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ABSTRACT

A stochastic, prey–predator model of the L–H transition in fusion plasma is investigated. The model concerns the regulation of turbulence
by zonal and mean flow shear. Independent delta-correlated Gaussian stochastic noises are used to construct Langevin equations for the
amplitudes of turbulence and zonal flow shear. We then find numerical solutions of the equivalent Fokker–Planck equation for the time-
dependent joint probability distribution of these quantities. We extend the earlier studies [Kim and Hollerbach, Phys. Rev. Res. 2, 023077
(2020) and Hollerbach et al., Phys. Plasmas 27, 102301 (2020)] by applying different functional forms of the time-dependent external heating
(input power), which is increased and then decreased in a symmetric fashion to study hysteresis. The hysteresis is examined through the
probability distribution and statistical measures, which include information geometry and entropy. We find strongly non-Gaussian probabil-
ity distributions with bi-modality being a persistent feature across the input powers; the information length to be a better indicator of dis-
tance to equilibrium than the total entropy. Both dithering transitions and direct L-–H transitions are (also) seen when the input power is
stepped in time. By increasing the number of steps, we see less hysteresis (in the statistical measures) and a reduced probability of H-mode
access; intermittent zonal flow shear is seen to have a role in the initial suppression of turbulence by zonal flow shear and stronger excitation
of intermittent zonal flow shear for a faster changing input power.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0163652

I. INTRODUCTION

The L–H transition1 is a non-equilibrium phenomenon observed
in magnetic confinement fusion (MCF) plasmas where a significant
improvement in plasma confinement is reached once an external
power exceeds a certain threshold. It is accompanied by the decrease
in turbulence due to sheared poloidal flows.2–4 Due to the improve-
ment in confinement, H-mode is important to the future of fusion
reactors as a preferred mode of operation for power generation. For
instance in ITER, H-mode is a basic operating scenario and the auxil-
iary heating power needs to be sufficient to allow H-mode to be
reached.5,6

In the MCF plasma, the background density and temperature gra-
dients are sources of free energy, which are vulnerable to linear and non-

linear instabilities. Linear instabilities, such as interchange and drift-
wave, harness the free energy and lead to turbulent fluctuations.
Turbulence excites poloidal flows via the Reynolds stress, these are
known as zonal flows.Mean poloidal flows are driven by the background
ion pressure gradient. Both zonal and mean flows are radially sheared
and suppress turbulence by shearing turbulent eddies, providing amech-
anism for controlling the turbulence level.7,8 It has been established for
some time that intermittent turbulent transport at the plasma edge is of
fundamental importance for controlled confinement of plasmas in toroi-
dal devices.9–13 The transport events can occur at a range of temporal
and spatial scales including large (device) scale events.14

There has been work to develop statistical models of intermit-
tency in turbulence using a variety of turbulence models. These
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include ion temperature gradient (ITG) turbulence where the proba-
bility distribution function (PDF) for the ion heat flux has been
numerically computed and found to have enhanced exponential
tails.15–17 The probability distribution for the local Reynolds stress in
forced Hasegawa-Mima turbulence has been calculated analytically
and also found to have a stretched tail.18 These and other works have
studied plasma turbulence using stationary PDFs, to study the non-
equilibrium case a time-dependent PDF must be calculated. A time-
dependent PDF has been calculated in the work presented in this
paper to study the Low-to-High (L–H) transition in fusion plasmas,
which is understood to be a non-equilibrium phenomenon.

Zero-dimensional models have been used to study the L–H tran-
sition using three ODE19,20 and four ODE21 systems. The models have
a prey–predator paradigm and focus on the regulation of turbulent
fluctuations (prey) by zonal and mean flow shear (predators). The sys-
tem of equations used in Ref. 19 has been extended by including sto-
chastic noise in the evolution equations for turbulence and zonal flow
shear, which incorporates the effect of physics on much smaller tem-
poral scales than the evolution of low frequency drift-like turbulence
and large scale zonal and mean flows. The addition of Gaussian dis-
tributed noise to the dynamical equation means the turbulence drive
has a random component, which is relevant to intermittent transport
events. In our model turbulence and zonal flow shear are also driven
by noise as well as terms from the deterministic model, an effect of
this is lowering the power at which the L-H transition can occur. A
discussion of the (constant) power threshold for the L-H transition in
the deterministic and stochastic models can be found in the Appendix.
The PDFs produced by the stochastic model in the previous work
were often found to be strongly non-Gaussian, with an enhanced pop-
ulation of strong zonal flow shear suggesting intermittency in zonal
flow shear is important in turbulence suppression. Information geom-
etry diagnostics (see Sec. IV) were calculated from the PDFs which
provided insight into the self-regulation between turbulence and zonal
flow shear. In the remainder of this paper, mean flow shear and zonal
flow shear will simply be referred to as mean flows and zonal flows
respectively.

The work in this paper continues the work in Refs. 22 and 23, by
using heating scenarios in which the input power is increased and
then decreased in a symmetric fashion to study hysteresis. Both linear
and step functions are used as the input power; the effect of the ramp-
ing rate (for the linear functions) and the effect of the number of steps
(for the step functions) on the evolution of the PDF and diagnostics/
statistical measures is what is investigated. The statistical measures are
the information length and entropy (see Secs. IV and V), including the
total entropy production.

