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Abstract. The scalar field sector in low-energy effective field theories motivated by string
theory often contains several scalar fields, some of which possess non-standard kinetic terms.
In this paper we study theories with two scalar fields, in which one of the fields has a
non-canonical kinetic term. The kinetic coupling is allowed to depend on both fields, going
beyond the work in the literature, which usually considers the case of the coupling to depend
on the other field only. Our aim is to study adiabatic and isocurvature perturbations in
these extended theories. Our results show that the evolution equation for the curvature
perturbation does not change when allowing the coupling to depend on both fields, while the
effective mass of the entropy perturbation changes. We find expressions for the spectral index
and its running at horizon crossing and at the end of inflation. We apply the formalism and
study three phenomenological models, with different kinetic couplings.
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1 Introduction

Inflation in the very early universe is the most influential idea about the origin of cosmic
structures [1–4], see [5] for a review. According to this theory, the universe underwent a
period of accelerated expansion in the very early universe. It solves some basic paradoxes of
the standard hot Big Bang model. But despite this, the inflationary scenario has yet still
to be embedded into a fundamental theory. There are many attempts to realise a period
of inflation within a more fundamental theory, such as supergravity or string theory (to
name a few references, see e.g. [6–12]), but in many of these inflationary models there is
the need for a certain amount of fine-tuning of the model parameters (especially concerning
the flatness of the scalar field potential). Recently, the swampland program within string
theory put a significant hurdle on inflationary model building, in that according to the
conjectures, scalar field potentials cannot be arbitrarily flat and the field excursion has to be
sub-Planckian [13, 14]. Inflation also does not address the initial singularity [15].

Despite these theoretical hurdles, the predictions of inflation are in excellent agreement
with current observations of the Universe. During inflation, quantum fluctuations in the fields
driving inflation are stretched beyond the Hubble scale, which in turn are converted to primor-
dial curvature perturbations. In single field inflation, the comoving curvature perturbation
ζ (defined further below) is conserved in superhorizon scales, which can be seen as a conse-
quence of energy-momentum conservation [16]. This changes in the presence of other fields.
Non-adiabatic (entropy) fluctuations are a source for the curvature perturbation and therefore,
quite generally the curvature perturbation does not remain constant on superhorizon scales.

In the case of multifield inflation, the metric in field space does not have to be flat. For
example, inflationary models motivated from supergravity have non-trivial fieldspace metrics
quite naturally. Such inflationary models can address issues arising from the swampland
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program [17]. Many authors considered multifield inflationary models with a curved field
manifold in the Einstein frame [18–28].

In this work, we intend to study inflationary models with two fields, with the aim of
extending the formalism of [19]. We will consider a two-field setup with a diagonal field space
metric, allowing it to depend on both fields. As we will show, the amount of isocurvature
perturbations produced during inflation will depend on the curvature of the field space metric,
affecting the properties final curvature power spectrum, such as the spectral index and its
runnings. To apply our formalism, we study three different inflationary models, each with a
different field space metric.

The paper is structured as follows. In section 2 we introduce the multi-field models by
showing that such a curved field manifold in the Einstein frame derives from nonminimal
couplings of the two fields in the Jordan one. In section 3 we present the homogeneous
background equations and follow the conventional rotation-in-field-space approach to facilitate
the interpretation of the perturbed equations of motion and Einstein equations developed
in section 4. In the same section, we introduce the comoving curvature perturbation and
its relation with the isocurvature mode. Furthermore, in subsection 4.2 the slow-roll limit
is studied and in subsection 4.3 the evolution of perturbations in the super Hubble regime
is considered, highlighting the role of the correlation of the perturbations. To be concrete,
in section 5 we investigate some kinetic couplings making comparisons among them. In
particular, in subsection 5.1 we deepen and complete the study of [25, 29] by showing that
even though the correlation between the two perturbations is strong, an enlargement of the
scalar spectral runnings is not present. Our conclusions can be found in section 6.

