we check that f is an order embedding. This means that the claim for general /
reduces to the one for I = {0, 1}. We establish the latter by induction on the cardinality
lag U ar| € N U {o0}. The crucial step is to show

1o <x t1 = folto) <y fi(t1) for 1 €a;.
Let alf C a; consist of the predecessors of #; in the transitive closure of <. Then the
set ¢ = a(’) U ai is finite and cannot contain both 79 and #1, as < is well founded.
Due to the induction hypothesis, the restrictions f; [ a; can thus be combined into a
c-approximation f’. Put 7r; := 7y with d = a;. As in the proof of uniqueness, we can
write 7; (;) = (e, D(t})(;)) with ] : a] — a;. For ¢; : a; — X we get

7(t;) =m o (t;) = (Id x D(1;)) o 7 (t;) = (i, D(1; 0 ;)(1i)).

Let us also consider the inclusions ¢! : @] < c and ¢, : ¢ = X. Clearly,

is a commutative diagram. Aiming at the implication above, we now assume fo < f1.
As 7 is an embedding, we get either «g < o] or g = «1 and

D(t¢) o D(1()(10) = D(1g 0 1p)(19) < D(t1 0 ¢})(t1) = D(t¢) o D)) (11),

which entails D(y;)(70) < D(1])(t1). By the choice of f” we have f' [a] = fi [ a],
or equivalently f" o = f; o ;. Hence the last inequality entails

D(foop)(z0) = D(f") o D(1g)(z0) < D(f") o D)) (t1) = D(f1 0 4})(zD).
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To conclude fy(#9) < fi1(#1), it is thus enough to observe

Ko fiti) = (I x D(f;)) omi(t;) = (I(a;), D(fi 0 })(w)).
Now that this second claim is proved, the proposition is reduced to the following:
Claim Given any ¢ € X, there is an a-approximation for some finite closed a > ¢.

Arguing by induction on <I, we can use the previous claim to produce a b-approxi-
mation f for some finite closed b C X that contains all s <1 ¢. As before, we can write
7 (t) = (o, D(1p)(7)) with 1, : b — X. To extend f into a function /' : @ — Y on
the closed set @ := b U {t}, we would like to stipulate « o f'() = (I (), D(f)(1)).
For this purpose, we need to show that the right side lies in the range of «. Let us
write GD-# 1 Z — [D(Z)]=” and G/ : D(Z) — [D(Z)]=* for the functions from
Definition 1.4, where Z can be X or Y. Analogous functions for Z = b arise by

GDD(s) e {o}UGh (o) if my(s) = (. 0) witha >y,
4 ' ] if 7, (s) = (o, 0) with < y,

GY(0) == JIGD () |7 € supp,(0)).

To see that this recursion is well founded, note that 7, (s) = («, o) and r € supp,, (o)
entail r < s, as in the proof of the first claim. By induction along <1 we get

(D)™ 0GP =GP X ou, DN eGP =Gl o f,
[DW)I™ 0 Gy =G o Dw). (D™ Gl =G0 D).

Fort € X with 7 (¢t) = (o, D(1p)(7)) as above, we can invoke Definition 1.4 to get
(D))" 0 G (v) = Gy o D) (¥) Spexy D) (@).

The latter entails G4 (1) Cp) T and then
Gl © D()(@) = [D(NHI 0 GL(1) Sper) D(f)(D).

Again by Definition 1.4, it follows that (I (&), D(f)(7)) lies in the range of x. As indi-
cated above we can thus define /' : a = b U {t} — Y by stipulating

ko f'(1) = (I(@), D(f)())
and f’ [ b = f. The fact that f’ is order preserving is readily deduced from the

following observation: For s € b with y(s) = (B, o) wehave (s) = (8, D(1)(0)),
and since f is a b-approximation we get

ko f'(s) =Ko f(s) = (I x D(f) omp(s) = (I(B), D(f)(0)).
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To see that the diagram from the proposition commutes with ¢, 7., f’ at the place
of X, 7, f, we note that f'|b = f amountsto f = f' orwithe:b <> c.Fors € b
or s = t, we see that w(s) = (8, D(1p)(0)) yields w.(s) = (8, D(t)(0)) and hence

(I x D(f") o me(s) = (I(B), D(f" o 0)(0)) = (I(B), D(f)(0)),

which coincides with k o f(s) as computed above. O

In terminology from category theory, the proposition shows that any v-fixed point
satisfies the universal property of an initial object. As the following proof makes
explicit, this entails that v-fixed points are essentially unique. For an application of
Proposition 2.1 with u < v, we refer to Corollary 2.10 below.

Corollary 2.2 All v-fixed points of a given predilator are order isomorphic.

Proof Consider v-fixed points 7 : X — v x D(X) and« : Y — v x D(Y), and write
I : v — v for the identity. Two applications of the previous proposition (one with X
and Y interchanged) yield embeddings f : X — Y and g : Y — X with

mogof=UxD(g)okof=UxD(g)o(dxD(f))omr=(UxD(go f)om.

If Idy is the identity on X, then D(Idy) is the identity on D(X), as D is a functor.
Hence we also have m o Idy = (I x D(Idx)) o w. We can conclude g o f = Idy by
the uniqueness part of the previous proposition. The analogous argument shows that
f o g is the identity on Y, so that f is indeed an isomorphism. O

To prepare the construction of v-fixed points, we recall a notion of normal form
that is due to Girard [24]. Where the context suggests it, we identify n € N and the
finite order {0, ..., n — 1} (with the usual order between natural numbers). We also
agree to write |a| = {0, ..., |a| — 1} for the cardinality of a finite set a.

Definition 2.3 The trace of a predilator D is defined as
Tr(D) :={(n,0)|n € Nand 0 € D(n) with supp, (o) = n}.
We say that 0 € D(X) has normal form ¢ =ng D(e)(og) with e : n — X for
some n € N if we have (n, og) € Tr(D) and o is indeed equal to D(e) (o).
Let us recall a standard observation:
Lemma 2.4 Any o € D(X) has a unique normal form o =ng D(e)(00).
Proof If o has normal form as given, then e is determined as the unique embedding

with domain n := | suppy (c)| and range suppy (o) € X, as naturality yields

suppy (0') = suppy oD(e)(00) = [e]=* o supp, (00) = [e]~“(n) = mg(e).

For existence, consider e as determined in the uniqueness proof. The support condition
from Definition 1.1 ensures that o = D(e)(op) holds for some o¢p € D(n). By the
equations above, we see that suppy (o) = rng(e) entails supp, (cp) = n and hence
(n, ag) € Tr(D). m]

W Birkhauser



Well ordering principles for iterated I'I} Page 130f83 76

In order to construct a v-fixed point ¥, (D) of a given predilator D, we shall first
build an order 1/f,jr (D) 2 ¥, (D) that admits an order isomorphism

Y.F (D) Z v x D (y,(D)).

We will later show that i, (D) is well founded when D is a dilator (cf. Theorem 1.6).
The same cannot hold for ¥;F (D), which explains the auxiliary status of this order.
Indeed, when we have v > 1 and D admits embeddings X — D(X), then the order
type of v x D(X) will always exceed the one of X (namely, v x D(X) is isomorphic
tof-v>awhenwehavea = X — D(X) = g witha < ).

Definition 2.5 Consider an ordinal v and a predilator D. The set v, (D) of terms is
generated by the following recursive clause: Given a finite set a C .7 (D), we add a
term Yy (a, o) € wj(D) for each o < v and each o € D(|a|) with (|a|, o) € Tr(D).

Note that ¥, (D) is non-empty if the same holds for D(0). We recursively put
L:y (D) > N with | (Yala,0)) =1+ ,.,2-1().

The following definition determines s < ¢ by recursion on /(s) + [(¢). In particular,
the factor 2 in the definition of / allows us to determine the restriction of < to a U b.
We demand that this restriction is linear, to ensure that D (a U b) is defined (as a linear
order with the order relation written as < pqup))-

Definition 2.6 In order to define a binary relation < on wj (D) by recursion, we
declare that ¥ (a, 0) < ¥ (b, ) holds precisely if a U b is linearly ordered by < and

(i) either we have o < S,
(ii) or we have @ = B and D(e,)(0) <pup) D(ep)(z) for the strictly increasing
functions ¢, : |a| - aUb and ¢ : |b| — a U b with range a and b, respectively.

The condition that a U b is linearly ordered is made redundant by the following.
Lemma 2.7 The relation < is a linear order on 1//j(D).

Proof By induction on n € N, one can simultaneously show

t <t for () < n,
r<sands <timplyr <t forl(r) +1(s) +1(t) <n,
s <tandt < simplys =t forl(s) +1(t) <n,
s <tort=<s forI(s) + I(t) < n.

Let us establish transitivity for r = ¥y (a, p), s = Y¥g(b,0) and t = ¥, (c, 7). The
induction hypothesis ensures that < is linear on d := a U b U ¢ (due to the factor 2
in the definition of / and since transitivity is trivial when all three relevant terms are
equal). Given r < s and s < ¢, the conclusion r < ¢ is immediate unless we have
o =B =y aswell as

D (%) (0) <paupy D(§P) (@) and D(e2*)(0) <ppue D(€EY)(v),
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where e, : |u| — v is strictly increasing with range u C v. Note that () o e; = e}/
holds for the inclusion ¢}/ : v < w. After composing the previous inequalities with
D(LZUb) and D(LZUC), respectively, we can invoke transitivity in D(d) to get

D(e) © D(e”)(p) = D(3)(p) <pwy D(ED (@) = D(Ky,) o D) ().
We obtain D(e2““)(p) <puc) D(€?7¢) (), so that clause (ii) of Definition 2.6 yields
the desired inequality » < ¢. By similar but easier arguments, we can reduce the reflex-

ivity and linearity of < to the corresponding properties of orders D(d). To establish
antisymmetry, we must show that s = ¢ follows from

D(e8%) (o) = D(2Y)(v).

The expressions on both sides of this equation are normal forms in the sense of Def-
inition 2.3, as Definition 2.5 ensures that (|b|, o) and (|c|, T) lie in Tr(D). Hence
Lemma 2.4 allows us to conclude. O

To obtain an order isomorphism ;7 (D) = v x D (y;7 (D)) as promised above,
it suffices to map ¥ (a, o) to (o, D(ey)(0)), where e, : |a] — wj(D) is strictly
increasing with range a. This fact will not be used, but a very similar result is shown

in the proof of Theorem 2.9 below. We now single out the desired suborder.

Definition 2.8 In the following, let e, : |a| — ¥, (o) denote the strictly increasing
function with range a and the indicated codomain. For each ordinal y < v we define
a function G}/ : ¢,f (D) — [D(¥,5 (D))]=* by recursion over terms, stipulating

{D(ea) (@)} VUGS () |r ea) ifa >y,

+ -
GV (woc(ava)) T !ﬂ ifa < Y.

The suborder ¥, (D) C .7 (D) is determined by the recursive clause

Yola,0) € Yy(D) & a < ¥y(D)and U{G,—;(r) |r € a} gD(x//{,"(D)) D(eq)(0).
Let us now establish the main result of this section.

Theorem 2.9 The order v, (D) is a v-fixed point of a given predilator D.

Proof Write ¢ : ¥,(D) — 1/fj (D) for the inclusion and ¢}, : |a| — ¥,(D) for the
strictly increasing function with range a, so that e, = ¢ o ¢/, is the same function as in
Definition 2.8. Now consider the function

7 Yu(D) = v x D(Yy(D) with 7(Yu(a, 0)) = (a, D(e,)(0)).

One readily shows that 7 (s) < 7 (¢) entails s < ¢ (factorize e/, = tqup © eZUb with
taup : aUb — (D) as in the proof of Lemma 2.7). Since the codomain of 7 is a
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linear order, it follows that 7 is an embedding. With X := ¢,(D) we compute
suppy (D(e,)(9)) = [€,1=¢ (supp, (0)) = [e,]1=“(la]) = a.

Here the first equality holds since supp : D = [-]=“ is natural, while the second one
relies on (Ja|, o) € Tr(D) according to Definition 2.5. The binary relation < that is
determined in Definition 1.4 can thus be characterized by

s I Yyla,0) & se€a,

which entails that it is well founded with a height function that corresponds to the
usual notion of height for terms. Let the functions G)[,’ Yy (D) — [D(Wry (D)=
and Gy, : D(Y,(D)) — [D(¥,(D))]=? be given as in Definition 1.4. By induction
along <1 one readily shows

+ _ < D
G, ot=[DW] ‘”oGV.
In view of Definition 2.8, we can deduce that vy, (a, o) € ¥, (D) entails

[DW]™ 0 Ga(D(e))©@)) = | J{GL () 7 € a} Spiyt py PO o D(E)(@).
It follows that we have

mg(m) € {(a, 1) € v X D(WY,(D)) | Ga(t) Spy,(dy) T},

as Definition 1.4 demands. To show that the converse of this inclusion holds as well,
we consider an arbitrary element (, 7) of the right side. Writing X = ¢, (D), we put
a := suppy (7). The support condition from Definition 1.1 yields a o € D(]a|) with
7 = D(e,)(0). As in the proof of Lemma 2.4 we get (|a|, o) € Tr(D), which allows
us to form the term V¥, (a, o) € wj(D). Given G, (t) C 7, we get

UJIGE®) 17 € a) = DI 0 Gu(T) S pyt 1y PO(T) = Diea) (@)

This entails that ¥ (a, o) lies in ¥,,(D) C ¥, (D). By construction, we can now
conclude that (¢, 7) = w (Y4 (a, o)) is contained in the range of . O

By Corollary 2.2, any v-fixed point of D is isomorphic to v, (D), which confirms
that statements (ii) and (iii) from Theorem 1.6 are equivalent. If the equivalence with (i)
is to hold, then (iii) must become stronger as v grows. We conclude the section with
a direct proof that this is the case.

Corollary 2.10 If v, (D) is well founded, then so is 1, (D) for any u < v.

Proof Given pu < v, there is an embedding of u into v. By Proposition 2.1 (which
applies due to Theorem 2.9), we get an embedding of v, (D) into v, (D). O
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3 A proof of well foundedness
In this section, we prove that (i) implies (ii) in Theorem 1.6, i.e., we use iterated

H{—Comprehension to show that v-fixed points of dilators are well founded. To make
the general case more transparent, we provide an argument for v = 1 first.

Remark 3.1 We show that any 1-fixed point X of a dilator D is well founded. Consider
a l-collapse m : X — D(X), where D(X) is identified with 1 x D(X). Up to this
identification, Definition 1.4 yields

s <1t <& s e€suppyon(t),

and the definitions of G§ : X — [D(X)]=“ and Gy : D(X) — [D(X)]=* become

GE ) ={m®}UGo(r(1)) and Go(r) =|_JIGF (s)|s € suppy (7).
Furthermore, the condition on the range of 7 can now be written as
mg(m) = {t € D(X) | Go(7) Spx) T}

As a special feature of the case v = 1, we get

s<at = 7(s) € GPG) S Go(m()) Spxy 1(t) = s <t
Assuming H}—comprehension, we may form the well founded part W of X, which
can be given as the intersection of all sets Z € X such that we have ¢ € Z whenever
s € Z holds for all s <x ¢. One readily shows that W is well founded with

teW <& seWforalls € X withs <y t.

Write ¢ : W < X for the inclusion. By the previous observations and the support
condition from Definition 1.1, we get

teW = suppyon(t) CW=mglt) = n(t)emg(DW).
It follows that there is a function
k:W— D(W) with D() ok =mot.
We will show that « is a 1-collapse of D. Once this has been achieved, we can invoke
Corollary 2.2 tolearn that X = W is well founded, as desired. In fact, the existence part
of Proposition 2.1 yields an embedding f : X — W withk o f = (I x D(f)) o m,
where I : v — v is the identity. By the uniqueness part of the same proposition,

the composition ¢ o f must be the identity on X = W. It remains to show that «
satisfies the conditions from Definition 1.4. The latter ensures that 7 is an order
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embedding, so that the same holds for k. Given s, t € W, we observe that the naturality
of supp : D = [-]=¢ yields

[t1=% o suppy o k (t) = suppy o D(¢) o k(t) = suppy o 7 o t(t),

so that ¢(s) < ¢(¢) is equivalent to s € suppy, o k(¢). This shows that the restriction
of <1 to W coincides with the relation that « induces according to Definition 1.4. The
latter also yields functions G{,[), W — [DOW)]=“ and Gy : D(W) — [D(W)]<?,
which are given by

G ={k®OYUGwk) and Gw(r) = | JIGR ()]s € suppy (7).
A straightforward induction along <I shows that we have
[DW)]"® 0 GE =GP ot and [D(W)]™? o Gw = Goo D).
By the aforementioned condition on the range of 7, we obtain
[DOI™ o Gy ok (1) = Goo D) ok (1) = Goomou(t) Sp(x) 7w o t(t) = D) o k(t)
for any t € W. Since D (1) is an embedding, we can conclude
mg(k) C {tr € DIW)|Gw(t) Spw) T}

It remains to establish the converse inclusion. Note that D(W) is well founded, as D
is a dilator and W is a well order. We argue by (main) induction on 7 € D(W) to
prove the crucial implication

Gw() Spw) T = 1 ermgk).

Assuming the premise, we get Go(D(1)(t)) Spx) D()(r) as above, which allows
us to write D(¢)(t) = 7 (t) with t € X. We will show r € W, so that we obtain

D) ok(t) = ou(t) = 7(t) = D()(T).

Since D(¢) is an embedding, we can conclude T = k(¢) € rng(x) as desired. In order
to gett € W, we establish

seXands <xt = seW

by (side) induction on s in the order <I. Forr <1's < t we getr < ¢, so that the induction
hypothesis yields r € W. This shows that we have suppy o7 (s) < rng(¢). We can thus
write w(s) = D(t)(o), due to the support condition. As above, the condition on the
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range of 7 entails Gw (o) Cp(w) o. Since s < ¢ implies o < 7, the main induction
hypothesis yields c = «(s”) for some s’ € W. In view of

7(s) = D(W)(0) = D) ok(s') =7 ot(s))
we get s = 1(s") € W, as needed to complete the side induction step.

The previous remark is loosely inspired by [49, Section 10]. Similarly, the following
generalization to v > 1 can be seen as an ‘abstract’ version of [47, Section 12]. For
all results up to Theorem 3.12, we fix a v-collapse & : X — v x D(X) of a dilator D
(note that D preserves well foundedness).

Definition 3.2 For each & < v we put
Xo ={teX|n@)=(y,7)withy <a}.
Furthermore, we define EaD X = [Xg]"%and E, : D(X) — [Xo]=% by

{t} ift € Xg,

ED@) = , .
Ey(t) ifx(t) = (y, 1) withy > «,

Eo(t) := | JIED (s)|s € suppx (1)}
This amounts to a recursion along the well founded relation <1 from Definition 1.4.
Note that each set X,, is an initial segment of X, since 7 is an embedding.

Definition 3.3 By H}-recursion on o < v, define W, as the well founded part of
My :={t € Xy | ED(t) € W, forall y < a}.

Let us also set W := [ J{Wy |a < v}.

We point out that the sets W,, are distinguished (‘ausgezeichnet’) in the sense of
Buchholz [5], modulo the fact that we are in a somewhat more abstract setting.

Lemma3.4 Fora < B we have Wy = Wg N Xy = W N X,.

Proof Fora < Bandt € Wg N X, we gett € ED (1) € W, by the definition of Mg.
To establish W, € Wjg, we argue by induction on 8. For o < y < f, the induction
hypothesis ensures that t € W, € X, entails EJI/) (t) = {t} € W,, so that we get

Woe S Mg N Xy S M,.
By definition of the well founded part, Wy is the largest initial segment of Mg that
is well founded. The given inclusions entail that W, is such a segment and hence

contained in Wg. More explicitly, induction on t € W, yields t € Wg. O
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As W is the union of well founded initial segments, we get the following.
Corollary 3.5 The suborder W C X is well founded.
In the next lemma, we collect some basic facts for later use.

Lemma 3.6 The following holds for any o, B < v, any s,t € X and any T € D(X):

(a) Givens € E/?(t) anda < B, we get EP (s) € EP (). The same holds when Eé)(t)
is replaced by Eg(T).

(b) If n(t) = (@, T), then we have E,(t) Cx t.

(c) From (a, t) € mg(mw) we get (B, ) € mg(w) for any B > «.

Proof (a) We argue by induction on ¢ in the order <. For s = #, the claim is trivial. In
the remaining case, we have 7 () = (§,t) with§ > B > . We get s € EﬁD (r) for
some r < ¢, so that the induction hypothesis yields

Eg(s) S EZ(r) € Ea(r) = EZ ().
(b) By induction on s in the order <1, we prove the auxiliary claim
D _ D
reE/(s)andn(r) = (o, p) = p <G, ().