II. MODEL

The model used in this work is the same model used in Refs. 22
and 23, a 0-dimensional (in space) deterministic prey–predator
model19 which has been extended to include stochastic noise. Self-
organization of shear flows has been observed in reduced models and
also in 2D hydrodynamic models,24,25 suggesting self-organization is a
phenomenon which is qualitatively reproduced across a variety of
models. This property is employed here in the study of another
reduced model which involves the self-organization of shear flows,
and means our results have relevance to more sophisticated fluid mod-
els and experiments. Using a reduced model means the L–H transition

can be studied at relatively low computational cost while still allowing
comparison with the results from higher dimensional (2D, 3D) fluid
models and experiments.2–4

A. Deterministic model

The prey–predator model at the core of the work is given by

@�

@t
¼ N�� a1�

2 � a2V
2�� a3v

2�; (1)

@v

@t
¼ b1�

v

1þ b2V2
� b3v; (2)

@N
@t
¼ Q� c1�N � c2N: (3)

The quantities are the turbulent fluctuation amplitude (� � 0), the
zonal flow shear (v), the density gradient (N), the input power (Q),
and the mean flow shear V ¼ dN2. The ai; bi; ci, and d are non-
negative constants. The first term on the right side of equation (1)
represents the growth of turbulence, which is proportional to the back-
ground density gradient; the second term represents energy transfer
due to the non-linear turbulence interaction; the third term represents
damping due to the mean flow shear; and the fourth term represents
damping due to the zonal flow shear. The first term on the right side
of equation (2) represents the growth of zonal flows from turbulence
which is subject to damping from mean flows; and the second term
represents linear damping. The first term on the right side of equation
(3) represents the growth of the density gradient from the input power;
the second term represents damping due to turbulence; and the third
term represents damping due to neo-classical affects.26,27 The H-mode
described by this model is a quiescent H-mode where � ¼ v ¼ 0.

B. Stochastic model

The purpose of extending the deterministic model is to incorpo-
rate the effects of smaller scale physics, which are not included in the
mean-field model, as noted in the introduction. To construct the sto-
chastic model from Eqs. (1)–(3), we use x ¼ 6

ffiffi
�
p

instead so that the
boundary conditions can be specified at x ! 61. Equation (3) is
also approximated by its stationary solution,

N ¼ Q
c1�þ c2

; (4)

in order to reduce the computational cost of numerically solving a sto-
chastic model. Independent d-correlated Gaussian stochastic noises n
and g are added, respectively, to Eqs. (1) and (2) to obtain out stochas-
tic model,28

dx
dt
¼ f þ n; f ¼ 1

2
N � a1x

2 � a2V
2 � a3v

2
� �

x; (5)

dv
dt
¼ g þ g; g ¼ b1x2v

1þ b2V2
� b3v: (6)

The noise terms satisfy

hnðtÞnðt0Þi ¼ 2Dxdðt � t0Þ; hgðtÞgðt0Þi ¼ 2Dvdðt � t0Þ;
hnðtÞgðt0Þi ¼ 0; hni ¼ hgi ¼ 0;

(7)

where the angular brackets denote ensemble averages. Dx and Dv are
the amplitudes of the stochastic noise n and g, respectively.
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C. Fokker–Planck Equation

Instead of directly using Eqs. (5) and (6) in stochastic simula-
tions, a Fokker–Planck equation28 is derived using (5)–(7) and solved
for a PDF pðx; v; tÞ,

@p
@t
¼ � @

@x
f ðx; vÞp½ � � @

@v
gðx; vÞp½ � þ Dx

@2p
@x2
þ Dv

@2p
@v2

: (8)

Solving a Fokker–Planck (FP) equation for a PDF has the advantage of
guaranteeing a smooth PDF, whereas a very large ensemble of stochas-
tic dynamical runs would be needed to achieve such a solution. The
PDF has boundary conditions such that pðx; v; tÞ ! 0 as x; v! 61.

A finite difference scheme is used to numerically solve the FP
equation. The spatial discretization is second-order accurate, a second-
order Runge–Kutta method is used to time step the solution, and the x
diffusion term is treated implicitly whereas all other terms are treated
explicitly. The time step used is Dt ¼ 2:5� 10�5. The FP equation is
only solved for positive x, v since (8) is invariant for x !�x and
v! �v. This results in substantial computational savings when run-
ning the code. The grid spacings in x and v are 10�3 with
xmax ¼ vmax ¼ 2. These boundaries result in very good probability
conservation, for all runs presented here the total probability is con-
served to within 10�8, four orders of magnitude better than in Ref. 23.

We use a parallelized version of the code previously used in Refs.
22 and 23. The parallelism is done by distributing the grid points in v
across different processors, 48 processors were used to obtain the
results in this paper. Such a parallelized code then allows far more
thorough studies, on finer grids, than the previous code did.

III. INFORMATION LENGTH

One of the diagnostics used to study the system in this paper is
the information length, LðtÞ.29,30 The information length is the cumu-
lative change to a PDF along a path, a function of time only when the
model and initial PDF parameters are fixed. It is derived from the rela-
tive entropy by considering two PDFs, which are temporally adjacent
along an evolution path, p(x, t) and pðx; t þ dtÞ, and taking the limit
dt ! 0. This defines the infinitesimal relative entropy E as

E ¼
ð
dxdv

1
pðx; v; tÞ

@pðx; v; tÞ
@t

� �2
; (9)

for the joint PDF pðx; v; tÞ. Taking the square root of the infinitesimal
relative entropy E defines the information rate C ¼

ffiffiffi
E
p

which has
units of time�1. Summing the information rate along the path defines
the information lengthL as

LðtÞ ¼
ðt
0
Cðt1Þdt1: (10)

The information length can also be defined for the marginal PDFs p(x,
t) and p(v, t),

Ex ¼
ð
dx

1
pðx; tÞ

@pðx; tÞ
@t

� �2
; (11)

Ev ¼
ð
dv

1
pðv; tÞ

@pðv; tÞ
@t

� �2
; (12)

LxðtÞ ¼
ðt
0

Cxðt1Þdt1; LvðtÞ ¼
ðt
0

Cvðt1Þdt1; (13)

where Cx ¼
ffiffiffiffiffi
Ex
p

and Cv ¼
ffiffiffiffiffi
Ev
p

. For two independent variables x
and v with pðx; v; tÞ ¼ pðx; tÞpðv; tÞ; Ex þ Ev ¼ E.