2 Multi-field models

The action for the theories we consider has the form

S =

∫

d4x
√−g

[

M2
Pl

2
R− 1

2
GIJgµν∂µφI∂νφJ − V (φI)

]

, (2.1)

where we define φI = (ψ, χ), I, J ∈ {1, 2} and the field space metric GIJ is a function of the
two fields. Theories of this form are very well-motivated. For example, it has been shown
in [30] that starting from a Jordan frame action

SJ =

∫

d4x
√−g

[

f(ψ, χ)R− 1

2
gµν∂µψ∂νψ − 1

2
gµν∂µχ∂νχ− Ṽ (ψ, χ)

]

, (2.2)

one can perform a conformal transformation of the metric gµν → g̃µν such as

Ω2(x) =
2

M2
Pl

f [(ψ(x), χ(x))], (2.3)

to bring the action into the Einstein frame in which the action takes the form (2.1). Thus,
calling f = eh(ψ,χ) the field metric is given by

GIJ =
M2

Pl

2 f
δIJ +

3

2
M2

Pl h,Ih,J , (2.4)

where h,K = ∂h/∂φK .
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In general, models of the form (2.1) are difficult to study analytically and one has to
resort to numerical methods to evaluate the power spectra at the end of inflation. However,
the field space might have some symmetries in which the system simplifies considerably. Since
we can perform a change of coordinates in field space and diagonalize the field metric, the
metric from (2.4) can be brought in the form of

GIJ =

(

1 0
0 F (ψ, χ)

)

. (2.5)

One can view this as a plane polar coordinates representation of the field manifold.1 Theories
in which F is a function of one field only (i.e. F = F (ψ), so that the field metric is shift
symmetric in the χ direction) and their cosmological applications have extensively been
studied in the literature [18–20, 23, 31–33]. In this work, we relax this requirement and
allow F to be a function of two fields, thereby allowing an additional coupling between the
fields. Note that if F is a separable function, e.g. F (ψ, χ) = G(ψ)H(χ), one can perform a
further field redefinition of χ such that the resulting field metric takes the form (2.5) but
with F = F (ψ). The non-canonical nature of the original field χ would then manifest itself
in a change of the form of the potential V (ψ, χ). The equations derived in this paper are
valid for general F (ψ, χ). To simplify the calculations and to be in line with the literature,
we write F (ψ, χ) = e2b(ψ,χ), which ensures that the kinetic term does not change sign. The
aim is to derive analytical expressions for the spectral index and its runnings, resulting from
an inflationary phase.

3 Basic equations

Considering the spatially flat Friedmann-Lemâitre-Robertson-Walker (FRLW) Universe with
line element

ds2 = −dt2 + a(t)2dx2, (3.1)

where t is the cosmic time and assuming a field space metric of the form GIJ = diag
{

1,e2b(ψ,χ)
}

,

we can derive the equations of motion from the action (2.1) for the homogeneous background
ψ,χ. They read

ψ̈ + 3Hψ̇ + V,ψ = e2b(ψ,χ)b,ψχ̇
2, (3.2)

χ̈+ (3H + 2b,ψψ̇ + b,χχ̇)χ̇ = −e−2b(ψ,χ)V,χ, (3.3)

whereas the Einstein equations give

H2 =
1

3M2
Pl

(

1

2
ψ̇2 +

1

2
e2b(ψ,χ)χ̇2 + V (ψ, χ)

)

, (3.4)

Ḣ = − 1

2M2
Pl

(

ψ̇2 + e2b(ψ,χ)χ̇2
)

, (3.5)

in which H ≡ ȧ
a

is the Hubble rate.
Instead of working with the fields ψ and χ, we follow [19, 34] and perform a field rotation

and work with the fields tangential and orthogonal to the trajectory in field space. This
decomposition facilitates the composition of cosmological perturbations into adiabatic and

1Needless to say, such a coordinate system might not be the best choice for studying all aspects of the model.
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isocurvature modes, which we will study in the next section. In what follows we omit the ψ,
χ dependence in b to shorten the expressions.

The adiabatic field σ represents the path length along the classical trajectory such that

dσ = cos θ dψ + sin θeb dχ, (3.6)

whereas the (orthogonal) entropy field s is given by

ds = eb cos θdχ− sin θdψ, (3.7)

where

cos θ =
ψ̇

√

ψ̇2 + e2bχ̇2
, sin θ =

ebχ̇
√

ψ̇2 + e2bχ̇2
, (3.8)

and σ̇2 = ψ̇2 + e2bχ̇2. Now, adopting for simplicity the adiabatic and entropy vectors in field
space as [20]

EIσ = (cos θ, e−b sin θ),

EIs = (− sin θ, e−b cos θ),
(3.9)

with I = {ψ, χ}, one can define various derivatives of the potential with respect to the
adiabatic and entropy directions. They are given by

Vσ = EIσVI , Vs = EIsVI , (3.10)

whereas the second-order derivatives are

Vσσ = EIσE
J
σVIJ , Vss = EIsE

J
s VIJ ,

Vσs = EIσE
J
s VIJ .