Assuming the antecedent, we must have 7 (s) = (y, o) with y > «, so that
GP(s) = (o} U U{Gf(s/) |'s" € suppy (o)}

For r = s we obtain p = o € G2 (s). In the remaining case we have r € EP(s")
for some s’ <1 s, so that the induction hypothesis yields p € G2 (s") € G2 (s). To
deduce the lemma, consider an arbitrary r € E, (7). Write 7 (r) = (8, p), necessarily
with § < . If we have § < «, then we immediately get 7 (r) < 7 (¢) and hence r < ¢.
Now assume § = «, and note that we have r € EaD (s) for some s € suppy (7). By the
auxiliary claim and the condition on rng(sr) in Definition 1.4, we get

pe€GL(s) S Gu(r) Spix) T

Once again this yields w(r) < 7 (¢) and hence r < t, as required for E,(t) Cx .
(c) Given o < B, one checks Gfg) (1) C GO? (t) by a straightforward induction on ¢

in the order <1. The same inclusion then holds with G,, (1) at the place of G)L,) (t). Now
it suffices to recall the condition on rng(z) from Definition 1.4. O

Inspired by [47, Definition 12.64], we introduce the following crucial sets.

Definition 3.7 Let us put

B :={t € D(X)|we have t € W whenever 7 (t) = («, t) for some o < v},
M :={t € D(X) |we have E, () € Wforall y < v}.
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All of the following results rely on the standing assumption that D is a dilator. Note
that we only use this assumption once, namely in the following proof.

Lemma 3.8 The suborder M C D(X) is well founded.
Proof Given any T € M, pick a y < v such that the finite set suppy(7) is fully

contained in X,,. By the definition of M, we obtain

W 2 Ey (1) = | J{ED(5) |'s € suppy (1)} = suppy (7).

For the inclusion ¢ : W — X, we get t € rng(D(1)) by the support condition from
Definition 1.1. Hence M lies in the range of the embedding D(¢) : D(W) — D(X).
To conclude, note that D(W) is well founded as D is a dilator. O

The next result is the technical core of this section.
Proposition 3.9 We have M C B.

Proof We argue by (main) induction over the well order M, i.e., we assume T € M
and {0 € M|o < t} C B to derive T € B. Aiming at the latter, consider an
arbitrary t € X such that 7(t) = (o, 7) holds for some «. We need to prove t € W.
Givent € M, we gett € M,, via

ED)=E,()SWNX, =W, for y<a

Since W, is the accessible part of M,, we can conclude t € W, € W once the
following is established (cf. [47, Lemma 12.65]):

Claim Given any @ < v and t € X with () = («, 7), we obtain s € W, for all
elements s € M, withs < r.

To prove this claim, we argue by (side) induction on s in the transitive closure <1t of
the well founded relation <, or alternatively on % (s) for

h:X — N with A(s) :=max({O}U {h(r) + 1]|r < s}).
It will be important that the induction hypothesis is available for all « and hence for

various ¢, while 7 remains fixed as above. In the side induction step, we first assume
that s € X,, holds for some y < «. Given s € My, we then get

D
seEy(s)QWVQWa.
In the remaining case, we have m(s) = («,0) with o < 7, as s < ¢ entails w(s) <
7 (t). To use the main induction hypothesis, we want to show ¢ € M, which amounts

to

E,(0) €W forally <v.
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We prove the latter by (auxiliary) induction on y. For y < o we can invoke s € M,
to get £y (0) = E}f) (s) € W,.Inthe case of y =, we use Lemma 3.6(a) to obtain

EBD(r) CEs(c) CWNXs =W forallr € E4(0) and § < «,

which yields E,(c) € M,. By Lemma 3.6(b), we have E,(0) Cx s < t. Further-
more, it is not hard to see that the elements of E, (o) lie below s in <i™ (alternatively
check h(r') < h(r) forr’ € E(? (r) by induction over <1). We can thus use the side
induction hypothesis to get E, (o) € W, . Finally, we consider the case of y > «. The
auxiliary induction hypothesis entails E, (o0) € M, as before. By Lemma 3.6(c) we
find s, 7" € X with 7(s") = (y,0) and 7 (t') = (y, 7). In view of 0 < T we get

E, (o) Cx s <.

Thus the desired inclusion E,, (c) € W, follows from the side induction hypothesis
(now with y and ¢ at the place of « and r). This completes the auxiliary induction and
hence the proof of o € M, as noted above. We can now invoke the main induction
hypothesis to get o € B. Given (s) = (a, o), this yields s € W N X, = W,,, which
concludes the steps of side induction (claim) and main induction. O

In Remark 3.1, we have exploited the fact that# € W and s < ¢ entail s € W. The
proof that we have given breaks down for v > 1. However, we get the desired closure
property for an inductively generated suborder:

Definition 3.10 Let V € W be given by the recursive clause
teV & teWandseVioralls <t.

In the following result, the implication = is the closure property mentioned above.
The converse implication encapsulates most previous work of this section.

Corollary 3.11 Fort € X with () = («, T) we have
teV <& suppy(r) C V.
Proof Since s <1 t amounts to s € suppy (), it suffices to show that suppy(z) € V

implies + € W. For y < v, a straightforward induction over <1 shows that s € V
entails E”(s) € V. Given suppx (t) € V, we thus get

Ey(@) = JIEY ) |s € suppx(m)} SV S W.
This shows T € M, so that Proposition 3.9 yields T € B, which entails r € W. O

Finally, we deduce the main result of this section, which shows that (i) implies (ii)
in Theorem 1.6. To justify the formulation of the following theorem, we recall that
v-fixed points exist and are essentially unique, by Theorem 2.9 and Corollary 2.2.
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Theorem 3.12 If H}-recursion along v is available, then the v-fixed point of any
dilator is well founded.

Proof Consider a dilator D and a v-fixed point X with collapse 7 : X — v X
D(X). Using H%—recursion along v, we can construct sets W,, as in Definition 3.3, to
obtain suborders V € W C X as in Definition 3.10. Note that V is well founded by
Corollary 3.5. We shall show that V is a v-fixed point of D. Once this is achieved,
we can use Corollary 2.2 to conclude that X = V is well founded. In fact, we could
derive X = V via Proposition 2.1 (as in Remark 3.1). Write ¢ : V — X for the
inclusion. By the previous corollary and the support condition from Definition 1.1,
we get T € rng(D(t)) whenever we have 7 () = («, t) with r € V. We thus obtain
an embedding « so that

V <5 v x D(V)

zl lIxD(z)

X 55 v x D(X)

commutes. Concerning the constructions from Definition 1.4, we note that x and &
induce the same relation < on V C X, as in Remark 3.1. The cited definition also
yields functions GD-# : Z — [D(Z)]=° and G/ : D(Z) — [D(Z)]=* for Z = X
and for Z = V, which are defined with respect to x and 7. As in Remark 3.1, a
straightforward induction over <1 shows

[DW]™ 0 GDY =GP ¥ oy,

[DW)]"? oGy =G} o D).
It remains to establish the crucial condition from Definition 1.4, i.e., the equation
mg(k) = {(et.T) € v x D(V)| G} () Sp(v) T}.
We point out that the analogous condition is given for 7, as the latter is a v-collapse.

Asin Remark 3.1, one derives the inclusion C and shows that GX (t) Sp(v) T entails
(a0, D(1)(1)) = 7 (¢) for some ¢t € X. Note that we have

suppy o D(1)(7) = [t]=“ o suppy (7) C V,

as supp : D = [-]=? is a natural transformation. Crucially, we can now infer t € V
by the non-trivial direction of Corollary 3.11. In view of

U xDW)a, 1) =(a, D)(1)) =a(t)=mot(t) = x D)) ok(t),

we get (o, T) = k(t) € rng(x) as desired. m]
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4 Booting up: Bachmann-Howard fixed points and Veblen hierarchy

In the first part of this section, we establish a connection between Bachmann—-Howard
fixed points and 1-fixed points (cf. Definitions 1.2 and 1.4). This will allow us to use
H}—comprehension whenever the well foundedness of 1-fixed points is given, due to
Theorem 1.3 (proved in [11, 13]). Amongst others, l'[}-comprehension secures the
Veblen hierarchy of normal functions. In the second part of this section, we discuss a
functor I that represents this hierarchy. It will be used in our proof that (iii) implies (iv)
in Theorem 1.6.

We begin with the easier part of the connection, which will not be needed in this
paper but completes the picture in a satisfactory way:

Proposition 4.1 Assume that Z is a Bachmann—Howard fixed point of a given pre-
dilator D. Then some suborder X C Z is a 1-fixed point of D.

Proof By assumption, we have a Bachmann—Howard collapse ¢ : D(Z) — Z. To see
that ¥ is injective, consider an inequality ¢ < 7 in the linear order D(Z). If we
have supp, (o) Cp(z) ¥(7), then clause (i) of Definition 1.2 yields #(c) < (7).
Otherwise, there is an r € supp, (o) with ¥(r) < r < (o), where the second

inequality relies on clause (ii) of the cited definition. We shall assume that ¢ is also
surjective and that

s QU(r) & s e€suppy(r)
defines a well founded relation on Z. To justify these assumptions, we point out
that they hold when Z is the minimal Bachmann—Howard fixed point ¢+ (D) that was
constructed in [13, Section 4]. In other words, we can replace Z by ¥(D) € Z to

satisfy the additional assumptions. Let us now define GP . Z - [D(Z)]<® and
simultaneously G : D(Z) — [D(Z)]=® by the recursive clauses

GPW():={r}UG(k) and G(1):= U{GD(s) | s € supp,(7)}.
By induction on s in the order <1, we can show
GPs)Sppyt = s < (D).

Indeed, assume that the premise holds for s = 9 (o). We then have ¢ € G (s) and
hence o < 7. To conclude by clause (i) of Definition 1.2, we note that r € supp (o)
entails GP (r) C GP (s), so that r < ¥ (7) follows by induction hypothesis. Now set

Y:={seZl|s=1v(o)withG(o) Cpz) o}.
To generate X C Y, we inductively declare
teX & teYandse Xforalls <¢t.
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Write ¢ : X < Z for the inclusion. For #(t) € X we get suppz(t) € X = rng(t).
Hence we have T = D(t)(o) for a (necessarily unique) element o € D(X), by the
support condition from Definition 1.1. To define 7 : X — D(X), we now declare that
() = o holds for t = ¥ (r) with T = D(1)(0), i.e., we stipulate that

X =5 D(X)

is a commutative diagram. Clearly m is injective. To conclude that it is an order
embedding, we assume 7 (s) < 7 (¢) and deduce s < . Given s € X, we get

DoDWon(s) =1(s) e XCY.
By the definition of Y, this yields G(D(t) o w(s)) Sp(z) D(t) o m(s) and hence
GP (W o D) om(s)) = (D) o m(s)} UG(D() o 7(s)) Spczy D) o 7 ().
Due to the implication that was shown above, one can infer s < ¢ via
1) =voDWom(s) <P oD@ om(t) =1(t).

After some straightforward verifications, we can conclude that i is a 1-collapse of the
predilator D (where we identify D(X) and 1 x D(X) as in Remark 3.1). O

Let D and E be predilators with associated transformations supp? : D = [.]<
and supp® : E = [-]=%. The predilator E o D consists of the usual composition as
functors and the transformation suppZ°? : E o D = [-]<“ that is given by

suppy°P (o) == |_J{suppR (0) | p € suppfx, ()}

It is straightforward to check that the conditions from Definition 1.1 are satisfied. In
the following theorem, we write w for the predilator from Example 1.5 (see also the
beginning of Sect. 1). The result is an abstract version of [49, Corollary 3.1], which
provides a similar connection between concrete ordinal notation systems.

Theorem 4.2 Any 1-fixed point of w o D is a Bachmann—Howard fixed point of D,
where D can be any predilator.

Proof Consider a 1-collapse 7 : X — w o D(X) =: E(X), where we identify E(X)
and 1 x E(X) as before. Let G(’)‘j X > [E(X)]"“and Gg : E(X) — [E(X)]=“ be
given as in Definition 1.4 (see also Remark 3.1), so that we have

mg(m) :={t € wo D(X) | Go(1r) Spon(x) T}-
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We need to define a function ¢ : D(X) — X that satisfies clauses (i) and (ii) from
Definition 1.2. As in the first paragraph of Sect. 1, we write elements of w o D(X)
in the form (oy, ..., 0y—1), for elements oy > --- > 0,1 of D(X). In particular, a
given o € D(X) gives rise to an element (o) € w o D(X), which allows us to form

o* := max ({()} U Go((0))) € w o D(X).

Writing o* = {0y, ..., 0,—1), We now set

ot :={oo,..., Oi(6)—1,0) with (o) := min ({i <nloy <o}V {n}).
Note that we have 07 € w o D(X), as the definition of i (¢) ensures Oi(o)—1 = 0.
Informally, we point out that the given construction corresponds to 6™ = o* + @’ in
terms of ordinal arithmetic. Let us now show

Go(o) € Go(6*) UGo((0) € Go((0) Cwon(x) o .

The first inclusion reduces to the analogous inclusions for supp§°D and supp“D’(X),
which we get by the definition of supports in Example 1.5. Concerning the second
inclusion, we note that G(()) is empty, since the same holds for supp%( X)(()) and
hence for supp‘)"(OD ({)). In the remaining case we have 6* € Go({(c)). Here we can infer
Go(o*) € Go({o)) from the general fact that p € Gg(s) entails Go(p) C Gg(s),
which is readily verified by induction on s in the order < from Definition 1.4. Finally,
we see that r € Go((0)) entails r < 6* < o, by the definition of c* and as we have
Oi(s) < o ori(o) = n (recall that w o D(X) is ordered lexicographically). For any
o € D(X), we have shown Go(6") Cyop(x) o, which entails 0™ € rng(x). This
allows us to form the function

9:DX)—> X with 7o (o)=0T,

which is unique since 7 is an embedding. To verify clause (ii) of Definition 1.2, we
show r < ¥ (o) for a given r in the set supp? (o). The latter is equal to supp‘&’OD (0)),
as we have supp% ({(o)) = {o'}. We thus get

w(r) € G6)°D(r) C Go({o)) andhence n(r) <o* <ot =m0 (o),
which yields » < ¥ (o) as desired. In order to prepare the remaining verification, we
recall that s < ¢ entails 7w (s) < 7(¢), as observed in Remark 3.1. One can derive that
p E GB‘”D (t) entails p < m(¢), by a straightforward induction on ¢ in the order <.
Aiming at clause (i) of Definition 1.2, we now assume

o <px) T and supp?(o) Cx v (7).
For an arbitrary r € supp? (o) and any p € G8)°D (r), we get
J’_

p<mr)y<mod(r)=71".

) Birkhauser



76 Page 26 of 83 A. Freund, M. Rathjen

In view of supp§°D (o)) = supp? (o) from above, this yields

Gotlo) =] 68| r € supp (o))} Cwoni) 7

Together with 0 < t* < t+, we get * < tT. The latter and o < 7 entail

+

7o (0)=0" <t =70 (1)

and hence ¥ (o) < ¥ (7), by basic considerations about the lexicographic order. O

As noted at the beginning of Sect. 1, the statement that “w (X) is well founded for
any well order X" is equivalent to arithmetical comprehension and hence unprovable
in the theory RCAq. The latter can prove that w is a predilator but not that it is a dilator.
To prepare the use of Theorem 4.2 over RCAg, we show the following proposition. It
is interesting to compare the result with [15, Theorem 2.2], which says that w (@ (Y))
is the minimal Bachmann—-Howard fixed pointof X — 1+ (1 +Y) x X.

Proposition 4.3 For any linear order Y, the order w(Y) is a 1-fixed point of a predila-
tor D with D(X) = 1 4+ Y x X (see the proof for a detailed definition of D).

Proof Recall the notation for products from the paragraph before Definition 1.4. To
complete the definition of 1 + ¥ x X, we introduce general notation for the sum of

linear orders Zp and Z;, which will also be needed later. The underlying set of our
sum is the disjoint union

Zo+Z1:={z0lz0 € Zp} U{Zo+ z1 |21 € Z1}.
To determine the order, we declare that zg — zg and z1 — Zy + z; are embeddings of
Zopand Z; into Zog+ Z1, while zo < Zg+ z1 holds for any z; € Z;. Given embeddings
fi 1 Zi - Z], wedefine fo + f1: Zo+Z1 — Zy+ Z by

(fo+ f)(0) == fozo) and (fo+ f1)(Zo +z1) :== Zy + f1(z1).
If fo or f1 is the identity on Zo = Z{ or Z| = Z, respectively, we write Zo + f] or
Jo+ Z; rather than fo+ f1. Letus agree that x binds stronger than + and that 1 = {0}
denotes the singleton order. For our fixed order Y, this explains the transformations

X+ D(X):=14+Y xXand f — D(f):=1+4Y x f of orders and embeddings.
To turn D into a dilator, we define suppy : D(X) — [X]=¢ by

suppy (0) ;=¥ and suppy(1+ (y, x)) := {x}.
Let us now consider the embedding 7 : w(Y) — 1 + Y x w(Y) with

7(():=0 and 7({yo, ..., yn)) =14+ (Yo, (Y1, ---» Yu)).
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To see that 7 is a 1-collapse of D, we need to show
mg(w) ={t € Dow(Y)|Go(r) Spow(y) T}

with Gg : Do w(Y) — [D o w(Y)]=% as in Definition 1.4 (see also Remark 3.1).
First note that we have 0 € rng(w) while suppy (0) and hence G((0) is empty. Let us
now consider T = 1 + (yo, (1, .-, Yu)). We then have Go(7) = G(?((yl, ey Yn))s
where Gé) w(Y) = [Dow(Y)]™? is recursively given by Gé’(()) = {0} and

GG (z0s - zm) = {1 + (0. (210 - 2D} U GE ({21, - -, Zm)).
Let us observe that 1 + (zo, (z1,...,2m)) is the largest element of this set, by a
straightforward induction on m (note z; < zo and (22, ..., Zm) < (21, ..., 2Zm)). If

we have n = 0 and hence © = 1 + (yo, ()), then we get Go(t) = {0} Spow(r) T as
well as T = w({yp)) € rng(s). In the case of n > 0, we need to show

=14+ o, Vi,--., ) €mg(@) < 1+ Q1 (y2,...,m) <7
Given (y1, ..., y») € o(Y), we see that both sides are equivalent to y; < yp. O

Based on Theorem 1.3, we can now derive that the equivalence from Theorem 1.6
holds for v = 1. This allows us to use l'[{-comprehension whenever the well found-
edness of v-fixed points is given. In view of Proposition 4.1, the following can be seen
as a strengthening of Theorem 1.3.

Corollary 4.4 For each fixed v € N\{0}, the following are equivalent over RCA:

(i) H{-comprehension,
(ii) the v-fixed point of any dilator is well founded,
(iii) any dilator has a well founded pi-fixed point for some well order . # 0.

Proof By iterated applications of (i), we obtain H}-recursion along v, as the latter
is fixed externally. We can then invoke Theorem 3.12 to get (ii), which does clearly
imply (iii). Assuming the latter, we argue that any given dilator D has a well founded
Bachmann-Howard fixed point, to infer (i) via Theorem 1.3. In any application of (iii)
we may assume p = 1, due to Corollary 2.10. If Y is a well order, then the predilator
from the previous proposition is a dilator, provably in RCA. In the presence of (iii), we
can conclude that w (Y) is well founded. So we know that w o D is a dilator. Using (iii)
again, we get a well founded 1-fixed point of wo D. By Theorem 4.2, this is the desired
Bachmann-Howard fixed point of D. O

In the rest of this section, we discuss a dilator I such that I'(X) represents the
Veblen function ¢ up to the X-th ordinal o with ¢(«,0) = « (such « are called
‘strongly critical’). The Veblen function plays an important role in ordinal analysis
(see e.g. [53, Chapters V and VII]) and can also be analysed in terms of computability
theory (as done by Marcone and Montalban [37]). We will use the dilator I' in our proof
that (iii) implies (iv) in Theorem 1.6, where we mimic traditional ordinal analysis in a
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more abstract setting. To understand the following, it is not indispensable but certainly
helpful to know the set theoretic approach to the Veblen function, for which we refer
to [42, Section 3].

The next definition is equivalent to [45, Definition 2.5], despite a small difference
in clause (ii’). A detailed justification of the recursion is given after the definition. The
abbreviations SC and H stand for ‘strongly critical’ ordinals and ‘Hauptzahlen’. The
latter is German for (additively) ‘principal numbers’. We write @ in order to save the
symbol ¢ for Definition 4.12 (note that ¢ is fixed point free by Lemma 4.6).

Definition 4.5 Given a linear order X, we define sets SC € H C TI'(X) of terms,
a binary relation <r(x) on I'(X) and a critical level function h : T'(X) — I'(X)
by simultaneous recursion. The terms are generated as follows (where s <r(x) ?
expresses that we have s <r(x) ¢ or that s and ¢ are the same term):

(i) Wehaveterms 0 e I'(X)\Hand I'y e SCC HC I'(X) for all x € X.
(ii) Assume that we are given terms s, ¢ € I'(X) with h(t) <r(x) s, such that we
have t # 0 or s ¢ SC. We then add a term pst € H\SC C I'(X).
(iii) Givenn > lterms tg, ..., #,—1 € Hwith ;11 <px) t; fori <n —1, we add a
term (tg, ..., t—1) € T'(X)\H.

