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Hybrid MMSE Precoding for Millimeter Wave

MU-MISO via Trace Maximization
Prabhat Raj Gautam, Member, IEEE, Li Zhang, Senior Member, IEEE, and Pingzhi Fan, Fellow, IEEE

AbstractÐIn an attempt to alleviate the cost and power
consumption in millimeter wave (mmWave) multiple input
multiple output (MIMO) systems, hybrid precoding has been
put forth as a possible solution. The hybrid precoding replaces
the conventional fully digital precoding with a combination of
analog and digital precoding to achieve good performance using a
significantly smaller number of RF chains compared to the number
of antennas. In this paper, we consider a narrowband downlink
multiple user multiple-input single-output (MU-MISO) system
and propose a hybrid precoding method in order to minimize
the mean squared error (MSE) for all users. The analog and
digital precoding design subproblems are isolated from each other.
Analog precoder design is cast as a trace maximization problem,
and solved by an iterative procedure based on truncated singular
value decomposition (SVD). The digital precoder is determined
subsequently after fixing the analog precoder, using Lagrange’s
method. The proposed hybrid precoder produces spectral and
bit error rate (BER) performances quite close to fully digital
precoder, and almost the same as existing high performance
hybrid precoders, albeit at a much lower complexity. The proposed
precoding method is extended to operate in wideband channel,
where it exhibits equally good performance with less complexity.

Index TermsÐMillimeter wave (mmWave) communication,
minimum mean squared error (MMSE), hybrid precoding, trace
maximization.

I. INTRODUCTION

THE millimeter wave (mmWave) can help meet the high

data rate demands of next generation wireless technologies

through the available unused bandwidth in mmWave spectrum

[1]±[4]. The smaller wavelengths of mmWave signals make

them highly susceptible to huge attenuation due to absorption

or scattering by gases and rain particles [5], [6]. The application

of large antenna systems or massive multiple input multiple

output (MIMO) systems in mmWave communication can

facilitate the recouping of the lost signal power through the high

beamforming gain. However, the deploying of large antenna

systems in the mmWave spectrum for the next generation

wireless networks is met by challenges in the form of cost

and power consumption [2] by radio frequency (RF) chains

operating at mmWave frequencies. Thus, the millimeter wave

(mmWave) MIMO can not be implemented with conventional

MIMO architectures, at least with the current advancement

in semiconductor technology [7]. There has been a quest for

effective ways of implementing massive MIMO in mmWave

spectrum.
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Hybrid architecture, that combines the digital and analog pro-

cessing, is the most promising solution. The hybrid architecture

employs a smaller number of RF chains for digital precoding

of the transmit signals and usually a network of phase shifters

for analog precoding. The inverters and switches are also

sometimes used in place of phase shifter network [8], [9] despite

lower performance to promote energy efficiency. There are

chiefly two types of hybrid architecture, fully connected (FC)

architecture and partially connected (PC) architecture. Each

RF chain is linked to all the antennas in FC architecture, while

each RF chain is connected to only a subgroup of antennas in

PC architecture. The hybrid architecture which is a mixture

of FC and PC architectures was proposed in [10], and also

explored in [11] and [12]. Chen et al. [11] consider an mmWave

MIMO system with a subarray-connected architecture in which

each subarray can have an arbitrary number of RF chains and

antennas, and propose a hybrid precoding algorithm based

on successive interference cancellation to enrich the energy

efficiency. In an attempt to strike a balance between good

performance and power consumption, Feng et al. [13] adopt

a phase-shifter network consisting of a combination of high-

resolution phase shifters and low-resolution phase-shifters, and

present hybrid precoding algorithms for both the dynamic and

fixed connections between phase-shifter network and antennas.

The type of hybrid architecture chosen dictates the structure

of analog precoding matrix. The use of phase shifter network

means the non-zero elements of analog precoding matrix

need to satisfy unit modulus constraint, which along with

the coupling of digital precoder and analog precoder in hybrid

precoder make its design difficult. Ayach et al. [14] show

that the hybrid precoder for point-to-point MIMO can be

evaluated by minimizing the Euclidean distance between the

optimum fully digital precoder and the hybrid precoder. The

authors [14] formulate the hybrid precoding problem as matrix

factorization problem and propose a hybrid precoder to solve it

using Orthogonal Matching Pursuit (OMP). The authors in [15]

and [16] consider multi-user scenario and aim to minimize the

sum of mean squared error (MSE) for all users. Both [15] and

[16] propose OMP-based hybrid minimum mean squared error

(MMSE) precoders to minimize the sum-MSE for all users.

The OMP-based hybrid precoders choose analog beamforming

vectors from a set of candidate vectors or a codebook. They are

low on complexity but also come with low performance. Also

depending on codebook to construct analog precoding matrix

are the hybrid precoders in [17]±[19], all of which consider a

multi-user setting. In [17], the analog precoder and combiners

are jointly chosen to maximize the received power. The analog

precoder in [19] is chosen so that the signal to leakage and
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noise ratio (SLNR) is maximized for each user.

In [20], Rusu et al. present various low complexity solutions

to design the hybrid precoders for point-to-point MIMO with a

view to approaching the fully digital precoder. Of those various

hybrid precoders in [20], hybrid precoder called Hybrid Design

by Least Squares Relaxation (HD-LSR) exhibits very good

performance. The HD-LSR algorithm uses heuristic relaxation

based on least squares to update each entry of analog precoder.