(3.11)

Hence, using the definitions above and (3.2), (3.3), the inflationary dynamics can be
described by σ and θ instead of ψ and χ. The evolution equations are given by

σ̈ + 3Hσ̇ + V,σ = 0, (3.12)

θ̇ = −V,s
σ̇

− b,ψσ̇ sin θ. (3.13)

Note that the form of these equations is the same as in the case for b = b(ψ). The bending (3.13)
“measures” the strength of geodesic deviation by classifying broad and sharp turn [35–39].

4 Perturbations

We now turn our attention to the evolution of linear cosmological perturbations in this model,
focusing on scalar perturbations. Due to the vanishing anisotropic stress to the linear order
for scalar fields minimally coupled to gravity, we can write the perturbed line element in the
longitudinal gauge [40] as follows

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Φ)dx2, (4.1)

in which Φ = Φ(t,x) represents the metric fluctuations. We consider small fluctuations
δψ(t,x), δχ(t,x) around the background fields, so the fields, to first order, are written as

ψ = ψ(t) + δψ(t,x), (4.2)

χ = χ(t) + δχ(t,x). (4.3)

– 4 –
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4.1 Adiabatic and entropy perturbations

In Fourier space, the evolution equations for the field perturbations are given by

δ̈ψ + 3H ˙δψ +

[

k2

a2
+ V,ψψ − e2b(b,ψψ + 2b2

,ψ)χ̇2

]

δψ

− 2b,ψe
2bχ̇ ˙δχ+

[

V,ψχ − e2b(b,ψχ + 2b,ψb,χ)χ̇2
]

δχ = 4Φ̇ψ̇ − 2V,ψΦ,

(4.4)

δ̈χ+ (3H + 2b,ψψ̇ + 2b,χχ̇) ˙δχ+

[

k2

a2
+ e−2b(V,χχ − 2V,χb,χ) + b,χχχ̇

2 + 2b,χψψ̇χ̇

]

δχ

+ 2b,ψχ̇ ˙δψ + [2b,ψψψ̇χ̇+ e−2b(V,χψ − 2b,ψV,χ) + b,ψχχ̇
2]δψ = 4Φ̇χ̇− 2Φe−2bV,χ.

(4.5)

The perturbed Einstein equations give

3H(Φ̇ +HΦ) + ḢΦ +
k2

a2
Φ

= −1

2

[

ψ̇ ˙δψ + e2bχ̇ ˙δχ+ e2bχ̇2(b,ψδψ + b,χδχ) + V,χδχ+ V,ψδψ
]

,

(4.6)

Φ̇ +HΦ =
1

2

[

ψ̇δψ + e2bχ̇δχ
]

. (4.7)

A very useful quantity is the comoving curvature perturbation [41, 42] given in terms of the
metric perturbations in the longitudinal gauge

ζ ≡ Φ − H

Ḣ
(Φ̇ +HΦ)

= Φ +H

(

ψ̇δψ + e2bχ̇δχ

ψ̇2 + e2bχ̇2

)

.
(4.8)

Combining this equation with (4.6), (4.7), (3.2) and (3.3) one finds an exact expression for

ζ̇ =
k2

a2

H

Ḣ
Φ + S

=
k2

a2

H

Ḣ
Φ − 2H

(

V,ψψ̇χ̇
2e2b − V,χχ̇ψ̇

2

(ψ̇2 + e2bχ̇2)2

)

(

δψ

ψ̇
− δχ

χ̇

)

≡ k2

a2

H

Ḣ
Φ −H

[

1

2

d

dt

(

e2bχ̇2 − ψ̇2

e2bχ̇2 + ψ̇2

)

+ Ċ

]

(

δψ

ψ̇
− δχ

χ̇

)

,

(4.9)

where

Ċ =
2

σ̇2

(

b,ψψ̇χ̇
2 e2b

)

= 2b,ψψ̇ sin2 θ. (4.10)

We note that the frictional damping (4.10) of the χ field by ψ is the same obtained by [19] in
the case of b = b(ψ).

After having performed the fields rotation, from (3.7) it follows that perturbations
with δs = 0 (i.e s = const along the classical trajectory) are purely adiabatic and entropy
perturbations are automatically gauge-invariant [43]. However, in a general setting one has to
define a dimensionless quantity of the total entropy fluctuation, the so-called isocurvature
perturbation

S =
H

σ̇
δs. (4.11)

– 5 –
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In this case, it is evident the relationship between curvature and isocurvature fluctuations
by using

δψ

ψ̇
− δχ

χ̇
≡ − σ̇e−b

ψ̇χ̇
δs, (4.12)

so that

S = −2
V,s
σ̇

S. (4.13)

As expected, on super-horizon scales, i.e. k/a → 0, the isocurvature mode is a source for the
curvature perturbation and the coupling through V,s does not vanish even when θ̇ = 0 [19].
In fact, this is directly related to the rotation of the vectors basis in the field space. In other
words, V,s contains extra terms as we can see from (3.13). The assumption of having b(φI),
with I = {1, 2}, affects the feeding of the perturbations indirectly, as we will show below.