To determine h, we put h(T'y) := ', and h(gst) := s as well as h(¢) := 0 in the
remaining cases. Let us abbreviate () := 0 and (¢) := ¢ for ¢ € H, so that any element
of I'(X) can be uniquely written in the form (tg, ..., #,—1) with n € N. We declare
that <r(x) is the minimal relation with the following closure properties:

(i’) Wehaver <rx) I'y forr =T, withx <x y, forr = @st with s, <p(x) I,

and for r = (rg, ..., r,—1) withn =0 orrg <px) I'y.
(ii’) We have r <r(x) @st forr = I'y with r <p(x) s or r <r(x) t, for a term
r=(ro,...,rp—1) withn = 0orro <p(x) @st, and for r = @s’t’ such that

e we have s’ <p(x) s and ' <r(x) @st,
e orwehaves =s"andr <p(x) t',
e or we have gs’t’ <p(x) t.

(iii”) We get (so, ..., Sm—1) <r(x) (o, ..., tn—1), not necessarily with m, n > 1, if

e wehavem <nands; =1t foralli < m,
e orthereisa j < min{m, n} withs; <rx) tj ands; =¢; foralli < j.

We will sometimes write < rather than < (x) when no ambiguity arises.

Note that clause (iii’) for m = 0 yields 0 <p(x) t when ¢t # 0. For m = 1 we learn
that s <p(x) (f,...,%;—1) is equivalent to s <r(x) fop whens € Hand n > 1. The
reader may wish to reformulate the clause form > 1 and n = 1 in a similar way. Also
note that m, n = 1 makes (iii") tautological, so that no new inequalities arise. Finally,
observe that I (X) is isomorphic to w(H), as defined in Sect. 1.

To justify the simultaneous recursion in Definition 4.5, let [T(X) D I'(X) be
generated by clauses (i) to (iii) but with all conditions that involve <r(x) ignored.
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Define h : I'T(X) — 't (X) as above, and consider L : ' (X) — N with

L) := L(Ty) :=0, L(gst):=L(s)+L(t)+1,
L({tg, ..., ty—1)) :=L(tp) + ...+ L(ty—1) +1 (forn > 1).

Note that L(h(¢)) < L(¢) holds for all # € I'"(X). One can now decide r € I'(X)
and s <r(x) t by simultaneous recursion on L(r) and L(s) + L(t), respectively. This
decision procedure is implicit in part (ii) of [45, Lemma 2.6]. Part (i) of the latter
coincides with (b) in the next result, up to the modified formulation of (ii’) above.

Lemma 4.6 The following holds for any linear order X :
(a) We have s,t <r(x) @st and ty <r(x) (to, ..., tha—1) incasen > 1.
(b) The relation <r(x) is a linear order on I" (X).

Proof We will first show transitivity, which is part of (b). Based in this, we then
establish claim (a). Using the latter, we will finally prove irreflexivity as well as
trichotomy, so that the proof of (b) is completed. To show that r < s and s < ¢ yields
r < t,one employs induction on L(r) + L(s) + L(¢) and a lengthy but straightforward
case distinction. Now consider the function sub : I'(X) — [I"(X)]=® that collects the
subterms determined by

sub(0) := sub('y) := @, sub(pst) := {s, t} U sub(s) U sub(z),
sub({to, ..., ta—1)) == U; -, ({t,-} U sub(tl-)) (forn > 1).

In order to obtain (a), it suffices to show that s € sub(¢) entails s < (x) . We argue by
induction on L(s) + L(¢). In the only interesting case, we are concerned with a term
of the form t = (19, ..., t,—1). Here the point is that an inductively given inequality
s < t; will always yield s < 1o, as transitivity has already been proved. As indicated,
we continue with the proof of (b). To show ¢ £ t, one argues by induction on L(z).
The only non-trivial task is to exclude ¢t = @ryot; < #1. The latter would imply #; < 11
by (a) and transitivity, against the induction hypothesis. An induction on L(s) + L(¢)
shows that we always have s <tors =fors > t. O

Concerning the following definition, it is immediate that the range of ['(f) is
contained in I'"(Y) D I'(Y), as defined in the paragraph before Lemma 4.6. In the
proof of Proposition 4.8 below, we show that it is indeed contained in I'(Y).

Definition 4.7 For an embedding f : X — Y, we define I'(f) : I'(X) — I'(Y) by

L()0):=0,  T(HTY) =Ty,
L(f)(@ton) = gtot] with 1] := T (f)(#:),
LN to, ... tn—1)) == (T(NH0), ..., T (f)ta-1)) (forn > 1).

We also define functions suppg( : T'(X) — [X]=? by stipulating

supply (0) ==, supply(Iy) := {x}, suppl (@st) := suppy(s) U supp (1),
suppg((to, 1) = Ui<n supp?(t,') (forn > 1).
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In the following, a stronger metatheory is needed for matters of well foundedness.
We rely on H}—comprehension, which will be available in our intended application
(via Corollary 4.4). The proof shows that a somewhat weaker principle suffices.

Proposition 4.8 The data from Definitions 4.5 and 4.7 constitutes a predilator T (prov-
ably in RCAg), which is in fact a dilator (in the presence of H%—comprehension ).

Proof Given an embedding f : X — Y,letI'(f) : T't(X) — I'"(Y) be defined by
the clauses from Definition 4.7, applied to the larger sets ['t(Z) 2 I'(Z) from the
paragraph before Lemma 4.6. For r € ' (X) and s, t € I'(X) one readily shows

rel’(X) <& T(Hr) el ),
s<rxt © THG) <re T'HO

by simultaneous induction on L () and L(s) + L(t), respectively. Concerning the first
equivalence, we note that I'(f) commutes with the functions h : I'(Z) — I'(Z) from
Definition 4.5. To establish the second equivalence, it suffices to show the implication
from left to right, which yields the second implication in

s£t = t=<s = T(NHO=Ts) = TN £THO.

By a straightforward induction over terms, one checks that I' is functorial. A similar
induction shows that supports are natural, in the sense that we have

[£1= o suppy = suppy o I'(f).

To conclude that I" is a predilator, it remains to prove

mg(T'(f)) = {t € T'(Y) | suppy () < mg(f)}.

The inclusion from left to right follows from naturality, as ¢t = I'(f)(s) yields

suppy (1) = suppy o T'(f)(s) = [f1=¢ o suppk (s) < mg(f).

In the converse direction, a straightforward induction on the term ¢t € I'(Y) shows
that suppg(t) C mg(f) entails t = I'(f)(s) for some s € I'T(X). To get s € ['(X),
we invoke the first equivalence in this proof. If H}—comprehension is available, then
any subset of N is contained in a countable coded w-model of arithmetical transfinite
recursion, by [55, Theorems VII.2.7 and 2.10]. This principle is equivalent to the
statement that I" (X) is well founded for any well order X, by [45, Theorem 1.4]. O

From [15, Theorem 3.5] we know that I" (X) is a minimal Bachmann-Howard fixed
point of a dilator D with D(Y) = 1 +2 x Y? + X. By the first part of the present
section, it should not be hard to characterize I'(X) as a 1-fixed point. Together with
Theorem 3.12, this would yield another proof that I is a dilator.

Recall that a function f from ordinals to ordinals is normal if it is strictly increasing
and continuous, where the latter means that f(A) = sup{f(«)| o < A} holds when
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A is a limit. In [20] we have combined previous work of Aczel [1] and Girard [24],
to define a class of ‘normal dilators’ that induce normal functions on the ordinals.
Informally, normal dilators admit internal versions of themselves:

Definition 4.9 For each linear order X, define yx : X — I'(X) by yx(x) := [y.
The following means that I is normal in the sense of [20].

Lemma4.10 Foralls € I'(X) and x € X we have

s <rx) yx(x) & suppy(s) Cx x.

Each function yx is an embedding, we have supp)l}(yx (x)) = {x}forallx € X, and
the naturality property I'(f) o yx = vy o f holds for any embedding f : X — Y.

Proof The equivalence is readily established by induction on the term s, while natu-
rality holds by a straightforward computation. O

An initial segment of an order Y is a suborder Yy € Y such that y <y y' € Yy
entails y € Yp. Let us record an important consequence of normality.

Corollary 4.11 If the range of f : X — Y is an initial segment of Y, then the range of
I'(f): (X)) = I'(Y) is an initial segment of T'(Y).

Proof Consider an inequality s < ¢ € rng(I'(f)). To get s € rng(I"(f)) we need only
show suppg(s) C rng(f), due to the support condition from Definition 1.1. Aiming
at a contradiction, assume that we have an element y € suppl; (s) with y ¢ mg(f).
Given that rng( f) is an initial segment, we obtain y’ < y for all y’ € rng(f). In view
of t € mg(I'(f)) we can write t = I"(f)(#p). The naturality of supports yields

supph (1) = supp} o T'(f)(10) = [f1=¢ o suppk (o) Cy y-

Also note that y £ y entails suppl; (s) €y y. Now the previous lemma allows us to
infert < yy(y) < s, which contradicts the assumption s < ¢. O

We now represent the total Veblen function. In the following, the first two cases
do not clash as we have h(0) = 0, and the third case applies precisely when @st is
defined.

Definition 4.12 Let ¢ : I'(X)? — I'(X) be given by

t if s <r(Xx) h(t),
Ost 1= @St ;= @(s,1) 1= 1§ if s € SCand r =0,
@st otherwise.

Let us determine the range and fixed points of the Veblen function, its monotonicity
properties, and comparisons with terms of the various forms.

) Birkhauser



76 Page320f83 A. Freund, M. Rathjen

Proposition 4.13 We have H = {pst | s, t € T'(X)} and
SC={T'y|lxe X} ={s e'(X)]|ps0O =s}.
Fixed points in the second argument are characterized by
pst =1t <& s <rix)teSCort = gtyty for some t; € I'(X) with s <px) to.
Foralls,s', t,t" € T'(X) we have s, t <r(x) ¢st and
t" <rxyt = est’ <px) est and s <rxy s = @s't <px) @st.
Finally, we always have

pst <rxy 'y & s <rx) Tyandt <px) Ty,

s" <rx) s andt’ <p(x) gst,
ps't" <pixy pst & Jors' =sandt <rix)t,
ors <rx) s and ¢s't’ <px) t.

Proof To obtain the characterization of H, it suffices to note that the first case in Defini-
tion 4.12 can only apply when we have h(¢) # 0 and hence ¢t € H. The characterization
of SC is immediate. In the first equivalence, the left side amounts to s < h(¢), from
which the right side is readily inferred. For the other direction, we need only observe
that we always have 7y < h(pfot1). In view of Lemma 4.6(a), the claim that we have
s,t < @st reduces to the following observation: Due to the same lemma, we always
have h(¢) < ¢, sothats < h(¢) entails s < t = @st. Monotonicity in the second argu-
ment is established by a case distinction. In the most interesting case, we have s € SC
and ¢’ = 0, so that we get ¢s’ = s < @st. Aiming at a contradiction, we assume
@st = s. This value cannot arise by the second or third case from Definition 4.12, as
t' < t entails t # 0 and since s and @st are different terms. In the remaining case, we
would have s < h(¢) and gst = ¢. But this would yield s = ¢ and hence s < h(s),
against an observation above. A similar case distinction yields weak monotonicity in
the first argument (note that s’ < s and @st = 1 lead to ps't = @s’(pst) = st by
the fixed point property). The equivalence that characterizes ¢st < I'y is immedi-
ate except when we have s < h(¢). In this case, we observe that the left side of the
equivalence entails

s <h@) <t=pst <T,.

In the final equivalence of the proposition, the implication from right to left follows
from the fixed point and monotonicity properties, e. g., because we have

s'<sandt' < st = @s't' < @s'(pst) = pst.
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Conversely, assume that the right side of the last equivalence in the lemma is false. If
we have s’ < s and st = 1/, then we get ps't’ = @s’(pst) = @st, so that the left side
is false as well. A similar argument applies when we have s < 5" and t = @s't’. If we
have s’ = s and ¢’ = ¢, then the claim is immediate. In all remaining cases, the right
side will hold after we interchange s with s” as well as ¢ with ¢’. By the direction from
right to left, we get st < @s't’, so that ¢s't’ < ¢sr fails again. O

To conclude this section, we discuss some ordinal arithmetic that will be used later.
It may help to recall that I'(X) is isomorphic to the ordered set w(H) of finite non-
increasing sequences in H, as observed in the paragraph after Definition 4.5. Indeed,
the following corresponds to the usual operation from ordinal arithmetic, if one thinks
of {fg, ..., t,_1) as the Cantor normal form ™ + ... + 1.

Definition 4.14 Let + : I'(X)> — I'(X) be given by

(505 -+ s Sm—1) +{to, ..., tn1) == (80, .-, Si— 1,805 .-, 1)
. , m ifm=0orn=0o0rr =rX) Sm-1,
with i := Lo .
min{i < m|s; <r(x) to} otherwise.

The following is readily verified and standard (see [53, Chapter V.14.3]).

Lemma4.15 Forallr,r',s,t € T'(X) the following holds:

(a) Wehave (r +s)+t=r+ G +t)andt+0=t=0+1.

(b) Givens <p(xyt,wegetr +s <rxyr+tands+r <px)t+r.

(c) Ifwe havet € H, thenr <pxy r' +tand s <px) t entail r + s <px) r' +1.
(d) We have r <r(x) t if, and only if, there is an s € I'(X) withr +s =1t.

As 90 is the smallest element of H C I'(X), the map

Nontn:=n:= (py0,...,990) € I'(X)
— ——

n entries
embeds N as an initial segment of I'(X). Addition on N and I'(X) are related by

_ m-+n ift =n,
m+1= . _
t ift #nforall n e N.

In particular, this makes it harmless to write n at the place of 7. Instead of a binary
multiplication, we use ¢ — 1 4+ ¢ to define a unary operation t — o - ¢ with

w-0:=0, o-I';: =0, w-{ty,....th—1) ={w-1t0,...,0 th_1),
w-@ot :=9g(1+1), w-o,t:=9ptfors #0.
It is not hard to check that  — w - ¢ is strictly increasing, that we have t < w - ¢,
and that s < w -t entails s + n < w - ¢ for all n € N. Finally, we record how

the ordinal arithmetic interacts with supports. The following is immediate in view of
Definitions 4.7 and 4.12.
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Lemma4.16 Foranys,t € I'(X) we have

supp)l;(tpst) U supp&(s +1Hu supp)r( (w-1t) C suppg( (s)uU suppgf (1).

5 Hierarchies of admissible sets via search trees

Kurt Schiitte’s method of search trees (also known as deduction chains) can be used
to prove completeness and to construct models in various settings, including predicate
and w-logic [51, 53], second order arithmetic [2, 33] and set theory [16]. In the present
section, we use search trees to construct hierarchies of admissible sets. This extends
the construction of a single admissible set in [11, Section 4].

We will search for admissible sets within the constructible hierarchy. Given a tran-
sitive set u, set IL(“) = u, let ]LZ 41 consist of the Ag-definable subsets of L%, and
put LY := {J,, L% when A is a limit. The restriction to Ag-formulas (in which all
quantifiers must be bounded as in Vx € y or Ix € a) is not essential but will have
technical advantages.

In many of our arguments, the actual hierarchy L.* will be represented by a functorial
variant L*. This ensures that we get a dilator, to which the well ordering principle from
Definition 1.4 can be applied. The functor L” has been introduced in [11, Section 3],
based on the first author’s PhD thesis [10]. Central facts are recalled in the following,
but we refer to [11] for full details.

First, each linear order Y gives rise to a set L, which consists of ‘constant symbols’
from u and terms of the form LY or {x € L¥ | ¢(x, ao, ..., a,—1)}, for anelement s €
Y, a Ap-formula ¢ in the language of set theory, and previously constructed terms
a; € Lj that may only involve elements r € Y with r <y s (so that we have
suppl)j (a;j) Cy s in the notation below). To be more precise about the notion of
formula, we declare that the signature is {€, =}, that there are separate symbols for
bounded quantifiers (which are thus distinguished from bounded occurrences of the
usual quantifiers), and that formulas are in negation normal form. In view of the latter,
negation and implication are defined operations that rely on de Morgan’s rules and
delete double negations. As usual, a formula is Ag or bounded if it only contains
bounded quantifiers.

Prior to any functorial considerations, let us point out that we get an interpretation
function [-] : L% — L% when Y = « is an ordinal. Here LY is the term system from
above, while LY refers to the actual constructible hierarchy. On the functorial side,
each order embedding f : ¥ — Z induces a function L’} : Ly — L7, which is
defined by a straightforward recursion over terms. Another recursion yields support
functions supp]; 1LY — [Y]= with

supp]);(w) = () for each constant symbol w € u, supplf(Lg‘) = {s},

supph ({x € LY | o(x, ao, ..., an—1)}) = {5} U U, supp¥ (a;).

In the last case, s is the biggest element of the support, due to the aforementioned
condition supplf(a,-) Cy s. Assuming that u = {u; |i € w} is countable with fixed
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enumeration, one can define coding and decoding maps
enlf (Y17 xw — LY and code]f YT xLy > o

that are natural in Y and satisfy en]); (y, code{;(y, a)) = a when supplg(a) C y (for
details see [11, Theorem 3.7]). Using these codes, one can define orders <'; on the
sets L}, which are compatible with the functions Lf}’c. This turns L into a dilator.

The previous constructions may not be too surprising, because there is little inter-
action between syntax and semantics. However, semantic aspects of the constructible
hierarchy can also be recovered on the syntactic level, as we know from proof theo-
retic work of Jager [28, 30] (cf. Schiitte’s [52] work on ramified analysis). The relevant
considerations are also functorial, as shown in [11, Section 3]: Consider the language
that extends {€, =} by a constant symbol for each element of LY. By an Ly -formula
we shall mean a formula in this language. The constant symbols that occur in an L -
formula will also be called its parameters. Unless noted otherwise, we assume that
L’)‘,-formulas are closed. Let us assume {0, 1} € u C LY, in order to have indices for
binary connectives. Then [11, Definition 3.12] associates each L -formula ¢ with a
disjunction or conjunction

9> Vaeupy Pa O 9= Nucy(p) Pa-

Here t(¢) = ty(p) is a subset of L}, (which may be empty or infinite) and ¢, is an
L% -formula for each a € (p). For full details we refer to the cited definition. As an
example, we recall that ¢ = (b € {x € L |0(x, ¢)}) yields

0~ \/ua((p)e(a, c)Aha=>b with (p)={a e L‘}‘, | supplg(a) Cy s}.

If Y = « is an ordinal, then we get a well founded relation by declaring that ¢,
precedes ¢ for each a € t(¢). In this case, our disjunctions and conjunctions yield
an inductive definition of truth for L{,-formulas. The latter coincides with satisfaction
in the actual set L}, under the aforementioned interpretation [[-] : LY — L%. Let us
now state the crucial functorial property: For an embedding f : ¥ — Z, let ¢[ f]
be the L -formula that results from a given L -formula ¢ when each parameter a is
replaced by L;’c (a). Then ¢ and ¢[ f] are both disjunctive or both conjunctive, and [11,
Theorem 3.15] yields

¢alf1=¢lfLt@ Wwhena € ty(p) or equivalently LY (a) € iz(olfD.

Using the constructions that we have just recalled, we will aim to build a hierarchy of
v admissible sets above a transitive u. The following assumptions will be discharged
in the proof of our main theorem. We write Ord for the class of ordinals.

Standing Assumption 5.1 Until the end of Sect. 8, we fix a transitive set # and a limit
ordinal v, both countable with fixed enumerationsu = {u; |i € N}andv = {v; |i € N}
(no relation with the order). The height o(u) := u N Ord is assumed to be a successor
ordinal o(u) > 1. We also assume that H}-comprehension holds.
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The assumption that # and v are countable is essential for our approach. On the
other hand, the assumption about the height of u has technical reasons and can later
be discharged. It entails {0, 1} € u, which provides the aforementioned indices for
binary connectives. Furthermore, it ensures that « is a limit ordinal whenever the same
holds for o(IL},) = o(u) + « (otherwise we could have o = 0). In this situation, the
set L% > u is admissible if it satisfies the following axioms.

Definition 5.2 Let (Ax, |n > 1) enumerate all instances of Ag-collection, i.e., all
sentences (in the signature {€, =} and without parameters) that have the form

Va1, ..., 2zkYo(Vx € vIyO(x, y,21, ..., 2k) = JwVx € vy e wO(x, y, 21, .-, 2k))

for a Ag-formula 6. Furthermore, let Axq be the sentence Vx3y.x € y.

Let us write Z = for the tree of finite sequences with entries in Z. In [11] we have
built labelled trees Sy C (L‘)‘,)“" for all linear orders Y, which represent attempted
proofs of contradiction from the axioms Ax, and the rules associated with the infinite
disjunctions ¢ >~ \/,¢,, (4 ¥a and conjunctions ¢ = A\ ;¢ (,) ¥a that were mentioned
above. By a relativized ordinal analysis, we showed that Sy cannot be well founded
for all well orders Y, assuming a suitable well ordering principle. This allowed us to
conclude that Sy has an infinite branch for some well order Y. Analogous to other
proofs of completeness, such a branch determined a model of the axioms Ax,, i.e., a
single admissible set. The following construction of v admissible sets is similar overall
but different in one respect: we will obtain search trees S{f that depend not only on
an order Y but also on an embedding R : v — Y. The latter determines the heights
of the admissible sets in our hierarchy. On an intuitive level, one may think of R as
enumerating regular cardinals (cf. [7, Definition 4.1]).