Sohrabi et al. [21] consider both point-to-point MIMO and

multi-user multiple-input single-output (MU-MISO) systems,

and propose hybrid precoding algorithms based on heuristic

design. It is shown that the minimum number of RF chains

required to achieve the performance of fully digital precoder

is twice the number of data streams [21]. On the other hand,

Payami et al. [22] present how the hybrid precoder can be

designed in such case to score the performance of a fully digital

precoder. The authors prove that when number of RF chains

is equal to number of data streams, the performance of fully

digital precoder can be reached if two phase shifters and an

adder are available for each RF chain. In [22], hybrid precoder

is proposed that utilizes the properties of the singular vectors

of the channel matrix to give asymptotically optimal solution.

Zhai et al. [23] propose an alternating optimization method

to solve the problem of uplink sum rate maximization which

is split into three subproblems. Yu et al. [24] present different

alternating minimization algorithms based on manifold opti-

mization (MO), semidefinite relaxation (SDR), and by enforcing

orthogonality constraint on the digital precoder. In [25], the

low complexity hybrid precoders are presented for the FC

and PC architectures utilizing majorization-minimization and

minorization-maximization structures respectively. Qiao et al.

[26] break down the hybrid precoding problem for point-to-

point MIMO into quadratically constrained quadratic program-

ming (QCQP) subproblem and least-squares subproblem with

constant-modulus constraint. The authors [26] present three

alternating optimization (AO) algorithms, viz., a) SDR-AO

based on SDR, b) ADMM-AO based on alternating direction

method of multipliers for the case when the number of transmit

antennas is much larger than that of receive antennas or number

of data streams is small, and c) ACMF-AO based on analytical

constant modulus factorization for the case when RF chains

and data streams are equal in number.

In [27], two hybrid precoding algorithms are proposed. The

first method is an alternating minimization based algorithm

in which analog precoding subproblem is converted into a

semi-definite programming (SDP) problem and solved by

modified block coordinate descent (BCD) algorithm. In the

second method, analog precoder is determined by an iterative

power method by enforcing orthogonality constraint on the

analog precoder. In [28], analog precoder is determined first

using iterative procedure involving generalized eigenvector

decomposition (GEVD) and the digital precoder is derived

with the fixed analog precoder. In [29], MO-based algorithm

is proposed to minimize sum mean squared error (MSE).

The GEVD-based hybrid MMSE precoder (GEVD-HMP)

[28], MO-based hybrid MMSE precoder (MO-HMP) [29], HD-

LSR [20], heuristic hybrid precoder (HHP) [21], [22] and [25]

are all very good in corresponding performance. The SDR-AO

precoder in [26] is good in performance but limited by high

complexity, whereas the ADMM-AO and ACMF-AO in [26] are

limited in performances. The precoders in [22], [25] are even

very low on complexity. However, they are designed only for

narrowband channel and require optimal fully digital precoders

to compute them. We consider a MU-MISO system and propose

a low complexity hybrid precoder with very good performance

that avoids the need of optimal fully digital precoders, and

can work in both narrowband and wideband channels. Our

contributions can be summarized as:

(i) With a view to minimizing sum of MSE for all the users,

we consider the hybrid precoding problem for MU-MISO

in narrowband channel, which is solved in two stages.

The digital part of the hybrid precoder can be easily

determined in similar way to the conventional fully digital

precoder, once the analog part of the hybrid precoder

is fixed. The analog precoding problem is in the form

of trace minimization of inverse of a Hermitian positive

definite matrix [28], [29]. We determine the lower bound

of the trace function which is in terms of reciprocal of

trace of a Hermitian positive definite matrix. In a bid to

mitigate complexity, we aim to minimize the lower bound

of the objective function instead of directly minimizing

the objective function.

(ii) The analog precoding problem is ultimately modeled

as a trace maximization (TM) problem. We enforce an

orthogonality constraint on analog precoder and develop

an iterative method relying on truncated singular value

decomposition (SVD) to construct the hybrid precoder

which we call TM-HMP. The proposed precoder exhibits

very good spectral and BER performances which are

almost on par with the existing high-performing hybrid

precoding method.

(iii) The hybrid precoding algorithm which is developed for

narrowband channel is extended for wideband channel

by considering orthogonal frequency division multiplex-

ing (OFDM). The proposed hybrid precoding algorithm

performs equally good, if not better in wideband channel.

(iv) We also perform the complexity analysis of the proposed

algorithm and compare it against the existing algorithms.

The proposed method entails very low complexity and

gives commendable performance even with quantized

phase shifters of low resolution.

A. Organization of the paper

In section II, we present the model of the system considered and

channel modeling used. We state the hybrid MMSE precoding

problem in section III, and formulate the analog and digital

precoding subproblems. The hybrid MMSE precoder based on

trace maximization is introduced in section IV. The proposed

hybrid precoder developed for narrowband channel is protracted

for the wideband channel by considering MIMO-OFDM in

section V. In section VII, we evaluate the complexity of the

proposed method, and compare it against the existing hybrid

precoding algorithms. The section VIII shows the simulation

results, where we compare the performance of the proposed

algorithm alongside the performances of the existing algorithms.
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Fig. 1: A downlink multi-user mmWave MISO system with

hybrid precoding at the transmitter.

In section IX, we round-off with the conclusion of our work,

which is followed by the appendix and references.