In addition, (4.6) and (4.7) can be combined to construct a gauge invariant quantity [40],
the comoving matter perturbation

ǫm ≡ σ̇( ˙δσ − σ̇Φ) − σ̈δσ + 2V,sδs, (4.14)

which is also related to the metric perturbation through (k/a)2Φ = −ǫm/(2M2
Pl). We shall

now use the new variables for the evolution of the inhomogeneities. Starting from (3.7) and
substituting (4.4) and (4.5), we obtain

δ̈s+ 3Hδ̇s+

(

k2

a2
+ V,ss − θ̇2 − σ̇2b,ψψ + b2

,ψg(t) + b,ψf(t) + b,χl(t)

)

δs

= −2VsΦ − 2V,sσ̈

σ̇2
δσ +

2V,s
σ̇

˙δσ,

(4.15)

where we have used the notation

g(t) = −σ̇2(1 − sin2 θ), (4.16a)

f(t) = V,ψ(1 + sin2 θ) + 4V,s sin θ, (4.16b)

l(t) = −e−2b cos2 θV,χ. (4.16c)

Additionally, highlighting the fact that at large scales (k/a ≪ H) entropy perturbations
are decoupled from adiabatic and metric perturbations we can rewrite (4.15), using (4.14)
and (4.9), as follows

δ̈s+3Hδ̇s+

(

k2

a2
+V,ss+3θ̇2 − σ̇2b,ψψ+b2

,ψ g̃(t)+b,ψf̃(t)+b,χl(t)−4
V 2
,s

σ̇2

)

δs=
2V,s
H

ζ̇, (4.17)

where now

g̃(t) = −σ̇2(1 + 3 sin2 θ), (4.18a)

f̃(t) = V,ψ(1 + sin2 θ) − 4V,s sin θ. (4.18b)

It is interesting to note that (4.9) takes the same form as in the case in which b = b(ψ)
only. The additional dependence of the field metric on χ enters only indirectly via the
evolution of the fields. In the case of (4.17), there is an explicit dependence on b,χ, changing
the effective mass of the entropy perturbation δs.

– 6 –
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Before we apply these equations to the slow-roll case and consider specific models, it is
illuminating to relate our results to results found in the literature. While a full discussion is
beyond the aim of this paper, it would be interesting to compare the formalism and results of in
this paper to the more geometric methods put forward in other works, such as e.g. [21, 22, 36].
Such work would provide a dictionary between these formalisms, which could lead to more
insight. For the work here, let us compare the effective mass of the entropy field found above
to the effective mass of the entropy perturbation derived in [36] which takes the form

m2
s(eff) = V;ss − (Hη⊥)2 + ǫH2M2

PlRfs, (4.19)

where the dimensionless parameter η⊥ ≡ −EIsV,I/(Hσ̇) measures the deviation of the back-
ground trajectory from a field space geodesic [44, 45], V;ss = EIsE

J
s (V,IJ − ΓKIJV,K) is the

projection of the covariant Hessian of the potential along the entropic direction (ΓKIJ denote
the Christoffel symbols for the field space) and Rfs is the Ricci scalar of the field space. In
our case,

η⊥ =
θ̇

H
+ bψ

σ̇

H
sin θ, (4.20)

V;ss = V,ss + 2b,ψe
−b sin θ cos θV,χ + b,ψ(1 − sin2 θ)V,ψ − b,χe

−2b cos2 θV,χ, (4.21)

and
Rfs = −2

(

b2
,ψ + b,ψψ

)

. (4.22)

Note that the Ricci scalar depends only on the derivatives with respect to ψ but not the
second field χ. Collecting all terms and going on large scales, we find that m2

s(eff) is given by

m2
s(eff) = V,ss + 3θ̇2 − σ̇2b,ψψ + b2

,ψ g̃(t) + b,ψf̃(t) + b,χl(t).

The term involving the derivative b,χ has its origin in the derivative V;ss. Note that the sign
of the b,χ-term (see (4.16c)) depends on the product b,χV,χ. It should be noted that we can
relate (4.16c) to the velocity of the second field in the slow-roll approximation, as we will
show below.