To describe our search trees in detail, we fix some notation and terminology. Given

a sequence 0 = (0, ...,0,—1) € Z=<?, write len(o) := n for its length and put
o[k := {og,...,0k—1) forany k < len(c). For z € Z and 0 € Z=% as before, set
0"z := (00, - .-, 0n—1, z). The support functions of L* induce functions

suppy : (L%)<? — [Y]=¢,
suppy ({00, - - -, on—1)) := U; _, supp% (o).

Our search trees will be labelled by L} -sequents, which are defined as finite sequences
of Ly -formulas. Semantically, one should think of a sequent as the disjunction of its
entries. As usual, we use the letters I' and A to denote sequents (mind the clash of
notation with the Veblen hierarchy from Definition 4.5), and we write ¢, . .., @,—1
and T, ¢ at the place of (¢p, ..., ¢,—1) and I'"¢. When the order and multiplicity
of formulas do not matter, we treat sequents like finite sets and write, for example,
¢ € T to express that ¢ is an entry of I'. The relativization of an Lj-formula ¢
to an element a € LY is the LY -formula ¢ that results from ¢ when we replace
all occurrences Vx. ¢ and 3x.¢ of unbounded quantifiers by bounded quantifiers
Vx € a.y and Ix € a.y, respectively. We do not relativize quantifiers that are
already bounded, as this is superfluous when a is transitive and contains the original
bounds. Finally, we can describe our search trees in detail:
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Definition 5.3 Consider a linear order Y and a strictly increasing map R : v — Y.
Based on the enumeration v = {v; | i € N} from Assumption 5.1, we put

L(i) = L% €L¥.

We define a tree SR C (Ly)=® and a labelling function ly : SR “Ly-sequents”
by recursion over sequences in (L) =“. Concerning the base case, we declare that we
have () € S{f and Iy ({)) = (). In the recursion step, it suffices to consider the children
of a previously constructed element ¢ € SE, as we aim to build a tree. First assume
len(o) = 2k is even. Assuming that k codes the pair (n, i), we declare

c"aeSk o a=LG) and ly(c"LG)) :=1ly(0), ~AxED,
Here a = L(i) asserts equality as terms, and the superscript refers to relativization.
Now assume that len(oc) = 2k + 1 is odd and that k codes the triple (I, m, n). We
assume that our coding ensures /, m, n < k. This entails /| < len(ly (0)), as we append

a formula at each even stage and do no delete any formulas in the following. Let ¢ be
the /-th formula in ly (o). If ¢ ~ /\aay(w) @q 1s conjunctive, we define

oc"ae S o aciy(p) and ly(c"a) =Iy(0), ¢a.
Ifo ~ \/aey(w) @, 1s disjunctive, we put
. anlL S u
b :=eny(suppy (o [m),n) € Ly,

using the function enl; v - [Y]©? x o — LY mentioned above (the idea is to generate
all potential witnesses b in a functorial way) We then declare

ly(@), ¢p ifb €ty(p),

o0 ace S)lf < a=0 and Ily(oc™0):= )
ly (o) otherwise,

for which we recall that 0 € u € L holds by Assumption 5.1.
For f : N — L we write f [k := (f(0), ..., f(k — 1)) and put
supp° (f) := Ugen suppy (f 15) = Uyen suppy (f (k) S Y.
Recall that f is a branch of S§ if f [k € SF holds for all k € N. Given « < v, pick

ani € N with ¢ = v;, and let k code a pair (n, i) for some n € N. Assuming that
f is a branch, we must have f(2k) = L';e(a)’ by construction of the search tree. By

definition we have suppY(L (a)) = {R(a)}, so that we get

R(a) € suppy P (f) foralla < v.
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If Y is well founded, then so is its suborder supp7°(f). In the base theory ATRf)et
from Theorem 1.6, we can use axiom beta to get a transitive collapse, i.e., an order
preserving map from suppy°(f) onto an ordinal. This yields the desired admissibles:

Theorem 5.4 Assume that f is a branch in S{f for a well order Y and a strictly
increasingmap R : v — Y. Let ¢ : suppy°(f) — Ord be the transitive collapse. Then
LZ(R(Q)) > u is an admissible set for every o < v.

Before we give a proof, we show that our construction of search trees is functorial.
This fact will facilitate the proof of our theorem, but its full significance will only
become apparent in the next section. Since we work with a functorial version of the
constructible hierarchy, an embedding g : ¥ — Z yields a function Ly : Ly — LY.

Definition 5.5 Consider an embedding g : Y — Z of linear orders. We define

Sg : (LI{/)<w N (Ll%)<w’
Se((00. ... on1)) = (L¥(00). ... Ll (ou_1)).

Under the assumptions of the following proposition, we also write S, : S{; - S §

for the restriction with the indicated (co)domain. Furthermore, let us define <f, as

the Kleene-Brouwer order on (L) =“ (also called Lusin-Sierpiriski order), which is

generated by the clauses 0" a <1S, oand 0" a <IS, o~ b fora <II; b. We also write

<§, for the restriction of this relation to a search tree S{; .

Due to the corresponding properties of L”, it is immediate that the definition turns
Y + (Ly)=® into a predilator. In particular, we have the support property

{Sg(0) |0 € (L)<} = {tr € (L%) =] supp3 () C rng(g)}.

Under the assumptions of the following proposition, this equation remains valid when
we replace (Ly)~* and (L%)~“ by Slf and S§, respectively.

Proposition 5.6 Consider linear orders Y and Z with embeddings P : v — Y and
R :v — Z. Ifthe embedding g : Y — Z satisfies g o P = R, then

ceS; & Sg0)eSy

holds for all o € (Ly)=“.

Proof Recall that we have a map ¢ > ¢[g] from L} -formulas to L’ -formulas. We
extend this map to sequents, by setting

Clgl:=wolgl,....on-1lg]l for T'=¢o,..., 0 1.

By induction over the sequence o, we prove the equivalence from the proposition and
simultaneously

ly(0)[g] = I7(S¢(0)) when o € SF.
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The base case with o = () is immediate. In the induction step, we may assume that
we have o € Sf; or equivalently S, (o) € S§, as we are concerned with trees. First
assume that len(o) = len(S,(0)) = 2k is even, where k codes (n, i). Refining the
notation from Definition 5.3, we write L[Y]() := L’;J(Ul_) and L[Z]() := LI;e(u,-)' As
[11, Definition 3.5] yields LZ (LY = LZ(a)’ we get

L (LIY1G) = Ly py = L) = LIZ1G).
Since Lg is injective on terms (recall that it respects <%), we can conclude

ocTaeS) & a=L[YI() & Lia =L[Z]()
& Sg(07a) = S,(0)"Li(a) € S5.

In order to see that the desired relation between the sequent labels is preserved, it
suffices to observe that we get Ax,f [Y](i)[g] = Ax,f 12]0) from the above (since the
operation ¢ — @[g] replaces any parameter a by LZ, (a)). For the case in which the
sequences o and S, (o) have odd length 2k + 1, we refer to the detailed argument in
the proof of [11, Proposition 4.8] (where the tuple (I, m, n) with code k is written as
(mo(n), w1 (n), mp(n)) with code n). m]

Let us now establish the theorem that was stated above.
Proof of Theorem 5.4 As preparation, we provide a reduction to the case where the
inclusion supp$°(f) € Y is an equality. Let g : k — Y be the increasing enumeration

of supp$°(f), so that we have c(g(y)) = y for y < «. Define P : v — « by
stipulating g o P = R, which yields P(«) = c(R(«)). For each k € N we have

supp¥ (f (k) < supp3°(f) = rng(g).

By the support property for L¥ (see [11, Proposition 3.6]), it follows that f (k) lies in
the range of L’g :L{ — Ly. Wethus getan 4 : N — L with L’;, oh = f. Since

Se(h 1K) = (L 0 h(0), ... . LYo h(k — 1)) = f [k € S§

holds for all k£ € N, we can use Proposition 5.6 to conclude that 4 is a branch of S,f .
By the naturality of supports for L (see again [11, Proposition 3.6]), we get

{g) |y € supp (W)} = Uyenlg]= (suppf (h(k))
= Ugen supp¥ (LY 0 h(k)) = supp3(f).

This shows suppy° (k) = «, which was the purpose of our preparatory construction. To
formulate the central claim of this proof, we say that an L¥-formula ¢ occurs on & if we
have ¢ € [ (h k) for some k € N. Let us also recall that we can evaluate L} -formulas
in LY, via the aforementioned interpretation [-] : L¥ — L. Crucially, we shall show
that L satisfies —¢ whenever ¢ occurs on /. According to [11, Theorem 3.14], this
reduces to the following claims:
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(1) if o ~ /\uak (¢) Pa OCCUIS ON h, then so does ¢, for some a € t,(¢),
(i) if ¢ >~ \/QELK(@ @q occurs on ki, then so does ¢, for all a € ¢, (¢).

Indeed, we get a well founded relation on L¥-formulas by declaring that each ¢,
precedes ¢, as mentioned above. Given (i) and (ii), transfinite induction over this
relation shows that each ¢ on 2 must fail in LY. The proof of [11, Theorem 3.14] shows
that this inductive argument goes through in our base theory. Before we establish (i)
and (ii), let us explain how to derive the theorem: Given any @ < vandn € N, letk be
the code of a pair (n, i) with v; = «. By construction of our search trees, the formula
- Ax,]j(i) occurs in [, (h [ (2k + 1)) and hence on £. In view of [11, Definition 3.2] we
have

[LDO] = [Lpw] =L

Hence our central claim entails that L satisfies the relativization of Ax, to L} ).
But this simply means that L’;,(a) satisfies Ax,. It follows that ]L‘}D(a) = ]L?( R(e))
is admissible (cf. the paragraph before Definition 5.2), as required by our theorem.
Claims (i) and (ii) are established as in the proof of [11, Theorem 4.6]. However, the
fact that we have supp°(h) = « does simplify matters. We provide details for the
more difficult claim (ii): Assume that the disjunctive formula ¢ occurs on #, say as

the j-th formula in [, (h [ mg). Given an arbitrary a € t, (¢), we observe

suppL(a) i = supp®®(h) = Uyep Supps (h k).

Since the last union is increasing, we may pick a number m > mg such that the finite
set suppk (a) is contained in supp;{g (h [ m). We then have

a= en%(supp,f(h [m),n) for n:= codek(suppf(h [m),a),

by [11, Theorem 3.7] or the discussion above. Let us now define k as the code of the
triple (j, m, n). As in Definition 5.3, we may assume that our coding of tuples ensures
m < k and hence mo < 2k + 1. When we build our search trees, we extend sequents
at the end, but we never delete or permute formulas. Thus ¢ is still the j-th formula
in [, (h | (2k 4+ 1)). By construction we get

Le(h 12k +2)) = Lc(h [ (2k + 1)), @a.
Hence ¢, occurs on h, as desired. O
Using methods from ordinal analysis, we will show that the well ordering principle
from Definition 1.4 entails the following: it cannot be the case that S )If is well founded
whenever Y is a well order. Once this is known, Theorem 5.4 will yield a hierarchy

of v admissible sets, as needed for the crucial direction of Theorem 1.6. To conclude,
we record a fact that will be needed later (cf. [11, Corollary 4.10]):
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Corollary 5.7 Consider a linear order Z and an embedding R : v — Z. We have
suppy; (b) < supp3(0) U {R(@) |a < v)

for any node o € S § and any parameter b that occurs in some formula of Iz (o).

Proof Let Y be the set on the right of the desired inclusion, considered as a suborder
of Z. Write ¢ : Y — Z for the inclusion, and define P : v — Y byto P = R.
In view of suppé (o) € rng(t) we obtain o = S,(p) for some node p € S{f, due to
Proposition 5.6. By the proof of the latter, we have ly (p)[t] = Iz(o). We can thus
write b = L/ (a) with a € L¥, so that

supps (b) = supps o L¥(a) = [1]=“ o suppk(a) € mg() = ¥

follows by the naturality of supports. O

6 From search tree to collapsing functions

In this section, we apply the well ordering principle from Definition 1.4 to the search
trees S{f that were constructed in Definition 5.3. The result is an order O, which is
quite close to the relativized ordinal notation system in [46, Definition 6.4] (cf. also
[6] and [47, Section 12.2]). We will later use O as a basis for the ordinal analysis that
proves the implication from (iii) to (iv) in Theorem 1.6.

Recall the dilator I and the functions yy : X — I'(X) from Sect.4. The desired
order O will be constructed as part of a system of orders and embeddings, which can
be depicted as follows (where a hooked arrow indicates that the range is an initial
segment of the codomain, while — , refers to a partial surjective function):

X
vx0 Ly X Lo X4 5By = K 5 1K) =: 0.

I~

I'(X)

Before we give a formal construction of these objects, let us explain their intuitive
meaning. In view of Sect.4, the order O = I'(K) is closed under the binary Veblen
function and includes the first K strongly critical ordinals, which are represented by
the elements yk (z) € O with z € K (we choose K for ‘kritisch’). By composing all
horizontal arrows, we obtain v-many partial but order preserving ‘collapsing functions’
from O to itself. The values of these functions are represented by the elements of a
set X. We have a map I that realizes this set as an initial segment of K. Since I' is a
functor and normal, we also obtain an identification I" (1) of the set I"(X) with an initial
segment of O (see Corollary 4.11). This means, first, that the collapsing values form an
initial segment of the strongly critical ordinals. Moreover, it means that the ordinals
generated from the collapsing values form an initial segment of the full system O.
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Both properties are typical for ordinal notation systems (see again the examples in
[6, 47]). It is also typical that there are strongly critical ordinals that lie above all
collapsing values. In our case, these ‘large’ ordinals correspond to the nodes of a
certain search tree SIB(X) (cf. the elements &, in [11, Definition 5.2]). For our ordinal
analysis, it will be crucial that this search tree is built over the lower part I' (X) of the
order O, with respect to a map R : v — I'(X) that has a meaningful connection to the
collapsing functions. Concerning the latter, we will obtain R(a) = yx o wx(a +1,0)
for 0 € I'(K) = O, which evokes ¥,4+10 = Q441 € R from [6, Lemma 1.7] and [7,
Definition 4.1].

We would like to define X : v x O — p X as the partial inverse of a function 7
as in Definition 1.4. Before we can apply the latter, however, we must overcome a
significant obstacle. The issue is that Definition 1.4 requires a dilator as input, while the
construction of search trees in Definition 5.3 does not provide one, at least not directly:
the tree S{f depends not only on the order Y but also on a given embedding R : v — Y.
This issue will occupy us for most of the present section, and its resolution may at
times appear technical. At the same time, we believe that the issue itself is not technical
but has real mathematical substance. In particular, it distinguishes the construction of
a single admissible set in [11]—where no similar issue arose—from the construction
of an infinite hierarchy of admissible sets.

In order to resolve the issue that was mentioned in the previous paragraph, we will
precompose the construction of search trees with the order transformation

X J(X):=vxTI'(X).
Recall that products were discussed in the paragraph before Definition 1.4, which does
also explain J(f) := v x ['(f) for an order embedding f. It is straightforward to
check that we get a dilator if we provide supports by
supp{( :J(X) = [X]™¢ with supp{((oz, o) = supp&(a).
As v is a limit by Assumption 5.1, we may consider the embeddings
jIX1:v— J(X) with j[X](«@) := (¢ +1,0).
These are natural in the sense that J(f) o j[X] = j[Y] holds for any embedding f,

as we have I'(f)(0) = 0 by Definition 4.7. We can now describe the preprocessed
search trees that were mentioned above:

Definition 6.1 Consider the order transformation
i[X
X > So(x) := $75%.

where the definiens refers to Definitions 5.3 and 5.5. Invoking the latter in conjunction
with Proposition 5.6, we map each embedding f : X — Y to the embedding

So(f) := Sy : So(X) = So(Y).
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Note that the cited proposition can be applied because we have J (f) o j[X] = j[Y],
as seen above. Finally, we define functions supp())( : So(X) — [X]=? by setting

supp (o) := |_J{suppx () | p € supp (o).

This relies on the definition of supp® in the paragraph before Definition 5.3.

As we had hoped, our preprocessed search trees form a dilator, at least when state-
ment (iv) from Theorem 1.6 is violated.

Proposition 6.2 The constructions from Definition 6.1 yield a predilator Sy. The latter
is a dilator if there is no sequence of admissible sets Ady with u € Ad, € Adg for
a < B < v (withu and v as fixed in Assumption 5.1).

Proof Let us observe that the first map in

j[X]
X (Ll;(X))<w 2 S;(x) = So(X)
is the composition of predilators and hence a predilator itself, by the paragraph before
Proposition 5.6. Using the latter, we can conclude that Sy is also a predilator. To
provide details for the crucial step, we show that the support property

supp) (o) Smg(f) = o emgSo(f))

holds for any embedding f : X — Y and any o € So(Y). Given the antecedent of
our implication, the definition of supp?, and the support property for J yield

supp$ y, (o) S mg(J (f)).
This allows us to write
o = Sy(f)(09) forsome oy e (Ljx)™,

by the paragraph before Proposition 5.6. Now the latter ensures that o € So(Y)
entails og € So(X) and hence o = So(f)(0p) € ng(So(f)), as desired. Under the
assumption from the proposition, we now show that Sy is a dilator. Given a well order X,
we must establish that So(X) is well founded. As H}—comprehension is available by
Assumption 5.1, we can infer that I'(X) and J(X) are well orders, by Proposition 4.8
or directly by [45, Theorem 1.4]. According to [11, Lemma 3.10], it follows that L’}( X)
is well founded (see the beginning of Sect. 5 and compare with the usual constructible
hierarchy). Hence So(X) is well founded (with respect to the Kleene-Brouwer order
from Definition 5.5) unless it has a branch. In the latter case, Theorem 5.4 would
yield a hierarchy of v admissible sets above u, against the assumption of the present
proposition. O
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Following the informal explanation at the beginning of this section, we now add
space for collapsing values below the elements of our search tree. Sums of linear orders
and embeddings are defined as in the proof of Proposition 4.3. Recall that elements of
Zo + Z; are written as zg and Zg + z; with z; € Z;.

Definition 6.3 For each linear order X and each embedding f : X — Y, we put
S(X) := X 4+ So(X) and define S(f) : S(X) — S(Y) by S(f) := f + So(f). By

supp§((x) = {x}forx € X and supp§((X +0):= supp())((a) for o € So(X)

we define a family of functions supp§( :S(X) — [X]=“.

The crucial direction (ii)=>(iv) of Theorem 1.6 asserts that the well foundedness
of v-fixed points yields a hierarchy of admissible sets. To prove this by contradiction,
we will assume that statement (iv) fails. In view of Proposition 6.2, this will have the
effect that Sy is a dilator. It is easy to conclude that S and I" o S are dilators as well
(recall how composition is defined in the paragraph before Proposition 4.2). We bring
in statement (ii) of Theorem 1.6 in the form of the following assumption.

Standing Assumption 6.4 Until the end of Sect. 8, we assume that I" o S is a dilator.
Furthermore, we assume that we have a fixed well order Y and v-collapse

y : Y = v x (I oS)(Y)

in the sense of Definition 1.4 (with v and the suppressed u as in Assumption 5.1).

The inverse of my is a partial embedding

v x (ToS)(Y) =v x r(Y+sj[(‘§])) —, Y.

This looks a lot like the function

PX v T (X4 sRy)) =, X
that was promised at the beginning of this section. However, one important point
remains to be improved: the collapse X and the embedding R : v — I'(X) were
supposed to be connected in a meaningful way, while the function j[Y]: v — J(Y)
and the order J(Y) appear rather ad hoc and unrelated to y. Perhaps surprisingly,
we can use 7y to ‘infuse meaning’ ex post. The following is a preparation.

Lemma 6.5 We have («, 0) € mg(my) forall o < v.

Proof By Definition 4.7 we have suppg(Y) (0) = @, which entails

suppy*(0) = _J{suppy(0) | p € suppgy, (0)} = 4.
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In the notation from Definition 1.4, we get

Ga(0) = JIGLS(s) |5 € suppy™S(0)} = 8 Crasy) 0.

The claim follows by Definition 1.4. O

Recall that the normal dilator I' comes with an embedding yy : Y — I'(Y), which
is given by Definition 4.9.

Definition 6.6 In view of the previous lemma, let the embedding Py : v — Y be
determined by 7wy o Po(o) = (@ + 1,0). We also put P := yy o Py : v — I'(Y).

Given s € I'(Y), let y € Y be the maximal element of suppg (s) U {Po(0)}, which
is finite and non-empty. Write 7wy (y) = (&, o). Since y is an embedding, we get

suppy (s) Cy Po(@) and thus s <rey) yy o Po(a) = P(a),

using Lemma 4.10. This observation ensures that the following is well defined.