The information rate is invariant under a time-independent
change of variable, meaning C and Cx calculated from pðx; v; tÞ and
p(x, t) are identical to C and C� calculated from pð�; v; tÞ and pð�; tÞ.
The information rates of different variables have the same unit
(time�1) and the information length is unitless, meaning they can be
directly compared to examine any correlation between the variables,
with self-regulation being of key interest.

IV. ENTROPY

The entropies associated with the joint PDF pðx; v; tÞ and mar-
ginal PDFs p(x, t) and p(v, t) are defined using the following
expressions:

Sx ¼ �
ð
dx pðx; tÞ ln ðpðx; tÞÞ; (14)

Sv ¼ �
ð
dv pðv; tÞ ln ðpðv; tÞÞ; (15)

S ¼ �
ð
dxdv pðx; v; tÞ ln ðpðx; v; tÞÞ: (16)

These expressions contain an implicit underlying measure which
resolves the issues of dimensionality in taking the logarithm of a PDF.
The entropy measures the disorder in the system, whose statistics is
represented by the PDFs.31 It should be noted that unlike the informa-
tion length diagnostics, entropy is not invariant under the coordinate
transformation �! x while it is invariant under a linear translation
x ! x þ a for constant a, a problem since the L-H transition involves
the movement of the PDF. These properties make entropy not particu-
larly suited to our study; however, it will be included as a means of
comparison with other diagnostics.

Differentiating S with respect to time allows for new expressions
to be derived: _S ¼ _ST � _Sm, where _ST is the rate of total entropy pro-
duction, which is non-negative by definition, and _Sm is the entropy
flux to environment. These are given by

_ST ¼
ð
dxdv

J2x
Dxp
þ J2v
Dvp

" #
¼ _STx þ _STv; (17)

_Sm ¼
ð
dxdv

Jxf
Dx
þ Jvg

Dv

� �
¼ _Smx þ _Smv; (18)

where Jxðx; v; tÞ is the x current density and Jvðx; v; tÞ is the v current
density. The total entropy production tells us how far from equilib-
rium the system is along the evolution path, since _ST ¼ 0 in an equi-
librium reversible process. The entropy flux to the environment _Sm is
positive when entropy flows from the system to the environment and
negative when entropy flows from the environment to the system.

V. RESULTS

The objective of this work is to investigate the effect of a variety
of input powers on the evolution of the time-dependent PDFs and var-
ious diagnostics, with particular attention paid to H-mode access. All
powers have been chosen to have an increasing stage (referred to in
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the paper as the forward process) and a decreasing stage (referred to in
the paper as the backward process), which are symmetric around a
time t�. The purpose of having forward and backward processes is to
examine any asymmetry in the process upon the reversal of a symmet-
ric power source. The asymmetry in the evolution of the PDF and
diagnostics during the forward and backward processes is referred to
as (dynamical) hysteresis in the paper. The exact choices of the input
powers is as follows:

• Set 1: Q ¼ 0:03t þ 0:1; t� ¼ 40, Qmax¼ 1.3.
• Set 2: Q ¼ 0:01t þ 0:1; t� ¼ 120, Qmax¼ 1.3.
• Sets 3, 4, and 5: Step functions with differing numbers of steps,
all reaching Qmax¼ 1. The specifics of the sets can be seen in
Fig. 1.

Set 1 is the slowest ramping rate used in Ref. 23 and is used here
to provide a comparison with the much slower ramping set 2, which is
the same heating rate used in the deterministic model.19 This will
enable us to investigate the effect of stochastic noise in the determinis-
tic model in.19 In addition to sets 1–2, we also consider step changes in
power which have previously not been investigated. Neutral beam
input power is often stepped in practical experiments.3,32 The conse-
quence of different numbers of steps on the evolution of the system
and hysteresis is investigated. Note that the total energy deposition
from Q is the same for sets 3 and 5, and �20% larger for set 4. The
energy deposition for sets 1 and 4 is also the same. All sets have similar
maximum powers; Qmax¼ 1.3 for sets 1 and 2, and Qmax¼ 1 for sets
3, 4, and 5. Sets 3–5 have a lower maximum power than sets 1–2 due
to H-mode solutions dominating in the steady state for a constant
power of Q¼ 1 (see the Appendix). Therefore, we investigate the
impact of reachingQmax¼ 1 in one, two and three steps and maintain-
ing this power for different lengths of time. The choice of Qðt ¼ 0Þ
¼ 0:1 instead of Qðt ¼ 0Þ ¼ 0 for the rampings is to reach the dither-
ing stage quicker.

The exact parameters used to produce the results in this paper
are as follows. The constants used in the model are a1 ¼ 0:2;
a2 ¼ a3 ¼ 0:7; b1 ¼ 1:5; b2 ¼ b3 ¼ 1; c1 ¼ 1; c2 ¼ 0:5, and d¼ 1.
These are the same values which were used in Ref. 19. The initial con-
dition is a Gaussian centered on ðx; vÞ ¼ ð0:5; 0Þ with standard devia-
tions rx ¼ rv ¼ 0:05. The noise amplitudes areDx ¼ Dv ¼ 10�4.