When the kinetic energy density ǫH2M2
Pl grows enough during inflation, in case of a

negative Rfs, it can turn the effective mass of the entropy field from positive to negative
values, leading to geometrical destabilization [46]. In the following sections, we will avoid
geometrical destabilization. In the models we consider, turns of the field trajectory happen
towards the end of inflation, at which entropic fluctuations have sufficiently decayed, as we
will show in section 5.

Having found the exact equations for the evolution of curvature and entropy perturbations,
we are now considering the large-wavelength limit for slow-rolling fields.

4.2 Slow-roll approximation

A common approach to studying the inflationary phase is the slow-roll approximation in
which the following are satisfied

ǫ = − Ḣ

H2
≪ 1 ⇒ GIJ φ̇I φ̇J ≪ V (φI),

ǫ1 =
ǫ̇

Hǫ
≪ 1 ⇒ 2φ̇IDt(φ̇

I) ≪ H GIJ φ̇I φ̇J . (4.23)

– 7 –
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In fact, we are assuming below that both fields are slowly rolling and therefore not considering
models such as hyperinflation, angular inflation, and side-tracked inflation [47–53].

Under the slow-roll conditions, the equation of motion (3.2), (3.3) and the Friedmann
equation (3.4) can be simplified as

σ̇ cos θ = ψ̇ ≃ −V,ψ
3H

, σ̇ sin θe−b = χ̇ ≃ −V,χ
3H

e−2b,

H2(ψ, χ) ≃ V (ψ, χ)

3M2
Pl

.
(4.24)

Moreover, the background slow-roll solution is

− θ̇

H
≃ η,σs +

σ̇

H
b,ψ sin θ cos2 θ +

σ̇

H
b,χe

−b sin2 θ cos θ, (4.25)

σ̈

Hσ̇
≃ ǫ− η,σσ − σ̇

H
b,ψ sin2 θ cos θ − σ̇

H
b,χe

−b sin3 θ, (4.26)

in which

η,IJ =
V,IJ
3H2

. (4.27)

In this regime, the power spectrum Pζ of the curvature perturbation at horizon crossing
(k = aH) is given by [54, 55]

P∗
ζ ≃ H2

8π2ǫ
. (4.28)

Introducing a weak scale dependence in the primordial spectrum modelled by the running
of the scalar tilt and its running, it is possible to show that the growth due to the kinetic
coupling is already present and plays a role at the horizon crossing in terms of slow-roll
parameters. Hence, the spectral index reads as

n∗ =
d ln Pζ
Hdt

∣

∣

∣

∣

∗

=
1

H

[

ǫ

H2

(

2HḢǫ− ǫ̇H2

ǫ2

)]
∣

∣

∣

∣

∗

= −2ǫ∗ − ǫ1∗. (4.29)

Now, considering (4.23) and making use of

ǫ̇ = 2Hǫ
(

2ǫ− η,σσ −
√

2ǫb,ψ sin2 θ cos θ − e−b
√

2ǫb,χ sin3 θ
)

, (4.30)

we arrive at
n∗ = −6ǫ+ 2η,σσ + 2

√
2ǫb,ψ sin2 θ cos θ + 2e−b

√
2ǫb,χ sin3 θ, (4.31)

where in the limit of a flat field metric, (4.31) is equal to the expression presented in [32]. We
relate the higher-order running

α∗ ≡ dn

Hdt

∣

∣

∣

∣

∗

= −2
ǫ̇∗
H∗

− ǫ̇1∗

H∗

, (4.32)

which quantifies the rate of change of n per Hubble time. We find

α∗ = −24ǫ2 − 4η2
,σs + 16ǫη,σσ − 2ξ̄2

1 sin4 θe−2b − 2ξ̄1ξ1 sin3 θ cos θe−b − 2ξ̄1ξ1 sin3 θ cos3 θe−b

− 4ξ̄1ξ1 sin5 θ cos θe−b − 6ξ̄1η,σσ sin3 θe−b − 14ξ̄1η,σs sin2 θ cos θe−b − 2ξ̄2
1 sin6 θe−2b

+ 6ξ̄2
1 sin4 θ cos2 θe−2b + 16ξ̄1ǫ sin3 θe−b + 2ξ̄12 sin3 θ cos θe−b + 2ξ̄2 sin4 θe−2b

+ 2ξ2 sin2 θ cos2 θ + 2ξ1η,σs sin3 θ − 12ξ1η,σs sin θ cos2 θ − 6ξ1η,σσ sin2 θ cos θ

− 4ξ2
1 sin2 θ cos4 θ + 16ξ1ǫ sin2 θ cos θ − 2α,σσσ, (4.33)
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where we follow [20] in the definition of new slow-roll parameters given by

ξ1 =
√

2ǫb,ψ, ξ2 = 2ǫb,ψψ,

ξ̄1 =
√

2ǫb,χ, ξ̄2 = 2ǫb,χχ, ξ̄12 = 2ǫb,χψ,
(4.34)

and α,IJK = V,σV,IJK/V
2.