B. Notations

x represents a vector, whereas X represents a matrix; Xi,j

represents the (i, j)
th

element of X; ∥X∥F is the Frobenius

norm of X; Xa:b,: is a submatrix of X with a to b rows

of X; X:,m:n is a submatrix of X with m to n columns

of X; Tr [X] is the trace of X; exp (X) is a matrix whose

(i, j)th entry is exp (Xi,j), where exp (.) is the exponential

operator; X† and XH are the pseudoinverse and Hermitian

transpose of X respectively; X ≻ 0 indicates that X is

a positive definite matrix; CN
(

µ, σ2I
)

denotes complex

Gaussian random vector having mean µ and co-variance matrix

σ2I; ∼ denotes ªdistributed asº; E [.] represents statistical

expectation operator; R+ represents the set of positive real

numbers; and O represents standard big-O notation.

II. SYSTEM MODEL

We consider a multi-user mmWave MISO downlink system

comprising of a base station (BS) with fully-connected architec-

ture and K mobile stations (MSs) as shown in Fig.1. The BS

consists of Nt transmit antennas and Mt RF chains, whereas

each (MS) has a single receive antenna and a single RF chain.

The total number of data streams being transmitted is K, one

for each MS, and K ≤Mt ≤ Nt.

At the BS, the transmit signal s = [s1 , s2 , . . . , sK
]
T

, s ∈
C

K×1 is precoded by the hybrid precoder F = FRFD before

transmission. FD ∈ C
Mt×K is the baseband digital precoder

and FR ∈ C
Nt×Mt is the analog precoder. The transmit signal s

is such that E
[

ssH
]

= (P/K)IK, where P is the total transmit

power. The unit amplitude constraint imposed on FR because

of the use of phase shifters would mean that |FRi,j
| = 1. We

consider narrowband block-fading channel model so that we

can write the received signal at the kth MS as

y
k
= hkFRFDs+ n

k
, k = 1, 2, . . . ,K, (1)

where hk ∈ C
1×Nt is the channel to the kth MS, n

k
∼

CN
(

0, σ2
n

)

is complex Gaussian noise. Organizing all the y
k
,

k = 1, . . . ,K into a single vector we get

y = HFRFDs+ n, (2)

where H =
[

hT
1 ,h

T
2 , . . . ,h

T
K

]T
,H ∈ C

K×Nt is the channel

matrix and n ∈ C
K×1,n ∼ CN

(

0, σ2
nI
)

is the complex noise

vector. We consider the clustered channel model with Nc

clusters and each cluster contributing Np paths. The channel

to the kth MS is given by

hk =

√

Nt

NcNp

Nc
∑

i=1

Np
∑

ℓ=1

αk
iℓa

k
t

H
(ϕk

iℓ), (3)

where αk
iℓ is the complex channel gain, ϕk

iℓ is the azimuth

angle of departure (AoD), and akt (ϕ
k
iℓ) is the antenna array

response vector of the BS. We assume uniform linear array

(ULA) at the BS whose array response vector at(ϕiℓ) is given

by

at(ϕiℓ) =
1√
Nt

[

1, ejpd sin(ϕiℓ), . . . , ej(Nt−1)pd sin(ϕiℓ)

]T

,

(4)

where p = (2π/λ), λ is the carrier wavelength, and d is the

distance between antenna elements.

III. PROBLEM STATEMENT

As in [28]±[30], the precoder is designed by minimizing the

sum of the modified MSE of the K users. Similar to [28], [31],

the hybrid precoding problem can be stated as

F
⋆

R,F
⋆

D = argmin
FR,FD

E

[

∥

∥s− β−1y
∥

∥

2

2

]

(5a)

s.t. ∥FRFD∥2F = K (5b)

|FRi,j
| = 1, ∀i, j, (5c)

where the parameter β ∈ R+. The reason for using modified

MSE is the need to fulfill the transmit power constraint [30].

The use of the modified MSE means β−1 is used as scaling

factor at all the receivers. The scaling factor β−1 serves the

purpose of correcting the level of received signal to the desired

signal level. The use of same β−1 at all the receivers or the

modified MSE guarantees closed form solution for the digital

part FD of the hybrid MMSE precoder if FR is known. This

follows directly from the similar argument for the determination

of conventional MMSE precoder [32].

The optimization problem of (5) is pretty difficult, especially

because of the second constraint (5c) which is non-convex in

nature. The problem becomes easier to solve if it is decomposed

into two separate stages for determining analog precoder and

digital precoder as in [28], [29]. If we have the analog precoder

FR, the digital precoder that minimizes the objective function

in (5a) can be easily determined using Lagrange’s method [28],

[29] as,

FD = β(FH
R HHHFR + µFH

R FR)
−1FH

R HH = βF̃D, (6)

where µ =
Kσ2

n

P
, F̃D = (FH

R HHHFR + µFH
R FR)

−1FH
R HH

is the unnormalized optimal digital precoder. Expanding (5a)

after supplanting y with its expression (2), and replacing FD

with the expression in (6) yields the optimization subproblem

to determine analog precoder FR [28], [29],

F
⋆

R = argmin
FR

Tr[(I+ µ−1HFRF
H
R HH)−1]

s.t. |FRi,j
| = 1, ∀i, j.

(7)
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The value of β is computed by substituting FD = βF̃D in the

constraint (5b) as

β =

√

K

Tr(FRF̃DF̃
H
D FH

R )
. (8)

Thus, we can see that β is nothing but the normalization factor

for the precoder.