Definition 6.7 We define Y : I'(Y) — J(Y) by Y(P(«)) := (@ + 1, 0) and
Y(s) == (v, s) with o =min{y <v|s <pr@) P(y)}

for any s € I'(Y) that does not lie in the range of P.

It is not hard to see that Y is an order embedding, and we have Y o P = j[Y] by
construction. We can thus invoke Proposition 5.6 to obtain embeddings

Sy + SPy, = STy = So(Y).
Y+Sy:Y+ SFP(Y) — Y +So(Y) = S(Y).
Incontrastto j[Y] : v = J(Y),themapP : v — I'(Y) has a ‘natural’ codomain and a
meaningful connection to ry. With respect to the informal discussion at the beginning

of this section, it may thus be tempting to define X as Y. The partial function yX from
this discussion should then be inverse to the dashed arrow in

Y - v x DY + 82 y)

Ty lvxI‘(Y+Sy)
v x (I' 0 S)(Y).

However, it seems that the range of my need not be contained in the range of the
vertical arrow, so that the dashed arrow may not exist. To resolve this issue, we define
a suborder that guarantees the desired inclusion in a hereditary way.
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Definition 6.8 Let us write < for the well founded relation on Y that is provided by
Definition 1.4, which means that we have

x<1y & x¢€ suppgos(s) for ry (y) = («a, 5).
By recursion over this relation, we define a suborder X C Y with
yeX & ay(y) emglv xI'(Y+ Sy))andx € Xforallx < y.
We will write ¢ : X — Y for the inclusion.
Let us complement Lemma 6.5 as follows.

Lemma 6.9 If ny(y) = (@, 0) holds for some a < v, then we have y € X = rng(1).

Proof 1t suffices to recall that 0 = I"'(f)(0) € rmmg(I"(f)) holds for any embedding f,
and that supp%q{OS (0) = @ was shown in the proof of Lemma 6.5. O

To define the other objects that were promised at the beginning of this section, we
repeat some of the previous constructions, but now with X at the place of Y.

Definition 6.10 Determine Ry : v — X and R : v — ['(X) by
nmyotoRp(e) =(x+1,0) and R := yx oRy.
For the order SIB(X) given by Definitions 5.3 and 5.5, we now put
K:=X+ 5 and O:=T(K).

Note that we have ¢ o Rg = Py, as my is order preserving and hence injective. From
Lemma 4.10 we know that y is natural with respectto: : X — Y. We get

F'oR=T(WoyxoRy=yyotoRy=yyoPy=P.

Thus Proposition 5.6 yields an embedding St : SIB(X) — Sllf(Y). By composing with
another map from above, we obtain embeddings

Y+ Sy)o (t+ Srw) =t + Syor : K= S(Y),
L+ Syorw) : O =T(K) — I' o S(Y).
In particular, we can conclude that O is a well order, as I' o S(Y) is well founded by
Assumption 6.4. The following resolves an issue that was mentioned above. It may

help to read the lemma in conjunction with the definition that follows it.

Lemma 6.11 The range of mwy o v is contained in the range of v x I'(t + Syor ().
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Proof The crucial step is to show that any s € Y + Sllf(Y) validates

semg+Sr) < suppy o (Y + Sy)(s) € X = mg().
Even though we will not use this fact, we note that the equivalence means that

X+
X+ Sfx) — SX)

H—Sr(t)l J/S(L)

Y+S
Y + Sfy, — S(Y)

is a pullback, where X : I'(X) — J(X) is constructed analogous to Definition 6.7.
Fors=yeYCY+ Sllf(Y) we can invoke Definition 6.3 to get

suppy o (Y + Sy)(s) = suppy (») = {»}-
So both sides of our equivalence amount to y € rng(t). For s =Y + o we have
s €mg(t+Srw) <« o emg(Sry) < suppl‘S(Y)(a) C mg(I" (1)),

where the second equivalence holds by Proposition 5.6 and the paragraph before it.
On the other hand, Definitions 6.1 and 6.3 yield

suppy o (Y + Sy)(s) = suppy (Y + Sy (o)) = suppy (Sy (o))
= | Jtsuppy (o) | p € supp$ y, (Sy ()} = | Jlsuppy (Y (1)) | T € supp.y, ()}

Here the last equality relies on the fact that suppS is a natural transformation. By the
previous lines of equivalences and equations, the desired equivalence reduces to

temg(C(®) < suppy(Y (7)) € X = mg().

Considering the definition of ¥, we distinguish two cases: For t = P(«), the paragraph
after Definition 6.10 yields 7 = I'(t) o R(«) € rag(I"(¢)). We also have

supp{((Y(t)) = supp{{(a +1,0) = suppg(O) =g X
If 7 does not lie in the range of P, then we have Y (t) = («, 1) for some o < v. In this
case we get supp{{(Y(t)) = suppg(r), so that the open equivalence coincides with

the support property of the dilator I'. Thus the equivalence from the beginning of the
proof is established. For s € I'(LL) with L :=Y + SII: (y) We now observe

s emg(l(t+ Srw)) & supp{(s) C g + Srw),
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also by the support condition for I'. Furthermore, we compute

suppy™ o (Y + Sy)(s) = |_J{supp¥(p) | o € supp§y, o T'(Y + Sy)(s)}
= U{supp% o (Y + Sy)(t) | T € suppy.(s)}.

Using the equivalence from the beginning of the proof, one can now derive
s emg(D(L+Sr) < suppy™ o I(Y + Sy)(s) € X = mg(0).

Even though we will not use this, we note that this step corresponds to the fact that
I preserves pullbacks. It is straightforward to derive the lemma: Given y € X, we
write y o ((y) = («, t). The definition of X C Y yields supp{(OS (t) € X as well as
t = I'(Y + Sy)(s) for some s € I'(L). By the equivalence above, we can conclude
that s = I"(¢t 4+ Sr(,)) (r) holds for some r € T'(K) = O. We thus get

t =T +Sy)ol(t+ Sr)(r) =T (t+ Syorw) ().

So my o t(y) = («, t) is the image of (o, r) under v x I'(¢ + Syor())- m]

The following completes the constructions that were sketched at the beginning of
the present section. We point out that wx is analogous to the dashed arrow from the
diagramm before Lemma 6.8.

Definition 6.12 Invoking Lemma 6.11, let rx be the unique embedding such that
X —=2 5 vx0

Ll lvxr(l-i-Syor(t))
Y 25 v x (ToS)Y)

is a commutative diagram. To define a partial function X : v x O —» p X that is
surjective and order preserving, we put

X.._ /X ) if mx (x) = (a, 5),
Vas =yiles) = iundeﬁned if (o, 5) ¢ rmg(mx).

We will write dom (¢ X) := rng(rx) for the domain of this partial function. Also, let
I:X—-X+ SIB(X) = K with 7 (x) := x be the map onto the first summand.

Crucially, the search tree SIB(X) depends on an embedding R : v — I'(X) that has
a meaningful connection to the collapsing function X,

Lemma 6.13 We have (a, 0) € dom(yX) and yx (¥, ,0) = R(a) for all & < v.
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Proof Note that we have distinct elements 0 € I'(K) = O and 0 € I'(S(Y)). In view
of Definitions 4.7 and 6.10, we get

(v X T(t+ Syor@)) (@ +1,0) = (@ 4+ 1,0) = 7y o t 0o Ro(e)
= (v x I'(t+ Syor(L))) omyx o Ro(a).

This entails (o + 1, 0) = 7x o Ro(@) € mg(mx) = dom(¥X) and %, ;0 = Ro(a),

so that we get yx (¥X, ,0) = yx o Ro(er) = R(). To show (e, 0) € dom(yX) with

at the place of « + 1, use Lemmas 6.5 and 6.9 to write (o, 0) = wy ot(x) with x € X.
Then argue as before, with « and y at the place of « + 1 and Ry (). O

In the rest of this section we characterize the range of wx or, in other words, the
domain of the partial function ¥/X. As a first step, we assign supports to the elements
of K and O. To avoid misunderstanding, we point out that the following support
functions do not belong to a dilator. Let us also recall that supp® was defined in the
paragraph before Definition 5.3.

Definition 6.14 Let supp¥ : K = X + SIB(X) — [X]= be given by
supp (x) = {x}, supp®(X + o) = | Jlsuppk (p) | p € supp} x,(0)\ mg(R)}.
Furthermore, define supp® : O = I'(K) — [X]<“ by setting
supp®(s) = |_J{supp® () | p € suppi (s)}.

The given definition—and in particular the exclusion of rng(R)—is justified by the
following connection with the support functions of our dilators Sand I' o S.

Lemma 6.15 Each of the diagrams

+Syorq C(+Syorq
K 0% g(y) o [l ko gy
suppKl lsupp% and suppol lsupp{fs
[X]<® [¢] s [Y]<® [X]<® [¢] s [Y]<®

commautes.

Proof Let us abbreviate f := t 4+ Syor(,). Using Definitions 6.1 and 6.3 as well as the
naturality of supports, we get

supp§ o f (X + o) = _J{suppy (Y o T(1)(0)) | p € suppf x, ()},
[ o supp® (X + o) = [_J{suppy (T (1)(0)) | p € suppf x, (0)\ mng(R)}.
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To see why the range of R is excluded, note that p = R(w) entails I'(t)(p) = P(«),
so that Definition 6.7 yields Y o I'(1)(p) = (o + 1, 0) and thus

supp{{(Y oI'(t)(p)) = suppg(O) ={.

As a straightforward consequence, the left diagram commutes if we have

suppy (Y o T'(1)(p)) = suppy (T()(p)) for p € I'(X)\ mg(R).

Even though we do not need this fact, it is instructive to observe that the equation fails

for p = R(a) = )/X(W;(HO), where Lemma 4.10 yields

suppl (M () = 11 (suppk (rx (Y100 ) = 11 ((w,,01) # .

On the other hand, p ¢ rmg(R) entails I'(t)(p) ¢ mg(P), as we have '(t) coR =P
and I'(¢) is injective. We then get Y o I'(1) (p) = (o, I'(1) (p)) for some « < v. In this
case, the desired equality is immediate by the definition of the support for J. The right
diagram is readily reduced to the left one. O

Our well founded ‘subterm’ relation on Y can now be transferred to X.

Lemma 6.16 Forany x € X and (o, s) € dom(l/fx) we have
t(x) < L(wo)fs) & x € suppo(s),

where < is the well founded relation on Y that was specified in Definition 6.8.

Proof When w;‘s is defined, we have nx(wgfs) = («a, s) and hence
my 0 LYas) = (v X T+ Syor@)) o 7x(Yas) = (. Tt + Syor)(s)) .

Together with the previous lemma, it follows that ¢(x) < L(t/fgfs) amounts to

1(x) €suppy®™ o T'(¢ + Syor)(s)

= U {supp%(r) ‘ = suppg(y) o't + SYoF(t))(S)}
= U {supp% o (t+ Syor)(p) |p € suppy (s) }
= J {17 (supp® ) | » € suppf() | = 11 (supp®)) .

which is clearly equivalent to x € supp®(s). O

Given that ¢ : X — Y is an inclusion map, we will also refer to <1 as a well
founded relation on X. The following definition uses recursion along this relation. It
also exploits that any element of X can be uniquely written as wg(s, since the partial
function ¥X : v x O — p Xis surjective and order preserving. When we refer to wg‘s
as a given element of X, we always assume (¢, 5) € dom(wx).
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Definition 6.17 For y < v we define K, : X — [0]*“ and K, : O — [O]=“ by

{sJUK,(s) ify <a,
? otherwise,

Ko (Yxs) = {
Ky (s) == JIK, (x) | x € supp®(s)}.

As promised, we can now characterize the domain of our collapsing function.

Proposition 6.18 For any y < v and s € O we have
(7,9) € dom(y™) = mg(nx) & K, (s) o s

Proof Let G, and G}ljc’s be the maps that arise from Definition 1.4 in conjunction with
Assumption 6.4. We abbreviate f := 1+ Syor() : K — S(Y) and show that

K7 K
X — 50 +—"—o0

o1 o= ., [re
Y — 5 [F oS(Y)]<® «— T o S(Y)

is commutative. To prove that the left quare commutes, we employ induction over the
well founded relation from Lemma 6.16. For the induction step, recall that the proof
of Lemma 6.16 yields wy o t(wzfs) = (o, I'(f)(s)). By Definition 1.4 we get

{F(f)(S)}UG o'(f)(s) ifa >y,

GFOS ol —
4 (Vars) = otherwise.

To complete the induction step, use the hypothesis and Lemma 6.15 to compute
[T 0 Ky (s) = [ JUT(N)I™ 0 K, (x) | x € supp®(s)}
= JIG)S() |x € 17 0 supp®(s))
=G} @) T € suppy™ o T () ()} = G o T(f)(5).
Note that this proves that the right square commutes. Definition 1.4 does now yield

Ky(s) Cos & Gyol'(f)(s) =I[T(f)]™ 0 Ky(s) CSrosey) T(f)(s)
< (v, I(f)(s)) € mg(my).
To complete the proof, we show that (y, I'(f)(s)) € mg(mwy) and (y, s) € rmg(mwx)
are equivalent, which means that the diagram from Definition 6.12 is a pullback.
Concerning the easier direction, we note that (y, s) = wx(x) entails

(. T(f)(s)) = (v x ['(f)) omx(x) = my o t(x) € mg(my).

) Birkhauser



76 Page52of 83 A. Freund, M. Rathjen

To prove the converse, we assume (y, I'(f)(s)) = my(y) and derive y € X = rng(1).
In view of f = (Y 4+ Sy) o (t + Sr() we sett :=I"(t + Sr(,)) (s) to obtain

ay(y) = (v, (Y + Sy)(#)) e mg(v x I'(Y + Sy)).

The proof of Lemma 6.11 shows that r € rng(I" (¢ + Sr(,))) entails
supp%}OS Y+ Sy)@) <X

By Definition 6.8 we now get y € X, as desired. O
Let us also record a basic observation that will be needed later:
Lemma 6.19 We have supp® o I'(I) = suppg.

Proof First recall that suppIF( ol'(l) =[I1"%o0 supp)r( holds by naturality. In view of
Definition 6.14 we have supp® o I(x) = {x} and thus

supp® o I'(1)(p) = |_Jtsupp® (1) | T € suppg o T'(1)(p)}

= Jtsupp® o 1(x) | x € suppk (p)} = supp (p),

as desired. O
We conclude this section with an observation about the order on O.

Lemma 6.20 We have I'(I)(s) <o 'xyo foralls e I'(X) and o € SIB(X)'

Proof As I maps into the first summand of X + SIB(X), we see that I'xy, lies outside
the range of I" (/). But the latter is an initial segment of O, by Corollary 4.11. O

7 Operator control and infinite proofs

From the previous section we have a function
1//X:vx0=vxl"<X+S113(X)> —-p X

that is surjective and order preserving but partial, i.e., not always defined. In the
present section, we transform /X into a function v : v x O — O that is total but not
always order preserving. We then define an abstract variant of the operator controlled
proofs that have been introduced by Buchholz [7]. Finally, we construct an operator
controlled proof that embeds the search tree SIB(X) from Sect. 5.

As a first step, we transform X into a function ¥ that remains partial but has
codomain O. Note that the following definition composes arrows from the diagram at
the beginning of Sect. 6. This diagram commutes by Lemma 4.10, which means that
yK o I equals I'(/) o yx. The maps yz : Z — I'(Z) and I : X — K are given by
Definitions 4.9 and 6.12, while suppO : O — [X]=® comes from Definition 6.14.
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Definition 7.1 The partial function ¥ ™ : v x O —, O is given by

vk o I(YXs) if (a, s) € dom(yX) =: dom(yT),
undefined otherwise.

Uts =y (a,s) = {

To define supp™ : O — [0]<%, we set supp™ := [yk o I1=% o supp©.

For an arbitrary dilator D, no family of embeddings Z — D(Z) needs to exist. This
explains why Definition 1.4 involves two families of functions Gf/) and G,, withdomain
X and D(X), respectively. In Definition 6.17 we have constructed corresponding
functions KV_ : X — [0]"® and K, : O — [O]=“. In the present case, however,
we do have an embedding yx o I : X — O (amongst others because of the maps
yz . Z — T'(Z) that make I normal). As the following shows, this allows us to
eliminate K in favour of K, . Similarly, the functions G)l/) and G, are unified in
traditional ordinal notation systems, as we have seen in Example 1.5.

Proposition 7.2 For any y < v and (a, s) € dom(y+) we have

{sSTUKy(s) ify <a,

K,(WTs) =
y Vo) ] otherwise.

Furthermore, we have K, (1) = |J{K, (r)|r € supp™ (¢)} for any t € O.

Proof The naturality of supports and Lemma 4.10 yield

suppk o [(1) o yx(WXs) = [11= o supp o yx (Y Xs) = (I (YXs)).

In view of Definition 6.14, we can derive

suppo(w;s) = suppO oYK o I(lﬂgfs) = suppo oI'(l) o yx(l/fo)fs)
= Jtsupp® () | p € suppg o T(1) o yx(¥5s)} = supp™ o I (Yars) = (s}
For later reference, we record that this entails
supp™ (Yo' s) = {yk o I(Ya )} = (¥ s).
Due to Definition 6.17 we obtain
Ky (is) =K, (0) |x € supp®(yf )} = K (ars).
The first claim of the proposition is now immediate by Definition 6.17. In the paragraph
before this definition, we have observed that any element x € X can be written as
X = wgfs for some (o, s) € dom(yX). We get yk o I(x) = ¥ s, which means that
the previous observation can be reformulated as

Kyoygkol =K, .
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In view of Definition 6.17, we can deduce
Ky () = K, () |x € supp®(t)} = | J(Ky (") |7 € [yx 0 117 0 supp® (1)},

Considering the definition of supp™, this coincides with the remaining claim. O
The following result will be used to extend ¥ into a total function.

Proposition 7.3 Given any o < v and s € O, we get (a,t) € dom(y™) for some
element t € {s}U Ky(s) withs <o t.

Proof The main task will be to show that r € K,(s) entails r ¢ Kq(r) C Ky(s).
Once this is achieved, we can conclude by induction on the cardinality of the finite
set K4 (s). Indeed, for K,(s) Co s we get (a,s) € dom(y™) by Proposition 6.18,
so we can take t = 5. If Ky(s) Co s fails, we can pick an r € K, (s) with s < r.
By the initial claim, K, (r) has fewer elements than K, (s). Inductively, we thus get
(o, 1) € dom(y ™) for some ¢ € {r} U Ko(r) € Kq(s) with s < r < t. To prove the
initial claim, recall that Lemma 6.16 provides a well founded relation <on X C Y. It
will be convenient to consider the associated height function /4 : X — N with

h (w;ft) = max ({O} Ulh(x)+ 1]z € suppo(t)}) .

Aiming at r ¢ K, (r), we fix an arbitrary element x € supp® (r). We use induction on
h(y) < h(x)toprover ¢ K, (y). Writing y = 1//)’/9, we note that 2 (x) > h(y) forces
x ¢ supp®(r) and hence r # r. With the induction hypothesis, this yields

ré {1} U JIK, @) 1z € supp®(0)} = (1} U Ko (1) 2 K (V1) = K ().
Since x € supp® (r) was arbitrary, we get
r ¢ [ JIK; (0 x € supp®(r)} = Ko (r).

Another induction on /(x) shows that r € K, (x) entails Ko(r) © K, (x). It is
straightfoward to conclude that r € K (s) entails Ky (r) € Ky (s). O

We can now define the total extension of X that was promised above.

Definition 7.4 To obtain a total function ¢ : v x O — O, we put

Yos = Y(a,s) = Iﬂ;l‘ for the <@ -minimal 7 € {s} U K (s) with
s <o t and (a, 1) € dom(y ™).

Let us also define Cy () := {s € O| Ky (s) Co t} forallae < vandt € O.
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Note that we immediately get Vo5 = ;s for (@, s) € dom(y¥ ). The sets Cy (1)
and the following proposition evoke traditional constructions of ordinal notation
systems in terms of set theory (see e.g. [7, Definition 4.2]). In contrast to these con-
structions, our functions v, do not seem to be weakly increasing. Indeed, if we have
t <r <t with (o, r) € dom(y¥T) but Yot = ¥ t' due to r ¢ K,(t), then we get
Vor = ¥r < Y 1" = Yqt. At the same time, Corollary 7.6 will ensure that the
order is preserved in relevant cases.

Proposition 7.5 The following holds for all« < v and s,t € O:

(a) Givens € Cy(t) withs < t, we get Y, s € Cy(t) for any y < v.
(b) If we have s < ¥y 110, then s € Cy(t) implies s < Yqt.
(c) Ifwe have t € Cy(t), then s < Yyt implies s € Cy(t).