An expression for the running of the running

β∗ ≡ dα

Hdt

∣

∣

∣

∣

∗

, (4.35)

can be found in the same way. However, the expression is cumbersome, we therefore refrain to
write it down here. The calculations of n∗, α∗ and β∗ in the next section have been done using
the expressions above as well as our analytical expressions and we found excellent agreement
between these two methods.

4.3 Super-horizon scales

As it is well known in models with multiple fields and easy to see from (4.9), in the super-
Hubble regime curvature perturbations are sourced solely by the entropy field. Hence, the
evolution of curvature and isocurvature perturbation can be written in terms of slow-roll
parameters

ζ̇ ≃ −2
V,s
σ̇

S = AHS,

Ṡ ≃ H

σ̇
δ̇s+

(

Ḣ

H2
− σ̈

Hσ̇

)

H2

σ̇
δs = BHS,

(4.36)

in which A,B are time-dependent dimensionless functions obtained substituting (4.17), (4.25),
(4.26) and read as

A = −2η,σs + 2ξ1 sin3 θ + 2ξ̄1e
−b sin2 θ cos θ

= 2
θ̇

H
+ 2ξ1 sin θ,

B = −η,ss + η,σσ − 2ǫ+ ξ1 cos θ(1 + 2 sin2 θ) + ξ̄1e
−b sin θ +

ξ2
1

3
+
ξ2

2

3
.

(4.37)

To derive these equations we used the fact that on superhorizon scales [34, 45]

|δ̈s| ≪ 3H|δ̇s|, |δ̈σ| ≪ 3H| ˙δσ|. (4.38)

To calculate the curvature perturbation spectrum at the end of inflation, we have to take into
account the effect of isocurvature modes. In order to do this, we integrate (4.36) over time
and relate curvature and entropy perturbations at Hubble crossing to those at some later
time through the transfer matrix [56]

(

ζ
S

)

=

(

1 TζS

0 TSS

)(

ζ
S

)

∗

,

where

TζS(t∗, t) =

∫ t

t∗

A(t′)H(t′)TSS(t∗, t
′)dt′,

TSS(t∗, t
′) = exp

(

∫ t′

t∗

B(t′′)H(t′′)dt′′
)

.

(4.39)
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Although A and B, defined in (4.37), are constant during slow-roll, they could undergo a
significant variation towards the end of inflation. Hence, we do not assume their constancy
when performing the integrations in (4.39).

We relate the curvature power spectrum at the end of inflation to the one at horizon
crossing via the transfer angle, defined by

Pζ = (1 + T 2
ζS)P∗

ζ ≡
P∗
ζ

cos2 Θ
. (4.40)

The transfer angle depends on the parameters (4.37), and therefore also on the geometry
of the curved field metric. The mix of curvature and isocurvature perturbations can be
uncorrelated, but some amount of correlation arises between them if the trajectory in field
space is curved during inflation.

Furthermore, one can derive expressions for the spectral index and runnings at the end
of inflation in a general two-field model [25]

ns ≃ n∗ − 2 sin Θ(A∗ cos Θ +B∗ sin Θ),

αs ≃ α∗ + 2 cos Θ(A∗ cos Θ +B∗ sin Θ) × (A∗ cos 2Θ +B∗ sin 2Θ),

βs ≃ β∗ − 2 cos Θ(A∗ cos Θ +B∗ sin Θ) × (B∗ cos 2Θ −A∗ sin 2Θ)

× (A∗ + 2A∗ cos 2Θ +B∗ sin 2Θ).

(4.41)

As a side observation and a consequence of what we explained above, the transfer function
contains the integral of A and B, which are quite small on average from horizon crossing to
the end of inflation, because they are of the order of the slow-roll parameter. The analytical
expressions for the spectral indices at the end of inflation above contain a combination of
trigonometric functions, which could lead to an increase or decrease in the values of the
spectral indices between horizon crossing and the end of inflation. This also results in an
increase of the amplitude (4.40), which mainly depends on the value of the effective entropy
mass from the Hubble crossing until the time of the turn (unlike P∗

ζ ). Moreover, looking
at (4.36), the curvature perturbation is fed by the entropy perturbation δs, which is decaying
as we find the parameter B to be negative. Hence, these quantities determine whether the
power spectrum amplitude, spectral index, or the runnings at the end of inflation deviate
from the initial values at horizon crossing.