A. Joint and Marginal PDFs

1. Linear Q

Figure 2 shows the joint PDF pðx; v; tÞ in the (x, v) plane at times
t ¼ 10; 20; 30;…:; 80 for set 1. The marginal PDFs px and pv are
shown in Figs. 3 and 4, respectively. The PDF shows a complex evolu-
tion over the sampled times. Initially there is the growth of zonal flows
and subsequent self-regulation between turbulence and zonal flows
(also known as dithering). This is followed by the growth of a second-
ary peak at the origin due to the suppression of turbulence and zonal
flows by mean flows as the power increases. The formation of a bi-
modal PDF with a peak at x ¼ v ¼ 0 and a peak at x � 1; v � 0:7
shows the coexistence of H-mode (in our model this is a quiescent H-
mode characterized by x ¼ v ¼ 019) and dithering (characterized by
x ¼ v 6¼ 0) solutions as the power is linearly increased and decreased.
The marginal PDFs are strongly bi-modal. In terms of hysteresis, the
maximum of the joint PDF occurs at t¼ 51 so does not coincide with
the input power maximum at t¼ 40.

During the forward process the evolution of the PDF is domi-
nated by a single peak. The position of this peak and the width of the
distribution varies substantially. A secondary peak at the origin
appears when the input power reaches approximately the value Q¼ 1.
The peak at the origin continues to grow during the backward process,
reaching a maximum at t¼ 51, and remains throughout the backward
process, its width gradually increasing. The position of a second peak,
away from the origin, is relatively constant until t¼ 60 and its width is
decreasing.

The joint PDF pðx; v; tÞ for set 2 is shown in Fig. 5 at times
t ¼ 30; 60; 90;…:; 240. The marginal PDFs px and pv are shown in
Figs. 6 and 7, respectively. Initially there is development of zonal flows
which is followed by dithering; the single peak PDF is relatively sta-
tionary between t¼ 50 and t¼ 90. The initial dithering in set 1 is
more exaggerated than in set 2 since a faster power ramping drives the
system further from equilibrium. A bi-modal PDF forms with a highly
concentrated peak at the origin which persists until it eventually
recombines with the original peak. The peak which forms at the origin
is larger for set 2 compared with set 1, showing the greater dominance
of mean flows for the slower ramping, and there is greater separation
of the magnitudes of the two peaks for set 2. When the peak at the

FIG. 1. (left) Set 3, (middle) set 4, and (right) set 5.
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origin is maximum, for set 2 the original peak is �0:006% its value,
whereas for set 1, it is �1%. The greater separation between the two
peaks for set 2 can also be seen in the marginal PDFs. The hysteresis
for set 2 is similar to that seen in set 1 in terms of the forward process
being dominated by a single peak and the backward process being

dominated by two peaks. The major differences consist of the PDF
being more stationary in the forward process for set 2 and the weaker
bi-modality for set 2. The maximum of the joint PDF occurs at
t¼ 132, 12 units after the power maximum. Interestingly this is the
same lag in absolute terms as for set 1. At t¼ 210, px is flat between

FIG. 3. The marginal PDF px for Dx ¼ Dv ¼ 10�4 for set 1.

FIG. 2. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane for set 1. The plots are labeled with the instantaneous time (t) and power (Q). The con-
tours are on a logarithmic scale, ranging from 10�2 to 103 with intervals of 100:5.
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x¼ 0 and x � 1 whilst for pv the multi-peak structure with the domi-
nant peak at v¼ 0 remains.

For set 1, at t¼ 20 the long right tail of pv around the global max-
imum suggests a role of intermittent zonal flows in regulating the

turbulence during the initial dithering stage. We can see in Fig. 7 that
this feature is absent for set 2, suggesting intermittent zonal flows do
not contribute as much to regulating turbulence in the initial dithering
stage. Also, the larger peak which forms at the origin for set 2 suggests

FIG. 4. The marginal PDF pv for Dx ¼ Dv ¼ 10�4 for set 1.

FIG. 5. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane for set 2. The plots are labeled with the instantaneous time (t) and power (Q). The con-
tours are on a logarithmic scale, ranging from 10�2 to 103 with intervals of 100:5.
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the mean flows become more dominant than in set 1. The implication
is that the zonal flows are more significant when the power ramping is
faster (set 1), suggesting non-equilibrium generation of zonal flows,
and the mean flows are more significant when the power ramping is
slower (set 2).

The Appendix shows stationary PDFs when a variety of constant
powers are used, the powers being Q ¼ 0:8; 0:85; 0:9; 0:95; 1. For the
stationary PDFs, as the (constant) power increases the peak at the origin
becomes stronger and the peak at finite (x, v) becomes weaker, as previ-
ously discussed the peak separation is greater for set 2 than set 1. In this

FIG. 6. The marginal PDF px for Dx ¼ Dv ¼ 10�4 for set 2.

FIG. 7. The marginal PDF pv for Dx ¼ Dv ¼ 10�4 for set 2.
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way, the PDFs for set 2 have closer proximity to the stationary PDFs,
and vice versa for set 1. That is, set 1 evolves further from equilibrium.

2. Step Q

For set 3, the formation of a peak at the origin occurs closer in
time to the turbulence-zonal flow dithering than in any other set, as

can be seen in Fig. 8 at time t¼ 30. There is limited time for
turbulence-zonal flow self-regulation before the mean flow becomes
dominant. The marginal PDFs px and pv can be seen in Figs. 9 and 10,
respectively. In Fig. 10 at t¼ 30, the long right tail of pv around the
global maximum can be seen, once again suggesting the role of inter-
mittent zonal flows in the dithering. The origin peak is many orders of
magnitude larger than the peak at finite (x, v). When the origin peak is

FIG. 8. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane for set 3. The plots are labeled with the instantaneous time (t) and power (Q). The con-
tours are on a logarithmic scale, ranging from 10�2 to 103 with intervals of 100:5.