IV. TRACE MAXIMIZATION-BASED HYBRID MMSE

PRECODER (TM-HMP)

A. Analog Precoding as Trace Maximization Problem

The matrix inside the trace function in the objective function

(7) is in terms of inverse of another matrix which makes the

solution complicated. We can write the objective function of

(7) as

Tr
[

(

I+ µ−1HFRF
H
R HH

)−1
]

≥
K2

Tr
(

I+ µ−1HFRF
H
R HH

) .
(9)

The proof of this is provided in Appendix A. Instead of

minimizing the objective function in (7), we choose to minimize

its lower bound to determine analog precoder FR, which is

equivalent to the optimization problem,

F
⋆

R = argmax
FR

Tr
(

I+ µ−1HFRF
H
R HH

)

(10)

The trace of I+µ−1HFRF
H
R HH is equal to the sum

∑K

i=1 λi,

where {λi | λi ≥ 1}Ki=1 are its eigenvalues. On the other hand,

the trace of
(

I+ µ−1HFRF
H
R HH

)−1
is equal to the sum,

∑K

i=1 λ
−1
i , where 0 < λ−1

i ≤ 1 ∀i = 1, . . . ,K. By choosing

to maximize the objective function in (10), we are trying to

determine FR so that it maximizes the sum of all λi’s, which is

possible only when λi’s are increased. This means the values

of λ−1
i ’s are decreased, and as a result diminishing the sum

of λ−1
i ’s.

We further simplify the objective function in (10) as

Tr
(

IK + µ−1HFRF
H
R HH

)

(a)≈ K

NtMt

Tr
(

FH
R FR

)

+Tr
(

µ−1FH
R HHHFR

)

=
K

NtMt

Tr
[

FH
R

(

I+ νHHH
)

FR

]

,

where ν ≜ µ−1NtMt

K
, and the reasons for (a) are Tr (IK) = K,

FH
R FR ≈ NtIMt

so that Tr
(

FH
R FR

)

≈ NtTr (IMt
) = NtMt

as Nt → ∞ which is valid in mmWave MIMO [14]. Thus,

the new optimization subproblem for analog precoding can be

expressed as the trace maximization problem,

F
⋆

R =argmax
FR

Tr
[

FH
R

(

I+ νHHH
)

FR

]

. (11)

We define the new variable F̄R ≜ 1√
Nt

FR, and state the

optimization subproblem for the determination of FR in terms

of F̄R as

F̄
⋆

R =argmax
F̄R

Tr
[

F̄H
R

(

I+ νHHH
)

F̄R

]

(12a)

s.t. F̄H
R F̄R = IMt

(12b)
∣

∣F̄Ri,j

∣

∣ =
1√
Nt

∀i, j. (12c)

If the solution to the problem in (12) is F̄
⋆

R, the analog

precoder FR is computed as FR =
√
NtF̄

⋆

R. The constraint

in (12b) enforces orthogonality on F̄R, which is equivalent

to imposing FH
R FR = NtIMt

. The objective function in (12a)

came to fruition because FH
R FR ≈ NtIMt

, and hence adding

this constraint in (12) is not unfounded. We leverage the

orthogonality of FR to obtain the objective function in (12a)

because it ensures that I+νHHH is always a full rank matrix,

and has its rank greater than that of FR in all cases. The

matrix I+ νHHH can be replaced by just HHH for the case

Mt = K.

B. The Proposed TM-HMP algorithm

We propose an iterative method based on truncated singular

value decomposition (SVD) to solve the problem (12). The ma-

trix I+ νHHH ≻ 0 , so the trace Tr
[

F̄H
R

(

I+ νHHH
)

F̄R

]

is always real and positive. Thus, we can replace the objec-

tive function in (12a) with
∣

∣Tr
[

F̄H
R

(

I+ νHHH
)

F̄R

]∣

∣ and

maximize it. We start with a random initial value of F̄
(0)
R , and

define A(k) = F̄
(k−1)H

R (I+ νHHH) where k is the iteration

number starting from 1. At each iteration k, we first determine

the matrix D(k) which is the solution to the problem,

argmax
D(k)

|Tr(A(k)D(k))|

s.t. D(k)HD(k) = IMt
.

(13)

If U(k)S(k)V
(k)H

t represents the truncated SVD of A(k), the

solution to the problem in (13), which is derived in Appendix B,

is D(k) = V
(k)
t U(k)H . F̄

(k)
R is approximated by normalizing

each element of the matrix D(k) to have an amplitude of 1√
Nt

,

the Step 6 of the Algorithm 1. In essence, we are extracting

the phase of each element of D(k).

We increase the iteration number by 1 and determine the new

value of A(k). We repeat this procedure until the convergence

is attained, or it reaches a fixed number of iterations. Finally,

FR is computed as FR =
√
NtF̄R, and digital precoder FD is

determined using (6). The proposed algorithm is summarized

in Algorithm 1.

C. Convergence of TM-HMP algorithm

Once we have the analog precoder, the digital part of the

precoder is computed from the closed-form expression obtained

using Lagrange’s method. It is guaranteed to minimize the

original objective function, provided we have the analog

precoder. Hence, the convergence of the proposed hybrid

precoding algorithm depends on the determination of the analog

precoder alone.
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Algorithm 1 Hybrid MMSE Precoder Using SVD-based

Iterative Trace Maximization Method

Require: H, µ, Mt.

1: Initialize F̄
(0)
R = 1√

Nt
exp (jΘ), where Θ is Nt × Mt

matrix and Θi,j are random phase angles, and set k = 1.