Proof (a) For y < o we have K, (¥, s) = ¥, so that .5 € Cq(t) is immediate. Let
us now assume y > «. With 2 : X — N as in the proof of Proposition 7.3, an easy
induction on A (x) yields Ky_ (x) € K, (x) and simultaneously K, (s) € Ky (s). We
note that this entails Co () € Cy, (t). Given that we have s € Cy(?) and s < ¢, we
learn that v, s = 71" holds for some

' € {s}UK,(s) C {s} UKqu(s) Co 1.
As in the proof of Proposition 7.3, we get K, (') € Ky (s) and hence
KoYy s) = Ko (Y1) = {t'} U Ko (1) S {1’} U Ko (s) Co 1.
This amounts to ¥, s € Cy(2), as desired.

(b) We use induction on the build-up of s € I'(K) according to Definition 4.5. In
the crucial case, we have s = I'; for some z € K = X + SIB(X)' As Lemma 6.13

ensures (a + 1,0) € dom(yr ), the assumption s < Y410 yields
VK@) =5 <0 Yar10 = ¥, 10 = yk o I(Y)0).

The range of / : X — Kis an initial segment, so z = I (x) holds for some x < w§+ 0.

Like any other element of X, the latter can be written in the form x = I/I])fr, which

yields s = w;r. We must have y < a, as X is order preserving. If we have y < o,
then s < Yt is immediate. Let us now assume y = «. We then have r € K (s), so
that s € C,(¢) yields r < r. For the appropriate t' > ¢ we get

s=yYlr <yt = ut.
In the case of a term s = @sps1, we recall that Definition 4.7 yields

suppk (s) = supp (so) U suppk (s1).
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The equality remains valid when we replace supplr( by supp? or supp™ or Ky, due
to Definition 6.14 and Proposition 7.2. So s € Cy(¢) is equivalent to sg, s1 € Cy(?).
Also note that s < Y4410 and s, 51 < ¥4+10 are equivalent by Definition 4.5, as

Ya+10 € rng(yk) = {I'; |z € K}

is strongly critical. We can thus invoke the induction hypothesis to get so, s1 < Yyt.
The latter entails s < 4t because ¢ is strongly critical as well. For a term of the
form s = (sg, ..., Sp—1), the argument is similar.

(c) As in the proof of (b), we argue by induction on the build-up of s € I'(K).
Let us first assume that we have s = I'; for some z € K. Given s < Yyt < ¥y410,
We can once again write s = l/f}‘,“ r with y < «. If the last inequality is strict, we
obtain Ky (s) = @, so that s € Cy(r) is immediate. Now assume y = « and recall
that (o, r) € dom(y ") entails K4 (r) Co r. Given t € Cq(t), we have Yot = ¥ 1,
so that s < ¥,t entails r < t. Together we get

Ky(s) ={r}UKy(r) Cot

and hence s € C,(t), as desired. Let us also consider a term s = @sps; < ¥qt. For
eachi < 1 we gets; < Yqut, so that the induction hypothesis yields s; € Cy(t). We
can conclude s € Cy(¢), as noted in the proof of (b). An analogous argument applies
in the case of a term s = (sq, ..., s,—1) withn > 1. For s = 0, it suffices to observe
that K, (0) is empty, since the same holds for suppIF((O). O

As observed in part (b) of the previous proof, all values 1/t are strongly critical.
The next result provides inequalities between different values of 1.

Corollary 7.6 The following holds for all s, t € O:

(a) Fort # 0 we have V40 < Yot < Y410 =T'(I) o R(w).
(b) If we have s € Cy(t), then s < t implies Yqs < Yyt.

Proof Concerning part (a), let us first observe that Lemmas 4.10 and 6.13 yield

I'(I)oR(e) = T(I) o yx(Vay ) = ¥k 0 I (¥gq10) = ¥F, 10 = Y110
The second inequality in part (a) is immediate, while the first one reduces to (b), as
supplr((O) = @ entails K, (0) = ¥ and hence 0 € C,(¢). Let us now establish part (b).
Givens € Cy(t) ands < t,we get ¥y s € Cy(t) by part (a) of the previous proposition.
Part (b) of the latter yields s < ¥y, as we have Y5 < ¥y4+10. O
With the sets C, (¢) at hand, we can recover the operators H; of Buchholz [7].

Definition 7.7 For s € O and a € [0O]=“ we set

Hy(a) := ﬂ{ca(r) lo <vandt e Owiths <g 7 anda € Cy(?)} € O.

W Birkhauser



Well ordering principles for iterated I'I} Page 57 of83 76

Note that the intersection is taken over a non-empty family, because a S Cg(¢)

amounts to b Cg ¢ for the finite set b =, cq Ko (r). The following is immediate.

Lemma 7.8 The following holds for all s, t € O and a, b € [O]=%:

(a) We have a € Hy(a).
(b) Given a C Hg(b), we get Hs(a) € Hy(b).
(c) Fors <t we have Hg(a) C H;(a).

Parts (a) and (b) express that H; is a closure operator. Together, they ensure that
a C b implies Hy(a) € H;(b). As we will see, the following is an abstract way to
say that H; is nice in the sense of [7, Definition 3.5].

Proposition7.9 Foralls,t € O and a € [O]=® we have
seMi@) & supp(s) S Hi(a).
Proof For each o < v, Proposition 7.2 yields
Ko(s) Cot < Ku(r) Cotforallr e suppt(s).

In view of Definition 7.4, the equivalence from the proposition thus holds with C,, ()
at the place of H;(a). This pointwise version is stronger than the claim itself. O

The corollary below encapsulates various closure properties, such as
gror1 € Hy(a) & {ro,r} € Hr(a).

In view of Definition 4.7, the direction from right to left follows from the corollary
for s; = r; and 9 = @ror; (withm = 2 and n = 1). The converse direction follows
when we take so = @ror; and t; = r;. We get an analogous equivalence for terms
of the form (rg, ..., rr—1). Due to Lemma 4.16, we also learn that {sqg, s1} € H, (a)
entails so + s1 € H,(a) and @sos; € Hy(a), where ¢ is our total extension of ¢. One
can also take m = 0, to obtain 0, 1 € H, (a) from supplr( ) =2.

Corollary 7.10 Consider any s, ..., Sp—1 and ty, . .., ty—1 in O. If we have

Ui<m Supp]l;(si) 2 Uj<n Supplr(‘(tj)’
then {sq, ..., Sm—1} € H,(a) implies {ty, ..., t,—1} C H,(a).

Proof As in the proof of Proposition 7.5, the given inclusion remains valid when we
replace supplr( by supp™. We can conclude by the previous proposition. O

The following result on collapsing functions (cf. [7, Lemma 4.6]) completes our
list of closure properties. In particular, it yields ¥,0 € H;(a) forall o < v.

Corollary 7.11 Given s € H;(a) with s <o t, we get Yrqs € H;(a) forall o < v.
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Proof To obtain s € H;(a), we need to establish ¥,s € Cg (t') for arbitrary 8 < v
and ¢’ > 1 with a € Cg(t’). The assumption s € H,;(«) ensures s € Cg(t’). Given
that we have s <t < 1/, Proposition 7.5 yields ¥,s € Cg(t'), as required. O

The rest of this section concerns a notion of infinite proof that is heavily inspired
by work of Buchholz [7]. As preparation, we introduce notation that relates to the
parameters and the rank of formulas. In Sect. 5 and Definition 7.1, we have explained
suppII:(X) (@) € [T'(X)]=® and supp™(s) € [O]<® fora € L’li(x) and s € O, respec-
tively. The following definition overloads this notation by admitting arguments of
different types. To interpret the notation correctly, one will need to infer the type of
the argument from the context.

Definition 7.12 For an L?-(X)-formula ¢ and an L%(X)-sequent I, we put

supplﬁ(x) (@) == U{supp{:(X) (a) |a € Ly, x, is a parameter of ¢},
SuPPIﬁ(X)(F) = Ui<n Supplﬁ(x) (p;) for T'=gq,...,0n-1.

When o is an element of L. (x)> an L. (X)-formula or an L, (x)-sequent, we define

supp™ (o) := [[(1)]= o suppFx, (o) € [0]=.

Fora < v, an L}, (X)-formula @ is called a X («)-formula if all universal quantifiers
in ¢ are bounded and we have

SUppFx) (9) Srex) R(@).

Let us also agree to abbreviate L[] := LMR(CI) € lei(x) fora < v.

To motivate the new notation, we recall that Definition 5.3 involves relativized
axioms Axﬁ(’) with L(i) = L[] for « = v;. We are particularly interested in the case

of Ag-collection, where Ax,lg[a] has instances of the form

VxeapdyeLla]O(x,y,al,...,ay)—>3JweL[a]lVxeapdyewb(x, y,ai,...,an).
In the relevant cases, we will have a; € LI{“(X) and supplﬁ(x) (@) Srx) R(a). On
an intuitive level, this means that the parameters come from the R(«)-th stage of the
constructible hierarchy, i.e., from L[«]. The given condition ensures that
¢ :=Vx €apdyb(x,y,ai,...,an)
is a X (a)-formula. Our instance of Ag-collection can now be written as
oM 5 Ju e Lia]. ¢¥.
For an arbitrary X («)-formula, this implication can be deduced from Ag-collection

in L[«], at least for the actual constructible hierarchy (see [4, Theorem 1.4.3]). This
fact will not be used in the following, but it does explain the role of X («)-formulas.
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As a final ingredient for our infinite proofs, we assign formula ranks that will be
used to control cut inferences. In order to explain the following definition, we recall
that L. x) is built over a set u > 0 of urelements (fixed in Assumption 5.1). According
to Sect.5, our L”lL(X)-formulas are closed (unless noted otherwise) and in negation
normal form. The required ordinal arithmetic on O = I'(K) was discussed at the
end of Sect.4. Let us point out that I'(/) : I'(X) — O commutes with basic ordinal
arithmetic. It follows that all ranks lie in the range of I"(/). For notational reasons, it
will still be convenient to have ranks in O rather than I" (X).

Definition 7.13 The function rk : L{, x) O is given by

rk(w) := 0 for w € u, k(L) :=w- (1 +TU)()),
tk({x € LY |p(x, ai, ...,ay)}) :=1k(LY) + 1.

To each bounded L. (X)-formula @, we assign a rank rk(¢) € O by setting

rk(a € b) :=r1k(—a € b) := max{rk(a) + 6, rk(b) + 1},
rk(a = b) := rk(—a = b) := max{rk(a), rk(b), 5} + 4,
tk(po Vv ¢1) := k(o A ¢1) := max{rk(go), tk(¢1)} + 1,
rk(3x € a. p(x)) :=rk(Vx € a.¢(x)) := max{rk(a), rk(¢(0)) + 2}.

Note that we get rk(¢) = rk(—¢) for any bounded Lbli(x)-formula ¢, because of
our treatment of negation as a defined operation. Let us record a basic property:

Lemma7.14 Forallb € L‘l,i(X) andt € O we have tk(b) € Ho(supp™ (b)) and
suppt () Cot <« tk(b) <o w- (1 +1).
Both properties remain valid when we replace b by a bounded L. x) -formula ¢.

Proof For b € u it suffices to observe rk(b) = 0 and supp™ (b) = @. In the remaining
cases, the equivalence holds since we have tk (b) = w-(14+I"(I)(s))+i forsomei < 1,
where s is the largest element of suppII:(X) (b). We also get

T(I)(s) € supp™ (b) S Ho(supp™ (b)).
In view of 1 = ¢p0, Lemma 4.16 yields
suppi (1k (b)) = supp (@ - (1 + T(1)(5)) + i) S suppi (I(1)(5))-
Thus rk(b) € Ho(supp™ (b)) follows by Corollary 7.10. A straightforward induction

over formulas shows that we can write tk(¢) = rk(b) + n with n € N, where b is a
parameter of ¢ or equal to 0 € u C L. x)-In both cases we get

tk(¢) = rk(b) +n € Ho(supp™ (b)) € Ho(supp™ (¢))
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due to Corollary 7.10 and Lemma 7.8. By another induction over formulas, we see
that rk(b) < rk(¢) holds for any parameter b of the formula ¢. Given thatr < w - s
entails ¥ +n < w - s, this ensures that the equivalence remains valid. O

To justify the focus on bounded formulas, we recall that any L. (X)—formula @ is
associated with a disjunction \/ /(¢) $a OT conjunction Nac \(¢) $a- as explained in
Sect. 5. If ¢ is bounded, so is ¢, for every a € ((¢), due to [11, Definition 3.12]. Thus
all formulas in Definition 5.3 are bounded, and the same will hold for the formulas in
our infinite proofs. We say that an L. (x)-Sequent is bounded if it consists of bounded
formulas only. The assignment of ranks is designed to validate the following, which
is shown in the proof of [11, Theorem 3.14] (see also [7, Lemma 3]).

Lemma7.15 Given any bounded L. x) -formula ¢, we have

tk(pq) <o k(@) foralla € 1(¢) = trx) ().

In the paragraph before Lemma 6.11, we have observed that O is well founded,
which justifies the following recursion. Intuitively, we have (r, a) H I if the sequent
I' has an infinite proof with height at most ¢, where H,(a) and s control relevant
parameters and cuts. The given definition is inspired by [7, Theorem 3.8].

Definition 7.16 By recursion on ¢, we declare that the relation
(r,a) |—§ r

between elements r,s,t € O, a € [0O]=“ and a bounded Lbf(x)-sequent I" holds
precisely if we have

{t} Usupp™(I") € H,(a)

and one of the following clauses applies:
(i) for some conjunctive ¢ ~ /\bEL((/)) op € ' and every b € 1(p) C L'li(X), there is

at(b) < t such that we have (r, a U supp™ (b)) I—i(h) I, ¢p,

(ii) for some disjunctive ¢ ~ \/ba((p) op € I' and some b € 1(p) C L’li(X) such that
we have supp™(b) Cg t, there is a t(0) < ¢ with (r, a) H,(O) T, op,

(iii) for some bounded L‘li(x)-formula ¥ with k() < s, there is a #(0) < ¢ such

that we have (v, @) F9 T, ¥ and (v, @) F© T, =y,
(iv) for some o < v and some X («)-formula ¢ with 3z € L[a]. ¢ € T, there is an
element #(0) < ¢ with (r, a) —© T, gL,

Sometimes one wants to apply the given clauses in a modified form, e. g., to derive
(r.a) F. To, T from (r, a) F'© To, v and (r, a) H" T, =y with £(0) # 1(1) <
t. This is possible due to the following standard result (cf. [7, Lemma 3.9(a)]).

Lemma 7.17 (Weakening) Givenr <r',s <s',t <t anda C H, (a’), we have

(r,a) LT and {t'}Usuppt(A) CH (@) =  (,d) l—;l, A,T.
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Proof One argues by induction on r € O and distinguishes cases that correspond to

the clauses from Definition 7.16. In each case, one uses the induction hypothesis and

reapplies the same clause. This is possible because Lemma 7.8 yields
aUcCH,(aUc) € Hy(a Uc),

where one takes ¢ = supp™ (b) for clause (i) and ¢ = @ in the other cases. O

We always refer to the lemma as ‘weakening’, even when @’ is a proper subset of a,
where we get an apparent strengthening. In the following result, the bound w - rk(¢)
could be improved to 2 - rk(¢p). We keep the suboptimal bound because only # > w - ¢
has been defined in the present paper.

Lemma 7.18 For any bounded LII{(X) -formula ¢ and any a € LII{(X) we have

0, supp™ (@) Fo ™ 9, ~¢  and (0, supp* (@) 7P a = a.
Proof To establish the first claim, we argue by induction on rk (). First observe that

Ho(supp™(¢)) contains rk(¢) and hence also - tk(¢), due to Lemma 7.14 and its
proof. As disjunction and conjunction are dual (see [11, Definition 3.12]), we may

assume @ >~ \/ba((p) @p to get —p =~ /\hemp) —@p, or in other words t(—¢) = (@)
and —(¢p) = (—¢)p. In view of Lemma 7.15, we use the induction hypothesis to get

(0, supp™ (¢p)) FS"“‘“’”) wp, —@p  foreach b € ((g).
To prepare an application of weakening, we observe that [11, Definition 3.12] yields

Supplﬁ(x) (pp) < supplli(x) (@)U SUPPIf(X) (b).

This inclusion remains valid when we apply [["(/)]= to both sides, i.e., when we
replace supp'l:(x) by supp™. For each b € 1(¢), we can use Lemma 7.14 to derive

1(b) := max{rk(¢p), 1k(b)} € Ho(supp™ () U supp™ (b)).
As announced, we now apply weakening to get

(0, supp™ () U supp™ () F3" " 0, =0, o, —gp.

The choice of ¢(b) and Lemma 7.14 ensure supp™ (b) Co w - t(b) + 1, as required in
clause (ii) of Definition 7.16. By the latter, we thus obtain

(0, supp™ (@) U supp™(6)) F&"@F! 9~ ~g,  for each b € (p) = L(—¢).

Based on [11, Definition 3.12] and Lemma 7.14, it is not hard to check that b € ()
entails rk(b) < rk(¢), so that we get ¢(b) < rk(p) by Lemma 7.15. We can thus apply
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clause (i) of Definition 7.16, in order to complete the proof of the first claim from the
lemma. To derive the second claim, we show

(0, supp™ (a)) I—g'rk(a)ﬂ Vx €a.x €a

by induction on rk(a). Let us consider a term of the forma = {x € LY |6(x,d)}.
Fora € u and a = L} the argument is easier (but note that a € u leads to the bound
w - rk(a) + 1 rather than w - rk(a)). By [11, Definition 3.12] we have
Vx €ea.x ea:/\ba—-é’(b,d)vbea and beax~\/,, 0, d)Ac=Db
with e = {b € L{ x, | suppfx, () Srex) s}

CcEel
In the clause for b € a, we will take ¢ to be the same term as b. To derive b = b, we
recall the general clause

(bg =by) ~ /\ie{o’l}vx e€bj.x e bj_;.
When bg and b; are the same term b, then the two conjuncts coincide, but we still

need a step to introduce the conjunction. So the induction hypothesis and clause (i) of
Definition 7.16 yield

(0, supp™ (b)) Hg™ P2 b = b,

This shows the second claim of the lemma, once the present induction is completed.
We have supp™ (0 (b, d)) € supp™(a) U supp™ (b), and Lemma 7.14 provides

s(b) < rk(a) for s(b):= max{rk(b)+ 1,1k(6(b, d))}.
Using the first part of the present lemma, we can thus derive
(0, supp™ (a) U suppt (b)) FZ*PH —0(b, d), 6(b,d) Ab = b.

We now use clause (ii) of Definition 7.16 three times, once to get b € a and twice to
combine the disjuncts, so that we obtain

(0, supp™ (a) U supp* (b)) F P —g(b,d) v b € a.

To complete the induction step, one applies clause (i) of the same definition. O

In the rest of this section, we show how the search tree SIB(X) from Definition 5.3
can be transformed into an infinite proof. We begin with the crucial axioms.

Proposition 7.19 For each of the Ag-collection axioms AX |, from Definition 5.2 and
any a < v, we have

0, 0) Fy Ax[2) with = Y4110 + 0 -3.
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Proof Corollaries 7.10 and 7.11 provide ¥/44+10 + w - m +n € Ho(?) form,n € N.
We recall La] = Lﬁ(a) and ¥, +10 = I'(I) o R(«) as well as supp]]:(x)(L’;) = {s}.
The initial condition from Definition 7.16 can now be derived as

supp ™t (Ax{1%]) = [M(1)]™* o suppF x) (L @) = (Vat10} € Ho(®).
As in the paragraph that follows Definition 7.12, we write collection in the form
AXi1y = VZVV (Y — Jw ") with ¥ (v,z) :=Vx € vIyO(x, y, z),
for a Ag-formula 6 and variables z = z, . .., zx. Note that we get
Ax[Y =vzy € Lla]...Vz € LlalVv € Lla] (1 — 3w € Lia]. y*).
Let us now recall that [11, Definition 3.12] yields
Vy € Llal.g(y) = Ay 9(a) for :={a € L{y, | suppfx, (@) Srx) R@)}.

To conclude by k + 1 applications of clause (i) from Definition 7.16, we shall thus
show the following: For s := ¥/44+10+ w -2+ 3 and arbitrary ay, .. ., ax € (, we have

(0, supp™ () Fo oM 5 Jw e Llal. ¢ with ¢ :=¥(ao, ..., ar).

In the proof of Proposition 7.5 we have observed that 10 is strongly critical. This
justifies the last step in the computation

tk(Lle]) = - (1+TI)oR(@) =@ (1 + Ye+10) = Ya110.

By Definition 7.13 in conjunction with Lemma 7.14, we get rk (¢X1%1) = 4110 + 2.
We can thus use Lemma 7.18 to obtain

(0, supp+(g0L[“])) Fo -t oLl with ri=w- (WYa+10+2) = Yu+10+ @ - 2.
Weakening allows us to replace supp™ (¢£1%1) by supp™ (¢), as we have

supp™ (¢™1*1) < supp™ (¢) Usupp™ (Lla]) € Ho(supp™ (¢)).
Now ¢ is a X («)-formula, due to @; € t. Thus clause (iv) of Definition 7.16 yields

O, SHPP+(‘P)) "6“ _|(pL[a17 Jw € La]. ¢®.