FIG. 9. The marginal PDF px for Dx ¼ Dv ¼ 10�4 for set 3.
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maximum at t¼ 60, the peak at finite (x, v) is �0:0007% its value for
the joint PDF.

The joint PDF for set 4, shown in Fig. 11, shows dithering
brought on by the power increase at t¼ 10, which is followed by the
formation of a peak at the origin after the power increase at t¼ 20.
The coexistence of dithering and origin peak formation can be seen at

t¼ 30. The bi-modality of the PDF is stronger for set 4 than set 3,
when the peak at the origin is maximum at t¼ 60, the peak at finite
(x, v) is �0:5% its value. The power ramping in set 4 has resulted in
the mean flow being less dominant than in set 3, and dithering solu-
tions with finite (x, v) being more likely. The marginal PDFs px and pv

can be seen in Figs. 12 and 13, respectively. The form of pv in Fig. 13 at

FIG. 10. The marginal PDF pv for Dx ¼ Dv ¼ 10�4 for set 3.

FIG. 11. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane for set 4. The plots are labeled with the instantaneous time (t) and power (Q). The
contours are on a logarithmic scale, ranging from 10�2 to 103 with intervals of 100:5.
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t¼ 20 is reminiscent of set 1 with an even shallower tail between v
� 0:6 and v � 1:1.

For set 5 in Fig. 14, we see dithering is the dominant behavior,
and the formation of a peak at the origin which is never dominant, the
opposite result to sets 3 and 4. At t¼ 40 and 50, the origin peak is
�3% of the peak at finite (x, v) in the joint PDF. The marginal PDFs

px and pv are shown in Figs. 15 and 16, respectively. In pv, shown in
Fig. 16, we do not see a long tail toward large values of zonal flows,
they have less contribution to the dithering.

Sets 3–5 demonstrate that the peak at the origin becomes weaker
and the peak at finite (x, v) values becomes stronger with increasing
the number of steps in Q prior to reaching Qmax¼ 1, that is, the

FIG. 12. The marginal PDF px for Dx ¼ Dv ¼ 10�4 for set 4.

FIG. 13. The marginal PDF pv for Dx ¼ Dv ¼ 10�4 for set 4.
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relative probability of H-mode states decreases, and the probability of
dithering state increases. For set 3 there is a rapid development of a
peak at the origin with little dithering, whereas for sets 4–5 the dither-
ing is more prominent, occurring before and during the formation of a

peak at the origin. H-mode is more dominant in set 3 than set 4
despite Qmax being held for the same amount of time, the intermediate
step in power for set 4 leading to more dithering. The reduced proba-
bility of H-mode for set 5 compared to sets 3,4 is probably due to Qmax

FIG. 14. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane for set 5. The plots are labeled with the instantaneous time (t) and power (Q). The
contours are on a logarithmic scale, ranging from 10�2 to 103 with intervals of 100:5.

FIG. 15. The marginal PDF px for Dx ¼ Dv ¼ 10�4 for set 5.
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being held for half the time, despite the total energy input being equal
for sets 3 and 5.

The relevance of intermittent zonal flows to the dithering dynam-
ics has been discussed for all sets. What we can see in the structure of
pv across the sets is a longer tail toward larger zonal flows when the
power has a faster ramping rate (for the linear cases) and when the
power is more discontinuous (larger steps) for the step rampings.

B. Mean, standard deviation, cross correlation
and phase portrait

The means hxi and hvi, standard deviations rx and rv, and cross
correlation rxv are calculated from the joint PDF and are discussed
here. The results for set 1 are shown in Fig. 17. In the forward process,
we can see the rapid growth of hvi starting at t � 10 due to the
turbulence-zonal flow interaction, followed by an oscillatory phase in
hxi and hvi, which shows the turbulence-zonal flow self-regulation,
both hxi and hvi oscillate from t � 15 to t � 60. As we saw in Fig. 2,
the formation of second peak at the origin from t¼ 40 onward renders
the means of little use to understand the dynamics. From t � 40
onward, hxi and hvi show a mixture of the H-mode and dithering
states. The standard deviations, which are shown in column 2 of Fig.
17, also show oscillation, starting at t � 15. During the forward process
rv is larger than rx, the ordering reverses at t � 40 and for the back-
ward process rx is the larger of the two. The sudden increases in rx, rv

at t � 10 and t � 35 correspond to the transitions to dithering and H-
mode, respectively, where there is an increase in fluctuations. The cross
correlation rxv, shown in column 3, shows greater variation in the for-
ward process than the backward process. The phase portrait in column
4 shows the attractor type structure which hxi and hvimove around.

The results for set 2 are shown in Fig. 18. The initial increase in
hxi and then hvi is similar to that in Fig. 17, after which there is

oscillation with a reduced amplitude compared to set 1. It was noted
the PDF for set 2 shows weaker bi-modality compared to set 1, so the
means provide a better representation of the dynamics. The rapid
decrease in hxi and hvi, starting just before Qmax is reached, reflects
the greater dominance of H-mode for this set. The standard deviations
are shown in column 2, both rx and rv have three stages where there
is a rapid increase; these correspond to transitions to dithering, H-
mode and L-mode. This can be seen in the PDF in Fig. 5. For the
majority of the forward process, rv is larger than rx whereas for the
majority of the backward process rx is larger than rv, rx overtaking rv

during the formation of the peak at the origin. The cross correlation in
column 3 shows greater variation in the forward process than the
backward process. In the forward process rxv is similar for sets 1 and
2, the key difference being more oscillation for set 1.