2: repeat

3: Compute A(k) = F̄
(k−1)H

R

(

I+ νHHH
)

.

4: Compute truncated SVD of A(k): U(k)S(k)V
(k)H

t .

5: Compute D(k) = V
(k)
t U(k)H .

6: Compute F̄
(k)
R = 1√

Nt
exp

(

j∠
(

D(k)
))

.

7: k ← k + 1.

8: until convergence, or k ≥ Niter, where Niter is the

maximum of number of iterations.

9: Compute FR =
√
NtF̄

(k)
R .

10: Calculate FD = β(FH
R HHHFR + µFH

R FR)
−1FH

R HH .

11: return F = FRFD.

In the proposed algorithm, we start with F̄
(0)
R as the

initial value of F̄R. The next value of F̄R, F̄
(1)
R is calculated

by normalizing each element of D(1) to have an ampli-

tude of 1/
√
Nt, where D(1) is the matrix that maximizes

∣

∣

∣
Tr
[{

F̄
(0)H

R

(

I+ νHHH
)

}

D(1)
]
∣

∣

∣
. As F̄

(1)
R is obtained from

D(1) by phase extraction, we can intuitively say that F̄
(1)
R does

not alter the direction of change of trace value brought by D(1)

from the trace value at F̄
(0)
R . Thus, F̄

(1)
R , the new value of F̄R

is an improvement from F̄
(0)
R . As this procedure continues,

the value of F̄R gets closer to the optimal value with each

successive value of F̄R increasing the value of the objective

function.

As far as the convergence of the algorithm is concerned

in regard to the original objective function, we can not prove

analytically that the proposed method ensures uniform decrease

in the value of the objective function because, a) we choose

to minimize the lower bound of the objective function, b) we

further use the approximation FH
R FR ≈ NtIMt

in the objective

function c) we compute the analog precoder by extracting

phase from the solution without any unit-modulus constraint.

However, we will show empirically in section VIII that the

proposed method converges, and is able to minimize the mean

squared error (MSE) of all users. The MSE of the system is

given by

MSE =
P

K
Tr
[

I− F̃H
D FH

R HH −HFRF̃D+

HFRF̃DF̃
H
D FH

R HH + β−2σ2
nI
]

.
(14)

V. EXTENSION TO WIDEBAND CHANNEL

In this section, we show how the proposed method can

be easily extended to wideband channel. We assume that

orthogonal frequency division multiplexing (OFDM) is applied

to counter multi-path fading. Inverse Fast Fourier Transform

(IFFT) is preceded by digital precoding, and followed by analog

precoding. Thus, digital precoding is carried out for each sub-

carrier unlike analog precoding which is common for all sub-

carriers. The channel for the mth sub-carrier of the kth user

is given by [24]

hk [m] =

√

Nt

NcNp

Nc
∑

i=1

Np
∑

ℓ=1

αk
iℓa

k
t

H
(ϕk

iℓ)e
−j 2π

Sc
(i−1)m, (15)

where Sc is the total number of sub-carriers. The hybrid precod-

ing problem is minimization of sum of MSE’s for all the sub-

carriers [29]. If we define H [m] =
[

hT
1 [m] , . . . ,hT

K [m]
]T

,

analog precoder is thus determined by maximizing

Sc
∑

m=1

Tr
[

FH
R

(

I+ νH [m]
H
H [m]

)

FR

]

= Tr

[

FH
R

(

I+ ν

Sc
∑

m=1

H [m]
H
H [m]

)

FR

]

,

(16)

which is similar to analog precoding subproblem in (11) and

can be accomplished by the same algorithm. The digital part

of the precoder for the mth sub-carrier is calculated as

FD [m] = β [m] (FH
R H [m]

H
H [m]FR+µFH

R FR)
−1

FH
R H [m]

H
,

(17)

where β [m] is the normalizing factor for the mth sub-carrier

calculated in similar way to (8).

As we can see that the digital part of the precoder is

computed from the closed-form expression in (17). It is

guaranteed to minimize the original objective function, provided

we have the analog precoder. Hence, the convergence of

the wideband TM-HMP algorithm also depends only on the

determination of the analog precoder like the narrowband TM-

HMP algorithm. Since wideband analog precoding subproblem

is similar to narrowband analog precoding subproblem, the

argument for convergence of the proposed wideband TM-

HMP algorithm directly follows from the similar argument for

narrowband TM-HMP algorithm.

VI. EXTENSION FOR THE CASE WITH MULTIPLE ANTENNA

MSS

Even though the proposed precoding method is developed for

single antenna MSs, it can be easily extended to consider

multiple antenna MSs. In the case of multiple receive antennas,

the channel from BS to the kth MS is matrix Hk ∈ C
Nr×Nt

where Nr is the number of antennas at each MS, and the

channel matrix H =
[

HT
1 ,H

T
2 , . . . ,H

T
K

]T
,H ∈ C

KNr×Nt .

In case of multiple antenna MS, combiner needs to be employed

at the MS. The hybrid MMSE combiner can be computed in a

similar way to hybrid precoder if channel matrix H and F are

known at the MS. As far as hybrid precoder for narrowband

channel is concerned, the algorithm in case of multiple antenna

MSs can be summarized in Algorithm 2. The hybrid MMSE

precoder for wideband channel can be computed in a similar

way.