From Sect.5 we recall that 2% — 3w e L{a]. ¢® and =™ v 3w e Lla]. ¢¥
denote the same formula in negation normal form. We can thus conclude by two

applications of clause (ii) from Definition 7.16. O
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On an intuitive level, the following holds because the stage R(«) of L[] is a limit
(in fact I'(/) o R(&) = ¥4410 is strongly critical).

Proposition 7.20 Consider the axiom Axy = Vx3y.x € y from Definition 5.2. For
any a < v we have (0, ) Fh Ax§ with t := Y410,

Proof First note that we have
{1} Usupp™ (Ax§™) = (ur10} € Ho),

as in the previous proof. To conclude by clauses (i) and (ii) of Definition 7.16, we
write t = {a € L'li(X) | supplli(x) (@) Srx) R(a)} and observe

Axg =vx e Llal3y € Llal.x ey =~ A
dyeLlal.aey = \/)qach.

dy e Lla].a ey,

aet

Given an arbitrary a € ¢, we must thus derive a € b for a suitable b € (. Let us set

0 ifa € u,
s+1 ifa=LYora={xeLf|0(x,c)}.

b:=L with r:=
In the more interesting second case, we note thata € tand s € supp'l:(x) (a) entail
s <rx) R(o) € mg(yx) = {I'x | x € X}.
We can infer s + 1 < R(«) by Lemma 4.15 (recall 1 = @0). Let us rewrite this as
SUPPIE(X) () Srx) R(a),
which also holds when we have a € u and hence r = 0. As in the previous proof, we
use Lemma 7.14 to conclude that w - tk(b) +n < ¥4+10 holds for all n € N. Given
that Definition 4.7 yields '(7)(0) = 0and I'(Z)(s+1) = T'(I)(s) + 1, we can employ
Corollary 7.10 to get supp™(b) = {T'(I)(r)} € Ho(supp™(a)) and hence
tk(b) € Ho(supp™ (b)) S Ho(supp™ (a)).
Let us now recall that [11, Definition 3.12] yields
aeb~\/.,c=a with Kk ={ce L‘li(x) | suppl]:(x)(c) Crx) r}.
As Lemma 7.18 provides a derivation of a = a, we take ¢ to be the term a. Note that

the choice of r ensures a € « and supp™(a) Co I'(I)(r) < w - rk(b). We may thus
apply clause (ii) of Definition 7.16, to get

0, supp™ (@) FY™ P a e b.
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In view of b € ¢ and supp™ (b) Co - tk(b) + 1, the same clause now yields

©, supp* (@) FC™*P* 3y ¢ Llal.a e y.

Since a €  was arbitrary and we always have w - tk(b) + 1 < @ - Y4410 = Y4410,
we can conclude by clause (i) of Definition 7.16. m]

To conclude this section, we show that the search tree SIB(X) from Definition 5.3

can be converted into an infinite proof. We are particularly interested in the root
node () € Sllf(x), which gives rise to elements

X+()eX+5S8x, =K and TIxyyel(K) =0.

The label I (x)(()) at the root is the empty sequent, which we denote by () as well. Let
us recall that the empty sequent stands for the empty disjunction, which is false and
should thus not be provable. To reconcile this remark with the following result, we
recall that the latter is part of an argument by contradiction (see the paragraph before
Assumption 6.4).

Theorem 7.21 (Embedding) We have (0, #) F. () fort = T'x(y € O.

Proof For o = (0g,...,0,_1) € SIB(X) - (L'li(x))<‘” we extend Definition 7.12 by

supp* (o) := [T ()] o supppx, (0) = U, -, supp™ (o7) € [0]=,

where the second equality uses supplg x) (0) = Ui supp'l:(x) (o7) from Sect.5. Let
us write [(0) = Ir(x) (o) for the sequent label from Definition 5.3. We will show

(0, supp™ (o)) F I(o) with s := x4,
by induction on o € Sllf X in the Kleene-Brouwer order, which is well founded due

to the embedding o + I'x4, into the well order O. Note that the theorem is the case
of the root 0 = (). Considering Definition 7.16, we first show

{Tx+0} Usupp™ (I(0)) € Ho(supp™ (o).

In view of T'(J) o R(a) = 4110 € Ho(#), the claim about supp™(I(c)) reduces
to Corollary 5.7. To conclude via Proposition 7.9, we assume r € supp™ (x4, ) and
derive r € Ho(supp™ (c)). Definitions 6.14 and 7.1 yield r = yk o I (x) for some

x € supp® (Mx 1) = [ J{supp™(p) | p € suppi (M'x40))
= supp™ (X + o) = |_J{suppk (p) | p € suppy. x,(0)\ rng(R)}.
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We thus get x € suppg(p) with p € supplg(x)(a) and hence I'(1)(p) € supp™ (o).
By Lemma 6.19 and the other direction of Proposition 7.9, we obtain

r € [yk o I1°% o suppk () = [yk o I1=¢ o supp® (' (1) (p))
= supp T (I'(1)(p))  Ho(supp™ (0)).

In our induction along the Kleene-Brouwer order, we distinguish cases according
to Definition 5.3. Let us first assume that o has even length 2k, where k codes a
pair (n, i). Fora = v;, the cited definition provideso ~ L[«] € SIB(X),and the induction
hypothesis yields

(0, supp™ (o) Usupp™ (L[a])) F} 1(0), = Ax;1*] with r =Txyo~Lfa] < Txto-
Here we can omit supp™ (L[a]) € Ho(¥) by ‘weakening’. From Lemma 6.20 we get
Yer10=TU) o R(a) <0 I'sto~Lie] =7
Due to Propositions 7.19 (for n > 0) and 7.20 (for n = 0), we thus have

(0. supp™ (o) H (o), AxT.

As ¥y110 < s = I'x4 entails rk(Axﬁ [a]) < s, we can complete the induction step
by clause (iii) of Definition 7.16 (‘cut rule’). The other cases from Definition 5.3
correspond directly to clauses (i) and (ii). Concerning the disjunctive case, we note
that supp™ (b) C rng(I" (1)) entails supp™ (b) Co I'xto, again by Lemma 6.20. O

8 An abstract ordinal analysis

In this section, we show cut elimination and collapsing results that entail the consis-
tency of our infinite proof system. On the one hand, these results resemble the known
ordinal analysis of iterated admissibility [7, 29, 40, 44]. On the other hand, our setting
here is more abstract, since we work relative to the given dilator I" o S from Assump-
tion 6.4 (recall that S arises from the search trees of Definition 5.3). Once consistency
is available, it will be straightforward to deduce the main result of our paper, as we
shall see in the next section. We begin with a standard ingredient for cut elimination
(cf. [7, Lemma 3.13]):

Lemma8.1 (Inversion) If ¢ >~ A, ci(g) Pb IS conjunctive, then we have

r,a)F.T,¢ = (r,aUsuppt (b)) F. T, ¢, forany b e i(p).

Proof Due to the initial condition from Definition 7.16, the premise of the desired
implication entails supp™ (¢) € H, (a). As in the proof of Lemma 7.18 we get

supp™ (¢p) € supp™ (@) U supp™ (b) € H,(a U supp™ (b)),
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which ensures that the same initial condition holds for the conclusion. We now argue
by induction on ¢ € Q. In the crucial case, clause (i) of Definition 7.16 was applied to
the distinguished formula ¢, so that we have

(r.a Usuppt (b)) H® T, ¢, g

for some #(b) < t. Here we can omit ¢ due to the induction hypothesis. Weakening
(Lemma 7.17) allows us to increase () to ¢, which yields the desired conclusion. In
all other cases, one uses the induction hypothesis and reapplies the same clause. The
latter is possible because clauses (ii) and (iv) concern formulas that are disjunctive
and hence different from ¢. O

The following (cf. [7, Lemma 3.14]) shows how certain applications of the cut rule
can be avoided. Note that the result is no immediate consequence of clause (iii) from
Definition 7.16, since the latter would require rk(¢¥) = rk(—=y) < rk(¥).

Lemma 8.2 (Reduction) For disjunctive ¥ with tk(Yr) ¢ {¥4+10| @ < v} we have

(r.a) gy, T=¥ and (r.a) Fy, Ty = (ra) O T
Proof The premise of the desired implication entails #(i) € H, (a) fori € {0, 1}, asin
the previous proof. Thus ¢#(0) + #(1) € H, (a) holds by Corollary 7.10 in conjunction
with Lemma 4.16. We now argue by induction on #(1) and distinguish cases according
to the clause of Definition 7.16 that was used to derive I', . In the crucial case, the
formula yr >~ \/,,¢, () ¥ itself was derived by clause (ii), which means that we have

(r,a) I—ik(w) I, ¢, ¥, forsomeb € () and s <o t(1).

In particular, this means that we have supp™ (¥,) € H,(a), by the initial condition
from Definition 7.16. We may also assume supp™t (b) < supp™ (¥). Indeed, this is
immediate if b occurs in . If it does not, then we have v, = ; for some index
i € {0,1} C «(¢), as a glance at [11, Definition 3.12] reveals. In this case we may
thus redefine b :=i e u C L’li(X) to get supp™ (b) = ¥. Let us now apply weakening
to the given derivation of I', =, so that we obtain

t(0)
(r,a) l_rk(ljl) T, _'1/f7 I/Ib.

By the induction hypothesis, we can then infer

0
(r.a) o T .

From [11, Definition 3.12] we know that =y is conjunctive with (=), = — ()
for all b € «(—y) = «(yy). We may thus apply inversion (Lemma 8.1) to the given
derivation of I', =, in order to get

(r.a Usupp* (b)) gy T =
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For b as above, we may omit supp™(b) € H,(a) by weakening. As Lemma 7.15
ensures rk(yp) < rk(y), we can conclude by clause (iii) of Definition 7.16. In all
other cases, one uses the induction hypothesis and reapplies the same clause. Here
it is crucial to observe that clause (iv) cannot be applied with ¢ = (3z € L[a].¢%).
Indeed, given that ¢ is a ¥ («)-formula, we have

supp™ (¢) Co I'(J) o R(@) = g4 10.

We may replace ¢ by the “trivial’ relativization ¢°, since we have supp™ (0) = #. As
Yo+10 is strongly critical (cf. the proof of Proposition 7.5), Lemma 7.14 yields

k(") +2 <0 @ - (1 + Yg410) = Ye110.

Similarly, we get rk(L[«]) = rk(L“R(a)) = ¥4+10 and then

tk(3z € Lla]. 9°) = max{rk(L[a]), tk(¢?) + 2} = ¥q+10 # rk(¥).

The inequality holds by an assumption in the lemma, which thus excludes an obstruc-
tive application of clause (iv) from Definition 7.16. O

By the next result (cf. [7, Theorem 3.16]), the cut rank can be reduced when no
critical value 1410 is involved. To remove this last restriction, we will later prove a
collapsing result that complements cut elimination. Let us point out that ¢ refers to
the Veblen function from Definition 4.12.

Proposition 8.3 (Predicative cut elimination) Consider elements p,q € O such that
P < Ya+10 < p + ¢(0, q) fails for all o« < v. We then have

(r,a) '_;?+(p(0,q) I' and q € H,(a) = (r,a) I—‘g(q’t) I.
Proof The assumption of the desired implication entails ¢, t € H, (a), due to the initial
condition from Definition 7.16. We get ¢(q, t) € H, by Corollary 7.10 in conjunction
with Lemma 4.16. Let us now argue by main induction on ¢ and side induction on ¢
(where p may vary during the induction). In the crucial case, we are concerned with
clause (iii) of Definition 4.12, so that we have

N N
(r,a) Foto0.q) TV and (r,a) F oo, 7Y

with k() < p + ¢(0, g) and s < t. For later use we record suppt (v) € H,(a).
The side induction hypothesis yields

r,a)F59 Ty and  (ra) SO T, -y
If we have rk(y) < p, then we can conclude by clause (iii) of Definition 7.16, since
Proposition 4.13 yields ¢ (g, s) < ¢(q, t). By the same proposition and Lemma 4.15,
we even have ¢(q, s) + ¢(q, s) < ¢(q,t). Now assume p < rk(yr) and note that this
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entails rk(—y) = tk(¢) ¢ {¥4+10| @ < v}. Let us recall that ——1 is syntactically
equal to v, since we treat negation as a defined operation on formulas in negation
normal form. Either ¥» = ——1 or = is disjunctive, as seen in [11, Definition 3.12].
We can thus use reduction (Lemma 8.2) and weakening to get

v(q,1)
(r,a) I—rk(]//) I.

Lemma 4.15 yields tk(y) = p + s for some s € O = I'(K). By Definition 4.5 we
may write s = (o, ..., Sp—1) With s; € H (not necessarily with n > 1). We thus get

p=p+s0) and rk(y) =p+snr) for s@):= (so,...,8i—1).
By an auxiliary induction from i = n down to i = 0, we now show

@lg.1)
(r,a) l—pﬂ(i) I.

In the induction step, we use Proposition 4.13 to write s; € H in the form ¢(p;, q;).
Let us set g (i) := ¢; when p; = 0 and ¢(i) := s; when 0 < p;. In the second case,
Proposition 4.13 yields ¢(0, s;) = s;. So we always get

s+ 1)=s@G)+si =s@)+ 00, g@@)).

Let us observe that we have
L Ny L L
SUPPr(x) (¢ (1)) = Suppr(x (i) < supprx, (tk(¥)).

As Lemma 7.14 provides rk () € Ho(suppt (¥)) € H, (a), we obtain g (i) € H,(a)
by Corollary 7.10. Furthermore, we have ¢ (i) < g due to

p+s()+¢0,g@)=p+si+1) <rk(¥) < p+¢0,9) < p+s@i)+¢,q).

Given the auxiliary induction hypothesis (with i + 1 at the place of i), we use the main
induction hypothesis (with p 4 s(i) and g (i) at the place of p and g) to get

@(q().9(q.1))
(r,a) |_p+s(i) I.

From Proposition 4.13 we know that g (i) < ¢ entails ¢(g (i), ¢(q,1)) = ¢(q,1). So
the step of the auxiliary induction is completed. Taking i = 0 completes the present
case of the side and main induction step. The remaining cases are straightforward. O

So far, the notation ¢“ for relativization has been introduced for a € L{. x) only.
We now use the embedding I'(7) : I'(X) — I'(K) = O to overload the notation.

Definition 8.4 Given an L. (x)-formula ¢ and an element t € mg(I'(I)) < O, we set
@' == ¢? witha := L% € Lii(X) for the unique s € I'(X) with I'(7)(s) = ¢.
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It is instructive to recall ¥,+10 = I'(/) o R(@) and L[a] = L{{(a), which yields

@' =M for 1=y, 10€O.

By Corollary 4.11 and Definition 6.12, the range of I"(/) is an initial segment of O. It
follows that ¢’ is defined whenever ¢ < 110 holds for some a < v. We will later
need the following variant of inversion (cf. Lemma 8.1).

Lemma 8.5 Given q € H,(a) withq < Y¥4+10, we get
(r,a) F. T',Vx € L[a]. 0 = (r,a) L T, (Vx.0)7,

for any bounded Llf"(X) -formula 6 = 6(x).

Proof Write ¢ :=Vx € L[a].0 and ¢’ := (Vx.0)9 =Vx € Ly. 0 with '(1)(p) =g,
and note that ¢ < v¥,+10 entails p < R(w). The initial condition of Definition 7.16 is
preserved as we have supp™ (¢’) € supp™ (¢) U {g}. In view of [11, Definition 3.12],
the formulas ¢ and ¢’ are both conjunctive, and we have ¢, = 6(b) = ¢, for any

beu(g) ={a € Ly, | suppfx,(@) Srex) p} S u(p).

So whenever clause (i) of Definition 7.16 is used to derive ¢, it can also derive ¢'.
Based on this observation, the claim is readily established by induction on ¢. O

Let us also record how relativization interacts with our assignment of a disjunction
@~ \/ba((p) @p Or conjunction ¢ =~ /\ba((p) @p to each formula @.

Lemma 8.6 The following holds for any L’li(x) -formula ¢ and any t € mg(I'(1)):

(a) The formula ¢' is conjunctive or disjunctive, respectively, if and only if the same
holds for .

(b) We have (¢")» = (¢p)" for any b € 1(¢") S L(p).

(c) Forany b € 1(p) with supp™t(b) Co t, we have b € 1(¢").

(d) If ¢ is a X (a)-formula, then so is @p for any b in the set

LMy = (b € L(p) | suppT(b) Co Ya+10}.

(e) Assume ¢ is a conjunctive X (a)-formula. We then have 1(¢") = 1(¢). Also, there
is an s € supp™ (@) U {0} with supp™ (b) Co s for all b € ().

In part (e), we get s < Y4410 due to the definition of X («)-formulas. So when ¢ is
conjunctive, part (d) applies to any element b € t(¢).

Proof All claims can be verified explicitly, based on [11, Definition 3.12]. Details
for a representative case are given in the proof of [11, Lemma 9.1]. Concerning (d),
we note that supp™ () Co Y4410 is equivalent to supp]f(X) (b) Srx) R(a), which
relates to Definition 7.12. In part (e), the crucial point is that ¢ cannot begin with an
unbounded quantifier. O
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Clause (iv) of Definition 7.16 (which allows us to infer 3z € L[a]. ¢* from ¢Zl*])
is an obstruction to cut elimination, as we have seen in the proof of Lemma 8.2. The
following result (cf. [7, Lemma 3.17]) will allow us to circumvent this clause, since
@' with t < Y4110 entails 3z € Lo]. ¢°.

Proposition 8.7 (Boundedness) For each X («)-formula ¢ with o < v we have
(r.a) B To" and s <t < Yo Owitht € He(a) = (r.a) T, ¢
Proof First note that the antecedent of the desired implication entails
supp™ (") < supp™ (91N U {1} € H, (a),
so that the initial condition from Definition 7.16 is preserved. We now argue by induc-
tion on s. When the relevant clause from Definition 7.16 does not refer to @1, it

is straightforward to reduce to the induction hypothesis. In case clause (i) applies
to 1% the latter is conjunctive and we have

(r.a Usupp™ (b)) HP T, oM, (p™%]), with s(b) < s for all b € (™).

The previous lemma ensures that g, is a X («)-formula with (@)1 = (Lo, for
any b € 1(¢) = t(¢1%l). Thus two applications of the induction hypothesis yield

(r.a Usupp™ (0)) =P ', o, (pp)" forall b € 1(p).

Using the previous lemma once again, we learn that ¢ and hence ¢’ is conjunctive with
(©")p = (@p)! for all b € t(¢") < (). In order to conclude the present case of the
induction step, we can thus reapply clause (i). A similar argument covers clause (ii),
as the previous lemma ensures the following: for any b € ((pt®l) C ((p) with
suppt(b) Co s <t < Ygi1, we have b € 1(¢') and ¢, is a X (a)-formula. Finally,
we consider an application of clause (iv) for a X (8)-formula 6 with § < v and
3z € L[B].6%) = (pL[“], where we have

(r,a) I—fl(o) T, ot oLAl for some s(0) < s.
If we have « # B, then L[] occurs in ¢, and the definition of X («)-formulas yields
R(B) € suppfx,(LIBD) S suppfx, (@) Srx) R(@).
So in any case we have 8 < «. By a similar argument, it follows that L[«] cannot
occur in the X (B)-formula 6. In case 8 < « we thus get pZ*l = ¢ = ¢, which
makes the claim trivial. Now assume = « and note that this forces ¢ = 3z.0%. We
apply the induction hypothesis twice (once with s(0) at the place of t), to get

(r a) }_S(O) F (pt 05‘(0)
) q ) ) .
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For p € I'(X) with I'(/)(p) = t we have
@' =3z € LY.07 = \/jg (0" with 1(¢") = {b € Lj\ x, | suppfx,(b) Srex) pl-

Now 6*© = 9P holds for b := L0y With T'(1)(p(0)) = s(0) < s < 1, which yields

supprx,(b) = {p(0)} Srex) p and  supp™ (b) = {s(0)} o s.

We can thus conclude by an application of clause (ii) from Definition 7.16. O

The following definition adapts notation from [7, Section 4], which will be used
for the crucial result on collapsing and impredicative cut elimination. The reader may
wish to recall Definitions 7.4 and 7.7 as well as the paragraph before Theorem 7.21.

Definition 8.8 Fora < vandr,s € O and a € [0O]=%®, we abbreviate
Aa;r,a,s) & r,s € Hy(a)anda C mﬁza Cg(r+1).

Let us also put K :={Q(a) |« < v} with

Q(0) :=0, Qla+1) = We+10) + 1,
QW) :=TIxq4y Q) := Y0 foreach limit A < v.

Note that we have Q () € Hy(¥) for all @ < v, as a consequence of Theorem 7.21
and Corollary 7.11. For « < v, the following result characterizes 2 («) € rg(I" (1))
as a supremum.

Lemma 8.9 Foranya <vands € mg(I'(I)) € O we have
s <0 Q@) & s =<0 Yp410for some B < a.

Proof The claim is immediate when « is zero or a successor. Let us now assume that
o < v is a limit. The non-trivial task is to show that s < 1,0 entails s < vg410 for
some < «. Invoking Definitions 7.1 and 7.4 as well as Lemma 4.10, we see that any
8 < v validates

s <0 V50 =y o I(YX0) & suppk(s) Ck I(¥X0).