The final comparison is between sets 3–5. These are shown in
Fig. 19. For set 3, the rapid increase in hvi shortly after the power
increase at t¼ 20 shows the turbulence-zonal flow interaction, before
both hxi and hvi rapidly decrease due to the formation of a strong
peak at the origin in the PDF. For set 4, hxi and hvi capture the
turbulence-zonal flow dithering but the stronger bi-modality seen in
the PDF for set 4 compared to set 3 means hxi and hvi contain a mix-
ture of H-mode and dithering states. The largest changes in rx, rv

again occur for the transitions to dithering, H-mode and L-mode, the
prolonged oscillation between t¼ 30 and t¼ 60 reflects the power
being held constant during this time. For set 5, hxi and hvi have a sim-
ilar evolution to those in set 4 except they oscillate around larger values
of x and v due to the (weaker) stronger peak at (the origin) finite x, v
in the PDF. The large increases in rx and rv at t � 20 are similar to
those seen in set 4 as in both sets they correspond to the transition to
dithering. There is no further large increases in rx and rv since there is
no transition to H-mode.

FIG. 16. The marginal PDF pv for Dx ¼ Dv ¼ 10�4 for set 5.
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FIG. 17. Mean, standard deviation and cross correlation for set 1. Column 1 shows hxi and hvi as functions of time, with hxi in blue and hvi in red. Column 2 shows the asso-
ciated standard deviations rx and rv, with the same color-coding. Column 3 shows the cross correlation rxv ¼ hðx � hxiÞðv� hviÞi=ðrxrvÞ. Column 4 shows the phase
portrait in the ðhxi; hviÞ plane.

FIG. 18. Mean, standard deviation and cross correlation for set 2. Column 1 shows hxi and hvi as functions of time, with hxi in blue and hvi in red. Column 2 shows the asso-
ciated standard deviations rx and rv, with the same colour-coding. Column 3 shows the cross correlation rxv ¼ hðx � hxiÞðv� hviÞi=ðrxrvÞ. Column 4 shows the phase
portrait in the ðhxi; hviÞ plane.
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C. Information rate and length

Now the information rate and length diagnostics will be consid-
ered. The information rate and length for set 1 is shown in Fig. 20, set
2 is shown in Fig. 21, and sets 3–5 are shown in Fig. 22.

1. Information rate

Starting with set 1, for the majority of the simulation time
between t � 15 and t � 60, Cx and Cv oscillate around Cx ¼ Cv.
The oscillation shows the rate of change of the marginal PDFs are

FIG. 19. Mean, standard deviation and cross correlation for set 3 (top row), set 4 (middle row), and set 5 (bottom row). Column 1 shows hxi and hvi as functions of time, with
hxi in blue and hvi in red. Column 2 shows the associated standard deviations rx and rv, with the same color-coding. Column 3 shows the cross correlation
rxv ¼ hðx � hxiÞðv� hviÞi=ðrxrvÞ. Column 4 shows the phase portrait in the ðhxi; hviÞ plane.

FIG. 20. The information geometry diagnostics for set 1. Column 1 shows C (green), Cx (blue), and Cv (red) as functions of time. Column 2 shows L (green), Lx (blue), and Ev

(red) as functions of time. Column 3 shows the phase portrait in the ðCx ;CvÞ plane; t¼ 0 is shown by the green dot and t¼ 80 by the red dot; the dashed line showsCx ¼ Cv.
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matching along the path, but with a phase shift. This can be
seen in the phase portrait in the rightmost column of Fig. 20
where there are many crossings of the Cx ¼ Cv line. This relation-
ship between Cx and Cv implies self-regulation between

turbulence and zonal flows in terms of the evolution of their sta-
tistical states.

For set 2, there is also evidence of self-regulation between turbu-
lence and zonal flows: Cx and Cv oscillate around Cx ¼ Cv between

FIG. 21. The information geometry diagnostics for set 2. Column 1 shows C (green), Cx (blue), and Cv (red) as functions of time. Column 2 shows L (green), Lx (blue), and Ev

(red) as functions of time. Column 3 shows the phase portrait in the ðCx ;CvÞ plane; t¼ 0 is shown by the green dot and t¼ 80 by the red dot; the dashed line showsCx ¼ Cv.

FIG. 22. The information geometry diagnostics for set 3 (top row), set 4 (middle row) and set 5 (bottom row). Column 1 shows C (green), Cx (blue), and Cv (red) as functions
of time. Column 2 shows L (green), Lx (blue), and Ev (red) as functions of time. Column 3 shows the phase portrait in the ðCx ;CvÞ plane. The starting point is shown by a
green dot and the end point by a red dot.
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t � 20 and t � 60. Comparing the results to those from set 1: the
duration of oscillation is shorter for set 2; the values of C, Cx and Cv

are consistently smaller for set 2. The reduced information rate reflects
the slower changing input power. The oscillations of Cx and Cv are
much more pronounced than those of hxi and hvi, this is for the initial
oscillation starting at t � 20. The increased sensitivity of the informa-
tion rate to dithering compared to the means is also seen at t � 200
where there is oscillation of C and Cx but no oscillation of hxi.

Sets 3–5 are characterized by (large) spikes in C and Cx when
there is a change in power, and significantly smaller spikes in Cv; Cv

tends to increase more gradually after the power change as zonal flows
need time to react. The larger response from Cx (and C) at the power
steps is because in our model the coupling between the input power
and turbulence is stronger than the coupling between the input power
and zonal flow. This can be seen in the model equations where (due to
the density gradient approximation) the input power appears in
growth and damping terms for x [Eq. (5)], whereas the input power
only appears as a damping term for the zonal flow [Eq. (6)]. The
power decrease in set 3 at t¼ 60 results in the largest value of C and
Cx seen across all the power rampings. For sets 4 and 5, there is signifi-
cant oscillation of Cx and Cv around Cx ¼ Cv, whereas for set 3, there
is virtually no evidence of self-regulation. It can be seen for sets 4 and
5 the amplitude of oscillation for Cx , Cv is significantly larger than C;
for the cases of a linearly increasing input power the amplitude of
oscillation is similar for C, Cx and Cv. The spikes in the information
rate give a clear indication of the sudden change to the system input,
this is harder to discern from the means, standard deviations and cross
correlation.