VII. COMPLEXITY ANALYSIS OF THE PROPOSED METHOD

We compute the computational complexity of the proposed

hybrid precoder TM-HMP, and compare it with the complexities

of existing hybrid precoders. In general, the computational
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TABLE I: COMPARISON OF COMPUTATIONAL COMPLEXITIES IN COMPUTING ANALOG PRECODER FOR

DIFFERENT ALGORITHMS

Algorithm HD-LSR [20] GEVD-HMP [28] MO-HMP [29] TM-HMP

Narrowband Complexity
NiterO

(

NtK
3+

NtK
2
)

NiterO
(

2Nt
2K+

5NtK
2 + 3K3+

NqNt
2
)

NiterO
(

4Nt
2K+

13NtK
2 + 3NtK+

8K3
)

O
(

Nt
2K

)

+Niter

O
(

Nt
2K + 2NtK

2
)

Wideband Complexity - -

ScNiterO
(

4Nt
2K+

13NtK
2 + 3NtK+

8K3
)

ScO
(

Nt
2K

)

+Niter

O
(

Nt
2K + 2NtK

2
)

Algorithm 2 Hybrid MMSE Precoding Algorithm for Multiple

Antenna MSs

Require: H, µ, Mt.

1: Define h̄k = uH
k Hk where uk is the leading left singular

vector of Hk.

2: Compute H̄ =
[

h̄T
1 , h̄

T
2 , . . . , h̄

T
K

]T
so that H̄ ∈ C

K×Nt .

3: Compute the hybrid precoder using Algorithm 1, providing

H̄, µ and Mt as inputs.

4: return F = FRFD.

complexity of evaluating digital precoder is same for all the

hybrid MMSE precoders. Thus, the difference in complexities

of different hybrid precoding methods is governed by the

computation of analog precoder.

(i) Narrowband TM-HMP: The complexity of computing

the analog part of Narrowband TM-HMP is mostly the

sum of the complexities involved in

• Computation of A: It requires multiplication between

Mt ×Nt matrix FH
R and Nt ×Nt matrix I+ νHHH

which brings complexity of O
(

Nt
2Mt

)

.

• Truncated SVD: The truncated SVD of Mt×Nt matrix

A entails complexity of O
(

NtM
2
t

)

.

• Computation of D: It needs multiplication of Nt ×
Mt matrix Vt and Mt ×Mt matrix UH , involving a

complexity of O
(

NtM
2
t

)

.

All of these three operations are repeated during each

iteration. In addition, multiplication with complexity of

O
(

Nt
2K
)

is required to form HHH. If Niter is the

number of iterations, total complexity of Narrowband

TM-HMP is O
(

Nt
2K
)

+ NiterO
(

Nt
2Mt + 2NtM

2
t

)

.

The complexity in computing digital part of the precoder

is O
(

KNtMt + 2M2
t K ++Mt

2Nt +Mt
3
)

.

(ii) Wideband TM-HMP: Compared to the Narrowband

TM-HMP, the additional complexity in computing

analog precoder for Wideband TM-HMP comes from

the computation of
∑Sc

m=1 H [m]
H
H [m] which is

ScO
(

Nt
2K
)

. Thus, the total computational complexity

in determining analog precoder of Wideband TM-HMP

is ScO
(

Nt
2K
)

+ NiterO
(

Nt
2Mt + 2NtM

2
t

)

. The

computational complexity of computing digital part of

the precoder is ScO(KNtMt+2M2
t K++Mt

2Nt+Mt
3).

In TABLE I, we list the complexities of computing analog

part of GEVD-HMP and MO-HMP, sourced from [29] and the

complexity of HD-LSR to compare against the computational

complexity of the proposed TM-HMP for the case Mt = K.

The typical value of Nq , appearing in the complexity of GEVD-

HMP is around 10 [29]. The HD-LSR needs fully digital

precoder to compute its hybrid precoder which has a computa-

tional complexity of O
(

NtK
2
)

+O
(

Nt
3
)

+O
(

Nt
2K
)

but

the complexity in TABLE I does not include the complexity

required to determine fully digital precoder.

VIII. SIMULATION RESULTS

To evaluate the performance of the proposed method, we

consider a system in which the BS is equipped with ULA. The

values of different parameters taken in the simulations have

been listed in TABLE II. The AoDs are Laplacian distributed

with mean angles uniformly distributed over [0, 2π] and having

an angular spread of 10 degrees. The antenna elements are

separated by a distance of half wavelength. The signal-to-noise

ratio (SNR) used in the plots is defined as SNR = P
σ2
n

. We

consider Mt = K in all the figures except Fig. 5 where Mt

is varying. However, Mt = K + 1 for HHP [21] in all figures

other than Fig. 5 as minimum number of RF chains required

to operate HHP is K + 1.

TABLE II: PARAMETERS FOR SIMULATIONS

Parameters Nt K Nc Np αiℓ Sc

Narrowband 64 4 5 10 ∼ CN (0, 1) -

Wideband 64 4 5 10 ∼ CN (0, 1) 128

A. Narrowband Channel

We plot the mean squared error (MSE) of the proposed hybrid

precoding method as a function of number of iterations in Fig.

2 , averaged over 3000 channel realizations. It shows that the

MSE decreases at each iteration, and is lower bounded. This

proves the convergence of the proposed method.

In Fig. 3, we can see that the spectral performance as a

function of SNR of the proposed TM-HP is almost the same

as that of MO-HMP [29] and better than all other compared

precoders. From Fig. 4, we can say that TM-HMP is better

than OMP-HMP [16] and HD-LSR [20] in terms of BER

performance as a function of SNR. The BER performance

of TM-HMP is slightly worse than MO-HMP, whereas it is

approximately the same as that of GEVD-HMP [28] and HHP

[21].