5 Investigation of some kinetic couplings

In this section, we apply our formalism to three inflationary models. To be concrete, we keep
potential fixed to be that of two interacting massive scalar fields

V =
1

2
m2
ψψ

2 +
1

2
m2
χχ

2 + g2ψ2χ2, (5.1)

in which mI (I = {ψ, χ}) denotes the masses of the fields and g a coupling constant. We first
study the simplest case in which the kinetic coupling is only a function of one field ψ. We
then consider a couple of choices for the kinetic coupling, which depends on both fields.

5.1 b(ψ) = −c ψ

MPl

This choice of coupling has been extensively studied in the literature, see [18–20, 23, 31–33],
and we include it here for completeness.
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Figure 1. Fields trajectories on the potential V (ψ, χ) for different values of the kinetic coupling
constant c (the values for ψ and χ are in Planck units). It has been used mψ = 3 · 10−6 MPl,
mχ = 6 · 10−6 MPl, g = 10−6, N = 55 e-folds.

Figure 2. Fields trajectories on the potential V (ψ, χ) for different values of the kinetic coupling
constant c (the values for ψ and χ are in Planck units). We have set here mψ = 3 · 10−6 MPl,
mχ = 6 · 10−6 MPl, g = 10−6, N = 55 e-folds.

If we assume that ψ is positive during inflation and is rolling towards the minimum of
the potential during inflation, the sign of c determines whether the χ field is driven quickly to
zero, resulting in an inflationary period driven by one field only, or whether it slowly rolls
towards the minimum, jointly with ψ. In figures 1 and 2 we show the field trajectories for
both cases. The case of positive c is not of interest here, because inflation is driven essentially
by ψ only. As we can see from figure 2, the more negative c is, the longer it takes for χ to

– 11 –



J
C
A
P
1
0
(
2
0
2
3
)
0
2
3

reach χ = 0. The results of our numerical calculation for the power spectrum give

P∗
ζ ≃ 1.98 × 10−9,

n∗ = 0.958,

α∗ = −7.87 × 10−4,

β∗ = −2.45 × 10−5

Pζ ≃ 2.08 × 10−9,

ns = 0.956,

αs = −8.00 × 10−4,

βs = −2.44 × 10−5,

(5.2)

where the masses are chosen as in figure 2 and c = −0.1. We calculated β via numerical
integration.

Firstly, we note that the amplitude of the power spectrum increases slightly from horizon
crossing to the end of inflation, meaning that there is a small amount of entropy perturbations
affecting the curvature perturbations after horizon crossing (see (4.36)). Indeed, the values
of A and B at horizon crossing are A∗ = −7 × 10−3, B∗ = −0.02 and we find |TζS | = 0.23.
This choice of the free parameters implies that for the inflationary model under consideration,
the interplay between entropy and adiabatic perturbations is not of great relevance. We do
not observe the inversion of the standard hierarchy |αs| > |βs| as reported in [25]. Note that
from (4.37), A depends on the turning rate θ̇/H. Indeed, the more negative c is, the more χ
gets stuck, reducing the amount of entropy perturbations produced during inflation. In [25],
it is pointed out that at the leading order behavior of Θ, a positive amplification of βs is
possible if B∗ is negative and large. However, considering this regime one is implicitly taking
into account small values of A and B.

5.2 b(ψ, χ) = −c ψχ
M2

Pl

We now turn our attention to a field space metric, in which the function b(ψ, χ) is a function
of both fields and cannot be reduced further by means of a field-redefinition. In figure 3 we
show two trajectories, one for the case of b = b(ψ) (red curve) and b = b(ψ, χ) (black curve),
with the same choice of values for c, mψ, mχ and g. We fix ψini but vary χini so that the
duration of inflation is the same. For the black trajectory, the χ field starts rolling only after
ψ is near the minimum (ψ = 0). This behaviour will cause η,ss to be relatively large, implying
the decay of isocurvature mode. Moreover, by decreasing c further, χ is stuck for longer,
reducing the relevance of isocurvature modes. For the inflationary model under consideration,
we obtain

P∗
ζ ≃ 2.14 × 10−9,

n∗ = 0.953,

α∗ = −1.01 × 10−3,

β∗ = −4.33 × 10−5,

Pζ ≃ 2.15 × 10−9,

ns = 0.954,

αs = −1.00 × 10−3,

βs = −4.26 × 10−5,

(5.3)

where, as expected, A∗ = −1 × 10−3, B∗ = −0.05, |TζS | = 0.04, |Θ| = 0.04, highlighting
the fact that entropy perturbations do not play an essential role in this case. Indeed,
entropy fluctuations have substantially decayed until the rapid turn occurs towards the end
of inflation.
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Figure 3. Representation of the fields trajectories on the potential by considering b(ψ), red line, and
b(ψ,χ) in black. The parameter has been set c = −0.05 in both cases, the parameter g, mψ and mχ

are chosen as in figure 2. The values for ψ and χ are in Planck units.