Assume that these equivalent statements hold for § = «. We need to find a 8 < «
such that they hold for § = g + 1 as well. Let us recall that the range of  : X — Kis
an initial segment. The maximal element of the finite set supp{( (s) can thus be written
as I (x), except in the trivial case where the support is empty. Due to Definition 6.12
we get x = 1///?[ for some B < v and t € O. Clearly, the right side above holds
for 8 = B+ 1. Also, the right side for § = « entails I (x) < 1(¢3f0) and hence 8 < «,
as desired. Now consider the case of « = v. For any s € rng(I"(1)), Definition 1.1
and Lemma 6.20 yield s < Q(v) and suppIF((s) C rng(l). Due to the latter, we can
finda 8 < v withs < ¥g410, as in the limit case. O
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The following transfers [7, Lemma 4.7] into our setting. Note that no assumption
such as p’ € H,(a) is needed in part (b).

Lemma 8.10 If we have A(a;r,a, s) andt € H,(a), then the following holds:

(a) Givena < B andt < ¥g410, we gett < Yrg(r + 1).
(b) For p :=r+¢y(s+1t)we have p € H,(a) as well as Yo p € Hp(a), and p < p’
entails Yo p < Yo p'.

Proof (a) In view of Definition 7.7, the assumptions entail t € C g(r +1). Now the
conclusion follows by Proposition 7.5.

(b) In view of r < p, we can use Corollary 7.10 to get p € H,(a) S Hp(a),
which entails ¥ p € H,(a) by Corollary 7.11. Given p < p’, we now obtain
Yap € Co(p), as A(a; r, a, s) provides a € Cy(r + 1) € Cy(p’). In order to
conclude ¥y p < ¥ p’, it suffices to invoke Proposition 7.5 once again.

O

Our abstract ordinal analysis culminates in the following (cf. [7, Theorem 4.8]).

Theorem 8.11 (Collapsing and impredicative cut elimination) For « < v, assume

(r,a) . T with A(a;r,a,s) and s € K,

Ll

where all elements of T' have the form ¢! for a T (at)-formula ¢. We then get

(p,a) I—ZT with p=r+¢@o(s+1t) and q = Yyp.

Proof We argue by main induction on s and side induction on ¢ (where « and the
other parameters may vary in the induction). The previous lemma secures the initial
condition from Definition 7.16. In clause (i) of the latter, we are concerned with a
conjunctive formula %%l € T such that we have

(r,a Usuppt (0)) '@ T, o with 1(b) < t forall b € (1)),

Here we write (plf[“] for (¢L11),, which coincides with (¢p) 1 due to Lemma 8.6.
The latter also yields a ¢’ € supp™(¢) U {0} € H, (a) with supp™(b) Co t' < Yy110
forallb € L(ch ["‘]). To establish A(a Usupp™ (b); r, a, s) for any such b, we consider
an arbitrary 8 > «. By the previous lemma we get 1’ < ¥g(r + 1). Let us also note
that r 4+ 1 € H,(a) € Cg(r + 1) holds due to A(a; r, @, s) and Definition 7.7. Thus
Proposition 7.5 yields supp™ (b) € Cp(r + 1), as required. We may now use the side
induction hypothesis to infer

(p(b), aUsupp® (b)) FIG) T, o)) with p(b) = r + @o(s +1(b)) and Y p(b),

for any b € 1(p"11). With p and ¢ as in the theorem, we see that 7(b) < ¢ entails
p(b) < p and then g(b) < ¢, by Lemma 8.10 with a U supp™ (b) at the place of a.
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To conclude the present case of the induction step, we use weakening and reapply
clause (i) of Definition 7.16. Now consider clause (ii) for a disjunctive ¢“1* € T" with

(r,a) H O T, o forsome 1(0) <t and b e (o).

As in the proof of Lemma 8.2, we may assume supp™ (b) C supp™ ((plf ]y The latter

entails supp™ (b) € H,(a), by the initial condition from Definition 7.16. Since we
also have supp™ (b) €0 V10 due to Lemma 8.6, we can use Lemma 8.10 to get

supp™ (b)) Co Ya(r +1) <0 Yup(0) =:q(0) with p(0) :=r +¢o(s +1(0)).

Let us recall that our version of i is not even weakly increasing. To secure the weak
inequality above, one invokes Lemma 8.10 with s = 0 = ¢. The given bound on
supp™ () allows us to reapply clause (ii) after the side induction hypothesis has been
used. Before we come to the crucial clause (iii), let us consider an application of (iv),
where I" contains 3z € L[B]. ¢* for some X (8)-formula ¢. As in the proof of Propo-
sition 8.7, we necessarily have 8 < «. To conclude by the side induction hypothesis,
we need only observe that ¢lAl = y Lol holds for some ¥ («)-formula 1. We can
take ¢ = ¢ for 8 = a and ¥ = @Al = (PLBHLIY for B < . As preparation
for clause (iv), we establish the following claim (which is adapted from the proof by
Buchholz [7]). The quantities that appear in the theorem should be considered as fixed
(for the induction step), while p(0), ¢(0) and ¢ can be arbitrary.

Claim Assume that we have r < p(0) < p and p(0) € H () (a), and that there exists
a B < v with s(0) := max{g(0), rk(¢)} < ¥p4+10 < s. We then get

0 0
(p(0), @) FIG T, and (p(0), @) FIO T =9 = (p,a)F4 T,

To establish the claim, we first note that clause (iii) of Definition 7.16 yields
0)+1
(p(0), a) FIQ)T T.
For any 8 as in the claim, we have s(1) := Q(8) + ¢o(s(0) + 1) < Y5410, since the
bound is strongly critical (cf. the proof of Proposition 7.5). So there is no y < v with
Q(B) < ¥, 410 < s(1). We can thus use Proposition 8.3 (predicative cut elimination)

to get

(p(0), a) Fg(&)r with #(0) := ¢(s(0) + 1, g(0) + 1).

It is straightforward to check that we have A(a; p(0), o, 2(B)). We can now use the
main induction hypothesis to infer

(p(1), a) FZS; ' with p(l) = p(0) + ¢o(2(B) +1(0)) and g(1) = Yo p(l).
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We have p(0) < p =r + @o(s + ) by assumption, and the above yields
o(2(B) +1(0)) < @o(s +1) € HC I'(X).

Using Lemmas 4.15 and 8.10, we obtain p(1) < p and then g(1) < g. An application
of weakening (Lemma 7.17) concludes the proof of the claim. Let us now consider an
application of clause (iii) from Definition 7.16, where we have

r,a)HO T, ¢ and (r,a) HO T, —p
for some #(0) < ¢ and some bounded L. (X)—formula ¢ with rk(¢) < s. First assume

1k(¢) <0 Ya+10 = - (1 + ¥ 410),

where the equality holds because 4410 is strongly critical. From Lemma 7.14 we
learn that ¢ and —¢ are X («)-formulas. Given that any bounded formula 6 is equal
to 11 the side induction hypothesis provides

(p©).a) F{O T, ¢ and (p(0), a) i) T, =g *)

with p(0) = r + ¢o(s + £(0)) and g (0) = ¥4 p(0). Also by Lemma 7.14, we have

tk(¢) € Ho(supp™ () € H, (a),

which entails rk(¢) < ¥4 (r + 1) < g(0) due to Lemma 8.10. To conclude the present
case of the induction step, we can thus reapply clause (iii). Next, assume we have

Vo410 < 1tk(p) ¢ {10 B < v}.

Due to rng(I'(1)) > rk(p) < s € K, we may pick a B < v with rk(p) < Y410 <5,
by Lemma 8.9. In the present case this upgrades to tk(¢) < v¥g410, which entails that
we have @ < B. It follows that I, ¢, —¢ consists of bounded X (8)-formulas. Indeed,
for Xl e T with a ¥ (a)-formula v, we get

SuppF x, (W 1) S supp: ) (¥) U {R(@)} Srex) R(B).

From A(a; r, o, s) and o < B we immediately get A(a; r, B, s). Thus the side induc-
tion hypothesis yields (x), but now with ¢(0) = g p(0) for the same p(0). We can
conclude the present case by the claim that we have established above. Finally, assume
that we have rk(¢) = Y5410 with @ < B < v. Recall that ¢ and ——¢ are syntac-
tically equal, due to our treatment of negation as a defined operation. We may thus
assume that ¢ (rather than —¢) is disjunctive. In view of Definition 7.13, we must
have ¢ = 3x € L[B].0 for some bounded Lii(X)-formula 0 = 6(x) that satisfies
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tk(6(0)) < ¥g410. The latter entails that 3x.6 is a X(B)-formula. Now the side
induction hypothesis and boundedness (Proposition 8.7) yield

(p(0).a) F40 T, @Qx.0)7® with p(0) = r + go(s + £(0)) and g (0) = Y p(0).

From (r, a) F19 T, = with =¢ = (Vx € L[B]. —=6) we also obtain
(p(0), @) H O T, (Vx.—0)10),

by weakening and Lemma 8.5. One readily derives A(a; p(0), 8, s). As (Vx.—6)7©
is a bounded X (8)-formula, the side induction hypothesis provides

(p(1). @) I T, (vx.=0)7© with p(1) = p(0) + go(s + 1(0)) and (1) = Y p(1).

As we have p(0) < p(1) and g(0) < g(1) € Hp(1)(a) by Lemma 8.10, the above can
be weakened to

(p(1), a) I—ZEB T, (3x.6)70.

Note that we have p(1) < p, due to Lemma 4.15. Using Lemma 7.14, we also see
that rk(6(0)) < Y5410 = @ - (1 + ¥5410) entails

supp* ((3x.0)7®) < supp* (9(0)) U {g(0)} So Y5410

and hence rk((3x.0)4©) < Yp+10 =1k(9) < 5. We can thus conclude by the claim
that was shown above (with p(1) and ¢ (1) at the place of p(0) and ¢ (0)). O

One can use collapsing and boundedness to obtain quantitative information from
proofs, as in [7, Theorem 4.9]. For our purpose, it will be enough to have the following
consistency result (recall that the empty sequent represents contradiction). Let us stress
that our ordinal analysis was conditional on Assumptions 5.1 and 6.4. In fact, our aim
was to refute these assumptions. This aim is achieved by the following result, since it
contradicts Theorem 7.21 (embedding). The conclusions from this contradiction will
be drawn in the next section.

Corollary 8.12 (Consistency) We do not have (0, 9) l_tQ(v) () forany t € O.

Proof Assume the claim is false. Then the previous theorem yields a p € O with

(P, Fq () for g =1op.

Note that we have g = ¢(0, g) < ¥4+10 for all @ < v. We can thus use predicative
cut elimination (Proposition 8.3) to get

(p, ) @D ).
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The latter cannot hold, because no clause from Definition 7.16 applies: clauses (i,ii)
and (iv) require a formula in (), while clause (iii) demands rk(y) < 0. O

9 Fixed points, comprehension, and admissible sets

In this section, we combine our previous work in order to prove Theorem 1.6 and its
corollaries, which were stated in the introduction. The following result provides the
most difficult implication. It relies on an extensive argument that was developed in
Sects. 5 to 8. More intuitive explanations of the following proof can be found in the
introduction and in Sect. 5.

Theorem 9.1 For the following statements from Theorem 1.6, the theory ATRf)et proves
that (ii) implies (iv) for any infinite ordinal v:

(ii) any dilator has a well founded v-fixed point,
(iv) for any set u, there is a sequence of admissible sets Ady, > u for @ < v, such that
a < B < v entails Ad, € Adg.

Proof As mentioned before, the restriction to infinite v is convenient because it allows
us to reduce to the limit case. Indeed, it entails that we have v < u 4+ o for limits
U, w < v.Given that (ii) holds for v, it does also hold for u and for w, by Corollary 2.10
in conjunction with Corollary 2.2 and Theorem 2.9. Assuming the limit case of the
present theorem, we thus get (iv) for i and for w. To deduce (iv) for v and a given
set u, we build two increasing sequences of admissibles Ad), > u for o < u and
Ad; > U, ., Ad, for n < w. Note that we always have Ad,, € Ady, as admissible
sets are transitive. To obtain the desired sequence of admissibles Ad, for « < v,
we set Ady := Ad,, when ¢ < p and Ady := Ad, when @ = u +n < v. For
the rest of this proof, we assume that v is a limit such that (ii) holds. Note that H{-
comprehension becomes available by Corollary 4.4. It suffices to establish (iv) for
transitive u (replace u by the transitive closure u’ of {u}). We may also assume that
the intersection o(#) = u N Ord with the class of ordinals is a successor o(u) > 1
(replace u’ by u’ U {0, 1, o(u")}). Since ATR(S)Et contains the axiom of countability
(cf. the introduction), we can fix enumerations u = {u; |i € N} and v = {v; |i € N}.
By these preliminary considerations we have satisfied Assumption 5.1. Aiming at a
contradiction, we now assume that (iv) fails for v and u as fixed. By Proposition 6.2,
it follows that a certain predilator Sq is a dilator. The latter gives rise to another
dilator I" o S, due to Proposition 4.8 and Definition 6.3. We now use statement (ii) of
the present theorem, which yields a well order Y with a v-collapse

ay: Y = v x (I o S)(Y).
This means that Assumption 6.4 is satisfied as well. However, we have seen that the
cited assumptions entail two incompatible results: Theorem 7.21 and Corollary 8.12
cannot both be valid, as we have Q(v) = I'x4( by Definition 8.8. Thus we have

reached the desired contradiction. O
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The nextimplication follows from [43, Paragraph 3] (see also the English translation
in [44, Section 5] as well as Section 3.3.5 of the survey [41]). We provide a proof
because the cited references involve the notion of inductive definition.

Proposition 9.2 Over ATRS®, statement (iv) from Theorem 1.6 (or Theorem 9.1) entails
the following, for any ordinal v:

(i) l'[}-recursion along v holds.

Proof We want to establish recursion for a given H}-formula o(x,a, X,Z) with
parameters x € N, @ < v and X,Z C N. Recall (e.g. from [55, Lemma V.1.4]) that
we have a set theoretic ¥-formula ¥ (x, «, X, Z) such that our base theory proves

“A is admissible” — Vx, o, X, Z € A (ga(x, o X,Z) > ¥(x,a X, Z)A) ,

where the superscript denotes relativization. Since the cited reference employs induc-
tive definitions, we recall an alternative argument: We have ¢(x, «, X, Z) precisely
when a certain computable tree T = T (x, o, X, Z) is well founded (see e.g. [55,
Lemma V.1.4]). Let ¥ (x, o, X, Z) assert that there is an f : T — Ord that descends
along branches. Crucially, if T € A is indeed well founded, then such an f exists
in A (see e.g. [31, Theorem 4.6]). In the following, we rely on the presentation of
H%—recursion in the second paragraph after Theorem 1.6. Note that statement (iv)
holds for v 4 1 if it holds for v > 0. We may thus consider a sequence of admissibles
Ad(a) € Ad(B) for < B < v, such that Ad(0) contains given parameters Z. By
primitive recursion in the sense of [34], we define a function v 5 o +— Y, with
Y_o:=@and

Yegi1 =Yoo U{(a, x) |x € Nand ¢ (x, &, Yo, Z)AI@FD),
Yo = Uyoy Y<o forlimit A.

We then set Y := [ J,_, Y<o and observe ¥, = {{y,x) € Y |y <} fora < v, asin
the presentation after Theorem 1.6. Our task is to establish

{x e N[{a,x) e Y} ={x e NJo(x, o, Yoo, Z)},
where the left side is commonly denoted by Y. The claim reduces to
(p('xa av Y<Dla Z) <~ ’lp(-xa av Y<Dla Z)Ad(a"l‘l)

This equivalence holds by the choice of ¥, once we have established Y_, € Ad(a+1).
We show the latter by induction on o < v. In the crucial case of a limit o, we get

Y(x, v, Yoy, DA g (x,y, Yo, DM@ for y <
Indeed, both sides are equivalent to ¢(x,y,Y<,,Z), as Y., € Ad(y +1) C

Ad(a) holds by induction hypothesis. So we can view @ > y +— Y., as depen-
dent on Ad(«) rather than ¢ > y — Ad(y). Now since Ad(«x + 1) contains Ad(«),
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it will also contain Y_,, as admissible sets are closed under primitive recursive set
functions. O

In Sect. 2 we have constructed a linear order v, (D), relative to a given well order v
and predilator D. Besides the statements (i,ii) and (iv) that that have been recalled
above, Theorem 1.6 involves the following assertion:

(iii) if D is a dilator (rather than just a predilator), then v, (D) is a well order.

We now combine the previous results in order to deduce our main theorem.

Proof of Theorem 1.6 Due to Corollary 2.2 and Theorem 2.9, the order ¥, (D) is the
unique v-fixed point of D, up to isomorphism. Together with Theorem 3.12, it follows
that we have

i) = (i) & (i)

for any well order v, provably in RCAg. As in the desired Theorem 1.6, we now assume
that v is infinite (though this could probably be avoided). From Corollary 4.4 we know
that (ii) entails H{—comprehension. To show that (ii) implies (i) over the theory RCAy,
it is thus enough to prove the same implication in ATR( or indeed in the conservative
extension ATR(S)et. As stated in the introduction, our version of ATR(S)et contains the
axiom of countability, which is included in [55] but marked as ‘optional’ in [54]. Let
us also recall that ATRf,et contains axiom beta, which allows us to assume that v is
an ordinal (rather than just a well order). Over the theory ATRf)et, Theorem 9.1 and
Proposition 9.2 yield

(i) = G@Gv) = (),

which closes our circle of implications. O

In the introduction, we have stated a corollary which asserts that (ii) and (iii) for v =
w are equivalent to the following:

(i’) every subset of N is contained in a countable S-model of H%—comprehension.

This result holds by our main theorem and the following standard argument.

Proof of Corollary 1.7 We first assume (i) and derive (ii) for v = w, over RCAg. In
fact we may work in ATRg (e. g. by [55, Exercise VII.2.10]). Due to Theorem 1.6, it
is enough to establish l'[}-recursion along w. Given a l'[}-formula o(x,n, X,Z) and
paramters Z, we invoke (i’) to get a countable S-model M > Z of H}-comprehension.
Satisfaction in M is arithmetical for instances of ¢ (cf. [55, Definition VIL.2.1]). We
can thus use arithmetical recursion to construct the set

Y={(n,x) ewox NIME@(x,n, Y", 7))},

with Y" = {(m, x) € Y |m < n} as before. The given definition presumes Y" € M,
which we get by induction: in the step, H{—comprehension in M yields

Y"t = y"U{(n,x)|x e Nand M F ¢(x,n, Y",Z)} € M.
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Since M is a B-model (cf. [55, Lemma VII.2.6]), we have
ox,n, YY" 2) < MEoekx,n Y" 7).

In the notation from the introduction we thus have Hy,(Y), as needed to establish
the given instance of H}—recursion. To show that (ii) for v = w entails (i’), we may
work over ATRget, as in the proof of Theorem 1.6. By the latter, we get a hierarchy of
admissible sets Ad(m) € Ad(n) form < n < w, where we can assume that Ad(0)
contains a given subset of N. Let us put

S:={ZecA|ZCN} with A:=J,_, Adn).

n<w
We shall show that M := (N, S) is the 8-model required by (i’). First note that the
countability of S is for free, because ATR(S)‘Et includes an axiom that makes all sets
countable (cf. the previous proof). To show that M is a 8-model, we consider an
arbitrary H{-formula ¢(x, Z). As in the proof of Proposition 9.2, we obtain a X-
formula ¥ (x, Z) such that ¢(x, Z) and ¥ (x, Z)Ad) gre equivalent for Z € Ad(n).
The indicated proof of equivalence relativizes to A (for details see [31, Section 7] or
[41, Section 3.3.2], noting that A F KPI"). This means that we get

o(x,Z) < ¥(x, 2)MM o ME@(x,Z) when Z e Ad(n).

As any Z € A is contained in Ad(n) for some n € N, it follows that M is a S-model.
Invoking bounded separation in Ad(n + 1), we also see that Z € Ad(n) entails

(xeN|IME ok, 2))={x e Ny, 2)2MM} e Adn + 1) C A,

which shows that M satisfies H{—comprehension. O

To conclude this paper, we derive the final result that was stated in the introduc-
tion. It is concerned with the principle of H}—transﬁnite recursion, which asserts that
statement (i) of Theorem 1.6 holds for every well order v.

Proof of Corollary 1.8 Consider the statements (i) to (iii) from Theorem 1.6. For each
of these statements, we define the variants

(Vn) statement (n) holds for every well order v,
(oon) statement (n) holds for every infinite well order v.

By Theorem 1.6, statements (ocoi) and (ocii) and (ocoiii) are pairwise equivalent. The
corollary claims that the same holds for (Vi) and (Vii) and (Viii). This is true because
statements (Vn) and (oon) are in fact equivalent. The latter is immediate in the case
of (i). For the other statements, it follows from Corollary 2.10 (in conjunction with
Corollary 2.2 and Theorem 2.9). O
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