In Fig. 5, we compare the spectral performance as the number

of RF chains is increased. The performance of TM-HMP is

slightly lower than that of MO-HMP but better than others. As

Mt is increased, the performances of MO-HMP, HD-LSR and

TM-HMP improve before achieving the performance of the
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Fig. 3: Spectral efficiency versus SNR in narrowband channel

with Mt = K = 4.

fully digital precoder at Mt = 2K. However, the performances

of OMP-HMP, GEVD-HMP and HHP do not improve much

even though Mt increases.

In Fig. 6, we can see that the spectral performances of all the

precoders get better with the number of transmit antennas as

there is an increase in array gain with the number of transmit

antennas. The proposed TM-HMP algorithm performs very

close to the MO-HMP algorithm and better than all other

considered methods in narrowband channel.

Fig. 7 shows that the spectral efficiency decreases with

the number of users, which is understandable as the transmit

power is divided among more users. Fig. 7 shows that TM-

HMP algorithm exhibits spectral performance which is almost

similar to MO-HMP but gets slightly better at the higher values

of the number of users. MO-HMP and TM-HMP have the

best spectral performances in narrowband channel among all

precoders under comparison.

Fig. 8 depicts that the BER performance gets worse with
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Fig. 4: BER versus SNR in narrowband channel with Mt =
K = 4.
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Fig. 5: Spectral efficiency versus number of RF chains (Mt)

in narrowband channel with K = 4.

increasing number of users as the transmit power is shared

among more users. MO-HMP has the best BER performance

among all precoders. The BER performance of TM-HMP is

better than HD-LSR at lower values of K and similar to HD-

LSR at higher K. The BER performance of TM-HMP is similar

to that of GEVD-HMP.

To have a numerical perspective on the computational

complexities, we also plot the average run time of different

hybrid precoders and plot them against Nt and K in Fig.

9 and Fig. 10 respectively. The computational times were

calculated by executing the algorithms in MATLAB on a

personal computer with Intel Core i5 1.6 GHz processor and 8

GB RAM. In both figures, the curves corresponding to the HHP

have been plotted in the insets to produce legible figures. The

HHP has the largest run time among all the hybrid precoders,

whereas the proposed TM-HMP has the lowest run time. Even

when the Nt or K are increased, the average run time increases

by small amount for the TM-HMP when the run times increase
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narrowband channel with Mt = K, SNR = −5 dB.

steeply for other hybrid precoders. The proposed TM-HMP

clearly outshines all the hybrid precoders under comparison,

as far as the average run time is concerned. The lesser average

run time across the large range of values of Nt and K firmly

establishes the lower computational complexity of TM-HMP.

The Fig. 11 exhibits the effect of quantization of phase

angles of the phase shifters on the spectral efficiency and the

BER performance. It can be seen that the spectral and the BER

performances of non-quantized continuous phase angles can

almost be achieved with the phase shifters of quantization bits

4 which is practicable.

B. Wideband Channel

We compare the spectral performance, the BER performance,

and the average run time of TM-HMP with the fully digital

precoder and MO-HMP for wideband channel. The Fig.12

shows that the wideband spectral performance of the proposed
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Fig. 8: BER versus the number of users in narrowband channel

with Mt = K, SNR = −5 dB.
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Fig. 9: Average run time versus number of transmit antennas

(Nt) in narrowband channel with Mt = K = 4.

TM-HMP is quite close to the fully digital precoder even

with Mt = K. The performance of TM-HMP is better than

MO-HMP at lower SNR values, whereas the performances

become similar at higher SNR values. In Fig.13, we can see

that the BER performance of the proposed precoder is slightly

better than the performance of MO-HMP at lower SNR, while

the performance remains similar or marginally behind at the

higher SNR. From Fig. 14 and Fig. 15, it can be deduced that

TM-HMP algorithm produces spectral performances which

are better than the MO-HMP in the wideband channel as the

number of transmit antennas and the number of users are

varied respectively. The performances of the proposed hybrid

precoding method establish that it performs finely even in the

wideband scenario.

We plot the average run time taken by different precoders

versus Nt and K in Fig. 16 and Fig. 17 respectively, and

compare TM-HMP against the fully digital precoder and

MO-HMP. MO-HMP has higher average run-time which
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rises steeply with the increasing Nt and K. The average

run-time of fully digital precoder is hugely worsened by

increasing Nt, and less so by increasing K. On the other

hand, TM-HMP exhibits very small average run time over

the wide extent of values of Nt and K, and is less affected

by increasing Nt or K. The interesting part is that the TM-

HMP outperforms even the fully digital precoder. The analog

precoder of the wideband TM-HMP has additional complexity

only in computing
∑Sc

m=1 H [m]
H
H [m], as compared to the

narrowband TM-HMP. The computation of digital precoder for

each of the Sc subcarriers involves computation of inverse of

Mt ×Mt matrix. On the other hand, the fully digital MMSE

precoder warrants the calculation of the digital precoder for

each subcarrier which necessitates evaluation of inverse of

Nt ×Nt matrix. When the number of subcarriers Sc and Nt

are high, it is possible that the computational complexity of the

fully digital precoder exceeds the complexity incurred by the

proposed method. This validates that the wideband TM-HMP
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Fig. 12: Spectral efficiency versus SNR in wideband channel

with Mt = K = 4.
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Fig. 13: BER versus SNR in wideband channel with Mt =
K = 4.

has a very low computational complexity, like its narrowband

counterpart. From Fig. 14 and Fig. 15, it can be deduced that

TM-HMP algorithm produces spectral performances which are

better than the MO-HMP in the wideband channel.