5.3 2b(ψ, χ) = ln

[

(aψ+bχ)2

M2

Pl

]

In the following, we choose another kinetic coupling function, such that a further simplification
of the kinetic terms is not possible. The term multiplying the kinetic part of χ is now (aψ+bχ)2,
which can, depending on the sign of a or b, become zero. In what follows, we avoid this
situation, by choosing a and b having the same sign. In our calculations, we set a = b = 0.2
and the parameter g, mψ and mχ are chosen as in figure 2. We obtain

P∗
ζ ≃ 3.14 × 10−10,

n∗ = 0.970,

α∗ = −7.05 × 10−4,

β∗ = −3.26 × 10−5,

Pζ ≃ 2.01 × 10−9,

ns = 0.961,

αs = −8.63 × 10−4,

βs = −3.61 × 10−5.

(5.4)

We find |TζS | = 2.37, |Θ| = 1.72, A∗ = −0.04, B∗ = −0.01 and |η,σs| ≫ {|η,ss|, |η,σσ|}
(implying |A| > |B|). In this model, the interplay between curvature and isocurvature
perturbations is significant (|TζS | > 1). The spectral index only slightly changes during
inflation after horizon crossing, while the runnings αs and βs change considerably but stay
small after horizon crossing. As a final remark, we note that the choice of a and b in this
model determines whether the inflationary trajectory in field space is curved or not. In our
numerical analysis, we find for example that fixing b but varying a determines whether the
trajectory is curved or more straight. Increasing a in this case results in trajectories which are
more curved. As a result, entropy perturbations play more of a role for smaller values of a.

6 Conclusions

In this paper we have studied two-field inflationary scenarios, allowing for a non-trivial field
metric. We extended the work of [18–20] by relaxing the assumptions of a shift-symmetry in
the direction of the field we denote by χ. Our aim was to find out how far the production and
evolution of entropy and curvature perturbations is affected by reducing the symmetry of the
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field space. Our first main result is that the evolution equation for the curvature perturbation
ζ is unchanged (our equations (4.9) and (4.10)). The evolution equation for ζ contains the
derivative of b with respect to the field ψ, but not χ. The effect of the dependence on χ
in this equation enters only indirectly by the (background) evolution of ψ and χ. On the
other hand, the reduced symmetry does affect the effective mass of the entropy perturbation
δs. As it can be seen from equation (4.17), depending on the sign of the product V,χb,χ, the
(effective) mass can be enhanced or reduced. The derivative of b with respect to the χ-field only
appears explicitly in the evolution equation for the entropy perturbation (4.17). Of course,
the evolution of the background fields is affected by the reduced symmetry in field space.

We have then considered the slow-roll limit of the equations, finding expressions for
the spectral index ns (4.31) and its running αs (4.33) at horizon crossing. The resulting
quantities at the end of inflation can also be obtained, assuming slow-roll inflation throughout
(see (4.41)). Note that the parameter A and B do depend on the derivatives of both fields,
via the slow-roll parameter ξ1, ξ2, ξ̄1, ξ̄2, defined in (4.34).

The formalism developed is widely applicable, also in e.g. bouncing cosmologies. We
have studied three phenomenological inflationary models in section 5. Each model differs
by the choice of the coupling function b(ψ, χ) but has the same potential V (φ, χ). Two of
the models discussed have non-trivial field metrics depending on both fields. In one of the
models (model 3), we observe a significant effect of entropy perturbations on the adiabatic
modes after horizon crossing. The outcome arises from the fact that in this case, a smoother
function f(ψ, χ) has been selected. Moreover, the kinetic term for χ reads (aψ + bχ)2(∂χ)2.
For the choice of parameters, the relative change of ns after horizon crossing is small (the
relative change of ns from horizon crossing to the end of inflation is less than a percent), but
the runnings αs and βs change more (18 percent and 10 percent, respectively). However, in
none of the models considered we observe an inversion of the hierarchy |ns − 1| > |αs| > |βs|.

In future work, we introduce an innovative sampling algorithm, capable of efficiently
exploring the parameter space and compare multifield inflationary scenarios to observations,
such as anisotropies in the CMB. This allows us to identify regions in parameter space for
which theoretical predictions align with observational data [57].
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