The information rate is larger when the power changes more
abruptly, this can be seen for the faster linear ramping compared to
the slower linear ramping and also for the step changes in power. This
reflects the rapid evolution of a system in response to faster change in
input power. The effect of a step change in power is an extremely rapid
response from the information rate.

2. Information length

For each set, the information length has been reset to 0 at the
midpoint so the information change in the forward and backward pro-
cesses can be compared. The final information lengths for the forward
and backward processes are given in Table I.

For set 1, the total information change is greater in the forward
process than in the backward process, as can be seen in the larger val-
ues of L; Lx , and Lv at t¼ 40 compared to t¼ 80 in Fig. 20. In the

forward process, Lx is nearly always larger than Lv, however in the
backward process Lx � Lv between t¼ 40 and t¼ 70. The final val-
ues of Lv (at the end of the forward and backward processes) are more
similar than the corresponding values of Lx , suggesting greater sensi-
tivity in the turbulence to the power increase and decrease.

The information length for set 2 can be seen in the second col-
umn of Fig. 21. In both the forward and backward processes, the total
information lengths (L; Lx , and Lv) are smaller for set 2 than set 1,
meaning the total information change is less for the slower ramping.
For set 2, like set 1, the total information change is greater in the for-
ward process than the backward process. The difference between the
final information length for the forward and backward processes
(DL) is reduced for set 2, showing the slower ramping is able to main-
tain the system closer to equilibrium.

For the stepwise power increase in sets 3–5, increasing the num-
ber of steps produces a more symmetric information length between
the forward and backward processes, as seen in the second column of
Fig. 22. It can be seen in Table I the relative DL decreases as the num-
ber of steps increase. The reduced hysteresis by increasing the number
of steps shows the PDF is able to remain closer to equilibrium.

D. Entropy

First, it is worth noting for all sets the entropy flux to the environ-
ment is not plotted as it cannot be distinguished from the total entropy
production rate; the relative deviation of the entropy production from
the entropy flux is extremely small. For the input powers investigated
here there is a consistent flow of entropy from the system to the
environment.

The entropy diagnostics for set 1 can be seen in Fig. 23. In the
forward process, the rate of entropy production, _ST , is dominated by
the entropy production in v. In the backward process, the contribution
to the rate of entropy production from x and v is more even.

The rate of entropy production is largest at t � 15; around the
time, we see the onset of dithering across the diagnostics. There is dith-
ering in _ST , which is more pronounced than the dithering in S. (S also
has a peak at t � 15 but it is not the global maximum.) Despite this,
the entropy production during the backward process is larger than the
forward process, the reverse of the information length (calculated
from the joint PDF).

The entropy diagnostics for set 2 are shown in Fig. 24. Compared
to set 1, the contribution of _STx and _STv to _ST is more even, the profile
of both the components is similar in how they have three peaks at
approximately the same times. The rate of entropy production peaks

TABLE I. Summary table of time-integrated quantities at the end of the forward and backward processes for each of the sets. Also shown is the maximum power (Qmax) and
the total energy input (Ein) for each set.

Forward Backward

Set L Lx Lv ST STx STv L Lx Lv ST STx STv Qmax Ein

1 45.2 34.1 20.8 6900 1411 5488 20.8 11.3 16.3 7903 2326 5576 1.3 56
2 36.2 28.7 17.6 12 642 5497 7145 18.7 13.8 10.3 8808 5057 3751 1.3 168
3 28.2 23.3 14.5 21 092 5639 15 453 6.5 6.0 1.1 99 40 59 1.0 44
4 59.7 38.1 27.8 18 069 4049 14 020 39.4 19.2 26.3 4520 857 3663 1.0 56
5 56.1 37.7 26.0 5516 1043 4473 63.2 34.4 42.9 2908 537 2372 1.0 44
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at t � 120; in Fig. 5, there is the formation of a strong peak at the ori-
gin between t¼ 90 and t¼ 120, during this interval _ST monotonically
increases from �50 to �1200, showing the L–H transition is accom-
panied by a large increase in the total entropy production.

The largest increase in _ST for set 1 correspond to the transitions
to dithering and H-mode, and for set 2 they correspond to transitions
to dithering, H-mode and L-mode. The entropy S also has these struc-
tures, seen in column 3 of Figs. 23 and 24; however, the equivalent

FIG. 23. Entropy diagnostics for set 1. Column 1 shows the total entropy production rate _ST (green), _STx (blue), and _STv (red). Column 2 shows the total entropy ST (green),
STx (blue), and STv (red); these have been set to zero at the beginning of the backward process. Column 3 shows the entropies S (green), Sx (blue), and Sv (red).

FIG. 24. Entropy diagnostics for set 2. Column 1 shows the total entropy production rate _ST (green), _STx (blue), and _STv (red). Column 2 shows the total entropy ST (green),
STx (blue), and STv (red); these have been set to zero at the beginning of the backward process. Column 3 shows the entropies S (green), Sx (blue), and Sv (red).
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peaks have very similar values for sets 1 and 2. The values for the first
peak are within 20% of each other, and the values of the second peak
are within 10% of each other. The values of _ST have a larger relative
difference and emphasize the difference in scale of dithering and (ori-
gin) peak formation that is seen in the PDFs. Greater entropy produc-
tion is associated with the formation of a stronger peak at the origin,
_ST for set 2 at t � 120 is approximately twice _ST for set 1 at t � 45.
Greater entropy production is also associated with stronger
turbulence-zonal flow dithering, _ST for set 1 at t � 15 is approxi-
mately eight times _ST for set 2 at t � 20.