IX. CONCLUSION

Considering narrowband channel model, we have proposed a

computationally-efficient hybrid precoding method based on

minimizing the mean squared error for all users in downlink

mmWave multi-user MISO systems. The problem of minimiz-

ing MSE is broken down into two separate stages to simplify

the optimization problem. The analog precoder is evaluated by

an iterative truncated SVD-based trace maximization procedure,

and then the digital part of the precoder is computed for the

fixed analog precoder. The proposed hybrid MMSE precoder

produces the spectral and BER performances which are close to

fully digital precoder and almost the same as the existing high

performance hybrid precoders, but at much lower computational
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complexity. Further, it can be seen that the performance remains

unaffected even while using quantized phase shifters with

reasonable quantization bits. We also show that the proposed

method can be extended to work in wideband channel. The

simulation results manifest that the proposed method replicates

its towering narrowband channel performance in wideband

channel by performing quite close to its fully digital counterpart.

In short, the proposed hybrid precoder comes with very low

complexity but with virtually no compromise in performance.

APPENDIX A

If λ1 ≥ λ2 ≥ · · · ≥ λn > 0 are the n eigenvalues of

a positive definite matrix A ∈ C
n×n, the eigenvalues of its

inverse A−1 are 0 < λ−1
1 ≤ λ−1

2 ≤ · · · ≤ λ−1
n . We can
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Fig. 16: Average run time versus number of transmit antennas

in wideband channel with Mt = K = 4.
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express the trace of A and trace of A−1 as

Tr (A) =

n
∑

i=1

λi (18a)

Tr
(

A−1
)

=

n
∑

i=1

λ−1
i . (18b)

The product of trace of A and trace of A−1 is

Tr (A)Tr
(

A−1
)

=

(

n
∑

i=1

λi

)(

n
∑

i=1

λ−1
i

)

. (19)

Since λ1, λ2, . . . , λn is a non-increasing sequence, and

λ−1
1 , λ−1

2 , . . . , λ−1
n is a non-decreasing sequence, we may write

(

n
∑

i=1

λi

)(

n
∑

i=1

λ−1
i

)

≥ n

n
∑

i=1

λiλ
−1
i

= n2,
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using Chebyshev inequality [33]. The equality is fulfilled when

λ1 = λ2 = · · · = λn. Hence,

Tr (A)Tr
(

A−1
)

≥ n2. (20)

Since Tr (A) > 0, we may express the trace of A−1 as

Tr
(

A−1
)

≥ n2

Tr (A)
, (21)

with equality when all the eigenvalues of A are equal.

APPENDIX B

We seek to determine matrix D ∈ C
Nt×Mt that solves the

problem,
max
D

|Tr(AD)|

s.t. DHD = IMt
,

(22)

where A is Mt ×Nt matrix. We will determine the maximum

value of the |Tr (DA) | and D that produces this maximum

value subsequently. The SVD of matrix A is A = UΣVH ,

where U ∈ C
Mt×Mt ,Σ ∈ C

Mt×Nt , and V ∈ C
Nt×Nt . U and

V are unitary matrices. We can write

|Tr(AD)| = |Tr(UΣVHD)|
(a)
= |Tr(ΣVHDU)|
= |Tr(ΣM)|,

where M ≜ VHDU. We can easily show that M ∈ C
Nt×Mt

is a semi-unitary matrix, i.e., MHM = IMt
as

MHM = UHDHVVHDU

(a)
= UHDHDU

(b)
= UHU

(c)
= IMt

,

where the reasons behind (a), (b) and (c) are V is unitary

matrix, DHD = IMt
, and U is unitary matrix respectively.

The matrix Σ:,1:Mt
= S, where S = diag (σ1, . . . , σMt

)
with σ1, . . . , σMt

being the singular values of A and

Σ:,(Mt+1):Nt
= 0. Hence, the objective function in (22) can

be written as

|Tr(AD)| = |Tr(ΣM)| =
∣

∣

∣

∣

∣

Mt
∑

i=1

σimii

∣

∣

∣

∣

∣

(a)

≤
Mt
∑

i=1

|σimii|

(b)
=

Mt
∑

i=1

σi|mii|,

where (a) is possible because for complex scalars ai’s
∣

∣

∣

∑Mt

i=1 ai

∣

∣

∣
≤ ∑Mt

i=1 |ai|, the reason for (b) is the fact that

σi ≥ 0, ∀i as they are the singular values of a matrix, and

mii, i = 1, . . . ,Mt are the diagonal elements of M. Since M

is a semi-unitary matrix, |mii| ≤ 1. Thus,

|Tr(AD)| = |Tr(ΣM)| ≤
Mt
∑

i=1

σi, (23)

Hence, the maximum value of |Tr(AD)| is
∑Mt

i=1 σi, which

is attainable when M1:Mt,: = IMt
. This is possible when

D = VtU
H , (24)

where Vt = V:,1:Mt
is the truncated right singular matrix of

A, with only first Mt columns corresponding to Mt largest

singular values. Thus, we do not need to have full SVD of

A to determine D, but only the truncated SVD of A, which

involves lower complexity.
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