There is a larger relative difference in the total entropy ST at the
end of the forward and backward processes for set 2 than set 1, the
opposite result to the information length. Based on the observation
made at the end of Linear Q about set 2 remaining closer to equilib-
rium, it could be said the information length provides a better measure
of the proximity to equilibrium than the total entropy.

The entropy diagnostics for sets 3–5 are shown in Fig. 25. Similar
to the information length, there is the tendency for the total entropy
production to become more symmetric across the forward and back-
ward processes as the number of steps increases. For the forward pro-
cess, increasing the number of steps, and therefore decreasing the size
of the steps, results in lower entropy production. For all sets, the rate
of entropy production is dominated by _STv, leading to greater entropy
production in v than x in both the forward and backward processes.
This is even true for set 3 where STx and STv are orders of magnitude
less at the end of the backward process, see Table I. There are clear
spikes in _ST when there is a step in power, which are also seen in C,
however, all spikes in C have order of magnitude 10� (C is often larger
when the power decreases) whereas for _ST the orders of magnitude
span 100–103. After the spikes _ST is non-monotonic, whereas C tends

to monotonically decrease after the spikes. The spikes in C when there
is a step in power are the largest values of C, after which there is a
monotonic decrease; the spikes in _ST are often not the largest values as
they are followed by significant increases, this can be seen most acutely
for set 3 in the top row of Fig. 25. This shows a delay in the response
of _ST compared to C.

VI. CONCLUSION

A stochastic, prey–predator model of the L–H transition in
fusion plasma has been investigated. The model concerns the regula-
tion of turbulence by zonal and mean flow shear. Independent delta-
correlated Gaussian stochastic noises are used to construct Langevin
equations for the amplitudes of turbulence and zonal flows. We then
find numerical solutions of the equivalent Fokker–Planck equation for
the time-dependent joint probability distribution of these quantities.
We have extended the earlier studies presented in Refs. 22 and 23, by
applying different functional forms of the time-dependent external
heating (input power) which is increased and then decreased in a sym-
metric fashion to study hysteresis. The input powers are linear func-
tions and step functions. The hysteresis is examined through the
probability distribution and statistical measures, which include infor-
mation geometry and entropy. The main findings of the work include
(i) strongly non-Gaussian probability distributions with bi-modality
being a persistent feature across the input powers; (ii) the information
length to be a better indicator of distance to equilibrium than the total
entropy; and (iii) dithering and the L-H transition are seen when the
input power is stepped in time. By increasing the number of steps to
reach the same Qmax, we see less hysteresis (in the statistical measures)
and a reduced probability of H-mode access; (iv) intermittent zonal
flows are suggested to have a role in the initial suppression of

FIG. 25. Entropy diagnostics for set 3 (top row), set 4 (middle row), and set 5 (bottom row). Column 1 shows the total entropy production rate _ST (green), _STx (blue), and _STv

(red). Column 2 shows the total entropy ST (green), STx (blue), and STv (red); these have been set to zero at the beginning of the backward process. Column 3 shows the
entropies S (green), Sx (blue), and Sv (red).
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turbulence by zonal flows. This was observed in Ref. 23 and has now
been observed for step power rampings; (v) stronger excitation of
intermittent zonal flows for a faster changing input power, both for
linear and step rampings; and (vi) the information rate and length
continue to be useful to understand the correlation and self-regulation
between the turbulence and zonal flows.
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APPENDIX: COMPARISON OF CONSTANT POWER L–H
TRANSITION IN DETERMINISTIC AND STOCHASTIC
MODELS

For the 2-ODE deterministic model, experimenting with dif-
ferent constant powers show there is a range of powers which result
in turbulence (�) increase which in turn triggers the growth of zonal
flow shear (v). The turbulence and zonal flow shear have a prey–-
predator interaction and as time increases have relatively stable
non-zero values. Above a threshold power the mean flow shear is
larger and prevents the growth of the turbulence and zonal flow
shear, both of which approach zero as time increases. For the model
constants given in V and for initial values � ¼ 0:25; v ¼ 10�2, the
threshold power was found to be Q¼ 0.832 (to three figures).

The nature of the threshold power for the same initial turbu-
lence and zonal flow shear but when there is stochastic noise was
investigated. Figure 26 shows the PDF bifurcation into L-mode and

FIG. 26. Contour plots of the joint PDF pðx; v; tÞ for Dx ¼ Dv ¼ 10�4 in the (x, v) plane. The plots are labeled with the input power Q. All PDFs are taken at t¼ 100 when
the PDF had become effectively stationary. The contours are on a logarithmic scale, ranging from 10�3 to 103 with intervals of 100:5.

FIG. 27. The marginal PDF px for Dx ¼ Dv ¼ 10�4. The plots are labeled with the input power Q. All PDFs are taken at t¼ 100 when the PDF had become effectively
stationary.
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H-mode states at Q¼ 0.8, meaning H-mode is possible at a lower
power than in the deterministic model. The impact of the stochastic
noise is to lower the power at which a quiescent H-mode is possible.
It can also be seen in Fig. 26 that increasing the power causes the
peak at the origin to increase and the peak at finite (x, v) to
decrease. Increasing the power increases the proportion of solutions
which access H-mode and decrease the proportion which access L-
mode in the steady state. Therefore, in the stochastic model, there is
not a sudden change above a threshold power like what occurs in
the deterministic model, rather a gradual transition to the quiescent
H-mode as the peak at the origin becomes larger. The marginal
PDFs px and pv for the various powers can be seen in Figs. 27
and 28.
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